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We study a steady-state free (or mixed) convection model in 2 or 3 dimensions of space,
taking into account radiative thermal transfer of grey bodies separated by a non partici-
pating media. The existence of a weak solution is proved and the uniqueness is obtained
when the viscosity and the thermal conductivity of the fluid are large enough. Then,
we discretize the model using classical finite element schemes and we prove in detail the
existence, uniqueness and the convergence of the discrete solution (when the viscosity
and the thermal conductivity are large enough and the step size is small enough).
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1. Introduction

We study a steady-state free (or mixed) convection model in a bounded domain
of R™ (n = 2 or 3). The equations are the Navier-Stokes equations coupled with
the equations of heat transfer (the fluid is incompressible). The temperature ap-
pears in the right-hand side of the Navier-Stokes equations through the Boussinesq
term, whereas the fluid velocity appears in the heat equation through the convec-
tion term. The thermal model takes into account the three different heat exchanges:
convection, diffusion and radiation. The model of radiation takes into account the
emission, the reflection and the absorption of the radiant energy. The emitted and
reflected radiation are diffusely distributed. The surfaces are assumed to be opaque
and to behave like grey bodies (the radiative exchanges do not depend on the wave
length). Furthermore, they are separated by a non participating media. The radia-
tive heat transfer is described by the radiosity (the radiosity is the radiant energy
which flows away from a surface); and it is solution of the radiosity equation which
is an integral equation on the boundary of the domain. The right-hand side of this
integral equation depends on T'. Therefore, the unknowns of the full model are the
fluid velocity 1i, its pressure p, its temperature T' and the radiosity w. The quadru-
plet (i, p, T, w) is solution of the (classical) steady-state free convection model: the
Navier-Stokes equations fully coupled with the advection-diffusion equation. But,
the thermal boundary conditions are non linear, non monotone, they are of non
local type and fully coupled with the integral equation.

Many papers treats of the free (or mixed) convection model without the radiative
thermal transfer of grey bodies (see e.g. !, '7 for a mathematical analysis and an
approximation by finite element methods). In others respects, the present thermal
model with the fluid velocity i given has already been studied: see '6, 4, 2! 22 and
14 for a mathematical analysis and !'* for a numerical analysis. To our knowledge,
the free (or mixed) convection model with radiative thermal transfer of grey bodies
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has not been studied yet.

An outline of the paper is as follows. We write in Section 2 the physical model
in a dimensionless form.
In Section 3, we prove the existence of a weak solution and we prove the uniqueness
of the solution which satisfies the maximum principle, when the viscosity and the
thermal conductivity of the fluid are large enough (Corollary 1). To this end, we
proceed as follows. First, we use a result of '® which gives an explicit expression
of the radiosity w as a function of the temperature T' (Proposition 1). Then, the
model is reduced to three partial differential equations with #, p and T as the

only unknowns (equations (3.16)-(3.21)). The thermal boundary condition is of

non local type, non linear and non monotone. Following !¢, 14 we use a technique

of truncation which consists to truncate the temperature on the boundary and in
the right-hand side of the Navier-Stokes equations to “natural” values (i.e. to the
inf-sup values of the temperature given on the boundary). Then, we can study
the truncated problem in the standard Sobolev spaces. We write the variational
formulations using the Sobolev spaces with divergence free velocity field and the
unknown is reduced to (%,7T). Thanks to this technique of truncation, we obtain
estimates a priori of 7" and @ (Lemma 4 and Lemma 5). Using the Leray-Schauder
fixed point theorem, we obtain the existence of a weak solution (Theorem 1). We
state a proof of uniqueness of the solution of the truncated problem, when the vis-
cosity and the thermal conductivity of the fluid are large enough, using estimates in
H'(Q) (Theorem 2). Finally, using the weak maximum principle (‘3.38), we obtain
the existence and uniqueness (under the same conditions) of the solution to the ini-
tial model which satisfies the maximum principle, i.e. the existence and uniqueness
of the physical solution (Corollary 1).

Let us point out that we use this technique of truncation because it presents the
following advantages: a. it permits to obtain estimates a-priori; b. it permits to
write the mathematical analysis in the standard Sobolev spaces; c. it permits to
write the numerical analysis (see below), and finally we obtain the mathematical
analysis and the numerical analysis in the same framework.

In Section 4, we consider a new truncated model (for a technical reason the trunca-
tion is smoother than previously), we discretize it using finite element methods and
we present the analysis of the numerical schemes. We do not solve numerically the
integral equation like we do in the continuous case and we do not consider discrete
velocity field of divergence free. Hence, the unknowns are iy, pn, Th and wp, and
the velocity and pressure finite element spaces satisfy the Babuska-Brezzi inf-sup
condition.

The main result of the section is the proof of the existence and uniqueness of the
discrete solution (i, pn, Th,wp) and its convergence towards the unique physical
solution of the model, when the viscosity and the thermal conductivity of the fluid
are large enough and when the step size h is small enough (Theorem 4). This result
is obtained by proving that the equations fit into the framework of 3. This previ-
ous paper deals with finite dimensional approximation of nonlinear problems of the
form F(A;2) =0 where F: A x X — X, A is an interval of R and X is a Banach

space. We consider non singular solutions (the linearized problem has to be well
posed) and we apply the discrete implicit function theorem stated in 3. The error

estimates are established in detail (and the solution belongs a-priori to fractional
order Sobolev spaces). Let us remark that the framework of 3 does not require the

discrete maximum principle.
Finally, we detail four different finite element schemes in the bidimensional case.
Two of them lead to first order methods and the two others lead to second order

methods.
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2. Physical Model

We denote by €2 a lipschitz bounded open set in R" gn:2 or 3), by 09 its bound-
ary and we consider free (or mixed) convection in the “cavity” 2. The particularity
of the present model is to assume that the boundaries of the cavity emit, absorb
and reflect radiative energy. The emitted and reflected radiation are diffusely dis-
tributed. The radiant surfaces behave like opaque and grey bodies (the radiative
exchanges do not depend on the wave length). The fluid inside the cavity € is
assumed to be a radiatively non participating media. Under these assumptions, the
radiant heat transfer appear on the boundary and are described by the radiosity
(the radiosity is the radiative energy which flows away from a surface), see e.g. 7.
The fluid velocity is denoted by #, its pressure by p, its temperature by 7" and the
radiosity by w. We denote by Ra and Pr the Rayleigh and the Prandtl numbers

-] * 7 *3
defined by: Ra = W#, Pr = %, where g is the gravitational vector force, 3
is the thermal expansion coefficient, v is the kinematic viscosity, A is the thermal
conductivity, T* 1s a characteristic temperature of the flow and L* is a character-

istic length. We denote by Gr the Grashoff number, Gr = % = QAT IL e

equations of the model (in a dimensionless form) are the following (see e.g. !!):

—Ad + VGr (@-V)i + Vp=VGr§T inQ (2.1)
div(if) =0 in Q (2
AT + VGri-VT=0 inQ 2.3

n

where (i - 6) = Z u;0;.
i=1
The boundary conditions are of the following types:
i) Velocity: no slip condition (4 = 0) on 9€.

ii) Temperature: 7' given on I'g; convective and radiative heat transfer on I';
(meas(T'q) > 0 and T'qUT; = 0Q). (Of course, thermal data on the boundary
are assumed to be such that a free convection flow is induced.)

Let us denote by h the thermal transfer coefficient. For a sake of simplicity, it

is supposed to be independent of #, it is a constant. It follows from the Fourier law
that:
—AVTﬁ = h(T - TO) + Prad

where Ty is a temperature of boundary given, ¢, .4 is the radiative flux and 7 is the
external normal to 9Q. The radiative flux .44 can be expressed as follows, see e.g.
19.
prad(z) = e(x)oT*(x) — e(z) [ (z,y) w(y) ds(y)
Fle)
where the function (z) is the surface emittance. Tt satisfies:

0<eg<e(z)<e; <1ondf (2.4)

(The case ¢ = 1 corresponds to a black body). The coefficient ¢ is the Stephan-

Boltzmann’s constant and the kernel ¢ € L'(9Q x dQ) is the angle factor, it is
positive, symmetric and satisfies:

/ b(z,y) ds(z) = 1 (2.5)
o0
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In others respects, the radiosity w is solution of the following integral equation:
w(z) = Aw(z) + e(z)oT*(z) on 0% (2.6)

where

Aw(z) = (1-¢(z)) m¢(l‘,y) w(y) ds(y), (2.7)

We refer for example to '° for a more detailed derivation of this radiative model.

Let us write the boundary conditions above in a dimensionless form. To this end,
we denote by Bi the Biot number, Bi = %, by 41 and d2 the two following
dimensionless numbers: §; = %T*)a, ds = %; where w* 1s a characteristic

radiative energy. If we denote again by 7" and w the dimensionless variables, the
boundary conditions are:

i = 0 on 9Q (2.8)
T = Ty onTy (2.9)
oT .
o = ®(T,w) on Ty (2.10)
(I—Aw = 6§—1T4 on 0Q (2.11)
9

where I denotes the mapping identity,

BT u)le) = Bi (T=To)(w) + 2(0) 1T (a) = 82 [ 6(a,) w(0) dsto)] (212)

and the temperatures Ty and Ty are given.
In the remainder of the paper, i, p, T and w denote the dimensionless variables,

solution of (2.1)-(2.3)(2.8)-(2.11).

3. Existence and Uniqueness of the Solution

In this section, we prove the existence of a weak solution and we prove the
uniqueness of the solution which satisfies the maximum principle, when the viscos-
ity and the thermal conductivity of the fluid are large enough (Corollary 1). To this
end, we recall an expression of the radiosity w as a function of 7' (Proposition 1).
Then, we obtain partial differential equations with u, p and T' as only unknowns
(equations (3.16)-(3.21)). The thermal boundary condition is of non local type, non
linear and non monotone. We study in Lemma 1 the integral operator B of this
boundary condition. Then, following ', '*, we truncate the temperature on the
boundary and in the right-hand side of the Navier-Stokes equations to “natural”
values, i.e. to the inf-sup values of the temperature given on the boundary (Problem

(P)). We write the variational formulations in the standard Sobolev spaces with
divergence free velocity field and the unknown is reduced to (#,T). Thanks to the
truncation properties, we state some estimates a priori of 7' and ¢ (Lemma 4 and
Lemma 5) and we obtain the existence of a weak solution using the Leray-Schauder
fixed point theorem (Theorem 1). Then, we write estimates in H'(2) and we obtain
the uniqueness of the solution of the truncated problem when the viscosity and the
thermal conductivity of the fluid are large enough (Theorem 2). Finally, it follows
straightforwardly from the maximum principle (3.38) that under these conditions,
there exists an unique solution to the initial model which satisfies the maximum
principle i.e. an unique physical solution (Corollary 1).
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3.1. Resolution of the integral equation

Let us consider the integral equation (2.11) with a right-hand side given. More
precisely, we consider the following problem:

{ Given e € L1(0Q), 1 < q < o0, find w € LI(JQ) such that: (3.13)
( .

I — Aw = ¢

We have the i
Proposition 1 (Perret and Witomski, 1¢) The operator A is a contracting operator
in LY(0Q) for all q € [1,00] and Problem (3.13) has a unique solution w € L1(0Q).

Furthermore w has the following expression:

w(z) = /[mK(x,y) e(y) ds(y) + e(x) (3.14)

where the kernel K (z,y) is positive, belongs to L'(0Q x 0Q) and satisfies:
| K@) ) dse) = 1= (3.15)

We refer to !¢ for the expression of K(z,y) and for the proof of this proposition
(see also 2! for the existence and uniqueness of w). O

It follows from (2.10), (2.11) and (3.14) that we can formulate the model with
i, p and T as only unknowns:

—Ad + VGr (@-V)i + Vp=VGr§gT inQ (3.16)
div(d) =0 inQ (3.17)

=0 on 9Q (3.18)

—AT + VGri-VT=0 inQ (3.19)

T=T; only (3.20)

—% =Q(T) onTy (3.21)

Q(T)(z) = Bi (T —Th)(z) + e(x) 1(I — B)(T*)(z) z € 0Q (3.22)

B = [ o) | [ Kw.2) =) o) dsle) + ) 9(0) ] ds(o) (323)

—

The triplet

(i1, p,T) is solution of (3.16)-(3.21) if and only if (4, p, T, w), with w
defined by (3.14), is solution of (2.1)-

16)-
(2.3)(2.8)-(2.11).

3.2. The nonlocal boundary condition

We study the integral operator B defined by (3.23).
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Lemma 1 The operator B is linear from L1(0Q) into L1(0Q) for all q € [1,00].
Furthermore, it satisfies:

i) the estimate
€1,1 ¢
1Bllspe) < (T)7 T<g<eo (3.24)
it) if g is a function constant on 0Q then B(g) = g.

Proof. i) Let us prove the result for ¢ = co. B is a linear operator and:

Vg € L°°(09),

[B(g)(2)]

IN

/8 ] ole) K. £(2) la(2)] ds) ds(y)
4 / 6(r.v) £(u) (0] ds(o)

IN

lgllz~(oe) | / o) / () ¢(2) da(2) ds(y
4 / 6a9) <o) dato) ]

Using (3.15), we obtain:
1B(g)(2)] < llgllze(an) ae.
Hence: ||B||re@0) < 1.

Let us prove the result for ¢ = 1. For all g in L'(99),

IN

faﬂ /m | 9(@y) K(y.2) £(2) lg(2)] ds(z) ds(y) ds(z)
+ /m /mqﬁ(%y) £(y) l9(v)l ds(y) ds(z)
+ /ane(y) 9(y)] /m¢(a;,y) ds(z) ds(y)

[ 18@)@) st

IN

Using (2.5), we obtain:

/8 1B(@)(a)] ds(2) < / e(2) lo(a) | / K(2) ds(y) + 1] ds()

Using (3.15), we have:
1 —¢g

[ K@) dsta) <

€o
It follows that: ‘)
1B(g)l|1(00) < o llgllz1 (a0

€1
Hence: ||B||r1(a0) < -~
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It follows from the Riesz-Thorin theorem (see e.g. ?), that:
B LP(0Q) — LP(09Q), 1 < p < oo. Furthermore, using an inequality of interpola-

tion (see e.g. ?), we have:
o 1-o 1
I1Bllzra0) < 1Bl a0y [1Bllz<(aq) 5 =@ 0<a<l

and (3.24) holds.

ii) Let g be a function constant on 9Q: Vo € 9Q, g(z) = ¢, ¢ € R. We have:

B(g)(z) =g 6ﬂ¢(ﬂ3;y) QK(% z) e(2) ds(z) + (y) ] ds(y)

[
o
Using (2.5) and (3.15), we obtain the result. m|

Remark 1 It follows from Lemma 1 i) that B is an operator contractant in L™ (0RQ2)
and it is not in L2(0R), 1 < q < co. Nevertheless, if o = €1 (i.e. if € is constant),
then it is contractant i LI(0Q), 1 < q < oo.

3.3. The truncated problem

Tt follows from the Sobolev embedding theorem and Lemma 1 1) that in the three
dimensional case, if T € HY(Q) then T* € L1(0Q) and Q(H(Q)) C L}(8Q). Then,
the natural space to study the thermal model 83.19)—(3.21) is the Banach space:
HY(Q) N L?(09). A mathematical analysis of this thermal model (with u given) is
written in H'(Q)NL?(9Q) in ?2. In the present paper, we do not work in this space.
As a matter of fact, following ' and '*, we use a technique of truncation which
consists to truncate the temperature on the boundary T'y and in the right-hand side
of the Navier-Stokes equations to the inf-sup values of[ the temperature given on
the boundary. Then, we can study the truncated problem in the standard Sobolev
spaces. Thanks to this technique of truncation, we obtain estimates a priori of T'
and u (Lemma 4 and Lemma 5). Using the Leray-Schauder fixed point theorem, we
obtain the existence of a weak solution (Theorem 1). We state a proof of unique-
ness of the solution of the truncated problem, when the viscosity and the thermal
conductivity of the fluid are large enough (Theorem 2). Finally, 1t follows from the
weak maximum principle (3.38) that the unique solution of the truncated problem is
also solution of the initial problem. We obtain the existence and uniqueness (under
the same conditions), of the physical solution to the initial model (Corollary 1).

Let us define the operator of truncation. The temperatures Ty and Ty are given,
positive and belong respectively to H%(Fd) and H%(Ff) N L*°(Ty). Following !¢,
we define:

Ting = Min(inf Ty, infTy); Teup = Maz(sup Ty, supTp) (3.25)
Fd Ff Fd Ff

And the operator of truncation ¢ is defined as follows:

o(T)(z) =4 T(x) if Ty < T(2) < Toup (3.26)
Tsup Z.f T('E) > Tsup
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We have ¢(L'(09)) C L= (99Q) and p(H*(Q)) C (H'(Q)NL>(Q)). Then, we define

the truncated operator ) as follows:
Q(T) = Qou(T)
hence
Q(T)(x) = Bi (p(T) = To)(x) + e(z) & (1= B)(p(T)")(x), =€0Q (3.27)

And, we define the truncated problem:

Find (4,p,T) satisfying
—AT + \/_(u V) + _’p = \/@jgo(T) in Q
div(d) = 0 in Q
(P) u = 0 on 08
—AT + Gra- VT = 0 in Q
T = 1y on I'y
_g_: = Q1) on I'y

It follows from Lemma 1 that: YT € H'(Q), Q(T) € L*°(9), and the boundary
condition o7

~on

has an integral representation with test function in H!(Q). Then, we can write a

weak formulation of Problem (P) in the standard Sobolev spaces.

=Q(T) onTy

Let us present some extra properties of this truncated operator.
Lemma 2 The operator @ satisfies the following properties:

i) For allt() | ¢() ¢ L2(8Q),

1Q1™) — Q) lo,p0 < Co ([ — tP]|o,00 (3.28)

with
= [Bi + 4208 TS (14 |Blosa) (3.29)

ii) The range of L*(8Q) by Q is bounded into L*°(9S). More precisely,

Vi€ 12(09), [Q()(2)] < Bi(Toup—Ting) + 2012175, a.e. on 8Q (3.30)

iii) Ift(x) > Toup a.e. (resp. t(x) < Ting ae.) then Q(t)(z) > 0 a.e. (resp.
Q(t)(x) <0 ace.).

Proof. Following (1%, Proposition 5) and using Lemma 1, we obtain the result. O

3.4. Weak formulations

From now, we voluntarily omit the arrows above vectorial entities. We denote

in bold face characters the vector spaces: HY(Q) = (H(Q))", H§(Q) = (H}(Q))",
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H 1(Q) = (H~1(Q))" and LP(Q) = (L?(Q))", n being the space dimension. We

define the following spaces:

V(Q) {v € H}(Q); div(v) = 0 in Q}
( ) ={1€L%(Q), [qq dx=0} (3.31)
Wo(@) = {t € H(2); 1= 0 on Ty}
and the affine sub-space:
Wi(Q) = {te H'(Q); t = Ty on 'y} (3.32)

We define the trilinear mapping b : V() x V() x V(Q) - R by

b(u,v,w) = VGr Z / u; Ojv; wj de (3.33)

t,j=1

the trilinear mapping a : V(Q) x Wy(Q) x Wy(Q2) — R by
a(u;6,t) = VGr / u Vet de (3.34)
Q

and the mapping ¢ : V() x Wy(Q2) x Wp(Q) — R by
e(u;0,t) = (V8,Vt) + a(u;6,1) (3.35)

where (.,.) denotes the inner product of L?(€).

Let T, be a function such that T} € H'(Q), Ty = Ty on T'q. We denote by R the
constant (depending only on ), such that

[17all 0 < RallTall1 r, (3.36)

We set § = T — Ty and we consider the weak formulation of the truncated
problem:

Find (u,f) € V(Q) x Wy(Q) such that:
Yw € V(Q),

Z(Vui,Vwi) + b(u,u,w) =VGr (g gp(ﬁ—{—fd),w) (3.37.a)

i=1
Vvt € Wo(Q),

e(u;0,t) + /r QUO+Tytds = —e(u;Tyt) (3.37.0)

(3.37)

Let us notice that the pressure p does not appear anymore in the weak formu-
lation (P). But one knows (see e.g. 2°) that using the De Rham theorem, if
(u,0) € V(Q) x Wy(RQ) is solution of (P), then there exists a unique p € L2(Q2) such

that (u,p, T =0+ Td) € HY(Q) x LZ(Q) x H(Q) satisfies the problem (P).
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3.5. Estimates a-priori

Let us introduce the following constants

e e WBa
= = (= -
very(a) iz VUil o tewa@) IVEI5 o
(Poincaré-Friedrich’s inequality)
4 ) t 4 )
Sq = sup ||UHLJ; 8§ = sup M (Sobolev’s inequalities)
verr(a) [[vll1,0 tem(@) [tlhe
. 1]l 2 562 . .
Ts = sup (Continuity of the trace mapping)
teH(£2) ||75||17ﬂ

These constants depend only on €.

Let us recall the following weak maximum principle:

Lemma 3 (', Proposition 2) Let u be given in V(Q) and let § = (T—fd) € Wo(2)
be a solution of (3.37.b). Then,

Ting < T < Toup a.e. in Q (3.38)
O
We state an estimate a priori of § in norm H!:

Lemma 4 Let u be given in V(Q) and let § = (T — Ty) € Wo(Q) be a solution of
(3.37.b). Then,

10lle < Col \/IT#| Ty [Bi(Toup — Ting) + 2616174,

+ Ra llTillyr,lt + S5VET ullia] ) (3.39)

Proof. We choose t = 6 as test function in (3.37.b). We obtain:

IVOllEa + a(u;0,0) + | QUO+Ta)0 ds = — c(u;Ty,0) (3.40)
Ty
We have:
[ Qu+Toeds = | Q) ods
Ff 1_‘f
< QD) lo,r,1llo,r;

IN

T 10417 1Q(D)[=(r ) |16]]1.0

and using (3.30),

| [ QUO+Ta) 0ds| < T V1% [BiTeup — Ting) + 26161Te,] 1010 (3.41)
Iy
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In addition,

le(u; Ta, )1 < [[VTalloalVolloa + VGr llullLeeVTallo allfllLe ()
< RalTallyr,([VOlloo + VGr [Julls@)lfllze) )

With%-l—%-l—%:l,p)nanquGifn:S, g<ooifn=2 Weset p=qg=14
and we obtain:

le(u; Te, )] < Ra (I Tally r, (1 + SaVGr |lullaq) )I6l1.0 (3.42)

In others respects, Vu € V (), V8 € Wy(9Q),

a(u;0,0) = \/_G_T/W(e?) dz

= 02 u-nds = 0 (3.43)
Using (3.40)-(3.43), we obtain:

vang,ﬂ < [Tﬂ |Ff|2 ( 1( sup T‘znf) + 26151 sup)

+ RallTallyr,(1 4+ SavVGr [lullLs@) )] 19]h o
and using the Friedrichs-Poincaré inequality, the estimate (3.39) holds. a

We give an estimate a priori of u in norm H!:

Lemma 5 Let T' be given in Wy (Q), T = 6+ Ty and let u € V(Q) be a solution of
(3.37.a). Then,

lulli,o < Ca VGr [g] VIQ] Toup (3.44)

Proof. We take w = u in (3.37.a) and we obtain:
Yo IVuillia + blu,uu) = VGr (g (8 +Ta), u)
i=1
and (see e.g. 2% Chap. 11, Lemma 1.3)
Yu € V(Q), Yv € Hy(Q), b(u,v,v) =0 (3.45)
Hence,

Z IVuillsa < VGr gl le(T)lo llullon
The Friedrichs-Poincaré inequality gives

lulle < Ca VGr g| lle(T)llo,0 (3.46)
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and (3.44) follows from the definition of the operator of truncation ¢(7') (see (3.26)).
O

Tt follows from (3.39) and (3.44), that there exists a strictly positive constant D
such that™*:

0]l < D (3.47)

3.6. The thermal model with u given

A mathematical analysis of the present thermal model with u giwen, has been
written in previous papers: ' 422 and ¥, Let us recall some results useful for the
remainder of the analysis.

Proposition 2 Let u be given in LP(Q), p > n, such that div(u) = 0 in Q and
u =0 on 0Q. The equation (3.37.b) has a solution § € Wy(Q). Furthermore, this
solution satisfies the weak mazimum principle i.e. T = (6 4+ Ty) € Wi(Q) satisfies
(3.38).

Proof. The proof is done in '* with an operator Q slightly different. Using Lemma
2, the result can be extended straightforwardly to the present model. O

Using an idea of 22, we prove that when the linearized model is well posed, then
the solution of (3.37.b) is unique. Hence, we study below the linearized thermal
model with u given, namely the equation (3.37.b) linearized. Let us point out that
this study is also useful for the numerical analysis of the full model (Section 4).

The linearized thermal model with « given Let u be given in V(Q) and let
0 = (T —Ta) € Wo(Q) be a solution of (3.37.b). This solution satisfies (3.38), hence
Q(T) = Q(T). Then, we study the following linearized problem:

Find 6* = (T* — T4) € Wo(Q) such that:

Vi€ Wo(Q), e(u;0° 4Ty t) + / DQ(T).(0* +Ta) t ds = 0
Ty

(P5)

where

DQ(T).T* = Bi T* + 4e & (I — B)(T?T*)
and B is defined by (3.23).

Assumption 1 FEither the thermal transfer coefficient h is large enough or the
thermal conductivity X is large enough.
Namely, either

Bi h g1.s T3
— = > 4 | 3 —)2 sup - _ 1 4
5 o-(T*)3 et €0 Ling [ (60) Ti?;Lf ] (3 8.)

*More precisely, we have:

D CH{ VTl THBiToup = Ting) + 28121 T4,,)]

Ra ||Tally r,[1 + Ca Sa 85 Gr gl /1 Tsup] }

+
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or
Bl i, (G e
(51 0 inf o jjﬁlf
and (3.49)
&1 3T3 .
N> G 40T e T L (23 1] — b
€0 jjznf

Lemma 6 Let u be given in LP(Q), p > n, such that div(u) =0 in Q and v = 0
on 8Q. Under Assumption 1, the linearized thermal model (P}) is well posed.

Proof. We prove that when Assumption 1 holds, the problem is coercitive in H'(Q),
and the result follows from the Lax-Milgram theorem.
We have: V§* € Wy (Q),
c(u;07,6%) = ||V o, + a(u;0",67)
Using (3.43) and the Friedrich-Poincaré’s inequality, we have:
* * 1 *
s 0) = g (3.50)
Q
In others respects,
/ DQ(T).(0") 6* ds = / [Bi 0* + 4¢ 6,(I — B)(T30*)] 0* ds
Ty Ty
= Bill0*||2 50 + 401[[ e T3(0*)* ds — / eB(T36*) 6* ds](3.51)
’ Iy Iy
Using Lemma 1, we have:

€1

[ enmey o ds < o0 (293 12, 1071 on (3.52)
T, €0 ’

Combining (3.50)-(3.52), we obtain: V§* € Wy(Q),

c(u; 6%,60%) + / DQ(T).(0*) 6" ds

Ty
1 . €1 3T3u

> 0*iq + [Bi + 4d1e0 T (1 — (=)7252)] 16%118,00
Co ’ d €o Tf;f ’

Therefore if (3.48) holds then the problem is coercitive in H'(2) and the result
follows. If (3.48) does not hold then the term I = [Bi + 4419 Tf;f(l - (E—l)%%)]
ing

is negative. Then, we consider the norm of H%(aQ) defined by:

= inf t
TP L U [

and we have: ) ) )
Vie Wo(Q), ltlloon < Itll1 00 < [t
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Hence, the problem is coercitive in H1(Q) if (3.49) holds and the result follows. O

Using an idea of 22, we obtain that when the linearized model is well posed, the
solution of (3.37.b) is unique (see '*, Proposition 5 for the proof):
Proposition 3 Let u be given in LP(Q), p > n, such that div(u) = 0 in Q and
u =20 on Q. Under Assumption 1, the solution of (3.37.b) is unique. |

3.7. Emistence of a solution to the truncated problem

We prove the existence of a solution to the truncated problem (75) using the
Leray-Schauder theorem. To this end, we consider the problem:

Let (v,7) be given in V() x Wy(Q),find (u, ) € V() x Wy(R2) such that:
Yw € V(Q),

Z(Vui, Vw;) = —b(v,v,w) + VGr (g ¢(n),w)] (3.53.a)

i=1
vt € Wo(Q),
c(v;0,t) + QUO+Ty)tds = — c(v;Tut) (3.53.0)

Ty
(3.53)

and we define the operator E as follows:

E:V(Q) x Wu(Q) = V(Q) x Wu(Q) : (v,n) — (u,b)

where (u,#) is solution of (3.53). Any fixed point of E is solution of (P).

Let us make an assumption on the domain Q in order to obtain below some
extra regularity on the solution. This extra regularity is useful to obtain some
compactness.

Assumption 2 The domain Q is polyhedric (polygonal if n = 2) and there is no
re-entrant dihedral (angles if n = 2) with the mized boundary conditions (Dirichlet-
Neumann).

Theorem 1 Under the assumptions 1 and 2, the truncated problem (P) has at least
one solution.

Proof. The proof is done in four steps and use the Leray-Schauder fixed point
theorem.

Ist step: For all real o, 0 < o < 1, the operator oF is well defined from V() x
W()(Q) into V(Q) X W() Q)

Let (u,f) = 0 E(v,n). The function u satisfies u € V() and:

n

Z(Vui,Vwi) = —b(ov,ov,w) + \/@(g e(on),w) Yw € V(Q)

i=1

We have v € V(Q), hence (v.V)v € LYQ) for all ¢ < co if n = 2 and (v.V)v €
L%(Q) if n = 3. Therefore the mapping b(v,v, w) is well defined from V(Q) x
V(2) x V() into IR and it is linear continuous with respect to w. Tt follows from

the classical results of the Stokes equations (see e.g. 2°) that for all o € [0,1], u
exists and is unique.

It is proved in 7 that under Assumption 2 and with a right-hand side in H_%(Q),
one has u € V(Q) ﬂH1+“(Q) with a < % Hence this result holds with a right hand
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side in L3 () since L%(Q) is continuously embedded into H_%(Q).
In others respects, we have 6 € Wy(Q) and:

c(ov;0,t) + Q0 + fd) tds = — c((rv;fd,t) (3.54)
Ly

It follows from Proposition 2 and 3 that for all ¢ € [0, 1], there exists a unique

6 € Wy(Q2) which satisfies (3.54), and this solution is such that (3.38) holds. Fur-

thermore, we have some extra regularity on this solution 6 (or 7' = 6 + 7~1d)- As a
matter of fact, let us write the classical formulation of (3.53.b).

—AT + VGr uNT = 0 n Q
T = Ty on 'y
3_T _ o ; (3.55)
- on - ( ) only

The velocity field u is given and belongs to V(Q)NH™**(Q), a = %—6, for all e > 0;
and there exists a unique solution 7" in H!(Q) to the problem (3.55). Then, let us
consider the non principal part of the operator of (3.55) (the term VGr uVT) and
Q(T) as data of the problem. It follows from Lemma 2 ii) that Q(T) = g € L= (T'y)
and using the Sobolev embedding theorem, we have f = —/Gr uVT € H™2(Q).

Therefore, the solution T satisfies:

AT = f inQ
T = Ty only
oT (3.56)
n = g only

Since Assumption 2 holds, it follows from the results of regularity stated in 10 that

there exists a real 3, 0 < 8 < 3, such that T'€ H'+#(Q).

2nd step: The operator E is compact from V(Q) x Wy(Q) into itself.
This property of compactness follows straightforwardly from the regularity of (u, #)

and the compactness of the injection from H'*7(Q), v > 0, into H'(Q).
3rd step: Fstimate a-priori.

Let o € [0,1] given and (u, #) be a fixed point of 0 E: (u,8) = 0E(u,0). Following
the proof of Lemma 5, we have:

S IVuilda + o*b(u,u,u) = VGr (g p(oT),u)
i=1
Using (3.45) and the Friedrichs-Poncaré’s inequality,
lullie < Ca VGr 9] VIQ| Toup (3.57)

In other respects, using Lemma 4, we have:

6l e < C&{\/ITs| TS 1Bi(Tonp — Ting) + 20161T5,,)]
+ Ra|Tallyr,(1 + 0 SoVGr |ullLsa)) } (3.58)
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Combining (3.57) and (3.58), we obtain that:
6o < D (3.59)
where D is the constant introduced in (3.47).

4th step: Application of the Leray-Schauder fired point theorem.
We define: X = V(Q) x Wy(R2), and the operator E is compact from X into itself.
Using (3.57) and (3.59), we have: for all o € [0, 1], for all = (u,6) € X such that
x=ockEzx, ||z||x = ||u|li 0+ |00 < C where C'is a constant independent of o, u
and 6. Then, it follows from the Leray-Schauder fixed point theorem (see e.g. 5,
Chapter 11, Theorem 11.3) that E has at least one fixed point (u, #) and the result
a.

follows

3.8. Uniqueness of the solution to the truncated problem

We prove the uniqueness of the solution by stating estimates in the standard
Sobolev spaces. We obtain the result under the condition that the thermal conduc-
tivity A and the viscosity v are large enough.

Assumption 3 The thermal conductivity X and the viscosity v are large enough. 1

Theorem 2 Under the assumptions 1, 2 and 3, the truncated problem (P) has one
and only one solution.

Proof. Let (u(l),f)(])) and (11(2), 0(2)) be two solutions of (P). We set u = ul) —
u®, T =90 4 Ty i=1,2,and 6 = 60 — () =T

First, we consider the thermal equation. We have: Vi € Wy (Q),

c(u®; 00 1) + QT tds = —e(uD;Tyt) i=1,2
Ty

hence,
c(u(l);é’(l),t) - c(u(Q);é’(l),t) + c(u(z);ﬁ(l),t) - c(u(z);6(2),t)

+ / QT —Q(T®)) t ds = — a(u; Ty, t)
Ty

t More precisely, if we define:

. €
L1 = [Bi + 4e 6 T3, (1-|-,/5—1)]c;.‘Z T
0
and
Ly = Gr Tuuy €3 83 gl /9]

then, the following three inequalities hold:
i)
ii)

i)

L1 < 1 (3.60)
L2 <1 (3.61)
1 - L]0 = £2]
1
— 4 Gr TSy, 91CECa 8 Sa { €& T3 412 [Bi(Tsup — Ting) + 25161 T4,

+72g2||Ttyl||%7FEl[C&’f2 +C& Ca 85 Sa Gr |g| \/|Q Teup+1]} > 0 (3.62)
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a(u; 00 1) + (V6, V1) + a(u;0,t) + /F QI NY=Q(T ) tds = —a(u;Tu,t)
We take ¢ = 0 = T and it follows from (3.4f3_):
V00 = ~laT0,0) + [ @r0)-@r®)oda]  (363)
i

It follows from Lemma 2 i) that

| Q) = Qr®)) 0 ds| < Cq T3” 110]1} o

Ty

the constant Cq being defined by (3.29). Hence, the Friedrichs-Poincaré inequality
and the continuity of the bilinear form af(.,.) give:

16]1,0 < Co [VGr 8 |lullps@) IVTWlloa + Co T2 1610 ] (3.64)

and
(1= Cq Ca75%) lI0llin < VGrCh 8 llullisey [VTMloa  (3.65)
In other respects, (3.39) and (3.36) give
IVTWloe < [16V)a + Ra |Tullyr,
Col T U417 [Bi(Toup — Ting) + 20161 Ty,,]
$Ra [Tl ral1 + S5V 1]} + ey [ITall rf3.66)

IN

and (3.44) gives

[uDlLs@) < Sa Ca VGr gl VIQ Teup (3.67)
Combining (3.65)-(3.67), we obtain:
Cl e < C|lullia (3.68)
with
¢ = (1 = CoCh T3 (3.69)
and
¢ = VGrCh S Sa{Ch T 0|7 [Bi(Toup — Ting) + 26161T0,]

+ Ra [Tl [Ch + Ch Ca S& Sa Gr lgl VIO Toy + 11} (3.70)

Now, let us consider the fluid equation. We have: Yw € V(Q),

S (Vul, V) + b(u®, ul) w) = VGr (g p(TP),w) i=1,2
j=1
hence,

Y (Vuy, Vag) + b u w) = b(u® u®) w) = VGr (g [p(TD) = p(T?)], w)

j=1
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We take w = u and we obtain:
n
Yo IVulga + b u® u) — bu® ™ ) + bu® u) )

— b(u®,u® w) =VGr (g [p(TM) — o(T)], u)
Using (3.45) and the Friedrich-Poincaré inequality,

ullf o < Ca [1b(u,ul? u)] + VGr gl o(TW) = o(T)[|o.q llull1a ]

Furthermore,
. 1 2
lp(TM) = o(T@)] < 4T3, ITW - T ae. on 9Q

We bound by above the term |b(u, u(l),u)| : Vu,v,w € HY(Q),

[b(u, v, w)| < Z VGr ||u||L4 ||V1)j||07g ||“)||L4(ﬂ)

7j=1

hence,

lb(u, u®, w)| < VGr [Jul}aq Z 1Vu{" 0.0

Combining (3.71)-(3.73),

lullie < Ca VGr [ 83 ||ullia an Mo + 4T3, 19l 19ll0.0 ]

j=1

In other respects, (3.44) gives:

vau loa <Ca VGrlgl VIQ Toup

therefore,
u u
1 llullie < G [fllog
with
¢l =1 — Gr i 83 lgl VIO Toup
and

ci = 4VGr T3, Calg

(3.71)

(3.72)

(3.73)

(3.74)

Let us assume that C{ and C¥ are positive i.e the inequalities (3.60) and (3.61)

hold. Then, combining (3.68) and (3.76) we obtain:

(i et = ¢3¢5) ol <0

(3.79)

Therefore if (Cf C — C§ C¥) > 0i.e. if (3.62) holds, then () = §(2) ae. in Q and

since (3.76), u(") = u(? ae. in Q.

O
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3.9. Euwxistence and uniqueness to the initial problem

Corollary 1 Under the assumptions 1, 2 and 3, the problem (2.1)-(2.3)(2.8)-(2.11)
has one and only one weak solution (u,p, T, w) in HY(Q) x LZ(Q) x H'(Q) x L>=(89Q)
which satisfies:

Ting < T < Tyyp ace. in (3.80)

In others words, under these assumptions, the problem has one and only one phys-
ical solution.
Proof. Let the assumptions 1, 2 and 3 be satisfied. There exists a unique (u,f) €

V() x Wy () solution to (P) (Theorem 1). And using the De Rham theorem, there
exists a unique p € LZ(Q) such that (u,p, T =0 + Ty) € HY(Q) x L2(Q) x H'(Q)
is the unique (weak) solution to (P). In others respects, it follows from Lemma 3
that T satisfies (3.80). Therefore ¢(T) = T a.e. and the solution of El_’) is also
solution to (3.16)-(3.21). Consequently, there exists a unique solution (u,p,T) in
H(Q)x L3(Q) x H'(Q) to (3.16)-(3.21) which satisfies the weak maximum principle
(3.80). And the final result follows from Proposition 1. |

4. Approximation by finite element methods

In this section, we consider the formulation of the problem in the primitive vari-
ables, the unknowns are u, p, T and w. Indeed, we do not solve numerically the
integral equation like we did in the continuous case and we do not consider discrete
velocity field of divergence free: we consider the formulation (2.1)-(2.3)(2.8)-(2.11).
Nevertheless, as previously, we truncate the temperature in the right-hand sides o
the Navier-Stokes equations and the integral equation, also in the thermal boundary
condition of non local type. We discretize the equations using classical finite element
methods and we write the numerical analysis of the schemes. (Let us notice that for
a technical reason, the truncation is in this section, smoother than previously; it is
a C? truncation). The main result of this section is the proof of the existence and
uniqueness of the discrete solution (up, pp, Th, wy) and its convergence towards the
unique physical solution of the model, when the viscosity and the thermal conduc-
tivity of the fluid (and the thermal transfer coefficient) are large enough and when
the step size h is small enough (Theorem 4).

The numerical analysis below is based on the analysis written in 3. The re-
sult of  we use, is recalled in Theorem 3. This previous paper deals with finite
dimensional approximation of nonlinear problems of the form F'(A;z) = 0 where
F:Ax X — X, Ais an interval of IR and X is a Banach space. Let us describe
the different steps of the present numerical analysis. First, we write the equations
of the (continuous) model in the form F(z) = 0 (Section 4.1, Lemma 7). To obtain
later on the convergence of the discrete solution, we assume some extra regularity
on the solution (Assumption 4). In Section 4.2, we linearize the equations and using
the Lax-Milgram theorem, we prove that the linearized problem is well posed when
the viscosity v and the thermal conductivity A of the fluid (and the thermal transfer
coefficient h) are large enough; by definition, we obtain a branch of non singular
solutions (Proposition 4). Tn Section 4.3 and following ?, we consider general finite
element spaces and we discretize the equations. The discrete velocity field is not
divergence free and the finite element spaces considered satisfy the Babuska-Brezzi
inf-sup condition. We write the discrete problem in the form Fj(z,) = 0. Finally,
we prove in Section 4.4 that this general finite element scheme fits into the frame-
work of Theorem 3. We obtain the existence, uniqueness and convergence of the
discrete solution towards the unique physical solution, locally in A and when the
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viscosity, the thermal conductivity (and the thermal transfer coefficient) are large
enough (Theorem 4).

Let us notice that Theorem 4 deals with the analysis of the centered scheme, in
which no stabilization procedure is introduced (such as artificial diffusion). In oth-
ers respects, the error estimates are established in detail and the solution belongs
-a priori- to fractional order Sobolev spaces.

In Section 4.5, we consider the bidimensional case and we present four different
finite element schemes. Two of them lead to first order methods and the two others
lead to second order methods.

4.1. The continuous problem formulated as a fized point problem

Following !*, we consider the problem in primitive variables and we truncate
the temperature in the right-hand sides and in the boundary conditions. This new
truncated problem is:

Find (u,p, T, w) satisfying:
—Au + VGr (u-Viu + Vp = VGrge(T) inQ
div(u) = 0 in Q
u = 0 on 0Q
(Py) AT + V/Gru-VT = 0 in Q
T = Td on Fd
_g_: = O,(T,w) on I';
(I—Aw = e2p(T)* on 9Q
where
Dy (T, w)(z) = Bi (p(T)=To)(z) + &(z) [61p(T)*(z) — &2 /qu(:c,y) w(y) ds(y)]
(4.81)

the operator A is defined by (2.7) and from now, ¢ denotes the C'*-truncation
defined as follows. Let ¢ be a real strictly positive such that Ti,p — & > 0. We
define:

o(T)(z) = T(x)  if Ty < T(x) < Toup (4.82)
Pog(T)(2) if Tup < T(x) < Toup +6

7jsup Zf Tsup + 5

(
where P, (T) and Pyyp,(T) are polynomial such that ¢(7') defined from R into
itself is of class C%. Namely, P;,; is such that:

Pinf(Tinf_g) = inf(,Tinf) = Ting
me(Tinf_’S) = 0; Pinf(Tinf) =1 (483)

Piléf(ﬂnf_f) = Pi’r’zf(ﬂ'nf) =0

The condition (4.83) defines a unique polynomial P;, ¢ of degree 5. Similarly, there
exists a unique polynomial P,,, of degree 5 which fulfills the conditions such that

@(T) is C? (see 1%).
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Let us make some remarks concerning the introduction of this new truncated
problem. First and as previously, we introduce a truncated problem because of the
lack of regularity of the boundary condition in the 3d case. As a matter of fact,
in order to write the numerical analysis, we formulate the problem as a fixed point
problem and this lack of regularity on 'y prevents us from doing it in the standard
Sobolev space H(f2). In others respects, we do not consider the same truncated
problem as in the continuous analysis because the technique of the present numer-
ical analysis requires a C'? truncation. Second, let us point out that the truncated
problem (P,) has a unique solution and the temperature satisfies the weak maxi-
mum principle.

The equivalent fixed point problem We formulate Problem (P,) as a fixed
point problem, in the form: IF(z) = 0. To this end, we define the Stokes operator
IS : f*— —(u*,p*) :H Q) - H(Q) x (L*(Q)/R), where (u*, p*) is the unique

weak solution of the Stokes problem:

—Au* + Vp* = f inQ
div(u®) = 0 inQ (4.84)
u* = 0 ondQ

We define the operator I. corresponding to the thermal partial differential equation:
IL : (h*, 9% Ty) — —T*
H™YQ) x H 3(T;) x H3(Ty) — HY(Q)

where T* is the unique weak solution of the problem:

—AT* = h* inQ
™ = T r
a7 q)i on Fd (4.85)
- = on
on !
We define the operator IE : e* — —w* : L2(0Q) — L2(0Q), where
(I —A)yw* = € on (4.86)
The three operators IS, IL and IE are well defined. We write:
X =HYQ) x (LA(Q)/R) x H(Q) x L*(0Q) (4.87)
Y =HY Q) x (H~(Q) x H™3(T;) x H*(Ty)) x L*(Q) (4.88)
We define the operator IT: Y — X,
IS 0 0
m = 0 IL 0 (4.89)
0 0 IE

and the operator IG : z = (v,q,t,7) = G(z) by
VGr [ge(t) — (v.V)v ]
IG(z) = | (=VGr vVt ®,(t,r), Ty) (4.90)
e 5L p(t)t
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Let us notice that if t € HY(Q) then ¢()* € H%(aﬂ) N L (09Q). In others
respects, if €(x) is regular enough (for example a lipschitz function) then the term
6(1‘)2—23@(15)4 belongs to H%(aﬂ) N L*®(09). From now, we assume that e(z) is
lipschitz function which satisfies (2.4).

Let ¢ = (v,q,t,7) € X, it follows from the Sobolev embedding theorem that:

(v.V)v € L3(Q), vVt € L3(Q) and (¢ & o(t)*) € H7(0Q) N L (9Q). We define

Z=L3(Q) x (L*(Q) x L*(Ls) x H3(4)) x (H7(dQ) N L®(0Q))  (4.91)

Let us recall that 7y, the temperature given on 'y, belongs to H%(Fd) N L2 (Ty).
Therefore

the operator G maps X into 7

Furthermore, since 7 i1s compactly embedded into Y, the operator T is linear com-
pact from 7 into X.
Finally, we define the operator IF' : X — X as follows:

IF(z) = = + ITIG(x) (4.92)

and we have
Lemma 7 The quadruplet (u,p,T,w) € HY(Q) x (L*(Q)/R) x H'(Q) x L?(0Q) is
solution of (P,) if and only if
IF(z) =0 (4.93)
with x = (u,p, T,w) and IF defined by ({.92).
O

Regularity of the solution In order to prove the convergence of the discrete
solution, one need in the sequel some extra regularity on the solution of the problem
IF(z) = 0 ie. # = —IT'IG(x) (see Theorem 3). Under Assumption 2, one can
assume some extra regularity on the solution of the integral equation, on the solution
of the Stokes problem, 7 and on the solution of the Laplace equation, '°. Then, one
obtain some extra regularity on z* = ITz*, Vz* € 7. A such result would imply
extra regularity on * = —IT'IG(z), IG(z) belonging to Z. Let us assume a such
result of regularity.

Assumption 4 (Regularity of z* = ITz*, z* € 7).

Let z* = ITz* = (u*,p*, T*,w*), z* € Z. There exists two reals s and 3 strictly
greater than (5 — 1) and a real 7 strictly positive such that:

(u*,p") € H'*(Q) x H*(Q)

T € H'*P(Q)

and

w* € HY(02) N L= (99Q)

4.2. The linearized problem

Let the assumptions 1, 2 and 3 be satisfied and let = (u,p, T, w) € H*(Q) x

(L%(Q)/IR) x H'(Q) x L*(0Q) be the unique solution of (4.93). We establish an
extra sufficient condition on the physical data v, A and h (they have to be large
enough), such that x is a non singular solution of (4.93) i.e. such that D, IF(x) 1s
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an isomorphism of X.
The linear operator D, IF(z) is an isomorphism of X if and only if for all y =
(v,q,t,7) € X, there exists a unique z* = (u*, p*, T™, w*) € X such that

4+ (D IG(z).2") = vy, (4.94)
the mapping y € X — 2* € X being continuous.

Let us recall that since T satisfies the weak maximum principle (3.80) then ¢(7) =T
a.e.. Hence we have: D, IG(z).2* =

VGr [ 9T — (u.V)u* — (u*.V)u]

(—VGr [uVT* + u*VT], Bi T* 4+ ¢[46:T3T* — d5 fanqﬁ(x, y) w*(y) ds(y)], 0)
4e &L TOT™
and (4.94) is equivalent to:

—Au* + VGr [(u.V)u*+(u* . V)u]+ Vp* = —Av+Vg+VGrgT* inQ (4.95)
div(u*) = div(v) inQ (4.96)
u* = v on 99 (4.97)
—AT* + VGr [uVT* +u*'VT] = — At  inQ (4.98)
T™ =t only (4.99)

6T* 8t - * * *

5 = T3 + Bi T* + e[ 46,1°T* — 6, an¢(m,y) w*(y) ds(y)] onTy
(4.100)
I—A)w = (I-A)r + 4¢ g—l T3 7T*  on 0Q (4.101)
2

One knows (see for instance ® p299) that there exists a unique (u*, p*) € H () x
(L2(Q2)/ R) solution of (4.95)-(4.97) if and only if for f given in H=1({), there exists
a unique (u*,p*) € HY(Q) x (L?(Q)/R) solution of:

—Au* + VGr [(u.V)u* + (v V)u] + Vp* =VGrgT* + f (4.102)
div(u*) =0 (4.103)

u* =0 (4.104)

In others respects, using Proposition 1 and setting ¢ = r = 0, the equations (4.100)-
(4.101) become:
oT*
on

= L(T*) onTy (4.105)
where

L(T*) = DQ(T).T* = BiT* + 4¢& (I—B)(T°T*) ac.ondQ (4.106)
and B is defined by (3.23).
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Then, we consider the following linearized problem:

Given f EH™Y(Q), h€ H™'(Q), k € H3(T4), ¢ € H3(T4) and let

x € X be the unique physical solution of (4.93).
Find 2* = (u*,p*, T*, w*) € X such that:
—Au* + VGr [(u.V)u* + (u*.V)u] + Vp*

VGrgT* + f inQ
0

(Pl) div(u*) = in Q
' ut = 0 on 0Q
—AT* + VGr [uVT*+u*VT] = 0 in Q
™ = Ty on 'y
oT*
— = L(T* r
o (77) on I'y

Assumption 5 The viscosity v, the thermal conductivity X and the thermal trans-
fer coefficient h are large enough. *

Proposition 4 Let z € X be the unique solution of (4.93) which satisfies (3.80).
Under Assumption 5, x is a non singular solution (i.e. Dy IF(x) ts an isomorphism
of X).

Proof. We prove that the problem (P!} is well posed using the Lax-Milgram
theorem, then it follows that z is a non singular solution.

We define: E(Q) = V(Q) x Wy(Q). E(Q) equipped with the induced norm is a

Hilbert space. We define: 6* = (T* — Ty) € Wo(Q), n* = (u*,0*) € E(Q), € =
(w,t) € E(Q) and the bilinear form d(.,.) from E(Q2) x E(2) into R by

dn*,€) = Y _(Vui, Vwi) + b(u,u”,w) + b(u*,u,w) — VGr (g 07, w)

i=1

+ e(u; 0% )t) + a(u*;T,t) + / L(0*)t ds
Ly

The mapping d is continuous from F(Q) x F(Q) into R. We define:
1¢) = VGr (g To,w) + (f,w) — / L(Ty) t ds — c(u;Ty,t)
Ty

The mapping [ is linear continuous from F() into R. With the notations above,
the weak formulation of (P') is:

{ Find n* = (u*,0*) € E(Q) such that:
V¢ e E(Q), dn*,&) = (&)

Let us prove that the bilinear form d is E-elliptic. For all n* € F(Q),

(4.107)

din*,n*) = D _IVuillfa + blu,u,u*) + b(u*,u,u*) — VGr (g 6%,u7)

i=1

{More precisely, the following inequality holds:
1 R 1 .
2 min{C%,Ca} — Z\/Gr [84 Sa (D + [|[VTdllo,a) + lgl]

3
€1 )% Tsup
T3

inf

—Gr 82 Ca |9| \/IQ Tsup + [Bi—48120T;, ;(( -1)] >0

€0

where D is the constant introduced in (3.47)
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HIVE o + (w8, 67) + auiT07) + [ 2076 ds
Ty

Using (3.43) and (3.45), we obtain:
b(u*,u,u*) + a(u*;T,0%) — VGr (g 0%, u*)

+ ] L(6*)0* ds + ZHVU;HaQ + IVO*|[5  (4.108)
Ly

i=1

d(n*,n*) =

We bound above (or below) the terms of (4.108). The first term gives

var ¥ |/ wl (Oyui) ] del

b(u®, u,u™)| <
ij=1 Y&
n
< VG |[u|[Fagy D IVuilloe
i=1
n
< VerSGlvilia D IVulloq
i=1

and using (3.44),

b(u* u,u*)] < Gr S Cq gl (4.109)

12 Toup 0] 0

The second term:
a(u'sT,0%)| < VG [llisc@) [9Tlloa 19 1+(a)

and using (3.47),
la(u'sT,6%)] < VGr 8 Sa (D+[IVTullo) ' lla 16° 1,0
1 = N
< VG 84 Sa (D + (Vi) (1lf e + (1677 of4.110)

The third term of (4.108) gives
(90", w") < gl [10%]lo, llu*[lo.c

1
< gll N6*1F 0 + llu*liq) (4.111)
It follows from (3.51)-(3.52) that the fourth term satisfies:
* * . 3 €1,3 T?up * (12
L) ds > [Bi 4 46 0 Th,(1 — (C)F ) R0 (4112)
r, g0’ Ting ’

Combining (4.108)(4.109)(4.110)(4.111)(4.112), we obtain:

d,n7) = Y IVuillza + VI3 g

i=1
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— Gr 8 Calgl VIQ| Toup [lu*l7 g
1 -
= 5VGr 8y Sa (D +(IVTdloa) (1wl + 1167[70)

. 1,3 ngu
+ [Bi — 401 ¢0 Tiq;zf((a)E Tiq;: - 1)] ||9*||%,an
] * *
= 5VGrlgl (|l 10 + 1617 a) (4.113)

We consider the norm of H%(OQ) defined by:

1 = inf t
18113 00 teH1(Q)/ trace(t)=p [1ll1.0
Hence,
2
Ve Wa(®), (00 < I 50 < [t (4.114)
In other respects,

1

vee BEQ), (lwllia + lItlia) > 5 Elia (4.115)

2
Combining (4.113)-(4.115), we obtain:

1 .
d(n*, ") 2 5 min(Cq,Ca) I7*[13 a2
1 ~
- VG858 (D + |VTdlog) + lal1lInlli o

- Gr SS:)} Ca lg] V19| Tsup ”“*Hiﬂ

. 3 €123 Tgup * (12
— [Bi — 44 ¢ Tmf((aV T'Bf = D015 00

Therefore, under Assumption 5, the bilinear form d(.,.) is E-elliptic. Using the
Lax-Milgram theorem, the problem (4.107) is well posed and the result is proved. O

4.3. The discrete equations

We discretize the problem (P,) using classical finite element methods. We
denote by (7x) a regular and quasi-uniform family of triangulation, such that
Q - UTET)-,T-

The finite element spaces Following ?, Section TV.4., we consider the finite-
dimensional spaces Ny, My, Lj and Ry such that:

N, C HY(Q), M, C L*(Q), Ly C H'(Q), R, C L*(09Q)
We assume that M} and Rj contain the constant functions. We define:
Unp =NnnN H(l)(Q) = {Uh € Np, vp =0 on 89}

Py = Mp 0 (L*(Q)/R) = {qn € Mn, qn(dofo) = 0}
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where dofq is the first degree of freedom of the pressure.
WnL = LN WQ(Q) = {th € Lp, tp =00n Fd}

Let us recall that for all s > 2 — 1, H**(Q) C C%(Q) with continuous embed-

ding. We make the following assumptions.
Assumption 6 (Approzimation property of Uy). There exists an operator I} €

L(H@™(Q) N H(Q); Up)and an integer I such that:

[[v = Tho]i.a < ¢ h® ||v)||i4s,0, Vv € H'5(Q), s redl, g —1<s<l (4.116)
with the constant ¢ independent of h.
Assumption 7 (Approrimation property of My ). There exists an operator I} &

L(L2(); My) such that:

lo=Tallon < ¢ b llalla, Vo€ H'(Q), s real, Z—1<s<I  (4117)

Assumption 8 (Uniform inf-sup condition). There exists a constant ¢ > 0 (c
independent of h) such that for each q, € Py, there exists a vy € Un such that:

(qn,diven) = |lgnll5 o (4.118)

lvnli,a < e llgnllon (4.119)

where |.|1 o denotes the semi-norm of H' ().

Assumption 9 (Approzimation property of Wy ). There exists an operator Hf €
L(H™P(Q) N Wo(Q); Wh) and an integer m such that:

It =TTt e < b [[tligsa, Vi€ H'*P(Q), §real, ——1<§<m (4.120)

Assumption 10 (Approzimation property of Ry). There exists an operator IIY €
L(L2(0Q); Ry) such that:

[z =Ty 2|00 < c¢h? ||2|ly00, Vz€H'(09Q), vreal, 0 <y <m (4.121)

We denote by P the space of polynomials functions of degree lower or equal to k.
Using the interpolation operator of Lagrange [Py, k > 1, and the L2-local orthogonal
projection operator, the discrete spaces of the classical finite element methods used
to approximate a second order elliptic problem satisfy the assumptions 9 and 10.
And the classical finite element methods used to approximate the Stokes problem
satisfy the assumptions 6, 7 and 8. We detail such finite element methods in the
bidimensional case in Section 4.5.

The discrete equations For the sake of simplicity, we suppose that the data Ty
on 'y is the trace of a function of L.
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The discrete formulation we consider is the following:

Find (un,pn, Th,ws) € Un X Py x Ly X Ry such that:
Y, € Uh,
Z(Vuhiavvhi) + b(up, up, vp) — (pr, div(vy)) = VGr(ge(Th), vn)
i=1
Van € P, (div(up),qn) = 0 (4.122)
Vi, € Wh, C(uh;Th,th) + / Qw(Th,wh) thds = 0
Ty
)
Vzn € Ry, / (I —A)wpzy ds = bl / € go(Th)4 zp ds
890 d2 Jaq
with the boundary condition
T, = Ty on 'y (4.123)

The equivalent fixed point problem Following Section 4.1, we formulate the
discrete problem (4.122)(4.123) as a fixed point problem.

i) We define ISy, : f* — —(u},p}) : H"1(Q) — Uy x Py, where (u},p}) is the
solution of the equations:

2
Vup € Un, Z(VUL’;VUM’) — (P, div(va)) = (f7, va) (4.124)

i=1

Vg € Pn, (div(u),qn) = 0

Under the assumptions 6, 7 and 8, the solution (u},p}) exists and is unique. In
addition, we have:

lu" —uplia + [Ip" —pilloa < ¢ {,inf |u* —wnli.0 + qhig{lhllp* — qnllo,n}

with ¢ is a constant strictly positive and independent of h. Therefore,
lw* —wilia + [Ip" = phlloa — 0 (4.125)

when h tends to 0 (see °, Chap 11.1.3). Furthermore, under the assumptions 4, 6, 7
and 8,

" —uplie + [IP" = Phlloa < e b ([0 [li4s0 + [1P7]ls.0) (4.126)

ii) We define the operator:
ILy : (B*,®*,Ty) — =Ty : H-Y(Q) x H=3(T;) x H3([gq) — Ly,

where T} is solution of the following equations:

Vin € Wi, (VT3 ,Vin) = (R" th) — / ®* t), ds (4.127)
Ty

Ty = TyonTy (4.128)
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The existence and uniqueness of 75 in Lj is classical, and the Céa’s lemma gives:

1T = Tllia < ¢ ,nf 177 = walh 0

where ¢ is a constant strictly positive and independent of h.Therefore,

IT* = Tyllio — O (4.129)
when h tends to 0 (see for e.g. 5, Section 18). In addition, under the assumptions
4 and 9,

17 = Tilla < ¢ h? [[T%|li4s0 (4.130)
iii) We define the operator: IF} : €* — —wj : LQ(aQ) — Rj, where wj is solution
of the equation:
Vzi € Ry, R(wh,zp) = / e} zp ds (4.131)
aQ
The bilinear form R being defined from L%(9Q) x L%*(9R) into R by:

R(w,z) = /m(I—A)w 2 ds

Since A is a contracting operator from L (9Q) into itself (see '), the mapping R

is L2-elliptic and the existence and uniqueness of wj, follows straightforwardly from
the Lax-Milgram theorem. Furthermore, we have:

||w* —wZHO,@ﬂ — 0 (4132)
when h tends to 0. In addition, under the assumptions 4 and 10,

[[w* — w000 < ¢ hY ||w*||y,00 (4.133)

Let us define
X},y = Uh X P},y X Lh X Rh (4134)

We have X; C X. We define the operator T, : Y — X, by

S, 0 0
Ty, = 0 ILp, O
0 0 IEy

and we define the operator IFy, : X;, — X}, by:
IFy, (Th) = xp + I} [G(l‘h) (4.135)

and we have the
Lemma 8 The quadruplet z, = (un,pn, Th,wn) € Un x Py x Ly X Ry is solution

of (4.122)(4.123) if and only if
O

4.4. FEzistence, uniqueness and convergence

In order to prove the existence and uniqueness of zj, solution of (4.136), and its
convergence towards z (z being the solution of (4.93)), we use a discrete implicit
function theorem (see F. Brezzi, J. Rappaz and P.A. Raviart 3, see also M. Crouzeix

and J. Rappaz ©, J.C. Paumier 1°...). Nevertheless, we do not formulate our problem
as a parameterized problem like in the previous references. Then, we recall below
this discrete implicit function theorem adapted to a such simplified framework.



30 Free Convection with Radiative Thermal Transfer of Grey Bodies

Theorem 3 (Brezzi, Rappaz and Raviart, 3). Let x € X be a non singular solution
of (4.93). With the notations introduced above, if the operator IG defined from
X into Y is of class C?, if D2IG is bounded in any bounded sub-space of X, if
there exists 7 a Banach space included into' Y with continuous injection, such that:

D, IG(\ z) € L(X,Z) Yz e X, if
lim (17—~ M) ()llx = 0 Vyev, (4.137)

and _
%%HIT—ITIIHC(Z,X) = 0, (4138)

then there exists a real hg > 0 such that for all h < hg, there exists a non singular
solution xp, to (4.136). Furthermore, there exists a constant ¢ independent of h such
that:

2 —zallx < e ||(IT = IT)(IG(2))[| x (4.139)

O

Using Theorem 3, we obtain the main result of this section:
Theorem 4 [f the assumptions 2, 4, 6, 7, 8, 9 and 10 hold, if the wiscosity v,
the thermal conductivity A and the thermal transfer coefficient h are large enough,
(assumptions 1, 3 and 5), then there exists a real hg > 0 such that for all h < hy,
there erists a unique solution (up,pp, Th,wp) € Un x Py x Ly X Ry to the discrete
problem (4.122)(4.123). Furthermore,

llu = unllia+ 1P = palloo+ [IT = Thll o + [[w — wallopa < ¢ h®  (4.140)

where ¢ is a constant independent of h,
a = min(s, 3,7)

and (u,p, T,w) = 2 € HY(Q) x (L2(Q)/R) x H' (Q) x L>=(9R) is the unique solution
of (3.16)-(2.11) which satisfies (3.80).
Proof. Let the assumptions 1-10 be satisfied. We prove that the conditions of
Theorem 3 are satisfied.
The equation (4.93) has one and only one solution z = (u,p,T,w) € X and it
follows from Proposition 4 that this solution is a non singular solution.
The operator IG defined by (4.90) maps X onto 7, it is of class C? and D2IG(z) is
a bounded operator in any bounded sub-space of X.
The estimate (4.137) follows straightforwardly from the numerical analysis pre-
sented previously. As a matter of fact, let y* € Y, we define «* = (u*, p*, T*, w*) =
—ITy* and z} = (up,pr, Ty, wy) = —IThy*. We have (see (4.125), (4.129) and
(4.132)):

[u* —uila + |lp" = Phlloa — 0

IT* = Tyllhe — 0
lw* — whllo,00 — O

when h tends to 0. Furthermore, since the inclusion 7 C Y is compact, the estimate
(4.138) holds.

Therefore, we can apply Theorem 3. Let x = (un, ph, Th, wp) € X» be the unique
solution of the discrete problem, the estimate (4.139) gives:

llu — unlli,0 + lp = pallo,a + |7 = Thll1,0 + ||w — wh|lo,00
< celut —upllia+ 1" = phlloo+ |77 =Tyl + |lw* — whlloea  (4.141)
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where (u*,p*,T*,w*) = ¢* = —II'z and (u},p}, Ty, w}) = x5, = —Ihz, z =
IG(z) € 7. Finally, the estimate (4.140) is a direct consequence of (4.141), (4.126),
(4.130) and (4.133).

O
4.5. Application to some finite element methods

In this section, we consider the bidimensional case (2 C R?) and we present
some finite element methods which fulfill the assumptions 6-10. Let s, § and ~
be the regularity coefficients defined in Assumption 4 and let a = min(s, 3,%).
Let us suppose that the couple of finite element spaces (Up, Mp) satisfies the inf-
sup condition (Assumption 8). Then, Theorem 4 suggests us to choose the finite
element spaces Uy, My, Wy, and Ry in order to have the assumptions 6, 7, 9 and 10
satisfied for the integers [ and m such that: a <!/ <a+1land a<m < a+1. We
propose four combinations of finite element methods which lead to two first order
methods and to two second order methods.

The “mini” finite element / /P, Lagrange - P, piecewise. We approximate
the Navier-Stokes equations using the “mini” finite element, namely:

Un = {vn, va € (C°(Q)% wnlr = @n+ 1M Ao X3, VT € Th, n € (IP1)?,
p a constant of R?, v, = 0 on 9N}

where the scalar functions A;, j =1,2,3, denote the barycentric coordinates.

P = {qn € C*(Q), qulr € P1, YT € Th, qn(dofo) = 0}

where dofq is the first degree of freedom of the pressure.
For the thermal equations, we choose a IP; Lagrange - [Py piecewise scheme type:

Wi = {ty € C°Q), talr € Py, YT € Th, tn = 0 on Ty} (4.142)
Ry = {zpn, znlor € Py, YOT € 0Q, T € Tp} (4.143)

Let us notice that the pressure is continuous Py piecewise in Q and the radiosity
is discontinuous Py piecewise on 9. The degrees of freedom of the unknowns are
indicated in Fig.1.

With the spaces Uy, and P, defined as above, Assumption 8 holds (see °, Chap. II,
Lemma 4.1) and the assumptions 6 and 7 hold for I < 1. Concerning Assumption

7, the proof is done in 23, Theorem 4.1., and concerning Assurnption 6, the proof is

done in 2, Chap. 11, Lemma 2.4, when s € IN and it is done in Propoqlhon 5 at the
end of the present paper when s € R**

In others respects, using the 1nterpolat10n operator of Lagrange /P; and the L?-local
orthogonal projection operator, the assumptions 9 and 10 are satisfied for m < 1

(see 2%, Theorem 4.1, for Assumption 9 and °, Lemma A.5 for Assumption 10).
Then, it follows from Theorem 4 that this method is a first order method:

||U — Uh”l,ﬂ + ||p _thO,Q + ||T - ThHl,ﬂ + ||w — whHO,@Q — O(hmln(oz,l))

The Crouzeix-Raviart element / P, Lagrange - [P, Lagrange. The finite
element we use for the Navier-Stokes equations is the Crouzeix-Raviart element:

Un = {on, vn € (C°Q))?, vnlr = @n +p A Ao X3, YT € Th, wn € (IP2)?,
p a constant of R?, v, = 0 on Q}
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Velocity Pressure

o'

Temperature Radiosity

Figure 1: The “mini” finite element / IP; Lagrange - [P, piecewise.

Py =Aqn, qnlr € Pr, YT € T, qn(dofo) = 0}
The pressure is discontinuous P; piecewise. The spaces Up, and P, satisfy Assump-
tion 8 (see °, Chap. II, Lemma 2.6) and the assumptions 6 and 7 are satisfied for

[ <2 (see °, Chap I Lemma A.5, Chap. 1I Lemma 2.4., and Proposition 5 of the
present paper).
We use for the thermal equations a scheme of /P Lagrange - /P, Lagrange type:

={th €CUQ), th|lr € P2, YT € Tp, th =0 on T4} (4.144)
Ry = {zn € C°(0Q), znlor € IP1, YOT € 0Q, T € Tr} (4.145)

The radiosity is continuous [Py piecewise. As the previous case, using the interpo-
lation operator of Lagrange (of degree 2) and the L?-local orthogonal projection
operator, the assumption 9 and 10 are satisfied for m < 2.

The degrees of freedom of the unknowns are indicated in Fig.2. Tt follows from
Theorem 4 that this method is a second order method:

| —unllio + Ip = prllog + 17 = Thllia + lw — whlo,on = O(R™™(*?)

The Hood-Taylor element / [P, Lagrange - IP; Lagrange. We use the Hood-
Taylor element in order to approximate the Navier-Stokes equations:

Uy, = {vh € (CO(Q))Q, Uh|T € (P;g)z, VT € 77-“ vp = 0 on 8(2}

=1{qn € C°(Q), qulr € P, YT € Th, qn(dofo) = 0}
For the thermal equations, the spaces W), and Rj, are defined respectively by (4.144)
and (4.145). All the approximated quantities are continuous.
The spaces U, and Py satisfy Assumption 8 (see ?, Chap. I, Corollary 4.1) and
using the interpolation operator of Lagrange /Py and P2, the assumptions 6, 7, 9
and 10 are satisfied for [ and m < 2 (see 23, Theorem 4. 1) The degrees of freedom
of the unknowns are indicated in Fig.3 and Theorem 4 gives:

||U — Uh”l,ﬂ + ||p _thO,Q + ||T - ThHl,ﬂ + ||w — whHO,an — O(hmln(oz,Q))

This method is a second order method.
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s A

Velocity Pressure
Temperature Radiosity

Figure 2: The Crouzeix-Raviart element / [P Lagrange - IP; Lagrange.

JANRVAN

Velocity Pressure
Temperature Radiosity

Figure 3: The Hood-Taylor element / [P, Lagrange - IP; Lagrange.

33
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The (/P iso IP2)-P; element / [P, Lagrange - Py piecewise. The last finite
element method we study is based on a classical variant of the Hood-Taylor element:
the (P iso IP2)-1P; element. The pressure is continuous /P, piecewise, while the
velocity components are IP; piecewise over the four sub-triangles defined as indicated
in Fig.4. The spaces Uy and P, are defined as follows:

Uy, = {’Uh € (CO(Q))Q, vh|T~ € (P])Z, VT € 7—%, vy, = 0 on 89}

where (’Tg) denotes the triangulation obtained from (73) by dividing each triangle
into four sub-triangles as in Fig.4.

Pr = {qn € C*(Q), qnlr € IP1, YT € Th, qn(dofo) = 0}

The spaces Up, and P, satisfy Assumption 8§ (see °, Chap. II, Lemma 4.2) and using
the interpolation operator of Lagrange IP;, the assumptions 6 and 7 are satisfied
for I < 1. The spaces W), and R} are defined respectively by (4.142) and (4.143)
and the assumptions 9 and 10 are satisfied for m < 1.
The degrees of freedom and the sub-triangulation are indicated in Fig.4. Theorem
4 gives:

l[u=wunllio+1lp = palloa + 1T = Talli .o + [[w — wallopn = O(A™(*1)

and this method is a first order method.

Velocity Pressure

B

Temperature Radiosity

Figure 4: The (/P iso IPy)-IP; element / [Py Lagrange - [P, Lagrange.

Appendix

In this appendix, we consider the bidimensional case (Q C [R?) and we prove an
estimate of a projection error in finite element spaces containing bubble functions.
We denote by k an integer, k = 1 or 2, and we define:

U = {on, va € C%Q), valr = on+p M Ay A3, YT € Th, o € Py,
p a constant of R, v, = 0 on 9Q}

Let us recall that U} is a subspace of H{(Q) and equipped with the semi-norm of
HY(Q), it is a Hilbert space. The degrees of freedom of a function belonging to UF
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are indicated in Fig.1 if £ = 1 and in Fig.2 if & = 2.
We define Py the orthogonal projection operator from H} () into U} as follows:

/ V(v — Ppo)Vupde =0 Yo, € Uf (4.146)
Q

We denote by T' any triangle of 75, by (a; 7), i = 1,2, 3, its vertices, by (a; 7), i =
4,5, 6, the midpoint of its sides and by ag 7 its center of gravity. We define rho k=1
or 2, the local interpolation operators as follows. For k = 1,

r%(v) € Py @ span{AiA2As3}
r%(v(ain)_) =wv(a;p) 1=1,2,3

rp(v(aor)) = v(aor)

The function v belongs to C°(T"). For k = 2,

r%(v) € Py ® span{Ai A3}

r%(v(ain)_) v(a;r) i=1,2,3
r%(v(aw)) =v(a;p) i=4,56
ri(v(aor)) = v(aor)

Then, we define the interpolation operator r¥ by:

Yv € C°(Q), riulp = kv VT €7,

We state an estimate of [v — Pyv|y g for v € H*(Q), s > 0. The result is proved
in 9, Chap. Il Lemma 2.4, when s € IN. Using an inequality of interpolation in

fractional order Sobolev spaces due to J.L. Lions and J. Peetre 2, we extend this

result to the case s € R*T.

Proposition 5 Let k be an integer, k =1 or 2, and ¢ a real, 0 < o < 1, then the
orthogonal projection operator Py defined by (4.146) satisfies:

v — Ppoli o < ¢ hk_1+a||v||k+oyg Yv € Hk+°(Q) (4.147)

with ¢ is a constant independent of h and |.|1 o denotes the semi-norm of H(Q).
Proof. Let us recall the inequality of interpolation of 2. There exists a positive
constant ¢ such that for all ¢ > 0, and for all v in H¥*9(Q), 0 < o < 1, there exists
v € Hk(Q) and vy € Hk““l(Q) such that:

v = v + v
lvillee < et? [|v]lk4o,0 (4.148)
loallkt1,0 < et [[o]lito0 (4.149)

We apply the result above. Let v € H*t(Q), there exists v1 € H*¥(Q) and
vy € Hk‘H(Q) such that v = vy + v2. Hence,

lv—Ppvlia < |vi—Pruilia + |va — Proa)ia
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We bound above the two terms of the right part. By this end, we consider separately
the cases k = 1 and k = 2.
Case k = 1. We have

|[vi = Prvilia < Jvilia

and .
|vg — Prualia < |va —rpualia

Since vy € H?(2), we have (see ?, Chap II, Lemma 2.4):
lva = rvalie < chfvellze

Case k = 2. We have v; € H*(Q) and vy € H3(Q). Tt follows from °, Chap II,
Lemma 2.4, that:

lvi — Pruilia < |vi —rivilia
< chlurlla
and
lva — Prualia < |va —riva|in
< e h?|uallsa

Therefore, in both case we obtain:
lv—Prolia < ¢ (B Hvillsa + Avzlls+1,0)
Using (4.148) and (4.149), we obtain:
o= Prvlia < ¢ B0 ellison + £ Blo]so0)
We write t = h®, a € IR, and we obtain:
lo— Prolia < ¢ A*71H7 (1 4 A1) ulleton

The optimal coefficient «a is 1, which gives the result. O
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