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ORACLE INEQUALITIES FOR NEW INVERSE PROBLEMS AND MODEL
SELECTION *
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Abstract. In this paper, we develop new algorithms for parameter estimation and model selection
in the case of models type Input/Output in order to represent and to characterize a phenomenon
Y. From experimental data Yi,...,Y, supposed to be i.i.d from Y, we prove oracle inequalities
qualifying the proposed procedures in terms of the number of experimental data n, computing
budget m and model complexity. The methods we present are general enough which should cover
a wide range of applications.
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INTRODUCTION

As in many statistical problems, we are interested to investigate the stochastic behaviour of a random
variable Y. We have at disposal an i.i.d sample Y7, ..., Y,,. These data come from experiments that could be
real or the result of a computer code. In an industrial context, it is not rare that the size of the available
set of data is small. This is due either to the cost of each real experiment or to the very long time needed
for each run of a simulation code. It is encountered in various field of industry: meteorology, oil extraction,
nuclear security, aeronautic, mechanical engineering etc ...

Besides these costly experiments or codes, various reduced models are available. Even if they still are
complicated, one can use them to simulate in a reasonable computing time and obtain large samples from
simulations. Of course, these reduced models depend on parameters that are not well known and need
to be estimated. So that the reduced models take the following form: (x,0) € X x © — h(x,0). It is
important to note that when the model h varies, the set of input variables X and parameters © may change
too. Moreover, theses variables are not directly related to the "conditions" leading to the "experimental"
data Y7, ...,Y,. Indeed, in our study, we don’t suppose having the data (x1,Y71),..., (Xn, Ys) which differs
our framework from the classical regression one. That’s why we assume that the available data reduced to
Y1, ..., Y,: this includes the cases where the experimental conditions are not available or where the input of
the complex code, modeling the phenomenon, are not clearly related to the input of the reduced models.

Let us take an example of particular interest coming from EADS * Research department: the effect of an
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electromagnetic field on the behaviour of an aircraft. When lightning or an electromagnetic field strike an
aircraft, sensors measure data corresponding to the intensity of such field in various part of the aircraft.
The data recorded are dispersed due to the intrinsic variability of the phenomenon. In our framework,
information of one sensor is represented by the sample Y7, ...,Y,,. On another side, we dispose of several
computer codes h modeling the lightning phenomenon in function of input variables z. These input vari-
ables take the following form, z = (x, 8), where x represents variables not well controlled and 8 a vector of
parameters to be estimated, corresponding to lightning properties (angles, atmospheric conditions etc...).
The uncontrolled variables x will be modeled by a random variable X.

In this case, the computer code are complex systems, i.e the result of interconnected disciplines providing
a granular modeling. Actually, one disposes of a set of models H covering all available models: from the
simplest to the most complicated. Hence, another important issue would be to "select" a model among the
set H for a specific use.

So, shortly speaking, our goal is to construct a Random Simulator, X +— iL(X, 5) with X some random vari-
able, predicting as well as possible the observed data Y7, ..., Y. In this setting, it may be non-significant to
talk about function approzimation. For instance, suppose that Y ~ ([0, 1]) (uniform distribution on [0, 1])
and consider the model h(X,0) = 6; + 02 X where 0 = (01,02) and X ~ U([0,1]). The cases 6; = (0,1)
and 0, = (1,—1), corresponding to models h(x,60;) = x and h(x,03) = 1 — x respectively, produce the
(same) Random Simulator h(X,a) ~U([0,1]) (5 = 0 or 03). Hence, this Random Simulator predicts like
the variable of interest Y but with two different models (the models or the parameters are not identifiable).
Thus, the function approximation approach can be meaningless without preliminary precautions.

This paper is the theoretical part of a work on industrial applications in the field of "Uncertainty Manage-
ment" [4]. We aim at constructing a data-dependent model which outputs are "close to" some observed data
(experimental data). The results we present are theoretical in that the estimation and selection algorithms
we propose don’t include practical implementations. The same is true for the modeling aspect: we deal
with (input/output) models without specifying what can be done in practice. For instance, we do not deal
with the pertinence of the possible metamodels (see [14,20,21,28]). Here, we don’t talk about the impact
of modeling technics, this is let for a forthcoming paper where we will apply some results obtained in this
study in an industrial context.

The main tool of our development is the empirical processes theory. This theory constitutes the mathe-
matical toolbox of asymptotics statistics and was first explored in the 1950’s by the work on Functional
Central Limit Theorem [6]. Along the years, the development of empirical processes theory increased suc-
cessfully thanks to work of many contributors, R.M. Dudley [8], D. Pollard [7], P. Gaenssler [10], Galen R.
Shorack and Jon A. Wellner [9] and others. More recently, many references give a general overview of this
theory with its applications to statistics, for example [16,23,25]. Empirical processes give power tools for
evaluating statistical estimation and inference problems. In particular, estimation based on minimizing a
function was introduced by Huber in 1964 [12] where he proposed generalizing maximum likelihood esti-
mation. The estimators resulting are called M-estimator ("M" for minimizing or maximizing ) [13]. The
class of M-estimators is a broad class because many estimation procedure can be viewed as M-estimation,
maximum likelihood and least-squares estimators are some of the most important examples. Asymptotic
properties of these estimators were widely studied in a general context, and many authors like [23] or [24]
used empirical processes theory which turn out to be a very valuable tool.

We present a general method where the criterion to minimize depends on both experimental an simulated
data. This paper is divided into five parts. In Section 1 we describe our general framework. In Section 2
we establish Theorem 2.1 providing an oracle inequality for inverse problems based on both experimental
and simulated data. In Section 3 we discuss about constants in Theorem 2.1. In Section 4 we tackle model
selection problem and we prove an oracle inequality. Section 5 is devoted to the proofs of the main results.
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1. GENERAL SETTING

1.1. The model

- Probabilistic modeling.

Let (Q2,.A,P) be a probability space. We assume that all random variables are defined on this probability
space.

Let a complex phenomenon modeled by a random real valued variable Y € ), with distribution unknown
Q. Denote by f the associated (Lebesgue) density function. Let assume that Y C [-M, M], M > 0.
Suppose that a n-sample Y7, ...,Y,, is available: we call experimental data.

Next, we suppose that this complex phenomenon can be represented by the outputs h(x, 8) given by models
h which belong to a set H

h: Z=XA%x0 +— )Y
(x,0) — h(x,0)

where X C R? (input space), © C R¥ compact (parameters space).

We equip the input space X with a probability measure P* which forms a probability space (X, B,P*).
The probability measure P* is not supposed to be known, we will only dispose of a sample drawn from this
distribution. In the case where P* is known, without loss of generality, one can simply consider the uniform
distribution on [0, 1] provided to apply a well known probabilistic transformation.

The input vector is a random vector X defined on this space, and so, the output vector h(X, 0) is a random
real valued variable, for each @ € ©.

The space ) is equipped with a g-algebra £ so as to ensure the measurability of the functions

h(va) : (XaBa]Px) - (yag)
X — h(X,0)

Moreover, we suppose given m realizations of the input random vector X,
X1, Xon
which provides m output simulated data
h(X1,0),....,h(X,,,0) forall 6cO.

Remark 1.1. In practice, the data X, ..., X,,, may either arise from a data base (from experiments etc...)
or simply arise from simulations of the random variable X with known distribution P*.

In this paper, we develop a general method for estimating the parameter 6 and/or selecting a model h
among the family H based on the training data

Yl, ceey Yn, Xl, ,Xm .

Owing to the a priori knowledge one can get, four scenarii are likely to appear, see Table 1, where

e "H" means that one dispose of more than one model
e "h" means that one dispose of a unique model only
e "O" means that at least one model is parametric

e "-" means non-parametric

In this general setting, we will keep the notations H and © even if H = {h} or © = {6}.

The method we propose is general enough to include some specific problems met in practice. Indeed, two
kinds of statistical analysis involving inverse problems can be considered: Identification and Prediction.
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FIGURE 1. Example of model outputs with 2 different parameters.

’ [ Model [ Parameter |

Scenario 1. H (C]
Scenario 2. h (C]
Scenario 3. H -
Scenario 4. h -

TABLE 1. Example of current scenarios.

- Identification.

This analysis consists in estimating the "true" parameter * and/or the "true" model h*. It aims at esti-
mating "physical" parameters having a real signification like dimensions or material properties, for instance.
The Scenario 1 and Scenario 2 (see Table 1) could lead to such problems.

- Prediction.
In prediction, one wants to estimate a parameter 8* and/or a model h*, with 6* and h* not necessarily
unique, in order to predict the random phenomenon Y. Informally, one hopes that

M (X,0)~Y.
Here, the parameter 8* and the model A* may have no real signification. It is the case in models calibration
for example.

It seems that prediction and identification provide common techniques but with different objectives. How-
ever, these two procedures can be in "conflict" in some cases, see [29].

Roughly, we can think that prediction procedures generalize identification ones, at the risk of restricting
the parameter space and the family of models. By this way, through this paper, we will adopt a prediction
strategy that includes both calibration and inverse problems.

1.2. Model performance
1.2.1. Motivation

In modeling, one can get a large degree of freedom concerning the models, the parameters, the a priori
knowledge etc..., and the aimed objective. By objective, we mean a specific feature of the unknown random
phenomenon Y: mean, exceeding probability, density function etc...

However, in many cases (EADS applications for example), only a few experimental data are available. But,
if a phenomenon is modeled by full parameterized models (cf. Scenario 1 in Table 1 for example), each
choice of models and/or parameters may lead to different results, see Figure (1). So, a reasonable strategy
would be to find and to work with one model which "represents well" the phenomenon (for us Y) for the
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aimed objective.
We propose to use experimental data in order to adjust a simulating model: we called it Random Simulator
in the introduction.

1.2.2. Tools for evaluating the model performance

Let introduce some tools to evaluate the quality of a model h € H parameterized by 0 € ©.
- Feature of probability measure, contrast and Risk function.

Let a random variable W with probability distribution p. We define a feature of the distribution p as a
quantity p(p) € F (or simply p if there’s no ambiguity), where F will be called the feature space.

Notice that the feature space F can be either a scalar space (mean, threshold probability, etc...) or a func-
tional space (density distribution, cumulative distribution function).

We equip the feature space F with the norm || - ||p which be either the absolute value norm |-| when F C R,
or a Ly-norm (r > 1) when F is a functional space (with functions define on }).

In all what follows, we denote by
P(Ph0) = pn(0)
a feature of the random model output h(X, 8).

Definition 1.1. Contrast function.
We define any function

vV :FxY — R (1)
(psy) — ¥(py)

as a contrast function.
For a random variable W, we use the notation Ey for the expectation under the variable W.
We make the assumption:

Assumption 1.1. We assume that the contrast ¥ satisfies

- for all y € Y, the function p — ¥(p,y) is convex ,

- forall y € Y and p1,p2 € F

[W(p1,y) = W(p2,9)| < Lu(y) llor = pallx
with Ly : YV — R satisfying Ay :=Ey Lg(Y) < 0.

The function Ly (hence the constant Ay ) doesn’t depend on p; and ps.

Example 1.1. Some classical features and associated contrasts.

- F = R: wemay consider p(u) = [wp(du) = E, (W) (mean), p(u) = [ 15 4oop(w)p(du) = p(W > s)
(exceeding probability), etc...

> Mean-Squared contrast

V(p,y)=(y—p)
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- F = {set of density functions}

> log-contrast

Y (p,y) = —logp(y)
> Lo—contrast

W (p.y) = llpll3 = 2p(y)
- etc...

See Table 2, page 11.
Now, we define the risk function.

Definition 1.2. Risk function.
Let pr(0) € F a feature of the random model output h(X,0), and let ¥ an associated contrast. The risk
function (relative to ¥) of the couple (h, ) is defined as

Ry(h,0) :=Ey ¥ (pr(0),Y) . (2)

Example 1.2. Some classical risk functions.
By elementary calculus, we see that

- the Mean-Squared contrast gives a distance between means (up to a constant term)

R (h,8) = (E(Y) = pr(0))* + Var(Y)
- the log-contrast gives the Kullbach-Leibler divergence (up to a constant term)

R‘Il(hva) = KL(fa ph(e)) - E(lOg(Y)) )

where K'L(g1,92) = [log(£)(y) g1 (y) dy,
- the Lo—contrast gives a Lo distance between density functions (up to a constant term)

Ru(h,0) = llpn(8) — fII5 — II£13-

In view of that examples, it make sense to investigate models h or/and parameters 6 providing small risk
values.

Let precise what we mean by complex models in view of statistical using.
- Complex models.

For 6 € O, let consider a feature py (@) of the random model output h(X, ).
We say that h is complex if the feature p,(0) is analytically unreachable in 6.
For instance, if p,(0) = [, h(z,8)P*(dx), this integral is not necessarily tractable, even if the probability
measure P* is known.
Complex models can arise from several ways. For example, the function h(-, @) can have a complicated form
due to the high complexity of the modeling, or the function can be a black box function input/output and
so, not an analytical form.
This situation is very common in engineering, where complex models exist and are only known through
simulations

(X1, h(X1,80)), ..., (X, (X, 0))  forall 6€0O.

This aspect is the principal motivation of our work.
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2. INVERSE PROBLEM.

Now, let us fix a model A in the set H.
Our goal is to compute a parameter 8 € ©, depending on h, making the risk function Ry (h, 8) as small as
possible.
- Oracle.

We want to estimate a parameter * minimizing the risk (2), i.e

0" € Argmin Ry (h,9). (3)
6co

In the literature, the parameter 6* is also called the oracle. This term was introduce by Donoho and John-
stone [5].

Notice that it may exist more than one parameter minimizing the risk Ry (h,0). The minimal risk we can
reach is Ry (h, %), also called ideal risk.

However, the risk function Ry (h,0) is uncomputable (hence 6*) for two reasons. First, the measure Q is
unknown, and second, because we are dealing with complex models.

We aim at computing a parameter 0 that performs as well as the oracle 8%, that is
Ry (h,0) ~ Ry(h,6%).
In the next we establish an oracle inequality of the form
Ry (h,0) < CRy(h,0) + A
We propose the following estimation procedure to built 0.

As @Q is unknown, we replace it by its empirical version

1 n
Qp = E Z 5Yi
=1
based on Y7, ...,Y,. The approximation of the risk becomes

LYW (n(0), )

i=1

Then, it remains the feature p;, (@) which is supposed analytically intractable (for each 8). We propose to
estimate the feature as follows.

- Plug-in estimator.

We denote by p*(0) a plug-in estimator of p, (@) based on h(X4,80), ..., h(X,,,0). We suppose that p}’ (6)
takes the following form

o1 (8) = S (X, 0)) (1)
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FIGURE 2. Example of weight function in the case of the mean (top) and the case of the
density (bottom).

where %ﬁ : Y — F is a weight function depending on the contrast ¥ considered.
For simplicity, we may also call p weight function.

Example 2.1. Examples of weight functions.

- Mean-Squared contrast

L Y
%P(y) ~m
- log-contrast or La-contrast

~h)() = - Kol —)

where K;,(- —y) = +K(-5¥) for a kernel K() and a bandwidth b.

See Figure (2) for an illustration.

Remark 2.1. The weight function -5(y) evaluated at y € Y, can be either a scalar value (- for the

mean), or a function (a kernel for the density), see Figure (2).

without loss of generality, one can see the weight function %ﬁ(y) at a point y € ) as a function,

ply) : A€V r— py)(N).
1

For instance, in the case where —-p(y) = £, the function p(y)()) is constant in .

For notation convenience, we may use the notation Wj_; for a sample Wy, ..., W; of random variables, and
Ew, , will be the expectation under the joint law of (W7, ..., W}).

Definition 2.1. We denote by o}*(0), called simulation error, the error committed estimating the feature
pr(0) by the estimator p}*(8),

5 (8) = [lpy'(8) — pn(0)|le -

By triangular inequality and the fact that Exp(h(X,0)) = Ex, . pi*(0), it holds
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oHO) = 1o (6) ~ (6
= 116}/(6) ~ Ex,_,. o8 (6) + Ex,.. o1 (6) ~ pu(O)]:
= l10}/(6) ~ Exp(h(X.0)) + Ex(h(X. ) — p1(6) s
< 107(6) ~ Exp(h(X.0))|[e + [Exp(h(X.8)) — pu(0)]l
< || X, 0) — Exph(X,0))]|| + 7 (60) 9

=1 .
with
17:(6) := |[ExF(H(X. 8)) ~ 1 (O)] (©

the bias error. For example, in the case where p(y)(-) = Kp(- — y), the bandwidth will depend on m (b,,).

The first term in the right hand side of inequality (5) is a variance (random) term, and the second is a bias
(deterministic) term.
For our statistical analysis, the variability term

% > [B(h(X,.0)) — Exp(h(X.0))]

F

will play a crucial rule whereas the bias term
[Exp(h(X,0)) — pn(0)]|r

behaves like a parasite term.

Assumption 2.1. We assume that the plug-in estimator p}*(0) (4) is uniformly asymptotically unbiased,
i.e it exists some constant b,(m) depending on h and m such that the bias error (6) satisfies

sup by (0) < bp(m) < o0,
6co

and by (m) — 0 with m.

Finally, the criterion we propose to minimize has the form

or
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m

- 1
0= Al;;gergm;qf Ez:: , Y,

We give some examples of estimators 6.

Example 2.2. Examples of estimators.

- Mean-Squared contrast

2

OMszrgmlni i Y, — h(X;,0))

0c6 5 \j=1

- log-contrast

010g = Argmin — Zlog ZKI, Y; — h(X;,0))
ISC)
— j=1

- Ly-contrast

2

EL,_, = Argmin Z Ky(- —h(X;,0))| — — Z ZKb - h(X;,0))
6co i=1j=1
2

Remark 2.2. 1. The estimator 0 depends on the model h, the number of experimental data n and the
number of simulation data m .

2. The number of simulations m have to be thought greater than n (number of experimental data). It
appears natural to think that experimental data are difficult to obtain whereas simulated data are more
reachable.

We recall that the issue is the statistical properties of this procedure taking into account the two kinds
of data: experimental and simulated data, which is non classical in statistics. Indeed, once we define the
procedure for computing 5, we have to qualify the quality of this procedure.

It’s the topic of the following section.

1. Main Result

In this section, we aim at establishing an oracle inequality which provides a qualification of the estimation
procedure previously defined.
We recall that

R\I/(h7 0) =Ey ¥ (ph(0)7 Y) )

0* € Argmin Ry (h,0),
0co

and
m

0= Argmin — Z v Z p(h , Y,
Now, we give some definitions and notations useful for Settlng the Theorem 2.1.

Denote by
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and

K3, = Vim(Es, - P),
the Q-empirical process (based on Y71, ...,Y,) and P*-empirical process (based on Xj, ..., X,,), respectively.
Let the classes of functions

Wew) ={y €Y= T(p(\),y), A€V}, (8)
Piny = {x € X — p(h(x,0))(A), (8,)) € © x V}. (9)
| [ Wi.v) \ P.h) | Ay ]
M-S contrast yi— (y— N2, x — h(x,0), AM
rey 0c0O
log-contrast y— —log (Ky(y — A)), x — Kp(A — h(x,0)), I £1l2/7
rey \B)eO XY
Lo-contrast || y— ||[Kp(- — A2 — 2 Kp(y — M), idem 2(Ifll= + B)
rey

TABLE 2. Example of classes of functions and constant Ay (see section (3.1)).

Next, we use the following notation: let W be some measure and G a class of real valued functions. We
denote by

Wg = /g(u)W(du) geg

and
[Wllg := sup [Wg].
g€eg

With this notation, for a class of functions Gy, : J — R we have

G, — )G, (du
g /y 9()G(du)
- n /y () (@, — Q)(du)
_ % §:j (9(Y:) — E(9(Y))) -
Also, for a class of functions Gy, g : X = R
K= o= 3. (00X, ~E(s(0).

Remark 2.3. The quantities ||G,||g, and |[K7,||g, are nonnegative real valued random variables.

In our applications, the class of functions Gy is W3 vy and Gx is P respectively defined in (8) and (9).

p:h)



12 TITLE WILL BE SET BY THE PUBLISHER

Definition 2.2. Tightness.
Let (W;);>1 be a sequence of real value random variables defined on the probability space (2,4, P).
This sequence is tight if for all € > 0, it exists some compact K¢ C R such that

Vi>1, P(W,eks)>1—¢.

In particular, if the W, are nonnegative, the sequence is tight if for all £ > 0 it exists some constant K¢ > 0
such that
Vizl, PW <K )>1-¢.

Remark 2.4. The constant K¢ in this definition has to be uniform in [ > 1. However, if K¢ is decreasing
with [, we will prefer this constant (which improves the uniform one).

Theorem 2.1. Oracle Inequality for Parameter Estimation.

Under the Assumptions (1.1) and (2.1), suppose that the sequences of random variables ||Gyl|w, ,, and
K3l P are tight. Denote by K ) and K¢\ the associated constants, uniform (or decreasing) in n
and m, respectively.

Let the feature space F equipped with either the absolute value norm, or some L, norm.

Then, for all € > 0, with probability at least 1 — 2¢ it holds

vn

wh(Z‘e( th)e constants I((57)7\I,)7 K(Eﬁh) depend on K(EE\I,), K(EWL), Ay, M and r. B, is a bias factor depending
on bp(m).

S K& [n, ..

Remark 2.5. For a fixed weight function p, notice that the constant K (Eﬁ’q,) depends on the regularity of the
contrast function y — ¥(p,y), and the constant K (Eﬁyh) depends on the regularity of the maps x — h(x, 8).
Hence, we distinguish the effect of the contrast with those of the model regularity. In Section 3 we provide
some examples of constants.

2.2. Some comments

It is of interest to compare the methodology we develop with the classical framework where the feature
pr(0) of the random model output h(X, 0) is analytically tractable. In this case, the estimation procedure
(7) is classically

—~ R

0, = Argmin — > ¥ (p,(6), Vi) ,
6co i

and we can derive immediately an oracle inequality.

Proposition 2.1. Basic Oracle Inequality.

It holds that

Ry (h,8,) < inf (Rw(h,0)) + (10)

2
= Gals,

where -
W‘I’:{yey’_)\ll(ph(e)7y)?0€@}

Proof. The proof comes from a classical calculus in M-estimation, see for example [24] (p. 46) . |
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Most of statistical procedures, as likelihood, regression, classification etc... can be written like (10). Such
procedures have been widely studied with a large literature available. Recently, authors use the Empirical
Processes theory (see [16,23-25] among others) to derive limit theorems. Indeed, the asymptotic (and non-
asymptotic) properties of the estimator 6., can be given from the behaviour of the residual term % 1Gnlls, -
In particular, for identification problem (i.e * is unique), consistency and rate of convergence are derived
from the fluctuations of the random variable |G, ||, , see for example [23].

Suppose for a moment that it exists some constant (uniform in n) such that with high probability

K
”GnHW‘P < D
then by inequality (10), with high probability
Ry(h,0,) < inf (Ry(h 9))+£ (11)
34 b n —_ 96@ v ) \/ﬁ.

Thus, depending on whether the constant K is sharp or not, one can bound properly the estimation error.
To compute such (sharp) constant K is difficult in general, we can refer to [17,19,22, 25].

Inequality (10) can not be applied to our framework because the induced procedure én involves the quantity
pr(0) intractable for complex models.

The result of Theorem (2.1) is non-asymptotic, i.e valid for all n > 1 and m > 1 under mentioned as-
sumptions. The fundamental point of this theorem is the "concentration of the measure phenomenon"
(Ledoux [17], Billingsley [3]) presents in the assumptions, more precisely, when we supposed the tightness
of the sequences of the random variables ||Gy, w4, (Y1.n-dependent) and |[KY,[p,,, (X1.m-dependent).

Moreover, we insist on the fact that the constants K; ) (that bounds |Gyl ) and K ;) (that bounds

1K l1P5.,,) are uniform (or decreasing) in n and m, respectively. The advantage of this uniformity is the
explicit expression of the residual term

KE'V‘II n c
\%) <1+’/m(K<5’h> +Bm)) (12)

depending on the data (n and m) on one hand, and on the constants K(Eﬁ,\p), I_((Eﬁ’h) and B,, on the other
hand. However, although the existence of such constants are proved or supposed, their computation is more
tedious. Indeed, we need results about tail bounds for Gaussian and Empirical Processes. We will discuss
in Section 3.3 how to compute properly such constants using concentration inequalities. Let assume for a
moment the existence of these constants.

We showed that the estimation procedure 6 defined in (7) "mimic" the ideal risk Ry (h, %) = infgeo (Rw(h, 0))

€

K&
Jn

up to the residual term (12). Making m — +o0 , this residual becomes simply which has the same

form as those found in classical cases (11). We find the usual rate of convergence +/n.

In our purpose, the factor
n (3
(1 + ’/E(K@?h) +Bm)) >1

we call simulation factor, is due to simulation used estimating the feature px(@) of the random output
h(X, 6) by a plug-in estimator p}'(0) we defined in (4).

Example 2.3. For unbiased plug-in estimator p}*(0), By, = 0, hence, the simulation factor is simply

n
(1o Zri).
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It appears that for fixed n, one should have a number of simulation data m greater than n. For instance,

for some 8 > 1, if we have

B

B or n (log(n))” ,

m=n

we can make the simulation factor close to 1.

Remark 2.6. The term infgco (Ry(h,0)) in Theorem (2.1) appears as the best (smaller) error one can
make. This kind of error is commonly called approzimation error or systematic error. It can be understood
as the "distance" between the a priori knowledge one has, with the observed phenomenon.

By Examples (1.2) and (2.2), we can write the oracle inequality in Theorem (2.1) in specific cases as
follows.

Example 2.4. Oracle Inequalities in specific cases.

- Mean-squared contrast

~ 2 K& s n, .
(B0~ mi@uis)” < jof () = n(0)) + ~ 222 (14 /2 a, )+ B )
In practice, B,, = 0.

- log-contrast

~ K& n
KL @oe) 1) < o (KLon0).0) + =222 (14215, + 5.

- Ly-contrast
7 2 2 K(EﬁLz) n
_ < j _ _\»L2) _ € .
lon 1)~ 113 < Jut (lon(0) ~ 71 + =522 (14 /2 (15 + )

The terms infoce ((IE(Y) - ph(e))2), infoco (K L(pn(6), f)) and infoce (||on(0) — f||2) are the ideal risks

infgco (Rw(h,0)) in different situations. These examples show clearly that these terms represent a "dis-
tance" between the "target" and the "best" information available, see Remark 2.6. These terms can be
supposed equal to zero, in this case we obtain for example (Ls-contrast)

_ K: o
lon 1) ~ 18 < =52 (14 205+ B )

However, such a priori has to be made with precautions.

3. ABOUT THE CONSTANTS IN THEOREM (2.1)
3.1. Constant Ay

We will show how we obtain the constants Ag in Table (2). Let recall that Y € [-M, M].

- Mean-squared contrast.
Let y€ Y, p1,p2 € F C Y. We have

|y —p1)* = (—p2)?| = lp1—p2ll2y — (o1 — p2)|
lpr — p2|4 M .

IA
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- log-contrast.
Let y € Y, p1,p2 € F, with F C F and F some set of density functions.
Moreover, suppose that it exists some 7 > 0 such that

VpeF p>n

By Taylor Lagrange formula, it exists some 7 € (p;(y), p2(y)) such that

llog (p1(y)) —log (p2(y))| = %|P1(3/)—P2(3/)|

< %m(y) ~ o)

since p > n for all p € F and 7 > 7.
Taking the expectation under the measure Q (with Lebesgue density f) involves the quantity Ey (]p1(Y) —
p2(Y)|) in the right member. By Cauchy-Schwarz inequality

Ey (|p1(Y) = p2(Y)) < o1 — p2ll2 [ fll2,
SO

[1£1l2

By [log (p1(Y)) = log (p2(Y))] < ;

1 — p2l2-

- Ly-contrast.
Let y € Y, p1,p2 € F, with F C F and F some set of density functions.
Suppose that it exists some B > 0 such that

sup |pll2 < B.
peEF

By triangular inequality

lpallz = lo2013] + 2 |p2(y) — p2(v)]
o1 — p2ll3 + 21[p2(y) — p2(y)| -

(1115 = 2 p1(9) = (2113 — 2 p2(v))]

IN A

Taking the expectation under Q and by Cauchy-Schwarz inequality (as before) yields

o1 — p2ll3 + 21 — p2ll2 |1 f]l2
lp1 — p2ll2 (o1 — p2llz + 211 fll2)
2(B+ [ fll2) ller — p2ll2

Ey |(lo1l3 = 2p1(Y)) = (llp2ll3 — 2 p2(Y)|

VASRVANVA

3.2. Constant by(m)

When the plug-in estimator pj’(6) is unbiased, the bias term b}"(0) defined in (6) is zero for all 8 € ©
and m > 0, hence by, (m) = 0 too.
We study the example of the kernel estimator (biased), i.e when the weight function p is a function of the
form

pW)() = Kp(- —y)
K(—5%) for a kernel K() and a bandwidth b.
| -2, for all @ € © we have

o=

where K(- —y) =
Consider that || - |r =
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w(0) = |[Ex(Kp(- —h(X,80))) = pn(0)]2

_ (/y (/X (Ky(y — h(z,0)) — ph(9))Px(dI))2 dy)

Theorem (24.1) in [24] (p. 345) gives the following result.

1/2

Theorem 3.1. Let &q,...,&, € Y an i.i.d sample drawn from a probability density function g and K : Y —
R* some function (kernel). Denote by

~ 1 -1 —&m
g(y)szbK<y b5 )
j=1

If the following assumptions are valid

o llg"ll2 < +o0
o [yK(y)dy=0
o I = [y*K(y)dy < 400,
then there exists a constant Cy such that for all b >0

~ 1
Eﬁl.,mHg - gH% <y (m + b4) .

In particular, the bias term |E¢, | g — g||2 is bounded above by

192 o
V3

In our context, take g = pp(0) and suppose that the assumptions of this Theorem are satisfied, then

m alli;(6>||2 2
by (0) < b= .
h( )7 \/g

Moreover, if supgce oy, (8)]|2 is finite, it justifies the existence of by,(m) = supgece b1 (0) .

3.3. Constants K(‘fﬁqj) and K(Eﬁh)

We detail the arguments for computing the constant K (5/77\1,). The constant K (5/1 h) will be obtained in the
same way.
As defined in Theorem (2.1), these constants are related to the supremum of empirical processes.
We will use special cases of Theorem (1.1) in [15].

- Constant K(Eﬁ,\p) .

We need to extend the Theorem (1.1) in [15] which deals with countable classes of functions. So, we
prove the following proposition.

Proposition 3.1. Let the empirical process G, indezed by the class of functions W; v (defined in (8)).
Supposed that By, . ([Gnllw, ) < oo, it holds that for all t >0

t2
Prvce (IGnlbwisr 2 Bri (Gubwg) +0) < eap (~5glr) (13)
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with v = sup,,eyy Var(w(Y)) .
Proof. Recall that

Weao =y €Y= Y(p(\),y), eV}

and consider that Y = [—M, M].
We define the sets J* = {yf,...,y; } for s > 1 recursively, as follows:

L4 yl :{7M7O7M}

e Assume that the set YV = {y5, ...,yfs} is construct, with increasing elements, i.e y7 < ... <y; .

For j =1,. —1, let
s Y5 + Y5
Y; = 9
and
Vi ={g5,i=1,..is1 — 1}.
e Define

ys+1 — ys U j}ls
with increasing elements.

Remark 3.1. One can verify that
Card(Y*) =2°+1.

Now, define the classes of functions

Wiw)y ={y €Y = ¥(p(A),y), A€ Vs}

and notice that for all s > 1,

Wf,{éz) Wi & Wew) - (14)

By this previous display and the fact that U V¢ is dense in [—M, M|, we have
s>1

Tim WE o Wiw) = U WEw) = Wew)- (15)

S— 00
s>1

The classes of functions W(Sﬁ gy § = 1, are countable (2° 4 1 elements) with values in [—M, M]. Finally,
we apply Theorem (1.1) in [15] to the classes ﬁw& v), we get forallt>0and s >1

2
Py, . <||GnHWf > Ey, . (IGx ||W( W))th) < exp <2U—|—3.Mt/\/ﬁ> (16)

where v, = SUPwews. Var(w(Y)).
We wish to prove that the left and right member of this last inequality converge when s — co.
Write the left member as follows
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Py (IGullwe, o) = Evi L, (IGallw, ) +t)

(5.w) =

= Ey, , ]JHG,,HW? >IEy1“n(|Gn|WE<5)\P))+t>

p.w) =

= Evi. <H|Gn|w(s

py¥) (G

—Ev;_,, (IGnllws )>t> (17)
The inclusions (14) yields

”G”HW(S,;_,\},) < |Gallwe < HGn”W@‘\p) Vs > 1,

(P, )

so the sequence (HGnHW

5 \m) is increasing and bounded, thus it converges. By monotone convergence,
Ps s>1

we obtain that the sequence (Eyl‘_n (||(Gn s

(P, )

)) converges too provided that Ey, , (|Gn|lw;4,) < o0-
s>1 ’

Thus, the sequence ([Gullw: , — By, (IGullwy

A \P))) converges too, and by dominated convergence
£ s>1

the quantity (17) converges to the wanted limit

EYI..n (]J H‘Gn\lw(ﬁ’\p)*]Eyl__n(HGnHW(ﬁ‘q,)) Zt) = PYL." (HGRHW(,;\I/) > EYL."( |GTLHW(5,\1/)) + t) .

For the right member of (16). By similar arguments, one can check that the sequence (vs)s>1 is increasing
and bounded, thus it converges. The limit is v = sup,eyy,, ,, Var(w(Y')) . That concludes the proof.

|
The function t — exp (—m) is decreasing from R? into |0, 1], hence it exists a unique function
& :]0,1[— R% such that
1 t?
Vi>0 k() = —_— . 18
20 w7(t) emp( 2v+3Mt/\/ﬁ) (18)

(Note that for all € > 0, x(€) decreases with n).
Then, we can write (13) as follows, for all € €]0, 1]

]Pyl.m, (”GTLHW(@\{J) > ]Eyl..n(”Gn”W(,s,xp)) + Ii(é‘)) <e
or equivalently

Py . (IGalwge) < Evi, (IGnllwge,) +5(€) 21 —¢.
Thus, one could take the constant f((‘?ﬁ ) equal to

EYl.,n(HGnHW(ﬁ,\II)) + K(E) ’

but the quantity Ey, , ([|Gnllw,, ) seems to be not tractable. We propose to bound it.

Indeed, mazimal inequalities allow to bound such quantities in terms of entropy integrals we will define. Al-
though these methods are known to be not sharp, the bounds we will obtain are of interest for our purpose.
Before, let recall some useful definitions.

Let G be a class of functions and p some probability measure.
An envelope function of the class G is a function G : y — G(y) such that |g(y)| < G(y), for all y and g € G.
Denote by
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|2, = (/ 92(y)u(dy)>1/2 :

The three following definitions are from [25] (p. 83-85).

lg

Definition 3.1. Ls(u) Covering numbers and Entropy.

The covering number N (e, G, La(p)) is the minimal number of balls {j, ||j — gl|2,, < €} of radius e needed
to cover the class G. The centers of the balls need not belong to G, but they should have finite norm. The
entropy is the logarithm of the covering number.

Definition 3.2. Ls(u) Bracketing numbers and Entropy with bracketing.

Given two functions [, u, the bracket [/, u] is the set of all functions g with [ < g < u. An e-bracket is
a bracket [I, u] with [[u — ||z, < e. The bracketing number Npj(e, G, La(p)) is the minimum number of
e-brackets needed to cover the class of functions G.

The entropy with bracketing is the logarithm of the bracketing number.

The bracketing numbers measure the "size", the complexity of a class of functions. We also dispose of a
definition providing at which "speed" the classes grow.

Definition 3.3. Ls(i) Bracketing integral.
The bracketing integral is defined as

4
T (6. 6. L) = [ flow Ny 6. LaGn)ie.

Now we apply Theorem (19.35) of [24] (p. 288), it holds that

Ey, .(IGnlw,w,) < a1 dyy (IWl2e W), L2(Q)) (19)

where

e 7 is some universal constant

e W : Y —R is an envelop function of W ) and

nwm@(/wamwwgua

Remark 3.2. The quantity Jjj (|[W|l2,0, W,w), L2(Q)) is computable if one has the bracketing numbers
Npy(e, Wi oy, L2(Q)) (Ve > 0), see examples in Section 3.4 below.

Finally, setting

KGwy = a1 J (W 2.0, Wiy, L2(Q)) + k(e) (20)

provides the claimed constant.

Remark 3.3. Since the quantity () decreases with n, K'(Eﬁ ) too, and the assumptions of Theorem (2.1)
are satisfied.

- Constant K'(Eﬁ hy-
By the same argument, let consider the empirical process K3, and the class of functions P; 5) (defined in
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(9)) with an envelop noted P : X — R.
We obtain

K&y = a2 Jiy (1 Pll2,0s Pepnys L2(Q)) + k(e)
where ay is some universal constant and & is defined in (18).

3.4. Constants K&m and If((gﬁh) in particular cases

3.4.1. I_((Eﬁ v) for the Mean-squared contrast

Recall that in this case
Wi ={y— (y—2?, A eV}
This class is uniformly bounded by 4 M?, we take the envelop function W = 4 M2. Then, we have

[y = 21)% = (y = X2)? < [\ — Ao Fy),

with F(y) = |2y + 2 M|, and by Theorem (2.7.11) in |25] (p. 164) it holds that

€
Nii(e, Wiwy, L <N([—— )]
(e Wi, L2(Q)) <2|F”2@ Y, | )

Notice that || F|l2,0 <4 M. Since Y C [-M, M|, we have

€ €
N(QIIFz,@’y’l'O SN(ma[—M,MLH) .

The covering number in the right member is bounded by 16 M? /e, so that we finally get

16 M2
Nij(e, Wi,wys L2(Q)) < :

€

Now, we compute the bracketing integral

Wllz,a
I (W20 Wew), L2(Q) = _/0 \/10g (N)(e. Wiy, L2(Q))) de

4M?
1 2
/ Ulog< GM)de,
0 €

and with the variable substitution u = 2 log(16 M?/¢), this integral becomes

IN

+oo
42 M? Vue 2 du.
log(16)

Moreover, since fo+°° Vue %2 du = /27, the bracketing integral is bounded by

Iy (W ll2,0, W,w)s L2(Q)) < 8v/m M.

Finally, we obtain the following constant

K& w) = 8a1Vm M? + k(e) .

(21)
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3.4.2. K&M with the weight function p(y) =y

In this case, the class of functions Psn is
Piny = {x € X —h(x,0),0 €0} (X¥CR?).

We assumed in the introduction that the models x — h(x,0), @ € © are uniformly bounded by M, thus
denoted by P an envelop of P(; p), take P = M.

Moreover, let suppose that the models x — h(x, 8), 8 € O, belong to the Holder space H(X, o, L) (o, L > 0)
defined as

H(X,a,L) = {g: X — R continuous, ||g|la < L}

where ,
|D"g(x) = D*g(a’)|
|z — 2’|~ Le]

lglla = max sup|DYg(z)|+ max  sup
V|<le] zex vilv|=la] za' €X

with |« the largest integer smaller than «, and the differential operator D" is defined as,
for v = (v1,...,vq) € N9

d
oIVl
DV=———— and |v|= g V.
U1 7R )
ov{*...0v} pt

We aim at computing the entropy integral Jjj (|| Pl|2,0; P(sn)> L2(Q)) by integrating the entropy log Njj(e, P n), L2(Q)).
Corollary (2.7.2) in [25] (p. 157) gives an entropy bound for the Holder space H(X, «, 1):

d/a
log V(e B0, 1), @) <K (1) e, (23)

where K depends on «, diam(X) and d.
We supposed that P(; ) C H(X, «, L), and one can easily check that H(X,a, L) = L - H(X,a, 1), where

L -H(X,a,1)={Lg:g9g€ H(X,a,1)}. (24)

Remark 3.4. If P; ) C H(X,a, L), then necessarily L > M. It comes from the fact that [[g[lo > [|g]lo
for all a > 0.

Next, we will use the following lemma.

Lemma 3.1.

N[](ev H(XvavL)v LQ(Q)) = N[](ev L- H(X,(L 1), LQ(Q))
= N[](E/L7 H(X, o, 1), L2(Q)) .

Proof. The first equality is clear by (24). Let ([l;,u;]),_,  be a set of e-brackets covering H(X, o, 1). Then
the brackets ([L1;, Lw;]);,_; , cover L-H(X,«,1) since for g € H(X, o, 1)

I<g<u=LI<Lg<Lu.

Finally, the brackets [L;, L u;| are of size L ¢, and the result follows. a

Using (23), Lemma 3.1 and the inequality

J[] (”P”Q,Qv P(ﬁ,h)7 LQ(@)) < JH (HPHQ@) H(X,Oé,L), LQ(@)) )
it holds for d < 2«
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M L d/2a
I (IPl2.0s Peonys L2(Q)) g\/f{/o (6) de.

hence
1

I d/2c
_ < = -
Ty (1Pll20: Py L2(Q)) < MVE (M> 1—dj2a

Finally, under the condition d < 2 «, we get the constant
B I d/2a 1
€ —
K(ﬁ,h) —(IQMVK (M) W‘FH(G)

Remark 3.5. The condition d < 2« above, means that the dimension of the random input X (equal to
d) is limited by the "smoothness" of the models x — h(x,0), @ € ©. The smoother the models are (i.e o
large), the larger the dimension d can be.

Remark 3.6. The computation of the constants K (5.0 and K (5. are difficult enough to obtain, as we
saw. However, we adopt a nonasymptotic point of view and so such computations are crucial in order to
give sense to the risk bounds.

4. MODEL SELECTION

4.1. Results

In the previous section, for each fixed model h in H, we computed a parameter §h =0 depending on
the model h. Thus we have constructed a family of models

{h(',ah),hGH},
with
h(-,0,) : (X,B,P¥) — (V,€)
X — h(X,0).

where we recall that H is a set of functions Z — ), with Z C R3**,

In this section, we establish an oracle inequality qualifying the model selection procedure we propose. Some
results of this section are inspired from the previous section.
Recall that the risk function is defined as it follows

Ry(h,0) =Ey ¥ (pp(0),Y) forall (h,0)eHxO.
Here, 6 = @h, and the risk is simply function of h: Ry (h, /B\h).
An ideal selection procedure would be to choose the oracle

h* = Argmin Ry (h,ah) .
heH

Recall that

Wi ={y €Y =¥\, y), A€V},
- First approach.
In the same spirit of the section 2, it seems natural to propose the following selection procedure inspired
from (7)
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h= AIf‘LgEI'Eln - 72;\11 (ph Bh) ) . (25)

Let introduce the quantities

D() = 2v e [ sup | 5 [FAX;, BN ~ Exh(X. 0] | + (26)
and
D(H) = sup D(h). (27)
heH

Lemma 4.1. Under the Assumptions (1.1) and (2.1), suppose that the sequence of random variables
IGnllw; v, is tight and let the constant K¢; o defined in Theorem 2.1.

Let the feature space F equipped with either the absolute value norm or some L, norm.

Then, with probability at least 1 — ¢

EN

~ o~ . ~ ]((p,\P)
< inf + + —

Ry(h,05) }ig (R\p(h,eh)) D(H) N

where the constants Ay and c are those of Theorem (2.1).

Remark 4.1. 1. The term K\”Fq” depends only on the number of experimental data Y7, ...,Y,, (through n),
on the contrast ¥ and the weight function p considered (through K¢ G \1/))' Thus, it doesn’t depend on the

models h € H, and roughly speaking, it appears that it can’t be reduced.
2. The term D(H) depends on the "richness" of the class . This term acts as a penalization term.

Finally, the selection procedure (25) provides an oracle inequality with a residual term

where D(H) can be non-negligible.
Can we perform the selection procedure (25) ?

The problem we meet here can be understood following the so-called structural risk minimization, see [27]
or [26] for instance. Indeed, the quantity

n

S w (@), i)

i=1

estimates the risk Ry (h, @h) up to a complexity term. We will see that if we take into account the complezity
of the models h € H in the procedure (25), we can improve it.

- Penalized selection.
The penalization in model selection has been first proposed by Akaike [1] and Mallows [18] in specific cases.
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Since, many authors have contributed to remarkable developments in the area of Model selection and pe-
nalization, we cite [19] with the associated references. We recall here that our goal is not to improve some
well established results in model selection, but to link the model selection theory to our framework. For
this, we adopt the philosophy of [19] without getting into deep details, which would lead to considerations
far from our topic.

Let some penalty function pen : H — R™ and consider the following selection procedure

o~

1 < —
= Argmin = > U (o7 Y; 2
h iger;ﬂim - ; (ph (6n), ) +pen(h), (28)

where we simply add the penalty function pen to the procedure (25).

Theorem 4.1. Oracle Inequality for Model Selection.
Let the penalty function

pen(h) = Ey (\1/ (ph(éh), y) . (pgb(éh),y)) forall heH,

and assume that
VheH pen(h) > pen(h).
Moreover, we suppose that the sequence of random variables ||Gn||W(51\p) is tight. Let the constant Kfﬁ_qj)

defined in Theorem 2.1.
Then, it holds with probability at least 1 — ¢

€

Ro(h,0;) < inf (R (h,0 )+(Pen—§evn)(h)) L Ko
v, 07) = L (eetih Oh N

Remark 4.2. 1. Suppose that pen ~ pen, then the penalized selection would have good performance

since the residual term would be close to % This is better than D(H) + % obtained using the

(unpenalized) procedure (25).

2. For given experimental data Y7, ..., Y,, the term Ki%‘” can’t be reduced (see Remark (4.1)), hence if the

penalty function pen is well chosen, the procedure (28) certainly improves (25).

3. It could seem surprising that the Theorem (4.1) doesn’t need Assumptions (1.1) and (2.1) like the Lemma
(4.1) previously set. In fact, the assumption on the penalty function pen in this proposition is strong enough.
The whole problem will be to evaluate the penalty function pen which depends on the probability measure
Q unknown, and on the feature ph(gh) uncomputable.

The main difficulty is to find a "good" penalty function pen, i.e satisfying

- YheH pen(h)> pen(h)

- pen ~ pen.
These conditions on the penalty function are roughly those in [19]. Recent developments deal with the
penalization choice (data-driven construction), in the case of least-squares regression, [2]. We won’t carry
on the penalization calibration aspect here, it will be considered in a further work.
Using Assumptions (1.1) and (2.1), one can easily check that,

pen(h) < @ , forall heH, (29)

where D(h) is defined in (26).
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Notice that supj,cy, D(h) = D(H) where D(H) is defined in Lemma (4.1).
Then, a possible candidate for pen would be

D(h
pen(n) = 2
which satisfies pen(h) > pen(h) according (29).
Finally, we propose the following selection procedure
E—Argminlzn:q/( ") Y»)+% (30)
oo n vt Ph h)y Li 9 -

Example 4.1. For the weight p(y) =y in the Mean Squared framework.
In this case, Ay =4 M, ¢ =1 and b,(m) = 0. We obtain the following penalty function

m

pen(h) = 4M %Z(h(xj,éh)—laxh(xﬁh))

Jj=1

4 M [(B7, = P¥)(hx)l ,

o~

where hy(x) = h(x,0}) .

5. PROOFS

In order to to prove the oracle inequality of Theorem (2.1), we need the following lemmas.

5.1. Preliminary lemmas

Lemma 5.1. Consider the random functions
y—Y(p(h(X,0),y), 6€O.
We have (a.s.)

sup |Gy, (W (p(7(X, 0))))| < [|Gnllw.a) -
6co

where W; w) is defined in (8).

Proof. The key ingredient is re-parametrization.
Since for all x € X and 0 € O, h(x,0) € Y, conditionally to X = x¢

sup Gy, (W (p(h(x0,0))))] < sup |G, (¥ (p(N)))|

6co AEY
= ||GRHW(5,\I/) :
The right member does not depend on xg, and the result follows. O

Remark 5.1. The left member of the inequality in the lemma (5.1) depends on the model h, contrary to
the right member. Indeed, this last term depends only on the weight function with the associated contrast,
and on n.
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Lemma 5.2. Consider the P*-empirical process K%, and let || - |lp=|-| or || - || and define

[ 1 if ply) is constant, Yye€),
T @MY else

We have

sup [[KZ, p(h(:,0))lr < c|[KZ [, -
6co

where P 1) is defined in (9).

Proof. Let notice that the quantity

KX, (h(-,0)) = % S [A(h(X;,0)) — Exp(h(X, 0))]
=1

j=

can be (up to a factor) either a sum of independent random real variables or a sum of independent random
functions.

-If p(y) € R for all y € Y (we have a sum of random variables).

Taking || - ||[r = | - | the absolute value norm, it comes directly that
1 m
sup ||K% p(h(-, 0 = sup|— p(h(X;,0)) —Exp(h(X,0
OEGII p(h(-,0))][x sup m;[/)( (X;,0)) — Exp(h(X, 0))]
= ||K;||'P(,3,h)

Remark 5.2. In this case, p(y)(A) = p(y) for all y and X in ).
- If, for all y € Y, p(y) is a real valued function defined on Y.

Take || - [r = || - ||r, » > 1, the L, norm. By integration properties and the fact that

sup 2" = (sup 2)",
z2>0 220



we have

sup [[K3, p(h(-, 0))[]» =
6co

IN

Finally, notice that

sup
(0,y)€OXY

and the result follows.

1
m
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. 1/r
sup sup LZ[ﬁ(h(Xpa))()\)—Exﬁ(h(xye))()‘)] ( /y dA)

> 1(h(X;,0)(y) — Exp(h(X,0))(y)]| = K517,

j=1

Remark 5.3. In the case where the weight function is a kernel Kj(- — -), the quantity

K3.o(h(-,0

TZ Kb X 9)) —EXKb(' _h(X’O))]

27

is treated as a sum of independent random functions in the recent work of A. Goldenshluger and O. Lepski
[11]. Here we have made the restrictive assumption that J C [—M, M]. A valuable challenge would be to
extend our results to the unbounded case using [11].

5.2. Proof of Theorem (2.1)

Proof. We denote by

- M(h 0) = Ry (h,0) = Ey

n

v (ph(0)7 Y)

- 7112‘1’ (pn (0
- M (h, ) = IE;/\II(ph 6),Y)

'Mnmha Z\I/ph

- GV (pj'(0)) = \/ﬁ (M,

m

nm(h, 8) = My (R, 6))

1
h O = — nX;,0 d 11 that
where p;'(0) - Z j,0)) and recall tha

6 = Argmin M,,.m(h,0)
6co

(31)
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We have,
Ry (h,0)
= M(h,8) — My, (h,0) + My, (h,8) — My, (R, 8) + My, 1 (h, 6)
=~ (Mn(n,8) — M(1,8)) - inm (0 @nn)) + Mo (1, 8) = Mo (h,8") My (1, 6°)
<0 (31)
ro) ro) 1 m(p * * *
< - (Mm(h,O) - M(h,@)) - %Gn\l' (ph (0)) + Mn m(h 0 ) - Mm(hvg ) + Mm(h,0 )
< (M(n,8) - M1.9)) — =G (4(®)) + %Gnm (p7(67)) + M, (h,6%)
< (M(0,8) = M(31,8)) + =G, (W (o (0) ¥ (57)))
+ M, (h,0%) — M (h,0%) + M(h, 0”

IN

2
< inf (Ry(h,0)) + —=sup |G, (¥ (p"(0)))| + 2 sup |My,(h,0) — M(h,0)|
6co n gcO 0co

since M(h, 0*) = R\I;(h, 0*) = infgee (R\I/(h, 0))

Now, we want to bound the second and third terms in the right member of the last inequality.

1 m
Second term. Since p}'(0) = — Z h(X;,0)) and p — ¥(p,y) is convex by Assumption (1.1), we have
m

j :
the inequality

for all y € Y,

< %Z\P(ﬁ(h(xﬂ)), ).

Then, by the linearity of the measure G,,, it comes

G (¥ (1(0)) < — 3" G (GA(X;,0)))

By Lemma (5.1) we have (a.s)
sup |G (U (P(1(X;5,0)))) < [1Gnllwg v
where Wz o) = {¥(p()\), -), A € Y}, then (a.s)

31€1p|G (W (o' (0))] < |Gnllwisa) -
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Third term. We have

|Mm(ha 0) - M(h’ 0)|

[Ey (¥ (p5'(0),Y) = ¥ (pn(6),Y))|
Ey [ (p4'(0),Y) = ¥ (pn(6),Y)] .

IN

By Assumption (1.1)

W (pp'(0),Y) = W (pn(0),Y)] < La(Y)[lpy"(8) — pr(0)|r .
then

| My (h, 0) — M (1, 0)| < [|p}' () — pr(0)[[r Ey Ly (Y).

Let Ay = Ey Ly (Y) .
Moreover, the inequality (5) yields

Sl

o' () — pr(0)][r <
F

Equivalently, by considering the empirical process KX, = \/m(PX — P*), we obtain

1670(6) = pr(@)lz <~ IS FAC- O)e + )
< % (1K 50 0)[s + v/ by (6) -

Taking the supremum over © and combining the Lemma (5.2) and the Assumption (2.1) gives

sup 7 (6) ~ <>||F<%( 1K llp, ) + VT bA(m)) -

Hence, in (33) we obtain

sup My (1, 0) = M(1.0)| < 22 (5, + Vb (m)

Finally, the following bound holds for the procedure risk

Ay
Gnllwg e +2—F—=

2
N

P(E,) <P(Ey, N Ey;N Es) + P(ES) + P(ES).
Take the following events

Ay

- {R@(hﬁ) < inf (Re(h,0)) + vm

f HG ||W(p ) + 2

. . 2
B = { ot (Ra(0,0) + 2= [Gullw, 0, < Juf (Re(0.0) + 2= K |

Z — Exp(h(X,0))]|| +0;'(0).

( K250 + Vmbp(m))

Now, let notice that for any 3 events Ey, Es, E3 we have by elementary probability calculus

(KX 12, +mbh<m>>}

29

(34)
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and

Ay % Ay _
fo {2 N (K Py + Vi b(m)) < 2 = (chﬁ,h) + mbh(m))} ,
where K Gy and K (5. are such that
PYL,.n(”Gn”W(a,\p) < K(Eﬁ,\ll)) >1-¢

and B
]P)Xl...m(”Kx Hp(ﬁ,h) < K(E,E,h)) >1l-¢

respectively (for all € > 0).
Using the inequality (37) with the fact that P(E2) = Py,  (

K(Eﬁ’h)) , we obtain

GTLHW(,;,\I/) < R(Eﬁ,\ll)) and P(Ei‘}) = le...m(

K:"n||7)(ﬁ,h,) <

) : [ € A‘I’ [ €
P(EY) < Py (R(1:8) < Juf (Ru(h,8) + = Ky +2 7 (e Ky + Vb)) ) + 2.

But note that P(E;) =1, so

2
Jn

Equivalently, we have with probability at least 1 — 2¢

A . - A _
PYl...mxl,...,m (R\p(h,a) < elIelg (R\I;(h70)) + Kfﬁ,\l}) + 2 il (CKfﬁ,h) + \/ﬁbh(m))> >1-2¢.

Jm

Ro(h.0) < inf (Re(h.0 Ko () " (K B
0(1.0) < juf (Ru(1,0))+ =722 (14 /2050 + Bo)

where B
KGuw) =2KGw
K¢
(3 (p,h)
Ky =Agc—=—"~
(p,h) ¥
K.
and
Ay
Bm = m = bh(m) .
K&
(5,¥)
That concludes the proof. O

5.3. Proofs of Theorem 4.1

Proof. (Lemma (4.1)).  For this proof, consider the notations in the proof of Theorem (4.1) and develop
the same calculus than in the proof of Theorem (2.1). O

Proof. (Theorem (4.1)).  This proof is similar to the beginning of the proof of Theorem 2.1.
- M(h) = Ru(h,0n) = Ey ¥ (pn(84).Y)

w@w=%i@@ﬁm@
=1

- Mn(h) =Ey U (p;y(éhy Y)

- My () = 7112”:\11 oi(On). i)

- Gt (1 (B0) = Vi (Mo () = Mo (1)
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1 m
h 9 = — h(X; 01 d 1l that
where p}'(0},) mzz: ;,01)) and recall tha
h = Argmin M., .m(h) + pen(h) (38)
0ce
and
h* = Argmin M (h). (39)
6co
We have,
Ru(h,01)
= M) = My (1) + M (h) = My (B) + My (B)
T T 1 m T T * *
=~ (M)~ M(B)) - N (£5(B1)) + M () + pen(R) = My, (") = pen(h”)
<0(38)

+pen(h*) — pen(h) + M, m(R)
—=C. (¥ (2 0) = ¥ (@) ) = (ven(h) — (M(h) - 21 (1)) )
+ (pen(h*) — (M(h*) = My, (h™)) ) + M ()

IA

Let pen(h) = M(h) — My (h) = Ey (qf (ph(éh), Y) — (p;"(b\h), Y)) . by the assumption
Vhe™H pen(h) > pen(h).

We have ) ) )
— (pen(h) — (M(h) _ Mm(h))> <0

Thus, writing
(pen(h*) = (M(h*) = My (1)) + M(h*) = inf (Ruw(h.81) + (pen — pen)(h)) .
we obtain

~ ~ ~ o 2
< i - il
Ry (h,0;) hlg?fi (Rq,(h,@h) + (pen pen)(h)) + Tn 1Gnllwg.w) »

and with probability at least 1 — ¢

Ro(h,0;) < inf (R (h,0 )Jr(penfﬁéﬁ)(h)) )
w\lt, Uy, = hen w\lt, Up \/ﬁ 5

that concludes the proof. O
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