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Abstract

We study the 1-dimensional Gross-Pitaevskii-Schrodinger equation with
a potential U moving at velocity v. For a fixed v less than the sound velocity,
it is proved that there exist two time-independent solutions if the potential
is not too big.

1 Introduction

We consider the 1-dimensional nonlinear Schrdinger (NLS) equation with an exter-
nal repulsive potential U moving at velocity v > 0:

(1.1) iA+ Ay + A= |APA-U(z —vt)A=0, z€R,tER.

This equation arises in many physical contexts. For example, it describes the
motion of an impurity (modelized by U) at constant velocity v in a NLS fluid
at rest at +0o. The behaviour of equation (1.1) in one dimension is similar to
that in higher dimensions, vortices being replaced by propagating localized density
depressions which are called gray solitons (see [4]). Equation (1.1) can be put into
a hydrodynamical form using Madelung’s transformation A(x,t) = \/p(x,t)e’*®H,
see [6] or [7]. This change of variables leads to the system

(1.2) pt + 2(pz)z = 0,

Pza |/0a:|2
1. Ji . -1 —ot) = 0.
(1.3) O + |02 2p+ 1 +p+U(x—ovt)=0

Note that the Madelung transformation is singular when A = 0. Equation (1.2)
and the derivative with respect to x of (1.3) are the equation of conservation of
mass, respectively Euler’s equation for a compressible inviscid fluid of density p
and velocity 2¢,. We require that the fluid be at rest at infinity with density 1.



This gives the “boundary condition” A(x) — 1 at +oo. Taking the derivative
with respect to t of (1.3) and substituting p; from (1.2) we get

For a small oscillatory motion (i.e. a sound Wave), all the nonlinear terms appearing
n (1.4) except 2p¢,, may be neglected and the velocity potential ¢ essentially
obeys to the wave equation ¢y — 2p¢,, —vU'(z — vt) = 0. We see that sound waves
propagate with velocity /2p and therefore the sound velocity at infinity is V2.
Equation (1.1) can be written in the frame of the moving impurity as

(1.5) iAy —ivA, + A + A— |APA—-U(2)A = 0.

In this context, it describes the flow of a NLS fluid past a fixed obstacle when
a flow of constant density is injected at velocity v at infinity. The obstacle is mod-
elized by the localized potential U. This problem was considered by V. Hakim in
[4]. In the case of a Dirac potential, he proved the existence of a critical velocity
v. such that for v < v, there exist two stationary solutions of (1.5) (i.e. solutions
which do not depend on t), one of them being stable and the other unstable. Using
formal asymptotic expansions and numerical experiments, he showed that a similar
phenomenon takes place for small potentials and for slowly varying potentials (i.e.
potentials of the form U(ez), € small). In all these cases, the two solutions become
identical at critical velocity and no stationary solution exists for v > v.. The criti-
cal velocity depends on the obstacle and is less than the sound velocity. Above the
critical velocity the characteristics of the time-dependent flow were studied numer-
ically. It was found that the obstacle emitted repeatedly gray solitons propagating
downstream and sound propagating upstream.

The aim of this paper is to prove rigorously that, for a general potential U,
equation (1.5) admits two stationary solutions if the velocity v is reasonably small.

Since one expects, from physical considerations, that the solutions are slowly
varying and have a modulus tending to 1 at 400, we seek for solutions of the form
A(x) = (1 +r(x))e?® with 7(z) — 0 and ¢'(x) — 0 as & — oo. Substituting
this expression in (1.5) one finds that the real functions r and 6 must satisfy

(1.6) —ory + 2r;0, + (1 4+ 1r)0,, = 0,

(1.7) V(1470 + 70 — (L+1)02+ (1 +7)— (1 +7)° = U(z)(1+7)=0.

Multiplying equation (1.6) by 1 + r and integrating we find

(1.8) 0, = §<1 - ¥)

(1+7)2

This determines 0, (half of the fluid velocity) as a function of (1 + r)? (the local
fluid density). Introducing (1.8) in (1.7) we find that r satisfies the equation (also
derived by V. Hakim):
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(1.9) —rm—(1~|—r)+(1+r)3—%(1%—7“—;70)3)) +(1+7r)U(z)=0.

(1+



From now on, we will focus our attention on finding solutions of (1.9). Once this
task accomplished, it is easy to determine the corresponding phase 6 from (1.8).
Then A(z) = (1 +r(x))e?™ will be a solution of (1.5).

Of course it is interesting to find solutions of (1.9) under the more general
possible assumptions on U. In what follows, we suppose that U is a positive
Borel measure with bounded total variation. A few notations are in order: by

/ f(z)U(x)dx we denote the integral of a function f with respect to the measure
R

U and by ||U]| the total variation of U, i.e. ||U|| = / U(z)dx. If f € L>°(R), then

fU is also a Borel measure of bounded total Variatign and therefore fU € D'(R).
In particular, if r € L>°(R) and r # —1 a.e., all quantities appearing in (1.9) make
sense in D'(R).

We discuss now what happens if U vanishes on some interval I. It is easily
seen that equation (1.9) can be integrated explicitly on this interval. This simple
observation gives an obstruction to the existence of stationary solutions of (1.5) for
v greater than /2 (which is the sound velocity at infinity) in the case of a potential
with compact support.

Indeed, suppose that U = 0 on an interval I. On this interval equation (1.9)

becomes
2

(1.10) _Txx—(1+r)+(1+7”)3—vz(1—l—r—

1 ) B
(1+7r)3/)
We remark that if » > —1 is a continuous solution, then r,, is also continuous,
therefore r € C?(I). Multiplying (1.10) by 2r, and integrating, it is easy to see
that there exists a constant C' such that
2

1 v
1.11 2 42 ((1 2—12——(1 _

If I is of the form (—oo,a) or (b, c0), the condition » — 0 at oo implies C' = 0,
that is

>2+C:O.

2

(1.12) 72 = %((14—7“)2—1)2—%(1—1—1”— 1ir)2 :r2(r+2)2<%—%2ﬁ).

Since r%(r + 2)? (% — %W) <0forre (=1,—1+ 75)\ {0} and r3 > 0, we see
that any solution 7 of (1.9) cannot take values in (-1, =14 75)\{0}. If v is greater
than v/2, any solution of (1.9) that tends to zero at +o0o must be identically zero
on I (since otherwise, by continuity it would take values sufficiently close to 0, but
different from 0, which is impossible).

If v < v/2, any solution 7 of (1.9) must be less than or equal to 0 on R by the

maximum principle. Indeed, the function x —— ¥,(z) = —(1 +z) + (1 + z)® —
%(1 +x — ﬁ) is strictly increasing and positive on (0,00). Suppose that r
achieves a positive maximum at z5. Then 7”(zp) < 0. On the other hand, from
(1.9) we infer that r"(zo) > ¥, (r(z9)) > 0, a contradiction.

Suppose that U = 0 on an interval I of the form (—oo,a) or (b, 00). If v = /2,
we see from (1.12) that we have also » > 0 on I, and therefore r = 0 on [. If
v < v/2, we must have —1+\%§7’§00n[.



Suppose that v > /2. In the particular case U = gé (where § is the Dirac
measure and g > 0), one has 7 = 0 on (—00,0) U (0,00); consequently, if g > 0,
(1.9) does not admit solutions and if g = 0, it admits only the trivial solution. If
U has a compact support with supp(U) C (a,b) it follows that any solution r of
(1.9) that tends to zero at +0o must vanish on R\ (a,b). But this gives too many
constraints (r and its derivatives should vanish at a and b) and so we expect that
(1.9) does not possess solutions satisfying the “boundary condition” r — 0 at +o0
if v > /2 and U # 0.

From now on, we will suppose throughout that 0 < v < v/2.

This paper is organized as follows. In the next section we give a variational
formulation of equation (1.9) and we introduce our main tools. It will be seen that
the solutions of (1.9) are the critical points of a functional £ defined on the space
HY(R). Section 3 is devoted to a detailed study of the particular case U = g¢d,
where the solutions are known explicitly. It is proved that there exists a positive
function ¢(v) such that if 0 < g < ¢(v), there are exactly two solutions of (1.9).
One of them minimizes F on an open set of H'(R) and the other is a critical point
of £ of mountain-pass type. The two solutions are the same when g = ¢(v) and
no solution exists when g > ¢(v). In the general case, we show that an analogous
phenomenon takes place. Our main result is:

Theorem 1.1 a) There exists a function ¢1(v) > 0 such that if ||U|| < ¢1(v), then
E admits a minimizer on an open set (which will be described later) of H*(R).

b) There exists a function @a(v) > 0 such that if ||U|| < @a(v) and U has
compact support, E admits a second critical point (of “mountain-pass” type).

We have ¢(v) > ¢1(v) > @o(v) for any v € [0,/2). The graphs of these
functions are given in Fig. 1 below. It is quite clear that the existence of nontrivial
solutions for (1.9) should depend also on the shape of U, not only on its total
variation. Therefore for a given potential U, we expect to have a nontrivial solution
of (1.9) for values of v slightly larger than ;' (||U]|) and two distinct solutions for
v slightly larger than o5 ! (||U]]).
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Fig. 1. The graphs of functions v, @1 and ps.

The proof of part a) in Theorem 1.1 is rather classical and is given in Section
4. We prove part b) in Section 5. The main difficulty is that the Palais-Smale
sequences of E do not converge. We use a theorem of Ghoussoub and Preiss [3]
to obtain Palais-Smale sequences with a supplementary property which enables us



to deduce their convergence to a solution of (1.9). We have also to impose further
restriction on the total mass of U in order to be sure that this second solution is
different from that one obtained in Section 4.

2 Variational formulation

Consider the set V = {u € H'(R)] inff{u(s) > —1}. Clearly V is a not-empty
se

open subset of H'(R) (recall that H'(R) is continuously embeded in C?(R)). We
introduce the following functionals:

2

G:V-—R, G /|u () + u()(()+2)2<2—m>dm,

H:H'R) — R, Hu)— /R w(@)(ulz) + 2)U(z)dz,

E:V —R, E(u) =G(u) + H(u).

It is easy to check that the functionals G and H are well defined and of class C* on
V, respectively on H'(R). A function r € V satisfies (1.9) (in the distributional
sense) if and only if r is a critical point of E.

We want to study the behaviour of G(u) in terms of the variations of the function
u. For this purpose, we use the following simple observation:

Remark 2.1 Let f : R — R be a continuous function such that f(0) = 0. Put
= / f(s)ds. Then for any u € H'(R) and any a,b € R, a < b we have
0

b
@DINMW—FMMWﬂ/f@( dﬂ<t/v DI+ [ (s)Pds.

If F(u(b)) > F(u(a)), we have equality in (2.1) if and only if v/(s) = f(u(s)) a.e. on
[a,b]. If F(u(b)) < F(u(a)), equality holds if and only if u;( s) = —f(u(s)) a.e. on
|/

[a,b]. In particular, for any a € R one has |F(u(a))| < 3 (u(s))|? + v/ (s)ds

and |F(u(a))| < %/OO |f(u(s))]? + |/ (s)|*ds. Hence
22) up@)| < [ IR + )P, vae R

Moreover, equality holds in (2.2) if and only if v’ = of(u) a.e. on (—o0,a) and
w = —of(u) a.e. on (a,00), where o = sgn(F(u(a))).
Now take f: [-1+ 75,00) — R,

(2.3) Fla) = %x(m+2) 2



T

and let F(x) = / f(s)ds. Observe that f is negative on (—1+ T 0) and positive

0
on (0,00), hence F' is decreasing on [—1 + ol 0] and increasing on [0, 00), so that
Fis positive on [~1 + Z5,00) \ {0}.
Let 7 € H(R) be so that in}f{r(az) = r(x9) = a € [-1+ 75,0]. Applying the
TE

previous remark we obtain that
0 <4F(a) =4F(r(zo)) < G(r)

and equality holds if and only if r'(z) = f(r(z)) a.e. on (—o0,x¢) and 7’'(x) =
—f(r(x)) a.e. on (zg,00). Solving the Cauchy problem

(2.4) { ;I((om)):af (r(x)) on (=00, 0]

we find the solution

(2.5)
(z) 1+ 02+(1 Uz)ta h2(1\/2 2(x 4+ c(a))) €[-1+—,0)
rq(T) = — — — —)tanh”(=vV2 — v%(x + c¢(a))), a€ |- —,
b 2 2 2 V2
- 1 V2—v2—4/2(a+1)2—v2 . . . a .
where c(a) = T n¢2_v2+\/2(a+1)2_v2, respectively r o = 0 if a = 0. It is
! — —
obvious that the Cauchy problem { :: ((Ox))—_a (r(z)) on [0, 00) has the solution

r2.0(2) = r1,a(—2). We put

] relz) it 2 <0
ra(®) = { roq(z) if x>0.

The functions (ra)ae[_H%,O] will be very useful in what follows. We list below
some of their basic properties.

Lemma 2.2 The following assertions hold:

i) 1o € HY(R) and the mapping a — 714 is continuous from [—1 + %,0] to
H'(R).

ii) rq is symmetric about 0, decreasing on (—o0,0] and increasing on [0, 00) and
tends exponentially to zero at +00.

iii) rq 1s C* on R\ {0}.

) c(—1+75) = 0 and c is strictly decreasing on =1+, 0) with 12%1 c(a) = —oo.

v) roig s of class C' on R with r’,, » (0) = 0. Moreover, for each a we have
2
ro(z) = 7“,1+%($ +c(a)) for x <0, respectively rq(x) = T,1+\%(l‘ —c(a)) for
x> 0.

vi) G(ry)) = 4F(a) and r, is the unique solution of the minimization problem:
“minimize G(r) under the constraint r(0) = a.”



vit) If v <y <0 or 0 <z <y, then for any function v € H. (R) verifying

v(r) =74(7), v(y) =1a(y) and v > —1 + 5 on (x,y) we have

(2.6) /|r ()P + £ (ra(s))ds = 2/ F(u(y)) — |</ o ()2 + F2(0(s))ds

The proof is obvious.
For each a € [-1+ 75, 0] define

h(a) =inf{E(u) | u € Hl(R),g&f{u(x) =a}.

Lemma 2.3 The function h has the following properties:

i) h(a) > 4F(a) + a(a + 2)||U]], Va € [-1+ 2.0].

i) For all k>0 and a € [-1+ \%,O] we have
h(a) < 4F(a) + 2k f*(a) + a(a + 2)|Ix(-xn U]l

iii) h:[=14 75, 0] — R is continuous, h(0) =0 and

’U2

(2.7) h(_l"‘ﬁ):4F(_1+E)+(§_1)HUH-

Proof. 1) is clear because for any u € H'(R) such that inlfl u(z) = a, we have
re

G(u) > 4F(a) and H(u) > a(a + 2)||U]| (note that the function y — y(y + 2) is
increasing on [—1,00)).

i1) Define

ro(z+k) it x<-—k
(2.8) Ug i (T) = a if —k<z<k
ro(z — k) if x> k.

Obviously u,x € H'(R), ig}f{ua,k(x) = a, G(ugy) = 4F(a)+2kf?(a) and H(uqy) <

k
/ Uq e (Ua e + 2)X[—k (2)U(2)dx = ala + 2)|| X[k, U||. Since by definition h(a) <
—k

E(uqr) = G(ugr) + H(uqr), ii) follows.

iii) It is clear that h(0) = 0. Because f(—1+ \%) =0, 1) and 1) give

AF(=1+ 5)+ (5 = DIUJ < h(=1+ %)

< AF(— 1+\/)+( — DlIxrnUll

S |

for all £ > 0. Passing to the limit as k — oo, we obtain (2.7).
Let € > 0 be arbitrary, but fixed. Take k. sufficiently large so that
lIX[=k kUl > ||U|] — €. Using ¢) and %) we get

(2.9)  4F(a) +a(a+2)||U|| < h(a) < 4F(a) + 2k.f*(a) + ala + 2)(||U]|| — ¢).



Letting a — —1+ 75 (respectively a — 0) in (2.9) we obtain

v v v
h<—1+—)§liminfha < limsup h(a §h<—1+—)+5<1——>,
75) < Jmint h(o) < Bmaup hio NG

respectively
0= h(0) <liminf h(a) < limsuph(a) < 0.

al0 al0

Since ¢ was arbitrary, we infer that h is continuous at 0 and —1 + \%

It remains to prove that h is continuous at any point a € (—1+ T 0). Fix such
an a and let a,, — a. All we have to do is to show that h(a,) — h(a).

Let ¢ > 0 be arbitrary, but fixed. Consider u € H'(R) such that inff{ u(r) =a

S
and E(u) < h(a) + €. By continuity of E, E(%u) — E(u) as n — 00, so
E(%u) < h(a) + ¢ if n is sufficiently large. Since inlf{“;"u(:c) = a,, it follows that
S

h(an) < E(%u) < h(a)+-¢ for all n sufficiently large. Thus limsup h(a,) < h(a)+e.

n—0o0

Now fix 6 € (=14 75, a). For each n sufficiently large (so that a, > 0), choose
u, € H'(R) verifying inff{ Un(x) = ap, a, < u, <0 and E(u,) < h(a,) + ¢ (this is
Te

possible because E(—u~) < E(u), Yu € V, where v~ = —min(u,0)). Note that f
is a Lipschitz function on [§, 0]; let Ls be its Lipschitz constant. Observe that there
exists Cs5 > 0 such that f2(z) > Csz?, Vx € [6,0]. Tt follows that

/ lu! |2dx + Cg/ uidr < G(up) = E(u,) — H(u,) < h(a,) + ¢ — an(a, + 2)||U]].
R R

It is seen from i) and i) that A is bounded on [~1+ 75, 0], hence (u,) is a bounded
sequence in H'(R). Then we have

2
/ a—z\u’n\zdx — / lu/, |*dx — 0 as n — oo;
R R

| /R () — f(un)da
< L; (/R%un — unpd:c);(/R‘f(%un) + f(un)pd:v)é

1

< Ll — 1|</ uid:r)é(/ 2% (Fup) +2f2(un)0l:1:>§ — 0 as n — oo;
R R

|/ (un( 2 +2) = (s +2)) U]
R 2
< (12 — 1 +20 —1]-10]) V]| — 0 as n — oo

Consequently, lim (E(-*u,) — E(u,)) = 0. But in}f{aiun(x) = a and so
n—oo n TE n

hia) < E(iun) < h(a,) +e+ (E(iun) — E(un)>

n an

Thus h(a) < liminf h(a,) + €. Therefore we proved that

n—-—aoo

h(a) — e <liminf h(a,) < limsup h(a,) < h(a) + .

n—-aoo n—s00



Since € was arbitrary, it follows that lim h(a,) = h(a). This proves the continuity
of hat a € (-1+4 75,0). O

Remark 2.4 It can be proved that if U has compact support, there exists u, €
H'(R) such that inlft uq(x) = a and E(u,) = h(a) (that is, there exists a “minimizer
HAS

at level a”). We do not give here the proof because we do not make use of this
result.

If u, could be chosen in order to have a continuous map a — u, from [—1 +
ol 0] into H'(R), then the proofs in Section 5 can be considerably simplified and
the results slightly strengthened. We were not able to prove that a continuous path
of “minimizers at level a” exists for a general U.

3 The case U = g6 (g > 0)

The case U = gd (g > 0) is very simple and one can find explicitly the solutions of
(1.9) (see [4]); however, it is quite instructive and gives a good feeling of what kind
of result can be expected when U is a positive Borel measure.

Consider the functions r,, a € [—1 + \%, 0] introduced in the previous section.

On (—00,0) we have ry = (1) = f(ra) = f'(ra)ry = f(ra) f'(ra) = 5(f*)'(ra), that
s =—(1+7,)+ (1+71,)°— %(1 + 7, — m) Obviously the same is true on
(0,00). Moreover,

lim g (@) = lim f(ra(2)) = f(a),

zT0
i 4, (0) = Iy —(ra(#)) = S (0)

We obtain that r, satisfies (1.9) for U = 2;1‘;)5 (note that —24 > ().
Conversely, let r € H'(R) be a solution of (1.9) for U = gd, g > 0. From
the discussion in Introduction it follows that —1 + 7 < r(z) < 0, Vx € R,

re C*R\ {0}) and (1.12) is true, i.e. 72 = f2(r) on (—o0,0) U (0, 0).

Observe that 0 is not a solution of (1.9) if U # 0. Let I be a maximal interval
such that I € R\ {0} and r # 0, r # —1 4 5 on I. Since ry is continuous on [
and f(r) # 0 if r ¢ {0, —1 4 75}, we have either r, = f(r) on I or ry = —f(r) on
I.

Let a=7r(0). fa=0o0ra=—1+ - 75 it follows from (1.12) that lir% r'(z) =0,
hence r, may be extended by continuity at 0. Moreover, since hII(l) r"(x) exists, the
continuous extension of r, is differentiable at x = 0 and consequently r satisfies

(1.9) for U = 0, that is we must have ¢ = 0. So if ¢ > 0, then necessarily
a=r(0) € (=1+ 75,0). Let

:inf{av<0]7‘#0,7’7&—1—1—\/&5 on (z,0)} and
yr=sup{y >0|r#0,r# -1+ 5 on (0,y)}.

Clearly z; < 0, y; > 0 and the sign of 7’ does not change on (z1,0) and on (0, ;).
Ifr" = f(r) orif r' = — f(r) on (x1,0) U (0,y;), then r satisfies (1.9) with U = 0 on
(x1,y1), a contradiction. If r = —f(r) on (z1,0) and " = f(r) on (0,y1), then r

satisfies (1.9) with U = 2§ and g = 2@

e 21 <0, again a contradiction. It remains



that v’ = f(r) on (x1,0) and 7" = —f(r) on (0,y;). By a standard argument we
infer that z; = —o0, y; = 0o and r = r,. Thus we have proved that (1.9) has no
other solutions than the functions r, introduced in Section 2. Obviously we must
have g = —if—g if r, is a solution.

Note that in the case U = 0, the problem is translation invariant. Following
the above discussion, one easily proves that the only solutions of (1.9) are 0 and
’I“_H_%(- —2z2), z€R.

It is natural to ask then: for a given g > 0, how many solutions are there? The
answer is: exactly as many as the roots of the equation

2f(a)
31) rES
are. Let k,(a) = —iﬁ?. Obviously k, is differentiable on (—1 + \%,O] and a

straightforward computation shows that k] (a) > 0 on (—1—1—\%, a.(v)) and £l (a) < 0

on (a,(v),0), where a,(v) = —1 + /=L V21+4”2. So k, is increasing on [—1 +
75 0x(v)], decreasing on [a.(v), 0], ku(—1+ 75) = k,(0) = 0 and k, has a maximum
at a.(v). Let

(14 V1 + 402 — 20%)/2 — 02
21)\/1+v2+\/1—|—4112 .

Thus, if ¢ < ¢(v), equation (3.1) has exactly two roots a; € (a,(v),0) and ay €
(—1+ \/Li,a*(v)). Clearly a1 | a.(v) and as T as(v) as g T ¢(v). When g = ¢(v),
we have the double root a.(v). If ¢ > ¢(v), (3.1) has no roots. Consequently, if
g < ¢(v) the equation (1.9) with U = gd has two solutions, namely r,, and r,,.
These solutions are “merging” when g = ¢(v). For g > ¢(v), equation (1.9) does
not admit solutions.
Note that the function ¢ is continuous and strictly decreasing on (0, /2],

1@1{8 ©(v) = 0o and ¢(v/2) = 0. Therefore ¢! exists, is strictly decreasing, p~(0) =

(3.2) p(v) = ky(a.(v)) =

V2 and lim ¢~ '(g) = 0. We summarize the above discussion in the following
g—00

Proposition 3.1 Consider the equation (1.9) with the potential U = go.

i) For a fized velocity v € (0,4/2), the equation has evactly two solutions if
g € (0,p(v)), where p(v) is given by (3.2). If g = ¢(v), there exists only one
solution. If g > p(v), the equation does not admit solutions.

ii) Conversely, fit g > 0. Ifv < ¢~ 1(g), we have exactly two solutions of velocity
v. There is only one solution of velocity v = ¢~ 1(g) and there are no solutions of
velocity v > ¢~ *(g).
Remark 3.2 It is obvious that in the case U = gd one has

ha) = B(ra) = 4F(a) + a(a + 2)g.
So the function h is differentiable and

h'(a) =4f(a) +2(a+1)g =2(a+ 1)(g — ky,(a)).
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If g > (v), then h is strictly increasing on [—1—1—\%, 0] and it does not admit critical
points. If g = p(v), it is still strictly increasing, but it has one critical point a,(v).
Finally, if g < ¢(v), we see that the function & is increasing on [—1 + ol as(v)],
decreasing on [a2(v), a1 (v)] and increasing on [a;(v), 0], where a1 (v) and ay(v) are
the two roots of equation (3.1). We have already seen that the two solutions of
(1.9) are 74, (y) and r4,@. Note that 74, (,) is a local minimum of E (for example,
it minimizes E on the open set {u € H'(R) | ;glgu(:v) > as(v)}). The second

solution, r4,(), is a critical point of mountain-pass type of E. Indeed, for each
continuous path ~ : [0,1] — H'(R) such that v(0) = ro1gz and Y(1) = o),
there exists ¢ € [0,1] such that E(y(t)) > E(re,w)) > max(E(r,H%),E(ral(v)))
(when F is suitably extended to H'(R)).

For a general measure U, we do not know the shape of the curve a — h(a).
However, it will be shown in the next two sections that quite a similar phenomenon
takes place.

4 A local minimizer of F

We keep the notation introduced previously. The main result of this section is

Theorem 4.1 Assume that U is a positive Borel measure and ||U|| is finite. Then:
i) There exists n > 0 such that h(a) < 0 for all a € (—n,0).
it) Suppose that there exists a € [—1 + 75,0) such that h(a) > 0. Let ag =

sup{a € [-1+ \%,0) | h(a) > 0}. Then E has a minimum on the open set
Vo ={ue H'(R) | inlgu(x) > ap}.
Te
Proof. i) We have for any 7' > 0

(4.1) h(a) < E(r.) = 4F(a) + /Rra(ra +2)U(x)dx
< 4F(a) + ra(T)(ro(T) + 2)||x-r.n U]l

Let us denote by ¢r(a) the right hand side of the above inequality. Clearly ¢r is
differentiable and

(@) = 47(a) + 20ra(T) + Dl|x-rnUl| o (ra(T))

But r,(T) = T_H_%(T —¢(a)) and so

(4.2) %’f’a(T) = =1L (T = e(a))d(a) = f(ray (T = c(a)))¢(a).
Since T’_H_%(C(a)) = 71,(0) = a, we get 1 = TLIJF%(C(CL))C,((I). Remember that

c(a) < 0 and r’_H%(c(&)) = f(r,H%(c(a))) = f(a). Therefore ¢'(a) = +~. Com-

fla)”
o o Jr_rs s (T=c(a))) ‘
bining this with (4.2), one obtains < (r,(T")) = 2 . After a straight-

da f(a)
forward computation, we get
d 2
4.3 lim — (r,(T)) = e V>¥T.
(13) i <= (ra(T)) = ¢

11



Thus li%l ¢p(a) = 2V |x_ryU||. Now fix T such that ||x_7U|| > 0. Then
¢7 is continuous, ¢r(0) = 0 and h%l ¢r(a) > 0, so there exists n > 0 such that
¢r(a) <0, Ya € (—n,0). This clearly implies 1).
it) Obviously E is bounded from below on V; by Ir[lin ] h(a). Let (r,).en be a
a€lap,0

minimizing sequence for £ on V5. We may suppose that ag < r,(s) <0, Vs € R
and E(r,) < 0. Then we have

(4.4) G(r,) < —/an(rn +2)U(s)ds < —ag(ap + 2)||U]|.

Observe that the function a — 4F(a) 4+ a(a + 2)||U]|| is increasing on an interval
(=147, 1+ 5 +9) for some 6 > 0. In view of Lemma 2.3 7) and i), it follows

that h(—1+ \%) < h(a), Ya € (-1 + it 5t ). Consequently we have
ap > —1+ 75 and there exists Cy > 0 such that f*(z) > Co2?, Va € [ao, 0]. From

(4.4) we infer that (r,) is bounded in H!'(R). Hence there exists a subsequence
(still denoted (r,,)) and r € H*(R) such that

r, — r weakly in H'(R) and
Tp — T a.e. as n — 00.

By lower semicontinuity we have

(4.5) /|7”|2dm§liminf/ 7! |2dw.
R e JR

Using Fatou’s lemma one has

(4.6) /R f?(r)dz < liminf /R fA(rp)dz.

n—oo

Clearly |r,(s)(r(s) + 2)| < |ao|(2 + ag) for all s € R and n € N. Since ||U]| < oo,
Lebesgue’s dominated convergence theorem can be applied and gives

(4.7) /R’I“(T +2)U(z)dr = lim [ r,(r, +2)U(z)dz.

n—oo R

From (4.5), (4.6) and (4.7) we infer that
(4.8) E(r) <liminf E(r,) < 0.

n—od

Obviously r € Vj since r,, — r a.e. We cannot have inlgL r(z) = ag because in this
S

case we would have E(r) > h(ag) > 0, which contradicts (4.8). Hence r € V; and
r is a minimizer of £ on V5. O

Remark 4.2 The assumption of Theorem 4.1, part ) is clearly satisfied if, for
o 8F(—1+-2 8F(—14-%)
example, h(—1+ Z5) > 0, that is if [[U]| < 2

)
— = Let o1(v) = ——2%.
One can see that ¢ is smooth and positive on [0, v/2) and ¢ (0) = %5, v1(0) = 0.
lim 228 — 5
otvaV2w? 12

local minimizer.

If ||U]| < ¢1(v), then necessarily E has a critical point which is a

12



5 A second critical point of F

It is proved below, under certain hypothesis on U, that the functional £ has a
second critical point of “mountain-pass” type.

We suppose throughout this section that the assumptions of Theorem 4.1 are
satisfied. Moreover, we suppose that U has compact support. Let [x,y] be the
smallest closed interval containing supp(U).

We use the following mountain-pass theorem due to Ghoussoub and Preiss [3],
based on Ekeland’s variational principle:

Theorem 5.1 ([3]) Let X be a Banach space and ® : X — R a C" functional.
Let u,v € X and consider the set Iy, of continuous paths joining v and v, i.e.

Ly = {7y € C°([0,1], X) [ 7(0) = u,7(1) = v}.

Define ¢ = irrlf (m[zoix] O(y(s))). Assume that there exists a closed subset M of X
yEl'w,v s€|0,1

such that M= M N{z € X | ®(x) > ¢} separates u and v, i.e. u and v belong to
two disjoint connected components of X \ M¢. Then there exists a sequence (T,)neN
in X such that

i) lim dist(x,, M) =0,

n—oo

i) lim ®(z,) = ¢,

n—oo

i) lim ||®'(z,)||x~ = 0.

A sequence satisfying i) and 1) is called a Palais-Smale sequence. Note that
the usual mountain-pass theorem corresponds to the case M = X.
In order to apply Theorem 5.1, we extend F to H'(R). Fixd € (—1,—1+ )

and consider a function f: R — R such that feCYR ) f=fon d, oo) f
is bounded on (—oco,d]. Define E : H'(R) — R by

_/ W + P(w)de + H(u).
R
Then E is a C" functional on H'(R) and E = E on a neighbourhood of V, = {u €

HY(R) | inlgu(s) > —1+ Z5}. We are going to find a critical point 71 € Vi of E.
s€

Clearly r will be also a critical point of F.

Set
( r) if s<u
(5.1) w(s) = —1 \% if z2<s<y
r_ 1+7( y) if s>y

so that w € H'(R), siglgw(s) = —1+ % and E(w) = h(-1+ J5). Let

Lrw = {7y € C°([0,1], H'(R)) [ 7(0) = r,7(1) = w}
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where 7 is a minimizer of E on V (as in Section 4), and ¢ = iIF1f (rn[aX] E((s))).
yeE raw SE 0,1

We study first the convexity of f2 on [—1 + \%, 0]. One has

o ) v 3?1
(%) (@) =2(3(z + 1) _1_Z_Tm>

So (f2)” is strictly increasing on [-1+ 75,0, (f?)"(=1+ J5) = G+ 3 -

2) < 0, (f9)"(0) = 2(2 —v?) > 0 and f? is concave on [—1 + 75— 1+ Va(v)]
and convex on [—1 + y/a(v),0], where «(v) is the unique root of the equation
3y — (1 + %)y2 — 3% — () in the interval [%,1]. Tt is also easily seen that there
exists f(v) € (—1+ T 1+ v/a(v)) such that (f?)" is positive (and decreasing) on
(=14 ol B(v)) (hence f? is concave, increasing and positive on (—1 + \%,ﬁ(v)))
and (f?)" is negative on (5(v),0). In other words, 3(v) is the maximum point of f?

n (—1,0].

Next, we introduce the following supplementary hypothesis:

H1 -1+ \/a(v) < ag (recall that ap = sup{a € [-1 + \%,O) | h(a) > 0}).

H2 There exists € > 0 such that for any interval I C [z,y] we have / U(x)dx >
I
e|I|, where |I| is the length of I.

Proposition 5.2 Assume that H1 and H2 are satisfied. For 6 > 0, § small,
consider the closed subset of H'(R)

— {ue H'(R) | —1+%+5§£ff{u(s)§ao}.

Then there exists 6 > 0 such that My separates r and w.

Remark 5.3 We assume that H1 holds only for technical reasons (the convexity of
f? in a neighbourhood of [inlf); r(s), 0] is used in proofs). Using only the assumptions
se

of Theorem 4.1, hypothesis H2 and the fact that U has compact support, the

proofs given below still work and it can be deduced, for example, that the set

{fue HHR) | -1+ H+0 < in}f{u(s) < —ntn{ue H(R) | E(u) > }

se
separates 0 and w, where ¢ = irrlf (m[(e)wlc] E(v(s))). We still get a critical point of
Ye 0,w s€|0,

E. However, we are not able to prove that this critical point is different from r.

In view of Lemma 2.3, i), a sufﬁcient (but not necessary) condition for H1 to

be satisfied is that 4F(—1 + y/« — D||U|| = 0. Therefore, if U has
AF(—144/a(v))
compact support and ||U]| < <p2(v), where 902(11) = T(v) then (1.9) has a

second solution r;. Moreover, it will be seen that 1n1£ ri(s) < 1n1£ r(s). Note that
se sE
(9 is continuous and positive on [0,1/2) and ¢5(0) = 2v/2 — g\/é.
The proof of Proposition 5.2 is based on the following three lemmas:
Lemma 5.4 Let u € H'(R) be such that a = inf u(s) > —1 + 75 There exists a

seR
continuous path ¢ : [0,1] — H*(R) with the following properties:

14



i) (0) =
i) ,}fo;wt)(s) >a and E(Y(t)) < E(u), Vt € ]0,1];

iii) there exists z € [x,y] such that (1)(z) = a and P(1)(s) < rq(s — 2) for all
s€R.

Proof. For t € [0,1] set vy = —u~ + tut, where u™ and u~ are the positive,
respectively the negative part of u. Clearly the map ¢ —— wv; is continuous from
[0,1] to H'(R), v; = u and vy = —u~, a < vy < 0. Since the functions s — f%(s)
and s — s(s + 2) are increasing on [0, 00), we have E(v;) < E(u), Vt € [0, 1].

For t € [0, 00) define

Tooa—t)(s —x+1) if s<xz—t
(5.2) u(s) = ¢ vo(s) if z—-t<s<y+t
TUo(y—l-t)(S -y — t) lf S > Yy +t

It is easy to check that ¢ — wu; is a continuous map from [0,00) to H'(R), a <

us(s) <0, Vs € R,Vt € [0,00) and uy — vy in HY(R) as t — oo.
By Lemma 2.2 vii) and Remark 2.1, we have for all ¢ € [0, c0)

([ [ ) + s

/ o(vo +2)U(s)ds
* y+t

> 2F(unfa~ )+ [ h(s) + o)

r—1

(5.3)

+2F(v0(y + t)) + / Uo(Uo + 2)U(8)d8 = E(ut)

x

Since g is decreasing on (—oo, z] and increasing on [y, 00), there exists z € [z, y]
such that ug(z) = b = inlguo(s). Clearly b > a.
sE

If b > a, there exists z; € R\ [z,y] such that vy(z1) = a. Suppose that z; < .
Using Remark 2.1 we have

— 00 y

)+ s

(5.4) _ _Zl +/ +/°°) o) + f2(vo))ds — 2F (vo(x)) — 2F (vo(y))
> 2F (vo(21)) + 2(F (vo(21)) — F(vo())) + 2F (vo(y))
—2F (vo(x)) — 2F (vo(y))

= 4F(a) — AF (vo(z)) > AF(a) — AF(b).

Obviously the same is true if z; > y.

For t € [a,0] set u;(s) = min(ug(s), (s — z)) (note that this definition is not
ambiguous for ¢ = 0). Since the mapping ¢t — r(- — z) is continuous from [a, 0]
to H'(R), we infer that the mapping ¢ — wu; is also continuous.
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Let us show that E(u;) < E(vg), Vt € [a,0]. Fix t. Since a < up < ug < 0 we
have

(5.5) /y u(ug +2)U(s)ds < /y up(up + 2)U(s)ds = /y vo(vo + 2)U(s)ds.

The set Oy = {s € R | ug(s) > ri(s — z)} is open, hence there exists a family at
most countable of disjoint open intervals ((z;,v;))ies such that Oy = User(zi, v;).
For each i € I we have

- either z; = —o0 or ug(z;) = r(x; — 2)
- either y; = 0o or ug(y;) = re(y; — 2).

Then

E(uy) — E(ug) < Z ) (s — 2)|* + f2(re(s — 2))ds
(5.6) il </‘T

- / " (5)P + 12 (uo(s))ds).

If (x;,y;) C (—00,2) or (x;,y;) C (2,00) then
60 [P+ Puls = Nds < [P + Punls)ds

by Lemma 2.2, part vii). Note that if ¢ > b, we have (z;,y;) C (=00, 2) or (z;,y;) C
(z,00) for all i € I. If t < b, there exists exactly one iy € I such that z € (zg,yo)
and (z;,v;) C ((—00,2) U (z,00)) for all other ¢ € I. For iy we have

[ s =2+ Pots = 2yas

( / [ Vit = 2+ P = s

— 2F (uo(%4,))) + (2F'(t) — 2F (uo(yi,)))
and by Remark 2.1,
/yo lug()]* + f2(uo(s))ds > 2| F(uo(ys,)) — F(uo(zi,))|.
Therefore
. / i =2+ £t = s ~ I )+ ol
< 4F(t) — 4 max(F(ug(xi,)), Fuo(yiy))) < 4F(t) — 4F (D).

From (5.6), (5.7), (5.8) and (5.4) we infer that E(u;) — E(ug) < 4F(t) — 4F(b) <
4F (a) — 4F(b) < E(vg) — E(ug). Hence E(u;) < E(vg) < E(u) for all t € [a,0].
Finally, define v : [0,1] — H'(R) by

V1—2¢ if te [0, %]
w(t) - { U, (4t-3) if te (l 1].

Y
2t—1 2
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It is easy to check that ¢ is continuous and satisfies Lemma 5.4. [

Lemma 5.5 Suppose that the hypothesis H1 and H2 are satisfied. There exists
§ > 0 (depending on €) such that for each u € H*(R) verifying

b= infu(s) € [-1+ S R + 0]

seR \/§ \/i

there exists a continuous path X : [0,1] — V. such that

i) M0)=u
i) E(\(t)) < E(u), Yu € [0,1];
iii) AM(1)(s) <0, Vs € R and there exists z € [z,y] such that A\(1)(z) = -1+ 7

Proof. Fix a € (—=1+ 75, 8(v)) sufficiently close to —1+ 7= so that c(a) > z—y.
(The value of a will be chosen later). Recall that 3(v) is the maximum point of f?
on (—1,0] and f? is concave and increasing on [—1 + ol B(v)].

Let u € H'(R) be such that b = inlgu(s) €[-1+ % a)

s€

Consider the path ¢ given by Lemma 5.4 and denote u; = ¥ (1). There exists
z € [z, y] such that u;(z) = b and uy(s) < rp(s — 2), Vs € R.

Let

x, = inf{t < z | ui1(s) < aon (2]},

Yo = sup{t > z | u1(s) < a on [z,t)}.
Clearly uy(x,) = u1(ys) = a. Since uq(s) < (s — z) we have z, < z— (¢(b) — ¢(a))
and y, > z + (c(b) — c(a)). For t € [a,0] define

min(uy(s),r(s —z,)) if s € (—00,x,]
A(t)(s) = q ua(s) if s € (%4 Ya)
min(ui(s),r(s —ys) if s E [ya,0).

Then J; is continuous from [a, 0] to H'(R), b < A\(t)(s) < 0 for all ¢, s and \;(0) =
u1. As in the proof of Lemma 5.4 one shows that E(A(t)) < E(ul) Vt € [a,0].
Denote us = A(a). We have us(s) < rq(s — z,) on (—00,x,], uz(s) = ui(s) on

(%, Ya) and uz(s) < 1a(s — Ya) o0 [y, 00).
For t € [0,b+ 1 — 5] define

min(ug(s), ra—t(s —x,)) if s € (—o00,2,]
Ao(t)(s) = wals) =t if s € (a,Ya)
min(us(s), 7e—t(s —Ya) i S € [Ya,00).

One easily checks that the map ¢ —— Ay(¢) is continuous for the norm of H'(R).
As in the proof of Lemma 5.4 we obtain

/R\[ ] Da(t)(8)2 + f2(Na()(s))ds

< lub(8)|2 + f*(ua(s))ds + 4F (a — t) — 4F (a).

~ JR\[7a,va]
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We have

/ Xo(t)(A2(t) +2)U(s)ds — / ug(ug +2)U(s)ds <0
R\[za,ya] R\[7a,Ya]

because —1 + 75 < Aa(t)(s) < ua(s), Vs € R. Obviously Aa(t)'(s) = w)(s) for

s € (T4, Ya). Therefore
BOu(t) - Blw)
<4F(a—t)+4F(a) + [ fuls) —t) — f2(u(s))ds

La

n /ya (= 2t (s) + 1) + ) U(s)ds.

We have f2(ui(s) —t) — f2(uy(s)) <
the concavity of f2. Since ui(s) + 1
B(hu(t) - Elw) §
<4F(a —t) +4F(a) — 2tff'(a)(ya — Ta) + (12 — \/201) / U(s)ds.

(5.9)

2tf f'(u ( )) < =2tff'(a) for s € [z4,ya] by
+1

>b > % we obtain

V)

(5.10)

Using the fact that y,—2z > ¢(b) —c(a), z—x, > ¢(b)—c(a), z € [z,y], —c(a) < y—=x
and hypothesis H2 (note that this is the only point in the proof of Proposition

5.2 where this hypothesis is needed), we get /ya U(s)ds > ellz,y] N [xa, Ya]| >
e(c(b) — c(a)). Hence

E(X(t) = E(uz) < 4F(a —t) + 4F(a)
—4t(c(b) — c(a)) £ f'(a) +e(t® = V20t)(c(b) — c(a)).
Recall that f is negative and decreasing on [—1—1—\%, al,so F(a—t)—F(a) < —tf(a).
For t < @ we have

E()\z(t)) - E(Uz)

(5.12) < —4tf(a) = 4t(c(b) — c(a)) f f'(a) — 222t(c(b) — c(a))
— [(— 4f(a) + 4f f'(a)c(a) + D2 c<a)) - <4ff’(a) + @)c(b)} ‘.

Ta

(5.11)

By a straightforward computation one has

f(a) v?—2
im = ;
al-14+2% /2(a+ 1)2 =02 2V/2v
: c(a) 2
lim — :
al-1+2 \/2(a + 1)? — 02 2 — 0?2
1 2

alhfffff( a) = 7(5—1)

Consequently, we find that

(5.13) @A (@el@) + 252 cle)  VEe
al—1+7 \/Q(a +1)2 —? 2 —0?
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Hence —4f(a) +4ff'(a)c(a) + #c(a) < 01if a is “sufficiently close” to —1+ 7=
Now choose a € (—1 + \%,ﬁ(v)) such that —c(a) < y — x and —4f(d') +
Aff'(a")e(a’) + # -c(d) < 0foralla’ € [-1+ 5,a]. In view of (5.13), this is
possible.
Next, choose § € (0, 2£2) such that

v/ 20
2

2
G —Af(a)+ 47 @) + 2 a) — (410 + 22 )ed) < 0
forall b€ [-1+ 75, —1 4 75 4 0]. This is also possible because aililrf% c(b) = 0.
Let u € H'(R) be such that b = slgrf{u(s) €[-1+ 5 —1+ 5 +46]. Let ¢ be
the path given by Lemma 5.4 and let uy = ¥(1). De&ne A1 as before. It is clear
that t — A\ (—t), t € [0, —a] is a continuous path in V, joining u; and us = A (a).

Next, define Ay as previously for t € J =[0,b+ 1 — 7] Then the estimates (5.9)
- (5.11) hold. We see that b+ 1 — 7 < ”\{, hence (5.12) is true for all t € J.

From (5.12) and (5.14) we infer that E(A\(t)) < E(us) < E(u), Vt € J. Let

=Xb+1- 7) It is easy to see that 1nfU3( ) =uz(z) = -1+ 7 and Ay is a

continuous path in V; joining u, and us. It ﬂfﬁces to add the paths ¥, A;(—-) and

A2 to obtain a continuous path A : [0,1] — V, = {u € H'(R) | in;f{u(s) > —1+5}
se

such that A(0) = u, A(1) = uz and E(A(t)) < E(u), Vt € [0,1]. This proves Lemma

5.5. U

Lemma 5.6 Letu € H'(R) be such that —1+5 < u < 0 and there exists z € [z, ]

such that u(z) = —1 + Z5. Then there exists a continuous path p : [0,1] — — Vi
satisfying:

i) p(0) =u, p(l) = w, where w is given by (5.1);
i) p(t)(z) = -1+ 75 VtE 0,1];
iii) E(u(t)) < E(u) for allt € [0,1].

E(

Proof. Let v(s) = min(u(s), T_1+%(s—z)). Fort € [0, 1—\%] define pq(t)(s) =
min(u(s),r_4(s — z)). Then p; is a continuous path joining u and v and one shows
as previously that E(u(t)) < E(u) for all t.

For k € [0,00) set p3(k)(s) = min(v(s),u_H%,k(s — 2)), where U142k WS
defined in (2.8). Then uj is continuous from [0,00) to H'(R) (because k ——
U1y g IS continuous) and p2(0) = v. As in the previous lemmas one proves
that E(uz(k)) < E(v), Yk € [0,00). Since v(s) — 0 as s — o0, there exists
ko > 0 such that supp(U) C [z — ko,z + ko] and —1 + \/a(v) < v(s) < 0 for

all s € R\ [z — ko, 2z + ko] Let v1 = p3(ko). Then vi(s) = u_ 1+7 ko (S — z) if

s €I = [z—kotc(—1+/a(v)), z+ko—c(—1+/a(v))] and —1++/a(v) < vy(s

for s € R\ I;. Denote by po the restriction of u% to [0, kol, so that s is a continuous
path and it joins v and v;.

Set us(t) = (1 —t)vy + tu_1+%7k0(- — z), t €[0,1]. Obviously ps3 is continuous
and ps(t) = u_1+%7k0(- —z) on Iy, for all t € [0, 1].
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Since v (s), u_1+%7k0(s —2) € (=14 /a(v),0] if s € R\ I, by the convexity of
f2on (—14+/a(v),0] we get F(us(t)) < (1—t)E(v1)—|—tE(u_1+%7ko(-—z)) < E(u),
for all ¢ € [0,1] (note that E(u,H%’kO(- —z)) =h(=1+ %) < E(u)).

For t € [z — ko, x| set

(t)(s) TLpr%(S —t) if s<t
s) = :
s u_1+%7k0(s —z) if s>t
Denote piy(x) by vy. Clearly puy is a continuous path joining u_1+%,ko(- — z) and
V2.
Finally, for t € [0, z + ko — y] let

B f02<3) lf S§Z+k0_t
ps(t)(s) = rare(s—t) i s>z4ko—t

Then ps is a continuous path joining v, and w. o
Adding the paths p;, 1 < i <5, we obtain a continuous path u : [0,1] — Vj
satisfying Lemma 5.6. [J

5)-

Proof of Proposition 5.2. For a given path v € I',.,, , denote [(t) = 1nf ~(t)

(
The function [ is continuous, 1(0) = inlgr(s) > ag (as seen in Section 4) and (1)
sE

—hl —|—f\/i§. I i(t) € [-1+ J5,0] we necessarily have E(y(t) = E(y(t)) > h(l(t)),
theretore
max E(y(t)) > max  h(a).

te[0,1] ae[—l-ﬁ-%,ao]
Consequently, we have ¢ > [I?ax ]h(a). In particular, ¢ > FE(r) and using
ac|— +%,ao
Lemma 2.3 we infer that ¢ > E(w) = h(—1+ —%).

V2
Fix 0 = d(¢) as given by Lemma 5.5. We show that Proposition 5.2 holds for

this choice of §.

We reason by contradiction. Suppose that M does not separate r and w, i.e.
there exists a continuous path v : [0,1] — (HY(R) \ M) U{u € M;s | E(u) < ¢}
such that v(0) = r and y(1) = w. As before, set I(t) = Siglgfy(t)(s). Let

to =sup{t € [0,1] | I[(t) = ap} and
ty =inf{t € [to,1] [ {(t) = =1+ 75 + 0}

Then 0 < tg < t; < 1 and for t € [ty,t;] we have —1 + Hto< [(t) < ag, hence
v(t) € Ms. By our assumption, E(v(t)) < c for all ¢ € [to,t1]. Let ug = (o),

ur = 7(t).
Using the convexity of f? on [ag, 00) we have

E((1—t)r+tuy) = E(1 —t)r +tug) < (1 —t)E(r) + tE(up) < ¢, Vte[0,1].

Define 71 : [0,1] — HY(R), 11(t) = (1 — t)r + tuy.
We have inlgul(s) =—-1+ \/Li + 6. Therefore Lemma 5.5 can be applied for uy
se

and gives us a path A : [0, 1] — V, such that inf \(1)(s) = min A\(1)(s) = —1+ NG
seR s€[z,y] 2
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and A(1) < 0. Next, apply Lemma 5.6 to A(1) in order to obtain a continuous
path p joining A(1) and w. Adding the paths A and p we obtain a continuous path
Yo 1 [0, 1] — V; such that v5(0) = uy, 12(1) = w and E(y»(t)) < E(uy), Vt € [0,1].

We define a new path in the following way: we start from r and go to ug along
the path 71; then we go from ug to u; along the path t — ~(¢), t € [to, t1]; finally
we go from wu; to w along the path 5. It suffices to make the corresponding changes
of parameter to obtain a continuous path v, € I',,,. Since g{g}f} E(7(t) = E(uo)

and max E(y,(t)) = F(u;), we have
t€(0,1]

E(1,(t)) = E(y(t)) < ¢,
max (7:(t)) nax (v(t) <c

which contradicts the definition of ¢. This proves Proposition 5.2. [J

Proposition 5.7 Assume that the hypothesis H1 and H2 are satisfied. There

exists a solution ry of equation (1.9) and z € [x,y| such that inff{rl(s) =r(z) €
se

[—1+5+0(€), ao], where 6(¢) is given by Lemma 5.5. Moreover, we have E(r1) < c.

Proof.  From Proposition 5.2 and Theorem 5.1 it follows that there exists a
sequence (u,) € H*(R) such that

(5.15) lim dist(un, Mse)) = 0;
(5.16) lim E(uy,) = ¢
(5.17) lim_ B ()| -1 (my = 0.

Using (5.15) we may suppose that inff{un(s) > -1+ 5+ 10(e), Vn € N and so
se

E(u,) = E(uy,) and E'(u,) = E'(u,). Since there exists a constant C' > 0 such
that f2(z) > Ca? if z € [-1 + VoA 10(g),00), (5.16) implies that the sequence
(u,) is bounded in H'(R).

Let a,, = Slél}f{ un(s). For each n, fix a point z, € R such that u,(z,) = a,.

The sequence u,(- — z,) is bounded in H'(R). Passing to a subsequence if
necessary, we may suppose that there exists v € H'(R) such that

(5.18) Un (- — 2,) — u weakly in H'(R).

Using Arzela - Ascoli’s Theorem and passing again to a subsequence, we may
suppose that

(5.19) Un (- — 2,) — w uniformly on each compact K C R.

. : v
It is clear that Slglgu(s) =u(0) € [-1+ 7 +d(e), ag).
Let ¢ € S(R). By (5.17), we have

(5.20) E'(uy)é(- + z,) — 0 as n — oc.
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Au;(s)¢’(s+zn)ds:/I{u;(t—zn)¢’(t)dt—>/Ru’(t)¢’(t)dt

by (5.18) and

/Rffl(un(s))ﬁb(b“ + 2z,)ds — /Rff'(u(t))qﬁ(t)dt as n — 00

by (5.19) and Lebesgue’s dominated convergence theorem.
If there exists a subsequence (z,,) which tends to +00 or to —oo as k — o0,

we would have / (Un,, (8) +1)p(s+ 2, )U(s)ds — 0 as k — oo by the dominated

R
convergence theorem. From (5.20) we obtain

/ ds+/ff Jds =0, V¢ e SR),

that is u satisfies (1.9) (in the distributional sense) for U = 0. On the other hand
we have inlfiu(s) € [-1+ 5+ d(g),a0]. We have seen in Section 3 that this is
se

impossible. Therefore the sequence (z,) is bounded.
Passing again to a subsequence, we may suppose that lim z, = 2z € R. By

(5.19), u,(s) — u(s + z), Vs € R and o

/R(un(s) +1)(s + 20)U(s)ds — /R(u(t) 1)U — 2)dt.

From (5.20) we obtain for all ¢ € S(R)

/ dS"‘/ff dS—l—/( (s) + 1)o(s)U(s — z)ds = 0.
R
Therefore u satisfies the equation

—u(s) + ff'(u(s)) + (u(s) + DU(s —2) =0

or equivalently, r; = u(- + z) satisfies (1.9). Furthermore, m achieves its minimum
at z and r1(2) € [-1+ 5 +0(¢), ag]. From the discussion in Introduction, it follows
that r; < 0 and r; satisfies (1.12) on (—oo, z)U(y, 00). Let a = ri(z) and b = 1 (y).
By a standard argument we infer that r; = r,(- — ) on (—oo,z) and r| = ry(- — y)
n (y,00) so that necessarily z € [z, y].
As in the proof of Theorem 4.1 one has

(5.21) E(r1) = E(u(- + 2)) < liminf E(u,) = c. O

In fact, hypothesis H2 is not necessary for the existence of a second solution of
equation (1.9). It can be eliminated using Proposition 5.7 and a simple approxi-
mation procedure. This will be seen in the next theorem, which is the main result
of this section.
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Theorem 5.8 Let U be a positive Borel measure with supp(U) C [z,y]. Suppose

that ||U|| < pa2(v), where o is the function introduced in Remark 5.3. Then equa-

tion (1.9) admits a solution r with infftrl(s) € [-1+ 75, a0], where ag = sup{a €
se

[—1+ \/LT()) | h(a) > 0}. Furthermore, E(r1) < c.

Proof.  We have seen that if ||U|| < p2(v), then h(—1+ /a(v)) > 0.
For ¢ > 0 define U, = U + €X[sy. Denote by H., E., h. the corresponding
quantities for the measure U.. It is easily seen that h.(a) < h(a), Va € [-1+ T 0]

and h.(a) — h(a) as e — 0, so ho(—1+ +/a(v)) > 0 if € is sufficiently small, say,

if ¢ € (0,e9). For € € (0,¢), define ag. as in Theorem 4.1. Then ag. < ap and E,

has a minimizer 7. on the set Vo, = {u € H'(R) | inlgu(s) > qg.}. Define ¢, as
s€

before. It is obvious that ¢, < c.
Applying Proposition 5.7 for the measure U,, we get a critical point . of E.
and z. € [x,y] such that inff{rl,e(z) = r1e(2) € [-1 4 5 +4(¢), ao]. Furthermore,
sE

we have E.(r1.) < c¢. < ¢, which implies that
2
/ ¥ [2(s)ds < Ex(r.) —/ Perae +29U-(s)ds < e+ (1 - 210
R R

Hence / |r’178|2($)ds is uniformly bounded for ¢ € (0,¢¢). Let a. = r(z) and

b = rl;({y). We know that r. = r, (- — x) on (—oo,z) and 1. = 1. (- — y) on
(y,00). Since =14 7 < re(s) <0 for s € [x,y], we infer that 7. is uniformly
bounded in L*(R), hence r;. is bounded in H'(R). Consequently, there exists
a sequence ¢, — 0 and r; € H'(R) such that r., — r; weakly in H'(R) as
n — oo. Using Arzela - Ascoli’s theorem, we may suppose that r., — 7
uniformly on [z,y|. In fact, the particular form of ., implies that r; ., — 7
uniformly on R and r; = r,(- —x) on (—o0, ), respectively r; = rp(-—y) on (y, 00),
where a = ry(z) and b = ry(y). Clearly the minimum of r; on R is achieved at a
point z € [z,y]. By the uniform convergence, r1(z) € [=1+ 75, o).
For each test function ¢ one has

/erl,en¢,d3 + /R [f(r1e,)pds + /R(l +7r1e,)0U(s)ds + sn/z (1471, )pds = 0.

Passing to the limit as n — oo, we obtain that r; is a solution of (1.9).
The weak convergence of r1., in H'(R) and the uniform convergence on R
imply E(ry) < liminf E(r;.,) <ec. O

Coming back to (1.8), we determine the corresponding phases ¢ and 6, for
the solutions r, respectively r of (1.9). If U has compact support, 6’ and | are
integrable on R because of the particular form of r and r; outside supp(U). We
impose that #(z) — 0, 61(z) — 0 as x — oo. Then §(z) — p, 01(x) — 1y
as x — —oo for some positive constants 1 and p1. Thus we obtain two solutions
A and A; of (1.5). Remark that A and A; tend exponentially to 1 at co and to e
(respectively to 1) at —oo. Vortices are replaced in one dimension by a density
depression around supp(U).

Acknowledgement. [ am very grateful to Professor Jean-Claude SAUT for his
helpful suggestions and advice.
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