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Abstract

In his fundamental work, Quillen developed the theory of the cotangent complex as a
universal abelian derived invariant, and used it to define and study a canonical form
of cohomology, encompassing many known cohomology theories. Additional cohomo-
logy theories, such as generalized cohomology of spaces and topological André-Quillen
cohomology, can be accommodated by considering a spectral version of the cotangent
complex. Recent work of Lurie established a comprehensive ∞-categorical analogue
of the cotangent complex formalism using stabilization of ∞-categories. In this paper
we study the spectral cotangent complex while working in Quillen’s model categorical
setting. Our main result gives new and explicit computations of the cotangent com-
plex and Quillen cohomology of enriched categories. For this we make essential use of
previous work, which identifies the tangent categories of operadic algebras in unstable
model categories. In particular, we present the cotangent complex of an ∞-category as
a spectrum valued functor on its twisted arrow category, and consider the associated
obstruction theory in some examples of interest.
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1. Introduction

The use of cohomological methods to study objects and maps pervades many areas in mathema-
tics. Although cohomology groups come in various forms, they share many abstract properties
and structures, which can be organized by means of abstract homological algebra. In his seminal
book [Qui67], Quillen pioneered a way of not just reorganizing homological algebra, but also
extending it outside the additive realm. This allows one, in particular, to study cohomology
groups, the objects one takes cohomology of, and even the operation of taking cohomology
itself, all on a single footing. In Quillen’s approach, the homology of an object is obtained by
deriving its abelianization. More precisely, given a model category M, one may consider the
category Ab(M) of abelian group objects in M, namely, objects M ∈M equipped with maps
u ∶ ∗M Ð→M , m ∶M ×M Ð→M and inv ∶M Ð→M satisfying (diagramatically) all the axioms
of an abelian group. Under suitable conditions, the category Ab(M) carries a model structure
so that the free-forgetful adjunction

F ∶M Ð→
⊥←Ð Ab(M) ∶ U

is a Quillen adjunction. Given an abelian group object M ∈ Ab(M) and an integer n ≥ 0, Quillen
defined the n’th cohomology group of X with coefficients in M by the formula

Hn
Q(X,M) def= π0 Maph

Ab(M)(LF(X),ΣnM).
In particular, all Quillen cohomology groups of X are simple invariants of the derived abeliani-
zation LF(X) of X: one just takes homotopy classes of maps into the linear object M .

The universality of the constructions X ↦ F(X) is best understood on the categorical level.
Recall that a locally presentable category C is called additive if it is tensored over the category
Ab of abelian groups. In this case the tensoring is essentially unique and induces a natural
enrichment of C in Ab. If D is a locally presentable category then the category Ab(D) of abelian
group objects in D is additive and the free abelian group functor D Ð→ Ab(D) exhibits Ab(D)
as universal among the additive categories receiving a colimit preserving functor from D. In this
sense the free abelian group functor (and consequently the classical notion of Quillen cohomology
which is based on it) is uniquely determined by our notion of what an additive category is, which
in turn is completely determined by its universal example - the category of abelian groups.

In the case of simplicial sets, LF(X) is given by the free simplicial abelian group ZX generated
from X. The classical Dold-Thom theorem then shows that Quillen cohomology reproduces
ordinary cohomology and more generally, ordinary cohomology with coefficients in a simplicial
abelian group. The quest for more refined invariants has led to the axiomatization of generalized
homology and cohomology theories, and to their classification via the notion of spectra. The
passage from ordinary cohomology to generalized cohomology therefore highlights spectra as a
natural extension of the notion of “linearity” provided by simplicial abelian groups. Indeed, all
generalized cohomology groups of a space X are now determined not by ZX, but by the free
spectrum Σ∞

+ X generated from X, also known as the suspension spectrum of X.

The passage from simplicial abelian groups to spectra is a substantial one, even from a
homotopy-theoretic point of view. Indeed, in homotopy theory the notion of a spectrum is pre-
ceded by the natural notion of an E∞-group, obtained by interpreting the axioms of an abelian
group not strictly, but up to coherent homotopy. It then turns out that specifying an E∞-group
structure on a given space X0 is equivalent to specifying, for every n ≥ 1, an (n − 1)-connected

space Xn, together with a weak equivalence Xn−1
≃Ð→ ΩXn. Such a datum is also known as a

connective spectrum, and naturally extends to the general notion of a spectrum by remo-
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ving the connectivity conditions on Xn. This passage from connective spectra (or E∞-groups)
to spectra should be thought of as an extra linearization step that is possible in a homotopical
setting, turning additivity into stability. Using stability as the fundamental form of linearity is
the starting point for the theory of Goodwillie calculus, which extends the notion of stability
to give meaningful analogues to higher order approximations, derivatives and Taylor series for
functors between ∞-categories.

The universality of the constructions X ↦ Σ∞
+ X can be understood in a way analogous to that

of X ↦ ZX by working in a higher categorical setting. To this end we may organize the collection
of spectra into an ∞-category Sp, which is presentable and symmetric monoidal. Applying the
above logic we may replace the notion of an additive category by that of a presentable ∞-category
which is tensored over Sp, which coincides with the notion of being a stable presentable
∞-category. Given a presentable ∞-category D, there exists a universal stable presentable ∞-
category Sp(D) receiving a colimit preserving functor Σ∞

+ ∶DÐ→ Sp(D). One may realize Sp(D)
as the ∞-category of spectrum objects in D, also known as the stabilization of D.

A key insight of stable homotopy theory is that the various favorable formal properties of
cohomology theories are essentially a consequence of the stability of the ∞-category of spectra. It
is hence worthwhile, when studying a particular presentable ∞-category D, to look for invariants
which take values in a stable ∞-category, i.e. “linear invariants”. If we restrict attention to
linear invariants that preserve colimits (such as generalized cohomology theories), then there is a
universal such invariant. This invariant takes values in the stabilization Sp(D), and associates to
an object X ∈D its suspension spectrum Σ∞

+ X ∈ Sp(D). Classical Quillen cohomology can then
be replaced by an analogous construction where F(X) is replaced by Σ∞

+ X and the coefficients
are taken in spectrum objects of D. In the case of spaces, this definition captures all generalized
cohomology theories.

One may use the above construction to obtain even more refined invariants. Given an object
X ∈D, if X admits a map f ∶X Ð→ Y then it can naturally be considered as an object in D/Y . We
may then obtain a more refined linear invariant by sending X to its corresponding suspension
spectrum in Sp(D/Y ). If we just have the object X itself, there is a universal choice for f ,
namely the identity map Id ∶ X Ð→ X. The corresponding suspension spectrum LX ∶= Σ∞

+ X ∈
Sp(D/X) is a linear invariant which determines all the others mentioned above. This invariant
is called the cotangent complex of X. Given the cotangent complex LX , we may obtain
invariants which live in the ∞-category of spectra by taking a coefficient object M ∈ Sp(D/X)
and considering the mapping spectrum Map(LX ,M) ∈ Sp. The homotopy groups of these spectra
form a natural generalization of classical Quillen cohomology groups. When X is a space, this
generalization corresponds to twisted generalized cohomology (see e.g. [MS06, §20]), i.e.
allowing coefficients in a local system of spectra on X. When X is an E∞-ring spectrum this
form of cohomology is also known as topological André-Quillen cohomology (see [BM05]),
and plays a key role in deformation theory (see [Lur16]).

An abstract cotangent complex formalism was developed in the ∞-categorical context in [Lur14,
§7.3]. With a geometric analogy in mind, if we consider objects Z Ð→ X of D/X as paths in D,
then we may consider spectrum objects in D/X as “infinitesimal paths”, or “tangent vectors”
at X. As in [Lur14], we will consequently refer to Sp(D/X) as the tangent ∞-category at X,
and denote it by TXD. Just like the tangent space is a linear object, we may consider TXD as
a linear categorical object, being a stable ∞-category. This analogy is helpful in many of the
contexts in which linearization plays a significant role. Furthermore, it is often useful to assem-
ble the various tangent categories into a global object, which is known as the tangent bundle
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of D. The collection of functors Σ∞
+ ∶ D/X Ð→ TXD can then be assembled into a single func-

tor Σ∞
∫ ∶ D Ð→ TD, yielding convenient setting for studying the Quillen cohomology of several

objects simultaneously.

This is the second in a series of papers dedicated to the cotangent complex formalism and its
applications. In the previous papers [HNP17a] and [HNP17b] we studied tangent categories and
tangent bundles in a model categorical setting. The main result of [HNP17b] was a comparison
theorem, which identified the tangent model categories of operadic algebras with tangent model
categories of modules. When the algebras take values in a stable model category this reproduces
the comparison appearing in [Lur14, Theorem 7.3.4.13].

The goal of the present paper is two-fold. Our first objective is to develop more of the
cotangent complex formalism in the model categorical setting. This is done in the first part of
the paper and includes, in particular, the relative counterparts of the cotangent complex and
Quillen cohomology and their role in obstruction theory. We consider three classical cases
- spaces, simplicial groups, and algebras over dg-operads - and analyze them with these tools.
In particular, we obtain a description of the cotangent complex of a simplicial group, which,
to the knowledge of the authors, does not appear in the literature. We finish the first part by
formulating a general Hurewicz principle, which ties together various cases where necessary
and sufficient conditions for a map to be an equivalence can be formulated using cohomology. The
second part of the present paper is dedicated to the study of the cotangent complex and Quillen
cohomology of enriched categories, and makes an essential use of the unstable comparison
theorem of [HNP17b]. Our main result can be formulated as follows:

Theorem 1.0.1 (3.1.16, 3.2.2). Let S be a sufficiently nice symmetric monoidal model category
and let TS Ð→ S be the tangent bundle of S. Let CatS be the model category of S-enriched
categories. Then for every fibrant S-enriched category C we have:

(i) The tangent model category TC CatS is naturally Quillen equivalent to the model category
FunS

/S(Cop⊗C,TS) consisting of the S-enriched functors Cop⊗CÐ→ TS which sit above the
mapping space functor MapC ∶ Cop ⊗ CÐ→ S.

(ii) Under this equivalence, the cotangent complex of C corresponds to the desuspension of the
composite functor Σ∞

∫ ○MapC ∶ Cop ⊗ CÐ→ SÐ→ TS.

When S is stable the situation becomes simpler:

Corollary 1.0.2 (3.1.17, 3.2.4). Let S be as in Theorem 1.0.1 and assume in addition that S
is stable. Then for every fibrant S-enriched category C the tangent model category TC CatS is
naturally Quillen equivalent to the model category of enriched functors Cop⊗CÐ→ S. Under this
equivalence, the cotangent complex of C corresponds to the desuspension of the mapping space
functor MapC ∶ Cop ⊗ CÐ→ S.

Applying Corollary 1.0.2 to the case where S is the category of chain complexes over a field
one obtains an identification of Quillen cohomology of a dg-category C with the corresponding
Hochschild cohomology, up to a shift. To the knowledge of the authors this precise identifi-
cation is new (see §1.1 for a more detailed discussion of the relation to existing results).

When S is the category of simplicial sets, CatS is a model for the theory of ∞-categories. In
this case, the computation of Theorem 1.0.1 simplifies in a different way:
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Theorem 1.0.3 (see Corollary 3.3.1). Let C be an ∞-category. Then the tangent ∞-category
TC Cat∞ is equivalent to the ∞-category of functors

Tw(C)Ð→ Sp

from the twisted arrow category of C to spectra. Under this equivalence, the cotangent complex LC

corresponds to the constant functor whose value is the desuspension of the sphere spectrum. More
generally, if f ∶ C Ð→ D is a map of ∞-categories then the functor Tw(D) Ð→ Sp corresponding
to Σ∞

+ f ∈ TD Cat∞ can be identified with Tw(f)!S[−1], i.e. with the left Kan extension of the
shifted constant sphere spectrum diagram from Tw(C) to Tw(D).

Corollary 1.0.4 (see Corollary 3.3.2). Let F ∶ Tw(C) Ð→ Spectra be a functor and let MF ∈
TC Cat∞ be the corresponding spectrum object under the equivalence of Theorem 1.0.3. Then
the Quillen cohomology group Hn

Q(C;MF) is naturally isomorphic to the (−n − 1)’th homotopy
group of the spectrum limF.

In particular, if C is a discrete category and F is a diagram of Eilenberg-MacLane spectra
corresponding to a functor F′ ∶ Tw(C)Ð→ Ab, then the Quillen cohomology group Hn

Q(C;MF) is

naturally isomorphic to the (n + 1)’th derived functor limn+1 F′.

Recall that a map of simplicial sets is said to be coinitial if its opposite is cofinal. Theo-
rem 1.0.3 then yields the following sufficient condition for a map of ∞-categories to induce an
isomorphism on Quillen cohomology: if f ∶ CÐ→D is a map of ∞-categories such that the indu-
ced map Tw(C) Ð→ Tw(D) is coinitial, then f induces an equivalence on Quillen cohomology
with arbitrary coefficients. Combined with the Hurewicz principle discussed in §2.6, This corol-
lary implies that if f ∶ CÐ→D is a map of ∞-categories such that Tw(C)Ð→ Tw(D) is coinitial
then f is an equivalence if and only if it induces an equivalence on homotopy (2,1)-categories
Ho≤2(C) Ð→ Ho≤2(D). Examples and applications to classical questions such as detecting equi-
valences and splitting homotopy idempotents are described in §3.3.

The results of this paper are used in subsequent work [HNP18] to study the Quillen coho-
mology of (∞,2)-categories. This relies in an essential way on the fact that Theorem 1.0.1 can
handle rather general forms of enrichment. In particular, we obtain an analogous result to 1.0.3
by replacing the twisted arrow category with a suitable (∞,2)-categorical analogue, which we call
the twisted 2-cell category. This can be used to establish an obstruction theory as described
in §2.6 in the setting of (∞,2)-categories.

1.1 Relation to other work

Using its classical definition via abelian group objects (see §2.2), Quillen cohomology of simplicial
categories was studied by Dwyer-Kan-Smith ([DKS86]) and Dwyer-Kan ([DK88]). In those pa-
pers, the authors work in the category CatO∆ of simplicial categories with a fixed set of objects
O. In particular, they identify abelian group objects in (CatO∆)/C in explicit terms, which, in
the language of the current paper can be reformulated as an equivalence between abelian group
in (CatO∆)/C and functors from the twisted arrow category of N(C) to simplicial abelian groups.
When C is a discrete category the cohomology theory associated to functors on the twisted arrow
category is also known as Baues-Wirsching cohomology, see [BW85]. The relation between
this cohomology and the (classical) Quillen cohomology of C as a category with a fixed set of
objects ([DKS86]) was identified by Baues and Blanc in [BB11] in the context of obstructions
to realizations of Π-algebras. Similar results in the case of algebraic theories with a fixed set of
objects were established in [JP05].
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However, in contrast to Corollary 1.0.4, in the above setting the classical Quillen cohomology
of C with coefficients in such a diagram of simplicial abelian groups will not be given by the
corresponding homotopy limit of F. This is due to the fact that the (classical) cotangent complex
of C ∈ CatO∆ is not a constant diagram. Instead, there is a long exact sequence (cf. Corollary 3.2.10)
relating the classical Quillen cohomology of C as an object of CatO∆ and the homotopy groups
of the homotopy limit of F. As can be deduced from Corollary 1.0.4 and Proposition 2.2.3, the
latter are in fact the classical Quillen cohomology groups of C as an object of Cat∆.

We note that the analogue of Theorem 1.0.3 in the setting of abelian group objects is false
when one does not fix the set of objects (see also Remark 3.1.15). In particular, the clean
identification given in Theorem 1.0.3 actually requires working with the spectral version of
Quillen cohomology, and to the knowledge of the authors, was not known before. We also note
that varying the set of objects is essential in many contexts. For example, as described in §2.6,
Quillen cohomology is specifically suited to support an obstruction theory against a certain class
of maps, known as small extensions. In the case of ∞-categories, many small extensions of interest
require changing the set of objects, see, e.g., Example 3.3.4.

A similar phenomenon holds in the case of dg-categories. In this case the associated Hochschild
cohomology was studied by many authors (see [Toë7], [Kel06]), and is related to (classical) Quillen
cohomology once one fixes the set of objects. However, for the same reason as above the relation
between Hochschild cohomology and the corresponding classical Quillen cohomology is not an
identification, but rather a long exact sequence (see [Tab09]). A direct identification between
Hochschild cohomology and Quillen cohomology as steaming from Corollary 1.0.2 only holds
when one works with spectral Quillen cohomology and when one does not fix the set of objects.
To the knowledge of the authors, this result is new.
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2. The abstract cotangent complex formalism

The goal of this section is to study the cotangent complex formalism and Quillen cohomology in
the model categorical framework described in [HNP17a]. We begin by recalling and elaborating
this basic setup in §2.1. In §2.2 we consider the spectral version of Quillen cohomology and
study its basic properties. The next three sections are devoted to classical examples, namely
spaces, simplicial groups and algebras over dg-operads. In particular, we obtain a description
of the cotangent complex of a simplicial group which appears to be new, though most likely
well-known to experts. For algebras over dg-operads we unwind the connection between Quillen
cohomology and operadic Kähler differentials, and briefly discuss the relation with deformation
theory. Finally, in §2.6 we propose a general Hurewicz principle based on the cotangent complex,
which ties together various results on cohomological criteria for a map to be an equivalence.

2.1 Tangent categories and the cotangent complex

In this section we recall from [HNP17a] the formation of tangent bundles and the cotangent
complex in the model-categorical setting. Recall that in order to study tangent categories of
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model categories, one needs a method for associating to a model category a universal stable
model category, usually referred to as its stabilization. Given a pointed model category M,
there are various ways to realize its stablization as a certain model category of spectrum objects
in M (see [Hov01]). However, most of these constructions require M to come equipped with a
point-set model for the suspension-loop adjunction (in the form of a Quillen adjunction), which
is lacking in some cases of interest, e.g., the case of enriched categories which we will study in §3.
As an alternative, the following model category of spectrum objects was developed in [HNP17a],
based on ideas of Heller ([Hel97]) and Lurie ([Lur06]): for a nice pointed model category M we
consider the left Bousfield localization Sp(M) of the category of (N ×N)-diagrams in M whose
fibrant objects are those diagrams X ∶ N ×N Ð→M for which Xm,n is weakly contractible when
m ≠ n and for which each diagonal square

Xn,n
//

��

Xn,n+1

��
Xn+1,n

// Xn+1,n+1

(2.1.1)

is homotopy Cartesian. In this case the diagonal squares determine equivalencesXn,n
≃Ð→ ΩXn+1,n+1,

and so we may view fibrant objects of Sp(M) as Ω-spectrum objects. The existence of this left
Bousfield localization requires some assumptions on M, for example, being combinatorial and
left proper. In this case there is a canonical Quillen adjunction

Σ∞ ∶M Ð→
⊥←Ð Sp(M) ∶ Ω∞

where Ω∞ sends an (N × N)-diagram X●● to X0,0 and Σ∞ sends an object X to the constant
(N×N)-diagram with value X. While Σ∞X may not resemble the classical notion of a suspension
spectrum, it can be replaced by one in an essentially unique way, up to a stable equivalence
(see [HNP17a, Remark 2.3.4]). The flexibility of not having to choose a specific suspension
spectrum model has its advantages and will be exploited, for example, in §3.2.

When M is not pointed one stabilizes M by first forming its pointification M∗ ∶= M∗/,
endowed with its induced model structure, and then forming the above mentioned model category
of spectrum objects in M∗. We then denote by Σ∞

+ ∶ M Ð→
⊥←Ð Sp(M∗) ∶ Ω∞

+ the composition of
Quillen adjunctions

Σ∞
+ ∶M

(−)∐∗//
M∗

U
oo

Σ∞

//
Sp(M∗) ∶ Ω∞

+
Ω∞

oo .

When M is a left proper combinatorial model category and A ∈M is an object, the pointification
of M/A is given by the (combinatorial, left proper) model category MA//A ∶= (M/A)idA / of objects

in M over-under A, endowed with its induced model structure. The stabilization of M/A is then
formed by taking the model category of spectrum objects in MA//A as above.

Definition 2.1.1. Let M be a left proper combinatorial model category. We will denote the
resulting stabilization of M/A by

TAM
def= Sp(MA//A)

and refer to its as the tangent model category to M at A.

Definition 2.1.2 cf. [Lur14, §7.3]. Let M be a left proper combinatorial model category. We
will denote by

LA = LΣ∞
+ (A) ∈ TAM
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the derived suspension spectrum of A and will refer to LA as the cotangent complex of A.
Given a map f ∶ AÐ→ B we will denote by

LB/A = hocofib [LΣ∞
+ (f)Ð→ LB]

the homotopy cofiber of the induced map LΣ∞
+ (f) Ð→ LB in TBM. The object LB/A is known

as the relative cotangent complex of the map f . We note that when f is an equivalence the
relative cotangent complex is a weak zero object, while if A is weakly initial we have LB/A ≃ LB.

Recall that any model category M (and in fact any relative category) has a canonically associ-
ated ∞-category M∞, obtained by formally inverting the weak equivalences of M. By [HNP17a,
Proposition 3.3.2] the ∞-category associated to the model category TAM is equivalent to the
tangent ∞-category TA(M∞), in the sense of [Lur14, §7.3], at least if A is fibrant or if M

is right proper (so that M/A models the slice ∞-category (M∞)/A). In this case, the cotangent
complex defined above agrees with the one studied in [Lur14, §7.3].

If C is a presentable ∞-category, then the functor CÐ→ Cat∞ sending A ∈ C to TAC classifies
a (co)Cartesian fibration TC Ð→ C known as the tangent bundle of C. A simple variation of
the above model-categorical constructions can be used to give a model for the tangent bundle
of a model category M as well, which furthermore enjoys the type of favorable formal properties
one might expect (see [HNP17a]). More precisely, if (N×N)∗ denotes the category obtained from
N×N by freely adding a zero object and M is a left proper combinatorial model category, then

one can define TM as a left Bousfield localization of the Reedy model category M
(N×N)∗
Reedy , where a

Reedy fibrant object X ∶ (N ×N)∗ Ð→M is fibrant in TM if and only if the map Xn,m Ð→X∗ is
a weak equivalence for every n ≠m and the square (2.1.1) is homotopy Cartesian for every n ≥ 0.

The projection ev∗ ∶ TM Ð→ M is then a (co)Cartesian fibration which exhibits TM as a
relative model category over M in the sense of [HP15]: TM has relative limits and colimits
over M and factorization (resp. lifting) problems in TM with a solution in M admit a compatible
solution in TM. In particular, it follows that the projection is a left and right Quillen functor
and that each fiber is a model category. When A ∈ M is a fibrant object, the fiber (TM)A can
be identified with the tangent model category TAM. Furthermore, the underlying map of ∞-
categories TM∞ Ð→M∞ exhibits TM∞ as the tangent bundle of M∞ (see [HNP17a, Proposition
3.25]). We have a natural Quillen adjunction over M of the form

M[1]
Σ∞

M //

cod ""

TM⊥
Ω∞

M

oo

π
}}

M

where Ω∞
M is the restriction along the arrow (0,0)Ð→ ∗ of (N×N)∗. Composing with the Quillen

adjunction M
diag //

M[1]

dom

⊥oo given by the diagonal and domain functors yields a Quillen adjunction

Σ∞
∫ ∶M //

TM⊥oo ∶ Ω∞
∫ .

When A is fibrant we may identify Σ∞
∫ (A) with the cotangent complex of A lying in the fiber

TAM ⊆ TM. We refer to the derived functor of Σ∞
∫ as the global cotangent complex functor

of M.

It is often the case that M is tensored and cotensored over a symmetric monoidal (SM)
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model category S. In favorable cases (e.g., when S is tractable, see [HNP17a, §3.2]), the tangent
bundle TM inherits this structure. This is particularly useful when discussing tangent bundles of
functor categories. Indeed, if I is a small S-enriched category then we may consider the category
of S-enriched functors FunS(I,M) with the projective model structure. The tangent bundle of
FunS(I,M) can then be identified as follows:

Proposition 2.1.3 [HNP17b, Proposition 2.2.1]. Let M be a left proper combinatorial model
category. There is a natural equivalence of categories

TFunS(I,M) ≃ //

''

FunS(I,TM)

ww
FunS(I,M)

(2.1.2)

identifying the tangent bundle model structure on the left with the projective model structure
on the right. Here the left diagonal functor is the tangent projection of FunS(I,M) and the right
diagonal functor is given by post-composing with the tangent projection of M.

Remark 2.1.4. Since the equivalence 2.1.2 is an equivalence over FunS(I,M), associated to every
F ∶ IÐ→M is an equivalence of categories

TF FunS(I,M)) ≅Ð→ FunS
/M(I,TM) (2.1.3)

where FunS
/M(I,TM) denotes the category of S-enriched lifts

TM

π
��

I

>>

F
//M.

By transport of structure one obtains a natural model structure on FunS
/M(I,TM), which coincides

with the corresponding projective model structure (i.e., where weak equivalences and fibrations
are defined objectwise).

Remark 2.1.5. Under the identification of Corollary 2.1.3 the global cotangent functor

Σ∞
∫ ∶ FunS(I,M)Ð→ TFunS(I,M) ≅ FunS(I,TM)

is simply given by post-composing with the global cotangent complex of M. In particular, the
cotangent complex LF of a functor F ∶ I Ð→M, when considered as an object of FunS

/M(I,TM)

is simply given by the composition I
FÐ→M

Σ∞

∫Ð→ TM.

When M is stable the situation becomes even simpler:

Corollary 2.1.6 [HNP17b, Corollary 2.2.4, Corollary 2.2.6]. Let M be a left proper combinato-
rial stable model category tensored over a tractable SM model category S and let F ∶ IÐ→M be
an S-enriched functor. Assume either that M is right proper or that F is fibrant. Then the tan-
gent model category TF FunS(I,M) is Quillen equivalent to FunS(I,M). Under this equivalence
the cotangent complex LF ∈ TF FunS(I,M) of F maps to F itself.

2.2 Spectral Quillen cohomology

The classical work of Quillen [Qui67] gives a way to define cohomology groups for objects in
general model categories, using a derived construction of abelianization. These groups are now
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known as Quillen cohomology groups. In this section we consider Quillen cohomology and
its basic properties in the setting of spectrum objects, rather than abelian group objects, and
compare the two approaches. We will follow the ideas of [Lur14, §7.3], using model categories
instead of ∞-categories. In particular, our description will use the model for spectrum objects
discussed in the previous section.

Let us begin by recalling the original construction of cohomology groups due to Quillen.
Given a model category M and an object X, consider the category Ab(M/X) of abelian group
objects in M/X . In favorable cases, the slice model structure on M/X can be transferred to
Ab(M/X) along the free-forgetful adjunction

F ∶M/X
Ð→
⊥←Ð Ab(M/X) ∶ U.

Given an abelian group object M ∈ Ab(M/X), and a (possibly negative) integer n, Quillen defines
the n’th cohomology group of X with coefficients in M by the formula

Hn
cl,Q(X;M) def= π0 Maph

Ab(M
/X)(Σ

kLF(X),ΣmM)

where k,m are non-negative integers such that m − k = n. To make sure that these cohomology
groups are well-defined and well-behaved, Quillen imposes certain homotopical conditions on the
model category Ab(M/X), including, in particular, the assumption that for every abelian group
object M ∈ Ab(M/X) the canonical map M Ð→ ΩΣM is a weak equivalence (this property of
Ab(M/X) is referred to as being linear in [Sch97]). Equivalently, this means that the suspension
functor associated to Ab(M/X) is derived fully-faithful.

If we consider stabilization as a refined form of abelianization, we may attempt to define
Quillen cohomology using the stabilization Sp(MX//X) instead of the abelianization Ab(M/X) =
Ab(MX//X). Several arguments can be made in favor of this choice:

(1) Except in special cases, it is not easy to check whether the induced model structure on abe-
lian group objects exists. Furthermore, even in cases where the transferred model structure
does exist, the association M ↦ Ab(M) is not invariant under Quillen equivalences, and
may generate unpredictable results. For example, if Cat is the category of small categories
equipped with the Thomason model structure ([Tho80]) then Cat is Quillen equivalent to
the model category of simplicial sets with the Kan-Quillen model structure. However, the
underlying category of any abelian group object in Cat is automatically a groupoid, and
hence its underlying space is 2-truncated, while abelian group objects in simplicial sets can
have non-trivial homotopy groups in any dimension.

(2) As we will see below, under the conditions assumed by Quillen, classical Quillen cohomology
can always be recovered as a special case of the definition below, by restricting to coefficients
of a particular type. The resulting type of coefficients is natural in some cases, but is very
unnatural in others.

(3) In the case of the category S of simplicial sets, classical Quillen cohomology corresponds
to taking ordinary cohomology with local coefficients, while spectral Quillen cohomology
allows for an arbitrary local system of spectra as coefficients. In particular, spectral Quillen
cohomology of spaces subsumes all generalized cohomology theories as well as their twisted
versions, and can be considered as a universal cohomology theory for spaces.

Motivated by the above considerations, we now come to the main definition:

Definition 2.2.1. Let M be a left proper combinatorial model category and let X be a fi-
brant object. For n ∈ Z we define the n’th (spectral) Quillen cohomology group of X with

10
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coefficients in M ∈ TXM = Sp(MX//X) by the formula

Hn
Q(X;M) ∶= π0 Maph(LX ,ΣnM)

where Maph(LX ,ΣnM) is the (derived) mapping space. Similarly, if f ∶ AÐ→X is a map in M,
we define the relative n’th Quillen cohomology group of X with coefficients in M ∈ TXM by
the formula

Hn
Q(X,A;M) ∶= π0 Maph(LX/A,Σ

nM).
where LX/A is the relative cotangent complex of the map f .

The formation of Quillen cohomology is contravariantly functorial. More explicitly, given a
map f ∶X Ð→ Y in M, we have a commutative square of right Quillen functors

Sp(MY //Y )

Ω∞

+

��

f∗ // Sp(MX//X)

Ω∞

+

��
M/Y

f∗ //M/X

For a fibrant Ω-spectrum M ∈ Sp(MY //Y ) we then get an induced map

Maph
M
/Y

(Y,Ω∞
+ (M[n]))Ð→Maph

M
/X

(X,f∗Ω∞
+ (M[n])) = Maph

M
/X

(X,Ω∞
+ (f∗M[n]))

and hence a map

f∗ ∶ Hn
Q(Y ;M)Ð→ Hn

Q(X; f∗M)
on Quillen cohomology groups.

Let us now explain the relation between Definition 2.2.1 and Quillen’s classical definition
described above. Let M and X be such that the transferred model structure on Ab(M/X) exists
and assume in addition that the stable model structures on Sp(MX//X) and Sp(Ab(M/X)) exist,
so that we have a commutative diagram of Quillen adjunctions

M/X
F //

Σ∞

+

��

Ab(M/X)

Σ∞

+

��

U

⊥oo

Sp(MX//X)
FSp //

Ω∞

+
⊢
OO

Sp(Ab(M/X)).
USp

⊥oo

Ω∞

+
⊢
OO

(2.2.1)

Definition 2.2.2. Let M ∈ Ab(M/X) be an abelian group object. We will denote by HM ∶=
USpLΣ∞

+ M the image of the suspension spectrum of M in Sp(MX//X) under the forgetful func-
tor USp ∶ Sp(Ab(M/X)) Ð→ Sp(MX//X). We will refer to HM as the Eilenberg-MacLane
spectrum associated to M .

Proposition 2.2.3. Under the assumptions above, if for each M in Ab(M/X), the unit map
M Ð→ ΩΣM is an equivalence (see [Qui67, 5.2]), then for every object M ∈ Ab(M/X) there is a
canonical isomorphism of groups

Hn
cl,Q(X,M) ≅ Hn

Q(X,HM)

Proof. Since the suspension functor on Ab(M/X) is derived fully faithful, it follows that Σ∞
+ ∶

Ab(M/X) Ð→ Sp(Ab(M/X)) is derived fully-faithful. Given an object M ∈ Ab(M/X) we obtain

11
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a weak equivalence

Maph
Ab(M

/X)(LF(X),M) ≃ Maph
Sp(Ab(M

/X))(Σ
∞
+ LF(X),Σ∞

+ M)

≃ Maph
Sp(Ab(M

/X))(LFSp(LX),Σ∞
+ M) ≃ Maph

Sp(MX//X)(LX ,HM)

as desired.

Remark 2.2.4. In light of the above result, we will abuse terminology and henceforth refer to
spectral Quillen cohomology simply as Quillen cohomology.

Quillen cohomology is a natural host for obstructions to the existence of lifts against a certain
class of maps, known as small extensions. We recall here the main definitions in the setting
of spectral Quillen cohomology. A more elaborate discussion of the obstruction theoretic aspect
will be worked out in §2.6.

Let M be a left proper combinatorial model category and let X be a fibrant-cofibrant object.
Let M ∈ Sp(MX//X) be an Ω-spectrum object over X. By adjunction, we may represent classes
in Hn

Q(X,M) by maps α ∶ X Ð→ Ω∞
+ (M[n]) over X, and two such maps represent the same

element in Hn
Q(X,M) if and only if there exists a homotopy between them in M/X . The trivial

class in Hn
Q(X,M) is represented by the image s0 ∶ X = Ω∞

+ (0) Ð→ Ω∞
+ (M[n]) of the zero map

0 Ð→M[n] under Ω∞
+ . We shall therefore refer to s0 as the 0-section of Ω∞

+ (M[n]) Ð→ X. In
practice it is often useful to work with a homotopical variant of the notion of a 0-section.

Definition 2.2.5. If f ∶ 0′ Ð→ M[n] is a map in Sp(MX//X) whose domain is a weak zero
object, we will call the induced map s′0 = Ω∞

+ (f) ∶ Ω∞
+ (0′) Ð→ Ω∞

+ (M[n]) a weak 0-section of
Ω∞
+ (M[n])Ð→X.

In particular, taking 0′ Ð→M[n] to be a fibration, we can always work with weak 0-sections
that are fibrations.

Definition 2.2.6. Let M be a left proper combinatorial model category, X ∈M a fibrant object
and M ∈ TXM = Sp(MX//X) a fibrant Ω-spectrum object. For any f ∶ Y Ð→ X in M/X and any
map α ∶ Y Ð→ Ω∞

+ (M[1]) in M/X , we will say that a square in M/X of the form

Yα //

pα

��

Ω∞
+ (0′)

s′0
��

Y
α // Ω∞

+ (M[1])

(2.2.2)

exhibits Yα as a small extension of Y by M if it is homotopy Cartesian and s′0 is a weak
0-section. In this case we will also say that pα is the small extension associated to α.

The map α ∶ Y Ð→ Ω∞
+ M[1] overX gives rise to an element [α] in the group π0 Maph

/X(Y,Ω∞
+ M[1]),

which can be identified with

π0 Maph
/X(Y,Ω∞

+ M[1]) ≅ π0 Maph
TXM(f!LY ,M[1])

≅ π0 Maph
TYM(LY , f∗M[1]) = H1

Q(Y ; f∗M).
We will say that the small extension pα is classified by the resulting element [α] in the first
Quillen cohomology group H1

Q(Y ; f∗M) of Y with values in the base change of M along f ∶
Y Ð→ X. The case where the map f ∶ Y Ð→ X is a weak equivalence with cofibrant domain
(e.g. f = idX when X is fibrant-cofibrant) is of particular importance. In that case, all classes
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in H1
Q(X;M) can be realized by maps α ∶ Y Ð→ Ω∞

+ M[1] over X, and therefore classify small
extensions of Y by M .

We consider the small extension pα as a geometric incarnation of the Quillen cohomology
class [α]. However, one should note that in general the class [α] cannot be reconstructed from
the map pα alone, with the following notable exception:

Example 2.2.7. If α ∶ Y Ð→ Ω∞
+ (M[1]) factors (over X) through a weak 0-section then Yα is

weakly equivalent to the homotopy fiber product Y ×hΩ∞

+
(f∗M[1]) Y ≃ ΩΩ∞

+ (f∗M[1]) ≃ Ω∞
+ (f∗M)

and pα is equivalent to the canonical map Ω∞
+ (f∗M)Ð→ Y . In this case we will say that pα is a

split small extension. In particular, a split small extension admits a section up to homotopy.
This is actually a necessary and sufficient condition: if pα admits a section up to homotopy then
α factors up to homotopy through s′0, and hence factors honestly through some weak 0-section.

Remark 2.2.8. The above definition of small extension can also be formulated in the classical
setup of Quillen cohomology. Suppose [α] ∈ H1

cl,Q(X,M) is a class in the first classical Quillen
cohomology group of X with coefficients in M ∈ Ab(M/X). The corresponding class in spectral
Quillen cohomology classifies an extension of (a suitable cofibrant model of) X by HM , where
HM is the Eilenberg-MacLane spectrum of M (see Definition 2.2.2). Since the map M Ð→ ΩΣM
is an equivalence, the object Ω∞HM is equivalent to the underlying object of M in M. The
corresponding small extension then coincides with the small extension that is associated to the
class [α] in classical Quillen cohomology.

Remark 2.2.9. In the setting of Definition 2.2.6, assume that Y , Yα and Ω∞
+ (0′) are fibrant in

M/X and that the square 2.2.2 exhibits Yα as a small extension of Y by the fibrant Ω-spectrum
M ∈ TXM = Sp(MX//X). If g ∶ Z Ð→X is a map then the square

Z ′
α ∶= Z ×X Yα //

��

Z ×X Ω∞
+ (0′) = Ω∞

+ (g∗0′)

��
Z ′ ∶= Z ×X Y

g∗α // Ω∞
+ (g∗M[1])

(2.2.3)

exhibits Z ′
α as the small extension of Z ′ by g∗M which is classified by g∗[α] ∈ H1

Q(Z; g∗f∗M).

We finish this subsection with the following result, identifying relative Quillen cohomology
as the absolute Quillen cohomology in coslice categories. Given a map f ∶ A Ð→ X, we have
an equivalence of categories (MA/)f//f ≅MX//X identifying the slice-coslice model structures on
both sides. Both the cotangent complex of X, viewed as an object in M, and of X, viewed as an
object in MA/, can therefore be viewed as objects of the same model category TXM.

Proposition 2.2.10. Let M be a left proper combinatorial model category and let f ∶ A Ð→ X
be a map in M. Then the relative cotangent complex LX/A ∈ TXM is naturally weakly equivalent
to the (absolute) cotangent complex of X, considered as an object of the coslice model category
MA/.

Proof. Since M is left proper we may assume without loss of generality that f is a cofibration.
We consider the pushout square

A∐X //

��

X∐X

��
X // X∐AX

(2.2.4)
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as a pushout square in MX//X , where the maps to X are the obvious ones and the map X Ð→
A∐X is the inclusion of the second factor. Since we assumed f to be a cofibration it follows that
the top horizontal map is a cofibration and since M is left proper we may conclude that (2.2.4)
is a homotopy pushout square as well. Applying the functor Σ∞ ∶ MX//X Ð→ TXM and using
the fact that X is a zero object in MX//X we obtain a homotopy cofiber sequence in TXM of the
form

Σ∞
+ (f)Ð→ Σ∞

+ (X)Ð→ Σ∞(X∐AX).
Since the relative cotangent complex LX/A is defined to be the homotopy cofiber of the map
Σ∞
+ (f) Ð→ Σ∞

+ (X) we now obtain a natural equivalence LX/A ≃ Σ∞(X∐AX). Since X∐AX
can be identified with the coproduct, in MA/, of X with itself we may consider Σ∞(X∐AX) as
a model for the cotangent complex of X ∈MA/, and so the desired result follows.

Corollary 2.2.11. The relative Quillen cohomology of X over A with coefficients in M ∈ TXM
is isomorphic to the Quillen cohomology of X ∈MA/ with coefficients in M .

2.3 Spaces and parametrized spectra

In this section we will discuss the notions of the cotangent complex and Quillen cohomology
when M = S is the category of simplicial sets, endowed with the Kan-Quillen model structure. The
underlying ∞-category S∞ of S is a model for the ∞-category of spaces, and we will consequently
refer to objects in S simply as spaces. Given a space X, the slice model category S/X is Quillen
equivalent to the category of simplicial functors C[X] Ð→ S out of its associated simplicial
category, endowed with the projective model structure (see e.g., [Lur09, §2]). By Corollary 2.1.6
it follows that Sp(S/X) is Quillen equivalent to Fun(C[X],Sp(S∗)), whose underlying ∞-category
is equivalent to the ∞-category Fun(X,Sp(S∗)∞) of functors from X to spectra by [Lur09].
We may thus consider TXS as a model for the theory of parametrized spectra over X
(see [MS06], [ABG11]). More concretely, an Ω-spectrum X Ð→ Z●● Ð→X in Sp(SX//X) encodes
the data of a family of Ω-spectra parametrized by X, where the Ω-spectrum associated to the
point x ∈ X is the Ω-spectrum Z●● ×X {x}. By [HNP17a, Remark 2.4.7] the cotangent complex
Σ∞
+ X = Σ∞ (X∐X) is stably equivalent to the Ω-spectrum Z●● given by

Zn,n ≃ colimj ΩjΣj+n (X∐X) ≃ colimj Ωj(X × Sj+n) ≃X × colimj ΩjSj+n ≃X × Sn,n

and thus corresponds to the constant sphere spectrum over X.

Given a parametrized spectrum M ∈ TXS, the n’th Quillen cohomology

Hn
Q(X;M) = π0 Maph

TXS(LX ,M) ≃ π0 Maph
S
/X

(X,Ω∞
+ (ΣnM))

is the set of homotopy classes of sections of the fibration Ω∞
+ (ΣnM) Ð→ X. In particular, for

negative n’s we may identify the corresponding Quillen cohomology groups with the homotopy
groups of the space of sections Maph

S
/X

(X,Ω∞
+ M).

For every fibrant Ω-spectrum M the object Ω∞
+ M ∈ S/X carries the structure of an E∞-group

object in S/X . The notion of a small extension Xα Ð→X of X by M (see Definition 2.2.6) then
corresponds to the notion of a torsor under Ω∞

+ M . When M is a constant parametrized spectrum
with value M0 ∈ Sp(S∗) the associated E∞-group object splits as a product Ω∞

+ M =X ×Ω∞
+ M0.

In this case we may identify small extensions by M with principal fibrations Xα Ð→ X
with structure group Ω∞

+ M0 and identify the corresponding Quillen cohomology class with the
classifying map X Ð→ BΩ∞

+ M0 ≃ Ω∞
+ (M0[1]).

A case of special interest of Quillen cohomology and small extensions is the case where M co-
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mes from a local system of abelian groups. More precisely, let A ∶ Π1(X)Ð→ Ab be a local system
of abelian groups on X and let n ≥ 0 be a non-negative integer. The association x↦K(A(x), n)
determines a functor from the fundamental groupoid Π1(X) of X to the category Ab(S) of sim-
plicial abelian groups. Alternatively, we may consider K(A(−), n) as a (fibrant) abelian group
object in the functor category SΠ1(X) (endowed with the projective model structure). Applying
the relative nerve construction of [Lur09, Definition 3.2.5] (which is a right Quillen functor) we
obtain an abelian group object KΠ1(X)(A,n) in the category S/N(Π1(X)) of simplicial sets over
the nerve of Π1(X). Pulling back along the map X Ð→ NΠ1(X) we obtain an abelian group
object

KX(A,n) ∈ Ab(S/X).
We may now associate to KX(A,n) its Eilenberg-Maclane spectrum HKX(A,n) ∈ TXS (see
Definition 2.2.2), which, as a family of spectra, is the family which associates to x ∈ X the
Eilenberg-Maclane spectrum corresponding to K(A(x), n). The (spectral) Quillen cohomology
groups of this parametrized spectrum coincide with the classical Quillen cohomology groups of the
abelian group object KX(A,n) by Proposition 2.2.3, and are given by the ordinary cohomology
groups of X with coefficients in A (with a degree shift by n).

We also note that if p ∶ Y Ð→ X is a fibration whose homotopy fibers have non-trivial
homotopy groups only in a single dimension n ≥ 2 then Y is a small extension of X by the
Eilenberg-MacLane object HK(A,n) ∈ TXS, where A is the local system of abelian groups on X
associating to a point x ∈X the n-th homotopy group of the homotopy fiber of p over x.

2.4 Simplicial groups and equivariant spectra

In this section we will discuss the notions of the cotangent complex and Quillen cohomology
when M = sGr is the category of simplicial groups, endowed with the model structure transferred
from S along the free-forgetful adjunction. To begin, given a group G, we would like to describe
the tangent model category TG(sGr) = Sp(sGrG//G) in reasonably concrete terms. For this,
it will be convenient to use the Quillen equivalence between simplicial groups and reduced
simplicial sets. Recall that a reduced simplicial set is simply a simplicial set with a single
vertex. The category S0 of reduced simplicial sets can be endowed with a model structure in
which cofibrations are the monomorphisms and weak equivalences are the weak equivalences of
the underlying simplicial sets (see [GJ09, VI.6.2]). One then has a Quillen equivalence (see [GJ09,
V.6.3])

S0
G //

sGr⊥
W

oo

where G is the Kan loop group functor and WG is a suitable reduced model for the classiying
space of G. Furthermore, for each simplicial group G there exists a natural Quillen equivalence
between the slice model structure on S/WG and the functor category SBG from the one object

simplicial groupoid BG with automorphism group G into S ([DDK80]).

Since S0 and sGr are both left proper model categories (see [Ber08, Lemma 2.7]) and every
object in sGr is fibrant the adjunction

S0
WG//WG

Ð→
⊥←Ð sGrG//G

is a Quillen equivalence and thus induces a Quillen equivalence on model categories of spectrum
objects. To compute the stabilization of sGrG//G, it will therefore suffice to compute the stabili-
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zation of S0
WG//WG

. This, in turn, can be done by comparing reduced spaces with pointed spaces.

Indeed, we have a Quillen adjunction L ∶ S0 Ð→
⊥←Ð S∗ ∶ R where L associates to a reduced simplicial

set itself endowed with its unique base point and R is the reduction functor which associates
to a pointed simplicial set the sub-simplicial set spanned by the n-simplices supported on ∗.

Lemma 2.4.1. For any reduced space X ∈ S0, a pointed fibrant space Y ∈ S∗ and a map LX Ð→ Y
of pointed spaces, the counit map LRÐ→ id induces an equivalence of homotopy pullbacks

LX ×hLRY LX Ð→ LX ×hY LX.

Proof. Let Y0 Ð→ Y be the inclusion of the path component of the basepoint of Y . Since LX is
a connected space, it follows immediately that the map LX ×hY0 LX Ð→ LX ×hY LX is a weak
equivalence. The result now follows from the fact that the counit map factors as LRY Ð→ Y0 Ð→
Y , where the first map is a weak equivalence.

Let us now consider the Quillen adjunction

(−)+ ∶ S Ð→⊥←Ð S∗ ∶ U
where X+ =X∐∗ is the free pointed space generated from X and U is the functor which forgets
the base point. In particular, the composition ι = U ○L ∶ S0 Ð→ S is the natural inclusion. Given
a simplicial group G let us denote by BG = ιWG and BG∗ = LWG, so that BG∗ is a pointed
version of the classifying space of G and BG is obtained from BG∗ by forgetting the base point.
The following corollary provides a computation of the tangent category of sGr:

Corollary 2.4.2. Let G and X be as above. Then we have a diagram of Quillen adjunctions

TG sGr //

⊣
��

TWGS
0

≃ //

⊣
��

⊥
≃oo

TBG∗
S∗⊥oo ⊥ //

⊣
��

TBGS

⊣
��

≃oo ≃ //
TBGS∗⊥oo

��
sGr/G ⊥ //

Σ∞

+

OO

S0
/WG

L //

Σ∞

+

OO

≃oo (S∗)/BG∗

⊥
R

oo ⊥
U
//

Σ∞

+

OO

S/BG

Σ∞

+

OO

(−)∐∗oo ≃ // (SBG)∗

Σ∞

+
⊣

OO

⊥oo

(2.4.1)

in which the adjunctions marked with ≃ are Quillen equivalences.

Proof. The two extreme Quillen equivalences are the ones discussed above, where we have iden-
tified Sp((SBG)∗) ≅ (Sp(S∗))BG using Remark 2.1.4. The second top Quillen pair is a Quillen
equivalence by Lemma 2.4.1 and [HNP17a, Corollary 2.4.9]. Finally, the third top Quillen pair
is an equivalence of categories, since the adjunction (S∗)/BG∗

Ð→
⊥←Ð S/BG induces an equivalence of

categories upon pointification.

Composing all the equivalences of ∞-categories arising from Corollary 2.4.2, one may identify
the tangent ∞-category TG(sGr∞) = Sp(sGrG//G)∞ with the ∞-category of functors from (the
coherent nerve of) BG to spectra, i.e., with (naive) G-equivariant spectra, or just G-spectra
for brevity.

Remark 2.4.3. Let M ∈ TG sGr be an Ω-spectrum object whose image in Sp(S∗)BG under the
equivalences of Corollary 2.4.2 is a G-spectrum M ′ ∈ Sp(S∗). Unwinding the definitions, we see
that the simplicial group Ω∞

+ (M) is the semi-direct product H ⋊G, where H is the Kan loop
group of Ω∞

+ (M ′) ∈ S∗, with G-action induced from the G-action on Ω∞
+ (M ′). We note that H

is not necessarily an abelian group, but can be promoted from a group to an E∞-group. We
also note that small extensions of G by M correspond to not-necessarily-split simplicial group
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extensions G Ð→ G with kernel H. When M ′ is a trivial G-spectrum, this can be considered as
an E∞-analogue of the notion of a central extension.

Given a simplicial group G, we would like to compute the G-spectrum corresponding to the
cotangent complex LG = LΣ∞

+ (G). Since sGr/G
Ð→
⊥←Ð S0

/WG
is a Quillen equivalence it follows that

the image of LG in TWGS
0 is equivalent to the cotangent complex of WG ∈ S0

/WG
. By naturality

of Σ∞
+ , we find that the image of LG in TBG∗

S∗ is weakly equivalent to the cotangent complex
of the pointed space BG∗ = LWG. Let BG = ιWG be, as above, the underlying space of BG∗.
Identifying TBG∗

S∗ ≅ TBGS we may consider the cotangent complex of X∗ as an object of TBGS.
Proposition 2.2.10 then yields a homotopy cofiber sequence TBGS of the form

Σ∞
+ (x0)Ð→ Σ∞

+ (BG)Ð→ Σ∞
+ (BG∗) (2.4.2)

where x0 denotes the corresponding object x0 ∶ ∗ Ð→ BG of S/BG. In order to translate 2.4.2 to
a homotopy cofiber sequence of naive G-spectra consider the triangle of Quillen adjunctions

S/BG
//

i∗

  

SBG⊥oo

i∗

��
S

i!

??

i!

``

in which the top horizontal Quillen pair is a Quillen equivalence, the right copy of i! sends a

space K to the free G-space on K, while the left copy of i! sends it to K Ð→ ∗ x0Ð→ BG. Passing
to stabilizations, we obtain a triangle of Quillen adjunctions

TBGS
//

i∗Sp

$$

Sp(S∗)BG⊥oo

i∗Spyy
Sp(S∗)

iSp
!

99

iSp
!

dd

in which the horizontal adjunction is the Quillen equivalence between naive G-spectra and spectra
parametrized by X appearing in Corollary 2.4.2. By abuse of notation let us write LG for the
image of LG in Sp(S∗)BG. Sending the sequence (2.4.2) to its image in Sp(S∗)BG we now obtain
a homotopy cofiber sequence

S[G] // S // LG (2.4.3)

where S is the sphere spectrum with trivial G-action and S[G] is the free G-spectrum on the
sphere spectrum. Indeed, Σ∞

+ (BG) is simply given by the constant sphere spectrum over BG,
which maps to the sphere spectrum S with trivial G-action, while the commutativity of the above
diagram shows that the object Σ∞

+ (x0) = Σ∞
+ (i!(∗)) ∈ TBGS maps to iSp

! (Σ∞
+ (∗)) = iSp

! (S), which
is the free G-spectrum on S.

Remark 2.4.4. Let G be a discrete group and M a G-module. We may then associate to M its
corresponding Eilenberg-Maclane G-spectrum HM , and consider the Quillen cohomology groups
of G with coefficients in M . The homotopy cofiber sequence (2.4.3) shows that these Quillen
cohomology groups are related to ordinary group cohomology via a long exact sequence. More
precisely, since Sp(S∗)BG is naturally enriched in Sp(S∗), mapping the cofiber sequence (2.4.3)
into HM yields a homotopy fiber sequence of spectra

Maph(LG,HM)Ð→Maph(S,HM)Ð→Maph(S[G],HM) ≃ HM
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where Maph denotes the derived Sp(S∗)-enriched mapping space functor. We may identify the
homotopy groups of the middle spectrum with the cohomology groups of the space BG with
values in the local systemM , while the right most map is induced by restriction along {x0}↪ BG.
In particular, while the usual group cohomology H●(G,M) is just the cohomology H●(BG,M) of
the classifying space BG, the Quillen cohomology groups H●

Q(G,M) correspond to the reduced

cohomology groups H̃●(BG,M) of BG as a pointed space.

2.5 Algebras over dg-operads and their modules

Let C(Z) denote the model category of unbounded chain complexes over the integers, endowed
with the projective model structure. The tensor product of complexes endows C(Z) with a
symmetric monoidal structure which is compatible with the model structure. In particular, C(Z)
is a symmetric monoidal (SM) model category.

Definition 2.5.1. A dg-model category is a model category M which is tensored and coten-
sored over C(Z).

Example 2.5.2. Let A be a Grothendieck abelian category A. Then the model category C(A)
of unbounded chain complexes in A equipped with the injective model structure is a dg-model
category.

Example 2.5.3. Let D be small dg-category (i.e., a category enriched in C(Z)). Then the functor
category C(Z)D endowed with the projective model structure is a dg-model category. Similarly,
any left C(Z)-enriched left Bousfield localization of C(Z)D is a dg-model category.

Remark 2.5.4. Let M be a dg-model category. Then the underlying model category of M is
tensored over Z. It is then a classical fact that M is semi-additive, i.e., M has a zero object and
the “identity matrix” map

IX1,...,Xn ∶X1∐ ...∐Xn Ð→X1 × ... ×X1

is an isomorphism for every X1, ...,Xn ∈M. In this case, we will denote the zero object by 0 and
the (co)product by ⊕.

Lemma 2.5.5. Let M be a dg-model category. Then M is stable.

Proof. By Remark 2.5.4, M is strictly pointed. It therefore suffices to show that the suspension
functor is an equivalence. For each n ∈ Z, let Z[n] ∈ C(Z) be the chain complex which is the
group Z concentrated in degree n. Then Z[n] is cofibrant and the functor Z[n]⊗ (−) ∶MÐ→M

is a left Quillen functor. Since Z[n]⊗ Z[−n] ≃ Z[0] is the unit of C(Z) it follows that tensoring
with each Z[n] is a left Quillen equivalence. We now claim that tensoring with Z[1] is a model
for the suspension functor. Indeed, there is a natural cofiber sequence Z[0] Ð→ Z[0,1] Ð→ Z[1]
where Z[0,1] is the complex [Z Ð→ Z] concentrated in degrees 1 and 0. In particular, the
map Z[0] Ð→ Z[0,1] is a cofibration between cofibrant objects and the cofiber sequence is a
homotopy cofiber sequence. It then follows that for each cofibrant X ∈ M the induced sequence
X Ð→ Z[0,1]⊗X Ð→ Z[1]⊗X is a homotopy cofiber sequence and Z[0,1]⊗X ≅ 0⊗X is a weak
0-object (see Remark 2.5.4). This homotopy cofiber sequence then naturally exhibits Z[1] ⊗X
as the suspension of X and so the desired result follows.

Remark 2.5.6. Although every dg-model category is stable, there are stable model categories
that do not admit a Quillen equivalent dg-model category. Indeed, the homotopy category of any
dg-model category is tensored over Ho(C(Z)) as a triangulated category, while an argument of
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Schwede shows that the homotopy category of spectra does not admit such a tensor structure
(see [Sch08, Proposition 1, Proposition 4]).

Let us now consider a combinatorial dg-model category M, an admissible and Σ-cofibrant
colored (symmetric) operad P and a fibrant-cofibrant P-algebra A ∈ AlgP ∶= AlgP(M). If the
stable model structure on TAAlgP = Sp((AlgP)A//A) exists, then by [HNP17b, Corollary 4.2.6]

and [HNP17b, Remark 4.2.3] it is Quillen equivalent to the model category ModP
A of A-modules

in M. Even when the stable model structure on TAAlgP does not exist, one may still identify
ModP

A as a model for the ∞-categorical tangent category TA((AlgP)∞) (see [HNP17b, §4.3]).
Consequently, one may attempt to define the cotangent complex and Quillen cohomology of
a P-algebra while working directly with ModP

A, without explicit reference to the stabilization
process. Classically, the notions of the cotangent complex and the associated cohomology theory
were indeed developed in this way (typically when M is the category of chain complexes over a
field) using suitable operadic analogues of Kähler differentials and square-zero extensions
(see [Hin97], [GH00], [Mil11]). In this section we will unwind the relation between the abstract
definition of the cotangent complex and the concrete one using Kähler differentials in the setting
of P-algebras taking values in a dg-model category M.

Definition 2.5.7. Let M be a symmetric monoidal dg-model category and let P be a (symmetric,
colored) operad in M. The reduction Pred of P is the operad (with the same set of colors) which
agrees with P in all arities ≥ 1 and has 0-objects in arity 0. In particular, Pred-algebras are just
non-unital P-algebras. We denote by η ∶ Pred Ð→ P the natural inclusion.

Lemma 2.5.8. Let M be a symmetric monoidal dg-model category and let P be an admissi-
ble operad in M. Then the map η ∶ Pred Ð→ P induces an equivalence between categories of
augmented algebras

ηaug
! ∶ AlgPred

= Algaug
Pred

//
Algaug

P
∶ η∗aug⊥oo

which identifies the model structures on both sides.

Proof. The functor η∗aug sends an augmented P-algebra P0 Ð→ AÐ→ P0 toA×P0
0 while ηaug

! sends
a Pred-algebra B to P0 Ð→ P0 ⊕B Ð→ P0. The fact that M is semi-additive (see Remark 2.5.4)
implies that these two functors are mutual inverses. The description of ηaug

! and the fact that ⊕ is
the product in M show that ηaug

! preserves (trivial) fibrations, which are just (trivial) fibrations
in the base category M. Since η∗aug clearly preserves (trivial) fibrations, it follows that the model
structures on both sides are identified (in particular, Pred is admissible as well).

If P is an operad in M and A is a P-algebra, then there exists an operad PA (with the same
set of colors), called the enveloping operad of P, such that PA-algebras are the same as P-
algebras under A (see e.g. [BM07], [HNP17b, §3.1]). We recall as well the operad PA1 whose 1-ary
operations are the same as those of PA and which has 0-objects in all other arities. In particular,
algebras over PA1 are the same as A-modules in M.

When M is a dg-model category we may consider the natural inclusion η ∶ PAred = (PA)red Ð→
PA, as well as a collapse map θ ∶ PAred Ð→ PA1 sending all non-unary operations to zero. While

η! ∶ AlgP
A
red Ð→ AlgP

A

aug is generically a left Quillen functor, Lemma 2.5.8 implies that when M

is a dg-model category η! is furthermore a right Quillen functor. This enables one to make the
following definition:
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Definition 2.5.9. Let M be a symmetric monoidal dg-model category, P an admissible operad
in M and A a P-algebra such that PA1 is admissible. We define the square-zero extension
functor (−) ⋊A ∶ ModP

A Ð→ (AlgP)/A to be the composition of right Quillen functors

(−) ⋊A ∶ ModP
A = AlgPA1

θ∗Ð→ AlgPA
red

ηaug
!Ð→ (AlgP)A//A Ð→ (AlgP)/A.

We will refer to its left adjoint Ω/A ∶ (AlgP)/A Ð→ModP
A as the functor of Kähler differentials

and to ΩA
def= Ω/A(idA) as the module of Kähler differentials of A.

Unwinding the definitions, we can identify M ⋊A ∈ AlgP/A with the P-algebra M ⊕A equipped
with the square-zero P-algebra structure, which is determined by the property that for every
collection of elements w1, ...,wn,w∗ in the color set W , the structure map

P(w1, ...,wn;w∗)⊗ (M(w1)⊕A(w1))⊗ ...⊗ (M(wn)⊕A(wn)) //M(w∗)⊕A(w∗) (2.5.1)

vanish on summands of the left hand side which have more than one factor from M , and are
given by the A-module structure of M on the other components.

We are now in a position to relate the abstract cotangent complex to the notions of Kähler
differentials and square-zero extensions:

Proposition 2.5.10. Let M be a symmetric monoidal combinatorial dg-model category and P

a Σ-cofibrant operad in M. Let A ∈ AlgP be a fibrant-cofibrant algebra. Assuming that all the
involved model structures exist, there is a commuting diagram of right Quillen functors

TAAlgP

Ω∞

+

��

T0 ModP
A∼

Sp((−)⋊A)oo

∼ Ω∞

+

��
(AlgP)/A ModP

A(−)⋊A
oo

(2.5.2)

in which the right adjoints marked by ∼ are right Quillen equivalences.

Proof. The existence of the commuting square follows from the naturality of Sp(−), see [HNP17a],
and the left vertical right Quillen functor is a right Quillen equivalence since ModP

A is stable,
see [HNP17a, Corollary 3.3.3]. To show that the top horizontal right Quillen functor is an equi-
valence let K ∶ (AlgP)A//A Ð→ModP

A be the composition of the forgetful functor (AlgP)A//A Ð→
(ModP

A)A//A and the kernel functor ker ∶ (ModP
A)A//A Ð→ ModP

A. Since P is Σ-cofibrant and

A is cofibrant it follows that PA is Σ-cofibrant (see [BM09, Proposition 2.3]), and since M is
stable [HNP17b, Corollary 4.2.6] implies that K induces a right Quillen equivalence

KSp ∶ TAAlgP = Sp((AlgP)A//A)Ð→ Sp(ModP
A) = T0 ModP

A .

Since the square-zero extension functor (−) ⋊A ∶ ModP
A Ð→ (AlgP)A//A is right inverse to K it

follows that the Sp((−) ⋊A) is a right Quillen equivalence, as desired.

Corollary 2.5.11. Let M,P and A be as in Proposition 2.5.10. Then the image in ModP
A of

the cotangent complex LA = LΣ∞
+ (A) ∈ TAAlgP of A under the equivalence TAAlgP ≃ T0 ModP

A ≃
ModP

A is weakly equivalent to the derived module of Kähler differentials LΩ/A(A) ∈ ModP
A.

Remark 2.5.12. If M is an A-module, then Corollary 2.5.11 implies that the Quillen cohomology
groups of A with coefficients in M are given by

Hn
Q(A;M) = π0 Maph

ModP
A
(LΩ/A(A),M[n]).
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These groups are also known as operadic André-Quillen cohomology groups.

Let us now discuss the functor Ω/A in further detail. By definition, this functor is given in
general by the composition of left adjoints

(AlgP)/A
∐AÐ→ (AlgP)A//A

η∗augÐ→ AlgPA
red

θ!Ð→ModP
A

which is somewhat inexplicit. Given a map f ∶ B Ð→ A of P-algebras the commutative diagram
of left Quillen functors

(AlgP)/B
f! //

Ω/B

��

(AlgP)/A

Ω/A

��
ModP

B (−)⊗BA
//ModP

A

yields a natural isomorphism Ω/A(B) ≅ Ω/B(B) ⊗B A. It is hence sufficient, in principle, to
compute the module of Kähler differentials ΩA = Ω/A(A) for a P-algebra A.

Let F ∶ M Ð→ AlgP be the free algebra functor. When B = F(V ) is a free P-algebra and
the map F(V ) Ð→ A is induced by a map V Ð→ A in M, then for every A-module M we have
natural identifications

HomModP
A
(Ω/A(B),M) ≅ Hom(AlgP)

/A
(B,M ⋊A) ≅ HomM

/A
(V,M ⊕A) ≅ HomM(V,M).

It follows that Ω/A(B) = Ω/A(F(V )) is the free A-module generated by V . This allows one to
compute ΩA by applying the functor Ω/A to the coequalizer diagram

F(F(A)) //// F(A) // A (2.5.3)

yielding a description of ΩA by generators and relations. Similarly, to compute the derived
counterpart LΩ/A(A) one may often represent A as the geometric realization of a simplicial
diagram consisting of free algebras (using the comonadic bar resolution, for example), yielding
a description of ΩA as a geometric realization of free A-modules. We refer the reader to [Mil11,
§1.2] for further details in the case where M is the category of chain complexes over a field of
characteristic 0.

Example 2.5.13. Let P be a single colored operad in abelian groups and let A be a P-algebra in
Ab (here we may consider Ab as equipped with the trivial model structure). Applying Ω/A to the
coequalizer sequence 2.5.3 and unwinding the definitions we obtain a description of ΩA as the
free A-module generated by the underlying abelian group of A modulo the Leibniz relations.
More explicitly, we may identify ΩA with the A-module generated by the formal elements d(a)
for a ∈ A, modulo the relations

d(a + b) = d(a) + d(b)

d(f(a1, ..., an)) =
n

∑
i=1

f(a1, ..., ai−1, d(ai), ai+1, ..., an)

for every a1, ..., an ∈ A and n-ary operation f ∈ P(n).

Example 2.5.14. Let M be the model category of chain complexes over a field of characteristic
0 and let P be the commutative operad. In this case, the module ΩA of Kähler differentials of a
P-algebra A can be explicitly tracked down as follows. First note that the image of IdA ∈ (AlgP)/A
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in (AlgP)A//A is given by A Ð→ A ⊗A Ð→ A. The functor η∗aug sends this object to the kernel
I ⊆ A ⊗A of the multiplication map A ⊗A Ð→ A, considered as a non-unital commutative dg-
algebra. Finally, the functor θ! sends I to I/I2, yielding the classical description of the module
of Kähler differentials.

We shall now restrict our attention to the case where M = C(k) is the dg-model category of
unbounded chain complexes over a field k of characteristic 0, equipped with the projective model
structure. Let P be a cofibrant single-colored operad in C(k). In this case AlgP ∶= AlgP(C(k))
is a left proper model category by the results of [Fre09] (see [HNP17b, Remark 4.1.2]) and so
we may form its tangent bundle TAlgP as in §2.1. Furthermore, since AlgP is also right proper,
[HNP17a, Theorem 3.1.9] implies that the projection TAlgP Ð→ AlgP is a model fibration in
the sense of [HP15]. On the other hand, by Corollary 2.5.11 the fiber of this model fibration over
a P-algebra A is Quillen equivalent to ModP

A. This suggests that we might model the tangent
bundle of AlgP by the Grothendieck construction of the various categories of modules. In what
follows we will explain how this can be done using the machinery of [HP15]. This will also allow
one to present the global cotangent complex functor (see §2.1) in terms of Kähler differentials.

Recall that a map f ∶AÐ→ B of P-algebras induces a Quillen adjunction

f!∶ModP
A

//
ModP

B ∶ f∗.⊥oo

The association A↦ModP
A thus determines a functor ModP ∶ AlgP Ð→ModCat from P-algebras

to model categories. The Grothendieck construction of this functor is the category ∫AModP
A

whose objects are pairs (A,M) where A is a P-algebra and M is an A-module. Morphisms are
given by pairs (f,ϕ) where f ∶A Ð→ B is a map of P-algebras and ϕ ∶ M Ð→ f∗N is a map of
A-modules (equivalently, the latter map can be encoded in terms of its adjoint ϕad ∶ f!M Ð→ N).

The resulting category of P-algebras and modules over them admits a simple description in
terms of operads: to the operad P one may associate a 2-colored operad MP whose category
of algebras AlgMP(C(k)) is naturally isomorphic to ∫AModP

A (see, e.g. [Hin15, §5]). By [Hin15,
Theorem 2.6.1] and [Hin15, Example 2.5.4] the 2-colored operad MP is admissible over C(k). In
particular, in the notation above, we have that a map (f,ϕ) ∶ (A,M) Ð→ (B,N) is a (trivial)
fibration if and only if f is a (trivial) fibration and ϕad ∶M Ð→ f∗N is a (trivial) fibration.

Proposition 2.5.15. Let P be a cofibrant single-colored operad in C(k). Then the canonical
projection ∫A∈AlgP

ModP
A Ð→ AlgP is a model fibration in the sense of [HP15, §5].

Proof. We first show that the functor ModP ∶ AlgP Ð→ModCat which sends A to ModP
A is proper

and relative in the sense of [HP15, §3]. To see that ModP is relative (i.e., that ModP sends weak
equivalences to Quillen equivalences), note that we may identify it with the composite

AlgP
P(−)(1)// Alg

LMod //ModCat

where P(−)(1) sends a P-algebra to its enveloping algebra (i.e. the algebra of 1-ary operations of
its enveloping operad), and LMod sends an associative algebra to its category of left modules.
Since all objects in C(k) are cofibrant, it follows from [Fre09, 17.4.1.B] that the functor P(−)(1)
is relative. As stated in [HP15, Theorem 6.3.10], the functor LMod ∶ Alg Ð→ModCat is relative
as well and so we may conclude that ModP is relative. Now the projection AlgMP = ∫AModP

A Ð→
AlgP is right Quillen with respect to the transferred model structure, and hence [HP15, Corollary
5.0.13] implies that the functor ModP is left proper, thus proper, since all object of ∫A∈AlgP ModP

A
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are fibrant in their respective fibers. The main theorem of [HP15, §5] now endows ∫A∈AlgP
ModP

A

with a model structure such that the projection ∫A∈AlgP
ModP

A Ð→ AlgP is a model fibration. An
inspection of the fibrations and trivial fibrations of the resulting model structure reveals that
they are the same as those of the transferred model structure, and hence the two model structures
must coincide.

The right Quillen functors from Diagram (2.5.2) are natural in A and assemble to form a
square of Quillen morphisms in the sense of [HP15]. This results in a square of Quillen adjunctions
over AlgP

TAlgP

��

//
∫A∈AlgP

Sp(ModP
A)∼oo

��
Alg

[1]
P

ΩP
//

⊣

OO

∫A∈AlgP
ModP

A .

∼
OO

⋉
⊥oo

where the adjunctions marked by ∼ are Quillen equivalences. We may now compose the bottom
Quillen pair with the diagonal adjunction AlgP Ð→⊥←Ð (AlgP)[1] to produce a Quillen pair

ΩP

∫ ∶ AlgP
∆ //

Alg
[1]
P

ΩP
//

dom

⊥oo ∫A∈AlgP
ModP

A
⋉
⊥oo ∶ ⋊.

The value of ΩP

∫ on a P-algebra A is simply the pair (A,ΩA) ∈ ∫A∈AlgP
ModP

A, where ΩA is the

A-module of Kähler differentials discussed above.

Corollary 2.5.16. The image of the global cotangent complex LΣ∞
∫ (A) of A in ∫A∈AlgP

ModP
A

is weakly equivalent to LΩP

∫ (A).

The cotangent complex classically appears in the setting of commutative (dg–)algebras, where
it plays an important role in deformation theory. We will finish this section by sketching the
relation between first order deformations of (dg-)algebras and small extensions, which in turn
are controlled by the abstract cotangent complex and Quillen cohomology (as discussed in §2.2).

Denote by CAlg = CAlg(C(k)) the model category of commutative dg-algebras over k. Let
k[ε] be the dg-algebra obtained from k by adjoining an element ε of degree 0 satisfying ε2 = 0
and d(ε) = 0. Then k[ε] ≅ k ⋊ k is a split square-zero extension of k (see Definition (2.5.9) and
Example 2.2.7), and we may identify it with Ω∞

+ k ∈ CAlg/k where k ∈ Sp(CAlgk//k) ≃ C(k) is
considered as a chain complex concentrated in degree 0 (see Proposition 2.5.10). Indeed, the
projection k[ε]Ð→ k fits into a pullback square of commutative dg-algebras (over k)

k[ε] = k ⋊ k //

��

k

��
k[0,1] ⋊ k // k[1] ⋊ k

(2.5.4)

where k[0,1] = cone(k) = [k Ð→ k] is the cone of k, consisting of two copies of k in degrees
0 and 1 respectively. Note that this square is in fact homotopy Cartesian, because the bottom
horizontal map is a fibration.

Now let R ∈ CAlg≥0 be a commutative dg-algebra concentrated in non-negative degrees. A
first order deformation of R is a cofibrant commutative k[ε]-dg-algebra R, which is concen-
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trated in non-negative degrees, together with a weak equivalence η ∶ R ⊗k[ε] k
≃Ð→ R. Let us

denote R′ = R⊗k[ε] k.

We shall now explain how one can consider first order deformations as small extensions. Since
homotopy limits of dg-algebras are created by the projection to chain complexes and tensoring
with R preserves finite homotopy limits, it follows that the functor (−)⊗k[ε] R ∶ CAlgk[ε]//k Ð→
CAlg/R′ preserves homotopy Cartesian squares. Applying this functor to (2.5.4) and using the
weak equivalence η ∶ R′ Ð→ R we obtain a homotopy Cartesian square

R //

��

R

��
R′′ // R[1] ⋊R

in Alg/R, where we have denoted R′′ = (k[0,1] ⋊ k) ⊗k[ε] R. Identifying the underlying k[ε]-
module of k[0,1]⋊ k with the cone of the k[ε]-module map k Ð→ k[ε] sending 1 to ε, we obtain
an identification of the underlying R-module of R′′ with the cone the R-module map R′ Ð→ R
sending 1 to ε. Identifying R[1] ⋊R ≃ Ω∞

+ (R[1]) ∈ CAlg/R, the right vertical map becomes the

0-section of the structure map Ω∞
+ (R[1]) Ð→ R and the square exhibits R as a small extension

of R′′ by the R-module R. We now observe that the map R′′ Ð→ R is a weak equivalence in
CAlg/R′ and hence we may in principle consider this data as a small extension of R by itself. We
note that when R is cofibrant we may choose a homotopy inverse weak equivalence R Ð→ R′′

and use it to obtain an honest small extension of R, but of course in general we do not expect
the corresponding Quillen cohomology class to be realizable as an actual map out of R.

The above discussion shows that any first order deformation of R can be viewed as a small
extension of R by R. A fundamental theorem of deformation theory refines this result, asserting
that first order deformations of R in the above sense, considered up to a suitable notion of
equivalence, are in fact in bijection with equivalence classes of small extensions of R by R,
and are hence classified by the Quillen cohomology group H1

Q(R,R). More generally, for every
chain complex M one may consider first order deformations of R over the square-zero extension
Ω∞M =M ⋊ k. These correspond to small extensions of R by R ⊗M , and are classified by the
Quillen cohomology group H1

Q(R,R⊗M).

2.6 The Hurewicz principle

The classical Hurewicz theorem asserts that a map f ∶ X Ð→ Y of simply connected spaces
is a weak equivalence if and only if it induces an isomorphism on cohomology groups with all
possible coefficients . One can extend this theorem to non-simply connected spaces by including
cohomology groups with local coefficients. In this case one obtains that a map f ∶ X Ð→ Y
is a weak equivalence if and only if it induces an equivalence on fundamental groupoids and an
isomorphism on cohomology groups with all local coefficients. One way to prove this theorem
is by applying obstruction theory along the Postnikov tower of Y . In this section we will study
this procedure in the general context of spectral Quillen cohomology. We will identify sufficient
conditions for a Hurewicz type theorem to hold in a general model category, and discuss three
notable examples, namely spaces, simplicial algebras and simplicial categories.

Throughout this section let us fix a left proper combinatorial model category M. Let X be a
fibrant object of M and let M ∈ Sp(MX//X) be a fibrant Ω-spectrum object. Consider a lifting
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problem in a diagram in M/X of the form

A

f

��

// Xα

pα

��

// Ω∞
+ (0′)

s′0
��

B

??

g // X
α // Ω∞

+ (M[1])

(2.6.1)

where f ∶ AÐ→ B is a cofibration, Xα Ð→X is a fibration and the right square exhibits Xα as a
small extension of X by M (see §2.2). Factorizing the map 0′ Ð→M[1] as a weak equivalence,
followed by a fibration 0′′ Ð→M[1], we find that the map Xα Ð→ X is weakly equivalent (over
X) to the (homotopy) pullback X ×Ω∞

+
(M[1]) Ω∞(0′′) Ð→ X. Replacing 0′ by 0′′ and Xα by this

pullback, we may (and will) therefore assume that the map 0′ Ð→M[1] is a fibration and that
the right square is Cartesian (hence homotopy Cartesian). In that case, finding the desired lift
B Ð→Xα is equivalent to finding a diagonal lift in the square

A

f

��

// Ω∞
+ (0′)

s′0
��

B

::

αg
// Ω∞

+ (M[1]).

The above square in M/X is equivalent by adjunction to a square in Sp(MX//X) of the form

Σ∞
+ (A)

Σ∞

+
(f)
��

// 0′

��
Σ∞
+ (B) //

::

M[1].

In particular, we obtain a map from the pushout Σ∞
+ (B)∐Σ∞

+
(B) 0′ into M[1]. Since the left

vertical map is a cofibration, 0′ is a weak zero object and Sp(MX//X) is left proper, this pushout is
a model for the homotopy cofiber of the map Σ∞

+ (A)Ð→ Σ∞
+ (B). By definition, this is equivalent

to the image g!LB/A of the relative cotangent complex under cobase change along the map
g ∶ B Ð→ X. Using again the left properness of Sp(MX//X) we may conclude that the above
lifting problem is equivalent to a lifting problem of the form

0′

��
g!LB/A β

//

::

M[1]

We now observe that the bottom map β (or, more precisely, its adjoint map LB/A Ð→ g∗M[1])
determines a class [β] ∈ H1

Q(B,A;M) in the relative Quillen cohomology of B under A
with coefficients in g∗M . This element is trivial if and only if the map g!LB/A Ð→M[1] is null-
homotopic, i.e. if and only if there exists a dotted lift in the above diagram (equivalently, in
Diagram (2.6.1)). Furthermore, the entire derived space of lifts of the original diagram (2.6.1)
can be identified with the derived space of sections of the fibration 0′ Ð→ M[1] over the map
β ∶ g!LB/A Ð→M[1], i.e. the space of null-homotopies of the map β. In other words, the space of
derived lifts is equivalent to the homotopy fiber

Maph(g!LB/A,0
′) ×h

Maph(g!LB/A,M[1]) {β} ≃ {0} ×hMap(g!LB/A,M[1]) {β}.

which can be identified as the space of paths from β to the 0-map in the space Maph(g!LB/A,M[1]).
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This space of paths is empty if β and 0 live in different path components (i.e. [β] ≠ 0) and when
[β] = 0, it is a torsor over the loop space of Maph(g!LB/A,M[1]) at the zero map. To sum up, the
obstruction to a lift against a small extension is a certain natural class [β] ∈ H1

Q(B,A; g∗M)
in the relative Quillen cohomology of B under A. When [β] = 0, a choice of null-homotopy for β
identifies the space of derived lifts is with the space

Ω Maph(g!LB/A,M[1]) ≃ Maph(g!LB/A,M) ≃ Maph(LB/A, g
∗M)

whose n’th homotopy group is isomorphic to the (−n)’th relative Quillen cohomology group
H−n
Q (B,A; g∗M).

Corollary 2.6.1. Let M be a left proper combinatorial model category and let f ∶ AÐ→ B be
a map whose relative cotangent complex vanishes. Let p ∶ Y Ð→X be a map which is an inverse
homotopy limit of a tower of small extensions. Then the square

Maph(B,Y ) //

��

Maph(A,Y )

��
Maph(B,X) //Maph(A,X)

is homotopy Cartesian.

Proof. Clearly it suffices to prove this for the case where p is a small extension. We may assume
that p is a fibration between fibrant objects and f is a cofibration.The desired result now follows
from the fact that the square 2.6.1 admits a contractible space of lifts when the relative cotangent
complex of f vanishes, as explained above.

Corollary 2.6.2 (The Hurewicz principle). Let L ∶ M Ð→
⊥←Ð N ∶ R be a Quillen adjunction with

M left proper combinatorial, such that the following property holds: for every cofibrant X ∈ M
the derived unit map X Ð→ RRL(X) is the homotopy limit of a tower of small extensions. Let
f ∶ AÐ→ B be a map. Then the following are equivalent:

(1) f is a weak equivalence.

(2) LL(f) is a weak equivalence and the relative cotangent complex LB/A of f is a weak zero

object, i.e. f induces an isomorphism H●
Q(B;M) ≅Ð→ H●

Q(A; f∗M) on Quillen cohomology
with coefficients in any object M ∈ TBM.

Remark 2.6.3. More generally, let E be a class of objects in TM and suppose that for any X the
unit map X Ð→ RRL(X) is the homotopy limit of a tower of small extensions, each of which
is the base change of a map Ω∞

+ (0) Ð→ Ω∞
+ (E) with E ∈ E. Then a map f ∶ A Ð→ B is a weak

equivalence if its image LL(f) is a weak equivalence and if f induces isomorphisms on Quillen
cohomology groups with coefficients from E.

Proof. It is clear that (1) implies (2), so assume that (2) holds. To show that f is a weak
equivalence it will suffice to show that for any fibrant-cofibrant object X ∈M the induced map

Maph
M(B,X)Ð→Maph

M(A,X)
is a weak equivalence. Consider the commutative square

Maph(B,X) //

��

Maph(A,X)

��
Maph(B,RRL(X)) //Maph(A,RRL(X)).

(2.6.2)
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The bottom horizontal map is a weak equivalence by adjunction, since LL(A) Ð→ LL(B) is
assumed to be a weak equivalence. By Corollary 2.6.1 the square is homotopy Cartesian, and
hence the top horizontal map is a weak equivalence as well.

Example 2.6.4 (The classical Hurewicz theorem). Let M = S be the category of simplicial sets
endowed with the Kan-Quillen model structure and let L1M be the left Bousfield localization
of M whose fibrant objects are the 1-truncated Kan complexes. The unit map of the canonical
adjunction M Ð→

⊥←Ð L1M can be identified with the first Postnikov piece map X Ð→ P1(X). This
map can be factored as an inverse limit of the Postnikov tower

⋯Ð→ Pn(X)Ð→ ⋯Ð→ P2(X)Ð→ P1(X).
Furthermore, for every n ≥ 1 the map Pn+1(X)Ð→ Pn(X) is naturally a small extension of Pn(X)
by the Eilenberg-McLane spectrum object HK(πn+1(X), n + 1) ∈ Sp(SPn(X)//Pn(X)) (see §2.3),
where πn+1(X) is considered as a local system of abelian groups on Pn(X) .

It follows that the adjunction M Ð→
⊥←Ð L1M satisfies the conditions of Corollary 2.6.2, and so

we may conclude that a map f ∶X Ð→ Y of spaces is an equivalence if and only if it induces an
equivalence on first Postnikov pieces and an isomorphism on Quillen cohomology with arbitrary
coefficients. By Remark 2.6.3, it is in fact sufficient to require f to induce an isomorphism on
cohomology with local coefficients of abelian groups.

Example 2.6.5 (Hurewicz theorem for simplicial algebras). Let k be a field of characteristic zero
and let M be the category of simplicial k-modules with its model structure transferred along
the free-forgetful adjunction with simplicial sets. We note that M carries a natural symmetric
monoidal structure given by levelwise tensor product of k-modules. Let P be a cofibrant operad
in M. In [GH00] it is shown that any P-algebra A admits a Postnikov tower

⋯Ð→ Pn(A)Ð→ ⋯Ð→ P2(A)Ð→ P1(A)Ð→ P0(A)
in P-algebras such that for any n ≥ 0 the map Pn+1(A) Ð→ Pn(A) is a small extension. Let
L0 AlgP(M) be the left Bousfield localization of AlgP(M) whose fibrant objects are the discrete
simplicial P-algebras. It follows that the adjunction AlgP(M) Ð→⊥←Ð L0 AlgP(M) satisfies the con-
ditions of Corollary 2.6.2 (note that AlgP(M) is proper by [Rez02]), and so we may conclude
that a map f ∶ A Ð→ B of P-algebras is a weak equivalence if and only if it induces an isomor-
phism of discrete algebras P0(A) Ð→ P0(B) and has a trivial relative cotangent complex, i.e.,
induces an isomorphism on Quillen cohomology with arbitrary coefficients. Since any operad in
characteristic zero is homotopically sound (see [Hin15]), the same result holds for any operad P

in M.

Example 2.6.6 (Hurewicz theorem for simplicial categories). Let M = Cat∆ be the proper
combinatorial model category of small simplicial categories. Given a fibrant simplicial category
C, let Pn(C) ∈ Cat∆ denote the “homotopy (n,1)-category” of C obtained by applying the functor
coskn to every mapping object. Then C can be identified with the homotopy limit of the tower

⋯Ð→ Pn(C)Ð→ ⋯Ð→ P2(C)Ð→ P1(C).
and the map Pn+1(C)Ð→ Pn(C) is a small extension for n ≥ 2 (see [DKS86, Proposition 3.2] and
note Remark 2.2.8). We remark that the above tower may differ from the Postnikov tower of the
simplicial category C, defined in terms of truncation. Since M is left proper and combinatorial
we may consider the left Bousfield localization L2M of M whose fibrant objects are the fibrant
simplicial categories whose mapping objects are 1-truncated (e.g., localize with respect to the
maps [1]Sn Ð→ [1]∗ for n ≥ 2, see Definition 3.1.3). Then we get that the adjunction M Ð→

⊥←Ð L2M
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satisfies the conditions of Corollary 2.6.2, and so we may conclude that a map f ∶ CÐ→D of sim-
plicial categories is a weak equivalence if and only if it induces an isomorphism on the homotopy
(2,1)-categories and an isomorphism on Quillen cohomology with arbitrary coefficients.

Remark 2.6.7. Let M be a left proper combinatorial model category and let

A //

f
��

Y

��
B

>>

g // X

(2.6.3)

be a square such that the map Y Ð→X decomposes as a tower

⋯Ð→Xn Ð→ ⋯Ð→X0 =X (2.6.4)

where each fn ∶ Xn+1 Ð→ Xn is a small extension with coefficients in Mn ∈ Sp(MXn//Xn). Then
the space Z of derived dotted lifts in 2.6.3 can be written as an inverse homotopy limit holimnZn,
where each Zn is the space of derived lifts of A Ð→ B against Xn Ð→ X. The homotopy fibers
of Zn+1 Ð→ Zn are spaces of derived lifts in squares of the form

A //

f
��

Xn+1

��
B

<<

gn // Xn.

We may then use the Bousfield-Kan spectral sequence

Es,tr ⇒ πt−s(Z)

to compute the homotopy groups of Z. The obstruction theory described above yields a descrip-
tion of the E1-page of this spectral sequence as

Es,t1 = Hs−t
Q (B,A; g∗sMs).

In particular, Quillen cohomology groups can be used as a computational tool to determine spaces
of derived lifts (and in particular, mapping spaces in M). For example, when the tower (2.6.4)
is one of the towers arising in Examples 2.6.4, 2.6.5 and 2.6.6, the spectrum objects Ms are all
Eilenberg-Maclane type spectra, constructed from the homotopy groups of the homotopy fibers
of Y Ð→ X. In that case, if the relative Quillen cohomology groups of B over A are non-trivial
only in two consecutive degrees then the spectral sequence has no non-trivial differentials and
collapses at the E1-page. We will encounter such a phenomenon in Example 3.3.11.

3. Quillen cohomology of enriched categories

In this section we will turn our attention to the case where M is the model category CatS
of categories enriched over a sufficiently nice symmetric monoidal (SM) model category S. We
will begin in §3.1 where we will use the unstable comparison result of [HNP17b] in order to
identify the tangent category TC CatS at a given fibrant enriched category C in terms of lifts
against the canonical projection TS Ð→ S. In §3.2 we will use this identification to give explicit
calculations of relative and absolute cotangent complexes. In particular, when S is the category
of chain complexes over a field, we obtain an identification of the associated Quillen cohomology
in terms of the corresponding Hochschild cohomology of dg-categories, with a degree shift by
one. Another notable example of interest is when S is the category of simplicial sets, in which
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case CatS is a model for the theory of ∞-categories. We will discuss this example in detail in
§3.3, where we will also obtain a simple description of the tangent category TC Cat∞ in terms
of the twisted arrow category of C. Examples and applications to classical problems such as
detecting equivalences and splitting of homotopy idempotents are discussed at the end of that
section.

3.1 Stabilization of enriched categories

Throughout this section let us fix a SM model category S which is excellent in this sense
of [Lur09, Definition A.3.2.16] and such that every object in S is cofibrant. Furthermore, we will
fix the following two additional assumptions:

(A1) S is differentiable.

(A2) The unit object 1S is homotopy compact in the sense that the functor π0 Maph
S(1S,−)

sends filtered homotopy colimits to colimits of sets.

By [Lur09, Proposition A.3.2.4] (see also [BM13], [Mur15a]) there exists a combinatorial left
proper model structure on the category CatS of S-enriched categories in which the weak equiva-
lences are the Dwyer-Kan (DK) equivalences. Our goal in this section is to identify the tangent
model category Sp((CatS)C//C) at a given S-enriched category C.

Remark 3.1.1. In [Lur09, Remark A.3.2.17] it is asserted that the axioms of an excellent model
category imply that every object is cofibrant. However, it was observed elsewhere that this claim
is not completely accurate, and so we have included this additional assumption explicitly.

Remark 3.1.2. Assumptions A1 and A2 above are only used in order to establish that CatS
is differentiable. The reader who so prefers can replace these two assumptions by a the single
assumption that CatS is differentiable.

Definition 3.1.3. Let S be as above. We will denote by ∗ ∈ CatS the category with one object
whose endomorphism object is 1S. For A ∈ S let [1]A ∈ CatS denote the category with objects 0,1
and mapping spaces Map[1]A(0,1) = A, Map[1]A(1,0) = ∅ and Map[1]A(0,0) = Map[1]A(1,1) = 1S.

Remark 3.1.4. The generating cofibrations for CatS are given by ∅ Ð→ ∗, as well as the maps
[1]A Ð→ [1]B where AÐ→ B is a generating cofibration of S.

Definition 3.1.5 (cf. [BM07, 1.5.4]). Let O be a set and let W = O × O. Let PO be the W -
colored operad in S whose algebras are the S-enriched categories with object set O (also known
as (S,O)-categories). More explicitly, PO is the symmetrization of the non-symmetric operad in
S whose objects of n-ary operations are as follows: for n ≥ 1 the object of n-ary operations from
(x1, y1), (x2, y2), ..., (xn, yn) to (x∗, y∗) is 1S if x∗ = x1, y∗ = yn and yi = xi+1 for i = 1, ..., n − 1,
and is initial otherwise. For n = 0 the object of 0-ary operations into (x∗, y∗) is 1S is x∗ = y∗ and
is initial otherwise.

Remark 3.1.6. Since PO is the symmetrization of a non-symmetric operad it is automatically
Σ-cofibrant.

By [Mur11, Theorem 1.3] (see also erratum in [Mur15b]) the transferred model structure on
AlgPO exists. Considering O as the discrete S-category with object set O we obtain an adjunction

L ∶ AlgPO
Ð→
⊥←Ð (CatS)O/ ∶ R (3.1.1)

where L interprets an (S,O)-category as an S-enriched category under O, and R sends an S-

enriched category O
fÐ→ C under O to the (S,O)-category R(C) whose mapping spaces are
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MapR(C)(x, y) = MapC(f(x), f(y)). We now claim that L ⊣ R is a Quillen adjunction. Since
L clearly preserves weak equivalences, it will suffices to check that L preserves cofibrations, or
equivalently that R preserves trivial fibrations. The latter follows from the fact that a trivial
fibration of enriched categories in the model structure of [Lur09, Proposition A.3.2.4] always
induces a trivial fibration on mapping objects.

Remark 3.1.7. Since L preserves and detects weak equivalences and (CatS)O/ is left proper it
follows that AlgPO is left proper. In particular, PO is stably admissible and the enveloping operad

PC
O is stably admissible for any S-category with set of objects O.

Since the unit of L ⊣ R is an isomorphism for every object and R preserves weak equivalences
it follows that the derived unit of L ⊣ R is always a weak equivalence. In particular, the derived
functor LL is derived fully-faithful. The following lemma identifies its essential image:

Lemma 3.1.8. Let f ∶ O Ð→ C be an S-enriched category under O. Then the counit vC ∶
L(R(C)) Ð→ C (which is equivalent to the derived counit) is a weak equivalence if and only
if f is essentially surjective.

Proof. It is clear that the counit vC ∶ L(R(C)) Ð→ C is always fully-faithful. The result now
follows from the fact that vC has the same essential image as f ∶ O Ð→ C.

Now let C be an S-enriched category and let O = Ob(C) be its set of objects. We may
naturally consider C as a category under the discrete category O. The free-forgetful Quillen
adjunction (CatS)O/

Ð→
⊥←Ð CatS then induces an equivalence of categories

(CatS)C/
≃Ð→
⊥←Ð ((CatS)O/)C/ (3.1.2)

which furthermore identifies the slice model structures on both sides. Let PC
def= P

R(C)
O be the

enveloping operad of R(C). We will denote by

LC ∶ AlgPC

Ð→
⊥←Ð (CatS)C/ ∶ RC

the adjunction induced by L ⊣ R after identifying AlgPC
≃ (AlgPO)R(C)/ and (CatS)C/ ≃ ((CatS)O/)C/.

We then obtain an induced Quillen adjunction

LC
aug ∶ Algaug

PC

Ð→
⊥←Ð (CatS)C//C ∶ RC

aug (3.1.3)

and hence an induced Quillen adjunction

LC
Sp ∶= Sp(LC

aug) ∶ Sp(Algaug
PC

) //
Sp((CatS)C//C)⊥oo ∶ Sp(RC

aug) =∶ RC
Sp.

Proposition 3.1.9. Let C be a fibrant S-category. Then the Quillen adjunction

LC
Sp ∶ Sp(Algaug

PC
)

≃ //
Sp((CatS)C//C)⊥oo ∶ RC

Sp

is a Quillen equivalence.

The proof of Proposition 3.1.9 will require knowing that CatS is differentiable, an issue we
shall now address. Our first step is to verify the following:

Lemma 3.1.10. Weak equivalences in CatS are closed under sequential colimits.

Proof. Let F ∶ N Ð→ CatS be a functor and let C = colimn∈NF(n). Then we have Ob(C) ≅
colimn∈N Ob(F(n)) and for each x, y ∈ Ob(C) there exists a minimal n0 ∈ N such that both x and
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y are in the image of F(n0) Ð→ C. If we now choose xn0 , yn0 ∈ F(n0) whose images in C are x
and y respectively then we have

MapC(x, y) = colimn≥n0 MapF(n)(xn, yn) (3.1.4)

where for n ≥ n0 we have denoted by xn, yn the images of xn0 , yn0 respectively under the map
F(n0) Ð→ F(n). Let us now consider a levelwise weak equivalence ϕ ∶ F Ð→ F′ of functors
N Ð→ CatS and let f ∶ C Ð→ C′ be the induced map on colimits. We need to show that f is
a weak equivalence, i.e., essentially surjective and homotopy fully-faithful. The fact that f is
homotopy fully-faithful follows from formula 3.1.4 since each ϕn ∶ F(n) Ð→ F′(n) is homotopy
fully-faithful and weak equivalences in S are closed under sequential colimits (since S is excellent).
Let us now prove that f is essentially surjective. Let x′ ∈ C′ be an object. Then there exists an
n ∈ N and an object x′n ∈ F′(n) whose image in C is x′. Since ϕn ∶ F(n) Ð→ F′(n) is essentially
surjective there exists an object xn ∈ F(n) such that ϕn(xn) is isomorphic to x′n in Ho(F′(n)).
It follows that the image of ϕn(xn) in Ho(C) is isomorphic to the image of x′n, and hence to the
image of x′, as desired.

Lemma 3.1.11. Let

A //

��

B

ψ
��

C
ϕ // D

(3.1.5)

be a square in CatS. Then 3.1.5 is homotopy Cartesian if and only if it is weakly equivalent to
a square which satisfies the following three properties:

(1) For every x, y ∈ A the induced diagram on mapping spaces in homotopy Cartesian in S.

(2) The induced square of object sets is Cartesian.

(3) Both Ho(ψ) ∶ Ho(B)Ð→ Ho(D) and Ho(ϕ) ∶ Ho(C)Ð→ Ho(D) are iso-fibrations.

Proof. We first prove the only if direction. Observe that any homotopy Cartesian square satisfies
(1). If a square as in (3.1.5) is homotopy Cartesian then, up to weak equivalence, we may assume
that ϕ and ψ are fibrations with fibrant codomain and that A is the actual pullback, in which
case the square satisfies (2) and (3) by [Lur09, Theorem A.3.2.24].

We now prove the if direction. Every map f ∶ C Ð→ D in CatS can be functorially factored

as C
f ′Ð→ C′

f ′′Ð→ D where f ′ is a weak equivalence and an isomorphism on object sets and f ′′

induces fibrations on mapping objects. In order to obtain such a factorization, apply the small
object argument with respect to the maps [1]A Ð→ [1]B, where A Ð→ B is a generating trivial
cofibration in S. This factors f as a transfinite composition of pushouts of the trivial cofibrations
[1]A Ð→ [1]B (which are identities on objects), followed by a map which induces fibrations on
mapping objects. In particular, given a square as in (3.1.5) which satisfies (1)-(3) above we may
replace it with a weakly equivalent square which satisfies (1)-(3) and such that D is furthermore
fibrant in CatS. We may therefore assume without loss of generality that D is fibrant.

We now observe that if f ∶ C Ð→ D is a map such that Ho(f) is an iso-fibration and D is

fibrant then we may functorially factor f as C
f ′Ð→ C′

f ′′Ð→ D where f ′ is a weak equivalence
and an isomorphism on object sets and f ′′ is a local fibration in the sense of [Lur09, A.3.2.9]
and hence a fibration in CatS by [Lur09, Theorem A.3.2.24]. A square 3.1.5 satisfying (1)-(3)
can therefore be replaced by a weakly equivalent square in which both ϕ and ψ are fibrations,
without changing the objects of any of the categories appearing in (3.1.5). The new square now
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satisfies (1)-(3) as well. We may thus assume without loss of generality that ϕ and ψ are already
fibrations, in which case it will suffice to show that the induced map A Ð→ C ×D B is a weak
equivalence. But this map is homotopy fully-faithful and induces an isomorphism on objects by
assumption, hence it is a weak equivalence.

Corollary 3.1.12. CatS is differentiable as soon as S satisfies Assumptions A1 and A2 above.

Proof. In light of Lemma 3.1.10 it will suffice to show that the (relative) functor colimN ∶
(CatS)N Ð→ CatS preserves homotopy pullbacks and homotopy terminal objects. We first note
that an S-enriched category C is homotopy terminal if and only if MapC(x, y) is homotopy ter-
minal in S for every x, y ∈ C. Since S is differentiable and weak equivalences in S are closed
under sequential colimits it follows that homotopy terminal objects are closed under sequential
colimits. The same statement thus holds for CatS in view of formula 3.1.4.

We now need to show that colimN maps homotopy Cartesian diagrams to homotopy Cartesian
diagrams. By Lemma 3.1.11 it will suffice to show that colimN preserves those squares satisfying
properties (1)-(3) of Lemma 3.1.11. Property (1) follows from formula 3.1.4 and our assumption
that S is differentiable. Concerning property (2) of Lemma 3.1.11, preservation by colimN follows
from the fact that the functor C↦ Ob(C) preserves colimits and that sequential colimits commute
with pullbacks in the category of sets. For property (3) we first observe that the homotopy
category functor Ho ∶ CatS Ð→ Cat preserves sequential colimits, since 1S is assumed to be
homotopy compact. It will hence suffice to show that the class of iso-fibrations in Cat is closed
under sequential colimits. Now note that the property of being an iso-fibration is simply the right
lifting property with respect to the map η ∶ ∗Ð→ E, where E is the category with two objects in
which all hom sets are singletons. The desired result then follows from the fact that both ∗ and
E are compact in Cat.

Having proven that CatS is differentiable, we will prove Proposition 3.1.9 using [HNP17a,
Corollary 2.4.9]. To apply the latter corollary we need to verify that the derived counit of the
induced Quillen adjunction LC

aug ∶ Algaug
PC

Ð→
⊥←Ð (CatS)C//C ∶ RC

aug becomes an equivalence after
looping finitely many times.

Lemma 3.1.13. Let C be a fibrant S-category and let C
fÐ→D

gÐ→ C be an S-category over-under
C such that g is a fibration in CatS. Let LC(RC(D))Ð→D be the counit map. Then the map of
derived pullbacks

C ×h
LC(RC(D)) CÐ→ C ×hD C

is a weak equivalence in (CatS)C/. In particular, the induced map ΩLC
aug(RC

aug(D)) Ð→ ΩD is a
weak equivalence in (CatS)C//C.

Proof. Let C
iÐ→ C̃

pÐ→D be a factorization of f into a trivial cofibration followed by a fibration
and let f ′ ∶ C = LC(RC(C)) Ð→ LC(RC(D)) be the structure map of LC(RC(D)). We note that
LC(RC(D)) ⊆D is nothing but the full subcategory of D spanned by the image of f and that f ′

is just the map f with its codomain restricted. Let C̃′ be the S-category sitting in the pullback
square

C̃′
p′//

��

LC(RC(D))
v

��
C̃

p // D.
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Since the right vertical map is (strictly) fully-faithful it follows that the left vertical map is fully-

faithful, and since the essentially surjective map i ∶ C Ð→ C̃ factors as C
i′Ð→ C̃′ Ð→ C̃ it follows

that C̃′ Ð→ C̃ is essentially surjective and hence a weak equivalence of S-categories. Now consider
the extended diagram

C̃′′

��

// C̃′

p′

��

≃ // C̃

��
C̃′

p′ //

≃
��

LC(RC(D))
v

��

LC(RC(D))
v

��
C̃

p // D D

where the upper square is a pullback square. By our assumption D is fibrant and hence by [Lur09,
Theorem A.3.2.24] we get that LC(RC(D)) is fibrant as well. Since p and p′ are fibrations bet-
ween fibrant objects it now follows that the top left square and the bottom left square are also
homotopy Cartesian. Since the two right squares are homotopy Cartesian we may conclude that
the external square is homotopy Cartesian, and so the desired result follows.

We have now gathered enough tools to establish Proposition 3.1.9:

Proof of Proposition 3.1.9. Apply [HNP17a, Corollary 2.4.9]. The required conditions are satis-
fied in light of Corollary 3.1.12 and Lemma 3.1.13.

Having established Proposition 3.1.9 we are now in a position to use the comparison of [HNP17b,
Theorem 4.1.1] in order to compute the stabilization of CatC//C via the stabilization of AlgPC

aug.
For this it will be useful to recall the tensor product of S-categories ⊗ ∶ CatS ×CatS Ð→ CatS.
By definition, if D and E are S-categories then D ⊗ E is the S-category whose object set is the

Cartesian product Ob(D ⊗ E) def= Ob(D) ×Ob(E) and such that for every d, d′ ∈ D and e, e′ ∈ E
we have

MapD⊗E((d, e), (d′, e′))
def= MapD(d, e)⊗MapD(d′, e′)

Since PC is the symmetrization of a nonsymmetric operad, it is Σ-cofibrant (as well as stably ad-
missible, by Remark 3.1.7). We therefore obtain from [HNP17b, Theorem 4.1.1] that Sp(AlgPC

aug)
is Quillen equivalent to Sp(Alg

(PC)≤1
aug ).

Unwinding the definitions, we see that the S-enriched category (PC)1 (i.e. the enveloping
category of C) is the tensor product Cop ⊗ C, and that the C-module Cop ⊗ CÐ→ S associated to
(PC)0 is just the mapping space functor MapC ∶ Cop⊗CÐ→ S. Composing adjunction (3.1.3) with
the augmented free-forgetful adjunction associated to (PC)≤1 Ð→ PC, we obtain an adjunction

FC
aug ∶ Algaug

(PC)≤1 = Fun(Cop ⊗ C,S)MapC //MapC

// (CatS)C//C ∶ GC
aug⊥oo (3.1.6)

where GC
aug sends a category C

fÐ→ D
gÐ→ C to the functor GC

aug(D)(x, y) = MapD(f(x), f(y)).
From the above considerations, we can thus conclude the following:

Theorem 3.1.14. Let S be as above and let C be a fibrant S-enriched category. Then the
adjunction

FC
Sp ∶ TMapC

Fun(Cop ⊗ C,S)
≃ //

TC CatS⊥oo ∶ GC
Sp
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induced by (3.1.6) is a Quillen equivalence.

Remark 3.1.15. When S is the category of simplicial sets endowed with the Kan-Quillen model
structure, a variant of Corollary 3.1.14 was described by Dwyer and Kan in [DK88, Proposition
6.3] (without an explicit proof). This variant pertained to simplicial categories with a fixed
set of objects, and considered the corresponding category of abelian group objects, rather than
stabilization. We note that when the set of objects is not fixed, the analogue of the above theorem
for abelian group objects is false. For example, if C is a simplicial category and A is an abelian
group then A × C is naturally an abelian group object in (CatS)/C, but the associated functor
Cop × CÐ→ S is the trivial abelian group object of Fun(Cop ⊗ C,S)/MapC

. One may consider this
as an additional motivation to work with spectrum objects as opposed to abelian group objects.

Since every object in the enriching model category S is cofibrant, we have that S is tractable.
By [HNP17a, Corollary 3.2.2] we may conclude that the tangent model category TS is tensored
and cotensored over S. Furthermore, by Remark 2.1.4 we may identify TMapC

Fun(Cop ⊗ C,S)
with the category of S-enriched lifts

TS

π
��

Cop ⊗ C

::

MapC

// S

endowed with the projective model structure. To sum up, Theorem 3.1.14 can also be read as
follows:

Corollary 3.1.16. Let S be as above and let C be a fibrant S-category. Then the tangent model
category TC CatS is Quillen equivalent to the model category FunS

/S(Cop⊗C,TS) consisting of S-
enriched functors Cop⊗CÐ→ TS which sit above the mapping space functor MapC ∶ Cop⊗CÐ→ S.

Let us now consider the special case where S is stable. Combining Corollary 2.1.6 and
Theorem 3.1.14 we obtain the following:

Corollary 3.1.17. Let S be as above and assume in addition that S is stable. Then for every
fibrant S-enriched category C the tangent model category TC CatS is naturally Quillen equivalent
to the functor category Fun(Cop ⊗ C,S).

Remark 3.1.18. A prime example of Corollary 3.1.17 is when S is the category of chain complexes
over a field, in which case CatS is the category of dg-categories. In this case we may phrase
the above computation as follows: the tangent model category TC CatS is Quillen equivalent to
the category of C-bimodules, also known as correspondences from C to itself.

3.2 The cotangent complex of enriched categories

Throughout this section, we will assume that S is an excellent model category with only cofibrant
objects satisfying conditions (A1) and (A2) from the beginning of Section 3. Our goal in this
section is to compute the cotangent complex

LC ∶= LΣ∞
+ (C) ∈ Sp((CatS)C//C),

of an S-enriched category C, or, more precisely, its image under the right Quillen equivalence

GC
Sp ∶ TC CatS

≃Ð→ TMapC
Fun(Cop ⊗ C,S) of Theorem 3.1.14.
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Proposition 3.2.1. Let C be a fibrant S-enriched category. Then there is a natural weak equi-
valence

θC ∶ LMapC
[−1] ≃Ð→ RGC

Sp(LC)
in the model category TMapC

Fun(Cop ⊗ C,S). In other words, under the equivalence of Theorem
3.1.14 we may identify the cotangent complex of C with the desuspension of the cotangent
complex of MapC ∈ Fun(Cop ⊗ C,S)/MapC

.

Corollary 3.2.2. Under the equivalence of Corollary 3.1.16, the image of the cotangent complex
LC ∈ TC CatS in FunS

/S(Cop ⊗ C,TS) is weakly equivalent to the desuspension of the composite
functor

Cop ⊗ C
MapCÐ→ S

Σ∞

∫Ð→ TS.

Proof. Combine Proposition 3.2.1 with Corollary 3.1.16 and Remark 2.1.5.

Before proceeding to the proof of Proposition 3.2.1, let us point out a few notable cases.

Corollary 3.2.3. Let S be the category of simplicial sets endowed with the Kan-Quillen model
structure and let C be a fibrant simplicial category. Then the image of the cotangent complex
LC ∈ TC CatS in FunS

/S(Cop × C,TS) is the functor Cop × C Ð→ TS which associates to each

(x, y) ∈ Cop × C the parametrized spectrum over MapC(x, y) which is constant with value S[−1].

When S is stable, Corollary 3.1.17 identifies the tangent category TC CatS with the category
of functors Cop ⊗ C Ð→ S. In this case, Proposition 3.2.1 can be combined with Corollary 2.1.6
to give the following:

Corollary 3.2.4. Let S and C be as above and assume in addition that S is stable. Then
the functor Cop ⊗ C Ð→ S associated to the cotangent complex LC is the functor (x, y) ↦
MapC(x, y)[−1].

A special case of interest is when S is the category of chain complexes over a field, in which
case CatS is the model category of dg-categories:

Corollary 3.2.5. The Quillen cohomology H●
Q(C,F) of a dg-category C with coefficients in

a bimodule F can be identified with the corresponding (shifted) Hochschild cohomology
HH●+1(C,F) (defined via the bar complex, see e.g. [Kel06, 5.4]).

The proof of Proposition 3.2.1 will require a few preliminaries. Let C be a fibrant S-category.
Since the adjunction FC

Sp ⊣ GC
Sp of Theorem 3.1.14 is a Quillen equivalence it will suffice to

construct a weak equivalence

LFC
Sp(LMapC)

≃Ð→ LC[1]. (3.2.1)

To do this, we will make use of the tensor product of S-categories ⊗ ∶ CatS ×CatS Ð→ CatS. Recall
that while ⊗ is a close symmetric monoidal product on CatS, it is not compatible with the model
structure. However, since every object in S is cofibrant, the functor (−)⊗C ∶ CatS Ð→ CatS does
preserve weak equivalences and by [Lur09, Theorem A.3.5.14] it also preserve homotopy colimits.
The unit of ⊗ is the category ∗ ∈ CatS which has a single object whose endomorphism object is
1S. To avoid confusion, we warn the reader that ∗ is generally not the terminal object of CatS,
unless 1S is terminal in S. For any S-category C, the functor

(−)⊗ C ∶ Sp((CatS)∗//∗)Ð→ Sp((CatS)C//C) (3.2.2)
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sending ∗ Ð→ X●● Ð→ ∗ to C Ð→ X●● ⊗ C Ð→ C preserves levelwise weak equivalences and
suspension spectra. The functor 3.2.2 also preserves the following slightly more general class of
equivalences:

Definition 3.2.6. For any model category M, a strong equivalence of suspension spectra
is a map f ∶ X Ð→ Y in Sp(M) between suspension spectra such that fn,n ∶ Xn,n Ð→ Yn,n is a
weak equivalence for all n >> 0.

Now let L∗ = Σ
∞(∗∐∗) ≃ L∗ ∈ Sp((CatS)∗//∗) be a suspension spectrum model for the

cotangent complex of ∗ such that (L∗)0,0 = ∗∐∗ (see [HNP17a, Corollary 2.3.3]). Since L∗⊗C is
a suspension spectrum with C∐C in degree (0,0), the adjoint map LC = Σ∞(C∐C) Ð→ L∗ ⊗ C

is a stable weak equivalence by [HNP17a, Lemma 2.3.2]. We may therefore use L∗⊗C as a model
for LC.

We shall now show that the spectrum LFC
Sp(LMapC) appearing on (3.2.1) can also be obtained

from a suitable spectrum object in (CatS)∗//∗ by tensoring with C. To do this we will first find

another way to describe the functor FC
aug ∶ Fun(Cop⊗C,S)MapC //MapC

Ð→ (CatS)C//C from which

FC
Sp is induced upon passing to spectrum objects. Let [1]S ∶= [1]1S be as in Definition 3.1.3.

The natural map ∗∐∗Ð→ [1]S, which can be identified with [1]∅S
Ð→ [1]1S , is a cofibration in

CatS, and in particular [1]S is cofibrant. Consider the Quillen adjunction

λ ∶ Fun(Cop ⊗ C,S)MapC /
Ð→
⊥←Ð (CatS)[1]S⊗C/ ∶ ρ

defined as follows. If f ∶ Cop ⊗ C Ð→ S is a functor under MapC then λ(f) is the S-enriched
category whose set of objects is {0,1} ×Ob(C) and whose mapping spaces are given by

λ(f)((i, x), (j, y)) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

MapC(x, y) i = j
f(x, y) (i, j) = (0,1)
∅S (i, j) = (1,0)

Composition of morphisms is defined using the functoriality of f in Cop ⊗ C. This construction
sends MapC to [1]S⊗C and λ therefore sends a functor under MapC to a functor under [1]S⊗C.

In the other direction, if [1]S ⊗ C
ιÐ→D is an object of (CatS)[1]S⊗C/ then ρ(ι) is given by

ρ(ι)(x, y) = MapD(ι(0, x), ι(1, y))

which admits a natural map from MapC. It follows immediately from this description that ρ is a
right Quillen functor.

Now consider the induced adjunction on augmented objects

λaug ∶ Fun(Cop ⊗ C,S)MapC //MapC

Ð→
⊥←Ð (CatS)[1]S⊗C//[1]S⊗C ∶ ρaug.

Since both λ and ρ preserve initial objects, the formulas for λaug and ρaug are the same as those
for λ and ρ. It follows that both λaug and ρaug preserve weak equivalences between arbitrary
objects, and thus can be applied without deriving.

To get from enriched categories over-under [1]S⊗C to enriched categories over-under C, note
that the map [1]S Ð→ ∗ induces a map p ∶ [1]S ⊗ CÐ→ C, associated to which is an adjunction

paug
! ∶ (CatS)[1]S⊗C//[1]S⊗C

Ð→
⊥←Ð (CatS)C//C ∶ p∗aug.

Here the left adjoint paug
! sends an S-category D over-under [1]S⊗C to the S-category C∐[1]S⊗CD

over-under C, and the right adjoint p∗aug sends an S-category D over-under C to the S-category
([1]S ⊗C)×C D over-under [1]S ⊗C. The category ([1]S ⊗C)×C D has object set {0,1}×Ob(D)
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and for x, y ∈ C whose images in D are x′, y′ respectively we have

Map([1]S⊗C)×CD
((0, x′), (1, y′)) = Map[1]S⊗C((0, x), (1, y)) ×MapC(x,y) MapD(x′, y′)

= MapD(x′, y′).

In particular, the value of the composite ρaug(p∗aug(C
ιÐ→DÐ→ C)) ∈ Fun(Cop ⊗C,S)MapC //MapC

is naturally isomorphic to (x, y) ↦ MapD(ι(x), ι(y)) (as functors over-under MapC). In other
words, the diagram of right Quillen functors

Fun(Cop ⊗ C,S)MapC //MapC
(CatS)C//C

GC
augoo

p∗augvv
(CatS)[1]S⊗C//[1]S⊗C

ρaug

jj

commutes up to a natural isomorphism. It follows that the corresponding diagram of left adjoints
commutes as well, i.e., we can write our functor FC

aug as a composition FC
aug ≅ p

aug
! λaug. In particu-

lar, for every functor f ∶ Cop⊗CÐ→ S over-under MapC we have that LFC
aug(f) ≃ Lpaug

! λaug(M).
Having identified the left Quillen functor FC

aug in these terms, we can express the left hand

term LFC
Sp(LMapC

) of (3.2.1) as follows:

Lemma 3.2.7. There is an equivalence in Sp((CatS)C//C) of the form

LFC
Sp(LMapC

) ≃ Σ∞ ⎛
⎝
∗∐

[1]S
A
⎞
⎠
⊗ C

where A = [1]1S∐1S is considered as a category over-under [1]S, and Σ∞ (∗∐[1]S A) is considered
as a spectrum object in (CatS)∗//∗).

Proof. Before taking suspension spectra, we may compute at the level of augmented objects:

LFC
aug(MapC∐MapC) ≃ Lpaug

! λaug(MapC∐MapC)

≃ Lpaug
! (A⊗ C) ≃ C

h

∐
[1]S⊗C

[A⊗ C] ≃
⎡⎢⎢⎢⎢⎣
∗∐

[1]S
A

⎤⎥⎥⎥⎥⎦
⊗ C

The last equivalence follows from the preservation of homotopy colimits by (−)⊗C and the fact
that [1]S Ð→ A is a cofibration. Since left Quillen functors commute with taking suspension
spectra, we conclude that

LFC
Sp(LMapC

) ≃ LFC
Sp(Σ∞(MapC∐MapC))

≃ Σ∞(LFC
aug(MapC∐MapC)) ≃ Σ∞ ⎛

⎝

⎡⎢⎢⎢⎢⎣
∗∐

[1]S
A

⎤⎥⎥⎥⎥⎦
⊗ C

⎞
⎠
≃ Σ∞ ⎛

⎝
∗∐

[1]S
A
⎞
⎠
⊗ C (3.2.3)

as asserted.

Rather than working with Σ∞ (∗∐[1]S A), we may apply [HNP17a, Corollary 2.3.3] and

consider a suspension spectrum model Σ
∞ (∗∐[1]S A) ∈ Sp(Cat∗//∗) whose degree (0,0) object

is the cofibrant object ∗∐[1]S A. As before, such a choice of a suspension spectrum model induces

a stable weak equivalence Σ∞ ([∗∐[1]S A]⊗ C)Ð→ Σ
∞ (∗∐[1]S A)⊗ C. In particular, we have a
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stable equivalence

Σ
∞ ⎛

⎝
∗∐

[1]S
A
⎞
⎠
⊗ C ≃ LFC

Sp(LMapC
).

We are now in the position to prove Proposition 3.2.1.

Proof of Proposition 3.2.1. Having written both sides of (3.2.1) as the image of a spectrum object
in (CatS)∗//∗ under tensoring with C, we see that in order to construct the natural equivalence
of the form (3.2.1) it will suffice to construct a natural strong equivalence of suspension spectra
(see Definition 3.2.6)

Σ
∞ ⎛

⎝
∗∐

[1]S
A
⎞
⎠

≃Ð→ L∗[1].

As A ≅ [1]S∐∗∐∗[1]S we get that

∗∐
[1]S

A = ∗∐
[1]S

[1]S ∐
∗∐∗

[1]S ≅ ∗ ∐
∗∐∗

[1]S.

Let [1]∼S ∈ CatS be the S-enriched category with objects 0 and 1 and all mapping spaces equal

to 1S ∈ S. Let [1]S
η↪ E

≃↠ [1]∼S be a factorization of the natural map [1]S Ð→ [1]∼S into a
cofibration followed by a trivial fibration. Since the map ∗∐∗ Ð→ [1]S is a cofibration we get
that the map ∗∐∗Ð→ E is a cofibration. Because CatS is left proper and [1]∼S ≃ ∗, we have that

Σ(∗∐∗) ≃ ∗∐∗∐∗ E. The maps ∗∐∗Ð→ [1]S
ηÐ→ E

≃Ð→ ∗ now induce a map

ν ∶ ∗∐
[1]S

A ≅ ∗ ∐
∗∐∗

[1]S Ð→ ∗ ∐
∗∐∗

E ≃ Σ(∗∐∗) (3.2.4)

in (CatS)∗//∗. We note that the S-enriched category ∗∐∗∐∗[1]S can be identified with the
free S-enriched category generated by a single object and single endomorphism of that object,
while ∗∐∗∐∗ E is the free S-enriched category generated by a single object and single self-
equivalence of that object. The map ν is the natural map between these two universal objects.
Since L∗[1] ≃ Σ

∞(Σ(∗∐∗)), it will now suffice to show that the map

Σ
∞(ν) ∶ Σ∞ ⎛

⎝
∗ ∐
∗∐∗

[1]S
⎞
⎠
Ð→ Σ

∞ ⎛
⎝
∗ ∐
∗∐∗

E
⎞
⎠

is a strong equivalence of suspension spectra (see Definition 3.2.6). In fact, we will show that
ν becomes a weak equivalence after a single suspension, or, equivalently, that for every D ∈
(CatS)∗//∗ the induced map

ν∗ ∶ Maph
(CatS)∗//∗

⎛
⎝
∗ ∐
∗∐∗

E,D
⎞
⎠
Ð→Maph

(CatS)∗//∗
⎛
⎝
∗ ∐
∗∐∗

[1]S,D
⎞
⎠

(3.2.5)

of pointed spaces becomes a weak equivalence after looping. For this it will suffice to show
that (3.2.5) is a (−1)-truncated map of spaces (after forgetting the base point), i.e., that each
of its homotopy fibers is either empty or contractible. In other words, we will show that the
map ∗∐∗∐∗[1]S Ð→ ∗∐∗∐∗ E is (−1)-cotruncated. To this end, observe that the latter map
is the homotopy cobase change in (CatS)∗//∗ of the map [1]S∐∗Ð→ E∐∗, and so it will suffice
to show that the map η ∶ [1]S Ð→ E is (−1)-cotruncated in (CatS)/∗. Since η is a cofibration
between cofibrant objects this is equivalent to the assertion that the fold map E∐[1]S EÐ→ E is a
weak equivalence in (CatS)/∗, or, equivalently, that any of the two canonical maps EÐ→ E∐1S E
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is a weak equivalence in (CatS)/∗ (or in CatS). But this now follows from the invertibility
hypothesis assumed on S (see [Lur09, Definition A.3.2.16]) since η classifies a morphism of E
which is invertible in Ho(E) (see [Lur09, Remark A.3.2.14]).

It will be useful to record the following enhanced version of Proposition 3.2.1, which allows
one to compute relative cotangent complexes as well. We first note that the Quillen equivalence
of Theorem 3.1.14 is natural in C. Indeed, if f ∶ C Ð→ D is a map of S-enriched categories and
ϕ ∶ Cop ⊗ C Ð→ Dop ⊗ D is the induced map then we have a commutative square of Quillen
adjunctions

(CatS)C//C
f!
��

GC
aug

// Fun(Cop ⊗ C,S)MapC //MapC

FC
augoo

ϕ!

��
(CatS)D//D

⊣ f∗

OO

GD
aug

// Fun(Dop ⊗D,S)MapD //MapD

FD
augoo

⊣ ϕ∗

OO

Here f! ⊣ f∗, as in §2.1, is the adjunction induced on over-under objects by the identity ad-
junction of CatS (see (3.1.2)), and ϕ! ⊣ ϕ∗ is the adjunction induced on over-under objects by
the restriction-left Kan extension adjunction Fun(Cop ⊗ C,S) Ð→⊥←Ð Fun(Dop ⊗D,S). Applying the
stabilization functor we obtain a commutative diagram of Quillen adjunctions

TC CatS

fSp
!

��

GC
Sp

≃ // TMapC
Fun(Cop ⊗ C,S)

FC
Spoo

ϕSp
!
��

TD CatS

⊣ f∗Sp

OO

GD
Sp

≃ // TMapD
Fun(Dop ⊗D,S)

FD
Spoo

⊣ ϕ∗Sp

OO
(3.2.6)

where the horizontal Quillen adjunctions are the Quillen equivalences of Theorem 3.1.14 associ-
ated to C and D respectively. We then have the following generalization of Proposition 3.2.1:

Corollary 3.2.8. Let f ∶ C Ð→ D be a map of S-enriched categories. Then there is a natural
weak equivalence

θf ∶ LϕSp
! (LMapC

[−1]) ≃Ð→ GD
SpLf

Sp
! (LC)

in the model category TMapD
Fun(Dop ⊗D,S).

Proof. By Proposition 3.2.1 we have a natural weak equivalence θC ∶ LMapC
[−1] ≃Ð→ GC

Sp(LC), and

since FC
Sp ⊣ GC

Sp is a Quillen equivalence we may consider instead the adjoint weak equivalence

θad
C ∶ LFC

Sp(LMapC
) ≃Ð→ LC[1]. Using the commutativity of (3.2.6) we obtain a natural weak

equivalence

LFD
SpLϕ

Sp
! (LMapC

) ≃ LfSp
! LFC

Sp(LMapC
)

LfSp
!
θad
C

≃
// LfSp

! (LC[1])

Using the fact that FD
Sp ⊣ GD

Sp is a Quillen equivalence and GD
Sp preserves weak equivalences we

then obtain an adjoint equivalence

θf ∶ LϕSp
! (LMapC

[−1]) ≃Ð→ GD
SpLf

Sp
! (LC)

as desired.
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Corollary 3.2.9. Let f ∶ C Ð→ D be a map of S-enriched categories. Then there is a natural
homotopy cofiber sequence

GD
Sp(LD/C)Ð→ LϕSp

! (LMapC
)Ð→ LMapD

in the model category TMapD
Fun(Dop ⊗D,S).

Proof. By Corollary 2.2.11 the middle term of the above sequence can be identified with the
GD

SpLϕ
Sp
! (LC[1]), while the last term is given by GD

Sp(LD[1]) by Proposition 3.2.1. This identifies

the above sequence with the image of the cofiber sequence LD/C Ð→ LϕSp
! (LC[1]) Ð→ LD[1]

under the equivalence GD
Sp.

Let us now exploit Corollary 3.2.9 to compute the cotangent complex of associative alge-
bras in S. The functor L ∶ Alg(S) Ð→ (CatS)∗/ of (3.1.1) sends an associative algebra object
A to the pointed S-enriched category consisting of a single object whose endomorphism alge-
bra is A. Adopting a similar notation as in Section 2.4 let us denote this pointed category by
BA∗ = L(A) ∈ (CatS)∗/ and denote by BA the underlying unpointed category of BA∗. By the
commutation of Σ∞

+ with left Quillen functors we may deduce that LA and LBA∗ have equivalent
images in TBACatS, and by Proposition 2.2.10 this image can be identified with the relative
cotangent complex of the base point inclusion ∗Ð→ BA.

We note that Fun(BAop ⊗ BA,S) ≅ BiModA(S) can simply be identified with the category
of A-bimodules. Let us denote the underlying A-bimodule of A by AAA and the underlying left
(resp. right) A-module of A by AA (resp. AA). Using Corollary 3.1.16 we may identify the tangent
model category TAAlg(S) with the fiber of BiModA(TS) Ð→ BiModA(S) over the A-bimodule

AAA. Applying Corollary 3.2.9 to the inclusion g ∶ ∗Ð→ BA we now obtain the following corollary:

Corollary 3.2.10. Let A be an associative algebra object in S. There exists a natural homotopy
cofiber sequence

GBA
Sp LA Ð→ LΣ∞

+ (AA⊗AA)Ð→ LΣ∞
+ (AAA) (3.2.7)

in the model category Sp(BiModA(S)A//A).

Proof. Let ϕ ∶ ∗ Ð→ BAop ⊗ BA be the map induced by ∗ Ð→ BA. Then ϕ! ∶ S Ð→ BiModA is
just the free A-bimodule functor, and hence ϕ!(1S) ≅ AA⊗AA. The result is now revealed as a
particular case of Corollary 3.2.9.

Remark 3.2.11. When S is stable, the cofiber sequence 3.2.7 can be written as

LA Ð→ Aop ⊗AÐ→ A (3.2.8)

where we view all objects as A-bimodules. This is the n = 1 case of the cofiber sequence appearing
in [Lur14, Theorem 7.3.5.1] and in [Fra13, Theorem 1.1]. When tensored with the A-bimodule
A one obtained a long exact sequence relating the Quillen cohomology and Hochschild coho-
mology of A.

Example 3.2.12. When S = C(k) is the category of chain complexes over a field k, A is a
discrete algebra and M is a discrete A-bimodule, the cofiber sequence (3.2.8) identifies the Quillen
cohomology groups Hn

Q(A,M) for n ≥ 1 with the Hochschild cohomology group HHn+1(A,M).
For n = 0 we obtain instead a surjective map f0 ∶ H0

Q(A,M) Ð→ HH1(A,M). Unwinding the

definitions we see that H0
Q(A,M) is the group of derivations AÐ→M , HH1(A,M) is the group

of derivations modulo the inner derivations, and f0 is the natural map between these two types
of data.
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Example 3.2.13. Let S be the category of simplicial sets with the Kan-Quillen model struc-
ture. Then associative algebras in S are the same as simplicial monoids. As explained above
we may identify the tangent model category TAAlg(S) at a given monoid A with the fiber of
BiModA(TS) Ð→ BiModA(S) over the A-bimodule A. Unwinding the definitions we may des-
cribe such objects as parametrized spectra {Za}a∈A over A, together with a suitably compatible
collections of maps Za Ð→ Zbac for b, c ∈ A. In other words, we may consider objects in TAAlg(S)
as (Aop × A)-equivariant parametrized spectra over A (in the naive sense). Under this
identification, the right most term in (3.2.7) is the constant sphere spectrum a ↦ Σ∞

+ ({a}) = S
and the middle term is the parametrized spectrum a ↦ Σ∞

+ (m−1(a)) where m−1(a) denotes the
homotopy fiber of the multiplication map m ∶ A × A Ð→ A over a point a ∈ A. We may thus
identify the cotangent complex of A with the equivariant family {Za}a∈A in which Za is given by
the homotopy fiber of the map of spectra Σ∞

+ (m−1(a)) Ð→ Σ∞
+ ({a}). One can also think of Za

as the “coreduced” suspension spectrum of the homotopy fiber m−1(a).

3.3 Simplicial categories and ∞-categories

In this subsection we will consider in further detail the example where S is the category of
simplicial sets endowed with the Kan-Quillen model structure. In this case CatS is a model
for the theory of ∞-categories, for which a well-developed theory is available, notably in the
setting of Joyal’s model structure on simplicial sets. We will use this theory to give a simplified
description of the tangent ∞-category TC Cat∞ at a fixed ∞-category C in terms of functors out
of its twisted arrow category. As an application, we show how this description can be used
to give an obstruction theory for splitting homotopy idempotents.

Recall from [Lur09] that we have a Quillen equivalence

C ∶ Set∆
Ð→
⊥←Ð CatS ∶ N

where Set∆ is the category of simplicial sets endowed with the Joyal model structure. If C is
a fibrant simplicial category, then the counit map ε ∶ C(NC) Ð→ C is a weak equivalence, in
which case the natural map ε′ ∶ C(NCop × NC) Ð→ Cop × C is a weak equivalence as well. The
straightening and unstraightening functors of [Lur09, §2.2] then give a Quillen equivalence

Stε′ ∶ (Set∆)cov
/NCop×NC

Ð→
⊥←Ð Fun(Cop × C,S) ∶ Unε′

where (Set∆)cov
/NCop×NC

is the category of simplicial sets over NCop×NC endowed with the covariant

model structure (see [Lur09, §2]). Let Tw(NC) be the twisted arrow category of NC, equipped
with its canonical left fibration m ∶ Tw(NC) Ð→ NCop × NC (see [Lur14, Construction 5.2.1.1,
Proposition 5.2.1.3], and note that we are using the opposite convention of loc.cit.). We then

have a weak equivalence β ∶ Stε′(m) ≃Ð→MapC (see [Lur14, Proposition 5.2.1.11]). It follows that
the induced adjunction

(Stε′)β//β ∶ ((Set∆)cov
/NCop×NC)m//m

Ð→
⊥←Ð Fun(Cop × C,S)MapC //MapC

∶ (Unε′)β//β
is a Quillen equivalence as well. Theorem 3.1.14 now implies that the tangent model category
TC CatS is Quillen equivalent to Sp((Setcov

∆ /NCop×NC)m//m). Let us now consider the category
(Set∆)cov

/Tw(NC) of simplicial sets over Tw(NC) endowed with the covariant model structure. The

left Quillen functor (Set∆)cov
/Tw(NC) Ð→ (Set∆)cov

/NCop×NC
postcomposing with m naturally lifts to

a left Quillen functor

m! ∶ (Set∆)cov
/Tw(NC) Ð→ ((Set∆)cov

/NCop×NC)/m .

Furthermore, m! is an equivalence on the underlying categories, which is in fact a left Quillen
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equivalence. Indeed, both model structures have the same cofibrations and since every object
is cofibrant we see that m! preserves weak equivalences. We may therefore consider m! as a
left Bousfield localization functor. Since m! detects weak equivalences between fibrant objects
by [Lur09, Remark 2.2.3.3], it follows that this left Bousfield localization must be an equivalence.
Using the sequence of Quillen equivalences

(Set∆)cov
/Tw(NC)

≃Ð→
⊥←Ð ((Set∆)cov

/NCop×NC)/m
≃Ð→
⊥←Ð Fun(Cop × C,S)/MapC

we conclude from Theorem 3.1.14 that the tangent model category TC CatS is Quillen equi-
valent to Sp ((Setcov

∆ /Tw(NC))∗). Furthermore, Proposition 3.2.1 implies that the image of the

cotangent complex LC in the model category Sp ((Setcov
∆ /Tw(NC))∗) is weakly equivalent to the

shifted cotangent complex LTw(NC)[−1] of the object Tw(NC), considered as a (final) object
of the covariant model category (Set∆)cov

/Tw(NC). Since (Setcov
∆ /Tw(NC))∞ is equivalent to the

∞-category of functors from Tw(NC) to the ∞-category S∞ of spaces, the above considerations
can be summarized by the following corollary (taking into account Corollary 3.2.2):

Corollary 3.3.1. Let C be a fibrant simplicial category. Then the underlying ∞-category of
TC CatS is equivalent to the ∞-category of functors

Tw(NC)Ð→ Sp(S∞) = Spectra

from the twisted arrow category of NC to the ∞-category of spectra. The cotangent complex of
C is identified with the constant functor Tw(NC) Ð→ Spectra on the desuspension S[−1] of the
sphere spectrum.

Corollary 3.3.2. Let F ∶ Tw(NC) Ð→ Spectra be a functor and let MF ∈ Sp((CatS)C//C) be
the corresponding object under the equivalence of Corollary 3.3.1. Then the Quillen cohomology
group Hn

Q(C;MF) is naturally isomorphic to the (−n − 1)’th homotopy group of the spectrum
limF. In particular, if C is a discrete category and F is a diagram of Eilenberg-MacLane spectra
corresponding to a functor F′ ∶ Tw(C)Ð→ Ab, then the Quillen cohomology group Hn

Q(C;MF) is

naturally isomorphic to the (n + 1)’th derived functor limn+1 F′.

Proof. By definition we have Hn
Q(C;MF) = π0 Maph

TC CatS
(LC,MF[n]). By Corollary 3.3.1 this

can be identified with

π0 Maph
Fun(Tw(NC),Sp(S∞))(S[−1],F[n]) ≃

≃ π0 Maph
Fun(Tw(NC),Sp(S∞))(S[−n − 1],F) ≅ π−n−1 limF

where S denotes the constant diagram with value the sphere spectrum.

Remark 3.3.3. Given a diagram M ∶ Tw(C) Ð→ Sp the ∞-category Ω∞(M) can be described
informally as the ∞-category whose

– objects are pairs (X,η) with X ∈ C and η is a map η ∶ S[−1]Ð→M(IdX).
– Maps from (X,η) to (X ′, η′) are pairs (f,H) where f ∶X Ð→X ′ is a map in C and H is a

homotopy between the two resulting maps f∗η, f∗η′ ∶ S[−1]Ð→M(f).
Similarly, given an α ∈ Map(S[−1], limTw(C)M[1]) ≃ MapC(C,Ω∞M[1]), we can describe the
small extension pα ∶ Cα Ð→ C corresponding to α as follows: the objects of Cα are pairs (X,η)
with X ∈ C and η is a null-homotopy of the IdX component αIdX ∶ S[−1] Ð→ M(IdX)[1] of α.
Maps from (X,η) to (X ′, η′) are pairs (f,H) where f ∶ X Ð→ X ′ is a map in C and H is a
homotopy between the two resulting null homotopies f∗η, f∗η′ of αf ∶ S[−1]Ð→M(f)[1].
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Example 3.3.4. Let C be a stable ∞-category. Consider the functor given informally by

M ∶ Tw(C × C)Ð→ Sp; [(X,Y )Ð→ (Z,W )]↦Map(Y,Z)
where Map(−,−) denotes the canonical enrichment of C is spectra. Using Remark 3.3.3 we may
identify Ω∞(M)Ð→ C×C with the projection π ∶DÐ→ C×C where D is the ∞-category of fiber
sequences in C and π(X Ð→ E Ð→ Y ) = (X,Y ).

Similarly, if we let E denote the ∞-category of Cartesian squares in C, then the functor
E Ð→ C∆2

given by restricting along the inclusion ∆2 ⊆ ∆1 × ∆1 is a small extension. The
coefficient object of this small extension is the functor

N ∶ Tw(C∆2)Ð→ Sp;
(A //

��

B
f //

��

C)
��

(X g
//Y //Z)

↦Map(cof(f),fib(g)).

The class α is given by the shifted section which sends (AÐ→ B
fÐ→ C)Ð→ (X gÐ→ Y Ð→ Z) to

the composite cof(f)[−1] ≃ fib(f)Ð→ B Ð→ Y Ð→ cof(g) ≃ fib(g)[1].

Remark 3.3.5. When C is a simplicial category of the form BA for a fibrant simplicial monoid A
the twisted arrow category Tw(NBA) can be loosely described as the ∞-category whose objects
are the points a ∈ A and such that morphisms from a to a′ are given by a pair of points b, c
and a path from bac to a′ in A. In this case we may identify functors from Tw(NBA) to spectra
as (Aop ×A)-equivariant parametrized spectra over A (see Example 3.2.13). In the special case
where A = G is a simplicial group the ∞-category NBG is a Kan complex and the projection
Tw(NBG) Ð→ NBG is an equivalence. We may then identify functors Tw(NBG) Ð→ Spectra
with (naive) G-equivariant spectra. Though this is consistent with the computation of §2.4, we
warn the reader that the equivalence between the tangent category at G and G-spectra obtained
in this way differs from the corresponding equivalence obtained in §2.4 by a shift. Indeed, given
a spectrum object in sGrG//G we may generate from it either a parametrized spectrum over the

classifying space of G using the functor W , or a parametrized spectrum over the underlying
space of G, by using the forgetful functor sGr Ð→ S. Identifying the forgetful functor with the
objectwise loop of W we see that the fibers of the latter, which is used in the comparison above,
are the shifts of the fibers of the former, on which the comparison of §2.4 is based. In particular,
when A = G is a simplicial group the cofiber sequence (3.2.7) reduces to a shift of the cofiber
sequence (2.4.3) (see also Remark 2.4.3).

Now let f ∶ C Ð→ D be a map of simplicial categories and let γ ∶ Tw(NC) Ð→ Tw(ND) and
ϕ ∶ Cop × C Ð→ Dop ×D be the induced maps. Then we obtain a commutative diagram of left
Quillen functors

Fun(C(Tw(NC)),S)

C(γ)!
��

(Set∆)cov
/Tw(NC)≃

Stoo

γ!

��

≃ // Fun(Cop × C,S)/MapC

ϕ!

��
Fun(C(Tw(ND)),S) (Set∆)cov

/Tw(ND)
≃ //≃

St
oo Fun(Dop ×D,S)/MapD

Here C(γ)! is the left Kan extension functor, ϕ! is the functor induced by left Kan exten-
sion on over objects and γ! is given by post-composing with γ. In particular, Lϕ! MapC ∈
Fun(Dop ×D,S)/MapD

is weakly equivalent to the image of γ ∈ (Set∆)cov
/Tw(ND) under the bottom

right horizontal equivalence, while MapD is weakly equivalent to the image of IdTw(ND). Using

43



Yonatan Harpaz, Joost Nuiten and Matan Prasma

this, the cofiber sequence of Corollary 3.2.9 can be identified with the cofiber sequence in
Sp((Set∆)cov

/Tw(ND)) of the form

L′D/C Ð→ Σ∞
+ (γ)Ð→ Σ∞

+ (IdTw(ND)) (3.3.1)

where L′
D/C is the image of LD/C under the equivalence of Corollary 3.3.1. We may therefore

conclude the following:

Corollary 3.3.6. Let f ∶ CÐ→D be a map of fibrant simplicial categories such that the induced
map γ ∶ Tw(NC)Ð→ Tw(ND) is coinitial. Then the relative cotangent complex of f vanishes.

Remark 3.3.7. Recall that a map p ∶ X Ð→ Y of simplicial sets is said to be coinitial if pop is
cofinal, i.e., if p is equivalent to the terminal object in (Set∆)cov

/Y (cf. [Lur09, Definition 4.1.1.1]).
This notion appears in the literature under various names, including right cofinal, and initial.
By the ∞-categorical Quillen theorem A (see, e.g., [Lur09, Theorem 4.1.3.1]) a map p ∶X Ð→ Y
where Y is an ∞-category is coinitial if and only if for every object y ∈ Y the simplicial set
X ×Y Y/y is weakly contractible.

Remark 3.3.8. The cofiber sequence of (3.3.1) can also be straightened to obtain a cofiber se-
quence of functors C(Tw(ND))Ð→ Sp(S∗) of the form

L′′D/C Ð→ C(γ)!(S)Ð→ S (3.3.2)

where L′′
D/C is the straightening of the object L′

D/C appearing in (3.3.1) and S is the constant
diagram on the sphere spectrum. Corollary 3.3.6 can be seen in this context by using the straig-
htened ∞-categorical Quillen theorem A (see Remark 3.3.7), namely, the fact that a map is
coinitial if and only if the left Kan extension of the constant diagram is weakly constant.

Example 3.3.9 (Detecting equivalences). Let [1]S = [1]∆0 (see Definition 3.1.3), let [1]∼S be
the simplicial category with two objects 0,1 and such that all mapping spaces are ∆0 and let
[1]S Ð→ EÐ→ [1]∼S be a factorization of the natural map [1]S Ð→ [1]∼S into a cofibration followed
by a trivial fibration. Then the twisted arrow category of N([1]S) = ∆1 is the “cospan category”
∗ Ð→ ∗ ←Ð ∗ (and is hence weakly contractible) and the twisted arrow category of NE is
categorically equivalent to ∆0 (and is hence “strongly” contractible). It then follows from the ∞-
categorical Quillen theorem A (see Remark 3.3.7) that the induced map Tw(∆1)Ð→ Tw(NE) is
coinitial, and hence the map [1]S Ð→ E has a trivial relative cotangent complex by Corollary 3.3.6.
Note that functors [1]S Ð→ C correspond to morphisms in C, and that such a functor extends to
E up-to-homotopy if and only if the corresponding morphism is invertible. As in Example 2.6.6
let P2(C) be the homotopy (2,1)-category of C, so that the map CÐ→ P2(C) can be decomposed
as a tower of small extensions. Given a commutative square

[1]S //

��

C

��
E //

;;

P2(C)

(3.3.3)

Corollary 2.6.1 implies that (3.3.3) has a contractible space of derived lifts. In particular, this
yields an obstruction theoretic proof of the (well-known) fact that a morphism in C is invertible
if and only if it is invertible in the homotopy (2,1)-category of C. We expect that a similar result
can be obtained concerning the question of when a morphism in an (∞,2)-category admits an
adjoint.
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Remark 3.3.10. Example 3.3.9 implies, in particular, that any localization map

CÐ→ C[W −1]
of simplicial categories (or ∞-categories) has a trivial relative cotangent complex. Indeed, such
a map can be obtained as an iterated pushout of the map [1]S Ð→ E.

The following example is inspired by ideas of Charles Rezk:

Example 3.3.11 (Splitting of homotopy idempotents). Let Idem be the category with one ob-
ject x0 ∈ Idem and one non-identity morphism f ∶ x0 Ð→ x0 such that f ○ f = f . If C is a
simplicial category then a derived map Idem Ð→ C corresponds to an object x ∈ C equipped
with a homotopy coherent idempotent x Ð→ x (see [Lur09, §4.4.5]). The twisted arrow ca-
tegory Tw(Idem) admits the following explicit description: if we denote by M = EndIdem(x0) =
{1, f}, then Tw(Idem) is the category with two objects 1, f ∈ Tw(Idem) (corresponding to
the morphisms 1, f of Idem), and such that EndTw(Idem)(f) = M ×M , EndTw(Idem)(1) = 1 and

HomTw(Idem)(1, f) =M×M∖{(1,1)}. If F ∶ Tw(Idem)Ð→ Ab is a functor from the twisted arrow

category to abelian groups then F(f) is an M ×M -module and we may canonically decompose
it as

F(f) = A0,0 ⊕A0,1 ⊕A1,0 ⊕A1,1

such that the action of (f,1) and (1, f) on Aλ,µ is given by multiplication by λ,µ ∈ {0,1}
respectively. Given an element b ∈ F(1) the maps (f,1), (1, f), (f, f) ∶ 1 Ð→ f send b into
A1,0 ⊕A1,1, A0,1 ⊕A1,1 and A1,1, respectively, and the composition rule of Tw(Idem) translates
into the condition that the projection of the image of b to A1,1 should be the same in all three
cases. In particular, we may identify the category Fun(Tw(Idem),Ab) with the category of tuples
(B,A0,0,A0,1,A1,0,A1,1, g0,1, g1,0, g1,1) where gi,j is a map from B to Ai,j . Under this equivalence
the functor lim ∶ Fun(Tw(Idem),Ab)Ð→ Ab takes a tuple as above to

Ker[(g0,1, g1,0) ∶ B Ð→ A0,1 ⊕A1,0].
It follows that the total derived functor of lim takes a tuple as above to the chain complex
B Ð→ A0,1 ⊕A1,0 where B sits in degree 0 and A0,1 ⊕A1,0 sits in degree −1. In particular, the
higher derived functors limn vanish for n ≠ 0,1. By Corollary 3.3.2 we may conclude that if
M ∈ Sp((CatS)Idem // Idem) is an object corresponding to a functor Tw(Idem) Ð→ Ab then the
Quillen cohomology groups Hn

Q(Idem;M) vanish for n ≠ −1,0. This observation has the following
concrete consequence: recall that if C is a simpicial category and P2(C) is the homotopy (2,1)-
category of C then a derived map Idem Ð→ P2(C) corresponds to an object x ∈ P2(C) together
with a map f ′ ∶ xÐ→ x and a homtopy h ∶ f ′ ○ f ′ ⇒ f ′ such that the diagram

f ′ ○ f ′ ○ f ′ h○f
′

//

f ′○h
��

f ′ ○ f ′

h
��

f ′ ○ f ′ h // f ′

(3.3.4)

commutes in the groupoid MapP2(C)(x,x). Given such a “partially coherent” homotopy idempo-

tent F ∶ IdemÐ→ P2(C), the derived space of lifts Z = Maph
/P2(C)(Idem,C) in the diagram

C

��
Idem

::

// P2(C)
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can be considered as the space of fully coherent structures one can put on F, extending the partial
coherent structure we started with. When NC is idempotent complete (see [Lur09, §4.4.5]) we can
also identify Z with the space of splittings of the homotopy idempotent F (i.e., retract diagrams
in NC whose induced idempotent is F). Factoring the map π ∶ CÐ→ P2(C) as a sequence of small
extensions as in Example 2.6.6 one may use the spectral sequence of Remark 2.6.7 to compute the
homotopy groups of Z. By the above computation it follows that if F is a functor from Tw(Idem)
to spectra such that F(1) and F(f) are spectra which have trivial homotopy groups in dimension
≠ n then Hk

Q(Idem,F) is trivial for k ≠ −n,−n − 1. Since the coefficient spectra appearing in the
factorization of π are exactly of this form this implies that the spectral sequence cannot support
any non-trivial differentials for degree reasons, and hence collapses at the E1-page.

The coefficient spectra appearing in the E1-term are all 2-connective, so that all terms in E1

only contribute to πn(Z) for n ≥ 2, with only two terms contributing to each πn. We conclude that
the spectral sequence converges and that Z is simply connected. The higher homotopy groups of
Z can be written down explicitly in terms of the Quillen cohomology groups of Idem with coeffi-
cients in the homotopy groups of the homotopy fibers of π∗ ∶ MapC(x,x)Ð→MapP2(C)(x,x) over
the images of 1, f ∈ EndIdem(x0) in MapP2(C)(x,x) (and these Quillen cohomology groups them-
selves admit a very simple description, see above). In particular, every such partially coherent
idempotent can be made fully coherent and every two fully coherent refinements are equivalent
(even more, since Z is simply-connected every self-equivalence of a fully coherent refinement
which induces the identity on the partial coherencies is equivalent to the identity). This also
means that a homotopy idempotent Idem Ð→ Ho(C) = P1(C) can be made coherent if and only
if it lifts to P2(C), i.e., if and only if h can be chosen so that (3.3.4) commutes.
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