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Abstract

We prove that the Benney-Luke solitary waves are analytic functions

and decay at infinity with an optimal algebraic rate as well as their deriva-

tives.

1 Introduction

In a recent paper [9] Pego and Quintero studied the propagation of long water
waves with small amplitude. They showed that in the presence of a surface
tension, the propagation of such waves is governed by the following equation
originally derived by Benney and Luke (see [1] ):

(1.1) Φtt − ∆Φ + µ(a∆2Φ − b∆Φtt) + ε(Φt∆Φ + (∇Φ)2t ) = 0 .

Here a and b are positive and satisfy a− b = σ− 1
3 where σ is the Bond number,

while the parameters ε and µ are supposed to be small.
Pego and Quintero looked for traveling-wave solutions of (1.1), that is solu-

tions of the form

Φ(x, y, t) =

√
µ

ε
u(
x− ct√

µ
,
y√
µ

) .

The scaling was introduced here to eliminate ε and µ. A traveling-wave profile
u should satisfy the equation

(1.2)
(c2 − 1)uxx − uyy + (a− bc2)uxxxx + (2a− bc2)uxxyy + auyyyy−

c(3uxuxx + uxuyy + 2uyuxy) = 0 .

The energy associated to u is

(1.3) E(u) =
1

2

∫

R2

(1+c2)u2
x +u2

y +(a+bc2)u2
xx +(2a+bc2)u2

xy +au2
yy dxdy .
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It was proved in [9] by the means of the concentration-compactness method
that if the wave speed c satisfies c2 < min(1, a

b
), then there exist non-trivial finite

energy solutions of (1.2) in a space V, where V is the completion of C∞
0 (R2) for

the norm

‖ ϕ ‖2
V=

∫

R2

ϕ2
x + ϕ2

y + ϕ2
xx + 2ϕ2

xy + ϕ2
yy dxdy .

The Benney-Luke equation reduces formally to the Kadomtsev-Petviashvili

(KP) equation after a suitable renormalization. Indeed, putting τ =
εt

2
, X =

x − t, Y = ε
1
2 y and Φ(x, y, t) = f(X,Y, τ), neglecting O(ε) terms we find that

η = fX satisfies the KP equation

(1.4) (ητ − (σ − 1

3
)ηXXX + 3ηηX)X + ηY Y = 0 .

De Bouard and Saut proved (see [5]) that finite energy solitary waves
exist for the KP equation when σ > 1

3 (the KP-I case).
Moreover, let σ > 1

3 (that is, a > b), ε = 1−c2 and let uε be the correspond-
ing solution of (1.2) obtained in [9]. Then if ε −→ 0, there exists a sequence
(εj) such that (uεj

) converges (after a suitable renormalization) to a distribu-
tion v0 ∈ D′(R2) and ∂xv0 is a nontrivial solitary wave of the KP equation (see
[9]).

It is known (see de Bouard and Saut [6]) that the solitary waves of the
KP equation are smooth and decay at infinity with an optimal algebraic rate

(
1

r2
in dimension 2).

It is then natural to ask whether the Benney-Luke solitary waves have the
same properties. The aim of this paper is to give an answer to this question.

We suppose throughout that the parameters a, b, c appearing in (1.2)
satisfy: a > 0 and if b > 0, then c2 < min(1, a

b
).

Our method follows very closely the ideas developed in [6].
This paper is organized as follows: in the next section we prove that the

Benney-Luke solitary waves are analytic functions. Section 3 contains our main
result about the decay at infinity of such waves. We give an algebraic decay
rate which is optimal for the solutions of (1.2) and their first order derivatives.
In Section 4 we state some integral identities satisfied by these solitary waves.
Some technical facts about the Fourier transform that we use in proofs are
treated in an Appendix.

2 Analyticity

The aim of this section is to prove that any solution u ∈ V of (1.2) is an analytic
function and tends to zero at infinity as well as all its derivatives. We begin
with the following result:
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Theorem 2.1 Let u ∈ V be a solution of (1.2). Then
a) u ∈W k,p(R2) for all k ∈ N and all p ∈]2,∞];
b) ux, uy ∈W k,p(R2) for all k ∈ N and all p ∈]1,∞].

Proof: We make extensively use of the following theorem on Fourier multi-
pliers due to Lizorkin:

Theorem 2.2 ([8]) Let Φ : Rn −→ R be a Cn function for |ξj | > 0 ,
j = 1, . . . , n . Assume that

ξk1

1 . . . ξkn
n

∂kΦ

∂ξk1

1 . . . ∂ξkn
n

∈ L∞(Rn) ,

with ki = 0 or 1, k = k1+. . . kn = 0, 1, . . . , n. Then Φ ∈Mq(R
n) for 1 < q <∞,

i.e. Φ is a Fourier multiplier on Lq(Rn).

We have ux, uy ∈ H1(R2) ⊂ Lp(R2) for all p ∈ [2,∞[ by the Sobolev
imbedding theorem. The nonlinearity can be written as ∂x( 3

2u
2
x + 1

2u
2
y) +

∂y(uxuy). Let Q(ξ1, ξ2) = (1 − c2)ξ21 + ξ22 + (a− bc2)ξ41 + (2a− bc2)ξ21ξ
2
2 + aξ42 .

Equation (1.2) gives

Q(ξ1, ξ2)ûx = −ξ21cF(
3

2
u2

x +
1

2
u2

y) − ξ1ξ2cF(uxuy)

and

Q(ξ1, ξ2)ûy = −ξ1ξ2cF(
3

2
u2

x +
1

2
u2

y) − ξ22cF(uxuy) .

The Theorem 2.2 implies that ux, uy ∈ Lp(R2) for all p ∈]1,∞[. Let α =
(α1, α2) ∈ N2. We have:

Q(ξ1, ξ2)D̂αu = iξ1(iξ)
αcF(

3

2
u2

x +
1

2
u2

y) + iξ2(iξ)
αcF(uxuy) .

By Theorem 2.2, Dαu ∈ Lp(R2) for all p ∈]1,∞[ if |α| = 2, 3. In particular,
ux, uy ∈ W 2,p(R2) ⊂ C1 ∩ L∞(R2) and for |α| = 2, Dαu ∈ W 1,p(R2) ⊂
C0 ∩ L∞(R2) by the Sobolev imbedding theorem applied for a p > 2.

The rest of the proof follows easily by induction. Supose that all the deriva-
tives of u of order 1, 2, . . . , n − 1 are in C0 ∩ L∞ ∩ Lp(R2) and the nth order
derivatives are in Lp(R2) for all p ∈]1,∞[. Let α ∈ N2 with |α| = n + 1 and
β ≤ α with |α− β| = 2. Then

Q(ξ1, ξ2)D̂αu = iξ1(iξ)
α−βcF(Dβ(

3

2
u2

x +
1

2
u2

y)) + iξ2(iξ)
α−βcF(Dβ(uxuy)) .

Again by Theorem 2.2 we obtain Dαu ∈ Lp(R2) for all p ∈]1,∞[. The Sobolev
imbedding theorem gives us Dα′

u ∈ C0 ∩ L∞(R2) if |α′| = n. This finishes the
induction and the proof of part b).
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Since ux uy ∈ Lp(R2) for p ∈]1,∞], Theorem 14.4, p. 295 of [3] yields
u ∈ Lq(R2) for all q ∈]2,∞[ and

‖ u ‖Lq≤ Cp ‖ ∇u ‖Lp , where
1

p
=

1

2
+

1

q
.

Hence u ∈ W k,q(R2) for all k ∈ N and all q ∈]2,∞[. Consequently u is a C∞

function, it is bounded and tends to zero at infinity.
The Theorem 2.1 is proved. 2

Remark 2.3 If u ∈ V is a nontrivial solution of (1.2), then ux and uy are
not in L1(R2).

Proof: We argue by contradiction. Suppose ux ∈ L1(R2). Then ûx is
a continuous function. But F( 3

2u
2
x + 1

2u
2
y) and F(uxuy) are also continuous

functions and

(2.2) ûx(ξ1, ξ2) = − ξ21
Q(ξ1, ξ2)

cF(
3

2
u2

x +
1

2
u2

y) − ξ1ξ2
Q(ξ1, ξ2)

cF(uxuy) .

For a fixed λ ∈ R we put ξ2 = λξ1 and let ξ1 −→ 0 in (2.2). We obtain

ûx(0, 0) = − c

1 − c2 + λ2

∫

R2

(
3

2
u2

x +
1

2
u2

y) dxdy − cλ

1 − c2 + λ2

∫

R2

uxuy dxdy .

Since this is true for all λ ∈ R we deduce that
∫

R2

(
3

2
u2

x +
1

2
u2

y) dxdy =

∫

R2

uxuy dxdy = 0

which implies that u is constant, contrary to the assumption. The same argu-
ment applies to uy. 2

Remark 2.4 If u ∈ V is a nontrivial solution of (1.2) and r
1
2ux, r

1
2uy ∈

L2(R2) where r =
√
x2 + y2 (we shall see in the next section that this is always

the case), then u cannot belong to L2(R2).

Proof: Assume u ∈ L2(R2). Then û ∈ L2(R2) and

(2.3) û(ξ1, ξ2) =
iξ1

Q(ξ1, ξ2)
cF(

3

2
u2

x +
1

2
u2

y) +
iξ2

Q(ξ1, ξ2)
cF(uxuy) .

The fact that r
1
2ux, r

1
2uy ∈ L2(R2) implies that g1 = cF( 3

2u
2
x + 1

2u
2
y) and

g2 = cF(uxuy) are C1 functions. The equation (2.3) can be written as

(2.4)

û(ξ1, ξ2) =[
iξ1

Q(ξ1, ξ2)
(g1(ξ1, ξ2) − g1(0, 0)) +

iξ2
Q(ξ1, ξ2)

(g2(ξ1, ξ2) − g2(0, 0))

]
+

[
iξ1

Q(ξ1, ξ2)
g1(0, 0) +

iξ2
Q(ξ1, ξ2)

g2(0, 0)

]
.
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Since g1 and g2 are locally Lipschitz functions, the first term in the right hand
side of (2.4) is bounded for ξ ∈ BR2(0, 1). This forces

iξ1
Q(ξ1, ξ2)

g1(0, 0) +
iξ2

Q(ξ1, ξ2)
g2(0, 0) ∈ L2(BR2(0, 1)) .

But g1(0, 0) = c

∫

R2

(
3

2
u2

x +
1

2
u2

y)dxdy > 0, so it suffices to show that

aξ1 + bξ2
Q(ξ1, ξ2)

/∈ L2(BR2(0, 1))

if a, b ∈ R, a 6= 0 to obtain a contradiction.
For ξ varying in a bounded set K there exists mK > 0 such that Q(ξ) ≤

mK |ξ|2. We make the change of variables ξ′1 = aξ1 + bξ2, ξ
′
2 = ξ2, A =(

a b
0 1

)
. We have:

∫

B
R2 (0,1)

(aξ1 + bξ2)
2

Q(ξ1, ξ2)2
dξ =

∫

AB
R2 (0,1)

(ξ′1)
2

Q(A−1(ξ′1, ξ
′
2))

2
|det(A)|−1dξ′

≥ C

∫

AB
R2 (0,1)

(ξ′1)
2

|ξ′|4 dξ
′ = ∞ . 2

We prove now that any solution u ∈ V of (1.2) is an analytic function. The
proof relies on the Paley-Wiener theory. We borrowed the ideas developed by
Li and Bona in [7].

Let u ∈ V be a solution of (2.1). By Theorem 2.1 we have |ξ|(1 + |ξ|2)m
2 û ∈

L2(R2) for all m. We take m > 1 and apply thy Cauchy-Schwarz inequality to
get

∫

R2

|ξ||û(ξ)|dξ ≤
(∫

R2

|ξ|2(1 + |ξ|2)m|û(ξ)|2dξ
) 1

2

·
(∫

R2

(1 + |ξ|2)−mdξ

) 1
2

<∞.

Hence |ξ|û ∈ L1(R2). Equation (2.3) gives us

|ξ|û(ξ1, ξ2) =
icξ1|ξ|
Q(ξ1, ξ2)

(
3

2
(iξ1û) ⋆ (iξ1û) +

1

2
(iξ2û) ⋆ (iξ2û)

)

+
icξ2|ξ|
Q(ξ1, ξ2)

(iξ1û) ⋆ (iξ2û)

from which we infer that

(2.5) |ξ||û| ≤ 3c|ξ|2
Q(ξ1, ξ2)

(|ξ||û|) ⋆ (|ξ||û|).
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Let M = max
i=2,3,4

(
sup

(ξ1,ξ2) 6=(0,0)

(
3c|ξ|i

Q(ξ1, ξ2)

))
. Obviously M <∞. We note

ψ(ξ1, ξ2) = M |ξ| · |û(ξ1, ξ2)|. Then ψ ≥ 0, ψ ∈ L1(R2) and the inequality (2.5)
gives

(2.6) ψ ≤ ψ ⋆ ψ, |ξ|ψ ≤ ψ ⋆ ψ and |ξ|2ψ ≤ ψ ⋆ ψ.

For an integrable function f we define C1f = f and for n > 1, Cnf(x) =
(f ⋆ (Cn−1f))(x). We have

Lemma 2.5 The function ψ introduced above satisfies

(2.7) |ξ|kψ ≤ (
k

2
+ 1)k−1C2([ k

2
]+1)ψ

where [x] denotes the greatest integer less or equal than x.

Proof. We proceed by induction on k. From (2.6) it follows that (2.7)
holds for k = 1, 2, 3. Notice that the first of the inequalities (2.6) implies that
Cpψ ≤ Crψ if p ≤ r. We suppose that (2.7) is valid up to order k and prove that
it is valid for k + 2. We have:

|ξ|k+2ψ(ξ) ≤ |ξ|k(ψ ⋆ ψ)(ξ) =

∫

R2

|ξ|kψ(ξ − ζ) · ψ(ζ)dζ

≤
∫

R2

(|ξ − ζ| + |ζ|)kψ(ξ − ζ) · ψ(ζ)dζ

=

∫

R2

k∑

i=0

Ci
k(|ξ − ζ|iψ(ξ − ζ)) · (|ζ|k−iψ(ζ))dζ

=

k∑

i=0

Ci
k(| · |iψ) ⋆ (| · |k−iψ)(ξ)

where Ci
k =

k!

i!(k − i)!
is the binomial coefficient. Using the induction hypothe-

sis, the last sum is majorized by

k∑

i=0

Ci
k

(
(
i

2
+ 1)i−1C2([ i

2
]+1)ψ

)
⋆

(
(
k − i

2
+ 1)k−i−1C2([ k−i

2
]+1)ψ

)

=

k∑

i=0

Ci
k(
i

2
+ 1)i−1(

k − i

2
+ 1)k−i−1C2([ i

2
]+[ k−i

2
]+2)ψ

≤
(

k∑

i=0

Ci
k(
i

2
+ 1)i−1(

k − i

2
+ 1)k−i−1

)
C2([ k+2

2
]+1)ψ.
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We use a specialization of the Abel identity (see [10], p. 26)

k∑

i=0

Ci
k(x1 + i)i−1(x2 + k − i)k−i−1 =

1

x1x2
(x1 + x2)(x1 + x2 + k)k−1

for x1 = x2 = 2 to obtain

k∑

i=0

Ci
k(
i

2
+ 1)i−1(

k − i

2
+ 1)k−i−1 =

1

2k−2

k∑

i=0

Ci
k(2 + i)i−1(2 + k − i)k−i−1

=
(4 + k)k−1

2k−2
= 2(2 +

k

2
)k−1 ≤

(
k + 2

2
+ 1

)k+1

.

Hence (2.7) holds for k + 2 and the Lemma is proved. 2

Theorem 2.6 Let u ∈ V be a solution of (1.2). Then there exists σ > 0
and an holomorphic function U of two complex variables z1, z2 defined in the
domain

Ωσ = {(z1, z2) ∈ C2 | |Im(z1)| < σ, |Im(z2)| < σ}
such that U(x, y) = u(x, y) for all (x, y) ∈ R2.

Proof. It is easily seen from (2.3) that |û(ξ)| ≤ C

|ξ| for 0 < |ξ| ≤ 1 and

|û(ξ)| ≤ C

|ξ|3 for |ξ| ≥ 1, so û ∈ L1(R2).

Keeping the notation introduced above and using Lemma 2.5 we infer that
for k ≥ 1,

|ξ|k|û(ξ)| =
1

M
|ξ|k−1 ·M |ξ| · |û(ξ)| =

1

M
|ξ|k−1ψ(ξ)

≤ 1

M

(
k − 1

2
+ 1

)k−2

C2([ k−1

2
]+1)ψ(ξ)

≤ 1

M

(
k − 1

2
+ 1

)k−2

Ck+1ψ(ξ)

≤ 1

M

(
k − 1

2
+ 1

)k−2

||ψ||L2 · ||Ckψ||L2

≤ 1

M

(
k − 1

2
+ 1

)k−2

||ψ||2L2 · ||ψ||k−1
L1 .
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Put ak =
(k−1

2 + 1)k−2||ψ||2L2 · ||ψ||k−1
L1

Mk!
. Then

ak+1

ak

=
1

2
||ψ||L1 ·

(
k + 2

k + 1

)k−1

−→ e

2
||ψ||L1 as k −→ ∞.

Let σ =
2

e||ψ||L1

. The series

∞∑

k=1

aks
k converges absolutely for |s| < σ; we

denote by C(s) its sum. Fix σ1 ∈ ] 0, σ [ and choose σ2 ∈ ] σ1, σ [. One has

eσ2|ξ||û(ξ)| ≤
∞∑

k=0

σk
2 |ξ|k
k!

|û(ξ)| ≤ |û(ξ)| +
∞∑

k=1

σk
2ak = |û(ξ)| + C(σ2).

Hence
eσ1|ξ||û(ξ)| ≤ e−(σ2−σ1)|ξ||û(ξ)| + e−(σ2−σ1)|ξ|C(σ2).

It follows that eσ1|·|û ∈ L1(R2) for all σ1 < σ. We define the function

U(z1, z2) =
1

2π

∫

R2

ei(z1ξ1+z2ξ2)û(ξ1, ξ2)dξ1dξ2.

By the Paley-Wiener Theorem, U is well defined and analytic in Ωσ and the
Plancherel’s Theorem implies that U(x, y) = u(x, y) for all (x, y) ∈ R2. This
proves the Theorem 2.6. 2

3 Decay properties

We prove in this section that all the solutions in V of (1.2) decay at infinity as
1
r

and their derivatives decay as 1
r2 .

From (2.3) we deduce that

(3.1) u = icF−1

(
ξ1

Q(ξ1, ξ2)

)
⋆ (

3

2
u2

x +
1

2
u2

y) + icF−1

(
ξ2

Q(ξ1, ξ2)

)
⋆ (uxuy) .

(2.2) gives us

(3.2) ux = −cF−1

(
ξ21

Q(ξ1, ξ2)

)
⋆ (

3

2
u2

x +
1

2
u2

y) − cF−1

(
ξ1ξ2

Q(ξ1, ξ2)

)
⋆ (uxuy)

and similarly

(3.3) uy = −cF−1

(
ξ1ξ2

Q(ξ1, ξ2)

)
⋆ (

3

2
u2

x +
1

2
u2

y)− cF−1

(
ξ22

Q(ξ1, ξ2)

)
⋆ (uxuy) .

As we have mentioned in Introduction, our method was inspired by the work
of de Bouard and Saut [6]. This idea had already been used by Bona and
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Li (see [4]). It is based on the study of the convolution equations (3.1), (3.2),
(3.3).

We begin with an integral estimate.

Theorem 3.1 Let u ∈ V be a solution of (1.2). Then

(3.4)

∫

R2

(x2 + y2)|∇2u|2dxdy <∞

and

(3.5)

∫

R2

(x2 + y2)|∇3u|2dxdy <∞ .

Proof: Fix a function ϕ ∈ C∞(R) such that ϕ(x) = |x| for |x| > 1, ϕ(0) = 0,
ϕ decrease on ] −∞, 0] and increase on [0,∞[. We put

χn(x) = e−ϕ( x
n

) .

We multiply (1.2) by x2χn(x)uxx and integrate over R2. Using several integra-
tions by parts we have

∫

R2

χn(x)x2uxxuxxxx dxdy =

= −
∫

R2

∂x(χn(x)x2)uxxuxxx dxdy −
∫

R2

χn(x)x2u2
xxxdxdy

=
1

2

∫

R2

∂2
xx(χn(x)x2)u2

xx dxdy −
∫

R2

χn(x)x2u2
xxxdxdy ;

∫

R2

χn(x)x2uxxuyy dxdy =

= −
∫

R2

∂x(χn(x)x2)uxuyy dxdy + χn(x)x2uxuxyydxdy

=

∫

R2

∂x(χn(x)x2)uxyuy dxdy +

∫

R2

χn(x)x2u2
xydxdy

= − 1

2

∫

R2

∂2
xx(χn(x)x2)u2

y dxdy +

∫

R2

χn(x)x2u2
xydxdy ;

∫

R2

χn(x)x2uxxuxxyy dxdy = −
∫

R2

χn(x)x2u2
xxydxdy ;

∫

R2

χn(x)x2uxxuyyyy dxdy =

=

∫

R2

χn(x)x2uxxyyuyydxdy

= −
∫

R2

∂x(χn(x)x2)uxyyuyy + χn(x)x2u2
xyy dxdy

=
1

2

∫

R2

∂2
xx(χn(x)x2)u2

yy dxdy −
∫

R2

χn(x)x2u2
xyydxdy ;
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∫

R2

χn(x)x2uxxuxuyy dxdy =

= −1

2

∫

R2

∂x(χn(x)x2)u2
xuyy + χn(x)x2u2

xuyyx dxdy

=

∫

R2

∂x(χn(x)x2)uxyuxuy dxdy +

∫

R2

χn(x)x2u2
xyux dxdy .

Finally we get

(3.6)∫

R2

χn(x)x2[(1 − c2)u2
xx + u2

xy + (a− bc2)u2
xxx + (2a− bc2)u2

xxy + au2
xyy] dxdy

+3c

∫

R2

χn(x)x2u2
xxux dxdy + c

∫

R2

∂x(χn(x)x2)uxyuxuy dxdy

+c

∫

R2

χn(x)x2u2
xyux dxdy + 2c

∫

R2

χn(x)x2uxxuxyuy dxdy

=

∫

R2

∂2
xx(χn(x)x2)

[
a− bc2

2
u2

xx +
a

2
u2

yy +
1

2
u2

y

]
dxdy .

Since χ′
n(x) = − 1

n
ϕ′
(x
n

)
e−ϕ( x

n ), there exists a constant k > 0 such that

|xχ′
n(x)| ≤ kχn(x)

1
2 for all x ∈ R and n ≥ 1. We have

|∂x(χn(x)x2)uxyuxuy|
≤ |χ′

n(x)x2uxyuxuy| + 2|χn(x)xuxyuxuy|
≤ kχn(x)

1
2 |xuxyuxuy| + 2χn(x)|xuxyuxuy|

≤ k + 2

2

[
χn(x)x2u2

xy + u2
y

]
|ux| .

and
2|(χn(x)x2)uxxuxyuy| ≤ χn(x)x2(u2

xx + u2
xy)|uy| .

Let ε ∈ ] 0, 1 [. Since ux and uy tend to 0 as r −→ ∞, there exists Rε > 0 such
that |ux(x, y)| < ε and |uy(x, y)| < ε if |(x, y)| > Rε. Then

∣∣∣∣∣ c
∫

R2

∂x(χn(x)x2)uxyuxuy dxdy

∣∣∣∣∣ ≤ c

∫

R2

k + 2

2

[
χn(x)x2u2

xy + u2
y

]
|ux| dxdy

≤ c

∫

B(0,Rε)

k + 2

2

[
χn(x)x2u2

xy + u2
y

]
|ux| dxdy

+cε
k + 2

2

∫

R2

χn(x)x2u2
xy + u2

y dxdy

≤ C(ε) + c · k + 2

2
· ε
∫

R2

χn(x)x2u2
xy dxdy

10



where C(ε) is a constant depending on ε. Similar estimates hold for∫

R2

χn(x)x2u2
xxux dxdy,

∫

R2

χn(x)x2u2
xyux dxdy and

∫

R2

χn(x)x2uxxuxyuy dxdy. We take ε sufficiently small to obtain

∣∣∣∣∣ 3c
∫

R2

χn(x)x2u2
xxux dxdy + c

∫

R2

∂x(χn(x)x2)uxyuxuy dxdy

+c

∫

R2

χn(x)x2u2
xyux dxdy + 2c

∫

R2

χn(x)x2uxxuxyuy dxdy

∣∣∣∣∣

≤ C +
1

2

∫

R2

χn(x)x2((1 − c2)u2
xx + u2

xy) dxdy .

where C is a constant.
Combining the last inequality with (3.6) we get

(3.7)

1

2

∫

R2

χn(x)x2[(1 − c2)u2
xx + u2

xy] dxdy

+

∫

R2

χn(x)x2[(a− bc2)u2
xxx + (2a− bc2)u2

xxy + au2
xyy] dxdy

≤ C +

∫

R2

∂2
xx(χn(x)x2)

[
a− bc2

2
u2

xx +
a

2
u2

yy +
1

2
u2

y

]
dxdy .

When n −→ ∞ the left hand side of (3.7) tends to

∫

R2

x2

[
1 − c2

2
u2

xx +
1

2
u2

xy + (a− bc2)u2
xxx + (2a− bc2)u2

xxy + au2
xyy

]
dxdy

by the monotone convergence theorem, while the right hand side tends to

C +

∫

R2

(a− bc2)u2
xx + au2

yy + u2
y dxdy <∞

by Lebesgue’s theorem on dominated convergence. Hence

(3.8)

∫

R2

x2(u2
xx + u2

xy + u2
xxx + u2

xxy + u2
xyy) dxdy <∞ .

We multiply (1.2) by χn(y)y2uxx and integrate over R2 to get, after several
integrations by parts,

11



(3.9)∫

R2

χn(y)y2[(1 − c2)u2
xx + u2

xy + (a− bc2)u2
xxx + (2a− bc2)u2

xxy + au2
xyy] dxdy

−3c

∫

R2

χn(y)y2u2
xxux dxdy + c

∫

R2

∂y(χn(y)y2)uxxuxuy dxdy

−c
∫

R2

χn(y)y2(u2
xyux + 2uxxuxyuy) dxdy

=

∫

R2

∂2
yy(χn(y)y2)

[
2a− bc2

2
u2

xx + 2au2
xy + u2

x

]
dxdy

−a
2

∫

R2

∂4
yyyy(χn(y)y2)u2

x dxdy .

As previously, there exists a constant C > 0 such that the last three terms
in the left side of (3.9) are dominated by

C +
1

2

∫

R2

χn(y)y2((1 − c2)u2
xx + u2

xy) dxdy .

Then we have

(3.10)

1

2

∫

R2

χn(y)y2[(1 − c2)u2
xx + u2

xy] dxdy

+

∫

R2

χn(y)y2[(a− bc2)u2
xxx + (2a− bc2)u2

xxy + au2
xyy] dxdy

≤ C +

∫

R2

∂2
yy(χn(y)y2)

[
u2

x +
2a− bc2

2
u2

xx + 2au2
xy

]
dxdy

−a
2

∫

R2

∂4
yyyy(χn(y)y2)u2

x dxdy .

Passing to the limit as n −→ ∞ in (3.10 ) and using the monotone conver-
gence theorem for the left side and Lebesgue’s dominated convergence theorem
for the right side one obtains:
∫

R2

y2

[
1 − c2

2
u2

xx +
1

2
u2

xy + (a− bc2)u2
xxx + (2a− bc2)u2

xxy + au2
xyy

]
dxdy

≤ C +

∫

R2

2u2
x + (2a− bc2)u2

xx + 4au2
xy dxdy <∞ .

Thus

(3.11)

∫

R2

y2(u2
xx + u2

xy + u2
xxx + u2

xxy + u2
xyy) dxdy <∞ .

Multiplying the equation (1.2) by χn(x)x2uyy (respectively by χn(y)y2uyy),
integrating by parts and proceeding as above we obtain

(3.12)

∫

R2

x2(u2
xy + u2

yy + u2
xxy + u2

xyy + u2
yyy) dxdy <∞

12



and

(3.13)

∫

R2

y2(u2
xy + u2

yy + u2
xxy + u2

xyy + u2
yyy) dxdy <∞ .

Theorem 3.1 follows from (3.8), (3.11), (3.12) and (3.13). 2

Lemma 3.2 We have rux ∈ L∞(R2) and ruy ∈ L∞(R2).

Proof: From (1.2) we deduce that

(3.14) Q(ξ1, ξ2)ûx = icξ1F(3uxuxx + uxuyy + 2uyuxy)

and

(3.15) . Q(ξ1, ξ2)ûy = icξ2F(3uxuxx + uxuyy + 2uyuxy)

We note hi = F−1(
ξi

Q(ξ1, ξ2)
) and g = 3uxuxx + uxuyy + 2uyuxy. The previous

equations can be written as

ux = ich1 ⋆ g and uy = ich2 ⋆ g

Then

(3.16) |rux| ≤ C|rh1| ⋆ |g| + C|h1| ⋆ |rg| .

We claim that rg ∈ W 1,p(R2) for all p ∈ [1, 2]. Indeed, Theorems 3.1 and 2.1
imply that rg ∈ Lp(R2) for all p ∈ [1, 2]. Moreover, since r∇3u ∈ L2(R2) we
have (denoting by D one of the operators ∂x or ∂y):

D(rDuD2u) = (Dr)DuD2u+ rD2uD2u+ rDuD3u ∈ Lp(R2)

for 1 ≤ p ≤ 2. Thus D(rg) ∈ Lp(R2) and so rg ∈W 1,p(R2).
It is clear now that |rg| ∈W 1,p(R2).
By Lemma A1 in Appendix we have rhi ∈ L∞(R2). Then hi ∈ L2

w(R2) and
using the generalized Young’s theorem we deduce

|hi| ⋆ |rg| ∈ Lq(R2) if 2 < q <∞

and
D(|hi| ⋆ |rg|) = |hi| ⋆ (D|rg|) ∈ Lq(R2) if 2 < q <∞ .

So |hi| ⋆ |rg| ∈W 1,q(R2) for 2 < q <∞. The Sobolev imbedding theorem gives
us |hi|⋆ |rg| ∈ L∞(R2). But |rhi|⋆ |g| is also in L∞(R2) because rhi ∈ L∞(R2)
and g ∈ L1(R2). Using (3.16) we obtain the desired conclusion. 2
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We note

k1 = F−1

(
ξ21

Q(ξ1, ξ2)

)
, k2 = F−1

(
ξ1ξ2

Q(ξ1, ξ2)

)
, k3 = F−1

(
ξ22

Q(ξ1, ξ2)

)
.

Lemma 3.3 k̂i ∈ Hs(R2) for 0 ≤ s < 1 and ki ∈ Lq(R2) if 1 < q ≤ 2,
i = 1, 2, 3.

Proof: The proof is essentially the same as the proof of Lemma 3.4 in [6].
For the sake of completeness, we give it here.

It is easy to verify that k̂i ∈ L2(R2) and

|∇k̂i| ≤ C
|ξ1| + |ξ2|
Q(ξ1, ξ2)

∈ Lq(R2)

if 1 ≤ q < 2. Hence k̂i belongs to the homogeneous Sobolev space Ẇ 1,q(R2),
1 ≤ q < 2. By Theorem 6.5.1 in [2], Ẇ 1,q(R2) ⊂ Ḣs(R2) for s = 2(1 − 1

q
).

So k̂i ∈ Ḣs(R2) for any s ∈ [0, 1), i = 1, 2, 3. Since k̂i ∈ L2(R2) we have

k̂i ∈ Hs(R2) , s ∈ [0, 1), i = 1, 2, 3.
Let q ∈ (1, 2] be given. Let 1

α
= 1

q
− 1

2 , α ∈ (2,∞]. We choose s ∈ [0, 1) such
that sα > 2. Then we have:

‖ ki ‖Lq ≤‖ (1 + r2)
s
2 ki ‖L2 · ‖ 1

(1 + r2)
s
2

‖Lα

=‖ k̂i ‖Hs · ‖ 1

(1 + r2)
s
2

‖Lα <∞

Thus ki ∈ Lq(R2) for all q ∈ (1, 2], i = 1, 2, 3 and the lemma is proved. 2

We may state now our main result.

Theorem 3.4 Let u ∈ V be a solution of (1.2). Then
a) r2Dαu ∈ L∞(R2) for all α ∈ N2, |α| ≥ 1;
b) ru ∈ L∞(R2).

In view of the remarks 2.3 and 2.4, the estimates given by Theorem 3.4 for
u, ux and uy are optimal.

Proof: We note

ϕ1 =
3

2
u2

x +
1

2
u2

y , ϕ2 = uxuy .

The equations (3.2) and (3.3) can be written as

ux = −ck1 ⋆ ϕ1 − ck2 ⋆ ϕ2 ,
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uy = −ck2 ⋆ ϕ1 − ck3 ⋆ ϕ2 .

Let us prove first that r1+δux and r1+δuy are in L∞(R2) if δ ∈ [0, 1). It
clearly suffices to show that r1+δ(ki ⋆ ϕj) ∈ L∞(R2). We have:

(3.17) |r1+δ(ki ⋆ ϕj)| ≤ C|r1+δki| ⋆ |ϕj | + C|ki| ⋆ |r1+δϕj | .

By Lemma A2 in Appendix (and the remark A3) we have r1+δki ∈ L∞(R2).
But ϕj ∈ L1(R2) and so

|r1+δki| ⋆ |ϕj | ∈ L∞(R2) .

By Lemma 3.2 and Theorem 2.1,

|r1+δϕj | ≤ |(1 + r)2ϕj | · |
1

(1 + r)1−δ
| ∈ Lp(R2)

for all p >
2

1 − δ
. Since ki ∈ Lq(R2) for 1 < q ≤ 2, we obtain (choosing

p >
2

1 − δ
and q =

p− 1

p
):

|ki| ⋆ |r1+δϕj | ∈ L∞(R2) .

Thus the right side of (3.17) is bounded and so r1+δux , r
1+δuy ∈ L∞(R2) for

all δ ∈ [0, 1).
We have:

|r2ki ⋆ ϕj | ≤ C|r2ki| ⋆ |ϕj | + C|ki| ⋆ |r2ϕj | .
Clearly, |r2ki| ⋆ |ϕj | ∈ L∞(R2) because r2ki ∈ L∞(R2) by Lemma A2 and
ϕj ∈ L1(R2).

Since |r1+δ∇u| ∈ L∞(R2) one obtains r2ϕj ∈ Lp(R2) for all p ∈]1,∞].
But ki ∈ Lq(R2) for 1 < q ≤ 2 and so |ki| ⋆ |r2ϕj | ∈ L∞(R2). Thus r2ux,
r2uy ∈ L∞(R2).

The rest of part a) follows easily by induction. Keeping the notations of
Lemma 3.2 we have r2g ∈ Lp(R2) for all p ∈]1,∞]. If α ∈ N2 and |α| = 2, then

Q(ξ1, ξ2)D̂αu = −c · ξαĝ, so Dαu can be written as

Dαu = −c · ki ⋆ g

for an i ∈ {1, 2, 3}. Hence |r2Dαu| ≤ C(|r2ki| ⋆ |g| + |ki| ⋆ |r2g|) ∈ L∞(R2) .
Suppose now that r2Dαu ∈ L∞(R2) if 1 ≤ |α| ≤ n. Let γ ∈ N2 with |γ| = n+1.

Let β ∈ N2, β ≤ γ and |γ−β| = 2. Then Q(ξ1, ξ2)D̂γu = −c · ξγ−βD̂βg. Hence

Dγu = −c · ki ⋆ (Dβg)
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for an i ∈ {1, 2, 3}. By hypothesis r2Dβg ∈ Lp(R2) for all p ∈]1,∞] and we
deduce as above that r2Dγg ∈ L∞(R2).

b) We write (3.1) in the form

(3.18) u = ich1 ⋆ ϕ1 + ich2 ⋆ ϕ2 .

As previously we prove that rϕi ∈W 1,p(R2), p ∈]1,∞] and so |rϕi| ∈W 1,p(R2)
for p ∈]1,∞].

By Lemma A1 in Appendix, hi ∈ L2
w(R2). The generalized Young’s theorem

implies
|hi| ⋆ |rϕi| ∈ Lq(R2) if q ∈]2,∞[

and
D(|hi| ⋆ |rϕi|) = |hi| ⋆ (D|rϕi|) ∈ Lq(R2), q ∈]2,∞[

hence |hi|⋆ |rϕi| ∈W 1,q(R2) for q ∈]2,∞[. By the Sobolev imbedding theorem,
|hi| ⋆ |rϕi| ∈ L∞(R2). Clearly |rhi| ⋆ |ϕi| ∈ L∞(R2) because rhi ∈ L∞(R2) and
ϕi ∈ L1(R2). Thus we have

|ru| ≤ C
∑

i=1,2

(|rhi| ⋆ |ϕi| + |hi| ⋆ |rϕi|) ∈ L∞(R2) .

This finishes the proof of Theorem 3.4. 2

4 Some identities

We derive here some identities of Pohozaev type satisfied by the Benney-Luke
solitary waves. If u ∈ V is a solution of (1.2), multiplying (1.2) by xux (respec-
tively by yuy) and integrating over R2 we obtain, after a few integrations by
parts,

(4.1)

∫

R2

(1 − c2)u2
x − u2

y + 3(a− bc2)u2
xx − au2

yy + (2a− bc2)u2
xy dxdy

+2c

∫

R2

u3
x dxdy = 0

and

(4.2)

∫

R2

(1 − c2)u2
x − u2

y + (a− bc2)u2
xx − 3au2

yy − (2a− bc2)u2
xy dxdy

+c

∫

R2

(u3
x − uxu

2
y) dxdy = 0 .

Multiplying (1.2) by u and integrating one obtains immediately

(4.3)

∫

R2

(1 − c2)u2
x + u2

y + (a− bc2)u2
xx + au2

yy + (2a− bc2)u2
xy dxdy+

3c

2

∫

R2

u3
x + u2

yux dxdy = 0 .
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Combining (4.1), (4.2) and (4.3) we deduce
∫

R2

(1 − c2)u2
x + u2

y dxdy = 2

∫

R2

(a− bc2)u2
xx + au2

yy + (2a− bc2)uxy dxdy .

5 Appendix

We prove here some technical facts about the Fourier transform of a special kind
of functions of two variables.

Lemma A1. Let a, b, c, d, e > 0 and let Q(ξ1, ξ2) be the polynomial of two
variables

Q(ξ1, ξ2) = aξ41 + bξ42 + cξ21ξ
2
2 + dξ21 + eξ22 .

If

(i) c2 − 4ab > 0

then we have

a) rF−1

(
ξ1

Q(ξ1, ξ2)

)
∈ L∞(R2) ;

b) rF−1

(
ξ2

Q(ξ1, ξ2)

)
∈ L∞(R2) .

where r =
√
x2 + y2 and F−1 denotes the inverse Fourier transform.

Proof: We regard separately Q(ξ1, ξ2) as a polynomial of second degree in
ξ21 (respectively in ξ22) and calculate its discriminant in each case.

Q(ξ1, ξ2) = aξ41 + (cξ22 + d)ξ21 + bξ42 + eξ22

∆1(ξ2) = (c2 − 4ab)ξ42 + 2(cd− 2ae)ξ22 + d2

Q(ξ1, ξ2) = bξ42 + (cξ21 + e)ξ22 + aξ41 + dξ21

∆2(ξ1) = (c2 − 4ab)ξ41 + 2(ce− 2bd)ξ21 + e2 .

Remark that we always have

ce− 2bd > 0 or cd− 2ae > 0 .

Indeed, suppose that ce−2bd ≤ 0. Then d ≥ ce

2b
implies cd−2ae ≥ c2e

2b
−2ae =

e

2b
(c2 − 4ab) > 0 by (i). So we may assume without loss of generality that

ce− 2bd > 0 and b = 1. In this case Q(ξ1, ξ2) can be written as a product

Q(ξ1, ξ2) = (ξ22 +A2(ξ1))(ξ
2
2 +B2(ξ1))

17



where A(ξ) and B(ξ) are positive and

A2(ξ) =
1

2
[cξ2 + e−

√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2] ,

B2(ξ) =
1

2
[cξ2 + e+

√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2] .

It is easy to check that the functions A and B have the following properties:

(1) A ∈ C(R) ∩ C∞(R \ {0}), B ∈ C∞(R), A(−ξ) = A(ξ), B(−ξ) = B(ξ).

(2) There exist constants C1, C2 > 0 such that

C1|ξ| ≤ A(ξ) ≤ C2|ξ| and
C1(1 + |ξ|) ≤ B(ξ) ≤ C2(1 + |ξ|) , ∀ξ ∈ R.

(3) There are C1, C2 > 0 verifying

C1 ≤ A′(ξ) ≤ C2 , ∀ξ > 0
C1ξ ≤ B′(ξ) ≤ C2ξ , ∀ξ ∈ [−1, 1]
C1 ≤ B′(ξ) ≤ C2 , ∀ξ ∈ [1,∞[ .

(4) There exists C > 0 such that

|A′′(ξ)| ≤ C

|ξ| , ∀ξ ∈ R \ {0} and

|B′′(ξ)| ≤ C

(1 + |ξ|) , ∀ξ ∈ R .

Putting hi = F−1

(
ξi

Q(ξ1, ξ2)

)
we have:

h1(x, y) =

∫

R2

eixξ1+iyξ2
ξ1

B2(ξ1) −A2(ξ1)

(
1

ξ22 +A2(ξ1)
− 1

ξ22 +B2(ξ1)

)
dξ1dξ2 .

But F−1

(
1

ξ2 + a2

)
(x) = − 1

2a
e−a|x| if Re(a) > 0 and so we obtain

(5)

h1(x, y) =

=

∫

R

eixξ ξ

B2(ξ) −A2(ξ)

[
1

2B(ξ)
e−B(ξ)|y| − 1

2A(ξ)
e−A(ξ)|y|

]
dξ

=

∫

R

eixξ ·
ξ

[
1

2B(ξ)
e−B(ξ)|y| − 1

2A(ξ)
e−A(ξ)|y|

]

√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

dξ .
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By (2),

∣∣∣∣eixξ ξ√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

[
1

2B(ξ)
e−B(ξ)|y| − 1

2A(ξ)
e−A(ξ)|y|

] ∣∣∣∣

≤ Ce−C1|y||ξ| ,

hence if y 6= 0 ,

(6) |h1(x, y)| ≤ C

∫

R

e−C1|y||ξ| dξ =
C

|y| .

To obtain an estimate of |h1(x, y)| in terms of
1

|x| we use the following

elementary

Lemma H. Let I ⊂ R be an interval (bounded or not) and let f : I −→ R
be an integrable and monotone function. There exists an absolute constant
C > 0 (we may take C = 4

√
2π) such that

∣∣∣∣
∫

I

eixξf(ξ) dξ

∣∣∣∣ ≤
C

|x| · sup
ξ∈I

|f(ξ)| .

Let f1,y(ξ) =
ξ

A(ξ)
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2
e−A(ξ)|y|. Note that f1,y

is differentiable on R \ {0}. If we prove that f ′1,y has at most N zeros where N
does not depend on y, then we can decompose R into (at most) N + 2 intervals
where f1,y is monotone. Applying Lemma H on each of these intervals we finally
obtain

(7)

∣∣∣∣
∫

R

eixξf1,y(ξ) dξ

∣∣∣∣ ≤
C

|x| · sup
ξ∈R

|f1,y(ξ)| ≤ C

|x| .

Let us count now the zeros of f ′1,y. For ξ 6= 0 one obtains

f ′1,y(ξ) =
e−A(ξ)|y|

A(ξ)
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2
×

×
[ −(c2 − 4a)ξ4 + e2

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2
− ξA′(ξ)

A(ξ)
− ξ|y|A′(ξ)

]
.

Thus f ′1,y(ξ) = 0 clearly implies that ξ is a solution of an equation

P (ξ)A2(ξ) +R(ξ)A′(ξ)A(ξ) + S(ξ, |y|)A′(ξ)A2(ξ) = 0 ,
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where P (ξ), R(ξ) are polynomials in ξ and and S(ξ, |y|) is a polynomial in two
variables ξ, |y|. Multiplying this by

√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2 we obtain

P1(ξ) +R1(ξ)
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

+
(
S1(ξ, |y|) + S2(ξ, |y|)

√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

)
A(ξ) = 0 ,

where P1(ξ), R1(ξ) and S1(ξ, |y|), S2(ξ, |y|) are polynomials. Passing the last
term on the right and taking the squares we deduce that ξ must satisfy

P2(ξ) +R2(ξ)
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

= S3(ξ, |y|) + S4(ξ, |y|)
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2 .

(here P2(ξ), R2(ξ), S3(ξ, |y|) and S4(ξ, |y|) are polynomials).
If we isolate

√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2 and take again the squares,

we find that
Φ(ξ, |y|) = 0 ,

where Φ(ξ, |y|) is a polynomial in two variables. Let N be the degree of Φ in the
first variable. It is clear now that for a fixed y, the last equation has at most N
solutions; hence for each y, f ′1,y has at most N zeros in R \ {0}.

Exactly the same argument applies to

f2,y(ξ) =
ξ

B(ξ)
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2
e−B(ξ)|y|

and gives us the estimate

(8)

∣∣∣∣
∫

R

eixξf2,y(ξ) dξ

∣∣∣∣ ≤
C

|x| .

From (6), (7) and (8) we infer that

|h1(x, y)| ≤
C

|x| + |y| ,

that is, rh1 ∈ L∞(R2).
b) One easily checks that if Re(a) > 0 and Re(b) > 0, then

F
(
i

2
sgn(x)

1

b2 − a2
(e−a|x| − e−b|x|)

)
(ξ) =

ξ

(ξ2 + a2)(ξ2 + b2)

or equivalently

F−1

(
ξ

(ξ2 + a2)(ξ2 + b2)

)
(x) =

i

2
sgn(x)

1

b2 − a2
(e−a|x| − e−b|x|) .
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Consequently, we have

h2(x, y) =

=

∫

R2

eixξ1+iyξ2
ξ2

(ξ22 +A2(ξ1))(ξ22 +B2(ξ1))
dξ1dξ2

=

∫

R

i

2
sgn(y)eixξ e−A(ξ)|y| − e−B(ξ)|y|

√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

dξ .

If y 6= 0,

(9)

|h2(x, y)| ≤ C

∫

R

e−A(ξ)|y| − e−B(ξ)|y| dξ

≤ C

∫

R

e−C1|y||ξ|

=
C

|y| .

If x 6= 0, we apply Lemma H to the functions

g1,y(ξ) =
e−A(ξ)|y|

√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

and

g2,y(ξ) =
e−B(ξ)|y|

√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

and reason as in part a) to obtain

(10) h2(x, y) ≤
C

|x| .

Inequalities (9) and (10) clearly give h2(x, y) ≤
C

|r| , which is the desired conclu-

sion. 2

Lemma A2. With the assumptions and the notations of Lemma A1, we
have:

a) r2F−1

(
ξ21

Q(ξ1, ξ2)

)
∈ L∞(R2) ;

b) r2F−1

(
ξ1ξ2

Q(ξ1, ξ2)

)
∈ L∞(R2) ;

c) r2F−1

(
ξ22

Q(ξ1, ξ2)

)
∈ L∞(R2) .
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Proof: a) As in the proof of Lemma A1, we write

k1(x, y) = F−1

(
ξ21

Q(ξ1, ξ2)

)
=

=

∫

R2

eixξ1+iyξ2
ξ21√

(c2 − 4a)ξ41 + 2(ce− 2d)ξ21 + e2

(
1

ξ22 +A2(ξ1)
− 1

ξ22 +B2(ξ1)

)
dξ1dξ2

=

∫

R

eixξ ·
ξ2
(

1

2B(ξ)
e−B(ξ)|y| − 1

2A(ξ)
e−A(ξ)|y|

)

√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

dξ ;

k1(x, y) = TB − TA ,

where

TB =

∫

R

eixξ−B(ξ)|y| · ξ2

2B(ξ)
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2
,

TA =

∫

R

eixξ−A(ξ)|y| · ξ2

2A(ξ)
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2
.

Integrating by parts we get
(11)

TB = eixξ−B(ξ)|y| · ξ2

(ix−B′(ξ)|y|)2B(ξ)
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

∣∣∣∣∣

∞

−∞

−

−
∫ ∞

−∞

eixξ−B(ξ)|y| · ξ

(ix−B′(ξ)|y|)B(ξ)
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2
dξ

−
∫ ∞

−∞

eixξ−B(ξ)|y| · ξ2 ·B′′(ξ)|y|
(ix−B′(ξ)|y|)22B(ξ)

√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

dξ

+

∫ ∞

−∞

eixξ−B(ξ)|y| · ξ2B′(ξ)

(ix−B′(ξ)|y|)2B2(ξ)
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2
dξ

+

∫ ∞

−∞

eixξ−B(ξ)|y|· 2ξ3[(c2 − 4a)ξ2 + ce− 2d]

(ix−B′(ξ)|y|)2B(ξ)(
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2)3
dξ .

The first term equals 0.
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Suppose y 6= 0. If ξ ∈ [−1, 1] \ {0} by (3) we have
∣∣∣∣∣

ξ

ix−B′(ξ)|y|

∣∣∣∣∣ =
1∣∣∣∣∣i

x

ξ
− B′(ξ)

ξ
|y|
∣∣∣∣∣

≤ 1∣∣∣∣∣
B′(ξ)

ξ

∣∣∣∣∣|y|
≤ 1

C1|y|
.

If ξ ∈ R \ [−1, 1] , (3) gives us
∣∣∣∣∣

1

ix−B′(ξ)|y|

∣∣∣∣∣ ≤
1

B′(ξ)|y| ≤
1

C1|y|
.

It is now easy to see that the absolute value of each of the four integrals
above is less than

C

|y|

∫ ∞

−∞

e−B(ξ)|y|dξ ≤ C

|y|2 .

Hence

(12) TB ≤ C

|y|2 .

Consider, for example, the first integral in (11). It can be written as
∫ ∞

−∞

eixξfx,y(ξ) dξ ,

where

fx,y(ξ) = e−B(ξ)|y| · B′(ξ)ξ|y| + ixξ

(x2 +B′(ξ)2|y|2)B(ξ)
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

We argue as in the proof of Lemma A1, part a). The number of zeros of
d

dξ
(Re fx,y(ξ)) and

d

dξ
(Im fx,y(ξ)) is finite and does not depend on (x, y).

Lemma H applies and we deduce that for x 6= 0,
∣∣∣∣∣

∫ ∞

−∞

eixξfx,y(ξ) dξ

∣∣∣∣∣ ≤
C

|x| sup
ξ∈R

|fx,y(ξ)| ≤ C

x2
.

Using the same argument we obtain that the other three integrals in TB are

bounded (in absolute value) by
C

x2
. Hence

(13) |TB | ≤ C

x2
.

Inequalities (12) and (13) give

|TB | ≤ C

r2
.
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In the same manner (integrating by parts on (0,∞) and observing that A is
symmetric, i.e A(−ξ) = A(ξ) ) we obtain

|TA| ≤
C

r2
,

and so |k1(x, y)| ≤
C

r2
.

b) We have

(14)

k2(x, y) = F−1

(
ξ1ξ2

Q(ξ1, ξ2)

)
=

=

∫

R2

eixξ1+iyξ2
ξ1ξ2

(ξ22 +A2(ξ1))(ξ22 +B2(ξ1))
dξ2dξ1

=
i

2
sgn(y)

∫

R

eixξ ξ(e−A(ξ)|y| − e−B(ξ)|y|)√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

dξ

=
i

2
sgn(y)(SA − SB) .

Integrating by parts,
(15)

SB = −
∫ ∞

−∞

eixξ−B(ξ)|y| · d
dξ

[
ξ

(ix−B′(ξ)|y|)
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

]
dξ

= −
∫ ∞

−∞

eixξ−B(ξ)|y| · 1

(ix−B′(ξ)|y|)
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2
dξ

−
∫ ∞

−∞

eixξ−B(ξ)|y| · ξB′′(ξ)|y|
(ix−B′(ξ)|y|)2

√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

dξ

+

∫ ∞

−∞

eixξ−B(ξ)|y| · 2ξ2[(c2 − 4a)ξ2 + ce− 2d]

(ix−B′(ξ)|y|)(
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2)3
dξ .

We argue as previously and use again Lemma H for the real and the imagi-
nary part of the functions appearing in the oscillatory integrals in SB . If x 6= 0
we find that the first and the third of these integrals are bounded (in absolute

value) by
C

x2
, while the second is bounded by

C|y|
|x|3 .

The term SA is easier to handle because |A′(ξ)| ≥ C1 > 0 if ξ 6= 0. We

obtain that |SA| ≤
C

x2
.
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Finally,

(16) |k2(x, y)| ≤
C

x2
+
C|y|
|x|3 .

By (14) we have

(17)

|k2(x, y)| ≤ C

∫

R

|ξ|(e−A(ξ)|y| − e−B(ξ)|y|) dξ

≤ C

∫

R

|ξ|e−C1|ξ|·|y| dξ

=
C ′

y2
.

From (16) and (17) we deduce that

|k2(x, y)| ≤ min(
C

x2
+
C|y|
|x|3 ,

C ′

y2
)

≤ C ′ min(
1

x2
,

1

y2
)

≤ C ′′

r2
.

This proves b).
c) We have

k3(x, y) = F−1

(
ξ22

Q(ξ1, ξ2)

)
(x, y) =

=

∫

R2

eixξ1+iyξ2 · 1

B2(ξ1) −A2(ξ1)
·
( −A2(ξ1)

ξ22 +A2(ξ1)
+

B2(ξ1)

ξ22 +B2(ξ1)

)
dξ1dξ2

=
1

2

∫

R

eixξ A(ξ)e−A(ξ)|y| −B(ξ)e−B(ξ)|y|

√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

dξ .

If y 6= 0 then clearly

(18)

|k3(x, y)| ≤ C

∫ ∞

−∞

A(ξ)e−A(ξ)|y| +B(ξ)e−B(ξ)|y| dξ

≤ C ′

∫ ∞

−∞

|ξ|e−C1|ξ|·|y| dξ + C

∫ 1

−1

e−C|y| dξ

≤ C ′′

y2
.
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Integrating by parts we get

∫

R

eixξ−B(ξ)|y| · B(ξ)√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

dξ =

−
∫ ∞

−∞

eixξ−B(ξ)|y| · B′(ξ)

(ix−B′(ξ)|y|)
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

−
∫ ∞

−∞

eixξ−B(ξ)|y| · B(ξ)B′′(ξ)|y|
(ix−B′(ξ)|y|)2

√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

+

∫ ∞

−∞

eixξ−B(ξ)|y| · 2B(ξ)[(c2 − 4a)ξ3 + (ce− 2d)ξ]

(ix−B′(ξ)|y|)(
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2)3
.

We use the same argument involving Lemma H as before and conclude that

the last sum of integrals is bounded by
C

x2
+
C|y|
|x|3 .

Let us estimate the term of k3(x, y) containing A(ξ). Integrating by parts
on (−∞, 0) and on (0,∞) we have

∫

R

eixξ−A(ξ)|y| · A(ξ)√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

dξ =

=
2A(0)A′(0+)

x2 + [A′(0+)]2
−

−
∫ ∞

−∞

eixξ−A(ξ)|y| · A′(ξ)

(ix−A′(ξ)|y|)
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

−
∫ ∞

−∞

eixξ−A(ξ)|y| · A(ξ)A′′(ξ)|y|
(ix−A′(ξ)|y|)2

√
(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2

+

∫ ∞

−∞

eixξ−A(ξ)|y| · 2A(ξ)[(c2 − 4a)ξ3 + (ce− 2d)ξ]

(ix−A′(ξ)|y|)(
√

(c2 − 4a)ξ4 + 2(ce− 2d)ξ2 + e2)3
.

Using the same method we obtain that the last sum of integrals is bounded

by
C

x2
. Finally,

(19) |k3(x, y)| ≤
C

x2
+
C|y|
|x|3 .

Inequalities (18) and (19) give us |k3(x, y)| ≤
C

r2
.

The Lemma A2 is proved. 2
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Remark A3. It is much easier to show that |ki(x, y)| ≤
C

r
. The proof

is similar to that of Lemma A1 and does not use integrations by parts. Hence

|ki(x, y)| ≤
C

rα
for all α ∈ [1, 2], i = 1, 2, 3.
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