
SEMI-PARAMETRIC ESTIMATION OF SHIFTSAND APPLICATION TO ROAD TRAFFIC FORECASTINGF. GAMBOA∗, J-M. LOUBES∗∗ AND E. MAZA∗Desription of the institution : MIST-R ProjetThe framework of the following work is a national researh projet MIST-R (http ://www.math.u-psud.fr/ ACI.html) whose purpose is roadtra�king travel time foreasting. This projet,granted by the frenh national researh enter, with head diretor Jean-Mihel Loubes (CNRSand University Montpellier 2) and loal diretors Mehdi Daneh-Pajouh (INRETS) FabrieGamboa (university Toulouse 3) and Mihele Sebag (CNRS and university Paris Sud) is om-posed of 4 researh teams made of statistiians, informatiians, and professionals of roadtra�, involving 16 people. They aim �rst at understanding the di�erent phenomena ap-pearing in road tra�, mixing both periodi and random e�ets. Then building models ofroadtra�king enables to foreast time travel at short range. Hene, our method relies on aprobabilisti study of real data, whih enables to predit with more auray than standardmethods, whih are based on pure modeling without taking into aount the probabilistiframework. The strength of this projet is to gather the knowledge of both high level resear-hers and ingeneers. Starting from a pratial issue, we use statistial theory to improve theresults, keeping in mind the pratial goal of our projet, whih is the main purpose of appliedmathematis. 1. Methodology for time travel foreastingThe purpose of our study is short term travel time foreasting (up to 4 hours) on theParisian highway network. Here, road tra� is desribed by the veloities of the vehiles.So, we aim at estimating road tra� veloities at all the points of the observation grid. Thedata we use are the following : the Parisian road network infrastruture is equipped withmeasurement stations, loated approximately every 500 meters on the road network. Thesestations measure road tra� evolution by alulating, for every �xed period and all the day,the mean veloity of the vehiles �ow. Using suh large amount of data, our methodology isthe following.� Data lustering : this step is based on a lassi�ation method. Indeed, one a distaneadapted to speed urves is properly hosen, we gather together similar funtions in asmall number of luster, where the meaning of similar is given by the distane. Thus weobtain subgroups representing an arhetype of the evolution of daily vehile veloities.� Strutural estimation : here, our goal is to extrat the feature from the whole urvesontained in the group. This is the point we want to stress in this paper. In this ase,all the urves seem to be dedued one from another by a single shift, see for exampleFigure 1(a). We observe speed urves with a same tra� jam or speed redution but withdi�erent starting times of the phenomenon for eah urve. So, for eah luster we need1



2 to �nd the best representative pro�le, i.e the strutural estimator, whih an be done byestimating the shift parameters. Indeed, beause of these shifts the mean urve is notrepresentative enough and does not onvey the true information. In our example, see themean urve with dotted line on Figure 1(d).� Real time lassi�ation for foreasting : this �nal step onsists in omparing real timedata to the di�erent arhetypes seleted in the previous step and using the losest modelto foreast the lose evolution of the veloities of the vehiles.Combining these di�erent strategies leads to a omplete methodology for short time traveltime foreasting. This work is still under proess but the �rst results we obtained are veryenouraging, improving the standard foreasting proedures. See for example Figure ??.2. Strutural estimation with shifts estimationShift estimation - the framework:More and more often, the outome of an experiment is not a random variable, but a noisysample of urves. Examples of suh data might be growth urves, longitudinal data in me-diine, speeh signals, tra� data or expenditure urves for some goods in the eonometridomain. The individuals usually experiene similar events whih are explained by a patternbut the starting time of the event ours sooner or later. Hene, omputing a lassial repre-sentative urve for this sample severely distorts the analysis of the data. Indeed, the averageurve (usually the mean or the median) oversmooths the studied phenomenon and distortsthe reality. Hene the solution we propose is a two step strategy� First estimate deformation between the urves,� Then apply the inverse of the deformations to align the data and be able to estimate thefeature of the observed phenomenum.Sine many years, some work has been done to �nd a representative of a large sample of loseenough funtions.Matematial modeling:A sample of funtions may be modeled as follows. We observe, for eah urve j, j = 1, . . . , J ,at onseutive times tij, i = 1, . . . , nj, noisy data yij. We assume that there exists funtions
j = 1, . . . , J (fj) suh that the measures yij, j = 1, . . . , J, i = 1, . . . , n are

Yij = fj(tij) + εij, j = 1, . . . , J, i = 1, . . . , n,where (εij)j=1,...,J, i=1,...,n
are i.i.d. random variables, representing the observation noise and

n stands for the number of observations for eah urve. So, we assume that the funtions
(fj) are lose from eah other in the sense that there exists an unknown arhetype f andunknown warping funtions (hj)j=1,...,J

suh that
∀j ∈ {1, . . . , J}, ∀t ∈ [0, T ], fj(t) = f ◦ hj(t).In our study, we assume that the observations an be written as a regression model, where weobserve for eah individual j ∈ {1, . . . , J} an unknown funtion f translated by parameters

θ∗j ∈ R, whih are to be estimated in order to align the shifted urves and then build anestimator of the funtion f . Hene we an write
Yij = f

(

tij − θ∗j
)

+ εij.



3Methodology:The di�ulty of the work is that the estimation of the shift parameters an not rely on thepattern f whih is unknown, but these quantities are deeply linked. That is the reason whywe will use an M-estimator built on the Fourier series of the data given by the oe�ients
djl, j = 1, . . . , J, l = −(n − 1)/2, . . . , (n − 1)/2. We have onsider the estimation problemin the frequeny domain. Under identi�ability assumptions, we provide a onsistent methodto estimate (

θ∗j
)

j=1,...,J
when f is unknown. The estimator we onstrut relies on semipa-rametri estimation theory and is de�ned as the solution of the following minimizationproblem

Mn((θ̂j)j=1,...,J) = min
θ

(...) .We prove that these estimators are lose to the real shift and that �utuations of our estimatesare asymptotially Gaussian. We alos provide an e�ient algorithm to ompute the sifts and�nally build the strutural estimator of the arhetype.Numerial results for roadtra�king data:For our tra� data example, the results are the followings. Figure 1(a) represent a partiularluster on a partiular ounting station. Figure 1(b) shows estimated shifts. Shifted urvesare plotted on �gure 1(). So, in this homogeneous luster, where only a shift phenomenonappears, di�erene are obvious between the mean urves in �gure 1(d) of shifted urves (solidline) and of primary urves (dotted line). Hene, the shift estimated mean is learly morerepresentative of the individual behaviour.
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Fig. 1. On Figure (a), we see the observed data in an homogeneous laster.Figure (b) shows estimated shifts and shifted urves are plotted on Figure 1().Figure 1(d) shows the mean of shifted urves (solid line) and of primary urves(dotted line).


