MONODROMY AND TOPOLOGICAL CLASSIFICATION
OF GERMS OF HOLOMORPHIC FOLIATIONS
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ABSTRACT. We give a complete topological classification of germs of
holomorphic foliations in the plane under rather generic conditions.
The key point is the introduction of a new topological invariant called
monodromy representation. This monodromy contains all the relevant
dynamical information, in particular the projective holonomy represen-
tation whose topological invariance was conjectured in the eighties by
Cerveau and Sad and proved here under mild hypotheses.

1. INTRODUCTION

The objective of this paper is to provide a complete topological clas-
sification of germs of singular non-dicritical holomorphic foliations F at
(0,0) € C? under very generic conditions. To do this we introduce a new
topological invariant which is a representation of the fundamental group of
the complement of the separatrix curve into a suitable automorphism group.
We shall call this representation the monodromy of the foliation germ.

In fact, the motivation of this work was the following conjecture of D. Cer-
veau and P. Sad in 1986, cf. [3, page 246]. Consider two germs of foliations
defined by germs of differential holomorphic 1-forms w and ' at (0,0) € C2.

Conjecture (Cerveau-Sad) : If w and w' are topologically conju-
gate and if w is a generalized curve, then their respective projective
holonomies representations are conjugate.

It was given in two forms, each of them with natural generic hypothesis
concerning the germ of the foliation F along the exceptional divisor Ex :=
EZ'(0) of the reduction Ex : B — C? of the singularity of F, cf. [17, 12).
The weak form (named Conjecture A) assumes that the separatrix curve is
the union of smooth and transverse branches. In particular, Er corresponds
to a single blow-up. The strong form (named Conjecture B) only asks that
the reduced foliation F = E%(F) on Br does not have any saddle-node
singularity.

Conjecture A was established by one of us in [8]. We give here an affirma-
tive answer to Conjecture B. More precisely, Theorem I below gives a list of
topological invariants containing the projective holonomy representations.
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In turn Theorem II gives a complete topological classification.

It is worthwhile to stress here that through the whole paper all the topo-
logical conjugations between foliations that we consider are supposed to
preserve the orientations of the ambient space and also the leaves orienta-
tions.

As in the situation considered by D. Cerveau and P. Sad, we restrict
our attention to a reasonable class of foliations that are going to be called
Generic General Type. Let F be a non-dicritical foliation, i.e. having a
finite number n of irreducible analytic germ curves Si,..., .S, invariant by
F, which are called separatrices. Here it is worth to recall the celebrated
Separatrix Theorem of [1] asserting that n > 0. In the sequel we will call

n
Sr:= U S; the separatriz curve of F. Following [9] we say that the foliation

=1
F is of General Type if all the singularities of F which are not linearizable

are resonant, more precisely:

(GT) for each singularity of F there are local holomorphic coordinates
(u,v) such that F is locally defined by a holomorphic 1-form of one
of the two following types :

(i) AMudv + Avdu, with \MA2 # 0 and A1/A2 ¢ Q<o (linearizable

singularity),
(ii) (Mu+ -+ )dv + (Av + -+ )du, with A1, Ao € N*, (resonant
saddle).

To introduce the additional genericity condition (G) we recall first that a
singularity of F is of nodal type if it can be locally written as

(Mu+ - )dv+ (Av + - -+ )du,

with \A2 # 0 and Aj/A2 € Rg \ Q<p. Such singularities are always lin-
earizable and consequently the only local analytical invariant of a node is
its Camacho-Sad index —A;/A2. The topological specificity of a nodal sin-
gularity s is the existence, in any small neighborhood of s, of a saturated
closed set whose complement is an open disconnected neighborhood of the
two punctured local separatrices of the node. We call nodal separator such
a saturated closed set. We denote by Node(F) the set of nodal singularities
of F. With this notations the genericity condition can be stated as follows:

(G) The closure of each connected component of Ex\(Node(F)NSing(Ex))
contains an irreducible component of the exceptional divisor Ex hav-
g a non solvable holonomy group.

Notice that when Node(F) = 0, the genericity condition (G) only asks for a
single irreducible component of £ having a non solvable holonomy group.
In the space of coefficients of the germ of holomorphic 1-form defining the
foliation this condition is generic in the sense of the Krull topology, cf. [6].

A foliation satisfying Conditions (G) and (GT) above will be called Generic
General Type. For such a foliation F, if Node(F) = () Theorem I below pro-
vides a list of topological invariants. In the case that Node(F) # () we must
restrict the class of topological conjugations in order to keep their invariance.
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In fact, the first version [11] of this work dealt only with Generic General
Type foliations F satisfying the additional requirement Node(F) = (). Here
this hypothesis is eliminated by modifying slightly the statements and the
proofs given in [11]. In practice, this is done by adding a prefix M- to some
notions whose new meaning is made precise when they appear for the first
time. We recommend the reader to ignore all the prefix N- in a first reading.

Definitions for the nodal case.

o A nodal separatriz of F is a separatrix whose strict transform by the
reduction map Er meets the exceptional divisor at a nodal singular
point of F.

e A N-separator of F is the union of a system of nodal separators,
one for each point in Node(F) N Sing(Ex) jointly with some neigh-
borhoods of the strict transforms of the nodal separatrices of F. A
N -separator of F is the image by Er of a N-separator of F. If
Node(F) = 0, a N-separator is the emptyset.

o A N -topological conjugation between two foliation germs F and F' is
a germ of homeomorphism A preserving the orientation of the ambi-
ent space as well as the orientation of the leaves, which is a topolog-
ical conjugation between F and F’, such that for each nodal separa-
trix S; of F, h(S;) is a nodal separatrix of 7’ and the Camacho-Sad
indices of F and F’ along the strict transforms of S; and h(S;)
coincide.

o A N -transversely holomorphic conjugation between F and F’ (resp.
F and F') is a N-topologically conjugation between these foliations,
which is transversely holomorphic on the complementary of some
N-separator of F (resp. F).

Clearly the notions of N-topological conjugation and A -transversely holo-
morphic conjugation coincide with the usual notions of topological conju-
gation and transversely holomorphic conjugation, when Node(F) = 0. In
Section 7.2, cf. Remark 7.2.1, we shall prove that:

e Any topological conjugation which is transversely holomorphic in a
neighborhood of each nodal separatriz minus the origin is a N -topo-
logical conjugation.

In particular, any transversely holomorphic conjugation is a A/-topological
conjugation. In order to assure the transverse holomorphy of a conjugation
we shall use a generalized form of the following theorem of J. Rebelo [16]:

Transverse Rigidity Theorem. FEuvery topological conjugation between
two germs of non-dicritical holomorphic foliations satisfying the generic-
ity condition (G) and having singularities, after reduction, of type (Aju +
c)dv + (Agv -+ - )du with Mg # 0, A\ /Aa & Reo, is transversely confor-
mal.

In fact the proof provided in [16] shows that if we allow nodal singularities
then each connected component of £ \ (Node(F) N Sing(Ex)) possesses an



4 DAVID MARIN AND JEAN-FRANCOIS MATTEI

open neighborhood W such that the restriction of the topological conjuga-
tion to Ex(W) \ {0} is transversely conformal. The extended version of the
Transverse Rigidity Theorem asserts:

(TRT) For any orientations preserving topological conjugation ® between
two germs of non-dicritical generalized curves satisfying condition
(G) we have that ® is a N -topological conjugation if and only if ®
is a N -transversely holomorphic conjugation.

Theorem 1. For every non-dicritical Generic General Type foliation F,
the analytic type of the projective holonomy representation of each irre-
ducible component of the exceptional divisor Ex is a topological invariant
when Node(F) = 0. More generally, the semilocal data SL(F) constituted
by
e the topological type of the embedding of the total separatriz curve Sx
of F into (C2,0),
e the collection of local analytic types [F4]' of the reduced foliation
F at each singular point s € Sing(F), codifying in particular the
Camacho-Sad index CS(F, D, s) of F at every singular point s along
each irreducible component D of EF containing s,
o the analytic type of the holonomy representation Hx p of each irre-
ducible component D of Er,

is a N -topological invariant of the germ of F at 0 € C2.

Notice that the Camacho-Sad index CS(F, D, s) determine the analytic
type of F at s when s is not a resonant singularity after the assumption (GT).
On the other hand, the genericity condition (G) is strictly necessary in The-
orem I. Indeed, inside the family of homeomorphisms ¥(z,y) = (z|z|%, y|y|?)
there is a topological conjugation between any pair of linear hyperbolic sin-
gularities having different Camacho-Sad indices.

Theorem I asserts that SL(F) is a topological invariant for the class of
Generic General Type foliations with Node(F) = (). In fact, the equality
SL(F) = SL(F') need to be precised because the index sets of the families
are different for 7 and F’. In order to do this, we recall that a topological
conjugation between F and F' as above transforms Sz into Sz and induces
a unique homeomorphism

U Ep — Ep,  UH(Sing(F)) = Sing(F)

between the exceptional divisors up to isotopy. This is a consequence of the
following result proved in a previous work [10].

Marking Theorem. Let S and S’ be two germs of analytic curves at the
origin in C? and let h : (C%,0)—=(C?,0) be a germ of homeomorphism such
that h(S) = S'". If Es and Es denote the minimal reduction of singularities
of S and S', then there is a germ of homeomorphism hy : (C2,0)—=(C2,0)
such that:
(i) h1(S) = S’ and the restrictions of h and hy to the complements of S
and S’ are homotopic,
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(ii) Eg,l o hi o Eg extends to a homeomorphism from a neighborhood of
Dg := Eg'(S) onto a neighborhood of Eg!(S'), being holomorphic
over an open neighborhood of Sing(Dg) and compatible with the Hopf
fibrations outside another open neighborhood of Sing(Dg).

The topological invariance of SL(F) induced by the conjugation ¥ between
F and F' means that for each irreducible component D of £ and each
singular point s € Sing(F), the following conditions hold:

a) CS<£/7 \Ijﬂ(D)7 \I/ﬁ(s)) = CS(£7 D, S)) and [ \pﬁ(s)]hd = [zs]hol’
b) there exists a germ of biholomorphism 1 between two germs (A, m) and
(A’,;m/) of transverse analytic curves to F and F’ through points m € D\

Sing(F) and m’ := Wk(m) respectively, such that the following diagram
is commutative:

F
m1(D \ Sing(F), m) = Diff (A, m)
(1) vl o .
‘7_—/
m (D" \ Sing(F'), m') Diff (A", m’)

with 1. (p) ;=1 ooyt and ‘lﬂi(’y) = Ulo 4.

Notice that SL(F) is a “semi-local” invariant in the sense that it only
contains information along the irreducible components of £, but it does
not provide any information about the combinatorial gluing of these data.
Thus, it cannot be reasonably a complete invariant of F. To remedy for this
situation, the idea is to consider the separatrix curve Sr as the “organiza-
tion center” of the topology of F as was conjectured by René Thom in the
seventies. The incompressibility of the leaves inside the complement of Sr
proved in [9] plays a major role here and it indicates that the fundamental
group of the complement of Sz “controls” the topology of the leaves of F.
It also suggest the possibility to replace the usual notion of “holonomy” by
that of “monodromy”. The “holonomy” consists of the pseudo-group of lo-
cal automorphisms of the ambient space coming from the ambiguity of the
(multivalued) first integrals of . The “monodromy” reports the automor-
phisms of the set of (multivalued) first integrals coming from the ambiguity
of the ambient space. We precise this notion in a general setting:

Definition. Let§ be a differentiable foliation on a manifold M and consider
the universal covering q : M — M of M. We denote by G the lift of G in
M and by M/g the space of leaves of G. Then the monodromy of G is the
morphism
MY, : Aut(M, q) — Aut(M/G),

sending an element ¢ of the group of deck transformations of q to the auto-
morphism of M/g obtained by factorizing ¢, i.e. MY 1(p)oT =Top, where
i M — M/g denotes the natural quotient map.
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For instance, if (M, G) is a foliated bundle over B with simply connected
fibre F' then M = B x F, M /G = F and the monodromy 931%4 can be iden-
tified with the global holonomy representation 71 (M) — Aut(F).

In [9] we have constructed a fundamental system (U, ), of neighborhoods
of Sr in a Milnor ball such that the space of leaves of the universal covering
U* — U* of U* := U, \ S is a (in general non Hausdorff) holomorphic man-
ifold. Thus, the monodromy of the global foliation F|« is a representation
of m1(U}) to the group of holomorphic automorphisms of the leaf space QJUEQ

of [7; However, this monodromy representation depends on the choice of
the open set where is defined the chosen representative of the germ F. This
notion of monodromy admits a reformulation in term of germs by consider-
ing the category of pro-objects, cf. Section 3.1. This allows us to introduce
the notion of monodromy of a germ of foliation in Definition 3.4.1. Roughly
speaking, the image of a deck transformation g of the universal covering
Uy — U} by the monodromy representation of F is given by taking the
germ over all the open sets U, of the mappping from Qa to itself defined

by Lo — g(Ls). The interest of this notion lies in the fact that it takes into
account simultaneously the “transverse structure” of the foliation and the
topology of the complement of their separatrix curves.

We must also consider the quite technical but highly rellevant notions
of geometric conjugation of monodromies (Definition 3.4.3) preserving the
Camacho-Sad indices (Definition 3.5.5) and realizable over transversals (Def-
inition 3.6.1), which allows us to compare in a precise way the monodromies
of two germs of foliations. We refer the reader to Section 3 to have precise
definitions of these technical notions. Using them, the statement of the main
result of this paper is the following:

Theorem II. If F and F' are Generic General Type foliations, then the
following properties are equivalent:

(1) there exists a N -topological conjugation between the germs F and
F,

(2) there exists a N -transversely holomorphic conjugation between the
foliations F and F', which is defined on open neighborhoods of the
exceptional divisors

(3) there exist a geometric N -conjugation of the monodromies of the
germs F and F', preserving the Camacho-Sad indices, which is re-
alizable over N -collections of transversals ¥ and X' of F and F'.

If Node(F) = 0 then a N-collection of transversals of F consists in a
single germ of regular holomorphic curve transverse to any separatrix of F,
at a regular point. When Node(F) # () we must precise the location of the
connected components of a AN -collection of transversals of F by using the
following theorem of [15, Corollary 4.1] generalizing the main result of [1]:

Strong Camacho-Sad Separatrix Theorem. Fach connected compo-
nent of Ex \ (Node(F) N Sing(Ex)) contains a singular point of F lying on
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the strict transform of a separatrixz of F whose Camacho-Sad index has pos-
itive real part.

In particular, for each connected component C of £\ (Node(F)NSing(Ex))
exists a (not necessarily unique) non-nodal separatrix of F whose strict
transform meets C. We define a N-collection of transversals of F as a
collection ¥ = {(X1,p1),...,(Zm,pm)} where each (¥;,p;) is the germ at
pi € S\ {0} of a regular curve ¥; transverse to F and the whole collection
fulfils the following property:

(o) for each connected component C' of Ex \ (Node(F) N Sing(Ex)) there
exists a germ (3;,p;) of ¥ with p; belonging to a non-nodal separatriz
of F whose strict transform meets C'.

In fact, Theorems I and II are easy consequences of Theorems 5.0.1
and 5.0.2 that are going to be proved in Sections 7 and 8. They are more
general than Theorems I and II because the genericity hypothesis (G) is
replaced by weaker but more technical conditions. Notice also that Corol-
lary 5.0.4 is of interest even in the case F = F'. If, in addition, we assume
that Node(F) = () then it implies the following result concerning the auto-
morphism group Autg(F) of orientations preserving homeomorphisms germs
conjugating F to itself.

Corollary. If F is a Generic General Type foliation with Node(F) = 0,
then for each h € Auto(F) there exists a homeomorphism hy € Auto(F)
satisfying for S = S' = Sx the properties (i) and (i) of Marking Theorem.

2. PRELIMINARY NOTIONS

Through all the paper we will use the following notations:
B, = {(z,y) € C*, |z[* +|y* <r}, D, ={z€C, || <r},

and if BC A, B'C A, f: (A, B) — (4, B') will denote the germ of a map
f1 defined on a neighbourhood of B in A into A’, such that f1(B) C B’.

In this section S C C? denotes a holomorphic curve with an isolated
singularity at the origin 0 = (0,0) of C? and B := B, is a closed Milnor ball
for S, i.e. each sphere 0B, 0 < r < rg, is transverse to S, cf. [13]. We denote
by Eg : Bg — B the minimal desingularization map of S such that the total
divisor Dg := Eg'(S) has normal crossings. We denote by £ := Eg'(0)
the exceptional divisor and by S := Dg \ Eg the strict transform of S. We
will also use the following conventions along all the paper: for A C B and
for A C Bg we put

(2) A*:=A\S and A" :=A\Dg.

2.1. Incompressibility of the leaves. Let F be a singular non-dicritical
holomorphic foliation defined in a neighborhood of B, having 0 as the unique
singularity and S as the separatriz curve in B, i.e. S is invariant by F and
every analytic invariant curve passing through 0 is contained in S. Denote
by Er : Bf — B the minimal reduction of singularities map of F and by
F = E3F the reduced foliation over Br. The hypothesis (GT) on F implies
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that F does not have any saddle-node singularity, so that F is a generalized
curve and consequently Bx = Bg and Eg = Er, cf. [2].

Now we fix a N-collection of holomorphic transversal curves ¥ C B (i.e.
satisfying Condition (o) given in the Introduction). The saturation of a
small transversal to one of the separatrices of a non-nodal (GT)-singularity
s jointly with the two local separatrices of s, is a neighborhood of s. Con-
sequently the following property holds:

a) there exist a N -separator N of F, such that for any open neighbor-
hood W of S in B, the closure of

Satr(Eg'(2), Eg' (W) \ N)

is a neighborhood of Dg \ Node(F), in Eg'(W \ N),
where Satz(A, B) denotes the union of all the leaves of F|5 meeting A and
it is called the saturation of A in B by F.

We say that an open neighborhood U of S in B is (F, X)-admissible, if
for each leaf L of the regular foliation JF;«, the following properties hold:

b) L is incompressible in U*, i.e. the inclusion L C U* induces a
monomorphism w1 (L,p) — m(U*,p), p € L; in addition the map
T (U*,p) — m(B*,p) induced by the inclusion U* C B* is an iso-
morphism;
¢) every path in L whose ends are in ¥* and which is homotopic in U*
to a path contained in X%, is a null homotopic loop in L.
Notice that an admissible open set U C B is not necessarily saturated in
B. We denote by ilr 5; the collection of connected open neighborhoods of S
which are (F,X)-admissible. Property ¢) above will play a key role in this
work. In fact, it is equivalent to the foliated 1-comnexity of ¥ N U* in U*.
This notion introduced in [9] plays a major role in the proof of the main
result of [9, Theorem 6.1.1] which can be stated as follows:

Theorem 2.1.1. If F is a foliation of General Type, then Ur s is a funda-
mental system of neighborhoods of S in the closed Milnor ball B.

2.2. Leaf spaces. We fix once for all a universal covering q : B* — B* of
B* and for every subset A C B we will denote

(3) A= qil(A*) and g, = e A* — A*.

If U € Urx then gy is a universal covering of U*. The group I' := Autq(@*)
of deck transformations of the covering ¢ can be identified with the group I'yy
of deck transformations of the covering g, by the restriction map g — L

Hence, we can also identify I' with
(4) Poo = limyey, s I'v -

On B* we consider the regular foliation ]Z" , pull-back of F by ¢q. For
U € Ur s, we denote by Fys its restriction to U* and for an arbitrary subset
W of U, we denote by

(5) o= (W /Fw) . ow: W —Qfy cOf,
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the leaf space of the restriction Fw of Fy to W*, endowed with the quotient
topology and the quotient map gy . It turns out that if W is saturated
in U then the natural map é{v — @5 is a topological embedding, i.e. a
homeomorphism onto its image, and we may consider @ﬁ/ as a subset of
oFf.

Properties a), b) and c) satisfied by the open sets of Uz 5 can be un-
derstood as geometric properties of the foliation .7?U with respect to the
transverse section 33, := £* N U*, cf. [9, §6.2]:

o cvery leaf of Fu is simply connected;
e the intersection of every leaf of Fu with each connected component
of f]*U 1s either empty or consists in a single point;
e the restriction of oy to each connected component of f]*U, 18 a topo-
logical embedding.
Let N be a N-separator of F satisfying Property a) of the previous section.
The inverse maps of the g, ’s restrictions to the connected components of E*U
form a holomorphic atlas on @5\ ~» defining a structure of one dimensional
complex manifold (non necessarily Hausdorff) over it. It is easy to check

that this structure extends to an unique structure of complex manifold over
Q7 such that:

e for every holomorphic map g : D1 — [7*, the composition
ovog:Dy— Of
1s also holomorphic.

It is clear that each element g of I'y; preserves the foliation Fu and fac-
torizes by an element g%] of the analytic automorphism group Autay( Qﬁ)
In [9] we have defined the monodromy of Fi; as the morphism

(6) 9)?5 . FU — AUtAn(é{]:) ) g g?] .

This representation of I'yy is clearly an analytic invariant of the foliation
Fu by biholomorphisms preserving the open set U. In order to obtain an
analytic invariant of the germ of F at 0, or along S, we need to “germify”
this notion. This will be done in the following section.

3. MONODROMY OF A GERM OF FOLIATION
3.1. Germification. The set Uz x; is cofiltered by the partial order
UV« UDV
The maps
(7) pov:9F — OF, VU, UVelrs,

sending each leaf L of ,7?\/ into the unique leaf of .7?U containing L, are open
and holomorphic. They form a projective or inverse system of complex
manifolds

~r s
O = <(QU>U€L[$,2’ (pUV)U’VEL‘F,E»UiV> .

called the leaf pro-space of F. It is an object in the category (A_n of pro-
objects associated to the category An of (non necessarily Hausdorff) complex
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manifolds and holomorphic maps. We recall that the objets of An are the

projective families of complex manifolds; on the other hand, if 2 and B are
cofiltered sets and

M = ((Mcx)aeﬂa (Caa’)aza’) and M’ = ((Mé)ﬂe%, (C/ﬁﬁ’)ﬁzﬁl)

are two objects of An then the set of An-morphisms of M into M’ is by
definition

(8) Hom{%_n(Mv M/) = lilnﬁe% hi,naEQl O(Ma, Mé),

where O(M,, M, é) denotes the set of holomorphic maps of M, into M é For
further details, see [4].

3.2. Pro-germs at infinity. Let M be a complex submanifold of B* such
that ¢(M) NS # (. The projective system

(M, 00) := ((M NU" ) vets s, (LUV)U,Veuf,E,VcU) ;

formed by the inclusion maps vy of M NV* into M NU* is a pro-object in
An. Let T be a complex manifold. Every element g of the set

O((M,0), T) := limpey, ,O(M N U, T)

will be called germ at infinity of M into T and denoted by g : (M, 00) —
T. Identifying T to the constant projective system, O((M, o), T)) can be
naturally identified with Homay,((M, 00), T).

Remark 3.2.1. Endowing M with the induced topology of IE*, the pre-
sheaf W +— O((W, 00), T) is not a sheaf and two different germs at infinity
f,9 € O((M,0),T) can coincide as elements of O((M N Vj},00), over the
intersection of M with each open set of a covering (V});cs. In particular, if
M has infinitely many connected components M, each of them satisfying
q(M*)NS # 0, then the restriction map O(M, o00) — [[, O(M?, o) is never
surjective.

Assume now that 7 is contained in B*. Each element f of the set
Homn((M, ), (T, 50))

is called pro-germ at infinity of M into T and it shall be denoted by f :
(M, 00) — (T,00). Thus, f is a family of germs at infinity
f=Uvivars € [I O(M ), TNV,
VGH]:YE

such that cyw o fyr = fv, W C V, where gy denotes the inclusion map of
TN W*into T'NV*. The same notions in the category Top of topological
spaces and continuous maps define the set of continuous pro-germs at infinity

Homrop (M, 00), (T, 00)) .
Notice that the group of pro-germs at infinity of deck transformations of
the covering can be canonically identified with the group I'o, defined by (4):
Too 2 {p € Autpn(B",00) | guop =an } ,

*

where ¢ : (IE% ,00) — B denotes the germ at infinity of the covering map gq.
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3.3. Canonical pro-germs. For every U € Ur s we denote by
Tm,u - (M7 OO) - @"(7}—
the germ at infinity of the quotient map U— é{? restricted to M NU*. The
element
o AF ~AF
™ = (TM,U)Ueuf,z € HOIH(A_H((M, 00), Qoo) C H O((M, c0), QU)
Uelr s

will be called the canonical pro-morphism associated to M. Next proposition
follows easily from the geometric properties of the foliation Fy; relatively to
{7 stated in Section 2.1.

Proposition 3.3.1. If M is a connected component of ¥ then Ty is a
monomorphism in the category (A_n

3.4. Monodromy of a germ. Let g be an element of I's, and consider
UV € Ur s with V. C U. With the notations (6) and (7) we have the
following commutation relations:

Q?J ° puv = Puv og?/ € O(é}—7 é[}]—) .

Hence, by denoting O(@fo, @5) = @VGUF,EO(Q{;, @5), the elements
oo = limy (g 0 purv) € O(QL,, OF)
form a projective family. The An-endomorphism

gb = (gono)UGU.]:,z € Endéll(égro) C H O(éfo’ QJU:)’
Uelr s

is invertible and its inverse is (gfl)b. More generally, we have the following
covariance relations:

(goh) =g"oh”, g, helx.
Definition 3.4.1. The morphism of groups
ML Ty — Aut{;_n(éfo), g— ML (g) = 7.
is called the monodromy of the germ of F along S.

We now fix once for all a second curve S’ C C? with an isolated singu-
larity at the origin as well as a closed Milnor ball B’ for S’. We denote by
Eg : By — B/, Dgr, Es/, ', the minimal desingularization map, the total
transform, the exceptional divisor and the strict transform of S’ respectively.
In order to avoid any ambiguity with the notation (2), we denote

9) A*:=A\S5, A"=A\Ds, for ACB and ACBy.

We also fix a singular non-dicritical holomorphic foliation F’ of General
Type defined in a neighborhood of B’ having S’ as total separatrix curve.
Let ¥/ C B’ be a N-collection of transversals of 7', we denote by Lz 5 the
set of open neighborhoods of S’ in B’ which are (F',3’)-admissible and we
fix a universal covering ¢’ : B'* — B’*. For A C B/, we put

(10) A — q/—l(A*)’ and ¢y = q[g* CA* A
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As in (4), we identify the projective limit of the groups I'; of deck transfor-
mations of the covering ¢, , with the group of pro-automorphisms at infinity
of B’ preserving the germ at infinity ¢/ of ¢

Féo = ]&]UGL{]__/7Z/PQJ ~ {gp € Auté{l(l[]g’7 OO) ‘ q;o op= q’w} .

When Node(F) # (), we also need to consider a mixed class of pro-germs,
called NV -analytic pro-germs:

Definition 3.4.2. A germ [ : (B,S) — (B, S’) will be called N-analytic
(with respect to F and F') if it can be represented by a continuous map
[:U—=U,Ue€lrs, U € g sy for which there are N -separators N and
N’ of F and F', such that f is holomorphic in U\N and f(UNN) C U'NN".

An element of
HomN—A_n(éfov ég:o/) C HomTOP(éo]:ov ég:o/)

consists in a collection f = (fur)y of germs which can be represented by
continuous maps iU, : Q{JE — Q]U:,,, Uelry, U € lp sy, for which there
are N -separators N and N' of F and F', such that iUf(égmN) - Q]U:'ON'
and f, is holomorphic in é{j\N’ cf. (5).

The usual notion of conjugation of group representations induce the no-
tion of conjugation (resp. N-conjugation) between the mondromies img
and Dﬁg}/ as a pair (g, @) where g : [oo——T7 is an isom~orphism of groups
and h € Tsompa,(Q%, QL) (resp. h € Isompy_an(QL, Q%)) satisfying the
commutation relation h, o M% = smg',’ o g where

(11) he @ Autan(Q%) —5 Autan(9%)
p +— hoyo h L.
This notion of conjugation is algebraic and does not take in account the many

topological informations contained in the monodromy morphisms. Then we
introduce the following more specific notion:

Definition 3.4.3. A geometric conjugation (resp. geometric N-conjugation)
between the monodromies Em{;' and S)ﬁgi-,’, is a conjugation (resp. N -conju-
gation), (g, h) such that there are a homeomorphism germ g not necessarily
foliated) from (B,S) into (B',S’) preserving the orientations of B, B’ and
S, S and a pro-germ at infinity g from (IE%*, o0) into (IE%’*, o0) lifting g, i.e.
g5, ©9 = g0 qoo, such that g equals the conjugation morphism defined by g:

(12) §=0:: T =T, @rgopog .
We then have the following commutative diagram:
mZz ~
' — Aut(A_n(Qg;)
mZ -
Ff)o - AutAn(QZ:O)

and we will say that the triple (g,g,h) represents geometrically the
(N-)conjugation (g, h).
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Remark 3.4.4. Let ©; : U-——-0,(U), U C B, be a S-isotopy, i.e. a con-
tinuous family of homeomorphisms depending on a parameter ¢t € [0,1]
such that for each ¢ € [0,1], ©,(U) is an open neighborhood of S in B,
0.(S) = 5, B4(p) =p for all p € UN OB and Oy = idy. We denote by
O, the open embedding of U* into B* lifting ©;, such that ét(@ = p if
q(p) € 0B. It depends continuously on ¢, and O = id[}*. Since the induced

maps (go (:)t)* : I'o — I', depend continuously on ¢, they are constant and
consequently if (g, g,h) is a geometric representation of a (N-)conjugation
(g,h), then (go©1,§oO1,h) is also a geometric representation of (g, k). In
the same way, if © : U'——0L(U"), U’ € B/, t € [0,1], is a S'-isotopy, then
(©)og, @)’1 0 g,h) is also a geometric representation of (g, h).

3.5. Marking a germ of curve. In [10] we have introduced the notion of
marking of a germ of curve (S’,0) by another germ of curve (5, 0) as a funda-
mental equivalence class of germs of homeomorphisms of (C?,0) conjugating
(S,0) to (S,0). From Proposition 2.8 of [10] follows that two homeomor-
phic germs ¢g and ¢; are fundamentally equivalent if and only if one of the
following equivalent properties are satisfied:

(1) there exists ¢ > 0 and a homotopy ® € CO(B! x [0,1],B"*) such
that ®(-,0) and ®(-,1) are representatives of the restrictions to the
complement of S of the germs ¢g and ¢g respectively;

(2) there exist representatives QO’ ¢, of the germs ¢o and ¢1 on a small
ball B, such that for all p € BY there is a path o contained in B™ with
endpoints ¢, (p) and ¢, (p) such that the morphism cv. : 4 a hAva
makes commutative the following diagram:

1 (B, p) Lo. (B, 6,(p))

1%

™ (B™, ¢,(p))

Remark 3.5.1. The morphism g of a geometric (N-)conjugation (g, h) be-
tween the monodromies MZ and MY, determines a marking of (S',0) by
(S,0), that we will denote again by g.

In [10] we have seen that every marking can be represented by a home-
omorphism having good regularity properties. In order to precise these
properties we need to consider some auxiliary geometric data. For each
irreducible components D of Dg and D’ of Dg we fix germs of submersions

7mp:(Bs,D)— D and mwp :(Bs,D)— D

whose respective restrictions to D and D’ are the identity. They will be
called the Hopf fibrations of D and D'. For each singular point s € Sing(Dg)
and s' € Sing(Dg/), we fix holomorphic charts (zs,ys) : Ws——D?, (24, ys) :
Wy —-D? with disjoint domains and such that the local equations of Dg
and Dy are monomial in these coordinates. The collections

(13) L= ((ﬂ—D)Dv (x57y5)5)7 L= ((WD’)DH (xs’7ys’)s’)
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will be called local data for S and S".

Definition 3.5.2. A germ of homeomorphism g from (B,S) into (B',S")
will be called excellent (resp. N-excellent) with respect to the local data
L and L' (resp. and a foliation F with separatriz set Sy = S), if it ad-
mits a homeomorphic lifting G from (Bs, Ds) into (By,,Dg) satisfying the
following conditions:

(1) G(Ds) = Dgr and G(Ds N Ws) = Dgr N W/G(s)’ s € Sing(Dg),

(2) G is holomorphic in a neighborhood of Sing(Dg)

(resp. Sing(Ds) \ (Node(E) N Sing(Es))),
(8) the restriction of G to a neighborhood of the adherence of

Ds\  J W
s€Sing(Dg)

commute with the Hopf fibrations, i.e. mgpyo G = G omp,

Once we fix the local data £ and £ we can precise the Marking Theorem
stated in the introduction, in the following way.

Theorem 3.5.3. [10] Every marking of S’ by S possesses an excellent rep-
resentative with respect the local data £ and L.

Corollary 3.5.4. Every geometric (N -)conjugation between the monodromies
smg and imf;,l can be geometrically represented by a triple (g,q,h), where g
is excellent with respect to the local data £ and L'.

Definition 3.5.5. We say that a geometric (N -)conjugation (g, h) between
the monodromies of two foliation germs F and F' preserves the Camacho-
Sad indices if once we represent geometrically it by a triple (g, g, h) with g an
excellent homeomorphism germ, then its lifting G : (Bs, Ds) — (B, Dgr)
satisfies CS(F, D, s) = CS(F',G(D),G(s)) for every irreducible component
D of Dg and every singular point s € D of F.

We will see in Section 7.3 that a (N-)conjugation (g, h) between the mon-
odromies of F and F’ preserves the Camacho-Sad indices if and only if there
is a representative g of the marking determined by g (cf. Remark 3.5.1)
such that for each irreducible component S of S we have the equality
CS(E,S’, 5) = CS(£’,S”, §') where S and &’ denote respectively the strict
transforms of S and §’ and § and & are their corresponding attaching points
in the exceptional divisors.

3.6. Realizations of conjugations. Consider subsets V' C B and V' cB
such that V*N S and V/* N S’ are non-empty. We denote by ' o (resp.

r "71* OO), the group of germs at infinity ¢ of deck transformations of the
(possibly non-connected) covering (V*,00) (resp. (V'*,00)), i.e. satisfying
Joo © P = oo (resp. ¢’ o p = ¢ ). Clearly, the restriction maps define group

: !/ / /
. ~ . ~
HlOIlOIl'lOI'phlSHlS L Foo — FV*, and ¢ : Foo — T - .

Definition 3.6.1. A geometric conjugation (resp. geometric N -conjugation),
(g,h) between the monodromies ML and Sﬁg 1s called realizable over the
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germs (V,S) and (V',S") if there exists a germ of homeomorphism 1) from
(V,S) into (V',S"), and a continuous pro-germ at infinity

¥ € Homop((V*,00), (V'*,00))
lifting 1, i.e. ¢’ o 1; =1 0 ., such that the following diagrams commute:

~ L

(V*, 00) R (V"*, 00) e <= 1“‘7*,30
(%) ] o Lo s O sl 0l

~ ~ L

oL b o T = T4,

where Ty and Ty are the canonical pro-germs defined in Section 3.5 and
Yy is the conjugation morphism ¢+ oo W~ We will say then that the
triple (1,1, h) is a realization of (g, h) over the germs of V and V.

Remark 3.6.2. If g : (B,S) — (B, 5’) is a (N-)transversely holomorphic
conjugation between F and F’, then every lifting § : (B*,00) — (B'*,00)
of g determines a (N-)An-isomorphism h from 0% onto QF. The pair
(g«, h) constituted by the conjugation isomorphism (12) is a geometric (N-
Jeconjugation between the monodromies of these germs of foliations and
(9,9, h) is a geometric realization of this conjugation over (B, S) and (B', S").

Remark 3.6.3. If W is a submanifold of V' such that W*NS # (), then the
restriction (¢|W’¢\ﬁ/*’h) of a realization (1,1, h) of (g,h) over V and V’,

is a realization of (g, h) over W and ¢(W).

A S-isotopy ©; : U — ©4(U), U C B, in the sense of Remark 3.4.4 will
be called F-isotopy, if for all p € U the path [0,1] 5 ¢ — O4(p) is contained
in a leaf of 7. We have the following invariance property:

Proposition 3.6.4. Let ©, : U — O4(U) (resp. O} : U — O,(U")), t €
[0,1], be a F-isotopy (resp. F'-isotopy), defined in an open neighborhood
UDS of B (resp. U DS of B') and let (g,9,h) be a realization of a
geometric (N -)conjugation (g,h) between the monodromies of F and F,
over subsets V and V' of B* and B'*. Then (€} 0 go©71,0, 05007 h)
is a realization of (g,h) over ©1(V) and Y (V"), where the lifting ©; and
é; are defined as in Remark 3.4.4.

Proof. The idea is quite simple: on one hand ©; preserves the leaves of
F and consequently the corresponding diagram (%) is commutative; on the
other hand, Remark 3.4.4 implies the equality (0 o g o C:)fl)* = g, and
therefore the diagram (xx) is also commutative. We leave the details of the
proof to the reader. O

4. MONODROMY AND PROJECTIVE HOLONOMY

4.1. Holonomy representation of a JSJ block. First of all, we recall
some classical notions which will be used in the sequel. For a curve D, the
valence of an irreducible component D of D is the number v(D) of irre-
ducible components of D other than D meeting D. We call dead branch of
the exceptional divisor £¢ any maximal connected union of components of
Es having valence two in Dg, except for one of them which has valence one
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in Dg. Every dead branch M has a single attaching point belonging to a
unique component of £g having valence at least three.

Let F : B — C (resp. F’' : B’ — C), be a reduced equation of the
separatrix curve S (resp. S’), and consider £, L' two local data as in (13).
For € > 0 small enough, the composition of these equations by the reduction
morphisms Eg and Fg define the real smooth hypersurfaces {|F o Eg| = ¢}
and {|F’" o Eg/| = €}. These hypersurfaces bound the Milnor tubes of Dg
and DS/,

(14)  To={FoBs<eclcBs, T ={FoFg|<c}cBy,
and they are transverse to the hypersurfaces {|zs| = 1}, {|ys|] = 1} and
{lzg| = 1}, {lys| = 1}, for all s € Sing(Dg), s’ € Sing(Dg), as well as to

the spheres Eg'(0B) and Eg'(0B’). We extend for subset of these Milnor
tubes, the convenient notation introduced in (2).

Conventions 4.1.1. For A C 7; and A’ C 7., we denote
A =g (Bs(A), A" =q N Eg(A)),
and we consider the following universal coverings:

(R3 (R3
—

-1 e —1 e
q:=Eg © G " — 1T, ¢ :=FEg oq’l%,zl T

Given a germ of homeomorphism ¢g : (A,Dg) — (A, Dg/) and a pro-
germ at infinity ¢oo : (A*,00) — (.Z’*, oo) lifting ¢g, we will say that the
triple (¢g, Poo, h) carries out over A and A’ a geometric conjugation (resp.
a geometric N-conjugation), (g, h) , if the triple (qﬁ%,%oo,h), with qbbs =
FEgr o ¢g o ES|_Al*, is a realization of the a geometric conjugation (resp. a
geometric A/-conjugation), (g, h) over Eg(A) and Eg/(A’).

Let D be an irreducible component of Dg having valence v = v(D) > 3.
If D has v —r attaching points belonging to dead branches, we numerate
the points s1,...,s, of Sing(Dg) N D in such a way that {s;| j > r} is the
set of attaching points of the adjacent dead branches to D. We also denote

(15) D= D\Uj_{lzs,| <1}, D°:=D\U {|zs,| <1}.
We assume that for j =1,...,v, ys; = 0 is a local reduced equation of D.

Definition 4.1.2. We define the Jaco-Shalen-Johannson block (JSJ for
short) Bp(e) of 1z associated to D as the adherence of the connected com-
ponent of T \ Uj_y{|zs;| = 1} which contains Dt

We fix £ > 0 small enough and we denote Bp(e) and 7; simply by Bp and
7. Then the following properties hold, cf. [9]:

e 7 is a deformation retract of Bg, and for 0 < &’ < ¢, Bp(¢’) and T/
are deformation retract of Bp and 7 respectively;

e B7 is incompressible in 7%, hence it is so in E;l(IBS*);

e a presentation of the fundamental group of B}, by generators and
relations can be obtained in the following way. We consider loops
Y1,- -+, in Bp Napt(D°) having the same origin m and such that
the projections mp o «y; are the boundaries of closed conformal disks
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V; C D satistying V; N Sing(Dg) = V; N Sing(Dg) = {s;}; then we
consider a loop ¢ in the fiber A := w5 (mg), mo := 7p(m), with
the same origin m and having rotation index one with respect to the
point mg. Then we have

7T1(B*D,m) = <Cu ;}/17-";}/1) | [fyju ]_ 1 ’ka _CQk >k-j:1 ..... vy

where ged(pg, gx) = 1 and — qk is the Camacho-Sad index of F along
D at the point sg;
e the germ of F at each point § = s,41, .. ., Sy, possesses a holomorphic
first integral that can be written as z2ky% A(zs,ys), A(0,0) # 0.
Since Hp(%) is the map sending a point p of A to the end of the path
having origin p and lifting y~! in the leaf of F passing through p, the kernel
of the holonomy representation of F along D°,

(16) Hp : m(D°, mg) = Zyp41 * - - - x Ly, — DIff (A, my) ,

contains the normal subgroup generated by the elements 47%, for k = r +
1,...,v. The morphism Hp factorizes through a morphism H%P defined on
the quotient group

7™ (D, mo) == m1(D°, mo)/ < AP, AR >

The morphism 7p. from m (Bp N7yt (D°), m) onto 1 (D°, mg) induced by
the fibration 7p, determines a morphism 77%{? which enters in the following

exact sequence

ﬂ_orb
(17) 1 — 7 (A, m) = Zé — m (B}, m) =2 79(D*, mg) — 1.
Definition 4.1.3. We call the morphism Hpg,, = Horb o Tr%ff,
Hpp - m(Bp, m) — Diff (A, mo), Hap, (¥) =Hp(mp o),

the holonomy representation of F along Bp realized on the transverse sec-
tion A.

4.2. Extended holonomy and monodromy. With Conventions 4.1.1 and

the precedent notations, we denote by (ﬁ*o‘)aem(z*) and (B ﬂ)ﬁem(B*) the

collection of connected components of A* (resp. of BB). Thanks to the
incompressibility of B7, in Egl(IBS*), the restriction of ¢ to each connected
component E*Dﬂ is a universal covering of B},. Thus, once we fix a point
m € B}, and m € ¢~ *(m) N Egﬁ’ the group I'sx can be canonically identi-
fied with 71 (7%, m) ~ m1(B*, m) and the subgroup I's(8) consisting of the
elements ¢ in 'y, preserving B , can be identified with w1 (B}, m). If m
belongs to A EEE then we have the following exact sequence of groups:

1 — Too(B,a) — Too(B) —2 7™ (DF, mp) — 1,

with I'o (8, a) ~ m(A*, m) denoting the subgroup consisting of those ¢ €
' (B) which preserve A** and o is the well-defined morphism determined
by

orb

o(p) =18 (gop,), peTY
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where fi, is a path in E*Dﬂ whose endpoints are m and ¢(m). Notice that
I (B, @) is a normal subgroup in I'w(3), because 71 (A*, m) is the center
of m (ijﬁ ); this means that each ¢ € I'o(8, @) preserves every component
A" c BY.

Proposition 4.2.1. If A* and A*® are contained in the same connected
component BB@, then there is a unique pro-germ hyo : (A*, 00) — (A*® 00)

commuting with the canonical pro-germs, i.e. Tx.o © hara = TX1a-

Proof. For all U e Urs put U = Egl(l?) and denote by W' the F-
saturation of A*® N U* inside E}Sﬁ N U*. The map

hy : OF® = Wg N A% — A

obtained by following the leaves of Fver is defined without ambiguity be-

g
cause every leaf meets each transversal A** and A*® in at most one point,
cf. Section 2.2. We will see that Dg/o‘ always contains a non-empty open
set of type V* N A*, with V := Egl(V)7 V € Urx. In order to conclude,

it suffices to put

haoto i = (h_r)n‘v/ hvu )(7611]:,2 ,  with hyy = hU';*mZ*a VINA*Y — A*

Consider ¢ € I'o(, ) and choose Ve Ur s, V C U, small enough
so that all p € V N A* be the origin of a path 7, ending in A*, which is
contained in a leaf of the restriction of £ to By, N U N7, (D°), and such
that the homotopy class of mp 07y, in 7*?(D¥ my) coincides with o(¢). The
lift I of 7, in E’Bﬁ , passing through an arbitrary point p of g‘l(p) N A*a,
is contained in a leaf of F. We will see that its endpoint, which coincides
with hy(p), always belongs to A*: then the inclusion D%IO‘ S V*n Ax
will follow.

We consider a path ¢ in A* having origin ,ug(l) and endpoint in g‘l(m),
as well as a path § having origin in g_l(m) and endpoint p. The homotopy
class ¢ € w1 (B}, m) of the loop ¢ := qo (6 V pzVE), satisfies:

orb/ /

5. (C) =Tp o, =o(p),

where 7 67, denotes the class of 7p o7, in 7™ (D*, my). Let u, be a path
in B*? joining 7 to ¢(m). Thanks to (17), the homotopy class of the loop
q o i, in (B}, m) differs from ¢ in an element of m(A* m); therefore
the paths § vV p § and p, have their endpoints on the same connected
component of A*; the same property holds for I and fu,. O

For three components A*O‘, A*O‘/, A*" contained in E*Dﬂ , we clearly have
the relation

ha//a/ (@] ha/a = h’Oé”Oé .
On the other hand, the above constructions are “compatible” with the action

of ' (8), because ', preserves F. More precisely, with the above notations,

if ¢ € T'(B) then the paths ¢ o 1y and p o(?) coincide. Thus, denoting also
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by ¢ : mo(A*)—57o(A*) the bijection induced by deck transformation ¢, we
have that

0 hata © P = hp(ar)p(a) -
We easily deduce that the map

ﬁ% : FOO(ﬁ) — Aut(ﬁ*a, OO) ) s ha<p(o4) oY= h;(la)a o,

is a morphism of groups. In the case that Er consists in a single blow-up
this morphism was considered already in [14] where it was called extended
holonomy. We adopt their definition in the general context.

Definition 4.2.2. We will call ﬁ%, the extended holonomy morphism of
D over A*®.

In order to justify this definition we note that if 4 € m (B}, m) and ¢ €
Too(B) satisfy 7%P(1) = o(), then HS(¢) is the lifting of the holonomy
diffeomorphism Hp, (/1) on the connected component A* | considered as
a universal covering of A*. We finally obtain the following commutative
diagram:

(A’ mo) - goo (A*a’ OO) &, é‘fo
(©)e Hp,, (1) H(¢) mZ (¢) .
(A, mg) oo (A%, 50) o TAxa oF

4.3. Relationship between holonomy and monodromy conjugations.
We fix a geometric (N-)conjugation (g,h) between the monodromies 9%
and 93?{5,/ of the General Type foliations F and F’. Thanks to Corollary 3.5.4,
there exists a geometric representation (g, g, h) of (g, h), cf. Definition 3.4.3,
where g : (B, S) — (B',S’) is the germ of an excellent homeomorphism and
G : (Bs,Ds) — (B, Dg) is its lifting to the total spaces of their reductions
of singularities. Let (A, mg), mo ¢ Sing(Dg), be a fibre of the Hopf fibration
of an irreducible component D of Dg, such that (A, m{) := (G(A), G(myg))
is also a fibre of the Hopf fibration associated to the component D' := G(D)
of Dgr. Finally, we will identify A and A’ with their images Eg(A) and
Eg (A’) by the reduction of singularities maps.

Theorem 4.3.1. If there is a realization (w,lz, h) of (g,h) over A and A’,
then 1 and the restriction G|p : D-=5D' conjugate the holonomy represen-
tations associated to the irreducible components D and D', i.e. the following
diagram is commutative:

7T1(DO, mO) Mo

Diﬁ(A, m())
G* O Iﬁ*

m1(D°, mo) — 2"+ Diff(A, m))
where . (¢) =Y opotp™! and G is induced by the restriction of G to D°.
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Hp(¥)

(A*nmo) g (A*:mO)
2 | 2
‘. (A", mp) L2 - (A7)
R
(A%, 50) LR (A%, 00) 7,
" a
2 B\
(B o) Hy(a(2) (B o)
n ;
TX s X e TX v
ég:o mg (o) . OF _—
] ]
5F mZ () @fo

FIGURE 1. Diagram concerning the conjugation between the
holonomies and monodromies.

Proof. Consider % € m1(D°,mo), 1 € m1(B},m) and ¢ € T'oo(3) such that
7%(1) = o(p) = 4 and therefore Hp, (1) = Hp(¥). Consider also the
diagram of Figure 1. Both frontal sides (behind and ahead) are consti-
tuted by the commutative diagrams (o), and (¢)4,); both lateral sides
are constituted by the commutative diagram () and that one express-
ing that {/; lifts 1; the commutativity of the bottom horizontal diagram,
ho ML (o) = img:,/(g(cp)) o h, follows from the fact that (g, h«) is a conjuga-
tion between 931{; and 9315. Since the canonical pro-germs TXva AN T3, 00
are monomorphisms, cf. Proposition 3.3.1, the median horizontal diagram
is also commutative, i.e. 12 o 7'7% (p) = ﬁaD/, ) {/; Finally, the commutativity
of the top horizontal diagram,

Y oHp(¥) = Hp (Gu(F)) 0,

follows from the fact that the pro-germs ¢_ and g’oo are epimorphisms. [



MONODROMY AND TOPOLOGICAL CLASSIFICATION 21

5. STATEMENTS AND PROOFS OF THEOREMS I AND II

We keep the notations introduced in the precedent sections about the
germs of foliations F et F’, in particular (2), (3), (9) and (10). We shall
introduce here two statements that imply Theorems I and IT in the Intro-
duction.

Theorem 5.0.1 (of invariance). Assume that F and F' are of General
Type and they are conjugate by a germ of transversely holomorphic (resp. N -
transversely holomorphic) homeomorphism ¥ : (C2,0)-—=(C2,0). Consider
a germ g : (C%0)-—"=(C2,0) of excellent homeomorphism fundamentally
equivalent to W, cf. Section 3.5, and denote by G : (Bs,Ds) — (B, Dgr)
its lifting. Then,

(1) for each irreducible component D of Dg and for each singular point

s € Sing(F) N D, we have equality of Camacho-Sad indices:

(18) CS(F, D, s) = CS(F', G(D), G(s))

(2) there is a geometric conjugation (resp. a geometric N -conjugation,),
(g, h) between the monodromies ML and i)ﬁg?—,/ realizable over some
N -collections of transversals (i.e. satisfying Condition (o) in the
Introduction) of F and F', such that ¥ is a representative of the
marking determined by g.

The following theorem can be considered as a sort of converse of the prece-
dent result.

Theorem 5.0.2 (of classification). Let (g, h) be a geometric N -conjugation
between the monodromies SJTJSE and fmg'// of two General Type foliations,
which possesses a realization (w,{pv, h) over N -collections of transversals %
and ¥’ of F and F'. Denoting by (g,g,h) a geometric representation of
(g, h), assume that the following conditions hold:

(1) for each connected component ) of ¥ intersecting an irreducible com-
ponent S of S we have ¥(X) N g(S) # 0,

(2) along each irreducible component S of S, we have coincidence of
Camacho-Sad indices: CS(f,S’,E’) = CS(f’,S”,é’), where S (resp.
S'), denote the strict transform of S (resp. g(S)), and § € Sing(F)
(resp. § € Sing(F')), are their attaching points in the exceptional
divisors.

Then there exists a homeomorphism W defined on an open neighborhood U
of S onto an open neighborhood U’ of S' and there is a lift ¥ : U*—=U"* of
W, such that:

(a) ¥(ENU) C X'NU’', the germ of ¥y at the finite set XN S equals

Y and the germ at infinity of \Tl@mﬁ coincides with 1),

(b) W is N-excellent, conjugates Fu to '7:|,U' and it is N -transversely
holomorphic,

(c) denoting by Vg the germ of ¥ along S and by U the pro-germ
at infinity of U, then (\I/S,\Tloo,h) is a realization of (g,h) over the
complement of some N -separators of F and F'.



22 DAVID MARIN AND JEAN-FRANCOIS MATTEI

In fact we will prove in Section 7.3 that Condition (2) in Classification
Theorem 5.0.2 is equivalent to Assertion (1) in Invariance Theorem 5.0.1.
The relationship between these two results and Theorems I and II in the
introduction come from the following property of transversal rigidity.

Definition 5.0.3. We say that the germ of F at (0,0) is transversely rigid
(resp. N-transversely rigid), if every germ of homeomorphism preserving
the orientations of (C2,0) and those of the leaves, and conjugating F to
a General Type foliation, is necessarily transversely (resp. N -transversely)
holomorphic.

After the extended version (TRT) of the Transverse Rigidity Theorem of
J. Rebelo [16] stated in the introduction, the hypothesis (G) on F implies the
N-transverse rigidity of F. As we have already point out in the introduction,
the genericity of this property in the sense of the Krull topology was proved
in [6]. We remark that there are other interesting, although more particular,
situations inducing also the transverse rigidity of the foliation, cf. [7].

Corollary 5.0.4. Let F and F' be two germs of General Type N -transversely
rigid foliations which are conjugated by a germ of orientations preserving
homeomorphism Wy. Then there is a germ of N -excellent homeomorphism
U conjugating F and F'. In particular, denoting by ¥¥ : Dg—-Dg the
restriction to the total divisors of the lifting of W over the reduction of sin-
gularities, the following properties hold:

(a) for each s € Sing(F), the germs of F at s and that of F' at V¥(s) are
holomorphically equivalent;

(b) for each irreducible component D of Dg, the holonomy representations
Hp and Hyy(p) defined in (16) are holomorphically conjugate via W,

In addition, if Node(F) = 0 then ¥ is fundamentally equivalent to Wy, cf.
Section 3.5.

Assertion (b) in Corollary 5.0.4 means that if A and A’ := U(A) are holo-
morphic curves transverse to D and D' := W#(D), at the points m €
D\ Sing(F) and m' := ¥¥(m), then the diagram (1) in the introduction
commutes taking ¢ = W|a.

Proof. We can apply first Theorem of Invariance 5.0.1, because ¥ is N-
transversely holomorphic; then we apply Classification Theorem 5.0.2. [

Notice that this corollary is a more precise statement of Theorem I. On the
other hand, thanks to the transverse rigidity theorem, Theorem II follows
from the invariance and classification theorems below, using the additional
generic hypothesis (G) considered in the introduction.

6. PERIPHERAL STRUCTURE OF A GERM OF CURVE

Before proving Theorems 5.0.1 and 5.0.2, we shall examine some auxiliary
topological notions that we will need in the sequel. In fact, this section deals
uniquely with curves and there is no foliation there.
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6.1. Peripheral groups. Following the previously introduced notations
(2), (9), (14) and Conventions 4.1.1, let S be an irreducible component of
S C B. We consider a tubular neighborhood Wy of 5°:= S\ {0} in B\ {0}.
The pair (Wy, 5°) is homeomorphic to (S° x Dy, 5°x {0}). Let s € Sing(Dg)
be the attaching point of the strict transform S of S. Up to permutation
of the coordinates (zs,ys) of the local datum fixed in (13), we assume that
zs = 0 is a local reduced equation of S. We choose ¢ > 0 small enough so
that WY := E;l(Wg) retracts over the 2-torus {|zs| = ¢, |ys| = 1}.

Proposition 6.1.1. Wg 1s incompressible in B*.

Proof. 1t suffices to show the incompressibility of the torus

{lzs| =&, [ys| = 1}

inside Bg. This can be done by using Van Kampen’s Theorem, see for
instance the construction of an open neighborhood of Dg by “boundary
assembly” made in [9]. O

Consider the loops m (resp. p), in WY, having the same origin, defined
by (zs,ys) o m(t) = (€™ 1) (vesp. (ws,ys) o p(t) = (g,e*™)). At the
point ¢ := Eg(m(0)), the homotopy classes mz (resp. pz € m1(Wy, ¢)), of the
loops Eg o m (resp. Eg o p), allow to decompose 7T1(W§,, ¢) = Zmy @ Zpe.
The abelianity of this group implies that the isomorphism from m(WSi‘, c1)
onto ﬂl(Wg, ¢2), induced by a path joining the points ¢; and cg inside Wg,
does not depend on the particular choice of this path. Thus, the direct
sum decomposition of 71 (Wy, ¢) is canonical, i.e. it can be unambiguously
defined for every base point in Ws’f:

P§,c = Wl(Wg,C) =Zm.®Zp. C m(B*,¢), ce€ W;,

Definition 6.1.2. We will call m. the meridian, p. the parallel and Py ,
the peripheral subgroup associated to the component S at the point c.

“

The following geometric property states that this decomposition is “in-
trinsic”, see [5, 10].

Proposition 6.1.3. The subgroup ngc coincides with its normalizer inside
m1(B*,¢), i.e. (C € m(B*, ¢) and CPS*,CC_I C m(Wg,c)) =(€ 775176.
We immediately deduce:
Corollary 6.1.4. The direct sum decomposition
P=Zmp®Zpp, mpi=(m(h, ppi=(peCt

of every subgroup P = ( Py (71, ¢ € m(B*, ¢) conjugated to Py . is intrin-
sic, i.e. it does not depend on ¢ € m (B*, ).
6.2. Conjugation of peripheral structures. We will see that the canon-

ical meridians and parallels introduced in Definition 6.1.2, associated to the
irreducible components of S, are topological invariants.
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Theorem 6.2.1. Let U be an open neighborhood of S in B and let ® be
a homeomorphism from U onto a neighborhood U’ of 0 in B', such that
®(S) = S'NU'. Then for each irreducible component S of S and for all
point ¢ in a tubular neighborhood of S \ {0} inside B, the isomorphism D,
from w1 (B*, ¢) onto m (B™, ) induced by ®, sends respectively the meridian
m. and the parallel p. associated to S to the meridian m, and the parallel
pl, associated to the component ®(S), at the point ¢ := ®(c).

Proof. First we note that ®, induces an isomorphism from the peripheral
group Py . of S, onto the peripheral group P%, y of §":= ®(S). Indeed, we

can consider a tubular neighborhood W of S and two tubular neighborhoods
W’ and W” of §’\ {0} in B/, as well as a ball B” C B’ centered at the origin,
such that W” NB” ¢ ®(W) Cc W’. These inclusions induce two Z-linear
morphisms at the fundamental group level,

Z2 = Pé‘170/ - CD*(PS"C) - Pg",c’ = Z2a

whose composition is an isomorphism. Hence

(19) q)*('])§7c) = PA%",C/.

The Marking Theorem 3.5.3 provides the existence of an excellent homeo-
morphism g fundamentally equivalent to ®. We can assume that W”NB" C
g(W) C W’ and g induces an isomorphism g, from Pg . onto Py, . Clearly
gx(me) = qu(c) and g.(p.) = pfq(c), because the lifting E%, ' o go Eg extends
to the exceptional divisor. The fundamental equivalence between g and ¥
implies the existence of an element ¢ of 7 (B*, ') such that

(20) Ir0®, = Kkog,:m(B* ) — m(B*, ),

where I denotes the interior automorphism of 7 (B*,c’) determined by ¢
and k is the canonical isomorphism from 1 (B*, g(c)) onto m (B*, ¢), deter-
mined by an arbitrary path in W’ joining g(c) to ¢’. The relations (19) and
(20) give the equality (P%L, e 1= Plgl - By applying Proposition 6.1.3 we
obtain that ¢ belongs to P’§,7C,. The restriction of I: to P§,7C, is the identity
because this group is abelian. By restricting (20) to 77§7c we obtain the

relation ®, = k o g.. Hence
D, (me) = K(ge(me)) = w(my ) = me;

and analogously ®.(p.) = pL. O

7. PROOF OF INVARIANCE THEOREM 5.0.1

7.1. Proof of Assertion (2). By Proposition 3.6.4, we can compose ¥
on the left by a germ of homeomophism ©; : (B',S")-——(B’,S’) which is
F'-isotopic to the identity. Let ¥ and X’ be A-collections of transversals
of F and F' respectively, such that for each connected component Y of
intersecting an irreducible component S of S we have that ¥(3) and ()
meet the same irreducible component S’ of §’. We can construct a F’ -isotopy
O such that ©1(¥ (X)) and ¥’ define the same germ at 3'NS’. Assertion (2)
of Theorem 5.0.1 follows directly from Remarks 3.6.2 and 3.6.3.



MONODROMY AND TOPOLOGICAL CLASSIFICATION 25

7.2. Invariance of the Camacho-Sad indices associated to the sep-
aratrix curve. We will prove the equality (18) when s is the attaching
point of the strict transform S of an irreducible component S of S. Follow-
ing the notations of Section 6.1 we denote by p : Wy — SN W, the disk
fibration such that ysop = ys, by ¥, the loop contained in x5 = 0, such that
Ys © Yu(t) := 2™ 0 < ¢t < 1, by ¢ the point having coordinates (0,1/2)
and finally by 7' the transverse section p~1(q).

Consider a sequence (g )nen of points in T' tending to ¢, such that the
loop vy, lifts, via p, to a path I';, contained in a leaf of F. We can see that
such a sequence always exists and that

(21) CS(F, S, s) = lim — / 45
I

n—oo 2¢mn Jr, Ts

Fix a real number 6,, €] — 7, 7| different from the arguments of ¢, and that
of I';,(1) and choose a path &, in

T {arg(a) # b, 0 < aa] < 1/n} |
having endpoints g, and T',,(1). Since the real part of 5+ i) € dx—’? is bounded,

2imn
the real part of the Camacho-Sad index (21) is given by
< I 1 d
Re(CS(F,S,s)) = lim —, where I, := —— ms.
n—o0 n 2im Jr,ve, Ts

Using the peripheral structure of 775’ ., given in Corollary 6.1.4, the homo-
topy class of the loop I',,v&, in 71 (B*, ¢y), ¢n := Es(qn), can be decomposed
as
T\/gn = Inmcn + nPpe, -

If «,, is an arbitrary path in 7"\ {¢} with endpoints gy and g, then the

homotopy class of the loop A, := a,vIpvévay t in m (B*, cp) is
)\771 = Inmco + NP -

Fix now the same data at the attaching point s’ := G(s) of the strict trans-
form & of S’ := ¥(S). We denote by (zy,ys) : W, —-D? the local coor-
dinates at s’ determined by the local datum £, by p' : W., — SN W, the
disk fibration defined by yy o p’ = yy, and by ¢’ € S the point having coor-
dinates (0,1/2). We also denote T" := p'~1(¢'). It is easy to see that, after

composing it by a homeomorphism F’-isotopic to the identity, ¥ satisfy the
following properties:

e U(V) C V' where V is the image by Eg of a tubular neighborhood
of the circle {z5 = 0, |ys| = 1} inside {|xs| < 1,]ys| = 1} and V' is
the image by Eg/ of the torus {|z},| <1, |yy| =1}

e Uy, conjugates the fibrations, i.e. Efg,op’oEg,lo\IfW = WoEgopoEyg.

As in (21) we have the following equality:

dz’,

CS(F, &, ¢) = lim — / ;
Yol

z,
The variation of the argument of 2/, 0§, is bounded because the restriction

of U to T is holomorphic (recall that ¥ is transversely holomorphic on V).
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Thus,

-4 n 1 d //
(22)  Re(CS(F, &) = lim 2", J, = / st
Yo(I'nvén)

n - " 5
n—oo n xum z’,

Clearly the homotopy class of Wo A, in 71 (B*, ¥(qp)) is Jnm’q,( y T np(y( )

co co
and therefore

Ty (cg) T () = PsTnMey + 1, ) -

Theorem 6.2.1 provides the equality I,, = J,,. Thanks to (22), CS(f,S, s)
and CS(F/, S ,s') have the same real part. Hence, they coincide because on
the other hand, their difference is an integer number. Indeed, the exponen-
tial of each of them is the linear part of the holonomies of S and §' , which
are analytically conjugated by the biholomorphism ¥ .

Remark 7.2.1. Notice that the above proof only uses the transverse holo-
morphy of ¥ on a neighborhood V' of the strict transform of each punctured
separatrix of F. Hence we deduce that any topological conjugation which is
transversely holomorphic in a neighborhood of each punctured nodal sepa-
ratrix is a N/-topological conjugation.

7.3. Invariance of all the Camacho-Sad indices. The proof is based
in the Camacho-Sad index formula, which claims that the auto-intersection
number of an irreducible component D of the exceptional divisor equals
the sum of the Camacho-Sad indices along D, at the singular points of
the foliation lying on D. We consider filtrations of the exceptional divisors
Es = E5'(0) and Eg := EG1(0),

Eo:=EsDE D& D+ and & =E¢DEDELD -,

defined by induction in the following way: &;_; \ &; is the union of the
components D of £;_1 having valence 1 in £;_;. Since the dual graphs
of these divisors are trees, we eventually obtain the empty set. Clearly
G(&;) = &}, for all j. In order to obtain the equalities (18) in Theorem 5.0.1
for every singular point s € Sing(F) and each irreducible component D of
Dg, it suffices to show the following assertion for all j > 1:

(x); the equality (18) holds at every point s € (Sing(Dg) \ Sing(E&;)), for
each irreducible component D containing s.

We conclude by noting that the index formula provides the implication
(%); = (%);+1 and that (x)o express the invariance of the Camacho-Sad
indices of the separatrix curve, proved in Section 7.2.

8. PROOF OF CLASSIFICATION THEOREM 5.0.2

We keep the notations (2), (9), (14), Conventions 4.1.1 and we assume the
hypotheses of Theorem 5.0.2. We shall construct a global N -transversely
holomorphic conjugation between F and F’ inducing a realization of (g, h)
outside some N -separators of F and F’ in B, satisfying Assertions (a), (b)
and (c) of Theorem 5.0.2. We proceed by induction, by constructing the
desired homeomorphism step by step, over “elementary pieces” of an appro-
priated decomposition of a neighborhood of the total divisor Dg in Bg that
we will describe in Section 8.2. These elementary pieces are associated to
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each singular point s € Sing(Dg) and to each irreducible component D of
Dg and they are denoted by K, and Kp respectively.

8.1. Description of the induction. The construction of the elementary
pieces is done in Section 8.2. Extension Lemma 8.3.2 is the key tool which
allows us to make the inductive step and to begin the process. Given a
realization (¢, ¢, h) of (g, h) over a fiber T of the Hopf fibration contained in
a boundary component of an elementary piece K, this lemma gives a simple
topological condition (23) which allows to extend (¢, ¢, h) to a realization
defined over the whole piece. In addition we have that

1. the restriction of this extension to every Hopf fiber contained in 0K
also satisfies the condition (23),

2. when T is contained in the intersection of two adjacent elementary
pieces, then the realizations given by Lemma 8.3.2 over each of these
pieces coincide over their common intersection.

Thus, if Node(F) = () and we have a realization over an elementary piece
K, we can extend it step by step over a whole neighborhood of Dg in Bg.
In order to achieve the proof in this case, it suffices to be sure that we can
apply Lemma 8.3.2 in the context where D is the strict transform of the
irreducible component of S meeting ¥, T = E~(X) and letting K° be the
elementary piece associated to D. In Section 8.4 we will prove the existence
of a realization (g1, g1, h) of the conjugation (g, h) satisfying the condition
(23) in Lemma 8.3.2 in this context. This will achieve the proof of the
theorem in the case Node(F) = 0.

If Node(F) # 0, we begin this induction process in each connected compo-
nent of ¥ and we stop it when it would require to make an extension to an ele-
mentary piece containing a singular point s belonging to Node(F)NSing(Ex).
For a nodal singularity s (resp. s’) belonging to the strict transform S (resp.
S’ ) of a nodal separatrix of F (resp. F'), Extension Lemma 8.3.2 provides a
foliated homeomorphism K, — Ky which can be easily extended to the ad-
jacent elementary pieces Kg — K, by using the product structures of F and
F'in Kg = (K,NKg)x[0,1] and Kg = (KyNKg)x[0,1]. To complete the
process in this case, it suffices to glue the realizations obtained in this way, by
constructing in Section 8.5 suitable foliated homeomorphisms defined on the
elementary pieces associated to the singular points s € Node(F) N Sing(Ex).

8.2. Elementary pieces. Recall that we have fixed a N/-conjugation (g, h)
in Theorem 5.0.2. By Corollary 3.5.4 there exists an excellent homeomor-
phism germ (B, S) — (B, S’) representing the marking determined by g. Let
G:(B,S)— (B,5) be its lifting. We fix two Milnor tubes, cf. (14), 7 for
S and 7], for S’, where €,¢’ > 0 are chosen small enough so that G(7z) C 7,
and each real hypersurface {|zs] = 1} and {|ys| = 1}, s € Sing(F), as well
as {|zy| =1} and {|yy| = 1}, s’ € Sing(F'), separates the tube in two con-
nected components and intersects transversely the boundary in a 2-torus.
We denote

Hi= U flel=0u{lil=13 # = U {lasl=1U{lys|=1}.

s€Sing(F) s'€Sing(F')
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We call elementary piece of T (resp. 7)), every intersection K := KN 7;
(resp. K':=K'NT.), where K (resp. K'), is the adherence of a connected
component of 7; \ H (resp. 7, \ H'). For each elementary piece K (resp.
K'), one and only one of the following assertions holds:

e K (resp. K'), contains a (unique) point s of Sing(F) (resp. s’ €
Sing(F’)), and it is contained in the domain Ws (resp. Wy/) of the
coordinate chart (xs,ys) (resp. (zg,ys));

e K (resp. K'), contains a compact set D° := D\ |J; Ws, where D
denotes an irreducible component of Dg (resp. Dgr), and s ranges
the set of singular points of F (resp. F'); in addition, if g, > 0 are
small enough then the restriction of the fibration 7p to KNwp'(9D°)
is still a disk fibration;

In the first case the elementary piece will be denoted by K (resp. Ky ),
and in the second case it will be denoted by Kp. The intersection of two
different elementary pieces is either empty or a solid 3-torus.

8.3. Extension of realizations. By Corollary 3.5.4 there is a geometric
representation (g, g,h) of the N-conjugation (g, h), with g excellent. We
assume that € > 0 is small enough so that G := E§,1 o go Eg 7. is defined
on 7, into 7J,. Thanks to properties of excellent maps stated in Definition
3.5.2, the restriction of G to the total divisor fulfills the following equalities:

G(Ky,N Ds) = KG(a) NDg, «€ Comp(DS) L Sing(f) ,
and G(K,) is an neighborhood of Kg(o) NDg in K¢ (a)-

We consider an irreducible component D of Dg and a Hopf fiber
T := 75 (c) N T¢, over a point ¢ in the boundary of D°, cf. (15). The
connected component C of dD° containing c, is a circle that bounds a disk
WsN D, s € Sing(F). The point ¢ := G(c) belongs to the boundary of D",
D' := G(D). We denote T" := 7}, (¢') and we assume that a germ of biholo-
morphism ¢g : (T,c) — (T',¢) is given, as well as a pro-germ at infinity
Do (T*, 00) — (f’*, o0) lifting ¢g, such that (¢g, Boos h) is a realization of
(g,h) over T and T".

Conventions 8.3.1. For B C B* and B’ C @’*, we denote :
m0(B, 00) := limpey, x 10 (BNU*), mo(B',00) := limpey,, ., mo(B' N Ur).

Lemma 8.3.2 (of extension of realizations). Let K (resp. K') be one of
the elementary pieces Kp or K (resp. Kgp) or Kgs)) and let us denote
Z = KNDg and 7' .= K' N Dg:. We assume that qgoo and the restriction
of g to T* induce the same map
(23) Cgoo = g : 7"—O(T‘*v OO) - WO(T/*a OO) )
and, in the case that K = K, we also assume the following equality con-
cerning the Camacho-Sad indices:

CS(FE,D,s) = CS(F',D',G(s)).
Then there are homeomorphisms ® : V.— V' and ® : V* — V'* such that
for each component D of Dsg meeting K, the following properties hold:
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(a) V (resp. V'), is an open neighborhood of Ds N K in K (resp. Dgr N K’
in K'), ® lifts ® i.e. ¢ c® = © 4 and @, 5050 = G| 70505

(b) @ preserves the Hopf fibres over K N D°, more precisely,

Ty © CI>|Vﬂ7r51(VﬂD°) =Go THivnbe:
with D' := G(D);

(¢) the germ of the restriction of ® to T coincides with ¢g and the pro-germ
at infinity of the restriction of ® to T* coincides with ¢oo;

moreover, except in case K = K, s € Node(F), we have:

(d) if we denote by ®g the germ of ® along KNDg and by Doy the pro-germ
at infinity of ®, then (CIJS,:ISOO, h) is a relization of the geometric con-
Jugation (g, h) over V and V', in the sense given in Conventions 4.1.1;
in particular ® is a transversely holomorphic conjugation between the
restricted foliations Fy and £TV’ ;

(e) for each t € D° N K, the restrictions of § and ® to Ty := 71'51(25) induce
the same map

Qi* = (i)lﬁ* s o (T}, 00) — (T, 00), Th = WB,I(t’) LU i=G().
In addition, the homeomorphisms obtained above by extension along K =
Kp and K = K, coincide over the intersection of their domains of defini-

tion.

8.4. Beginning of the induction. We begin with a realization (w,zz, h)
over N-collections of transversals ¥ and Y of a geometric N -conjugation
(g, h) between the monodromies of F and F’ geometrically represented by
(9,9, h). For each connected component Y of ¥ we consider the irreducible
component S of S meeting 3. From Condition (0) in the Introduction and
Condition (2) in Theorem 5.0.2, we deduce that S (resp. S := g(3)) is a
non-nodal separatrix of F (resp. F’). Denote by S and s (resp. &’ and s') the
strict transform of S (resp. s/ ) and its attaching point in the exceptional
divisor Es (resp. Eg). Denote by ¥ D (X)) the connected component
of ¥’ meeting §’. Thanks to the invariance by F or F'-isotopies stated in
Proposition 3.6.4, we can assume that by (resp. > ) is contained in the image
Eg(Toy) (vesp. Eg (1)) of a Hopf fiber Ty (resp. T{) in the intersection of
the elementary pieces Kg and K (resp. K & and Ky). Analogously, up to
composing the geometric representation (g, g, h) of the A/-conjugation (g, h)
with S or S’-isotopic homeomorphisms, cf. Remark 3.4.4, we can assume
the equality of germs (¢(£), g(£N5S)) = (%/,%'NS"). Finally, we also assume
that z, = 0 (resp. zy = 0) is a reduced local equation of S (resp. S') and
we denote:

T:=Es({lys| = 1,25 =0}) and T := Es({|ys|= 1,24 =0}).

In order to simplify the notations in the rest of this section we will write ok

and ¥/ instead of & and~i’*.
Now notice that ¢ and v are necessary holomorphic. This follow from the
commutativity of the diagram (x) in Definition 3.6.1, using Proposition 3.3.1.



30 DAVID MARIN AND JEAN-FRANCOIS MATTEI

Then, in order to begin with the inductive process described in Section 8.1,
we will construct a geometric representation (g1, g1, h) of the N-conjugation
(g, h) which will satisfy the topological condition (23) required by the Ex-
tension Lemma 8.3.2 in the case D = S, T = T} and (¢s, boo, h) = (¢, 0, h).
This condition is equivalent to the following equality:

(24) =g m(X*, 00) — mo(D*, 00).

We can see that (24) holds if the equality ¥(oo) = §1(00) is satisfied by a
fixed element oq of mo(X*, 00). Thanks to the Lemma 8.4.1 below, §(o0)
and 1(0¢) belong to the same fiber of the map ¢ : mo(X*, 00) — 7o (T'*, 00)
induced by the inclusion ¢ : ¥* < T'*. This property will allow us to con-
struct a homeomorphism © : B'=5B’ which is S’-isotopic to the identity
and whose lift © satisfies ©(§(0g)) = ¥(00). We achieve the beginning of
the inductive process by taking g1 = ©® o g and g7 := Oo g. The homeomor-
phism O is a sort of foliated Dehn twist that we will describe before proving
Lemma 8.4.1 below, which is needed to construct it.

On the disk &' N W!,, we consider the real vector field ¥ whose flow
s (t,yy) — e¥™y,. We fix a smooth function u with support contained
in {zg = 0,¢ < |ys| < 1}, 0 < ¢ < 1 taking the value 1 on the circle
C":={xy =0, |yy| = 1} and we denote by Y the vector field on V' tangent
to F' and projecting over uid by mg. The flow Ty of YV is defined on a
open neighborhood U; of S’ in Wy, once we fix an interval I C R where we
allow the time ¢ to vary. Hence, we can lift the flow T; to a unique map
T, U * — V'* being the identity on |y o¢'| < ¢, and defining consequently
a germ at infinity Tio0 : (V'*, 00) — (V’* o). Clearly the germ T, fibers

over (', ie. mg oq o T"O"m"* =Ty oq o e for each n € Z. It defines a

deck transformation Y,, : II'-"5I1 of the natural covering

Pl = O N p) = mo(T)00), Tpi=mg ().

We put © := T,,, and 0 = Tno, choosing the integer ng in the following
way. First, we fix a point @ in the circle C := {zs; = 0, |ys| = 1} and an
element v of my(T},00), T, := ng(a). We consider the natural covering

p: I — C of C with fibers p~t(p) := Wo(T;,OO) and the following two
covering morphisms over G|¢

n Ao
pl O g A=v¢ and A=7,

c 29 o
defined by ¢ and §. Using Lemma 8.4.1, ¢’ := (c¢) and ¢” := §(o) belong
to the same fiber of the map ¢ : mo(7.,*, 00) — mo(T"*, 00), induced by the
inclusion map ¢ : T/,* < T"*. On the other hand, the action
Z x mo(T*, 00) — (T, 00) (n,0) — Tp(o),

of Z on the fiber of p’ at the point @’ := (a) = G(a) € C’ coincide with the
action of m (C’,a’) ~ Z induced by the covering p’ on this fiber. The orbits
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of that action correspond to the fibers of «. We choose ng to be the unique
integer number such that Y, (¢") = o”.

Lemma 8.4.1. The following diagram is commutative:

71'0(53*, 00) 2, Wo(i,*, 00)

1] O L2

Tr[)(']NI'*7 00) g, WO(T’*, 00)

Proof. Let i(’g be a connected component of >* and consider the subgroup
Iy C T’ consisting of those elements ¢ € 'y, such that cp(f){)) = i{’; Let
us denote L := §(3%) and Y := ¢(X3) and for i = 0,1 consider also the
subgroups I'} of I, consisting of those elements ¢ such that o(¥}) = X
There exists v € I, such that ¥} = v(35). A straightforward computation
shows that T} = AI'jy~!. On the other hand, if ¢ € Ty then g.(¢) € T.
Using (%) we also deduce that g.(¢) € T} for all ¢ € T's. Consequently

LNyt # {1}. We fix a point ¢ € ¥f and we identify T, to 1 (B, ¢),
¢ = ¢'(¢), by means of the isomorphism x : ¢ +— ¢ o4, ¢ € T,
where v, denotes a path in B’*, having endpoints ¢ and p(¢). Clearly,
x(Tg) = m (X5, ¢) = (me) C (Mg, pe) = m1(T™, ¢), cf. Definition 6.1.2. Since
Hy(B*,Z) is torsion free, if m& = y(y)mZx(y)~! then a = 3 and conse-
quently [m%, x(y)] = 1. It remains to see that if a # 0 then x(y) belongs
to w1 (T, ¢). Indeed, if this is the case then X and X} are contained in
the same connected component of T'*. That x(7) € 71(T"*, ¢) follows easily
from the Sub-Lemma 8.4.2 below. Indeed, we apply it first to A = m1(W, ¢),
where W C B’ is the JSJ block containing ¥*. We deduce that x(y) € 4
and we pass to the quotient A = A/(p.) by its center (p.). We express
A = Zm, x G and we apply again Sub-Lemma 8.4.2 in order to have that

X(7) € (Me). Hence x(7) € (me, pe)- O

Sub-Lemma 8.4.2. Let I' = A x¢ B be an amalgamated product of groups

A and B over a common subgroup C. Fiz an element a € A\ |J aCa™".
acA
If v € I' commutes with o then v € A.

Proof of the sub-lemma. For each element « in I', there is a unique natural
number n > 1 such that v can be written in only one of the following ways
(1) ajbrag - - - apby,
(ii) braiby - - - bpan,
(iii) braibe - an—1bn,
(iv) aibiag---by_1an,
provided that a; € A\ C and b; € B\ C. If [o,7] = 1 then necessarily
v is of type (iv). Since aflaalblag-ubn_lana_l = biag---by_1a, and
ay'aa; ¢ C it follows that n = 1. O

8.5. Gluing at the nodal singularities. For s € Node(F) N Sing(&s)
both germs of F at s and of F’ at s’ := G(s) are holomorphicaly conjugated
to the germ, at the origin in C?, of the same linear complex foliation £
having a multivaluated first integral 2y*, where A € Ro\ Q and 1/\ are
the common Camacho-Sad indices at these singularities. This foliation £
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has a conical structure over the induced (real) foliation by lines Ly on the
sphere JP with P = ID; x ;. Outside the knots defined by the coordinate
axis, the leaves of L are contained in the tori constituted by the level sets
of |z|ly|* in that sphere. Restricted to any torus, Ly can be seen as the
suspension of the rotation of angle 2rA. The following property of £ allow
us to easily build a topological conjugation between F and F', which is
defined on neighborhoods of the divisors in the elementary pieces associated
to s and s’ and which coincide with the conjugations previously obtained on
the adjacent elementary pieces.

o let p(x,y) := (d(x,y),y) be a germ along the circle C :== {0} x 9D of
a biholomorphism defined on a neighborhood of C in the solid torus
Dy x 0Dy, which preserves the foliation Ly. Then there exist positive
real numbers €1 < €9 < 1 and a global homeomorphism ® : OP—-0P
which coincide with ¢ for |z||y|* < €1, and is the identity map for
2lly > e.

The proof is based on the linearity of the maps ¢(z,-) resulting of theirs
commutations with the holonomy map of £ along the circle C -which is a
non periodic rotation. We can construct ® by a suitable interpolation, along
the family of torus (T, := 0D, x 0D1)s, <r<e, between the restriction of ¢
to T,, and the identity map on T,,.

8.6. Proof of Extension Lemma 8.3.2 for K = Kp. Thanks to The-
orem 4.3.1, ¢ conjugates the holonomy representation of F along D° and
that of £ along D’°. Therefore, by using the classical lifting path method
we have the following:

(A) there are fundamental systems (Wiy)ken and (W)ren of neighbor-
hoods of D° and D'° in K and K' and there are homeomorphisms
), from Wy, onto W, such that:

1) for all k, I, @) and ®; coincide over Wi, N Wy;

2) the intersection of Wy, (resp. W} ) with the fibers of mp (resp.
mpr), are conformal disks and hence Wi and K* (resp. W'} and
K*) are homotopic;

3) Sat£(T N Wy, W) = Wy, and Sat]:/(T/ N W];, Wé,) = W];;

4) mpr o ®p = G oD, ;

5) the restrictions of ¢ and ®y to Wi, N'T coincide;

6) @, conjugates Fy, to £‘/Wé.

Denote V := Wy, V' :=Wj,® := ®¢, A:=V NT and A" :=V NT'. From
Property (A) 2) above follows that the restriction of ¢ to each connected
component V*2 of V*| 3 € m(V*) (resp. V™* of V'*, 3 € mo(V'*)) is a
universal covering of V* (resp. V'*); the same is true for the connected
components A*@ of A* over A*, o € mo(A* N V*ﬂ) and for those A" of
A over A%, o/ € m(A*). We fix § € m(V*), a € mo(A* N V*F) and
we denote by @7 : V*/ — V"*F the unique homeomorphism that lifts ®
over V*0 coinciding with gZ) on A*"‘ where ' corresponds to the connected
component of V'* containing (ﬁ(A*O‘) We will prove the following assertions:

(i) ®7 does not depend on the choice of a € mo(A* N V*5);
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(ii) the homeomorphism D I:/* — V'* defined by requiring that its re-
striction to V**, XA € mo(V*), coincides with ®*, satisfies Conditions
(a)-(e) of Lemma 8.3.2.

8.6.1. Proof of Assertion (i). Using the unicity of the lifting of ® over the
covering | V*8 it suffices to show that for each x € mo(A* N V*P) the maps
P and gb coincide at one particular point of A*F. In fact, we will prove the
equality of the germs at infinity of their restrictions to A*~,

To do that, it suffices to see that 5%&*") and ¢(A*") are contained in
the same connected component A*' of A”* N V/*% . Indeed, ®° conjugates
£|V*g
Hence the following diagram is commutative:

to F| Nz and it factorizes through the leaf spaces of these foliations.

(A", 00) -5 (A" o)

TZ*K l/ O l TZI*K,I ?
~ h ~ 7
Q% — Q%

where T denotes the germ at infinity CTJf X of the restriction of ®° to A*#,
® oo

the vertical arrows are the canonical pro-germs defined in Section 3.3. On
the other hand, this diagram still commutes when we take as T the germ
at infinity qumoo of the restriction of ¢ to A**, because (¢S,¢oo, h) is a

realization of (g,h) over T. The equality ‘1>|B Ken

Proposition 3.3.1 which asserts that 73, et 75,,,., are (A_n—monomorphisms.

Consider now the natural connected coverlngs

= ¢|Z*~oo follows from

X3 : |_| o (A;‘ﬂf/*ﬁ,oo> =: Hg —D°, Ay=7,t )NV,
teDe°
and X : || mo (A’f N 17’*5/,00> = )" — D, A =apHt)nV’.
teD’°

The maps g and ®7 send each connected component of &f NV*? onto a con-
nected component of A’ G N V'8’ defining in this way covering morphisms

§” and P over G|po, i.e.

o L omf
xg | O lX%/, AzgﬁandA:&)ﬁ,

Do %}) D/o
Notice that over the point ¢, the actions of P and §” coincide at the pre-
viously fixed point « € 7o(A*, 00) C Hg . Indeed, we have the equalities:

() = ¢(a) = §%(a),
the first one comes from the construction of ®P and the second one from the
hypothesis (23). We deduce the identity ®° = §” on Hg . Using again (23)

we obtain that ®°(k) = §°(k) = ¢(k), for all k € mo(A* N V*F), concluding
thus the proof of (i).
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8.6.2. Proof of Assertion (ii). Here D = D and K N D° = D°. Assertions
(a), (b) and (c) of Lemma 8.3.2 are satisfied by construction. The proof of
(i) above also shows Assertion (e). It remains to show (d), i.e. the pro-germ
at infinity ®o defined by ®, makes commutative the diagrams (x) and (x*)
in Definition 3.6.1.

Proof of the commutativity of (). We fix cofinal families U, € Ur supq(1)
and U], € Y’ I SUEg (1) T E N, and we represent h € Homﬁl(éfo, @g) by a
family of holomorphic maps hy, , from @ZUS into @5, cf. (8). By definition,

p
the commutativity of (x) means the commutativity of all the diagrams

(V*,00) 2= (V™ )
Tn | L7y .  n>p,
of o o
n p
where 7, := 75. , and T, = o
Section 3.3. In order to prove this, thanks to Theorem 2.1.1, it suffices to
determine open neighborhoods V;,,, of D° in Kp, satisfying

,» are the canonical pro-germs defined in
p

(25)  Vap CUn, @(Vnyp) CU, and 7,00 =hy,o07,

‘Vnp PlVop?

where
~NF / e AF’
Tnp V — Qp, and T,,:V ’;L’p — QU;’)

denote the quotient maps. Take for V;,, an open set W, ;) of the fun-
damental system given by (A), where the index x(n,p) € N is chosen big
enough so that the above inclusions hold. The equality in (25) is an equality
of maps and it can be checked locally using the open cover (f/nfp)g de V;’p.
Notice that such an argument is not valid if we want to check the equality
of pro-germs 7/ o oo = I p © T, without realizing them previously over the

P
open sets V,, ,, cf. Remark 3.2.1. Put

‘ng = Satx (A” Vop), o €mo(AL

n,p’ n,p’ OO) ’ An,p = Vn:p N T?
where A" is the connected component of A* p» corresponding to o. Prop-

erty 3) in (A) implies that the open sets VU cover V,, ,. On the other
hand, Property c¢) in the definition of (F, X U ES( ))-admissibility of V;,
stated in Section 2.1, implies that each leaf of the restriction of F to V7,
meets (transversely) A7, in exactly one point, defining thus a holomor-
phic submersion-retraction-first integral r? from V7, onto A7 . By using
(A) 4), it is clear that ®(A7 ) is a connected component of A’;p, where
A, = Vo, NT = ®(A,,). Analogously, we also have a holomorphic
submersion-retraction-first integral r'? defined over the saturated set V's

of &)(ﬁgp) in XN/’Z‘W onto &)(Agp). Clearly 17’;'1710 = &)(V,fbp) and the following
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diagram commutes

Vo \;ﬁ’,p V/o'
n?p n’p
(26) o @) L7,

Ag, S%o§ag,)
n,p n,p
thanks to (A) 6). On the other hand, ® and ¢ coincide on A*. Therefore,
the commutativity of the diagram (%) for ¢ = ¢ in Definition 3.6.1 implies
the commutativity of the following diagram if the index k(n, p) is chosen big
enough:

Ao LPB(AT )
n?p n7p
(27) T l lT/ )
~ B p ~
Q]:n B Qﬁé

7 and 7' denoting the quotient maps as usual. It is clear that the commu-
tativity of the diagrams (26) and (27), gives us the relation

.~
Tap©0 @ =hyp,oT,

P [Vn.p ’p|‘~/n,p

of (25). This finish the proof of the commutativity of (x).

Proof of the commutativity of (%) for ¥ = ®u. Notice that ¢s makes
commutative the corresponding diagram (xx) in Definition 3.6.1:

L
Peo - 11?*,30
gl o) | $oor
/ v
Foo — F’]’:/*,OO

where ((p) = |7 (resp. (o) = go‘,:f/*). By applying the following sub-
lemma with Wy := Eg(T), Wy = Eg(V), W{| := Eg(T’) and Wj :=
Eg/(V"), we obtain directly the commutativity of (xx) in our context.

Sub-Lemma 8.6.1. Let Wi C Wy (resp. W C W3), be submanifolds of
B (resp. B') not contained in S (resp. S') such that W1y NS # (O (resp.
WlNnS +0). Consider Uy : Wo — W} a lift of a homeomorphism ¥y :
Wy — Wy such that Wo(W1) = W{. We denote Uy = @2@* and we keep

1
the notations introduced in Section 3.6. Then the following diagram (%)
commutes for k =1 if and only if it commutes for k = 2:

r kT

, OO
gl LW B =1,2,
L/
/ k /
FOO - FVY/,Q*,OO

where v (@) := vy and 1) (p) == P
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Proof of the sub-lemma. It suffices to observe that the horizontal lines of the
diagram below are composition of monomorphisms:

L2 L12

o = FI;IV/Q*,OO - ]-_‘{/[71*,00

g l l \PQ* O l ‘111* ,
I L’

/ 2 / 12 /
r, <= I, S
Wi, oo Wi, 00
; A / R
with t12(p) 1= i and ti5(p) == P O

This achieves the proof Assertion (ii) and consequently we have proved
Lemma 8.3.2 in the case K = Kp.

8.7. Proof of Extension Lemma 8.3.2 for K = K,. We assume that
ys = 0 (resp. yy = 0) is a reduced local equation of D (resp. D’) supporting
the transverse fibers T = 7' (¢) and T' = 75} (¢'), ¢ = G(c). We denote by
D (resp. D’) the irreducible component of Dg (resp. Dg) meeting K (resp.
K') whose reduced local equation is x5 = 0 (resp. zg = 0). We also adopt
the following notations:

Papi={lzsl S A lysl <p}s Py = {loa| <A lys| < 0},
Top={lsl < Xlysl =}, Th = {lwe| < X lys| =},
Toap = {lzsl = A, lys| < p}  and T/)\,u = {lzg| = A |ys| <}
Denote by X (resp. X') the real vector field tangent to F (resp. F'),

whose flow writes as (zs,ys,t) — (F(zs,ys,t),elys) (resp. (zg,ys,t) —
(F/(xs’ays’at)yetys’))'

First, we will construct ® and ® satisfying Assertions (a)-(d) of Lemma 8.3.2.
Next we will modify these two homeomorphisms, without affecting Proper-
ties (a)-(d), in order to satisfy also Assertion (e).

8.7.1. First step: construction of ®. Thanks to Theorem 4.3.1, the germ ¢g
conjugates the holonomies of F and F'. Therefore it extends to neighbor-
hoods of the punctured disks

D2 i={0< |z, 1,95 =0}, DL°:=G(D2) ={0< |zy| < 1,ys =0},

defining a unique germ of homeomorphism ®pe of (Ws, DF) onto (W.,, D.°)
which conjugates F to F' and commutes with the Hopf fibrations, i.e.
mpr 0o ®pe = G omp. Since the germ ¢g is holomorphic and G is excel-
lent, cf. Definition 3.5.2, and consequently holomorphic on a polydisk P, g,
we deduce that the germ ®pe is holomorphic for |z,| < a if a > 0 is small
enough. In fact, following the construction given in [10] we can assume that
G satisfies also the relations

Ts 0 Gip, 5 = Ts|p, 4 Ys 0GBy 5 = Ysip, 5 -

The equality of the Camacho-Sad indices will allow us to extend the germ
®pe to the singular point s and this extension can be represented by a
homeomorphism ®p, defined on a polydisk P; ¢, 0 < € < a into an open set
containing another polydisk Pll, - This homeomorphism ®p_ conjugates F
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to F' and verifies mpr o ®p, = G o Tpip, .- In addition, ®p, is holomorphic
on P, .. ’

When s is not a nodal singular point of F, we can apply the conjugation
Theorem stated in [12] (see also [7, §5.2.1]) to construct ®p,. Otherwise, the
nodal singularities are linearizable and these linearizations can specifically
been done without changing the Hopf fibrations of D and D’. Indeed, there
exist a coordinate ys (resp. ¥y ) such that F (resp. F') is given a linear
vector field in the coordinates (x5, ys) (resp. (zs,¥s)). On the transversals
T and T” the holonomy maps around the singularities s and s are irrational
rotations when expressed in the coordinates yy 7 and yy |7 respectively.
Thus the conjugation germ ®g is linear in these coordinates and any linear
extension is a conjugation between F and F'. In both cases up to restricting
«a and € > 0, we can also assume that

e the vector field X is transverse to the torus Ty, . and X’ is transverse
to the real analytic hypersurface H := ®p_ (T, ),

e H does not intersect the torus Tll, 3

e for o/ > 0 small enough, (P’a/7 1 \ H) possesses two connected compo-
nents and that one not containing s, does contain T/ g; we denote
by P’ I,, | its adherence.

We fix such a o/ and we “glue” ®p_ with ®¢ given by applying the following
sub-lemma. We denote by D; (resp. D)) the irreducible component of Dg
(resp. Dgr), containing s (resp. s’), which is different from D (resp. D’).

Sub-Lemma 8.7.1. There is a homeomorphism ®¢ defined on an open
neighborhood V¢ of the annulus C := {xs = 0,e < |ys| < 1} in {|zs] <
o e < |ys| <1}, into an open neighborhood V}, of C' :=P'},  N{xy =0} in
P’;r/gf congugating Fy, to £TVC//’ which coincides with ®p, when restricted

to Ve NT1 e, satisfying the relation Tpy © Dc(p) = Gomp, (p), for lys(p)| > B
and verifying Saty (Ve N Ty ¢, Vo) = Ve.

The proof can be done using the classical lifting path method and the
vector fields X and X'.

Thus, we obtain a homeomorphism ¢ defined on P; . U Viz. We choose
¢ > 0 small enough so that the set V := {|zsys| < (} C W; is contained in
Py UVe and we put @ := @y : V — V' i= &(V).

8.7.2. Second step: construction ofcf. With Conventions 8.3.1, we have that
the natural maps

(28) WO(NT,D OO) - 770(‘7*7 OO) ) WO(NIT,D OO) - 7['0(‘7/*7 OO) s

induced by the inclusions %{1 C V*and ¥ i1 C V’*, are bijective. Hence,
each lift Cfr;m : §21 — V' of the restriction of ® to T¢ 1, extends in a

unique way to a homeomorphism R VAR Ve lifting ®. In order to
choose Pz, |, we first apply the Lemma 8.3.2 in the case K = Kp, for
which it is already proved. We obtain a homeomorphism ®pe defined on
a neighborhood Vpe of D° and a lift ®po defined on V5. satisfying the
assertions of the lemma. Since Conditions (b) and (c) of Lemma 8.3.2 gives
the unicity of these homeomorphisms and ® also satisfies (c¢), we deduce
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that its restriction to T ; coincide with ®po, after taking germs. Therefore

we can define &Dgg’l as the extension of ® pe onto ‘7*, up to restricting ¢ > 0
so that T¢; be contained in Vpo.

8.7.3. Third step: proof of Assertions (a)-(d). Assertions (a)-(c) are trivially
satisfied. In order to show (d) we must prove the commutativity of the two
diagrams appearing in Definition 3.6.1. The commutativity of (xx) follows
exactly in the same way that in the case K = Kp. It only remains to prove
the commutativity of (). Using the previous notations we remark that since
the triple (®po, ® po, h) is a realization of the A/-conjugation (g, h) over V,
its restriction (<I>|gg’1,<f>‘§z K h) is a realization of (g, h) over T, ;. Hence, we

have the following commutative diagram

_ Fe
(Sz,lv OO) — ( /2,17 OO)
(29) T O L >
or o

where 7 and 7/ denote the canonical pro-germs. On the other hand, using
the techniques appearing in [9, §4.2] in the case of a resonant singularity,
and a straightforward computation in the case of a linearizable singularity
(excluding the case of a nodal singularity by hypothesis in Lemma 8.3.2),
we can prove the following result.

Sub-Lemma 8.7.2. There are open neighborhoods U of Dg N K in K and
U’ of Ds:NK' in K' and there are deformation retractions R : U* — UN%] 4

and R': U™ — U'N%'1 ; such that if we denote Uy := (DsNK)UR™' (%] )
and US := (Dsy N K') U R'~1( ")), then
(1) the family (Ux)o<r<1 (resp. (UX)o<a<1) is a fundamental system of
neighborhoods of Ds N K in K (resp. of Dg N K’ in K');
(2) every point p of Uy (resp. U} ) belongs to the same leaf of Fyus (resp.

—\/U“;) that R(p), (resp. R'(p)).
Thanks to Properties (1) and (2) in Sub-Lemma 8.7.2 above, the (unique)

lifts of these retractions define germs at infinity R and R, which make
commutative the following diagrams

~ Roo ~ ~ R/, ~
(V*,00) (T*,00) (V™ 00) (%, 00)
Tf//* TE* 7_";/* 7’;;,*
or oz
as well as N
(V*,00) 225 (V' 00)
Roo | O | R,
.

(T, 00)
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The commutativity of (xx) follows directly from the commutativity of this
three diagrams and that of (29):

. Do .
(V*, 00) (V™ 00)
Roo R
l‘:* T/* )
V/* V/*
oL or

8.7.4. Fourth step: modification of ® and ® to satisfy (e). A priori the
homeomorphism ¢ that we have constructed does not have to satisfy (e).
However, it induces on m(T7 ;,00) the same map as g,

(30) ® =g :mo(T} 4, 00) — mo(T'3 4, 00).

Indeed, ® and g induce the same map from 770(%{71, o0) onto Wo(%’il, 00),
because ® po satisfies (¢). Then the equality (30) follows from the bijections
(28) and

(31) mo(T} 1,00)—>mo(V*,00) and  mo(T'] 1, 00)—mo(V*, 00).

We will compose @ to the left with the germ at infinity Ouo of the lift of
a “Dehn twist” © along the leaves of F' with support contained in a small
neighborhood of T ;:

(V/*, OO) % (f//*’ oo)
7.1 O ld,
(V',Ds) 25 (V/,Ds)

We will see then that Ooo 0 @ satisfies (e) as well as (a)-(d), already verified
by ®.

A) Construction of © and O. Recall that D’ is the irreducible component of
Dy whose local equation is zy = 0. On the disk D' N W!,, we consider the
real vector field ¥ whose flow is (£, yy) — €*7y,. We fix a smooth function
u with support contained in {zy = 0,¢ < |yg| < 1}, 0 < ¢ < 1 taking the
value 1 on ' := {zy =0, |yy| = 1} = K’ N D" and we denote by Y the
vector field on V' tangent to £’ and projecting over u1d by 7. The flow
T; of Y is defined on a open neighborhood U of D in W, once we fix an
interval I C R where we allow the time ¢ to vary. Hence, we can lift the
flow T to a unique map Y; : Uf — V'* being the identity on |y o | <g,
and defining consequently a germ at infinity T : (V/*,00) — (V'*,00).
Clearly the germ Y, fibers over €V, i.e. mpy oq o Tnooﬁf,* Tpr O q o
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for each n € Z. Tt defines a deck transformation T,, : I'—~5IT' of the natural
covering

P = P p) =mo(T) 00), Ty i=my)(p)-

We put © := T,,, and 0= Tno, choosing the integer ng in the following
way. First, we fix a point a in the circle C' := {z; =0, |ys| =1} = K N D°

and an element v of m(T*,00), T, = Bl (a). We consider the natural

covering p : II — C of C with fibers p~1(p) := WO(T;, o0) and the following
two covering morphisms over G|¢

n — 1Ir

(Ma rL O Lo, A=® and A=7,
Gic ,
5 C

defined by ® and g. After the equality (30) and the bijections (28) and (31),
the images ¢’ := <I>( ) and 0" := g(v) belong to the same fiber of the map ¢ :
mo(T!,*, 00) — 7ro(’]I‘ 11,00), induced by the inclusion map ¢ : T * ']I‘”l‘ 1-
On the other hand, the action

7 % 7T0(T 7,00) — ﬂo(f(;/*, 00) (n,o) — Tn(cr) ,

of Z on the fiber of p" at the point a' := ®(a) = G(a) € C’ coincide with the
action of m1(C’,a’) ~ Z induced by the covering p’ on this fiber. The orbits
of that action correspond to the fibers of «. We choose ng to be the unique
integer number such that Y, (o) = o”.

B) Proof of Assertions (a)-(e) for © o ®,. Properties (a)-(c) are trivially
satisfied. Property (d) follows from Proposition 3.6.4. It only remains to
prove (e), that is, to show the equalities

O) (©0Fz) =Gz : (T, 00) — mo(T'%y,00),
for all t € C' and for all t € D° N K. In the last case, O is the _identity near
T’* and therefore © o ® coincides with the homeomorphism ®po given by
Lemma 8.3.2 in the context K = Kp, which satisfies (e) as we have already
see. In the case ¢t € C, (Q); is equivalent to the equality (© 0 ®) = § of the
(o) and (#); defined by © 0 By, and Joo. Thus,
it suffices to show the equality on a single fiber, i.e. (0),. This equality
is satisfied for the element o of mo(T},00) that we have previously fixed to
define ng: (© o ®)(0) = g(o). Since 'y acts transitively on mo (T}, 0), we
must show the equality (6 o ®)(¢(0)) = G(¢(0)), for all ¢ € T, which
follows directly from the commutativity of (%) for ¢y = ® o |7, Indeed,

(60 2)((0) = [(© 0 ®).()]((B 0 ®)(0)) = (3:(¢))(3(e))
= (9+(p) 0 9)(0) = (go ¥)(0) = glp(0)) -

This concludes the proof of Extension Lemma 8.3.2 for K = Kj.

covering morphisms (¢)

(
(32) )
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