KOSZUL DUALITY FOR LIE ALGEBROIDS

JOOST NUITEN

ABSTRACT. This paper studies the role of dg-Lie algebroids in derived deforma-
tion theory. More precisely, we provide an equivalence between the homotopy
theories of formal moduli problems and dg-Lie algebroids over a commutative
dg-algebra of characteristic zero. At the level of linear objects, we show that
the category of representations of a dg-Lie algebroid is an extension of the
category of quasi-coherent sheaves on the corresponding formal moduli problem.
We describe this extension geometrically in terms of pro-coherent sheaves.

1. INTRODUCTION

Lie algebroids appear throughout algebraic and differential geometry as natural
objects describing infinitesimal geometric structures, like foliations and actions of
Lie algebras [28, 20]. In this paper, we study the relation between Lie algebroids
and deformation theory, which can informally be described as follows: suppose that
k has characteristic zero and that

x: Spec(A) —— M

is a map from an affine (derived) scheme to a moduli space over k. Then a formal
neighbourhood of M around z is controlled by a Lie algebroid over Spec(A). This
Lie algebroid is given by the vector fields on Spec(A) that are (derived) tangent to
the fibers of .

When Spec(A) is a point, this recovers the well-known relation between defor-
mation problems and dg-Lie algebras, which originates in the work of Kodaira and
Spencer [13] and which has been put forward as a key principle in deformation
theory by Deligne and Drinfeld. The classification of deformation problems by dg-Lie
algebras has been extensively studied and applied [6, 14, 21], and has been given a
precise mathematical formulation in the work of Hinich [9], Pridham [26] and Lurie
[17]. An important idea in these works is to describe the formal neighbourhood
of a moduli space in terms of derived geometry, using its functor of points. More
precisely, one can describe a formal neighbourhood of M around x by a functor

M CAIme/A S; B M(B) X M(A) {ZL’} (11)

sending a derived infinitesimal thickening Spec(A) — Spec(B) to the space of
extensions of 2 to a map &: Spec(B) — M. Such derived infinitesimal thickenings
are dual to maps B — A in the co-category of connective commutative k-algebras,
i.e. the oo-categorical localization of the category of (homologically) nonnegatively
graded commutative dg-k-algebras at the quasi-isomorphisms.

For any reasonable moduli space M, the functor M” satisfies a derived version of
the Schlessinger conditions, which encodes the usual obstruction theory for existence
and uniqueness of deformations [30]. The works mentioned above provide an
equivalence between the homotopy theory of such functors satisfying the Schlessinger
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conditions and the homotopy theory of dg-Lie algebras, at least when A is a field
(see also [8] for an extension to dg-Lie algebras over more general dg-algebras A).

The purpose of this paper is to provide a similar identification of the homotopy
theory of dg-Lie algebroids with the homotopy theory of formal moduli problems, in
the sense of [5, 17]:

Definition 1.2. Let A be a connective commutative k-algebra, where k has char-
acteristic zero. The oo-category CAlgi™ /A of small extensions of A is the smallest
subcategory of the co-category of connective commutative k-algebras over A that
contains A and that is closed under square zero extensions by A[n] with n > 0.

A formal moduli problem on A is a functor

X: CAlg"/A——S8
satisfying the following two conditions:
(a) X(A) ~ x is contractible.

(b) X preserves any pullback diagram of small extensions of A of the form

By—— A

l J(id,o)

B—— A®Aln+1].

Such a pullback square realizes B, as a square zero extension of B by A[n]
(for n > 0).

Geometrically, a formal moduli problem can be thought of as a map of stacks
x: Spec(A) — X that realizes X as an infinitesimal thickening of Spec(A). We
show that such a stack determines a Lie algebroid T4, x, which can be thought of
as the fiberwise vector fields on Spec(A) over X. This construction is part of an
equivalence, with inverse sending a Lie algebroid g to the ‘quotient’ of Spec(A) by
the infinitesimal g-action:

Theorem 1.3. Suppose that A is eventually coconnective. Then there is an equiva-
lence of co-categories

MC: LieAlgd 4 FMP4: Ty,

between the oo-category of Lie algebroids over A and the co-category of formal moduli
problems under A.

The oo-category of Lie algebroids has an explicit description in terms of homo-
logical algebra, as the localization of the category of dg-Lie algebroids over A at the
quasi-isomorphisms. One can therefore think of the above result as a rectification
result, showing that any formal moduli problem admits a rigid description in terms
of chain complexes endowed with algebraic structure. In this sense, Theorem 1.3
provides a complement to the recent work of Gaitsgory and Rozenblyum [5], where
Lie algebroids are defined and studied purely in terms of formal moduli problems.

Remark 1.4. Theorem 1.3 relates formal moduli problems and Lie algebroids on
an affine derived scheme. Using descent methods, one can extend this result to
derived Deligne-Mumford stacks. Recent work by Calaque and Grivaux [3] sketches
extensions of Theorem 1.3 to more general kinds of stacks.

The proof of Theorem 1.3 follows the lines of [17], and relies on a version of Koszul
duality: the small extensions of A are Koszul dual to certain free Lie algebroids over
A, by means of the functor sending a dg-Lie algebroid to its cohomology (as studied
already in [28]). To make efficient use of this result, it is useful to study Koszul
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duality at the level of linear objects as well. More precisely, given a quasi-coherent
sheaf F on X, one expects the restriction «*F along z: Spec(4) — X to carry a
natural representation of the Lie algebroid T4, x. Indeed, we prove the following
result:

Theorem 1.5. Let A be eventually coconnective and let X be a formal moduli
problem on A with associated Lie algebroid Ty;x. Then there is a fully faithful,
symmetric monoidal left adjoint functor

Ux: QC(X) HRepTA/X

which induces an equivalence on connective objects.

As an application of this result, we give a simple (folklore) chain-level description of
the formal moduli problem describing the deformations of a connective commutative
A-algebra (or an algebra over some other operad, cf. Remark 6.18):

Proposition 1.6. Let A be eventually coconnective and let R be a connective
commutative A-algebra. Then the formal moduli problem

Defg: CAlgi" /A S; B CAlg(Modg) X calgModa) {7}

is classified by the dg-Lie algebroid of natural derivations of the map A — R. The
Lie bracket is given by the commutator bracket and the anchor sends a natural
derivation to its component at A.

It is well-known (cf. [29, 12]) that there are convergence issues that prevent the
functor ¥ x from being an equivalence. For example, for any map f: X — Y of
formal moduli problems, the restriction functor

fI : R‘epTA/y — RepTA/X

preserves all limits, while the restriction functor f*: QC(Y) — QC(X) does not.
For this reason (among many others), a more refined geometric theory of sheaves has
been introduced in [1], in which quasi-coherent sheaves are replaced by ind-coherent
sheaves. For our purposes, it seems more convenient to work with the dual notion
of pro-coherent sheaves, which are often equivalent to ind-coherent sheaves by Serre
duality (see [4, Section 9] or Remarks 7.7 and 7.11). For instance, this is the case for
derived schemes which are locally almost of finite type over a field (this condition is
imposed on most objects in the book [5]). The co-category of pro-coherent sheaves
on an eventually coconnective algebra A is an extension

Mods = QC(A) ——— QC'(A) = Ind(Coh%)

of the usual co-category of quasi-coherent sheaves, i.e. A-modules (see Section 7.1).
This extension exhibits much better behaviour with respect to deformation theory.
For instance, we will relate pro-coherent sheaves to (quasi-coherent) Lie algebroid
representations:

Theorem 1.7. Let A be eventually coconnective and coherent, and let X be a formal
moduli problem on A with associated Lie algebroid Tax . Then there is fully faithful
embedding

Repr,,, — QC(X)

whose essential image consists of the pro-coherent sheaves on X whose restriction
to A is quasi-coherent.
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The work of Gaitsgory and Rozenblyum [5] provides an extensive study of derived
algebraic geometry in terms of ind-coherent sheaves, or equivalently (by Serre
duality) in terms of pro-coherent sheaves. In particular, they develop a theory of
pro-coherent Lie algebroids and their representations, which is formulated entirely
in terms of formal moduli problems and their categories of pro-coherent sheaves.
More precisely, they consider a slightly larger oo-category of small extensions of A,
which also contains square zero extensions of A by connective coherent A-modules.
A Lie algebroid is then defined to be a functor

X: CAlg™ /A —— 8

that satisfies the Schlessinger conditions, analogous to conditions (a) and (b) of
Definition 1.2. We will refer to such a functor as a pro-coherent formal moduli
problem, since it has a tangent space functor

Tx: Coh3’ ——8; E+—— X(A®E)

that defines a pro-coherent sheaf on A. Similarly, a representation of a Lie algebroid
is essentially defined to be a pro-coherent sheaf on such a pro-coherent formal moduli
problem [5, Vol. II, Ch. 8, §4].

Remark 1.8. One can think of pro-coherent formal moduli problems as refinements
of formal moduli problems (as in Definition 1.2), which are adapted to ‘almost
finite type’ situations (as considered in [5]). Such situations appear naturally
in deformation theory, because small extensions and Postnikov stages of finitely
presented algebras are typically only almost of finite type.

In terms of linear algebra, the usefulness of pro-coherent formal moduli problems
can be seen as follows. Suppose that A is eventually coconnective and almost of finite
type, and let f: Spec(4) — M be a map to a derived Artin stack which is locally
finitely presented. The formal completion of M at Spec(A) is then controlled by the
cotangent complex L 4/, while the associated formal moduli problem (1.1) is only
controlled by its A-linear dual 7'y x¢. In general, one cannot retrieve L, from
its linear dual, unless it is perfect, for instance. This puts some further constraints
on the map f (and hence on A), such as being finitely presentation.

In contrast, one can recover the cotangent complex L4, from its pro-coherent
dual: indeed, L4/ is a locally almost finitely presented A-module (Definition 7.3),
which implies that L4/ =~ ny 1 in the oo-category of pro-coherent sheaves (this
follows from Corollary 8.9). Accordingly, the formal completion of M at Spec(A)
is completely determined by a pro-coherent formal moduli problem [5, Vol. I, Ch.
5, §1.4]. Because of this, pro-coherent formal moduli problems appear for instance
in the study of D-modules, i.e. ind-coherent sheaves on de Rham stacks (in other
words, on formal completions of points) [5, Vol. II, Ch. 4].

In certain (somewhat restricted) situations, we show that the rectification results
from Theorem 1.3 and Theorem 1.7 can also be applied to pro-coherent formal moduli
problems. In particular, this allows one to study formal completions of derived stacks
(locally almost of finite type) algebraically in terms of dg-Lie algebroids. Our results
make use of a simple point-set model for Lie algebroids in the pro-coherent setting,
based on a certain ‘tame’ model structure on dg-A-modules [1, 25]. Unfortunately,
the resulting tame homotopy theory of dg-Lie algebroids is only well behaved when
A satisfies some rather strict technical assumptions at the chain level (see Warning
8.14). As an important example, these technical conditions are met when k is
Noetherian and eventually coconnective and when

Spec(A) = Ay xam {0}.
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In particular, for A = k we obtain a simple point-set model for the co-category of
pro-coherent Lie algebras over any coherent, eventually coconnective A.

In the cases where we have a good point-set model for pro-coherent Lie algebroids
over A, we show (Theorem 8.2) that there is an equivalence of co-categories

Ty : FMP), —— LieAlgd!

between pro-coherent formal moduli problems and pro-coherent Lie algebroids over
A. Theorem 1.7 can then be refined (Theorem 8.3) to an equivalence

! ~ !
Ux: QC(X) — Repp,
between pro-coherent sheaves on X and pro-coherent 7'y, x-representations.

Outline. The paper is outlined as follows. In Section 2, we recall the basic homotopy
theory of dg-Lie algebroids over a commutative dg-algebra A, in which the weak
equivalences are the quasi-isomorphisms. Our main result (Theorem 1.3) is proven
in Section 5, based on results about Lie algebroid cohomology that are discussed in
Section 3 and 4. Section 6 is devoted to a proof of Theorem 1.5.

In Section 7, we discuss the theory of pro-coherent sheaves on formal moduli
problems and prove Theorem 1.7. Finally, Section 8 describes the homotopy theories
of pro-coherent sheaves and pro-coherent Lie algebroids in model categorical terms.
Using these, we establish extensions of Theorem 1.3 and Theorem 1.7 to the pro-
coherent setting.

Conventions. Throughout, let Q C k be a fixed connective commutative dg-algebra
of characteristic zero and let A be a connective cdga over k. All differential-graded
objects are homologically graded, so that connective objects are concentrated in
non-negative degrees. Homology and homotopy groups are both denoted by ;.
Given a chain complex V', we denote its suspension and cone by V[1] and V0, 1].

Acknowledgements. I am grateful to Ieke Moerdijk and Pelle Steffens for many
useful discussions about the contents of this work, and to the anonymous referees
for their comments, which helped to greatly improve the paper. I would also like to
thank NWO for supporting this work.

2. RECOLLECTIONS ON DG-LIE ALGEBROIDS

In this section we recall the homotopy theory of dg-Lie algebroids over a commu-
tative dg-algebra, based on the discussion in [23].

2.1. DG-Lie algebroids. Recall that the tangent module of a commutative dg-k-
algebra A is the dg-A-module of k-linear derivations of A

Ts = Derp (A4, A).
The commutator bracket endows this complex with the structure of a dg-Lie-algebra

over k.

Definition 2.1. A dg-Lie algebroid g over A (relative to k) is an unbounded dg-A-
module g, equipped with a k-linear dg-Lie algebra structure and an anchor map
p: g — T4 such that

(1) pis both a map of dg-A-modules and dg-Lie algebras.
(2) the failure of the Lie bracket to be A-bilinear is governed by the Leibniz rule
[(X,a Y] = (-1)%%[X,Y] + p(X)(a) - Y.

Let LieAlgdldf be the category of dg-Lie algebroids over A, with maps given by
A-linear maps over T4 that preserve the Lie bracket.
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Example 2.2. Any dg-A-module E gives rise to an Atiyah dg-Lie algebroid At(E)
over A, which can be described as follows: a degree n element of At(E) is a tuple
(v, V) consisting of a derivation v: A — A (of degree n), together with a k-linear
map V,: E — E (of degree n) such that

Vo(a-e) =v(a)-e+ (=1)147q. v, (e)

for alla € A and e € E. This becomes a dg-A-module under pointwise multiplication
and a dg-Lie algebra under the commutator bracket. The anchor map is the obvious
projection At(E) — T4 sending (v, V,) to v.

Example 2.3. Similarly, suppose that E € Modjg has the structure of an algebra
over a k-linear dg-operad P. Then there is a sub dg-Lie algebroid Atp(E) C At(E)
consisting of the tuples (v, V,) where V, is a P-algebra derivation.

The following is the main result of [23]:

Proposition 2.4. The category of dg-Lie algebroids over A carries the projective
semi-model structure, in which a map is a weak equivalence (fibration) if and only if
it is a quasi-isomorphism (degreewise surjective). Furthermore, the forgetful functor
to the projective model structure on dg-A-modules

LieAlgd$® —— Mod%2 /T4
s a right Quillen functor that preserves all sifted homotopy colimits.

Remark 2.5. Let 0 — g — T4 be a fibrant-cofibrant replacement of the initial
dg-Lie algebroid over A. Then there is a Quillen equivalence

LieAlgdS® .’ g/LieAlgd<g.
Using the simplicial structure from [32] and the fact that every object in g/ LieAlgdldf
is fibrant, one finds that g/ LieAlgd‘ig is a genuine (combinatorial) model category.

Definition 2.6. Let A be a cofibrant connective cdga over k. We define the
oo-category of Lie algebroids over A to be the co-categorical localization

LieAlgd 4 := LieAlgd$® [{quasi—iso}fl} .

This is a locally presentable co-category since LieAlgdig is Quillen equivalent to a
combinatorial model category (Remark 2.5).

Remark 2.7. The condition that A is cofibrant over k guarantees that the tangent
module T4 has the correct homotopy type.

Definition 2.8. We will say that a dg-Lie algebroid g is A-cofibrant when it
is cofibrant as a dg-A-module. Every cofibrant dg-Lie algebroid is A-cofibrant.
Conversely, if g is A-cofibrant, then it has an explicit cofibrant replacement Q(g) —
g, described as follows [23, Section 5]: without differential, Q(g) is freely generated
by the A-linear map

(Sym3'all))[=1] —"—> g~ Ty

where 7 is the obvious projection. As a dg-Lie algebra, Q(g) is a quotient of the A-
linear extension of the usual operadic bar-cobar resolution QBg of the dg-Lie algebra
underlying g [15, Theorem 11.3.6] (also denoted £C(g) by Quillen [27, Appendix
BJ). This determines the differential.
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2.2. Representations. Recall that a representation of a dg-Lie algebroid g is a
dg-A-module E, together with a Lie algebra representation V: g ®, E — FE such
that (without Koszul signs)

Vax(e)=a-Vx(e) Vx(a-e)=a-Vx(e)+p(X)(a)-e
foralla € A, X € g and e € FE. Equivalently, a g-representation on E is a map
g—— At(E)

to the Atiyah Lie algebroid of E (Example 2.2). Such representations can be
organized into a symmetric monoidal category Repgg, with tensor product given by
E ®4 F, endowed with the g-representation

Vx(e® f)=Vx(e)® f+e’ Vx(f).

The internal hom is given by Hom 4 (F, F'), endowed with the g-representation by
conjugation.

Example 2.9. Let ‘P be a dg-operad. Then a P-algebra in Repgg is simply a P-
algebra in Mod%# A > equipped with a g-representation acting by P-algebra derivations.
Equivalently, such a P-algebra structure on a g-representation F is determined by a
map of dg-Lie algebroids g — Atp(E) (Example 2.3).

One can identify Repgg with the category of left modules over the universal
enveloping algebra U(g) of g [28, Section 2]. In particular, it carries the projective
model structure, where a map is a weak equivalence (fibration) if it is a quasi-
isomorphism (surjection). We define the co-category of g-representations to be the
associated oco-category

Rep, := Repgg [{quasi—iso}_l}.

Lemma 2.10. Any map between dg-Lie algebroids f: g — § induces a Quillen
adjunction between the projective model structures

fo: Repg® Reph f!

where f' restricts a representation along f. When g and b are A-cofibrant and f is
a weak equivalence, this Quillen adjunction is a Quillen equivalence.

Proof. The map f induces a map of universal enveloping algebras U(g) — U(h),
which gives rise to the Quillen pair (f., f'). The left adjoint f, is given by the
functor £ — U(h) ®y(g) E

For the second part, recall that the universal enveloping algebra U(g) has a
natural PBW filtration, obtained by declaring generators from A to have weight 0
and generators from g to have weight 1 [28, Section 3]. The associated graded is a
graded cdga and comes equipped with a surjective map of graded cdgas

Sym ,(g) — gr(U(g)).

When g is projective as a graded A-module, this map (or rather, the underlying map
of graded graded-commutative algebras) is an isomorphism by the PBW theorem of
[28], which applies verbatim in the graded setting.

Now suppose that f: g — b is a weak equivalence between A-cofibrant dg-Lie
algebroids. The map U(g) — U(b) is compatible with the PBW filtrations and is
given by Sym 4(f): Sym,(g) — Sym,(h) on the associated graded. Since g and b
are cofibrant as dg-A-modules, Sym 4(f) is a weak equivalence. By induction along
the PBW filtration, this implies that U(g) — U(h) is a weak equivalence, so that
(f«, f1) is a Quillen equivalence. O
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Lemma 2.11. Suppose that g is A-cofibrant. Then the category Repgg also carries
a combinatorial model structure where a map is a weak equivalence (cofibration) if
the underlying map of dg-A-modules is a weak equivalence (cofibration).

Proof. We can apply the criterion from [16, Proposition A.2.6.8], using that there are
sets of generating (trivial) cofibrations by [16, Lemma A.3.3.3]. To see that a map
with the right lifting property against the cofibrations is a weak equivalence, note
that it is in particular a trivial fibration of dg-A-modules. Indeed, U(g) is cofibrant
as a dg-A-module (by the PBW theorem), so that any projective cofibration of
g-representations is also a cofibration of dg-A-modules. O

Remark 2.12. The ‘A-injective’ model structure from Lemma 2.11 has the following
properties:

(1) The identity functor is a Quillen equivalence from the projective to the A-
injective model structure (both have the same weak equivalences). In particular,
the oco-category Rep, can also be studied using the A-injective model structure.

(2) For any map f: g — h between A-cofibrant dg-Lie algebroids, the functor f
is the left adjoint in a Quillen pair between the A-injective model structures
f Repgg Repgg: fi.
The right Quillen functor fi sends E to the coinduction Homy, g (U (h), E).
This is a Quillen equivalence when f is a Quillen equivalence, because the
(left derived) functor of co-categories f*: Repy, — Rep, agrees with the right
derived functor of Lemma 2.10.

(3) The A-injective model structure manifestly defines a monoidal model structure
on Repgg, and each f' is a monoidal left Quillen functor. It follows that Rep, is
a closed symmetric monoidal co-category [19, Example 4.1.7.6, Lemma 4.1.8.8].
In fact, when g is A-cofibrant, one can show that the projective model structure
satisfies the pushout-product axiom as well: this uses that the tensor product
of free representations U(g) ® 4 U(g) is isomorphic to the free representation
generated by U(g). However, the unit A is not cofibrant in the projective
model structure.

In particular, the properties from Remark 2.12 imply that a map between A-
cofibrant dg-Lie algebroids f: g — b induces a symmetric monoidal functor
fh Repy, — Rep, between presentable (closed) symmetric monoidal oo-categories.
Since the oo-category of Lie algebroids can be obtained from the category of A-
cofibrant dg-Lie algebroids by inverting the quasi-isomorphisms, we obtain a functor

Rep: LieAlgdy —— Prl 00 /Mody := CAlg(Pr™)/Mod

to the oo-category of presentable (closed) symmetric monoidal co-categories over
Mod 4. This functor sends g to the forgetful functor Rep; — Mod 4 (or equivalently,
the functor restricting along the map of Lie algebroids 0 — g). For a more precise
description of this functor in terms of fibrations, see Section 6.2.

Lemma 2.13. The functor Rep preserves all limits.

Proof. We can forget about the symmetric monoidal structures, since the forgetful
functor Pré“ym_monv — Pr¥ preserves limits and detects equivalences. For any map
f: g — b, the restriction functor f' is both a left and a right adjoint. It therefore
suffices to show that the functor Rep: LieAlgdy — Prf/Mody4 preserves limits.
To see this, consider U(g) as a unital associative algebra in the category of

dg-A-bimodules (over Q), using the map of algebras A — U(g). The category of
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dg-A-bimodules carries a monoidal model structure, whose weak equivalences and
fibrations are transferred along the forgetful functor BiModdAg — LModig. Since
we are working in characteristic zero, there exists a transferred model structure on
the category of associative algebras in BiMod(j‘g as well. By [19, Theorem 4.1.8.4],
this is a model for the co-category of algebras in the monoidal co-category BiMod 4
of A-bimodules (in loc. cit., the monoid axiom and symmetry of the monoidal
structure are only used for the existence of a model structure on algebras).
The functor Rep now factors over the co-category of algebras in A-bimodules

LMod

LieAlgdy —Y— Alg(BiMod 4) PrR /Mod. .

The functor LMod preserves all limits by [19, Theorem 4.8.5.11] (see the remarks
just above Corollary 4.8.5.13 in loc. cit.). It remains to verify that I/ : LieAlgd , —
Alg(BiMod A) preserves colimits. At the chain level, U admits a right adjoint,
sending an algebra B to the dg-Lie algebroid of tuples (b € B,v € T4) such that
[b,a] = v(a) in B. Because it is not clear to us that this adjoint descends to the
level of co-categories, we will verify by hand that I/ preserves (homotopy) colimits.
First, observe that U preserves sifted colimits, since the composite

LieAlgd , —“— Alg(BiMod 1) ~2% BiMod 4
preserves sifted colimits by [23, Theorem 4.22]. To see that U: LieAlgd, —
Alg (BiMod A) preserves finite coproducts, note that LieAlgd 4 is generated under
sifted colimits by free Lie algebroids F(V') on A-modules V', equipped with the zero
map 0: V. — Ty (cf. [23, Corollary 3.8]). It therefore suffices to verify that the
composite

Mods —— LieAlgd ; —%— Alg(BiMod 4)

preserves finite coproducts. Unravelling the definitions, one sees that for any
cofibrant dg-A-module V', the dg-algebra U(F(V)) is naturally equivalent to the
A-linear tensor algebra T4 (V). In other words, the above functor is naturally
equivalent to the functor

Mod 4 —=— BiMod 4 —%5 Alg(BiMod.)

sending an A-module to the free algebra on V', considered as a symmetric A-bimodule.
This functor clearly preserves colimits. 0

3. LIE ALGEBROID COHOMOLOGY
The purpose of this section is to prove the following:

Proposition 3.1. Let A be a cofibrant commutative dg-k-algebra. There is an
adjunction of co-categories

C*: LieAlgd, . (CAlg,/A)™: D (3.2)

between the co-category of Lie algebroids over A and the oco-category of unbounded
commutative k-algebras over A (i.e. cdgas up to quasi-isomorphism). The right
adjoint sends B — A to the dual in Mod 4 of the map between cotangent complexes
Lay— La/p (overk).

On A-cofibrant dg-Lie algebroids, the left adjoint in (3.2) is given by the Chevalley-
FEilenberg complex (with trivial coefficients). Recall that for any representation E of
a dg-Lie algebroid g, this complex (with coefficients in F) is given by the graded
vector space

C*(g,E) := Homy (SymAg[l], E)
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with the usual Chevalley-Eilenberg (or de Rham) differential (without Koszul signs)
(0a)(X1,..., Xn) = 0p(a(X1, ..., Xn)) = Y a(Xy,...,0X;,..., Xp)

i
+3 vy, (a(Xl, . ,Xn)) - Za([Xi,Xj],Xl,...,Xn).
i i<j
There is a natural k-linear augmentation map C*(g, E) — E, evaluating at the
unit element of Sym 4 (g[1]).

Remark 3.3. The shuffle product of forms defines a lax symmetric monoidal
structure on C*(g, —), which is compatible with the augmentation in the sense that
there is a commuting square

| J

E@QyF —— E®a F.

In particular, taking coefficients with values in the commutative algebra A, one
obtains a functor

C*: LieAlgd®® —— (clegig /A) " g O (g) = C*(g, A).

For every dg-Lie algebroid g, the Chevalley-Eilenberg complex yields a lax symmetric

monoidal functor C*(g, —): Rep‘gig — Mod‘éi(g).

The proof of Proposition 3.1 is given at the very end of this section and uses some
formal properties of the Chevalley-Eilenberg complex. To understand these proper-
ties, it will be useful to first give a slightly more model-categorical characterization
of the Chevalley-Eilenberg complex.

3.1. The cotangent complex of a Lie algebroid. Consider the right Quillen
functor

gD (—): Repgg —— LieAlgd% /g

sending a g-representation F to the square zero extension of g by E. If we denote
the value of the left adjoint functor on g itself by YT, then the other values of the
left adjoint are given by

(/15— 8) — £ Xy = U(8) Ducr) T, (3.4)

Definition 3.5. Let g be an A-cofibrant dg-Lie algebroid. The cotangent complex
Lg of g is the value of the left derived functor of (3.4) on the identity map of g. In
other words, it is the universal g-representation classified by

Mapy(g)(Lg, ) ~ Map (9,00 E).

Example 3.6. Let g = F(V) be the free dg-Lie algebroid generated by an A-
linear map V' — T4 whose domain is cofibrant. Then g is a cofibrant dg-Lie
algebroid and for any g-representation FE, there is a natural bijection between
sections g — g ® E and A-linear maps V' — E. It follows that Ly = U(g) ®a4 V
is the free g-representation generated by the dg-A-module V.

More generally, one can use the cofibrant replacement Q(g) of Definition 2.8 to
compute the cotangent complex:
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Proposition 3.7. Let g be an A-cofibrant dg-Lie algebroid. Then the cotangent
complex Ly can be modelled by the cofibrant left U(g)-module

Ly =U(g) @4 (Sym3'g[1]) 1] (3.8)
with differential given (modulo Koszul signs) by
OueXy.. . Xn)=(0u)@X; ... Xy + > u®X;...0X;)... X,

(n>1)
Y X @X) X+ Y u® (X X)X X, (3.9)
i i<j
The first term in the second line only applies when n > 1.

Proof. Since g is A-cofibrant, it suffices to find a g-representation corepresenting
the functor

Repgg —— Set; E+—— Hom,4(Q(g), E).
By [23, Corollary 6.16], there is a natural bijection between maps Q(g) — g& F
over g and O-cycles in the kernel of the augmentation map C*(g, E[1]) — E[1]. On

the other hand, unwinding the definition of the complex Ly in (3.8), one sees that
there is a short exact sequence

Homy(g)(Lg, E) —— C*(g, E[1]) —— E[1]. (3.10)

Passing to O-cycles, one finds that the complex Ly given in (3.8) indeed represents
maps Q(g) — g ® F over g. O

Remark 3.11. The cotangent complex (3.8) comes with a U(g)-linear map
Ly = U(g) @4 (Sym3'ol1])[-1] — Ulg)

sending u ® X7 ...X, to zero when n > 1 and to u - X; when n = 1. The Koszul
complez K (g) of g is the mapping cone of this map. It fits onto a cofiber sequence

Ly U(g) K(g).

Unravelling the definitions, K (g) can be identified with ¢(g) ®4 Sym 4 (g[1]), with
differential given by formula (3.9), but where the term in the second line is also
included when n = 1. The Chevalley-Eilenberg complex C*(g, E) can be identified
with Homy ) (K (g), ), so that the above cofiber sequence induces (a shift of) the
fiber sequence (3.10) on mapping complexes.

Remark 3.12. The composite map

Ly=U(g) ®a (Symilg[l])[—u U(g) woul g

is equal to zero, so that there is a U(g)-linear map K(g) — A. When g is A4-
cofibrant, this map is a weak equivalence. Indeed, the PBW filtration on U(g) (see
the proof of Lemma 2.10) and the filtration on Sym 4 (g[1]) by polynomial degree
determine a total filtration on the Koszul complex K(g). The map on the associated
graded is the obvious projection

Sym 4 (g[0,1]) = Sym 4(g) ®4 Sym, (g[1]) — A

from the symmetric algebra on the cone g[0, 1], which is a weak equivalence.

In other words, C*(g, E) is a model for the derived mapping space Homy,(g)(4, E).
The lax symmetric monoidal structure on C*(g, —) arises from the fact that A is a
cocommutative coalgebra in Repgg .
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3.2. The free case. When g = F(V) is the free dg-Lie algebroid generated by a
cofibrant dg-A-module over T4, we now have two different (but weakly equivalent)
descriptions of the cotangent complex Ly: Example 3.6 simply evaluates the left
Quillen functor (3.4) on g itself, while Proposition 3.7 computes the value of (3.4)
on the ‘cobar’ resolution Q(g). Of course, the first description is significantly smaller
than the second. To compare the two, note that there is a canonical section of the
map Q(g) — g, induced by the canonical inclusion

Ve—s g— (Symagll]) (1] € Q(g).

Applying (3.4) to this section produces a weak equivalence between the two models
for the cotangent complex Ly, given by the U(g)-linear extension of the above
inclusion

U(g) @4V —U(g) @4 (Sym3'g[1])[-1].
Restriction along this map induces a weak equivalence to a significantly smaller
complex

k: C*(g,A) —— AV = A®,v Homu (V[1],A); ar—— (a(l),a’v[l]).

The codomain AV has the natural structure of a commutative dg-algebra, the square
zero extension of A by V[1]Y = Homx(V[1], A) classified by the map

PV Qa—— VY dgrat—— (v — p(v)(a)).

In other words, A" fits into a (homotopy) pullback square of cdgas

AV = Aa, V1]V —— Aa V[0, 1]V

J J

A—F— A VY.
P
Using this pullback square, one can easily check that the functor
AG): Mod%®/Ta —— (CAlg#/A)"; Vi—— AV = A@,v V1]V,

is a left Quillen functor from the model category of dg-A-modules to the model
category of cdgas over A. Its right adjoint sends B — A to the mapping fiber of
the map

Ty = Derp(A, A) — Dery (B, A),

together with its natural projection to T4. We may therefore summarize the previous
discussion by the following result:

Corollary 3.14. There is a natural transformation to a right Quillen functor
C*oF

/\A

Mod ¢ /T HH (CAlg®/A)*"

\_/r

A
which is a quasi-isomorphism when restricted to cofibrant dg-A-modules over T4.

Let us finally turn to the proof of Proposition 3.1:
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Proof (of Proposition 3.1). Consider the functor
LieAlgd%® — (CAlgi#/4)°P £, (Modf#)*®

sending a dg-Lie algebroid to the kernel of the map C*(g) — A. By Proposition
3.7, this functor can be identified with the composite

T d HomM(TA)(_7A) dg\ op
Repy (Mod;.®)™.

LieAlgd‘® e, LieAlgd ‘g

The functor @ sends an A-cofibrant dg-Lie algebroid to its cofibrant replacement,
the functor T is the functor (3.4) sending g to U(T'a) ®y(g) Ty and the last functor
takes the maps from a T4-representation to A. Since the last two functors are left
Quillen functors, it follows that C* preserves weak equivalences between A-cofibrant
dg-Lie algebroids. We therefore obtain functors of oo—categories

LieAlgd , —<— (CAlg, /A)" —5 (Mody,) .

The composition of these two functors preserves all colimits. Since the functor
ker: CAlg; /A — Mody, detects equivalences and preserves all limits, it follows that
C* preserves all colimits. By the adjoint functor theorem, it follows that C* admits
a right adjoint ©: (CAlgk/A)Op — LieAlgd 4.

It remains to describe this right adjoint ®, at least at the level of the underlying
A-modules. To this end, observe that the composite

(CAlg;,/A)” —2 LieAlgd ; —~— Mod /T

is right adjoint to the functor C* o F': Moda /T4 — (CAng/A)Op. Corollary 3.14
provides a natural equivalence x: C* o F —s A=) so that U o D is equivalent to
the derived right adjoint to the left Quillen functor A=), Because A is cofibrant
over k, the discussion preceding Corollary 3.14 shows that this derived functor sends
B — A to the A-linear dual of Ly — La/p. O

Remark 3.15. The functor ® does not admit a straightforward point-set descrip-
tion. However, when B — A is a cofibration of commutative dg-algebras, its image
under D can be identified with the sub-dg-Lie algebroid Ty /p := Derp(A, A) — T4
of B-linear derivations of A. To see this, note that there is a natural diagram of
commutative dg-k-algebras over A

f ~
B —— C*(Ta/p) —— C*(Ta/B)

N

A

where T4 /B — Ta/p is a cofibrant replacement. For any b € B, its image under f
is the map
Ta/p—0 #(b)-(—)
Sym 4 (TA/B[I]) A A.

The map [ respects the differential because the derivations in Ty, p are B-linear.
The composition B — C*(TA/B) is adjoint to a map TA/B — D(B — A). At
the level of the underlying A-modules, this map is simply given by the composite
map

Tajp——Ta/p LYp-
Because B — A was a cofibration, the second map is a weak equivalence. It

follows that the dg-Lie algebroid Ty /B (and therefore Ty, p) is weakly equivalent to
D(B — A).
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4. KOSZUL DUALITY

The purpose of this section is to show that the adjunction from Proposition 3.1
C*: LieAlgd 4 . (CAlg,/A)™: D

is not too far from being an equivalence: when restricted to suitably finite-dimensional
dg-Lie algebroids, the functor C* is fully faithful.

Proposition 4.1. Let A be a cofibrant connective commutative dg-k-algebra and
let g be an A-cofibrant dg-Lie algebroid. Suppose g satisfies the following conditions:
(i) As a graded A-module, g is free on a set of generators x;.
(i) There are finitely many x; in each single degree, and all generators have
(homological) degree < —1.
Then the unit map g — DC*(g) can be identified with the map of dg-A-modules

g——g¥V
from g into its A-linear bidual.

Corollary 4.2. Let A be a cofibrant commutative dg-k-algebra which is eventually
coconnective. Then C*: LieAlgd, — (CA]gk/A)Op s fully faithful on all Lie
algebroids that can be modelled by A-cofibrant dg-Lie algebroids satisfying conditions
(i) and (ii) of Proposition 4.1.

Proof. Tt suffices to verify that the map g — gVV is a quasi-isomorphism. Forgetting
about the differential, we can write g = @,,_o A%*"[n]. It follows that g¥ is a
cofibrant dg-A-module, so that gVV is a model for the derived bidual of g. It
therefore suffices to pick a weak equivalence A — A to a bounded cdga and verify
that the map g ®4 A — (g ®4 A)VY is a quasi-isomorphism. Unravelling the
definitions, this map can be identified with

®n<0 A

which is an isomorphism because A is bounded. O

1] —— o A" ],

To prove Proposition 4.1, let us start by considering the map of commutative
dg-algebras over A

c: C*(g) —— A% = Ao,v g[1]Y (4.3)
which sends a: Symy (g[1]) — A to the restriction (a(1),alg[1]). Just above

Corollary 3.14, we have seen that the functor g — A% was a left Quillen functor,
whose derived right adjoint sent

(B —> A) —— (LY, — L4 = Ta).
Lemma 4.4. Let g be an A-cofibrant dg-Lie algebroid and consider the A-linear
map § — LZ‘/C*(Q) adjoint to (4.3). This map is equivalent to the A-linear map
underlying the unit map g — DC*(g).
Proof. Let F: Moda/Ts < LieAlgd,: U be the free-forgetful adjunction. The
A-linear map U(g) — UDC*(g) in Mod4 /T4 corresponds by adjunction to the
map

C*(g) — C*(F(g))

in CAlg/A. The composition of this map with the equivalence x: C*(F(g)) — A®
from Corollary 3.14 is exactly the map (4.3). This means that the maps
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are identified under the adjoint equivalence between U® and the functor sending

B— Ato LY p. O

To use Lemma 4.4, we will have to compute the relative cotangent complex of the
map C*(g) — A. Unfortunately, C*(g) has the structure of a power series algebra,
which means that C*(g) is not cofibrant and computing its cotangent complex
requires some effort. Let us therefore introduce the following ‘global’ variant of the
Chevalley-FEilenberg complex:

Construction 4.5. Let A be a cofibrant commutative dg-k-algebra and let g be
a dg-Lie algebroid over A satisfying conditions (i) and (ii) of Proposition 4.1, i.e.
0= @, . A®*"[n] as a graded A-module. Let

Croy (@) == Sym 4 (g[1]") € C*(9)

denote the graded-subalgebra of C*(g) consisting of the graded A-linear maps
Sym 4 (g[1]) — A that vanish on some Sym7"g[1]. This graded subalgebra of C*(g)
is closed under the Chevalley-Eilenberg differential of C*(g), which sends a function
vanishing on Sym3"g[1] to a function vanishing on Sym%"g[1].

Example 4.6. Let g = A®"[—1] be the trivial dg-Lie algebroid on n generators
of degree —1. Then C*(g) is isomorphic to the ring of power-series A[[z1, ..., ¥, ]]
and the inclusion C* | (g) € C*(g) is the inclusion of the polynomial algebra

poly
Alxy, ., zn] C Al[z1, .0y 4]

Warning 4.7. Note that C;oly(_) does not preserve quasi-isomorphisms.

Lemma 4.8. Let A be a cofibrant commutative dg-k-algebra and let g be a dg-Lie
algebroid over A such that g = @, _, A®*[n] as a graded A-module. Then the
following hold:

(1) O;oly
(2) the map on Kahler differentials (relative to the base cdga k)
Qe

poly

n<0

(g) is a cofibrant commutative dg-k-algebra.

(0) Ocz (g) A— Q4

poly

can be identified with the projection map Q4 @ g[1]¥ — Qa. Here Qa4 @ g[1]V
is the mapping fiber of the dual of the anchor map, i.e. it has differential

0(dar(a), a) = (ddR(aAa), By (@) + pv(ddRa))

where p¥: Qa4 — gV is the adjoint of the anchor map g — Ta.

Proof. Since g is given by @,;_, A%*i[i] as a graded A-module, Cpoty(9) is a polyno-
mial algebra over A, generated by the free module g[1]V. This module has generators
in degrees > 0 and A is cofibrant, so that C}, (g) is the retract of a connective
graded polynomial ring over k. This implies that C;, (g) is cofibrant.

For the second assertion, note that C;Oly (g) is freely generated over A by the
graded A-module g[1]Y. Tt follows that

Qc: (0) ®cz, () A= Qa @ g1]"

P ;01y
as a graded A-module. The map C} (g) — A sends all g[1]V to zero, so that
the induced map on Kéhler differentials is just the projection Q4 & g[1]¥ — Q4.
Furthermore, the Chevalley-Eilenberg differential is given by
A>a v daa+ pY(dara)
gll]Y > = dyuva mod (g[l]V)Q.

This shows that the differential on Q4 @ g[1]V is given as in the lemma. O
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Lemma 4.9. Let A be a nonnegatively graded commutative Q-algebra, let V' be a
finite dimensional Q-vector space and let W be a degreewise finite-dimensional graded
Q-vector space, concentrated in degrees < —1. Then there is a natural isomorphism
of graded-commutative A-algebras

Homg (SymgV, A) ®q Symg(W") —— Homg (Symg(V & W), A)
where SmeWv is the graded polynomial algebra on the dual vector space of W.

Proof. Observe that there is an isomorphism of graded cocommutative coalgebras
Symg(VeW) = SymgV ®qgSymgW. There is a natural map of graded-commutative
algebras

Homg (SymqV, A) ®g Homg(SymgW, Q) — s Homg (SymgV ®q SymgW, A).

sending two maps a: SymgV — A and 3: SymgW — Q to a ® 3. Using that
SymgW is free on generators of degrees < —1, with finitely many generators in each
degree, one can identify Symg(W") ~ Homg(SymgW, Q). Using this, it follows
that p is an isomorphism. (|

Lemma 4.10. Let A be a cofibrant commutative dg-k-algebra and let g be a dg-Lie
algebroid over A such that g = @, _, A®*"[n] as a graded A-module. Then the map
Cory(8) — C*(g) induces an equivalence on cotangent complezes over k

Les (o) @cz,, (9 A= Lcx(g) Ocx(g) A-

poly

Proof. Consider the trivial cofibration, followed by a fibration
0—"=b="F(g[0,~1]) —»g

where b is the free dg-Lie algebroid on the map g[0,—1] — g — T4 from the
(contractible) path space of g. Let V be the free graded Q-vector space spanned by
the generators z; of g, so that g = A ®qg V. As a graded Lie algebroid, b is then
freely generated by the graded Q-vector space V[0, —1]. Consequently, the map
h — g is given without differentials by the A-linear extension of a map from the
free Lie algebra

h=A®Lie(V[0,~-1]) — A®V =g

which sends V' to the generators of g and V[—1] to zero. Without differentials, this
map has a splitting, induced by the inclusion

V ——V[0,—1] —— Lie(V[0, —1])

where the first map (which does not respect differentials) includes V into its path
object and the second map is the inclusion of the generators in the free Lie algebra.
Using this splitting, we can identify h — g with

id,0
h:A@(V@W)MA@V:g.

Here W is a graded Q-vector space isomorphic to Lie(V[0, —1])/V, which is degree-
wise finite dimensional and concentrated in degrees < —2. Indeed, V is degreewise
finite dimensional and concentrated in degrees < —1, so that Lie(V[O, —1]) has these
properties as well. The map V — Lie(V[O, —1}) is an isomorphism in degree —1,
since the elements in V[—1] and brackets of elements in V[0, —1] are all of degree
< =2
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Let us now consider the commutative diagram of cdgas associated to h — g

C’;oly (g) E— O;oly(h) — A
| [ (a1
C*(g) cr(h) —=— A

The right bottom map is a weak equivalence since ) is cofibrant and weakly con-
tractible. The map C;Oly(g) — C’;Oly(b) can be identified with a map of polynomial
algebras

A ®qg Symg (V[1]Y) —— A ®q Symg ((V @ W)[1]Y).

It follows that C* is freely generated over C*_, (g) by WJ1]V, which is
poly poly
degreewise finite dimensional and concentrated in degrees > 1. In particular,
oty (8) — Coy(h) is a cofibration of cdgas.

On the other hand, the map C*(g) — C*(h) is given without differentials by
Homg (SmeV[l], A) —— Homg (Sme(V[l} & W(1]), A).
It now follows from Lemma 4.9 that the left square in (4.11) is a (homotopy) pushout
square of cdgas. Its image under L(_y ®_) A
Lez o) @z, () A— Loz () @cz, () A

poly ly poly

| |

Les(g) @c(g) A———= Low(n) @cn) A

is a homotopy pushout square as well. Since C*(h) — A is a weak equivalence,
the map Lg«y) — La is a weak equivalence. On the other hand, the map
Lex (y) ®C§oly(h) A —> L4 is identified with the projection map

poly
Qa@bH[1]Y —— Qy

by Lemma 4.8. The kernel of this map is contractible, since § is a cofibrant
contractible dg-A-module. It follows that the right vertical map in Diagram (4.12)
is an equivalence, so that the left map is an equivalence as well. O

Proof (of Proposition 4.1). By Lemma 4.4, it suffices to show that the map g —
LX/C* is adjoint to a weak equivalence L/c+(g) — g*. This map fits into a
sequence of maps

Lajey @ — Lajor @) — 8"
classifying the composite map of commutative dg-algebras over A

C*

poly(g) B C*(g) 4C> A=A @pv 9[1]\/ (413)

where ¢ is as in (4.3). The map LA/C;oly(g) — Lajc+(g) is an equivalence by
Lemma 4.10, so it suffices to show that L4 /O (@) g” is an equivalence. This
map can be computed explicitly: the map (4.13) is simply the quotient of C;Oly(g)
by the augmentation ideal (g[1]¥)?. Unwinding the definitions, e.g. using the
pullback square (3.13), one finds the following description of the classifying map

LA/CSoly(E) — gV: it is the canonical map from the mapping cone of

Qo

poly

poly

to gV. This map is a weak equivalence, which concludes the proof. O



18 JOOST NUITEN

5. FORMAL MODULI PROBLEMS

We will now use the results of Section 4 to establish an equivalence between Lie
algebroids and formal moduli problems (Definition 1.2):

Theorem 5.1. Let A be a cofibrant connective commutative dg-k-algebra. Then
there is an adjoint pair of functors

MC: LieAlgd 4 FMP4: Ty,
which is an equivalence whenever A is eventually coconnective.

Theorem 5.1 follows formally from Corollary 4.2, by means of a general procedure
due to Lurie [17] that we will briefly recall.

5.1. Generators. Categories of chain complexes or spectra endowed with a certain
algebraic structure often admit a presentation in terms of generators and relations.

Definition 5.2. Let = be a locally presentable oo-category equipped with a collec-
tion of right adjoint functors

eq: = — Mods := Sp

to the oco-category of spectra (the reader may replace Mods by the oco-category
Mody, of chain complexes in everything that follows, by Example 5.6). The left
adjoint to e, sends the map S[n] — 0 in Modg to a map in E that we will denote by
Ko n — 0. We will say that an object X € E is good if it admits a finite filtration

0= Xx0 x (1) o x(n)

where for each 4, there is an a and a n < —2, together with a pushout square

Kop — X071

7

) —- X,

Let Z8°°d C = be the full subcategory on the good objects; it is the smallest
subcategory of Z which contains () and is closed under pushouts along the maps
Ko pn — 0 withn < —2.

Proposition 5.4 ([17, Theorem 1.3.12]). Let (E, e,) be as in Definition 5.2. Suppose
that each e, preserves small sifted homotopy colimits and that a map f in = is an
equivalence if and only if each e, (f) is an equivalence of spectra. Then the right
adjoint functor

¥: = —— PSh(=28°°d); X —— Mapz(—, X)
is fully faithful, with essential image consisting of those (space-valued) presheaves F
satisfying the following two conditions:
(a) F(0) is contractible.
(b) For any a and n < —2, F sends a pushout square of the form (5.3) to a

pullback square of spaces.

This is exactly [17, Theorem 1.3.12], replacing the category Y™ from loc. cit. by
the opposite of =004,

Example 5.5. Let Z be a compactly generated stable co-category. The collection
of mapping spectrum functors Homz (K, —): = — Modg, for all compact objects
K, satisfies the condition of Proposition 5.4. The good objects are exactly the
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compact objects and a functor F': E“°P — § satisfies conditions (a) and (b) if and
only if it is left exact. Proposition 5.4 then reproduces the equivalence

=2~ Ind(2¥).

Example 5.6. Let A be a connective commutative dg-algebra and let Mod4 be
the oco-category of A-modules. The single functor e: Mod4 — Modsg, forgetting
the A-module structure, satisfies the conditions of Proposition 5.4. In this case, the
good A-modules can be presented by the dg-A-modules whose underlying graded
A-module is free on finitely many generators z; of degree < 0.

There is an equivalence of co-categories

MOdiOOd’Op Modip-,zo; E— E[l]\/

to the oo-category of finitely presented connective A-modules, i.e. dg-A-modules
generated by finitely many generators of degree > 0. Combining this equivalence
with Proposition 5.4, one finds that Mod 4 is equivalent to the co-category of functors

F: Mod P20 —— 8

that send 0 to a contractible space and preserve pullbacks along the maps 0 — A[n|
with n > 1.

5.2. Proof of Theorem 5.1. Let A be a cofibrant commutative dg-k-algebra. By
Proposition 2.4 and Example 5.6, the composite forgetful functor

LieAlgd , —%— Mod/Tx — Mod 4 —%— Mods = Sp

preserves small limits and sifted colimits, and detects equivalences. The correspond-
ing notion of a good Lie algebroid can be described in terms of the (projective)
model structure on dg-Lie algebroids as follows: let us say that a dg-Lie algebroid g
is very good if it admits a finite sequence of cofibrations

each of which is the pushout of a (generating) cofibration with n; < —2
F‘ree(a(b: Aln;] — TA) — Free(qb: Alng,n; +1] — TA). (5.7)

Here ¢ is a map from the cone of A[n;] to T4, which is determined uniquely by a
degree (n; + 1) element of T4. Then the good Lie algebroids can be presented by
the very good dg-Lie algebroids over A.

Remark 5.8. Good Lie algebroids may have nontrivial anchor maps, even though
the Lie algebroids in (5.7) have null-homotopic anchor maps.

Lemma 5.9. Let g be a very good dg-Lie algebroid over A. Then the following hold:
(1) g has a cofibrant underlying dg-A-module.

(2) Without the differential, g is freely generated by a megatively graded finite-
dimensional vector space over Ty.

(3) g is isomorphic as a graded A-module to @,,_, A®*"[n] for some sequence of
k, € NZO-

Proof. Assertion (1) is obvious and (3) follows immediately from (2). For (2), note
that each pushout along a map (5.7) freely adds a single generator of degree < 0 at
the level of graded Lie algebroids. U
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Proof (of Theorem 5.1). Let us denote the oo-category of presheaves satisfying
conditions (a) and (b) of Proposition 5.4 by

€ C PSh(LieAlgd%*?).

We then have an equivalence LieAlgd 4, ~ €, so that it suffices to produce the required
adjunction (equivalence) between € and the oco-category of formal moduli problems.
To this end, recall that the good Lie algebroids form the smallest subcategory of
LieAlgd 4 that contains 0 and is closed under pushouts against the maps

F(0: Aln] — Ta) —— 0 n< -2 (5.10)

The functor C* preserves colimits (Proposition 3.1) and sends the above maps to
the maps (id,0): A — A A[—1 —n], for n < —2. It follows that C* restricts to a
functor
op

C*: LieAlgd%*! —— (cmgim /A) . (5.11)
The restriction of a formal moduli problem along C* is a presheaf contained in €.
We therefore obtain a right adjoint functor

c*y* ~

Ty FMPA S5 ¢ =, LieAlgd,.
If A is eventually coconnective, Corollary 4.2 and Lemma 5.9 show that (5.11) is
fully faithful. The essential image of C* contains A and is closed under pullbacks
along the maps (id,0): A — A& Aln| for n > 1. Indeed, such pullbacks can dually
be computed as pushouts along the images of the maps (5.10). The small extension
of A form the smallest subcategory of CAlg; /A with these two closure properties,
so (5.11) is essentially surjective as well. This implies that the functor T4, is an
equivalence. O

Example 5.12. Let f: B — A be a map of connective commutative k-algebras
and consider the formal moduli problem

Spec(B)": CAlgi™ /A S; Aj Map(B, A) Xytap(p,4) {}-

Unwinding the definitions, one sees that the associated Lie algebroid is given by
D(B), which can be identified with the Lie algebroid T4,g — Ta of (derived)
B-linear derivations of A by Remark 3.15.

Remark 5.13. Suppose that A is eventually coconnective, so that CAlgy™ /A is
equivalent to the co-category of good Lie algebroids over A. If g is a Lie algebroid
over A, then the formal moduli problem MCjy is given (up to a natural equivalence)
by

MCg(B) = MapLieAlgdA (9(3)7 9)-
By Remark 5.12, one can think of this as the space of flat g-valued connections on
the fiberwise tangent bundle of A over B.

6. REPRESENTATIONS AND QUASI-COHERENT SHEAVES

In the previous section, we have seen that there is an equivalence between formal
moduli problems over A and Lie algebroids over A. Geometrically, one can think of
a formal moduli problem as a map of stacks : Spec(A) — X that realizes X as an
infinitesimal thickening of Spec(A). Any such stack X gives rise to an oco-category
of quasi-coherent sheaves on X in the usual way (Definition 6.13): a quasi-coherent
sheaf F is given by a collection of B-modules F, for every B € CAlg}™ /A and every
y € X(B), together with a coherent family of equivalences

Fag) =~ B @p Iy
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for every a: B — B’. In particular, a quasi-coherent sheaf F' on X determines an
A-module F, by restricting to the canonical point x € X(A). We will see that F,
carries a representation of T4/ x. In fact, we will prove the following:

Theorem 6.1. Let A be eventually coconnective and let X be a formal moduli
problem on A with associated Lie algebroid Ty,x. Then there is a fully faithful,
symmetric monoidal left adjoint functor

Ux: QC(X) —— RepTA/X

where U x (F) has underlying A-module given by the restriction F, to the canonical
basepoint x € X (A). Furthermore, the functor Ux induces an equivalence

>0 >0
QC(X) - R‘epTA/X

between the connective quasi-coherent sheaves on X and the Ty, x -representations
whose underlying A-module is connective.

Our proof closely follows the discussion in [17, Section 2.4]. We will begin by
considering representations of good Lie algebroids in Section 6.1. Theorem 6.1 then
follows from a formal argument described in Section 6.3.

6.1. Representations of good Lie algebroids. Recall from Remark 3.3 that
there is a lax monoidal functor sending a g-representation F to its Chevalley-
Eilenberg complex C*(g, F). This functor is part of an adjoint pair

K(g) @c-(g) (=): Modg% ) ' Repg®: C*(g, —) (6.2)
were K (g) is the Koszul complex of g (see Remark 3.11).

When g is A-cofibrant, this adjoint pair is a Quillen pair between the projective
model structure on dg-C*(g)-modules and the model structure on g-representations.
We let ®4: Modg-(q) — Rep, denote the left derived functor between oo-categories.
One can think of ®; as the functor I +— A ®¢-(q) F, since K(g) is equivalent to
the g-representation A.

Lemma 6.3. Suppose that g € LieAlgd 4 is compact. Then ®4: Modc«(q) — Repg
1s fully faithful.

Proof. Let C be the class of objects in Mod¢+(4) for which the derived unit map is an
equivalence. Then C is closed under finite colimits and retracts and contains C*(g)
because ®4(C*(g)) ~ A. It follows that the unit map is an equivalence for all compact
C*(g)-modules. Since Modc+(g) ~ Ind(Mod¢. (4)) is the ind-completion of the
category of compact C*(g)-modules, it suffices to show that the right adjoint C*(g, —)
preserves filtered colimits. Equivalently, it suffices to verify that ®4(C*(g)) ~ A
is a compact object of Rep,. By Remark 3.11, A fits into a cofiber sequence of
U(g)-modules

Ly U(g) A.

It suffices to show that L4 is compact. This follows from the fact that the cotangent
complex functor preserves compact objects, since its right adjoint (taking square zero
extensions) preserves filtered colimits, which are computed at the level of A-modules
(Proposition 2.4). O

Lemma 6.4. Suppose that g € LieAlgd 4 admits a finite filtration

0=g0 ——. . ——gM =g
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with the following property: for each i, there is a pushout square of Lie algebroids

F(V) ——gt—b

|

0— gl

where F(V) is the free dg-Lie algebroid on 0: V. — Ty, with V' a cofibrant dg-A-
module of the form V. =&, ., A%*[n], equipped with some differential.

Let E be a g-representation whose underlying A-module is connective. Then there
exists a map @, A — E in the co-category Repy which induces a surjection on
T0-

Proof. Pick representatives e, € F for the generators of my(E) and consider the
associated map of g-representations €@ U(g) — E. This map is clearly surjective
on 7y, so it suffices to prove that it factors (up to homotopy) as

D. U(g) D. A E.

Using the cofiber sequence Ly — U(g) — A, we therefore have to provide a
null-homotopy of each composite map

€o

E.

Ly U(g)

By the assumption on g, the cotangent complex Ly admits a filtration by U(g)-
modules

0=L —— . — LM =1,

where each L™ —» LY has cofiber of the form U(g) ®4 V', with V' a cofibrant
dg-A-module of the form V' = @, ., A%*»[n]. Since all maps from such V' to a
connective dg- A-module are null-homotopic, one obtains by induction that any map
Ly, — FE to a connective g-representation is null-homotopic, which concludes the
proof. O

Corollary 6.5. Suppose that A is eventually coconnective and let g € LieAlgd 4 be
good. Then ®4: Modc-(q) — Repy s fully faithful and induces an equivalence

Dy Modég(g) — Rep§O

between the full subcategories consisting of connective C*(g)-modules and represen-
tations whose underlying A-module is connective.

Proof. Since g is good, it is compact in LieAlgd 4, so that ®; is fully faithful by
Lemma 6.3. The subcategory Modge(g) C Modc-(g) is the smallest subcategory of

Mod¢+(g) Which is closed under colimits and extensions and which contains C*(g).
As a consequence, the essential image

€ = g (Modz? ) C Rep,

under @4 is the smallest subcategory of Repy which is closed under colimits and
extensions and which contains A. Clearly € is contained in Repg, so it suffices to
prove the reverse inclusion.

To this end, let E be a left U(g)-module whose underlying dg-A-module is
connective. We will inductively construct a sequence of left ¢(g)-modules 0 =
EC-YD 5 EO) 5 ... — F such that each E(™ € @ and such that each map
E(™ — F induces an isomorphism on homotopy groups in degrees < n and a
surjection on m,. It follows that the map colim E(™) —s E is a weak equivalence,
so that F € C.
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To construct this sequence, suppose we have constructed E(™~1 and let F be
the fiber of the map E("~Y — E. Then F is a left U(g)-module whose underlying
dg-A-module is (n — 2)-connective. Since g is good, a shift of Lemma 6.4 shows that
there exists a map @, Aln — 2] — F which induces a surjection on m,_5. Now
let £ be the cofiber of the map @, A[n — 2] — F — E(™~1). This cofiber is
contained in € and the five lemma shows that E(™ —s FE induces an isomorphism
on homotopy groups in degrees < n and a surjection on 7,. (]

6.2. Naturality. Let us now address the functoriality of ®4 in the dg-Lie algebroid
g. This is somewhat delicate, because the Quillen adjunction

K(g) ®c(g) (—): Moddc‘ci(g) - Repgg: C*(g,—)

does not strictly intertwine restriction of g-representations with induction of C*(g)-
modules. However, this does become true at the level of co-categories. To see this,
let us make the following definitions (following the discussion in [17, Section 2.4]):

Construction 6.6. Let Mod®® be the category in which

e an object is a tuple (B, My,..., M,,), where B is a cdga and each M; is a
dg- B-module.

e a morphism (B, M,...,M,,) — (C,Ny,...,N,) is a map of finite pointed
sets a: <m> — <n>, a map of cdgas B — C and B-multilinear maps
®a(i):j MZ — Nj.

Similarly, let Repdg’® be the category in which

« an object is a tuple (g, E1, ..., Fyy), where g is an A-cofibrant dg-Lie algebroid
and each F; is a g-representation.

e a morphism (g, F1,...,E,) — (b, F1,..., F,) is a map of finite pointed sets
a: <m> — <n>, a map of dg-Lie algebroids h — g and maps of h-representations
®i(i):j El — Fj.

These categories fit into a commuting square

Repl&:® o Modd&:®
l l (6.7)
(LieAlgdig’A_°°f>op X Fin, ———— CAlg}* x Fin,

where Fin, is the category of finite pointed sets. The vertical functors are the
obvious projections, which are both cocartesian fibrations. The top functor sends
(g7Ela R ETYL) to (C*(g)a O*(ngl)a B O*(97EM))

Lemma 6.8. After inverting the weak equivalences on the left and right of (6.7),
one obtains a commuting square of co-categories

Rep® o Mod®

| |

(LieAlgd 4 )" x Fin, — CAlg,, x Fin,.

in which the vertical functors are cocartesian fibrations.

Proof. All functors in (6.7) preserve weak equivalences, so that they descend to
functors between localizations. It suffices to verify that the vertical projections
remain cocartesian fibrations after inverting the quasi-isomorphisms. To see this, let
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€ C Rep®® be the full subcategory on (g, F1,..., Ep) where each E; is cofibrant as
a dg-A-module. The inclusion € C Rep®®® induces an equivalence on localizations,
with inverse provided by a cofibrant replacement functor. The projection

e —— (LieAlgd!s*~")"” x Fin.

is a cocartesian fibration. For any map «: <m> — <n> and any f: h — g, the
induced functor between fibers is given by
Xn

Xm
(Repgg’AﬂOf) — (Repgg’&mf) i (Bj)j<m — (®a(j)=z’ f *Ej)i o

This functor preserves all weak equivalences and induces an equivalence of oo-
categories whenever « is a bijection and f is a weak equivalence. It follows from
[11, Proposition 2.1.4] that the induced functor of co-categories

Rep® —— LieAlgd x Fin,

is a cocartesian fibration. A similar argument shows that Mod® —s CAlg,, x Fin,
is a cocartesian fibration. O

Remark 6.9. Fix a map a: <m> — <n>, amap f: h — g and a collection
Eiy, ..., E,, of g-representations that are cofibrant as dg-A-modules. By [11, Propo-
sition 2.1.4], the cocartesian lift of (f,a) in Rep® with domain (g, E, ..., E,) is
the image of

(ngla cey Em) E— (ba ®a(j)=1 f*Eja cey ®a(j)=n f*Ej)

in the co-categorical localization of Repgg@.

Lemma 6.10. Let Mod%* — (LieAlgdA)Op x Fin, denote the base change of the
projection Mod® —» CAlg;, x Fin, along the functor C*, so that there is a functor
of cocartesian fibrations

o*

\ /

(LieAlgd 4)®” x Fin,.

Rep® Mod§.

This functor admits a left adjoint ®, which preserves cocartesian edges.

In other words, the functors ®4 from Section 6.1 determine a natural (symmetric
monoidal) transformation between diagrams of symmetric monoidal co-categories.

Proof. For each (m) and each dg-Lie algebroid g, the functor between the fibers

c*: (Repg) xm___ Modéi'zg)

admits a left adjoint ®4: this is just the m-fold product of the left derived functor of
the Quillen pair (6.2). By Remark 6.9 and [19, Proposition 7.3.2.11], the existence
of the global left adjoint ®: Mod®. — Rep®, as well as the fact that it preserves
cocartesian edges, follows once we verify the following: for any map of dg-Lie
algebroids f: h — g and any collection of C*(g)-modules M;, the natural map

Py (C*(h) ®c=(g) M1 @ (g) ** O+ (g) Mm) —— Pg(M1) @4 -+ @4 Pg(My,)

is an equivalence. Since both functors preserve colimits of modules in each variable,
we can reduce to the case where each M; is equivalent to C*(g). In that case, the
map can be identified with a map

K(h) —— K(g) ®a - @4 K(g)
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between Koszul complexes. Since both K(g) and K(h) were resolutions of the
canonical representation A, the result follows. O

6.3. Quasicoherent sheaves. The left adjoint ® of Lemma 6.10 corresponds under
straightening to a natural transformation

Mod o=
/—\
LieAlgd’’ Hc} Prl = CAlg(Pr")

sym.mon.

Rep

between diagrams of presentable (closed) symmetric monoidal oo-categories, with
symmetric monoidal left adjoint functors between them. This natural transformation
is given pointwise by the left derived functor &y of (6.2).

We can precompose with the duality functor ® (3.2) and obtain a natural
transformation of functors

CAlgim/A CAlg,,

l / lMod (6.11)

Fun(CAlgzm/A, S)OP T} LleAlgde Tep> PI'L

sym.mon.

Here ®, is the unique limit-preserving functor which restricts to ® on the corepre-
sentable functors. For each B in CAlgy™ /A, the functor ¥y is the composite

>
Up: Modp —— Mode-n(s) ——— Repgp) (6.12)
where the first functor arises from the unit map B — C*D(B).

Definition 6.13. The presentable, symmetric monoidal co-category QC(X) of
quasi-coherent sheaves on a functor X : CAlg)™ /A — 8 is the value on X of the
right Kan extension

CAlgy /A —Med pyL

sym.mon.
o
l Qe

Fun (CAlgi™ /4, 8)

This right Kan extension exists by [16, Lemma 5.1.5.5], since Prg‘ym'mon' has all
small limits [19, Proposition 4.8.1.15].

Remark 6.14. The quasi-coherent sheaves of Definition 6.13 are closely related
to the quasi-coherent sheaves on a derived (pre)stack CAlg, — 8, as usually
considered in derived algebraic geometry. Indeed, any functor X : CAlgi" /A — 8
determines a derived prestack fiX: CAlg, — &, by left Kan extension along the
forgetful functor

f: CAlgS™ /A —— CAlg,.

The oo-category QC(X) is then equivalent to the co-category of quasi-coherent
sheaves on fi X in the usual sense.

By the universal property of QC, we obtain a natural transformation of pre-
sentable symmetric monoidal co-categories Ux: QC(X) — Repg,(x)- When X
is corepresentable, this is simply the functor ¥ from (6.11). If A is eventually
coconnective and X is a formal moduli problem on A, then ©,(X) is naturally
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equivalent to Ty /x, by Remark 5.13. We thus obtain a natural symmetric monoidal
functor

Ux: QC(X) — Repp, (6.15)
for any formal moduli problem X. By naturality, the composition
QC(X) —+ Repy,, . — Repy = Mod 4

is naturally equivalent to the functor z*: QC(X) — Mody4 that restricts F' to the
basepoint x € X (A).

Proof (of Theorem 6.1). We have to prove that for any formal moduli problem X,
Ux (6.15) is fully faithful and restricts to an equivalence between QC="(X) and
Rep%i/x. When X is representable by an object B € CAlgy™ /A, this functor is
given by the composite (6.12). The first functor is an equivalence by Theorem 5.1,
so that the result follows from Corollary 6.5.

The functor QC sends sifted colimits in Fun(CAlgsm /A, S) to limits of symmetric
monoidal co-categories by construction. Lemma 2.13 implies that the same assertion
holds for X +— Repg,(x). Every formal moduli problem is a sifted colimit of
representable functors, since every Lie algebroid is a sifted colimit of good Lie
algebroids. It follows that Wx is fully faithful, being a limit of fully faithful functors.

It remains to identify the essential image of QC(X)=°. Recall that a quasi-coherent
sheaf F' is connective if and only if f*F € Modpg is connective for any f € X(B).
In terms of its image Wx (E), this means that for any map f: ®(B) — Ta/x,
the restricted representation f'Wy (F) is the image of a connective B-module. By

Corollary 6.5, this is equivalent to ¥ x (FE) being a connective T4, x-representation.
O

Corollary 6.16. Let A be eventually coconnective and let X be a formal moduli
problem such that T4 x is connective. Then there is an equivalence

Uy : QC(X) — Repy, .

Proof. Since T4, x is connective, its enveloping algebra U(T's/x) is connective as
well. It follows that T4-representations carry a right complete t-structure, where
Rep%i/x consists of g-representations whose underlying chain complex is connective
[19, Example 2.2.1.3]. Similarly, QC(X) carries a right complete t-structure where
F € QC(X)2% if and only if f*F is a connective chain complex for all f € X(B).

The functor ¥ x fits into a sequence of locally presentable co-categories and left
adjoint functors between them

QC(X)2? —— QC(X)z"t —— ... —— QC(X)

\P;OJ qzill LI:X

0 -1
Repi/x _ Rep%A/X ——...—Repp, -

Since QC(X) and Repy, /x are right complete, the horizontal sequences are colimit
diagrams, so that the result follows from Theorem 6.1. O

6.4. Deformations of algebras. Theorem 6.1 can be used to study the deforma-
tion theory of connective (commutative) A-algebras. Suppose that R is a cofibrant
commutative dg-algebra in Modfif’zo, so that R determines an object in the oo-
category CAIg(ModiO). Consider the functor

Def : FMP% —— Catoo; X —— CAlg(QC(X)) XcalgMod, ) {R}
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sending each formal moduli problem X to the (locally small) co-category of com-
mutative algebras in QC(X), equipped with an equivalence between R and their
restriction to the canonical basepoint x € X(A). One can think of a point in
Defr(X) as a deformation of the commutative algebra along the map of stacks
Spec(4) — X.

Note that every such deformation is necessarily connective, since R itself is
connective: indeed, Theorem 6.1 implies that E € QC(X) is connective if and only
if its restriction to Spec(A) is connective, the latter being the A-module underlying
Ux(E). It then follows from Theorem 5.1 and Theorem 6.1 that Defr can be
identified with the functor

Actg: LieAlgd —— Catoo; g+ CAlg(Repy) Xcalg(vods) (R}

sending each Lie algebroid g to the category of commutative algebras in Rep, whose
underlying commutative A-algebra is equivalent to R. In light of Example 2.9, one
can think of Actr(g) as the category of actions of g on R by derivations.

It follows from Lemma 2.13 that Actg, and therefore Def g, preserves all limits.
In particular, the restriction of Def along the Yoneda embedding gives rise to a
formal moduli problem

DefR: CA]gzm/A S, B CAlg(MOdB) XCAlg(ModA) {R}

This takes values in (small) spaces because Def g(A & A[n]) ~ QDefr(A & Aln + 1])
and all co-categories involved are locally small. In particular, Defy is classified by
a certain Lie algebroid b.

Recall from Example 2.3 that associated to the commutative dg-algebra R in
Modi‘g is a dg-Lie algebroid Atg__ (R) of compatible derivations of A and R (here E
denotes the commutative operad). Since R is a cofibrant commutative dg-algebra,
Atg__(R) is a fibrant dg-Lie algebroid. There is an obvious representation of Atg__ (R)
on R by means of derivations, which is classified by a map

¢: Atg__ (R) —— .
We have the following (folklore) result, cf. [31] (see also [10]):

Proposition 6.17. The map ¢ is an equivalence for any cofibrant connective dg-
A-algebra R. In other words, Atg_ (R) classifies the formal moduli problem Defg.

Proof. Let s, be the free Lie algebroid on the map 0: A[n] — T4, with natural
maps i: 0 — s, and r: s, — 0. It suffices to verify that the maps ¢, in the
following commuting diagram are bijections for all n:

P o
WlMap(sn,AtEw(R)) _ 7T1Map(5n, b) ——— mActgr(s,) =: M,

k k wlu

moMap(sp+1, Atg__ (R)) T) ﬂoMap(Sn+1, f)) — moActg(Sn41) =: M.

The dg-Lie algebroid Atg__ (R) is fibrant and the kernel of its anchor map is the Lie
algebra of A-linear derivations of R. The abelian group 7 Map (sm Atp__ (R)) can
therefore be identified with 7, 1Der4 (R, R).

On the other hand, M; can also be identified with 7,1Der4(R, R). To see this,
let 7'R € CAlg(Rep, ) be the trivial representation of s, on R. We can identify M
with the set of homotopy classes of maps a: r'R — 7' R such that the restriction
i'(a) is the identity map in CAlg(Mod4). Using that the restriction functors r' and
i' have a right adjoints 7 and 4, such maps can be identified with sections of

rnr'(R) BALIEN mii'r'(R) = R
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in the oco-category CAlg(Mody). By [24, Theorem 7.11], we can present the oo-
categories CAlg(Mod 4) and CAlg(Rep, ) by the model categories of commutative
algebras in Modig and Repﬁf. Using this, the right adjoint r can be computed at
the chain level as

) (T!R) ~ RHomy(s,,) (4, T!R) ~ C* (sn, T‘!R).

In fact, since s, is a free Lie algebroid, the discussion of Section 3.2 shows that
restriction along A[n] — s, induces a weak equivalence of commutative dg-A-
algebras

C*(sn, 7" R) ——— R® Hom (A[n+1],7'R) 2 R® R[-n — 1]

to the square zero extension of R by a shifted copy of itself. We conclude that M,
is isomorphic to the set of homotopy classes of sections in CAlg(Mod ) of

R&R[-n—1—>R.

The set of such sections is indeed isomorphic to m,1Dera(R, R), as asserted.
Consider an element v € Der (R, R) = M, corresponding to a map v: 'R —
R in CAlg(Rep,, ). Unwinding the definitions, the image 1 (v) € Mj is given by
(the equivalence class of) the s,,11-action on R where the generator of s, acts by v.
This representation is exactly the image of the map v: A[n+ 1] — 8,41 —> At(R)
under the map ¢.. We conclude that ¢, is indeed an isomorphism. O

Remark 6.18. The exact same proof shows that for any coloured simplicial operad
P and a cofibrant P-algebra R, the formal moduli problem Defg of deformations of
R is classified by the Atiyah Lie algebroid Atp(R) of Example 2.2. For example,
this provides an explicit dg-Lie algebroid classifying the deformations of modules,
associative algebras, or diagrams thereof.

7. REPRESENTATIONS AND PRO-COHERENT SHEAVES

Let X be a formal moduli problem on A with associated Lie algebroid T4, x. We
have seen in the previous section that the oo-category of Ty, x-representations is an
extension of the co-category of quasi-coherent sheaves on X. The purpose of this
section is to provide a geometric description of this extension when A is coherent
(Definition 7.2), in terms of pro-coherent sheaves on X (Definition 7.10).

Theorem 7.1. Suppose that A is coherent and eventually coconnective and let
X: CAlgi™ /A — 8 be a formal moduli problem. Then there is a natural fully
faithful left adjoint functor

RepTA/XC—> QC' (X)

from the co-category of (quasi-coherent) Ty x -representations to the oo-category of
pro-coherent sheaves on X. Its essential image consists of pro-coherent sheaves on
X whose restriction to A is quasi-coherent.

In [5, Vol. II, Ch. 8, §4], the oo-category of representations of a Lie algebroid is
defined to be the co-category IndCoh(X) of ind-coherent sheaves on the associated
formal moduli problem. In the setting of loc. cit., this co-category is equivalent to
QC!(X) by Serre duality (see Remark 7.11).

Section 7.1 discusses the definition of the co-category of pro-coherent sheaves on
a formal moduli problem. In Section 7.2, we relate this to the co-category of Lie
algebroid representations and prove Theorem 7.1.
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7.1. Pro-coherent sheaves on formal moduli problems. Let us start by re-
calling the following definitions:

Definition 7.2 ([19, Definition 7.2.4.16]). Let A be a connective commutative
dg-algebra over Q. We will say that A is coherent if mo(A) is a coherent ring and
each 7, (A) is a finitely presented 7y(A)-module.

Definition 7.3 ([4, Definition 2.2.2]). A module E over a connective commutative
dg-algebra A is called coherent if it satisfies the following conditions:

(1) It is almost of finite presentation: for every n there exists a map from a
perfect A-module E,, — E whose cone is n-connective. Equivalently, F can
be presented by a graded-free dg-A-module with generators in homological
degrees > N for some integer IV, and finitely many generators in each degree.

(2) It is eventually coconnective, i.e. m,(E) = 0 for n > 0. Note that (1) already
implies that m,(E) = 0 for n < 0.
When A is coherent, this is equivalent to the condition that each 7, (E) is finitely

presented over my(A) and that m,(F) = 0 for n < 0 and n > 0 [19, Proposition
7.2.4.17]. We will denote the co-category of coherent A-modules by Coh 4.

Definition 7.4. For any connective cdga A, we define the oco-category of pro-
coherent sheaves on A to be

QC'(A) := Ind(Coh%),
even though this is technically its opposite category.

Remark 7.5. When A is eventually coconnective, there is a fully faithful inclusion
Perf, C Cohy. This induces a fully faithful embedding Mod, C QC!(A) of the
quasi-coherent sheaves on A (i.e. A-modules) into the pro-coherent sheaves on A,
via

Mods =~ Ind(Perf4) — 2, 1nd(Perf?) s Tnd(CohP). (7.6)

Unravelling the definitions, the inclusion Modsy — QC'(A) can be described as
follows. If £ € Mod4 is an A-module, then the corresponding object in Ind (Cohilp)
is the finite-limit preserving functor

Cohy —— 8; FH——Q®(E®a F).

Here Q2°°(V') denotes the space underlying an A-module V, e.g. obtained by applying
the Dold-Kan correspondence to the connective cover 7>o(V).

Remark 7.7 (Serre duality). Suppose that A is a connective cdga such that m(A)
is Noetherian and each 7, (A) is a finitely generated mo(A)-module. If A admits
a dualizing compler w4 in the sense of [18, Definition 4.2.5], then there is an
equivalence of co-categories [18, Theorem 4.2.7]

Hom 4 (—,wa): Coh% —=— Coh .
Taking ind-completions, we obtain an equivalence
Ind(Coh%’) —=— Ind(Coh,)

between the co-category of pro-coherent sheaves and the co-category of ind-coherent
sheaves studied extensively by Gaitsgory [1] (see also Section 9 of loc. cit.).

By [18, Theorem 4.3.5], A admits a dualizing complex if and only if 7y(A) admits
a dualizing complex in the classical sense [7, Chapter V.2]. In particular, this is
the case when 7y(A) is a complete Noetherian local ring, or when 7y(A) is locally
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finitely presented over a field [7, Chapter V.10]. The affines used in the work of
Gaitsgory—Rozenblyum [5] have this last property.

For us, the importance of the oo-category of pro-coherent sheaves stems from the
following basic result:

Lemma 7.8. Let A be a coherent commutative dg-k-algebra and let f: B — A
be an iterated square zero extension by coherent A-modules. Consider the thick
subcategory € C Modp generated by the modules of the form f.F, where F' € Coh 4
18 a coherent A-module. Then B is coherent and C coincides with Cohp.

Proof. By assumption, the map f decomposes as
B=B,——B, 1——...—— By = A,

where each map is a square zero extension by a coherent A-module. Proceeding by
induction along this tower, we can reduce to the case where f: B — A is a square
zero extension by a coherent A-module I. In this case, mo(f): mo(B) — mo(A)
is a square zero extension by a finitely presented my(A)-module. One easily sees
that any finitely presented 7my(A)-module is finitely presented over mo(B) and that
mo(B) is a coherent ring (see e.g. [2, Lemma 3.25 and Lemma 3.26]). Using the long
exact sequence of ] — B — A and the fact that all 7, (I) and 7, (A) are finitely
presented over mp(A) (hence over my(B)), one deduces that B is coherent.

For every coherent A-module F', its homotopy groups are finitely presented over
mo(A) and hence over my(B). This means that f.F is a coherent B-module, so that
€ C Cohp. It remains to be verified that C exhausts Cohp. Using Postnikov towers,
one sees that Cohp is the thick subcategory generated by the (discrete) finitely
presented my(B)-modules. It therefore suffices to show that € contains any such
finitely presented m(B)-module E. Note that E fits into a short exact sequence of
finitely presented mo(B)-modules

0 K E mo(A) Qo) BE——0

where K is a quotient of ker(mo(f)) ®xy(p) E. In particular, ker(mo(f)) C mo(B)
acts trivially on K, so that both K and mo(A) @, () E are contained in f, (CohA).
It follows that E is contained in C, as desired. O

Given a functor X : CAngm’COh/A — 8§ on the oco-category of iterated square
zero extensions of A by coherent A-modules, its category of pro-coherent sheaves is
obtained by gluing, using Lemma 7.8.

Construction 7.9. Suppose that A is coherent and eventually coconnective. It
follows from Lemma 7.8 that for any map f: B — B’ between small extensions of
A by coherent A-modules, the functor

f* : Modgr —— Modpg
preserves coherent modules. Consequently, there is a functor
Coh: (CAlg™ " /A)*” —— StCatZ

sending each small extension B — A to the stable co-category of coherent B-
modules, and each map f: B — B’ to the exact functor f.. Consider the composite

functor

(CAngm,coh/A) op  Coh°P Catoo Ind PI‘L

sending each small extension B — A to the co-category Ind(Coh}}p) of pro-coherent
sheaves on B. Every map f: B — B’ of small extensions over A is sent to the
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adjoint pair

f« =Ind(f.): Ind(Coh%)) Ind(Coh®): f".

By construction, the functor f, preserves compact objects. It follows that the
right adjoint f' preserves all colimits and admits a further right adjoint fi (this is
discussed in much greater generality in [4]).

Definition 7.10. Let A be coherent and eventually coconnective. For any functor
X: CAngm’COh/A — 8, we define the stable presentable oo-category QC'(X) of
pro-coherent sheaves on X to be the value on X of the left Kan extension

op Ind(Coh®P)
_—

(CAlg™ " /A) + Prl

l . »"ch

Fun(CAlg]™ " /A, 8)

This exists by [16, Lemma 5.1.5.5], since Pr™ has all small colimits [16]. Informally,
a pro-coherent sheaf on X is given by a collection of pro-coherent sheaves F

over B € CAngm’COh /A for every y € X(B), together with a coherent family of
equivalences for every f: B — B’

Fyw) = f'Fy.
For a functor X: CAlgy"/A — § defined on the full subcategory CAlgi™ /A C
CAlg™ " /A, we define QC'(X) in a similar fashion.

Remark 7.11 (Serre duality). Suppose that we are in the ‘locally almost of finite
type’ situation considered in [4, 5], i.e. that A is eventually coconnective, coherent
and with my(A) locally finitely presented over a field. In this case, these properties
are shared by each object in CAlngm’COh/A. Work of Gaitsgory [, Theorem 9.1.4]
then provides a natural equivalence of functors

Ind(Coh®P)
o | T
(CALg™h ) 4)°P NHD prL. (7.12)

Ind(Coh)

This natural equivalence is given on objects by Serre duality (see [4, Section 9.5], cf.
Remark 7.7). By Kan extension, one then obtains for any X : CAngm’COh JA— 8
a Serre duality equivalence

D: QC'(X) — IndCoh(X).

Here the oo-category IndCoh(X) agrees with the oo-category of ind-coherent sheaves
on X considered in [4, Section 10] and [5] (by an argument as in Remark 6.14).

7.2. Koszul duality. Recall that the left adjoint ® from Lemma 6.10 corresponds
under straightening to a natural transformation between diagrams

Rep: LieAlgdy —— Pr" Modc- : LieAlgd —— Pr"

of locally presentable co-categories and left adjoint functors between them. When
evaluated on a map of A-cofibrant dg-Lie algebroids f: g — b, this natural
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transformation is given by the commuting square of left adjoints

Modg-(5) —— Repy,

f*:=C*(E)®c*(b)—J( lf!

Modg-(g) — Repy.

Let us pass to the associated diagram of right adjoint functors and next take opposite
categories. The natural transformation ® then determines a natural transformation
between two diagrams of large oo-categories and left adjoint functors between them

Rep®®: LieAlgd?? —— Catk ModZ, : LieAlgd®? —— Catk .
The value of this natural transformation on a map of Lie algebroids f: g — b is

given by

C*(g,— o
Repy? L), Modcp*(g)

fl lf* (7.13)

op op
Repy” gy Modes )

where fi is the right adjoint to f', given by coinduction. For every A-cofibrant
dg-Lie algebroid g, taking the A-linear dual of a g-representation determines a left
Quillen functor

(—)V: Rep;lg —_— Repgg")p
whose right adjoint is given by (—)V as well. For every map f: g — b, this functor
intertwines induction and coinduction, i.e. there is a natural commuting diagram

Rep, L Repy”

f{ J/f! (7.14)

op
Reph W Reph
at the level of co-categories. We therefore obtain a natural transformation
(_)\/ op C* op
p: Rep, —— Rep®® —— Mod 2. (7.15)
between functors LieAlgd 4, — 6?10;0 Here Rep, denotes the functor sending a

map of Lie algebroids f: g — b to the induction functor f.: Rep; — Repy.

Proposition 7.16. Suppose that A is cofibrant, coherent and eventually coconnec-
tive, and let g be a good Lie algebroid over A. Then the left adjoint functor p (7.15)
restricts to a fully faithful functor

. w op
p: Repy —— Cohc*(g)

on the compact g-representations. Its essential image is the thick subcategory of
Cohocp*(g) generated by f.(A).

Proof. The right adjoint of the functor p is given by
v: Mod{. ) — Repy; M —— (M)Y.

We will first show that for any compact g-representation F, the unit map £ —
vi(E) is an equivalence. To this end, let f: 0 — g be the initial map and note
that the forgetful functor f': Repy, — Mody detects equivalences and preserves
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filtered colimits. It follows that Rep;’ C Repy is the thick subcategory generated by
the g-representations

f(F)=U(g) ®a F
where F' € Mod? is a compact object in the co-category of A-modules. It therefore
suffices to check that the unit map f.F' — vu(f.F) is an equivalence for any such
free g-representation f,F. We may assume that g is a very good dg-Lie algebroid
and, up to retracts, that F' is a cofibrant dg- A-module of the form

F= A% n]. (7.17)

(In the present situation the above sum can be taken finite, but in the tame setting
of Section 8 we cannot assume this). To see that f.F' — vu(f.F') is an equivalence,
note that it decomposes as

FoF —— ((foF)Y)Y — @ (C*(g, (f.F)¥))”

where € is the unit of the adjoint pair (®,C*). The PBW theorem and Lemma 5.9
imply that U(g) = ,,., A%*[n] as a graded A-module. It follows that f,F is a
cofibrant dg- A-module of the form

fF =U(g) @a F = @ A% [n].
n<ng

Its linear dual (f.F)" is then a dg-A-module of the form @, ., A®""[-n]. In
particular, (f«F)V is eventually connective, so that € is an equivalence by Corollary
6.5. Furthermore, since A is eventually coconnective, the argument used in the proof
of Corollary 4.2 shows that the biduality map f.F — (f.F)VV is an equivalence.
We conclude that y is fully faithful on the compact objects of Rep,.

The essential image of the compact objects is the smallest thick subcategory of
Mod¢-(g) containing the images p(f.F') with F' € Mod};. Because

p(fF) = C*(g, (fuF)") = C*(g, A(FY)) = fu(FY)
by the commuting diagrams (7.13) and (7.14), and because Mod¢ is generated by A
itself, we find that the essential image agrees with the thick subcategory of Cohgp* ()
generated by fi(A). O

For any good Lie algebroid g, Proposition 7.16 provides a fully faithful inclusion
w (o) ! *
Ind(y): Rep, ~ Ind(Repf ) —— Ind(Coth*(g)) =QC'(C*(g)).
Its essential image can also be identified using the following observation:

Lemma 7.18. Suppose that A is coherent and eventually coconnective and let
f: B — A be an object of CAlgi™/A. Then the following stable subcategories of
Ind(Cohy) are equivalent:

(C1) The smallest stable subcategory that is closed under colimits and contains
fi(A).

(C2) The subcategory of those E € Ind(Cohy') such that f'(E) is contained in the
full subcategory Mod 4 C Ind(Coh’) (see Diagram (7.6)).

Proof. Note that f' and the inclusion Mod 4 C Ind(Coh%’) of (7.6) both preserve
colimits. It follows that C3 is closed under colimits. Consequently, €; C Cs as soon
as f'f.(A) is quasi-coherent, i.e. an A-module.

Assuming this for the moment, we also find that €5 C €;. Indeed, by Lemma 7.8,
Ind(Coh}}’) admits a set of compact generators of the form f,(F), with F' € Coh’.
Consequently, f': Ind(Coh®’) — Ind(Coh?’) detects equivalences and preserves
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colimits, so that the adjoint pair (fs, f') is monadic [19, Theorem 4.7.3.5]. This
means that every E € Ind(Coh}’) arises as the colimit of its bar resolution

TS L FE) T3 (FS)E) - B.

If f'(E) is contained in Mod 4, then each term in the bar resolution is contained in
G C 62, so that E € C;.

To see that f'f.(A) is a quasi-coherent A-module, note that it can be described
by the limit-preserving functor Coh s — 8 sending F' to

Mapcon,.. ,, (f+(A), f«(F)) ~ Mapyoq, (f* f«(4), F).

Our goal is to argue that this functor is of the form described in Remark 7.5. To this
end, let us assume that A is modelled by a cofibrant dg-algebra and that B = C*(g)
arises from a very good dg-Lie algebroid g. Diagrams (7.13) and (7.14) then show
that f.(A) € Cohp can be modelled at the chain level by

n(U(g)) = C*(a,U(g)").

Because g is a very good dg-Lie algebroid over A, the PBW theorem shows that
U(g)Y =2 Sym4(gVY) is a connective dg-A-module, which is freely generated without
differential by finitely many generators in each degree. In particular, it is cofibrant
as a dg-A-module. It follows that C* (g,L{(g)V) is a free graded C*(g)-module with
generators in degrees > 0, and is therefore cofibrant as a dg-C*(g)-module. We
conclude that

f*f*(A) ~ A ®C*(g) c* (gvu(g)v) = u(g)v'
Note that we can model every coherent A-module F' by a graded-free dg- A-module

with finitely many generators in each degree and no generators in degrees < 0. Since
U(g)" has the same finiteness properties, there is an isomorphism of dg-A-modules

HomA(Z/{(g)v7F) ~U(g) ®a F.

Both U(g)¥ and U(g) are cofibrant dg-A-modules, so the mapping complex and
the tensor product already compute their derived functors. Applying the functor
0% : Mody — 8 taking underlying spaces (e.g. applying the Dold-Kan correspon-
dence to connective covers), we find that the pro-coherent sheaf f'f,(A) is given by
the limit-preserving functor Cohy — 8

F s Map, (U(g)", F) ~Q®(U(g) ®a F).
By Remark 7.5, this means that f'f.(A) is contained in Moda C Ind(Coh%’). O

Corollary 7.19. Suppose that A is cofibrant, coherent and eventually coconnective,
and let g be a good Lie algebroid over A. Then the functor p: Rep; — Cohc-(q)
of Proposition 7.16 induces a natural equivalence

Ind(p): Repy —— QcC' (C*(g)) Xqct(a) Mod 4.

Proof. Passing to ind-completions, Proposition 7.16 identifies Repy with the ind-
completion of the thick subcategory of Coh‘é}l( o) generated by f.(A). This ind-

completion can be identified with the full subcategory €; C QC!(C*(g)) of Lemma
7.18. Lemma 7.18 shows that this subcategory is equivalent to the oco-category
of pro-coherent sheaves whose restriction to A is quasi-coherent, i.e. to the fiber
product QC'(C*(g)) Xqct(a) Mod 4. O

We will now deduce Theorem 7.1 from the functoriality of the equivalence provided
by Corollary 7.19.
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Proof (of Theorem 7.1). We will follow the proof of Theorem 6.1. Corollary 7.19
provides a natural equivalence

Rep, =Ind(Rep?)
LieAlgd®>° NHInd( 1) Prl.
F(C* (=)

Here Rep, sends a good Lie algebroid to its oo-category of representations and
a map g — h to the induction functor. The functor F: (CAngm/A)Op — Prt
sends a map of small extensions f: B — B’ to the adjoint pair

fo xid: QC'(B') xqariay Moda . QC'(B) xqei(ay Moda: £ x id.

These functors are indeed adjoint by Lemma 7.18: this implies that both f, and f'
preserve the category of pro-coherent sheaves whose restriction to A is quasi-coherent.
Precomposing with the duality functor © (3.2), we obtain a natural diagram

(CAlgy™/A)P F

Fun(CAngm/A, 8) T) LleAlgdA ﬁ) PI'L

commuting up a natural equivalence, given by the inverse of

Ind(p)
Repg(p) ———— QC (C*D(B)) x qci(ay Moda — QC'(B) x gt (a) Mod.a.

The second functor arises from the unit map B — C*D(B), which is an equivalence
by Corollary 4.2.

Now consider the left Kan extension of the functor F along the Yoneda embedding
h. By its universal property, there is a natural transformation of this left Kan
extension to the functor Repg,. When X = colimyee, h(B,) is the colimit of a
diagram of corepresentables, this natural transformation is given at X by

. | ~ .
lér)? (QC (Ba) Xqc!(4) ModA) — légl (Repg(BQ)) — Repyp,(x)-  (7.20)

Here we take the limits of the diagram of co-categories and right adjoint functors f*
between them. When X is a formal moduli problem, we can proceed as in the proof
of Theorem 6.1: we can assume that Cx is sifted, so that the second functor in (7.20)
is an equivalence by Lemma 2.13. Furthermore, Cx is in particular contractible, so
that the limit of the constant diagram on Mod 4 is just Mod 4 itself (and similarly
for QC'(A)). We conclude that the domain of (7.20) can be identified with

lim (QC!(BQ)) X qct () Moda = QCH(X) X qcr(4) Moda.
Since (X ) ~ Ty, x for any formal moduli problem, we obtain a natural diagram
Repr, ,, +—— QC'(X) Xqei(a) Moda—— QC'(X)

where the left functor is an equivalence and the right functor is fully faithful. This
proves Theorem 7.1. O
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8. PRO-COHERENT LIE ALGEBROIDS

Theorem 7.1 provides a geometric interpretation of the co-category of represen-
tations of a Lie algebroid in terms of pro-coherent sheaves on the corresponding
formal moduli problem. This puts forward the theory of pro-coherent sheaves as
a variant of the theory of quasi-coherent sheaves that is much more well-behaved
from the point of view of deformation theory. For example, for every map of small
extensions B — B’, the restriction functor

f'1 QCH(B) —— QC'(B)

admits both a left and right adjoint, corresponding roughly to induction and
coinduction of Lie algebroid representations under Koszul duality. In contrast, the
functor f*: QC(B) — QC(B’) only admits a right adjoint.

However, the relation between Lie algebroid representations and pro-coherent
sheaves discussed in Section 7 is not perfect: because we have only discussed
Lie algebroid representations on (quasi-coherent) A-modules, we can only give a
Lie-algebraic description of those pro-coherent sheaves whose restriction to A is
quasi-coherent. One would expect the full co-category of pro-coherent sheaves on
X to correspond to the oo-category of pro-coherent representations of Ty, x.

The purpose of this section is to describe some refinements of the results from
the previous sections to the setting of pro-coherent Lie algebroids and their rep-
resentations. Our main observation is that (in certain cases) pro-coherent Lie
algebroids can be conveniently described in terms of the tame homotopy theory
of dg-Lie algebroids. This homotopy theory is transferred from the tame model
structure on dg-A-modules and its weak equivalences form a strict subclass of the
quasi-isomorphisms. Unfortunately, the resulting co-category is only well-behaved
when A is coherent (Definition 7.2) and bounded (see Warning 8.14).

Definition 8.1. A connective commutative dg-k-algebra A is (strictly) bounded
if it is concentrated in degrees [0,n], for some n > 0. Note that being bounded
is not invariant under quasi-isomorphisms; a connective dg-algebra is eventually
coconnective if and only if it is quasi-isomorphic to a bounded dg-algebra.

With respect to the tame homotopy theory, a dg-Lie algebroid is A-cofibrant if
its underlying graded A-module is graded-projective. In particular, the analyses of
Section 3 and Section 4, which essentially only rely on the PBW theorem, can be
applied almost verbatim to the tame setting. Consequently, we obtain the following
analogues of Theorem 5.1 and Theorem 7.1:

Theorem 8.2. Suppose that A is a cofibrant, bounded and coherent commutative
dg-k-algebra. Then there is an equivalence of co-categories

MC: LieAlgd), " FMPY: Ty,

between the co-category of pro-coherent Lie algebroids over A and the co-category
of pro-coherent formal moduli problems CAlg™ " JA — § (see Section 1).

Theorem 8.3. Let A be a cofibrant, bounded and coherent commutative dg-k-
algebra and let X be a pro-coherent formal moduli problem on A. Then there is an
equivalence

! ~ !
QC(X) —— RepTA/X

between the oo-categories of pro-coherent sheaves on X and pro-coherent Ty, x-
representations. For any map f: X — Y of pro-coherent formal moduli problems,
this equivalence identifies the functor f': QC!(Y) — QC!(X) with the restriction
functor from TA/y-representations to TA/X -representations.
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Example 8.4. Suppose that A = k is coherent (e.g Noetherian) and eventually
coconnective. Then one can always find a (strictly) bounded model for A to which
the theorems apply. In this case, Theorem 8.2 provides an equivalence between
Lie algebras in Ind(Coh,”), defined by explicit point-set models, and formal moduli

problems CAngm’COh /k— 8.

Example 8.5. The main type of dg-algebra A to which the above theorems apply
is as follows. Suppose that k is eventually coconnective and Noetherian, i.e. mo(k) is
Noetherian and each 7, (k) is finitely generated over mo(k). We can assume that k
is modelled at the chain level by a bounded cdga. Suppose that A is a commutative
dg-k-algebra which is free without differential, such that:

(i) A has finitely many generators.
(ii) Each generator is either in degree 0 or in odd degree.

Then A is cofibrant over k, bounded and coherent. In particular, if k is eventually
coconnective and Noetherian, then the derived zero locus of any map A} — A}"
over Spec(k) can be modelled by a commutative dg-algebra A with these properties.

We will start in Section 8.1 by recalling the tame model structure on dg-A-
modules. Section 8.2 describes the relation between this model structure and the
oo-category of pro-coherent sheaves on A. We then discuss the induced homotopy
theory on dg-Lie algebroids (in Section 8.3) and their representations (in Section
8.4). Most importantly, we describe how one can modify the proofs of Theorem 5.1
and Theorem 7.1 to establish Theorem 8.2 and Theorem 8.3.

8.1. Tame dg-A-modules. Recall that for any commutative dg-algebra A, the
category of dg-A-modules can be endowed with the tame, or contraderived model
structure (see e.g. [1, 25]). In this model structure, a map of dg-A-modules E — F'
is

« a fibration if it is degreewise surjective.

o a cofibration if it is a monomorphism, whose cokernel is projective as a graded

A-module.

o a weak equivalence if for any graded-projective dg-A-module P, the map on
hom-complexes Hom 4 (P, E) — Hom 4 (P, F') is a quasi-isomorphism.
We will denote the associated oco-category by ModL‘ and refer to it as the co-category
of tame dg-A-modules. This terminology is supposed to emphasize that ModIA
depends on the explicit cdga A, i.e. quasi-isomorphic cdgas may have non-equivalent
oo-categories of tame dg-A-modules.

The tame model structure is stable and symmetric monoidal for the usual tensor
product over A, and the usual projective model structure is a (symmetric monoidal)
right Bousfield localization of the tame model structure. It follows that there is a
fully faithful, symmetric monoidal left adjoint functor of co-categories

Mod 4 —— Mod,.

Furthermore, Modi4 is a presentable oo-category, since the tame model structure is
combinatorial:

Lemma 8.6. Let T=" be the set of graded-free dg-A-modules T satisfying the
following two conditions:

(i) T has no generators in (homological) degree > n

(i) T has finitely many generators in each individual degree.
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Let T =J,, T=". Then the collection of cone inclusions {T — T[0,1]: T € T} is a
set of generating cofibrations for the tame model structure. In particular, the tame
model structure is cofibrantly generated.

Proof. Suppose that p: E — F is a map with the right lifting property against all
T — T[0,1] with T' € 7. To see that p is a trivial fibration, let ¢ C Modf}‘g be the
full subcategory of graded-projective dg-A-modules P for which

Hom (P, E) — Homu (P, F)

is a trivial fibration. Then T C € and we have to show that € contains all graded-
projective dg-A-modules. To this end, let us make the following observations:

(1) € is closed under retracts.

(2) Let P — @ be a cofibration such that P and /P are contained in €. Then
@ is contained in C.

(3) f{Ph — ... — P, —> ...} is a (transfinite) sequence of cofibrations
between objects in €, then the colimit colim P, is contained in C as well.

By (1), it suffices to verify that C contains all graded-free dg- A-modules. To see this,
suppose that @Q is a graded-free dg- A-module, with set of generators S = {y;}. Let
B C P(S) be the poset of subsets S’ C S which generate a sub dg-A-module of Q
that is contained in €. It follows from (3) that any chain in B has an upper bound.
By Zorn’s lemma, B admits a maximal element Sy. Let P = A<S0> be its A-linear
span and consider the quotient Q/P. We claim that @/P is trivial, so that Q € C.

Indeed, @Q/P has a set of generators S\ Sy. If there exists a generator y € S\ Sy
of degree n, one can find a set S’ C S\ Sy containing y such that

o A<S' > is closed under the differential.

e S’ contains finitely many generators in each degree < n and no generators in
degrees > n.

Indeed, one can proceed inductively, in each step choosing (finitely many) generators
whose A-linear span includes the differentials of the (finitely many) generators
chosen before.

The resulting dg- A-module A<S’ > C Q/P is contained in T. Using (2), it follows
that A<So U S'> C @ is contained in € as well. This contradicts maximality of Sy,
so we conclude that S\ Sy is empty and Q/P = 0. 0

Remark 8.7. Let FE be a dg-A-module and consider its connective cover
TzoE: ( — E1 — ZO(E) — O)

Then the map 7.0F — E is a tame weak equivalence if and only if [T, E] = 0 for
any T € T<~1. We will say that FE is a connective tame dg-A-module if it satisfies
these equivalent conditions. The full subcategory Modifo on the connective tame
dg-A-modules determines an accessible t-structure on Mod!A.

One can easily verify that a map between connective tame dg-A-modules is a
tame weak equivalence if and only if it is a quasi-isomorphism. It follows that the
fully faithful inclusion Mod 4 — Mod!A induces an equivalence ModiO — Modi;xZO
on connective objects.

8.2. Tame modules and pro-coherent sheaves. We do not know of a good
homotopy theoretic interpretation of the oco-category of tame dg-modules over a
general dg-algebra A. However, when A is bounded and coherent, the co-category
Mod!A is very well-behaved, and can be identified with the co-category of pro-coherent
sheaves on A (Corollary 8.9). In particular, Mod!A is a compactly generated oo-
category, and we have an explicit identification of its compact generators, analogous
to the case where A is discrete, as treated in e.g. [22]:



KOSZUL DUALITY FOR LIE ALGEBROIDS 39

Proposition 8.8. Suppose that A is bounded and coherent and let K=C be the set
of (weak equivalence classes of) dg-A-modules E such that

(i) E is contained in the set T=0 of Lemma 8.6, i.e. graded-free, with generators
of degree < 0 and finitely many generators in each degree.

(i1) its A-linear dual EY = Homu(E, A) is eventually coconnective, i.e. mi(EY)
vanishes for i > 0.

Then K=0 is a set of compact generators for ModIA,

Corollary 8.9. Let A be bounded and coherent and consider the functor
(=)V: Mod}y —— Mod%®

sending a tame dg-A-module to its A-linear dual. This functor restricts to an
equivalence between the full subcategory K0 C Mod!A and the opposite of the full
subcategory Cohf‘O C Mod 4 of connective coherent A-modules. In particular, there
s an equivalence of stable co-categories

Mod!;y ~ Ind(Coh%) = QC'(A).

Proof. The functor (—)¥: Mod% —s Mod%®°" is a left Quillen functor from the
tame model structure to the projective model structure, whose right adjoint is
given by (—)V as well. For any (cofibrant) object £ € K=, the dual EV is graded-
free, with finitely many generators in each nonnegative degree. In particular, it is
cofibrant. Since A is bounded, the derived unit map £ — EVV is an isomorphism.
The full subcategory of ModIA on the compact generators is therefore equivalent to
its essential image under (—)¥ in Mod}’. Unwinding the definitions, this essential
image is exactly the opposite of Cohio. O

Example 8.10. Let f: A — B be a weak equivalence of bounded coherent cdgas
and consider the Quillen pair f': Modf}‘g = Mod%g: fi between the tame model
structures, where f' sends F to B ®4 E. This Quillen pair is a Quillen equivalence.
Indeed, note that f' preserves the compact generators from Proposition 8.8, since
fHE)Y 2B®y (EY) for any E € X=°. On compact objects, f' is therefore given
by the composite of equivalences

()Y

) Coh® — 1 Modl¥

lw B®a(—)
' Mod's

Coh’Y
This implies that f': ModIA — ModIB is an equivalence as well.

The remainder of this section is devoted to the proof of Proposition 8.8.
Lemma 8.11. Suppose that A is bounded and that E is an object in K=C. Let ng

be an integer such that m;(EY) = 0 for all i > ng. Then the following hold:

(1) For any indexing set I, the map @, Homa(E, A) — Homu(E,P; A) is an
isomorphism.

(2) Let F be a dg-A-module which is graded-free, with generators x;. Let F() pe
the quotient of F by the submodule generated by the x; of degree < n. Then
for alln > 1:

moHom 4 (E, F™) = 0.
(8) For every m < —nq, the map

noHom 4 (E, F) — moHom 4 (E, F(™))

is an isomorphism.
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n>0

Proof. For (1), we can write E = @, _, A®'"[—n] at the level of graded A-modules.
The map @; Homa(E, A) — Homy (E,@; A) is then given by

D, ano A®in[p] —— ano D, A% [n].

This map is an isomorphism in each degree, since A is concentrated in nonnegative
degrees.

For assertion (2), note that F(") ig graded-free on the generators z; of degree
> n. Since E only has generators in degree < 0, the complex Hom 4 (E,F(")) is
trivial in degree 0 when n > 1.

For (3), consider the tower of fibrations between graded-free dg-A-modules

F—s. .. — 2 FED FO,

The natural map F — lim,,< F® to the (homotopy) limit of this tower can be
identified with the map

D, D, Alnl — 11, D, Alnl-

Here I,, denotes the set of generators of F' of degree n. Because A is bounded, this
map is an isomorphism.

For every m < —ny, the fiber of the map Hom 4 (E, F(™)) — Hom 4 (E, F(m+1)
can be identified with

Hom 4 (E, @A[m]) = @HomA(E,A[m]) = @Ev[m}.

By our assumption on F, the homotopy groups of this complex vanish in all degrees
> —1. This implies that the map

roHom 4 (B, F) & 7T0<limn§0 Hom(E, F(”))) & mHoma (B, Fm)

is an isomorphism for all m < —ny. ([

Lemma 8.12. Suppose that A is bounded and coherent. Let C C ModIA be the
smallest full subcategory of Mod; that contains the objects in K=0 and is closed
under colimits and extensions. Then C = ModlA.

Proof. By Lemma 8.6, it suffices to show that € contains all objects T' € T, which
are of the form € A®Fn[—n] without differential. The dual of such a T is
given by the (projectively) cofibrant dg-A-module ,,-,,, A®Fn[p] and the map
T — TVV is an isomorphism. Consider the Postnikov tower of TV

n>ng

TV —— . —— 7 (TY) —— 71 (TV) —— - —— o (TV).

Because A is coherent, each m;(TV) is a coherent A-module and admits an al-

most finite resolution Y; — 7;(T"V) [19, Proposition 7.2.4.17]. One can use these
resolutions to resolve the entire Postnikov tower by
v . P, Py . Py

where P, = @, Y;[i], equipped with a certain differential. The sequence of P,
becomes stationary in each individual degree, so that there is a homotopy equivalence
TV — P, = @, Y;[i]. Taking the dual, one finds that 7' = T is homotopy
equivalent to the colimit of the sequence

Py —— P —— ...
This is a sequence of cofibrations whose associated graded consists of the Y;[i].

Each Y;[]V is contained in K, because its dual is Y;[¢] ~ m;(T"")[¢]. This implies that
the (homotopy) colimit T is contained in the category C. (]
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Proof (of Proposition 8.8). By Lemma 8.12, the objects of K=0 generate Mod!A. To
prove that any E € K=Y is compact, it suffices to show that for any set S and any
collection of graded-free dg-A-modules {P,}4cs, the map

D, moHom 4 (E, P) —— moHom (E, B, Pa)
is an isomorphism. Using the filtration of Lemma 8.11, we obtain commuting squares

@a 7T0HOH1A(E,PQ) —>7T0HOH1A (Eaeaa POL)

J |

@, moHom 4 (E, P{) — moHom 4 (E D, Pé”))

for all n € Z. We will prove by decreasing induction on n that ¢,, is an isomorphism;
this proves that the top map is an isomorphism, because the vertical maps become
isomorphisms for all m smaller than a certain ng, by Lemma 8.11. We can start the
induction at n = 2, where both objects are zero by Lemma 8.11.

For the inductive step, suppose that ¢,, is an isomorphism. To prove that ¢, 1
is an isomorphism as well, let F,, denote the fiber of the map PC(JL_l) — Pé"). It
suffices to check that the map

@®,, Hom 4 (E, F,) —— Hom, (E D Fa>

is a quasi-isomorphism. But each F, is just given by a direct sum @ A[n — 1], so
the result follows from (a shift of) Lemma 8.11. O

8.3. Pro-coherent Lie algebroids. Suppose that A is an eventually coconnective,
coherent commutative k-algebra and let CAngm’COh /A be the co-category of iterated
square zero extensions of A by connective coherent A-modules. Recall from the

introduction that a pro-coherent formal moduli problem is a functor
X: CAlg™ " /A —— 8

satisfying the Schlessinger conditions: X (A) is contractible and X preserves pullbacks
along the maps A — A @ E[1], where E € Cohio.

The purpose of this section is to show that such pro-coherent formal moduli
problems can be described (in suitable cases) in terms of Lie algebroids. To this end,
note that for any connective commutative dg-algebra A, the tame model structure
on dg-A-modules can be transferred to a semi-model structure on dg-Lie algebroids,
by [23, Remark 4.26]:

Proposition 8.13. The category of dg-Lie algebroids over A carries the tame semi-
model structure, in which a map is a weak equivalence (fibration) if and only if it is
a tame weak equivalence (fibration). The forgetful functor LieAlgdi‘g — Modig/TA
is a right Quillen functor to the tame model structure, which preserves cofibrant
objects and all sifted homotopy colimits.

‘Warning 8.14. The tame homotopy theory of dg-Lie algebroids is only well-behaved
when A is both cofibrant over k (Remark 2.7) and bounded coherent (Proposition
8.8). There is some conflict between cofibrancy and being bounded: for example, A
cannot have any generators of degree 2 (cf. Example 8.5).

Definition 8.15. Let A be a cofibrant connective cdga over k, which is bounded and
coherent. The oco-category of pro-coherent Lie algebroids over A is the co-categorical
localization

LieAlgd, := LieAlgd%® [{tame w.e .
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This is a locally presentable co-category by the argument of Remark 2.5.

Note that the projective semi-model structure on dg-Lie algebroids is a right
Bousfield localization of the tame semi-model structure, so that there is a fully
faithful left adjoint functor

LieAlgd ;& LieAlgd',.

The remainder of this section is devoted to the proof of Theorem 8.2, relating
pro-coherent Lie algebroids over a cofibrant, bounded and coherent dg-k-algebra A
to pro-coherent formal moduli problems.

Proof (of Theorem 8.2). The proof of Theorem 8.2 is essentially a copy of the proof
of Theorem 5.1. We will therefore only give an outline of the argument, pointing
out the changes that need to be made to the statements appearing in the previous
sections.

Step 1: Chevalley-FEilenberg complex. For any cofibrant commutative dg-algebra A,
the results of Section 2 and Section 3 hold verbatim for the tame semi-model
structure on dg-Lie algebroids, as long as the condition of being ‘A-cofibrant’ is
taken with respect to the tame model structure. In particular (cf. Proposition 3.1),
the Chevalley-FEilenberg complex is the left adjoint in an adjoint pair

C*: LieAlgdy . (CAlg,/A)™: D. (8.16)

Here CAlg,, /A is the usual co-category of commutative k-algebras over A, i.e. cdgas
up to quasi-isomorphism. The right adjoint sends B — A to the dual of the map
between cotangent complexes Ly — La,p (over k); this dual is now computed
in pro-coherent sheaves, rather than Mod4 (i.e. with respect to the tame model
structure).

Step 2: Koszul duality. Let A be a cofibrant dg-k-algebra and suppose that g is a
dg-Lie algebroid whose underlying graded A-module is of the form

g =DA% [n]. (8.17)
n<0
Note that all such g are (tamely) A-cofibrant, so that the value of the left adjoint in
(8.16) is still computed by the Chevalley-Eilenberg complex C*(g) (i.e. one does not
have to cofibrantly replace g). Lemma 4.4 then identifies the unit map g — DC*(g)
of the adjunction (8.16) with

Vv
g ——Lig)a

Here the dual is taken in with respect to the tame model structure. For g as in
(8.17), C*(g) is a connective cdga, so that Lc«(g)/4 is a connective dg-A-module.
In particular, it is contained in the subcategory Mods C QC'(A4) (Remark 8.7).
The computations of Section 4 then provide an equivalence Lg=(g)/a = g¥ in
Mod4 C QC'(A).

It follows that the derived unit map g — ©C*(g) can be identified with the
map of dg-A-modules g — gVV (cf. Proposition 4.1). Because A is bounded, this
map is an isomorphism. Consequently (cf. Corollary 4.2), the left adjoint C* in
(8.16) is fully faithful on all tame dg-Lie algebroids of the form (8.17).

Step 3: axiomatic deformation theory. Under our assumption that A is bounded
and coherent, the co-categories Mod!A and LieAlgd!A are compactly generated, by
Proposition 8.8 and Proposition 8.13. We are therefore in the position to apply
the machinery developed by Lurie [17] (cf. Section 5). The good pro-coherent Lie
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algebroids are now modelled by those dg-Lie algebroids that are obtained from
finitely many pushouts along

Free(d¢: K[—2] — Ty) — Free(¢: K[—2,—1] — T}x) (8.18)

with K in the subcategory =0 C Mod; of compact generators, as in Proposition
8.8. In particular (cf. Lemma 5.9), they are all of the form (8.17), so that we obtain
a fully faithful functor

C*: LieAlgd #° C—— (CAlg;, /A)™.

The functor C* sends the maps (8.18) to the maps A — A @ E[1], where £ = KV
is the A-linear dual of an object in K=C. By Proposition 8.8, these are exactly
the maps A — A @ E[1] where E is a connective coherent A-module. Arguing
as in the proof of Theorem 5.1, it follows that C* yields an equivalence between
the good pro-coherent Lie algebroids over A and the co-category CAlgim’COh /A of
small extensions of A by coherent A-modules. Theorem 8.2 now follows by applying
Proposition 5.4. (|

8.4. Pro-coherent representations. Suppose that A is a bounded, coherent and
cofibrant dg-k-algebra. Just as the tame model structure on dg-Lie algebroids over
A provides a good model for the co-category of pro-coherent Lie algebroids, one can
describe their oo-categories Rep!g of pro-coherent representations using the tame
model structure as well.

Lemma 8.19. Let g be a (tame) A-cofibrant dg-Lie algebroid. Then the following
assertions hold:
(1) The category Repgg carries a combinatorial model structure whose weak equiv-
alence (fibrations) are the tame weak equivalences (fibrations) of dg-A-modules.
For every f: g — b, induction and restriction form a Quillen pair

Je =U(g) @u(n) —: Repgg Repgg: f

which is a Quillen equivalence when f is a tame weak equivalence between
(tame) A-cofibrant dg-Lie algebroids.

(2) The category Repgg carries a model structure whose weak equivalences (cofibra-
tions) are the tame weak equivalences (cofibrations) of dg-A-modules. This is
a momnoidal model category, which is Quillen equivalent to the model category
from (1). Every f: g — b between A-cofibrant dg-Lie algebroids, induces a
symmetric monoidal left Quillen functor

d d
f Repy® — Repy®.
In particular, it gives rise to a symmetric monoidal left adjoint functor

f Rep!h — Rep!g between closed symmetric monoidal co-categories.

(8) The functor of co-categories (e.g. constructed via fibrations, as in Section 6.2)
Rep': LieAlgdL"Op — Prlfym.mon./Mod!A
preserves all limits.

Proof. The PBW filtration also applies to dg-Lie algebroids which are A-cofibrant
for the tame model structure on dg-A-modules. The proof of Lemma 2.10 can
therefore be applied to show (1) (the existence of the model structure follows from
Quillen’s path object argument). Similarly, the proof of Lemma 2.11 yields (2).
For (3), one applies the same proof as in Lemma 2.13. Indeed, let BiMod!A be the
oo-category associated to the category of dg-A-bimodules (over Q), endowed with
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the model structure transferred from the tame model structure on left dg- A-modules.
This is a cofibrantly generated monoidal model category, with generating cofibrations
with cofibrant domains. By [19, Theorem 4.1.8.4], the co-category Alg(BiMod',)
can be modelled by the transferred model structure on associative algebras in this
monoidal model category. Forgetting the symmetric monoidal structure, the functor
Rep' now decomposes as

LieAlgd”» —%— Alg(BiMod', )™ —°% Cato. /Mod 4.

The second functor preserves limits by [19, Theorem 4.8.5.11]. To see that the first
functor preserves sifted limits, it suffices to show that U : LieAlgd';, — BiMod',

preserves sifted colimits. This follows from [23, Theorem 4.22, Remark 4.26]. As in
the proof of Lemma 2.13, the fact that I/ also preserves finite products follows from
the fact that U(F(V)) = T4 (V) for any cofibrant dg-A-module. O

In the remainder of this section, we will outline the proof of Theorem 8.3,
identifying pro-coherent sheaves on a pro-coherent formal moduli problem X with
pro-coherent representations of Ty /x.

Proof (of Theorem 8.3). The proof of Theorem 7.1 essentially carries over verbatim
to this situation. In fact, the argument simplifies because we can work with the
oo-category QC!(X ) of all pro-coherent sheaves on a formal moduli problem, rather
than the subcategory of pro-coherent sheaves that restrict to quasi-coherent sheaves
on A. Again, let us only indicate the structure of the proof.

Step 1: representations of good Lie algebroids. For every dg-Lie algebroid whose
underlying dg-A-module is tamely cofibrant, the adjunction

K(g) @c-(g) (—): Mod§% ) ' Repg®: C*(g, —)

is a Quillen adjunction between the usual projective model structure on dg-C*(g)-
modules and the model structure on g-representations described in Lemma 8.19(1).
Let ®4: Modgx«(g) — Rep!g denote the left derived functor between oco-categories.

When g € LieAlgd' is compact, ®,(C*(g)) = K(g) ~ A is a compact object in
Rep!g7 from which one deduces that ®4 is fully faithful (cf. Lemma 6.3). Moreover,
&, identifies Modzfl () with the full subcategory of connective pro-coherent g-
representations (cf. Lemma 6.4 and Corollary 6.5).

Step 2: naturality. The constructions of Section 6.2 carry over to the tame setting
verbatim (taking ‘A-cofibrant’ with respect to the tame model structure every-
where). In particular, they show that the functor ®4: Modc«(g) — Replg depends
functorially on the tame Lie algebroid g.

Step 3. As in the beginning of Section 7.2, consider the (natural) right adjoint to
@4 and precompose this with the natural functor (—)V: Replg o Rep!g’Op taking
A-linear duals. The result is a natural transformation p (cf. Diagram 7.15), whose
value on a map of pro-coherent Lie algebroids f: g — b is given by

(=) C*(g,-)

!
Rep, ——— Replg’Op — Modz,p*(g)

f*l fl lf* (8.20)

| o o
Repy, —W Rep,” AC*(’J‘}’*) MOde*(h)'

Here the left vertical functor is induction along U(g) — U(h) and the right vertical
functor restricts a module along C*(h) — C*(g).
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Step 4: Koszul duality. Let g be a good pro-coherent Lie algebroid and let f: 0 — g
denote the zero map. The proof of Proposition 7.16 shows that the functor pu
is fully faithful on the compact objects in Rep!g. Note that Replg has a set of
compact generators given by the free representations f.(E) = U(g) ® 4 E, where
E e Modi;‘w is a compact object in the tame model structure on dg-A-modules. By
naturality (8.20), the natural transformation p sends such a free representation to
the C*(g)-module f,(E"). By Proposition 8.8, the duals £V of the compact tame
dg- A-modules coincide with the coherent A-modules. Since the thick subcategory of
Modc+(q) generated by f.(Coh,) coincides with Cohg- () by Lemma 7.8, we obtain
an equivalence

7% Rep!g"“ _ Coh(g’*(g)

for any good pro-coherent Lie algebroid g. This equivalence is natural in g, i.e. it
intertwines induction of representations with the direct image of coherent modules.

Step 5: globalizing. Finally, we proceed as in the proofs of Theorem 6.1 and Theorem
7.1: passing to ind-completions and precomposing with the duality functor © (8.16),
we obtain a diagram

(CAlgim’COh/A) op

|~

Fun(CAlg]™" /A, 8) — LieAlgd' . Prl
! ep,

Ind(Coh°P)=QC'

(8.21)

commuting up to a natural equivalence, given by inverse of the composite equivalence

Ind ~
Repg(p) Ind(Rengm) U Ind(Cohy) —— Ind(Coh¢o5)-

For every X: CAngm’COh/A — 8, the co-category QC!(X) is defined via left Kan
extension (see Definition 7.10), so that we obtain a natural functor

When X is corepresentable, this functor is simply the natural equivalence from
Diagram (8.21). Furthermore, the domain and codomain of this natural functor both
preserve sifted colimits in X: for Repigl( x) this follows from the fact that D, preserves

colimits by definition and that RepI preserves sifted colimits by Lemma 8.19. Since
any pro-coherent formal moduli problem X is a sifted colimit of corepresentable
functors, the above functor becomes an equivalence. The theorem then follows from
the fact that ©)(X) ~ Ty, x for any X € FMP!,. O
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