Minimality locus of weighted degrees for tame
automorphisms
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Abstract

Given f a polynomial automorphism of k2, or a polynomial automorphism of
k3 given as a product of an elementary automorphism and a permutation, we study
the minimality locus of v(f) for valuations v in a countable union of apartments.

1 Introduction

We start by recalling the definition of a valuation.

Definition 1.1 (Valuation). A (real) valuation on the ring k[z1, ..., xy] is a function v :
k[z1,...,2,] = RU{oo} satisfying the following properties, for all P,Q € K[z1,...,xy,],
cek*:

1. v(P+ Q) = min{v(P),v(Q)}

(
2. v(PQ) = v(P) +v(Q)
3. v(e)=0
4. v(0) =00 P=0
In particular for deg the usual polynomial degree, — deg is a valuation on k[z1, . .., z,].
One may also consider a weight w = (w1,...,wy,), with w; positive real numbers, and

the weighted degree
deg,,(P) = max{wii1 + ... + wnin | (i1,...,4n) € Supp(P)}

such that —deg, is a valuation. These valuations play a central role in this article,
called monomial valuations:

Definition 1.2 (Monomial valuation). A tame valuation on k[x1,...,x,] is a valuation
of the form viq,, = —deg,,, for a weight w € (R%)".

Polynomial automorphisms of k™ are of interest, as they act naturally on valuations.

Definition 1.3 (Polynomial endomorphism/automorphism of k™).

End(kn) = {f:(fhvfn)'flek[xlavxn]}
\%
Aut(k®) = {f € End(k") | f invertible and f~! € End(k")}

In this framework, we look at the left action of the group Aut(k™) on the space of

valuations
Vf e Aut(k"), VP € kK[z1,...,2,] : f-v(P)=v(Pof).

Many authors have studied the particular subgroup of such automorphisms generated
by the triangular and linear ones, classically called tame. More particularly, in this paper
we will examine triangular automorphisms and permutations.



Definition 1.4 (Triangular/elementary automorphism). An automorphism t € Aut(k™)
is triangular if:

t= (alxl + Pl(.rg, - ,l‘n),agl‘g + Pg(l‘g, .. .,xn), e, ATy + C)

where ay,...,a, € kK*, c €k, and P; € k[z1,...,x,]. We call T the subgroup of trian-
guar automorphisms.

An automorphism e € Aut(k™) is elementary if:
e=(x1+Pxay,...,&n),...,Ty)
where P € K[Zit1,...,2,]. We call E the subgroup of elementary automorphisms.

In the above, a polynomial P only appears in the first component, but we may
consider automorphisms such as

(1, Tim1, @i + P(@ig1, -, Tn)s Tig1s -0, Tn)

that are of a similar form, but not elementary as in the definition above. They are
conjugate of e = (x1 + P(zix1,---,Tn),---,Ti,-..,Tyn) by the permutation p = (17).

In this paper, a composition ¢p of a permutation p € &,,(k) with a triangular auto-
morphism is called a triangular-permutation automorphism, and a composition ep of a
permutation by an elementary automorphism an elementary-permutation.

Definition 1.5 (Tame automorphism). Tame(A}) := (GL,(k), E).

Definition 1.6 (Tame valuation). A valuation v is tame if v = g- V4, for a monomial
valuation viq,, = —deg,, and a tame automorphism g.

We usually write ¢ - Vg, = Vg 0.
Definition 1.7 (v-degree). For every endomorphism f = (fi1,..., fn) and valuation v

v(f) =sup {V(V]zg)f) with P € kK[xy,...,x,) non—constant} .

For a tame valuation v = v, , it follows that

Vp(f) = tawlg™ o f o g).

This holds as a consequence of Lemma 3.2.

This gives rise to the classical notion of dynamical degree A(f), defined as the limit
of viqw(f¥)% as k — oo, for any weight w € (R%)™. We recall that the dynamical
degree of a polynomial automorphism is well defined and invariant under conjugation
(Lemma 3.5). Furthermore A(f) equals the minimum of v4q,(f) on the set of monomial
valuations viq ., if and only if f is algebraically stable with respect to w (Definition
3.12).

Definition 1.8 (Apartment of monomial valuations). We consider the apartment Eiq
of classes of such valuations viq,, under scaling: w ~ Aw for any A € R%.

Given a tame automorphism g, we also denote by E, the apartment of those tame
valuations of the form vy, modulo the relation vy, ~ vy o, A € RY.

For any tame automorphism g, the quotient space E, is naturally homeomorphic
to the open simplex V C Panl of those points [w] = [wy @+ : wy,] with only positive
coefficients. Elements of E, may be written as v, ;. When there is no risk of confusion,
we may write v, ., instead to lighten the notation, in other words designate v |, by one
of its representatives. We make the comment that v, ., (f) doesn’t depend on the choice
of a representative. Moreover, the action of Aut(k™) on valuations descends to an action
on the space of classes of valuations. Now if we fix an automorphism f of k™ and a word
f =m, we may act upon E;q via the “letters” of m:



Definition 1.9. For f € (E,S,,), and for any reduced word f = m = g1 ... g, with
each g; elementary or a permutation, we write

gm ::...UEf—IU...UEg—l -1 UEg;1 UEQGUE, UE; 4, U...UE;UE;;, U...

k k-1

In this order, any apartment intersects the next one and the previous one. As an
example, E;, NEgy 4, = g1 - (Ba NE,).

1.1 Main result
Our theorem focuses on the cases n =2 and n = 3.

Theorem 1.10. Let f be a tame automorphism of K™. For any reduced word m of
minimal length such that f = m, we consider the set M of valuations v € E™ such that

v(f) = min{u(f) | p € E™}.

1. If n =2, then up to conjugating f by an affine automorphism, the locus M C E™
is homeomorphic to R. Moreover, v(f) equals the dynamical degree of f for all

veM.

2. If n = 3, we assume that f is an automorphism of type elementary-permutation
whose dynamical degree is not an integer, and that the dynamical degree of f is
reached on M. Then M is homeomorphic to R.

See Sections 4 and 5, more previsely Theorems 4.3 and 5.2, for the proof of our
theorem. Basic facts, definitions and results about the dynamical degree and algebraic
stability are given in Section 3. In Section 6, we give examples of

e an automorphism of k® of type elementary-permutation for which the dynamical
degree is not reached on E;q, but on its boundary,

e an automorphism of k3 of type triangular-permutation f = ¢p for which the mini-
mality locus M in £™P is homeomorphic to R,

e a triangular-permutation automorphism for which the minimality locus has dimen-
sion 2.

In the last two cases, we exhibit the fact that the intersection of M with J
is disconnected.

mez Bfm

2 Preliminary definitions and results

2.1 Confined valuations

Definition 2.1 (Confined valuations). Let f € Tame(k™) and an apartment E;. A
valuation v’ € Ey is confined by f if there exist weights v € Eg such that f -V =v. We
denote it by:

Conf(f,By) :={vguw € Eg | T, [ vy = vy}

In other words, E¢, N E, is the set of all images via f of those monomial valuations
that are confined by f.

Note that, for an automorphism f, the valuation v, ., being confined by f in E, is
equivalent to the valuation 144, being confined by g=! fg in Eiq.

For this reason, we simply call Conf(f) := Conf(f, Eiq) the set of confined monomial
valuations.

Lemma 2.2. Lett € T be a triangular automorphism. Then, for weights w = (w1, . ..,wy)
and w' = (Wi,...,w,) such that t - Vid. = Vidw we have w' = w. In other words, any
monomial valuation confined by t is fixed by t.



Proof: As t and t~' are triangular, their linear parts I; and l,—1 are invertible upper
triangular matrices. More precisely, if

t= (a1x1 + Pl(l’z, - ,:En), a2T2 + Pz(l’g, - ,l‘n), e, nTn + C),
with L; being the linear part of P;, that is, the sum of its degree 1 monomials, then
ly = (a1x1 + Li,a2x2 + Lo, ..., anxn)

where a;x; + L; = (I¢);. We write g = t~!. On one side, we have, evaluating in t; for
all 4:
Vid,w' (ti) = Vid,w (24)

and, on the other side, we evaluate in g; for all i:
Vid,o (i) = Vid,w(9i)

In particular, as we deal with monomial valuations, this implies on one side for all i:

wi = —Via,w ((le)1)
and on the other side:

wi = —vidw((ly)i)
As (I;); and (lg); are invertible they both depend at least on z;, and, as we are dealing
with monomial valuations:

~viawr ((le)i) = max{wj,wj : j # i | z; C (Ie):}

And same for [ :

—Vid,w((lg)i) = max{w;,wj : j # i x5 C (lg)i}

hence, the inequalities imply w; > w} on one hand, and w; > w;, on the other hand, and
we get the result. |

Remark 2.3. The same proof also works for p~'tp, for any permutation p.

2.2 For a triangular automorphism

Here we assume f =t = (21 + P1,...,Zp—1 + Ppn_1,%,), with each P; a polynomial in
the variables z;1,...,2,. This section is dedicated to prove the following:

Theorem 2.4. Valuations that are fized by t are the classes of viq,., for w = (w1, ...,wn)
satisfying
w; > deg, P, Vie{l,...,n—1}.

In other words, all apartments E;m intersect along {1iq,., | w; > deg,, P;}, which is a
subset Eiq delimited by hyperplanes.

We fix t € T and define a subset C; = {w; > deg, (P;) | 1 < i < n} of strictly
positive weights. A precomposition by an affine diagonal automorphism, of the form
(121 + B, ..., nxpn + Bn) does not affect Cy, hence we can suppose that ¢t = (x; +
Pi(zo,...,xn), 2 + Pa(xs,...,Tn), ..., Tpn).

Lemma 2.5. We have w € Cy if and only if w € Cy-1.

Proof: For t = (z1 + Pi(x2,...,2n), 22 + Pa(23,...,Zn),...,Tn), we have =1 = (1 —

Py (z2,... s Tn)y ey Tn-1 — Pn_1(Zn),Tn) where the P;’s are defined recursively, with
Pn—l(l'n) = Pn—l(xn) and Pi—l(iri’ ey xn) = Pi—l(l’i — E, ceeypn—1 — Pn—l, Z’n).

We prove C; C C,-1 by backward induction. We suppose that this is true up to
the relations ¢ to n, and let w;_1 such that w;_1 > deg,, (P;—1). We want to prove that
wi—1 > deg,(P;_1). But this is equivalent to w; > deg_(P;) for j > i and w;—1 >
deg,,(P;—1) which is true by induction hypothesis and the supposition.

We prove the reverse inclusion by taking ¢! instead of t. |

Lemma 2.6. Lett € T and m = 27" ... 2% a monomial. Then for any w € C, we
have deg,,(m) = deg,,(mot).



Proof: By computation, we find that there is a finite family J of indices J # (a1,...,an)
such that

mot=(x1+ P1)" (z2+ )" .. 25" =x* .. an" + Z bz’
jeg
Hence, we have that m C m ot (m actually appears as a monomial in m ot) and, since

w € Ct, m is of maximal degree amongst all the monomials of m o t: deg (mot) =
deg,,(m). ||

Proof of Theorem 2.4: Let w € C;. We want to prove that ¢ fixes viq,,. Let P €
k[z1,...,z,]. By additive property of degrees (or valuations), there exists m C P such
that deg,, (Pot) < deg,,(mot). By Lemma 2.6 we have deg,,(mot) = deg ,(m) < deg,, (P)
(this last inequality being because we deal with monomial valuations, or weighted de-
grees).

In conclusion, deg,, (P ot) < deg, (P).

By Lemma 2.5, we have w € C,—1. and we can apply the inequality just proved for
Q =Potand t™': deg,(Qot ') < deg,(Q) thus deg, ((Pot)ot™) = deg,(P) <
deg,, (P ot) and we get the reverse inequality. Thus, deg,(P) = deg, (P o t) which is
t Vidw = Vid,w-

Conversely, if there is a j such that w; < deg,,(Pj), then ¢- 144, is not equal to viq ..
One only has to consider t - viq,.(2;) = vid,w(P;) (by additive property of valuations).
Thus ¢ - vid,w(7;) > vid,w(z;) in this situation. ||

We end this section by recalling the following result from [LP19]:

Proposition 2.7 (Stabilizer of a valuation). Let w = (wy,...,wy) with wy > ... > wy
and v = Va. Then, the stabilizer of v in Tame(k™) is formed by elements (a121 +
Pi(za,...2pn), 0029 + Pa(xs, ..., 20),...,anT, + ) such that deg,,(P;) < w;.

Proof: We do the case n = 2. Let f € Stab(v).

As a polynomial automorphism of k is also a polynomial automorphism of k, we
can assume that k is algebraically closed. We can suppose w = (w1,1). We have

1= degl/f,w (z2) = deg’/id,w (f2)

Hence, f2 only depends on x2 and is linear in this variable: fo = cx2 + d. Moreover, if
we fix y, we have fi(-,y) automorphism of A, hence of the form f1 = Q(y)z + P(y).

If @ was not constant, one could find a root r of @, and fi(-,r) = P(r) would not
be an automorphism. Hence, we have Q(y) = a and f1 = az + P(y).

We proceed by recursion for n general, and get that f = (a1z1+Pi(z2,...2n), a2x2+
Po(x3, ..y ZTn)y ..., anTn + ).
Moreover, we must have that vy, (2;) = via,w(z:) for all i. Hence v(f;) = v(a;z; +
P;) = v(z;). In particular,
—v(P) < —v(fi) = —v(@i) = wi

The fact that any element of this form fixes v4q,, has been shown in Theorem 2.4. |

2.3 For a permutation
ff=pec&,.

We recall that permutations act on the basis of k™. There is a similar action on the
space of weights:

Definition 2.8 (Action of permutations over the space of weights). Let p € &,, and
[w] € V. We set:

p- [w] = [wp—l(l) e :wp71(n)]
Lemma 2.9. Let p € &, be a permutation, g € Tame(k™), and viq [, a (an homotopy
class of ) monomial valuation. Then we have:

1%

Vgp,lw] = Vg,p-[w]



Proof: We recall that p = (z,-1(1), -, Tp-1(n))-
Let P € k[z1,...,2,]. We write Q = Pog=), arz’. The left-hand side gives:
Vap,w] (P) = Vid, 0] (Q © ) = Vig [w] (Q(Zp-1(1)5 - -+ » Tp=1(n)))
The right-hand side gives:
Vg,p-[w] (P) = Vid,p-[w](Q(‘rlu o 7:Cn))

Both are:
max{i1wp_1(1) 4+ ... + inwp—l(n) | ar # O} .

As direct consequences, one can note the following result (to be related to Remark
2.3)

Corollary 2.10. Let f € Tame(k™). Then [w] € Fix(f) if and only if p - [w] €
Fix(pfp™).

Proof: We take v = v4q,,, such that f-v =rv. We have:

fVidw = Viaw & pfp - (p-v)=p-v

-1
<~ p.fp *Vid,p-w = Vid,p-w

Corollary 2.11. The automorphism p confines every monomial valuation.

Proof: It is a direct consequence from Lemma 2.9. |

In other words, all p™ - v4q,, are monomial, and 7 = Eiq.

2.4 For a tame automorphism of type "triangular—-permutation"

Let f = tp with p a nontrivial permutation and ¢ a triangular automorphism.
Lemma 2.12. Let f = tp € Tame(k™), witht € T and p € &,,. Then, for weights
w=(Wi,...,wpn) and w’ = (W],...,w}) such that f - Viq, = Vidw we have w =p-w'.

Proof: We have tp- V44, =t Vid p.w’, by Lemma 2.9. By Lemma 2.2, we have p-w’ = w. W

Proposition 2.13. Let f,g € Tame(k™). There exist a permutation p such that for any
w, w' such that vy, = Vg . we have w =p-w'.

Proof: Up to the action by ¢!, we only have to prove the Proposition for any f €
Tame(k™) and g = id. As only linear parts are involved in proof of Lemma 2.2, we use
the Bruhat decomposition of Iy the linear part, this decomposition being Iy = tapti,
with p € &, and t1,t2 € T.

But topt; = topt1p~'p while the proof of Lemma 2.2 works for ¢2 and pt1p~'. Hence,
by Corollary 2.12 if f - viq . = Vidw, We have w = p.w'. |

We examine the images via f of those monomial valuations that are confined by f, in
other words at the set Ey N Eiq:

Lemma 2.14. We have :
Ef NEqgq=E;NEjq4= FiX(t) N Eiq.

Moreover,
E;-iNEqg=p ' E,NEq=p ' Fix(t) N Eq.



Proof: Let v € E; N Eiq. As t fixes valuations (Lemma 2.2), we have t - v = v. We write
v/ such that p- v’ = v. By Lemma 2.9, we have tp- v/ = v.

veE:NEgy&st-v=v
<:>tp-z/:1/
SrveEfnNEq

For the second part, taking the same notations:

VEEtﬂEid<:>tp-z/:1/
sV=Ff"v
<:>VIEEf—1 N Eiq

Hence the result. |
In other words, Eiq meets both Ey and E -1, respectively along Fix(t) and p~* - Fix(t).
Both these subsets are delimited by hyperplanes (Theorem 2.4).

Lemma 2.15. For all m € Z,
Efm+1 n Efm = FiX(t) N Efm

and
Efm-1 NEpm =p~' - Fix(t) NEpm.

Proof: For any m, we have an homeomorphism Efm ~ Eiq o~ V, equivariant under the
action of t. So the result follows from the previous lemma. |

Corollary 2.16. If p is such that
(p~! - Fix(t)) N Fix(t) N Eiq = 9,
then each apartment Epm meets the apartments Egm—1 and Egm+1, but not the other

For sanity, we write the result of the action of f (and f~!) over the set of confined
valuations:

Corollary 2.17. We have
Efm+1 n Efm =p- Conf(f, Efm)
And
Efm71 NEfm = p_1 . COIlf(f_l7 Efm)

Example: We write those sets explicitly for f = ep, for e = (x1+ P(x2,x3), x2, x3) elementary
and p = (z3,z1,z2). We have by Theorem 2.4:

Fix(e) NEjq = m {[w] ev ‘ w1 2 a2w2 + CL3L«)3}
(az,a3)ESupp(P)
Hence, by Lemma 2.14:
EfﬂEid: ﬂ {[w] eV |CU1 >a2w2+a3w3}
(a2,a3)€Supp(P)

and:
Ef71 N Eid = m {[w'] S V | w;71(1> 2 azw;71(2) + agw;,71(3)}
(az,a3)€Supp(P)



3 Algebraic stability with respect to v and dynamical
degree

3.1 Computation of the degree

We have given in our Introduction (Definition 1.7) the definition of the v-degree of an
endomorphism, for v a valuation. We note that this degree is the same for valuations that
are equivalent up to scaling (Definition 1.8), therefore it is well-defined over apartments.
We see a way to compute it for monomial valuations:

Proposition 3.1. Let [w] := [w1 : ... : wy]. For any class of monomial valuation
Vid,jw] € Biqa and f = (f1,..., fn) € End(k"), we have:

_ Vid,[w](fi) o _Vid,[w](fi)
Vid,[w](f) = m;@x {1/1(1,[40](1'1)} = miax {wl}

Proof: We write v := viq[-

The inequality

. *P
maX V(fl) < degu(f) — Sup V(f )
o v(@) pexfar, a0} Y(P)
is obvious. We now prove the converse inequality.
For P € k[z1,...,zy], we can write P as a finite sum of its distinct monomials (with

a non-zero coefficient): P =73, cm.m. As v is a monomial valuation, we have:

—v(P) = max {—v(m)}

mCP

We have, by the property of valuations:

—v(Po f) < max {-v(mo )}

So:

v(Pof) < MaXmcp {=v(mo f))}
v(P) = maxmcp{-v(m)}

Let m’ be a monomial such that —v(m’o f) = max,cp {—v(mo f)}. Then we have:

max,cp{—v(mo f))} _ v(m'of)
max,cp{—-v(m)} =~ v(m)

an

For a monomial, m’ = z{'...z%" we have m' o f = f* ... f4, so: v(m' o f) =

> av(fi) and:
vim'o f) _ Yaw(fi) _ v(f5)

= < max ——%
v(m') S aiv(z;) i v(zj)
The last inequality follows from the fact that, for any values x;,y; > 0, 1 <7 < n,

z1+...txn z;
we have Z—TIn Jmax; =L,
y1+.tyn S Yy

In conclusion, we end up with:

id,w P j
wp BaePOS) ()

Pekzy,....zn\{0} Vidw(P) i v(zj) [ ]
Example: For a monomial valuation v with weight [w; : ... : wy] and a monomial endomor-

phism
m; = (0,...,0,z7* ...2x™,0,...,0)

with zeroes everywhere except in the ith component, we have:

aiwi + ...+ anwn
Wi

l/(mz) =
Lemma 3.2. For any g,h € Tame(k™), f € End(k™) we have:

9 Vnw(9f9") = va ) (f)



Proof: Using the change of coordinates P’ = P o g, we compute:

. -1 — X g Pk (PO(f 1))}
g vnw(9fg ) = [zlmazn]\m}{

Peklzy,..., Up [W](P)
{Vh [l (PO(gf))}
max —_
Pekfzt, o zn]\{0} | V1) (P og)
C e {0
P/ek[z1,...,2n]\{0} l/hy[w](P/)
=  Vh,lw] (f)

Remark 3.3. To compute the degree over an arbitrary apartment, we will make use of
the following expression, from Lemma 3.2:

Vo i) (f) = Via, 1) (97" f9)

3.2 Dynamical degree
We recall the definition of the dynamical degree:

Definition 3.4 (First dynamical degree). Let f € End(k™) and deg(f) be the standard
degree.

A(f) == lim (deg(f™)™

n—oo

It is well-defined because of submultiplicativity of the degree (see Lemma 3.6). We
recall that the dynamical degree is a conjugation invariant.

Lemma 3.5. Let f € Tame(k"), g € Aut(k™). We have:
MF) =g~ fg)

Proof: We have deg((g~'fg)™) = deg(g*f"g) < deg(g™')deg(f™) deg(g). Taking the
n-th root of both sides of the inequality and letting n go to infinity, we get A(¢' fg) <
A(f). We get the reverse inequality from the first, with ¢! instead of g and g~'fg
instead of f. |

We have submultiplicativity for the degree for tame valuations in general:
Lemma 3.6. Let f,g € End(k™) and v (a class of ) tame valuation, we have
v(go f) <w(giv(f)

In particular v(f™) < v(f)™.

Proof: We start with Definition 1.7

deg,(go f) =  sup {M}

Peklz1,...,zn] V(P)
For any P € k[z1,...,zx], we have
v(Pofog) _v(Pofog) v(Pog)
v(P) v(Pog) = v(P)
v(Po fog) {V(QOf)}V(Pog)
P S ead® U@ J )

Therefore, we have

V(POng)} {V(Pof)} {V(Pog)}
su — L su _ su —_
Pek[zl,l.ju,zn]{ V(P) Pek[zl,l.)..,zn] V(P) PEk[ml,I.)..,zn] V(P)

Hence the result. |



Lemma 3.7. Let f € End(k"). For v = v, with [w] € V and g € Aut(k™), the limit
i (v())

exists and is denoted by A, (f).

Proof: By Lemma 3.6, a,, := log (v(f™)) is a subadditive sequence. By Fekete’s Lemma,
the limit of %2 exists, and is equal to its infimum. |

In particular, we have v(f) > A, (f). Moreover, we see that this limit is always the
dynamical degree, for any tame valuation with non-zero weight:

Proposition 3.8. Let f € End(k"). For any g € Tame(k™) and any [w] € V we have:

)‘(f): lim (Vg,[w](fm))#

m—0o0
In particular, for allv, A\, = .

Proof: We fix a valuation v and we set Q = 22 < g We have:

max; (w;)

Qdeg(f™) < via 1w (f™) <

O (deg(f™) ™ < (i, (f™) ™ < —(deg(f™))™

Taking the limit when m goes to infinity, we get the result, as Qm — 1.
To get the result for vy [,], we use the fact that the dynamical degree is an invariant
of conjugation:

A(f) = A9 f9)
= lim_ (z/id,[w](g_lfmg))%

= lim (l/g,[w] (fm)) "

m—o0 ]

3.3 v-algebraic stability

In order to be able to introduce r-maximal homogeneous components of a polyno-
mial/endomorphism, we fix the following notation:

Definition 3.9 (Monomial endomorphism). Given a monomial m = xz{* ... z% and an
integer 0 < ¢ < n, the monomial endomorphism m; is

(0,...,0,zy" ...20",0,...,0) € End(Ay)
with the monomial m in the i-th coordinate and zeros everywhere else.

We denote monomial endomorphisms as m; with an index throughout this text. In
our convention, a monomial m (respectively m;) has coeflicient 1.

Terminology. In this paper, we say that m belongs to P € k[x1,...,x,] (respectively
m; to f € End(k™)) and we write m C P (respectively m; C f) for a monomial
m = x{'xs? ... a8, if it belongs to the support of P, i.e. if this monomial features in
the polynomial P with a non-zero coefficient (respectively if the associated monomial
endomorphism features in f with a non-zero coeflicient).

In particular, for any polynomial P (resp. any polynomial endomorphism f) there

exist coefficients ¢, € k* (resp. ¢,,;) such that
P= Z cmm (respectively, f = Z Crny M)
mCP m;Cf

More generally, we say that an endomorphism f contains an endomorphism g if all
the monomials contained in g are also contained in f, and we write g C f. We sometimes
say that g is a component of f in such a situation.
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Definition 3.10. Let P € k[z1,...,x,]. We call w-mazimal homogeneous component
and denote by P,, the sum of monomials m C P such that deg,(m) = deg,,(P).

Definition 3.11 (w-maximal homogeneous component). Let v = vjq ) € Eiqa and
f € End(k™). We define the mazimal (or leading) homogeneous component of f for v
as being the endomorphism fi,, of f which is the sum of the monomials m; C f such
that v(m;) = v(f), along with their coefficients.

The link between the degree and the dynamical degree is algebraic stability:

Definition 3.12 (v-algebraic stability). Let f € End(k™).
For a given valuation v, we say that f is v-algebraically stable if, for all n, we have:

v(f") = (w(f)"
If v = 14q o), we say that f is [w]-algebraically stable.

Lemma 3.13. Let f,g € End(k"). We have viq [,(g © f) < Vid,[w](9) - ¥id,[w) (f) if and
only if gy © flw) = 0.

Proof: If g o fl) # 0, then, as gp) and fj.; are w-homogeneous, g, © fl.] is w-
homogemenous of degree viq,()(9) - Via,[w] (f). So we have

Vid,[w] (9 © f) = Vid,[w](9) * Vi, (] (f)-
If gfw) © fiw) = 0, in other words (g o f)[w] 7# jw] © flw, then
Vi, [w] (9 © Fw) < Via,[w] (910) - deg,,, ) (flw))-

This means

Via,[w} (9 © f) = ia,1w]((9 © f)w]) < Via,[w)(9) - deg,,, . (f)- -

Lemma 3.14. Let f € Tame(k™), and [w] € V. The following statements are equivalent:
(1) f is [w]-algebraically stable
(2) fiw) is such that (fi.,))" # 0 for alln
(3) Vid,[w)(f) = Vid f) (flw) = A(f)

and imply the fact that viq () (f) is minimal among monomial valuations.

Proof: We prove (1) < (2). Suppose that f is not algebraically stable. Then there exists
some 7 > 1 minimal such that viq 1) (f") < (¥4iq,)(f))". By Proposition 3.13, we get
that (fi,))” = 0. Conversely, assume that there exists r such that (fi,))” = 0. Then
Vid,[w] (f") < Vid, ] (flw])"s again by Proposition 3.13, hence f is not algebraically stable.

We prove (1) < (3). Algebraic stability implies v1q,1)(f) = A(f) by Proposition
3.8. Conversely, if f is not [w]-algebraically stable, there exist r, ¢ > 0 such that
Vid,[w] (f)" — € > Va1 (f7). By submultiplicativity of the degree and induction, we have
for all k:

(Vid,[w](f)r - E)k > Vid,[w](fr)lC > Vid,[w](frk)
We take the power ﬁ of both sides of the inequality and let k go to infinity. We get:

Wi ()" =) = A(f)

As (Va1 ()" — 6) < Vi) (f) for any r > 1, we get that via [ (f) > A(f)-
The dynamical degree is a lower bound for the degree over tame valuations by
Lemma 3.7. Hence, any valuation that reaches it is minimal. |

It is worth noticing an upper bound for the rank of nilpotent endomorphisms:

Lemma 3.15. We consider h € End(k™) such that h((0,...,0)) = 0. We moreover
suppose that h is nilpotent and we denote by r the smallest integer such that h™ =
Then r < n.

11



Proof: We consider some 0 < ¢ < n, and we denote by X; := h*(k™) the closure of

the image of h®. It is an irreducible variety. We also denote by ¢; = h\m the

restriction (of domain and target) of h to X;. As g; : X; — X, is still nilpotent, it
cannot be dominant, if dim(X;) > 0. Hence, X;4+1 must be a closed irreducible variety
strictly contained in X;. Hence, if dim(X;41) # 0, we must have dim(X;41) < dim(Xj;).
As dim(Xp) = dim(k™) = n, we must have dim(X;) < n — ¢ Hence, we must have
dim(h™(k™)) = 0, hence h™ = 0, as h fixes the origin. ||

Lemma 3.16. Let f € End(k™). For each | € Rxq, the set {[w] € V | viq ) (f) <[} is
a convex polytope in V.

Proof: We write P = {[w] € V | viq,1)(f) < 1}. Then

P= m {[w] | deg, (fi) < lw;}

1<i<n

By construction, deg,,(f;) = deg,,(m) for (at least) one monomial m involved in f;. Then
the subset {deg,(fi) < lw;} is given by linear constraints, as much as there are such
dominant monomials. Hence P is the intersection of finitely many closed semi-spaces,
with frontier hyperplanes, hence a convex polygon. |

In particular, the minimality locus is a convex polytope. Its dimension may be
smaller than n — 1: as an example when n = 3, it may be a point or a segment.

4 Minimality locus in the union of apartments over k2

We recall the Theorem of Jung for the structure of automorphisms of k?:

Theorem 4.1 ([Jung42|).
Aut(k?) = Tame(k?) = E x A

Where A denotes the group of affine automorphisms and E x A the amalgamated
product of elementary automorphisms and affine automorphisms along their intersec-
tion ENA.

Let e = (ax1+ P(x2),bxa+c¢) € E and the non-trivial permutation p = (z2,21) € Sa.
The composition h := ep = (ax2 + P(x1),bx1 + ¢) is said of Hénon type.

Corollary 4.2. Let f € Tame(k?), not affine nor elementary. Up to affine conjugation,
there exists r € N and Hénon automorphisms h;, fori =1,...,r such that f = hy...h,.

Having f = hy ... h,, we consider this set of tame valuations:
Ehi-hr _._UEf—l U"'UEh,Tlhfll UEh:1 UEigUE,, UEp 1, U...UEfUthl U...

It is the framework of Definition 1.9. This section is dedicated to prove the following:

Theorem 4.3. Let f € Tame(k?), such that f = hy ...h, for h; Hénon automorphisms.
Then the minimality locus M of v(f) for v € EM is connected, homeomorphic to R.

We first compute the degree over Eiq for any product for Hénon automorphisms.
Lemma 4.4. Let f = hy ... h, with h; = (a;22 + P;(x1),b;z1 + ¢;) and d; = deg(P;).

Over Eiq, the only monomials that matter for the computation of the degree are

dydy
(xffl"'dr + oyt l,xib'”dr) C f. In other words,

di .y d,
Vid,[wl:wg](f) = Vid,[wl:wg](-r(lilde + ‘Tgl 1ax(112 ¢ )7 V[Wl : WZ] e V.
In particular, if (w1 : wa] = [w: 1]:

dy...dy_
Vid fwrr](P1 - he) = max{%,dl cidyydy . dyw)

12



Proof: Ifr =1, we have f = h1. We have, for any w > 0, (P1)., = x‘fi and deg,, (P1) = diw.
Hence: 1
Vid, [w:1] (hl) = Vid,[w:l](l’Q + zfl,:m) = max{a, dl,w},
as required.

We suppose that the result holds up to » — 1 Hénon automorphisms. Hence we
only consider (z{"¥ =1 4 g4t ¥r=2 g% %=1y« b h._y. We also only have to
consider (z2 +xcllT ,x1) C hy, as those are sums of dominant monomials, by the induction
hypothesis. We compute:

(a:fl"'dr” +xgl...d,.,zyleiz...d,.,l) o (z2 —|—x'1ir,a:1)

¢1ir)d1md dy

:(($2+$ 1 +I(f14.4dr—27(x2+x1 )dgmdr,l) (*)

We note, as the various monomials appear only once, there is no cancellation in this
composition. Having set all nonzero coefficients as equal to 1 does not change the value
of the degree, so

di...dr—1
Vid, [w:1] (h1 e hr) = Vid,[w:l](*) = rf}l;i%({iw - ,dl ‘e dT, wds . .. dT}
. dy..dp_1 di...dp _da...dr
and these correspond to the maximum component of (z, + ] , ] ). |

Corollary 4.5. Let f =hy...hy, w >0 and v = viq .- Then

1
f s v-algebraically stable < R <w<d
In that case, the degree, equal to deg(hq)...deg(h,), is minimal, equal to the dynamical
degree of f.

Proof: By Lemma 4.4, if i < w < dy, we have v(f) = d; ...d, and the maximal homo-
geneous component associated to it is fi..1) = (2419 0), which does not vanish after
iteration. Therefore by Lemma 3.14, f is vjq,[.)-algebraically stable for i <w < di,
and we have deg,, f = A(f). This also holds for i < w < di by continuity of the degree,
so f is Viq,[w:1)-algebraically stable if i < w < di1, as an application of Lemma 3.14.

Moreover, if w > di, we have f[,.1] = (0, ity

as (fiwa])® = (0,0) and by Lemma 3.14.
Similarly, if w < é, we have fi,.1] = (z42-% 0) and f is not algebraically stable
for the same reason. |

and f is not algebraically stable

The reason why the minimality locus is homeomorphic to R inside 71"+ is the
following:

Lemma 4.6. Borders of the intersection loci (Ep, NEiq), O(E; -1 NEiq) coincide with
change of dominating monomials for f = hy...h.. In addition f is v-algebraically
stable, with v € Eiq, if and only if v does not belong to the interior of En, NEiq, nor to
the interior of Ey—1 NEiq.

Proof: Given h a Hénon automorphism, we denote h = ep with e elementary and p
the nontrivial permutation. We denote by d its degree. To compute Ep N Eiq (and
E;,-1 NEiq), it suffices to compute Fix(e) N Eiq by Lemma 2.14. By Theorem 2.4, we

have:
Fix(e) N Eia = {Vid,[w1] € Eia |w > d}
Hence:
E,NEyq4 = {Vid,[u.;:l] € B |w>d}
And:

_ 1
E, 1 NEua=p "(ExNEw) = {Vid,jw1] € Bia | w < E}

But we see by Lemma 4.4, that if 7~ < w < di then (z81 0) is dominating alge-
braically stable, and if w > d; then (0, mfl”'d’ul) is dominating non-algebraically stable.
Hence, {iq,(4,:11} = O(En, N Eiq) corresponds to a change of dominating monomial.

We also have that if w < i then (3052”"1’"7 0) is dominating non-algebraically sta-
ble. Hence {t4q,[1:4,]} = 9(E, -1 N Eiq) also corresponds to a change of dominating
monomials. |
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As we have denoted by M the minimality locus of v(f) among v € £M-hr as a
summary of the above we obtain:

Corollary 4.7. M N Eyq is a segment with vertices O(Ep, N Eia) = {t4q,[a,:1)} and
I(E), -+ NEia) = {Via (10,1}
Proof: By Corollary 4.5, the minimality locus in Eiq is equal to {viq,[u:1] | d% <w< di}

By Lemma 4.6, we see that it intersects En, N Eiq = {Vig,(w:1) € Eia | w > di} and
E,-1 NEid = {Vid,jw:1] € Bia | w < i} exactly at their border point. [ |

We now proceed with a proof of our Theore 4.3.
Proof of Theorem 4.3: For each apartment E, in £~ we have either
e n=f"hi...h;y m>0and 1 <i<r,or
en=f"ht.. hit, m<O0and 1<i<r.
Acting upon Eiq via 1, by Lemma 3.2, computing the degree of f on E, amounts to

computing the degree of 7! fn on Eiq. By Corollary 4.7, the minimal degree of ! fn
on Eiq4 is reached on the segment delimited by

e E;,, NEig and Eh;1 NEiq, if n = fMh1...hi, m > 0 (in which case nlfn =
hiyi...hehy ... hy),

* E;,NEqq and E, 1 N B, if n = fmht o k7t m <0 (in which case n7lfn =
Ri...hehy. .. hi_1).

Via the action of 7, we conclude that v(f) reaches its minimum for v € E,, if and only
in v belongs to the segment delimited by

® Eppyy NEpand E 1 NE,, if = f"hy... hi, m >0,

0
 Epp, NEjand B, 1+ NEy, if n= f"h7' ... h7t, m <0.
i—1

So M describes a segment in each apartment. Moreover, two consecutive segments
of this form meet at exactly one border point. So M is an infinite line over £M . N

The locus M is depicted in purple in Figure 1 below.

Yid,[dq:1] = Yhq,[1:dq]
°

Vhioohp_1,[lidp_1]

Yhy,[dg:1] Ehlh

r—1

E; Y [Ledr]

Figure 1: Minimality locus M for Ay ... h,

5 The minimality locus in the union of all apartments
over k3

In this section, we focus on the case n = 3 and we study the minimality locus of v(f)
on all v € £ for f a tame automorphism of k?® of type f = ep with e elementary and
p a permutation.

We being by a remark on £°P.
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Remark 5.1. As we can write e = (x1 + Py (22, x3), T2, x3), we have

f=(pr0) + P(@p-1(2), Tp-1(3)), Tp-1(2)5 Tp-1(3))-

We remark that there is no expression of f as p’e’ with ¢’ an elementary automorphism
and p’ a permutation, unless p’ = (x1, 2, x3) — otherwise the polynomial P would not
appear in the first component of f. But then p’e’ = e”p’ for some other elementary e”.
Hence we will only consider an expression f = ep. We have:

Er = ) Epm.

meZ
Indeed, E. = E¢, Ef. = E2, and so on.

Theorem 5.2. Assume that f = ep is an elementary-permutation automorphism with
M) ¢ N and that the dynamical degree A(f) is reached on Eiq, i.e. there exists a
monomial valuation viq () € Eia for which f is algebraically stable.

Then the minimality locus

M={ve&?|v(f)=A[)}

is homeomorphic to R.

5.1 Step-by-step proof of the theorem

We assume that the dynamical degree of f is not an integer and that it is met in Eiq.
In particular, as A(f) # 1, we have deg(P) > 2 with deg the standard degree.

Lemma 5.3. Let f = ep, with e = (x1 + P(z2,23),22,23) and p a permutation.

We assume that its dynamical degree is not an integer and that it equal to v(f) for
v € M. Then p is of order 3. Moreover we may assume f = ep with p = (123) =
(z3,21,%2), in other words:

[ =ep= (21 + P(x2,3),v2,23) (23,71, 72) = (3 + P(x1,22),21,22)

The condition v(f) = A(f) for v € M is equivalent to the existence of a monomial
valuation viq [, € Eiq such that f is vjq |,j-algebraically stable. In Section 6, we give
examples of f = ep that do not satisfy this condition, where p has order 2, A(f) is met
on the boundary of E;q and M = &.

Proof of Lemma 5.5: One can first remark that the two order 3 permutations are con-
jugated to by o = (z1, z3, z2), which has x1 as its invariant coordinate. The conjugate
of e by the two-cycle o = (z1, z3,z2) is an elementary e and

1 -1 -1
ep=oceoc opo =€ (opo ).

Hence, we can assume that p = (z3, 1, x2) is the permutation involved in the expression
of f. Now we prove by contradiction that p has order 3:

If p is of order at most 2, we will see that the dynamical degree of ep is an integer.
If p = id, then f is elementary and A(f) = 1.

If p= (23) = (x1,23,22), then we see that (ep)? is an elementary, hence, by the
fact that A(f2) = A\(f)?, the dynamical degree of f is the square root of that (ep)?, i.e.
equal to 1.

If p = (12) = (x2,x1,23) — the case p = (13) = (x3,x2,21) being conjugated by
(23) — we have ep = (x2 + P(z1,23),21,23). Given [w] for which f is algebraically
stable, we have (P,(x1,3),0,0) C fl,), otherwise we would have fi,) C (z2,21,23);
as (z2,z1,x3) is an involution, this would mean A(f) = 1. Moreover, P, (z1,x3) is
divisible by 3, or else there would be a monomial z¢ in P, and we would have A(f) =
Vid () (1,0,0) = d € N. So (P, (z1,23),0,0) is nilpotent, hence (P.(z1,23),0,0) # fi]-
We cannot have (P, (x1,23),0,23) C fl.], since v44,)(0,0,23) = 1. Furthermore, we
cannot have (z2 + P, (x1,x3),0,0) = fi,], as the left member is nilpotent. For the same
reason, (P, (x1,x3),21,0) # flu]. S0 flu] = (x2 + Pu(21,23),21,0), meaning

w2 w1

;1 = Vid,[w] (I27070) = )\(f) = Vid,[w](07ml70) = ;2

leading to A(f) = 1, a contradiction.
The conclusion follows that p has order 3, as required. |
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Lemma 5.4. Let f = ep an elementary-permutation automorphism satisfying the same
assumptions as in Lemma 5.3.

f=(x3+ P(z1,22), 21, 2).

Then we have deg(P) > 2 for the standard degree, and for any [w] such that f is w-
algebraically stable:

(Po(z1,72),21,0) C fly
Moreover P,,(x1,x2) is divisible by xo.

Proof: The fact that (P, (x1,2),21,0) C fi,) can be proven in a similar way as in the
proof of Lemma 5.3: if [w] is a weight for which f is algebraically stable, we have
(Po(z1,23),0,0) C flu], otherwise we would have fi.; C (@2, 1, x3), which has dynam-
ical degree 1. P, (z1,x2) is divisible by 2, or else there would be a monomial zil in P,
and we would have A(f) = viq,) (2%, 0,0) = d € N. We have (P, (z1,22),21,0) C flu],
since (z3 + Po(x1,22),0,z2) is nilpotent. |

Next, we identify the minimality locus in Eiq:

Lemma 5.5. Let f = ep with e = (x1+ P(x2,x3), 22, 23) and p = (x3, 1, x2) satisfying
the same assumptions as in Lemma 5.3.

Then the minimality locus of v(f) among monomial valuations v is a segment on
the line wy = Aws where A = A(f) is the dynamical degree. Its vertices are intersection
points with wy = Aws, i.e. [A2: A :1] and w3 = dwy, ie. [A:1: A%

Proof: We have f = (z3 + P(x1,22),%1,%2).
We compute the degree of f, for a weight [w] = [w1 : w2 : ws]:
l/id,[w](f) = max {ﬂ, —degw(P(xl,xg)) “ ﬂ}

w1 w1 "we ws

Finding vjq,[.) for which f is algebraically stable requires finding [w] such that (P(z1,z2),z1,0)
is dominating, in other words (Py,)(z1,22),21,0) C fi.], by Lemma 5.4.
So a necessary condition is

deg, (Po (71, 22)) = () = A

w1 w2

Moreover, we have i—; > :—?, or else the component (P, (z1,z2),z1,0) would be domi-
nated by (x3,0,0). As w1 = Aw2, this yields ws < Aw1 = A2ws. We also have i—; > :—i
As w1 = Awa, this yields w3 > %wz. Note that the interval [%wz, )\2w2] is nonempty, as
A>1and wy > 0.

Conversely, for such a weight [w], if ws €] %wg, A2ws |, the maximal homogeneous part
fro) 18 (P (1, 22),21,0).

For any non-zero polynomial @, for ¢ = (Q(z1,22),x1) we have ¢g> # 0, as the
second coordinate of g* is Q(z1,z2). Hence, by Lemma 3.15, fj,) never vanishes after
iterations — otherwise, its nilpotent degree would be at most 2.

By Lemma 3.14, we have algebraic stability, and for such a weight [w], viq 1) (f) is
equal to the dynamical degree, hence the minimum of v(f) for v € Eiq.

As a conclusion, by continuity of v44,[,] With respect to [w], any weight in the segment
w1 = Awa and “—; <ws < Mws = Awi is in the minimality locus. ||

Lemma 5.6. Let f = ep with e = (1 + P(x2,3), x2,x3) and p = (x3, 21, 22) satisfying
the same assumptions as in Lemma 5.8. Then E; NEiq (respectively E;n E;iq) meets
the minimality locus, a segment, at one of its extremity points (respectively the other
extremity point).

Proof: For any elementary automorphism, confined valuations are fixed (Lemma 2.2). We
determine the set of monomial valuations fixed by e, that is, the set E; N Eiq: by
Theorem 2.4, the condition is w1 > deg,, P(x2,x3) for viq ).

Let vjq,[) be one of the extremity points of the minimality segment explained in

Lemma 5.5, such that

\ = deg, P(z1,22) _ w1 _ w2

w1 w2 w3 ’

16



In particular,
deg, P(x1,3) _ deg, P(x2,x3)
w1 w2 ’

We choose z52z3% a dominating monomial of P(z2,z3), such that deg, P(x2,z3) =

asws + asws. The conditions above yield i—; = % and A2 = as\ + as. Hence for
this valuation viq [, we have
P s g 112E + as,
w2 W3 w3
yielding w1 = asws + asws = deg,, P(z2,z3). We deduce that this valuation is a bound-
ary point of E;. Conversely, any point in the interior of Ey N Eiq satisfies

wi > deg,, Poa,z0) = b > 3B PI20s) _ deg, Pla,72)

b
w2 w2 w1

which is not in M by Lemma 5.5.
Now, we determine the set of monomial valuations in E;—1 NE;q; by Lemma 2.14 and
example 2.4, the condition for a weight to be in E,—1,-1 N Eiq is w3 > deg,, P(x1,2).
Consider the monomial valuation v4q |, situated at the other extremity point of the
minimality segment, such that

) = deg, Pli,az) w1 ws

w1 w2 wi
This valuation satisfies w3 = deg,, P(z1,2), so it is on the boundary of E;—1. Con-
versely, any valuation in the interior of E;—1 N Eiq satisfies w3 > deg,, P(z1,x2), which

means
E > degw P(xhx?)

w1 w1
which is not in M by Lemma 5.5.

p:l:O] :(1._,:1:0] wl:,\w,_, [1:0:0]

[o:0:1]

Figure 2: Minimality locus M N Eyq for ep

Now we finish the proof of Theorem 5.2.
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Proof of Theorem 5.2: We know by Lemma 5.6 that M in Eiq describes a segment that
intersects E;—1 and Ey exactly at its extremity points. This fact holds on all apartments
Esm for m € Z. Indeed, we always have vym [,)(f) = via,jw](f), and M N Epm is the
image of M under the action of f™. Moreover Efm NEmt+1 = f™ - (Eja N Ey) for all
m € Z.

Moreover, we have Ef N Eiqq N E;—1 = & as in Figure 2. The two apartments E
and E;-1 do not meet outside of Eiq, or else £ would not be simpply connected, in
contradiction with [LP21]. More precisely Efm NEm+n = & unless n = 1.

The conclusion follows that M is a countable union of compact segment, with two
consecutive segments meeting at an extremity point, and any segment meeting only the
previous and the next one. So M ~ R. |

6 Examples and drawings.

6.1 Example of an elementary-permutation automorphism whose
dynamical degree is not reached in the E;q3 apartment

We consider f = ep with e = (z1 + 223, 72, 73) and p = (72,71, 73). We note that v(f)
for v € Ejq does not have a minimum, as illustrated below:

[0:1:0] [1:0:0]

p:0:1]

Level lines of v(f) in Eiq.

We note that the dynamical degree of f is an integer, equal to 2 and that it is reached
on the boundary of Eiq, not inside. However, it is not in the framework of this paper to
consider weights with zero components. The reader can refer to [BvS22, Section 2| on
this matter.

Note that here p is a permutation of order 2. For f = ep with p a permutation of
order 3, we expect that the dynamical degree is reached in the apartment of monomial
valuations.

6.2 Example of a triangular-permutation automorphism with a
minimality locus of dimension 2.

We consider f = tp with t = (z1 + x9z3 + 23, 22 + 73, 23) and p = (23,72, z1). Then the
minimality locus in E;q has dimension two, as illustrated below:
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[0:0:1]

Level lines of v(f) in Eiq.

The quadrilateral depicted at the center is M N E;jq. In this case, the dynamical degree
is reached and is an integer.

6.3 Example of a triangular-permutation automorphism with
minimality locus homeomorphic to R

We make a remark on the case where f is of triangular-permutation type, f = tp:

Remark 6.1. If t = (x1 + Pi(x2, x3), x2 + Pa(x3), x3) is triangular non-elementary, then
we can write ¢ = ege; = €169, where es = (z1,22 + Pa(xs3),23) = €2, €1 = (x1 +
Pi(z2,73), 22, 73), and &1 = (21 + Pi(z2 — Po(22), 3), T2, 3).

Lemma 6.2. Ift € T\ E, then t = ese; = €182 as in Remark 5.1(6.1), and those are
the only expressions of t with at most two elementary letters (that is, two elementary
automprphisms, each having two invariant coordinates).

Proof: Astis not elementary, one cannot write ¢ with one letter. If t = ee’ then, as the
third coordinate of ¢ is invariant both e and e’ have their third coordinate invariant.
Moreover, both cannot have the two same invariant coordinates, otherwise the result
would be elementary.

There are two cases left, where e and e’ are uniquely determined by t. |

Then, for f = tp, where t € T \ E, we will consider degree over £°2¢1P and £%1°2P,

We give here an explicit example of f = tp, with ¢ = ese; a nonelementary triangular
automorphisms, for which M in £°2€1P is homeomorphic to R. However we will see that
the minimality locus M does not meet Ey and E¢-1.

For p = (z3,x2,21) and t = (1 + x2x3, T2 + X3, 23), With ¢t = egeq;
ex = (w1, T2 + x3,73), €1 = (T1 + 2273, T2, 73),

the dynamical degree A(f) equals the golden ratio . This value is reached in Eijq —
meaning that there exists a weight for which f is algebraically stable. On the apartment
Eiq, we draw in red some level lines of the degree v(f), and in grey and red the respective
intersections E., N Ejq and Ep,lefl N Eiq:
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[:1:0] [1:0:0]

:0:1]

Level lines of v(f) in Ejq and the minimality locus.

Notice that the minimality locus in Eiq, which is here the segment delimited by the
two nodes, meets the previous and the next apartment of £°2€'P only at its extremity
points. Now we depict the minimality locus M in the next apartment E.,, also here a
segment:

p:0:1]

Level lines of v(f) in Ee, and the minimality locus.

This segment also meets the next apartment E; and the previous one E;q only at its
extremity points. This fact holds on all the apartments involved in £¢2¢'P; the minimal-
ity locus M is a countable union of compact segments, with two consecutive segments
meeting at an extremity. So it is homeomorphic to R, as in Theorem 5.2.

Furthermore, we also have t = €,€; with
€y = e, €1 = (w1 + (w2 — x3)x3, T2, T3)

and we may also look at the minimality locus in £%2°2P. On the apartments E;q and
E;,, this gives:
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p:1:0] [1:0:0]

p:0:1]
Level lines of v(f) in Eiq

p:1:0] [1:0:0]

Level lines of v(f) in Eg,

Notice that the dynamical degree of f is not reached on E¢,, as

min{v(f) |v € Eq} =2 # ¢ = A(f),

and that the segment delimited by the two nodes M N E;jq does not meet Eg,. Hence
M in £41¢2P ig disconnected.
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