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Abstract. We explain the proof of the following result due to Perelman:
on a Kähler-Einstein Fano manifold X with no holomorphic vector field, the
normalized Kähler-Ricci flow starting from an arbitrary Kähler form in c1(X)
converges towards the unique Kähler-Einstein metric.
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Introduction

Let X be a Fano manifold, i.e. a compact (connected) complex projective al-
gebraic manifold whose first Chern class c1(X) is positive, i.e. can be represented
by a Kähler form. It has been an open question for decades to understand when
such a manifold admits a Kähler-Einstein metric, i.e. if we can find a Kähler
form ωKE ∈ c1(X) such that

Ric(ωKE) = ωKE .

By comparison with the cases when c1(X) < 0 (or c1(X) = 0) treated in Song-
Weinkove lecture notes [SW], there is neither existence nor uniqueness in general
of Kähler-Einstein metrics in the Fano case.

After the spectacular progress in Ricci flow techniques, it has become a natu-
ral question to wonder whether the Ricci flow could help in understanding this
problem. The goal of this series of lectures is to sketch the proof of an important
result in this direction, which is due to Perelman:

Theorem. [Perelman, seminar talk at MIT, 2003]
Let X be a Fano manifold which admits a unique Kähler-Einstein metric ωKE.

Fix ω0 ∈ c1(X) an arbitrary Kähler form. Then the normalized Kähler-Ricci flow

∂ωt
∂t

= −Ric(ωt) + ωt

converges, as t→ +∞, in the C∞-sense to ωKE.

In other words, the normalized Kähler-Ricci flow detects the (unique) Kähler-
Einstein metric if it exists.

This result has been generalized by Tian and Zhu [TZ07] to the case of Kähler-
Ricci soliton. Other generalizations by Phong and his collaborators can be found
in [PS10]. We follow here a slightly different path, using pluripotential techniques
to establish a uniform C0-a priori estimate along the flow.

All proofs rely on deep estimates due to Perelman. These are explained in
Cao’s lectures [Cao], to which we refer the reader.

Nota Bene. These notes are written after the lectures the author delivered
at the third ANR-MACK meeting (24-27 october 2011, Marrakech, Morocco).
There is no claim of originality. As the audience consisted of non specialists, we
have tried to make these lecture notes accessible with only few prerequisites.

Acknowledgements. It is a pleasure to thank D.H.Phong for patiently explain-
ing several aspects of the proof of this result.

1. Background

1.1. The Kähler-Einstein equation on Fano manifolds. Let X be an n-
dimensional Fano manifold and fix ω ∈ c1(X) an arbitrary Kähler form. If we
write locally

ω =
∑

ωαβ
i

π
dzα ∧ dzβ,
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then the Ricci form of ω is

Ric(ω) := −
∑ ∂2 log (detωpq)

∂zα∂zβ

i

π
dzα ∧ dzβ.

Observe that Ric(ω) is a closed (1, 1)-form on X such that for any other Kähler
form ω′ on X, the following holds globally:

Ric(ω′) = Ric(ω) − ddc
[
logω′n/ωn

]
.

Here d = ∂ + ∂ and dc = (∂ − ∂)/2iπ are both real operators.
In particular Ric(ω′) and Ric(ω) represents the same cohomology class, which

turns out to be c1(X).

The associated complex Monge-Ampère equation. Since we have picked ω ∈ c1(X),
it follows from the ddc-lemma that

Ric(ω) = ω − ddch

for some smooth function h ∈ C∞(X,R) which is uniquely determined, up to an
additive constant. We normalize h by asking for∫

X
e−hωn = V :=

∫
X
ωn = c1(X)n.

We look for ωKE = ω + ddcφKE a Kähler form such that Ric(ωKE) = ωKE .
Since Ric(ωKE) = Ric(ω) − ddc log(ωnKE/ω

n), an easy computation shows that

ddc{log(ωnKE/ω
n) + φKE + h} = 0.

Since pluriharmonic functions are constant on X (by the maximum principle),
we infer
(MA) (ω + ddcφKE)n = e−φKEe−h+Cωn

for some normalizing constant C ∈ R. Solving Ric(ωKE) = ωKE is thus equivalent
to solving the above complex Monge-Ampère equation (MA).

Known results. When n = 1, X is the Riemann sphere CP1 and (a suitable
multiple of) the Fubini-Study Kähler form is a Kähler-Einstein metric.

When n = 2 it is not always possible to solve (MA). In this case X is a
DelPezzo surface, biholomorphic either to CP1 × CP1 or CP2 which both admit
the (product) Fubini-Study metric as a Kähler-Einstein metric, or else to Xr,
the blow up of CP2 at r points in general position, 1 ≤ r ≤ 8. Various authors
(notably Yau, Siu, Tian, Nadel) have studied the Kähler-Einstein problem on
DelPezzo surfaces in the eighties. The final and difficult step was done by Tian
who proved the following:

Theorem 1.1. [Tian90] The DelPezzo surface Xr admits a Kähler-Einstein met-
ric if and only if r ̸= 1, 2.

The interested reader will find an up-to-date proof of this result in [Tos12].
The situation becomes much more difficult and largely open in higher dimen-

sion. There is a finite but long list (105 families) of Fano threefolds1. It is

1The lecture at the workshop by S.Lamy was devoted to the classification of special weak-
Fano threefolds, see [BL11].
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unknown, for most of them, whether they admit or not a Kähler-Einstein met-
ric. Among them, the Mukai-Umemura manifold is particularly interesting: this
manifold admits a Kähler-Einstein metric as was shown by Donaldson [Don08],
and there are arbitrary small deformations of it which do (resp. do not) admit a
Kähler-Einstein metric as shown by Donaldson (resp. Tian)2.

There are even more families in dimension n ≥ 4. Those which are toric admit
a Kähler-Einstein metric if and only if the Futaki invariant vanishes (see [WZ04]),
the non-toric case is essentially open and has motivated an important conjecture
of Yau-Tian-Donaldson (see [PS10]).

Uniqueness issue. Bando and Mabuchi have shown in [BM87] that any two
Kähler-Einstein metrics on a Fano manifold can be connected by the holomorphic
flow of a holomorphic vector field. This result has been generalized recently by
Berndtsson [Bern11]. We shall make in the sequel the simplifying assumption
that X does not admit non-zero holomorphic vector field, so that it admits a
unique Kähler-Einstein metric, if any.

1.2. The analytic criterion of Tian. Given φ : X → R ∪ {−∞} an upper
semi-continuous function, we say that φ is ω-plurisubharmonic (ω-psh for short)
and write φ ∈ PSH(X,ω) if φ is locally given as the sum of a smooth and a
plurisubharmonic function, and ω + ddcφ ≥ 0 in the weak sense of currents. Set

E(φ) :=
1

(n+ 1)V

n∑
j=0

∫
X
φ(ω + ddcφ)j ∧ ωn−j .

We let the reader check, by using Stokes formula, that

d

dt
E(φ+ tv)|t=0 =

∫
X
vMA(φ), where MA(φ) := (ω + ddcφ)n/V.

The functional E is thus a primitive of the complex Monge-Ampère operator, in
particular φ 7→ E(φ) is non-decreasing since E′ = MA ≥ 0.

Definition 1.2. We set

F(φ) := E(φ) + log

[∫
X
e−φ−hωn

]
.

The reader will check that φ is a critical point of the functional F if and only if

MA(φ) =
e−φ−hωn∫
X e

−φ−hωn

so that ω + ddcφ is Kähler-Einstein. Observe that F(φ + C) = F(φ), for all
C ∈ R, thus F is actually a functional acting on the metrics ωφ := ω + ddcφ. It
is natural to try and extremize the functional F . This motivates the following:

Definition 1.3. We say that F is proper3 if F(φj) → −∞ whenever φj ∈
PSH(X,ω) ∩ C∞(X) is such that E(φj) → −∞ and

∫
X φjω

n = 0.

2This problem was addressed during the workshop in a series of lectures by A.Broustet and
S.DiVerio who followed [Tian97, Don08].

3The properness of F is related to the so-called Moser-Trudinger inequality which was the
subject of the lecture by Berndtsson at the workshop (see [BerBer11].
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The importance of this notion was made clear in a series of works by Ding and
Tian in the 90’s, culminating with the following deep result4 of [Tian97]:

Theorem 1.4 (Tian 97). Let X be a Fano manifold with no holomorphic vector
field. There exists a Kähler-Einstein metric if and only if F is proper.

1.3. The Kähler-Ricci flow approach. The Ricci flow is the parabolic evolu-
tion equation

(KRF )
∂ωt
∂t

= −Ric(ωt) with initial data ω0.

When ω0 is a Kähler form, so is ωt, t > 0 hence it is called the Kähler-Ricci flow.

Long time existence. The short time existence is guaranteed by standard para-
bolic theory (see C.Imbert’s lectures [Imbert]): in the Kähler context, this trans-
lates into a parabolic scalar equation as we explain below.

It is more convenient to analyze the long time existence by considering the
normalized Kähler-Ricci flow, namely

(NKRF )
∂ωt
∂t

= −Ric(ωt) + ωt.

One passes from (KRF) to (NKRF) by changing ω(t) in etω(1 − e−t). At the
level of cohomology classes,

d{ωt}
dt

= −c1(X) + {ωt} ∈ H1,1(X,R)

therefore {ωt} ≡ c1(X) is constant if we start from ω0 ∈ c1(X). This justifies the
name (normalized KRF) since in this case

volωt(X) = volω0(X) = c1(X)n

is constant. Note that the volume blows up exponentially fast if {ω0} > c1(X).

Theorem 1.5 (Cao 85). Let X be a Fano manifold and pick a Kähler form
ω0 ∈ c1(X). Then the normalized Kähler-Ricci flow exists for all times t > 0.

We will indicate the proof of this result, although it is already essentially
contained in the lecture notes by Song and Weinkove [SW].

The main issue is then whether (ωt) converges as t→ +∞. Hopefully ∂ωt/∂t→
0 and ωt → ωKE such that Ric(ωKE) = ωKE . We can now formulate Perelman’s
result as follows:

Theorem 1.6 (Perelman 03). Let X be a Fano manifold and pick an arbitrary
Kähler form ω0 ∈ c1(X). If F is proper, then the normalized Kähler-Ricci flow
(ωt) converges, as t→ +∞, towards the unique Kähler-Einstein metric ωKE.

Remark 1.7. It turns out that the properness assumption insures that there can
be no holomorphic vector field, hence the Kähler-Einstein metric (which exists
by Tian’s result) is unique (by Bando-Mabuchi’s result).

4The technically involved proof of this result was explained at the workshop by S.Boucksom
in a series of lectures, following [Tian97] and some refinements from [PSSW08].



6 VINCENT GUEDJ

The situation is much more delicate in the presence of holomorphic vector
fields. The convergence of the (NKRF) for instance is unclear on the projective
space CPn, n ≥ 2 (for n = 1, the problem is already non-trivial and was settled
by Hamilton [Ham86] and Chow [Chow91]).

Reduction to a scalar parabolic equation. Let ω = ω0 ∈ c1(X) denote the initial
data. Since ωt is cohomologous to ω, we can find φt ∈ PSH(X,ω) a smooth
function such that ωt = ω + ddcφt. The function φt is defined up to a time
dependent additive constant. Then

d{ωt}
dt

= ddcφ̇t = −Ric(ωt) + ω + ddcφt,

where φ̇t := ∂φt/∂t. Let h ∈ C∞(X,R) be the unique function such that

Ric(ω) = ω − ddch, normalized so that

∫
X
e−hωn = V.

We also consider ht ∈ C∞(X,R) the unique function such that

Ric(ωt) = ωt − ddcht, normalized so that

∫
X
e−htωnt = V.

It follows that Ric(ωt) = ω − ddch− ddc log (ωnt /ω
n), hence

ddc
{

log

(
ωnt
ωn

)
+ h+ φt − φ̇t

}
= 0,

therefore

(ω + ddcφt)
n = eφ̇t−φt−h+β(t)ωn,

for some normalizing constant β(t).
Observe also that ddcφ̇t = −Ric(ωt) + ωt = ddcht hence φ̇t(x) = ht(x) + α(t)

for some time dependent constant α(t). Our plan is to show the convergence of
the metrics ωt = ω+ ddcφt by studying the properties of the potentials φt, so we
should be very careful in the way we normalize the latter.

1.4. Plan of the proof.

Step 1: Choice of normalization. We will first explain two possible choices of
normalizing constants. Chen and Tian have proposed in [CT02] a normalization
which has been most commonly used up to now. We will emphasize an alternative
normalization, which is most likely the one used by Perelman5.

Step 2: Uniform C0-estimate. Once φt has been suitably normalized, we will use
the properness assumption to show that there exists C0 > 0 such that

|φt(x)| ≤ C0, for all (x, t) ∈ X × R+.

This C0-uniform estimate along the flow is the one that fails when there is no
Kähler-Einstein metric. It is considered by experts as the core of the proof. We
will indicate a less standard proof, using pluripotential techniques.

5In his seminar talk, Perelman apparently focused on his key estimates and did not say much
about the remaining details.
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Step 3: Uniform estimate for φ̇t. We will explain how to bound |φ̇t| uniformly
in finite time, i.e. on X × [0, T ]. To get a uniform bound for |φ̇t| on X ×R+, one
needs to invoke Perelman’s deep estimates: the latter will not be explained here,
but are sketched in Cao’s lectures [Cao].

Step 4: Uniform C2-estimate. We will then show that |∆ωφt| ≤ C2 independent
of (x, t) ∈ X×R+, by a clever use of the maximum principle for the Heat operator
∂
∂t − ∆ωt . This is a parabolic analogue of Yau’s celebrated Laplacian estimate.
The constant C2 depends on uniform bounds for φt and φ̇t, hence on Steps 2,3.

Step 5: Higher order estimate. At this stage one can either establish a parabolic
analogue of Calabi’s C3-estimates (global reasoning, see [PSS07]), or a complex
version of the parabolic Evans-Krylov theory (local arguments) to show that there
exists α > 0 and C2,α > 0 such that

∥φt∥C2,α(X×R+) ≤ C2,α,

where the Sobolev norm has to be taken with respect to the parabolic distance

d ((x, y), (t, s)) := max{D(x, y),
√

|t− s|}.
We won’t say a word about these estimates in these notes. The reader will find a
neat treatment of the C3-estimates in Song-Weinkove lecture notes [SW], and an
idea of the Evans-Krylov approach in the real setting in Imbert’s lecture notes
[Imbert] (see [Gill11, ShW11] for the complex case).

With these estimates in hands, one can try and estimate the derivatives of the
curvature as in [SW] or simply invoke the parabolic Schauder theory to conclude
(using a bootstrapping argument) that there exists Ck > 0 such that

∥φt∥Ck(X×R+) ≤ Ck.

Step 6: Convergence of the flow. At this point, we know that (φt) is relatively
compact in C∞ and it remains to show that it converges.

For the first normalization, an easy argument shows that φ̇t → 0. A differential
Harnack inequality (à la Li-Yau) allows then to show that the flow converges
exponentially fast towards a Kähler-Einstein potential, which is thus the unique
cluster point by Bando-Mabuchi’s result.

For Perelman’s normalization, one can conclude by using the variational char-
acterization of the Kähler-Einstein metric: it is the unique maximizer of F .

2. Normalization of potentials

Recall that ωt is a solution of the normalized Kähler-Ricci flow (NKRF),

(NKRF )
∂ωt
∂t

= −Ric(ωt) + ωt

with initial data ω = ω0 ∈ c1(X). We let φt ∈ PSH(X,ω) ∩ C∞(X) denote
a potential for ωt, ωt = ω + ddcφt which is uniquely determined up to a time
dependent additive constant. It satisfies the complex parabolic Monge-Ampère
flow

φ̇t :=
∂φt
∂t

= log (ωnt /ω
n) + φt + h− β(t)
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for some normalizing constant β(t) ∈ R.

2.1. First normalization. Observe that ddcφ0 = ω0 − ω = 0, hence φ0(x) ≡ c0
is a constant. The choice of c0 will turn out to be crucial.

It is somehow natural to adjust the normalization of φt so that β(t) ≡ 0. This
amounts to replace φt by φt +B(t), where B solves the ODE B′−B = −β. Now

φ̇t :=
∂φt
∂t

= log (ωnt /ω
n) + φt + h

with φ0(x) ≡ c′0 = c0 + B(0). Since we can choose B(0) arbitrarily without
affecting this complex Monge-Ampère flow (in other words the transformation
φt 7→ φt + B(0)et leaves the flow invariant), we can still choose the value of
c′0 ∈ R. This choice is now clearly crucial, since two different choices lead to a
difference in potentials which blows up exponentially in time.

The Mabuchi functional. Recall that the scalar curvature of a Kähler form ω is
the trace of the Ricci curvature,

Scal(ω) := n
Ric(ω) ∧ ωn−1

ωn
.

Its mean value is denoted by

Scal(ω) := V −1

∫
X

Scal(ω)ωn = n
c1(X) · {ω}n−1

{ω}n
.

The Mabuchi energy6 is defined by its derivative: if ωt = ω + ddcψt is any path
of Kähler forms within the cohomology class {ω}, then

dM(ψt)

dt
:= V −1

∫
X
ψ̇t

[
Scal(ωt) − Scal(ωt)

]
ωnt .

As we work here with ω ∈ c1(X), we obtain Scal(ωt) = n. Since

Ric(ωt) = ωt − ddcht,

we observe that

Scal(ωt) − Scal(ωt) = −∆ωtht := −ndd
cht ∧ ωn−1

t

ωnt
.

Recall now that ddcφ̇t = ddcht. Therefore along the normalized Kähler-Ricci
flow,

dM(φt)

dt
= − 1

V

∫
X
φ̇t∆ωt(φ̇t)ω

n
t = +

n

V

∫
X
dφ̇t ∧ dcφ̇t ∧ ωn−1

t ≥ 0.

We have thus proved the following important property:

Lemma 2.1. The Mabuchi energy is non-decreasing along the normalized Kähler-
Ricci flow. More precisely,

dM(φt)

dt
=
n

V

∫
X
dφ̇t ∧ dcφ̇t ∧ ωn−1

t ≥ 0.

6The Mabuchi energy is often denoted by K or ν in the literature; our sign convention is the
opposite of the traditional one, so we call it here M to avoid any confusion.
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We explain hereafter (see Proposition 2.5) that the Mabuchi functional is
bounded from above if and only if the F-functional introduced above is so. The
previous computation therefore yields∫ +∞

0
∥∇tφ̇t∥2L2(X)dt < +∞.

One chooses c0 so as to guarantee that

a(t) :=
1

V

∫
X
φ̇tω

n
t
t→+∞−→ 0.

This convergence will be necessary to show the convergence of the flow (see the
discussion before Lemma 1 in [PSS07]).

Lemma 2.2. The function a(t) converges to zero as t→ +∞ iff we choose

φ0(x) ≡ c0 :=

∫ +∞

0
∥∇tφ̇t∥2L2(X)e

−tdt− 1

V

∫
X
h0 ω

n.

Proof. Observe that

a′(t) =
1

V

∫
X
φ̈tω

n
t +

n

V

∫
X
φ̇tdd

cφ̇t ∧ ωn−1
t = a(t) − dM(φt)

dt
.

Indeed

φ̈t =
d

dt

{
log

(
ωnt
ωn

)
+ φt + h0

}
= φ̇t + ∆ωtφ̇t

hence
∫
X φ̈tω

n
t =

∫
X φ̇tω

n
t . We can integrate this ODE and obtain

a(t) =

[
a0 −

∫ t

0
k′(s)e−sds

]
et,

where k(s) := M(φs). Since k is non decreasing and bounded from above, the
function k′(s)e−s is integrable on R+ and a(t) → 0 as t→ +∞ if and only if

a(0) =

∫ +∞

0
k′(s)e−sds.

Now a(0) = V −1
∫
X φ̇0ω

n = c0 + V −1
∫
X h0ω

n. The result follows. �

Conclusion. The first normalization amounts to considering the parabolic flow of
potentials

φ̇t :=
∂φt
∂t

= log (ωnt /ω
n) + φt + h0

with constant initial potential

φ0(x) ≡ c0 :=

∫ +∞

0
∥∇tφ̇t∥2L2(X)e

−tdt− 1

V

∫
X
h0 ω

n.

This choice of initial potential being possible only when the Mabuchi functional
M is bounded from above, which is the case under our assumptions.
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2.2. Perelman’s normalization ? There is another choice of normalization
which is perhaps more natural from a variational point of view. Namely we
choose

β(t) = log

[
1

V

∫
X
e−φt−h0ωn

]
so that

φ̇t = log

[
MA(φt)

µt

]
,

where MA(φt) = (ω + ddcφt)
n/V and

µt :=
e−φt−h0ωn∫
X e

−φt−h0ωn

are both probability measures. This is the normalization used in [BBEGZ11].
Observe that changing further φt(x) in φt(x) +B(t) leaves both MA(φt) and

µt unchanged, but modifies φ̇t(x) into φ̇t(x) + B′(t). Thus we can only afford
replacing φt by φt − c0 so that φ0 ≡ 0.

The Ricci deviation. Recall that we have set Ric(ωt) = ωt − ddcht, with

1

V

∫
X
e−htωnt = 1.

We have observed that φ̇t(x) and ht(x) only differ by a constant (in space). Now

1

V

∫
X
e−φ̇tωnt =

∫
X
e−φ̇tMA(φt) = µt(X) = 1,

so that φ̇t ≡ ht with this choice of normalization. As we recall below, Perelman
has succeeded in getting uniform estimates on the Ricci deviations ht, these
estimates therefore apply immediately to the function φ̇t with our present choice
of normalization.

Monotonicity of the functionals along the flow. We have observed previously that
the Mabuchi functional is non-decreasing along the normalized Kähler-Ricci flow.
Since this functional acts on metrics (rather than on potentials), this property
is independent of the chosen normalization. The same holds true for the F
functional:

Lemma 2.3. The F functional is non-decreasing along the normalized Kähler-
Ricci flow. More precisely,

dF(φt)

dt
= HMA(φt)(µt) +Hµt(MA(φt)) ≥ 0.

Here Hµ(ν) denotes the relative entropy of the probability measure ν with
respect to the probability measure µ. It is defined by

Hµ(ν) =

∫
X

log

(
ν

µ

)
dν
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if ν is absolutely continuous with respect to µ, and Hµ(ν) = +∞ otherwise. It
follows from the concavity of the logarithm that

Hµ(ν) = −
∫
X

log
(µ
ν

)
dν ≥ − log (µ(X)) = 0,

with strict inequality unless ν = µ.

Proof. Recall that F(φ) = E(φ) + log
[∫
X e

−φ−h0 ωn
]
, where E is a primitive of

the complex Monge-Ampère operator. We thus obtain along the NKRF,

dE(φt)

dt
=

∫
X
φ̇tMA(φt) =

∫
X

log

(
MA(φt)

µt

)
MA(φt) = Hµt(MA(φt)),

while
d log

[∫
X e

−φt−h0 ωn
]

dt
= −

∫
X
φ̇tdµt = HMA(φt)(µt).

This proves the lemma. �

Recall that in the first normalization, the initial constant c0 has been chosen
so that

a(t) :=
1

V

∫
X
φ̇tω

n
t =

∫
X
φ̇tMA(φt)

converges to zero as t→ +∞. We relate this quantity to the above functionals:

Lemma 2.4. Along the normalized Kähler-Ricci flow, one has

1

V

∫
X
φ̇tω

n
t =

1

V

∫
X
h0 ω

n + F(φt) −M(φt).

Observe that the right hand side only depends on ωt, while the left hand side
depends on the choice of normalization for φt. It is understood here that this
identity holds under the Perelman normalization.

Proof. Recall that

φ̇t = log(ωnt /ω
n) + φt + h0 + β(t), with β(t) = log

[
1

V

∫
X
e−φt−h0ωn

]
.

We let a(t) =
∫
X φ̇tMA(φt) denote the left hand side and compute

a′(t) =

∫
X
φ̈tMA(φt) −

dM(φt)

dt
,

where

φ̈t = ∆ωtφ̇t + φ̇t + β′(t).

Therefore

a′(t) = a(t) + β′(t) − dM(φt)

dt
=

d

dt
{F(φt) −M(φt)} ,

noting that a(t) = dE(φt)
dt .

The conclusion follows since a(0) = V −1
∫
X h0 ω

n while F(0) = M(0) = 0. �
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Mabuchi vs F . We now show that the Mabuchi energy and the F functional
are bounded from above simultaneously. This seems to have been noticed only
recently (see [Li08, CLW09]).

Proposition 2.5. Let X be a Fano manifold. The Mabuchi functional M is
bounded from above if and only if the F functional is so. If such is the case, then

supM = supF +

∫
X
h0
ωn

V
.

Proof. We have noticed in previous lemma, using Perelman’ normalization, that

M(φt) +
1

V

∫
X
φ̇tω

n
t = F(φt) +

1

V

∫
X
h0 ω

n.

It follows from Perelman’s estimates that φ̇t is uniformly bounded along the flow.
Thus M(φt) is bounded if and only if F(φt) is so. We assume such is the case.

The error term a(t) = 1
V

∫
X φ̇tω

n
t is non-negative, with

0 ≤ a(t) =
dE(φt)

dt
.

Since F(φt) = E(φt) + β(t) is bounded from above and t 7→ β(t) is increasing,

the energies t 7→ E(φt) are bounded from above as well. Thus
∫ +∞

a(t)dt < +∞,
hence there exists tj → +∞ such that a(tj) → 0. We infer

sup
t>0

M(φt) = sup
t>0

F(φt) +

∫
X
h0
ωn

V
.

�

Conclusion. The Perelman normalization amounts to consider the parabolic flow
of potentials

φ̇t := log (ωnt /ω
n) + φt + h0 + log

[
1

V

∫
X
e−φt−h0ωn

]
,

with initial potential φ0 ≡ 0. Our plan is to show that when F is proper and
H0(X,TX) = 0, then φ̃t := φt−V −1

∫
X φtω

n converges, in the C∞-sense, towards
the unique function φKE such that

MA(φKE) =
e−φKE−hωn∫
X e

−φKE−hωn

and
∫
X φKEω

n = 0. This will imply that ωt smoothly converges towards the
unique Kähler-Einstein metric ωKE = ω + ddcφKE .

2.3. Perelman’s estimates. We first explain how a uniform control on |φt(x)|
in finite time easily yields a uniform control in finite time on |φ̇t(x)|:

Proposition 2.6. Assume φt ∈ PSH(X,ω) ∩ C∞(X) satisfies

φ̇t = log

(
(ω + ddcφt)

n

ωn

)
+ φt + h0 + β(t),
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with φ0 = 0, β(t) = log
[
1
V

∫
X e

−φt−h0ωn
]
. Then ∀(x, t) ∈ X × [0, T ],

e2T inf
X
h0 ≤ φ̇t(x) ≤ OscX(φt) + (n + 1)T + sup

X
h0.

Proof. Consider

H(x, t) := φ̇t(x) − φt(x) − (n+ 1)t− β(t),

and let (x0, t0) ∈ X × [0, T ] be a point at which H realizes its maximum.
Set ∆t := ∆ωt . Observe that φ̈t = φ̇t + ∆tφ̇t + β′(t) and estimate(

∂

∂t
− ∆t

)
H = ∆tφt − (n+ 1) ≤ −1,

where the latter inequality comes from the identity

∆tφt = n− n
ω ∧ ωn−1

t

ωnt
≤ n.

We infer that t0 = 0, hence for all (x, t) ∈ X × [0, T ],

H(x, t) ≤ H(x0, 0) = h0(x0) ≤ sup
X
h0,

thus

φ̇t(x) ≤ [sup
X
φt + β(t)] + (n+ 1)T + sup

X
h0.

The desired upper-bound follows by observing that β(t) ≤ − infX φt.
We use a similar reasoning to obtain the lower-bound, using the minimum

principle for the Heat operator ∂
∂t−∆t, instead of the maximum principle. Indeed

observe that (
∂

∂t
− ∆t

)
(φ̇t) = φ̇t + β′(t) ≥ φ̇t,

hence (
∂

∂t
− ∆t

)
(e−2tφ̇t) ≥ −e−2tφ̇t.

Let (x, 0, t0) ∈ X × [0, T ] be a point where e−2tφ̇t(x) realizes its minimum. If
t0 > 0, then

0 ≥
(
∂

∂t
− ∆t

)
(e−2tφ̇t)|(x0,t0) ≥ −e−2t0φ̇t0(x0)

hence φ̇t(x) ≥ 0 for all (x, t). If t0 = 0, then

e−2tφ̇t(x) ≥ φ̇0(x0) = inf
X
h0 + β(0) = inf

X
h0.

The desired lower-bound follows, as infX h0 ≤ 0 since
∫
X e

−h0ωn = V . �

We let the reader check that similar bounds can be obtained for the first
normalization. These bounds are sufficient to prove Cao’s result [Cao85] (the
normalized Kähler-Ricci flow exists in infinite time), however they blow up as
t→ +∞ hence are too weak to study the convergence of the NKRF.

By using the monotonicity of his W-functional, together with a non-collapsing
argument, Perelman was able to prove the following deep estimate:
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Theorem 2.7. There exists C1 > 0 such that for all (x, t) ∈ X × R+,

|φ̇t(x)| ≤ C1.

We refer the reader to [SeT08] for a detailed proof. A sketchy proof is also
provided in the Appendix of [TZ07], and more information can be found in [Cao].

3. C0-estimate

The main purpose of this section is to explain how to derive a uniform estimate
on |φt(x)|. We first show that this is an elementary task in finite time, and
then use the properness assumption and pluripotential tools to derive a uniform
estimate on X ×R+. The latter estimate can not hold on Fano manifolds which
do not admit a Kähler-Einstein metric.

3.1. Control in finite time.

Proposition 3.1. Assume φt ∈ PSH(X,ω) ∩ C∞(X) satisfies

φ̇t = log

(
(ω + ddcφt)

n

ωn

)
+ φt + h0 + β(t),

with φ0 = 0, β(t) = log
[
1
V

∫
X e

−φt−h0ωn
]
. Then ∀(x, t) ∈ X × [0, T ],

e2T inf
X
h0 ≤ φt(x) ≤ e4TOscX(h0).

Proof. Let (x0, t0) ∈ X×[0, T ] be a point at which the function (x, t) 7→ F (x, t) =
e−2tφt(x) realizes its maximum. If t0 = 0, we obtain

e−2tφt(x) ≤ φ0(x0) = 0, hence φt(x) ≤ 0.

If t0 > 0, then at (x0, t0) we have ddcF = e−2t0ddcφt0(x0) ≤ 0 hence

φ̇t0(x0) ≤ φt0(x0) + sup
X
h0 + β(t0),

while

0 ≤ ∂F

∂t
= e−2t0 {φ̇t0(x0) − 2φt0(x0)} ≤ e−2t0

{
sup
X
h0 + β(t0) − φt0(x0)

}
.

The upper-bound follows by recalling that β is non-decreasing and

β(T ) ≤ − inf
X
φT ≤ e2T (− inf

X
h0),

assuming the lower-bound holds true.
The latter is proved along the same lines: looking at the point where F realizes

its minimum, we end up with a lower-bound

φt(x) ≥ e2T inf
X
h0 + β(0) = e2T inf

X
h0,

since β vanishes at the origin. �
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3.2. Uniform bound in infinite time.

Theorem 3.2. Let X be a Fano manifold such that the functional F is proper.
Let ωt := ω+ddcψt be the solution of the normalized Kähler-Ricci flow with initial
data ω ∈ c1(X), where ψt ∈ PSH(X,ω) is normalized so that

∫
X ψt ω

n = 0.
There exists C0 > 0 such that

∀(x, t) ∈ X × R+, |ψt(x)| ≤ C0.

Proof. Observe that ψt = φt −
∫
X φt ω

n, where φt satisfies

φ̇t = log

(
MA(φt)

µt

)
,

with

MA(φt) =
(ω + ddcφt)

n

V
and µt =

e−φt−h0ωn∫
X e

−φt−h0ωn
.

We have observed that the functional F is translation invariant and non-
decreasing along the NKRF. Since it is proper, we infer that the energies t 7→
E(ψt) are uniformly bounded below. Now

E(ψt) =
1

(n+ 1)V

n∑
j=0

∫
X
ψt(ω + ddcψt)

j ∧ ωn−j ≤ sup
X
ψt ≤ Cω,

since
∫
X ψtω

n = 0 (see [GZ05, Proposition 1.7]), thus the energies (E(ψt)) are
uniformly bounded along the flow. It follows that the functions ψt belong to

E1
C(X,ω) := {u ∈ PSH(X,ω) |u ≤ C and E(u) ≥ −C},

for C > 0 large enough. This is a compact set (for the L1-topology) of functions
which have zero Lelong numbers at all points (see below). It follows therefore
from Skoda’s uniform integrability theorem that there exists A > 0 such that

sup
t≥0

∫
X
e−2ψt−2h0ωn ≤ A.

Note that
∫
X e

−ψt−h0ωn ≥ V e− supX ψt ≥ δ0 > 0 and recall that φ̇t(x) ≤ C1 by
Perelman’s fundamental estimate to conclude that

MA(ψt) = eφ̇t
e−ψt−h0ωn∫
X e

−ψt−h0ωn
= ftω

n,

where the densities 0 ≤ ft are uniformly in L2(X), ∥ft∥L2(ωn) ≤ A′. It follows
therefore from Theorem 3.8 that ψt is uniformly bounded. �

Remark 3.3. The reader will find a rather different approach in [TZ07, PSS07,
PS10], using the first normalization, Moser iterative process and a uniform Sobolev
inequality along the flow. It takes some efforts to check that the two normaliza-
tions are uniformly comparable along the flow, give it a try !

3.3. Pluripotential tools. We explain here some of the pluripotential tools that
have been used in the above proof.
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3.3.1. Finite energy classes. Recall that X is an n-dimensional Fano manifold, ω
is a fixed Kähler form in c1(X), and V = c1(X)n =

∫
X ω

n. The energy E(ψ) of
a smooth ω-plurisubharmonic function,

E(ψ) :=
1

(n+ 1)V

n∑
j=0

∫
X
ψ(ω + ddcψ)j ∧ ωn−j ,

is non-decreasing in ψ. It can thus be extended to any φ ∈ PSH(X,ω) by setting

E(φ) := inf
ψ≥φ

E(ψ),

where the infimum runs over all smooth ω-psh functions ψ that lie above φ.

Definition 3.4. We set

E1(X,ω) := {φ ∈ PSH(X,ω) |E(φ) > −∞}.
and

E1
C(X,ω) := {φ ∈ E1(X,ω) |E(φ) ≥ −C and φ ≤ C}.

The following properties are established in [GZ07, BEGZ10]:

• the complex Monge-Ampère operator MA(·) is well defined on the class
E1(X,ω), since the Monge-Ampère measure of a function φ ∈ E1(X,ω)
is very well approximated (in the Borel sense) by the Monge-Ampère
measures MA(φj) of its canonical approximants φj := max(φ,−j);

• the maximum and comparison principles hold, namely if φ,ψ ∈ E1(X,ω),

1{φ>ψ}MA(max(φ,ψ)) = 1{φ>ψ}MA(φ)

and ∫
{φ<ψ}

MA(ψ) ≤
∫
{φ<ψ}

MA(φ).

• the functions with finite energy have zero Lelong number at all points,
as follows by observing that the class E1(X,ω) is stable under the max-
operation, while χ log dist(·, x) is ω-plurisubharmonic and does not belong
to E1(X,ω) for a suitable cut-off function χ;

• the sets E1
C(X,ω) are compact subsets of L1(X): this easily follows from

the upper semi-continuity property of the energy, together with the fact
that the set

{φ ∈ PSH(X,ω) | − C ′ ≤ sup
X
φ ≤ C}

is compact in L1(X).

Recall now the following uniform version of Skoda’s integrability theorem [Zer01]:

Theorem 3.5. Let B ⊂ PSH(X,ω) be a compact family of ω-psh functions, set

ν(B) := sup{ν(φ, x) |x ∈ X and φ ∈ B}.
For every A < 2/ν(B), there exists CA > 0 such that

∀φ ∈ B,
∫
X
e−Aφ ωn ≤ CA.
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It follows from this result that functions from E1
C(X,ω) satisfy such a uniform

integrability property with A > 0 as large as we like.

3.3.2. Capacities and volume. For a Borel set K ⊂ X, we consider

Mω(K) := sup
X
V ∗
K,ω ∈ [0,+∞], (3.1)

where

VK,ω := sup{φ ∈ PSH(X,ω) |φ ≤ 0 on K}.
One checks that Mω(K) = +∞ if and only if K is pluripolar. We also set

Cap(K) := sup

{∫
K
MA(u) | 0 ≤ u ≤ 1

}
.

This is the Monge-Ampère capacity. It vanishes on pluripolar sets.

Lemma 3.6. For every non-pluripolar compact subset K of X, we have

1 ≤ Cap(K)−1/n ≤ max(1,Mω(K)).

Proof. The left-hand inequality is trivial. In order to prove the right-hand in-
equality we consider two cases. If Mω(K) ≤ 1, then V ∗

K,ω is a candidate in the

definition of Cap(K). One checks that MA(V ∗
K,ω) is supported on K, thus

Cap(K) ≥
∫
K

MA(V ∗
K,ω) =

∫
X

MA(V ∗
K,ω) = 1

and the desired inequality holds in that case.
On the other hand if M := Mω(K) ≥ 1 we have 0 ≤ M−1V ∗

K,ω ≤ 1 and it
follows by definition of the capacity again that

Cap(K) ≥
∫
K

MA(M−1V ∗
K,ω).

Since MA(M−1V ∗
K,ω) ≥M−nMA(V ∗

K,ω) we deduce that∫
K

MA(M−1V ∗
K,ω) ≥M−n

∫
X

MA(V ∗
K,ω) = M−n

and the result follows. �
Proposition 3.7. Let µ = fdV be a positive measure with Lp density with respect
to Lebesgue measure, with p > 1. Then there exists C > 0 such that

µ(B) ≤ C · Cap(B)2

for all Borelian B ⊂ X, where C := (p− 1)−2nA∥f∥L1+ε(dV ), and A = A(ω, dV ).

Proof. It is enough to consider the case where B = K is compact. We can also
assume that K is non-pluripolar since µ(K) = 0 otherwise and the inequality is
then trivial. Set

ν(X) := sup
T,x

ν(T, x) (3.2)

the supremum ranging over all positive currents T ∈ c1(X) and all x ∈ X, and
ν(T, x) denoting the Lelong number of T at x. Since all Lelong numbers of
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ν(X)−1T are < 2 for each positive current T ∈ c1(X), Skoda’s uniform integra-
bility theorem yields Cω > 0 only depending on dV and ω such that∫

X
exp(−ν(X)−1ψ)dV ≤ Cω

for all ω-psh functions ψ normalized by supX ψ = 0. Applying this to ψ =
V ∗
K,ω −Mω(K) (which has the right normalization by (3.1)) we get∫

X
exp(−ν(X)−1V ∗

K,ω)dV ≤ Cω exp(−ν(X)−1Mω(K)).

On the other hand V ∗
K,ω ≤ 0 on K a.e. with respect to Lebesgue measure, hence

vol(K) ≤ Cω exp(−ν(X)−1Mω(K)). (3.3)

Now Hölder’s inequality yields

µ(K) ≤ ∥f∥Lp(dV ) vol(K)1/q, (3.4)

where q denotes the conjugate exponent. We may also assume that Mω(K) ≥ 1.
Otherwise Lemma 3.6 implies Cap(K) = 1, and the result is thus clear in that
case. By Lemma 3.6, (3.3) and (3.4) together we thus get

µ(K) ≤ C1/q
ω ∥f∥Lp(dV ) exp

(
− 1

qν(X)
Cap(K)−1/n

)
and the result follows since exp(−t−1/n) = O(t2) when t→ 0+. �

3.3.3. Kolodziej’s uniform a priori estimate. We are now ready to prove the fol-
lowing celebrated result of Kolodziej [Ko l98]:

Theorem 3.8. Let µ = MA(φ) = fdV be a probability Monge-Ampère measure
with density f ∈ Lp, p > 1. Then

OscXφ ≤ C

where C only depends on ω, dV, ||f ||Lp.

Proof. We can assume φ is normalized so that supX φ = 0. Consider

g(t) := (Cap{φ < −t})1/n .

Our goal is to show that g(M) = 0 for some M under control. Indeed we will
then have φ ≥ −M on X \ P for some Borel subset P such that Cap(P ) = 0. It
then follows from Proposition 3.7 (applied to the Lebesgue measure itself) that
P has Lebesgue measure zero hence φ ≥ −M will hold everywhere.

Since MA(φ) = µ it follows from Proposition 3.7 and Lemma 3.9 that

g(t+ δ) ≤ C1/n

δ
g(t)2 for all t > 0 and 0 < δ < 1.

We can thus apply Lemma 3.10 below which yields g(M) = 0 for M := t0+5C1/n.
Here t0 > 0 has to be chosen so that

g(t0) <
1

5C1/n
.
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Now Lemma 3.9 (with δ = 1) implies that

g(t)n ≤ µ{φ < −t+ 1} ≤ 1

t− 1

∫
X
|φ|fdV ≤ 1

t− 1
∥f∥Lp(dV )∥φ∥Lq(dV )

by Hölder’s inequality. Since φ belongs to the compact set of ω-psh functions
normalized by supX φ = 0, its Lq(dV )-norm is bounded by a constant C2 only
depending on ω, dV and p. It is thus enough to take

t0 > 1 + 5n−1C2C∥f∥Lp(dV ).

�
Lemma 3.9. Fix φ ∈ E1(X,ω). Then for all t > 0 and 0 < δ < 1 we have

Cap{φ < −t− δ} ≤ δ−n
∫
{φ<−t}

MA(φ).

Proof. Let ψ be a ω-psh function such that 0 ≤ ψ ≤ 1. We then have

{φ < −t− δ} ⊂ {φ < δψ − t− δ} ⊂ {φ < −t}.
Since δnMA(ψ) ≤ MA(δψ) and φ ∈ E1(X,ω) it follows from the comparison
principle that

δn
∫
{φ<−t−δ}

MA(ψ) ≤
∫
{φ<δψ−t−δ}

MA(δψ)

≤
∫
{φ<δψ−t−δ}

MA(φ) ≤
∫
{φ<−t}

MA(φ)

and the proof is complete. �
Lemma 3.10. Let g : R+ → [0, 1] be a decreasing function such that g(+∞) = 0
and

g(t+ δ) ≤ C1/n

δ
g(t)2 for all t > 0 and 0 < δ < 1.

Then g(t) = 0 for all t ≥ t0 + 5C1/n, where

t0 = inf{s > 0 | g(s) ≤ e−1C−1/n}.

Proof. Set f(t) = − log g(t) so that f : R+ → R+ is increasing with

f(t+ δ) ≥ 2f(t) − log
(
δ/C1/n

)
.

By induction we define an increasing sequence tj such that

tj+1 = tj + δj , with δj = eC1/n exp(−f(tj)) = eC1/ng(tj).

Observe that 0 < δ0 is smaller than 1 if we choose t0 as indicated. Since (tj) is
increasing and g is decreasing, this insures that δj is smaller than 1 for all j ∈ N.
We can thus use the growth estimate and obtain

f(tj+1) = f(tj + δj) ≥ f(tj) + 1.

Since f ≥ 0, we infer f(tj) ≥ j for all j. Now

t∞ := t0 +
∑
j≥0

(tj+1 − tj) ≤ t0 + C1/ne
∑
j≥0

exp(−j) ≤ t0 + 5C1/n.
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The proof is thus complete since f(t) ≥ f(t∞) = +∞ for all t ≥ t∞. �

4. Higher order estimates

4.1. Preliminaries. We shall need two auxiliary results.

Lemma 4.1. Let α, β be positive (1, 1)-forms. Then

n

(
αn

βn

) 1
n

≤ Trβ(α) ≤ n

(
αn

βn

)
· (Trα(β))n−1 .

Proof. At a given point x ∈ X, we can assume that the quadratic forms defined by
α(x), β(x) are co-reduced so that β(x) is the identity matrix while α(x) is diagonal
with entries λ1, . . . , λn. It follows then from the concavity of the logarithm that

1

n
log Πjλj =

1

n

∑
log λj ≤ log

(
1

n

∑
λj

)
,

which yields the first inequality. The second one follows by observing that

∑
j

λj ≤ (n− 1)
∑
j

λj ≤ (Πjλj)

∑
j

1

λj

n−1

,

when n ≥ 2. There is actually equality when n = 1. �

Applying these inequalities to α = ωt := ω + ddcφt and β = ω, we obtain:

Corollary 4.2. There exists C > 0 which only depends on ∥φ̇t||L∞ such that

1

C
≤ Trω(ωt) ≤ C[Trωt(ω)]n−1.

The second result we need is the following estimate which goes back to the
work of Aubin [Aub78] and Yau [Yau78]; in this form it is due to Siu [Siu87].

Lemma 4.3. Let ω, ω′ be arbitrary Kähler forms. Let −B ∈ R be a lower bound
on the holomorphic bisectional curvature of (X,ω). Then

∆ω′ log Trω(ω′) ≥ −Trω(Ric(ω′))

Trω(ω′)
−B Trω′(ω).

We include a proof for the reader’s convenience.

Proof. Since this is a local differential inequality, we can use a local system of
normal coordinates so that near the origin (which is the point to be considered),
ω =

∑
ωpq

√
−1dzp ∧ dzq with

ωpq = δpq −
∑
i,j

Rijpqzizj +O(∥z∥3).

Here Rijpq denotes the curvature tensor of ω and δpq stands for the Kronecker
symbol. We can also impose that

ω′
pq = λpδpq +O(∥z∥), with λ1 ≤ . . . ≤ λn.
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Observe that the inverse matrix (ωpq) = (ωpq)
−1 satisfies

ωpq = δpq +
∑
i,j

Rijpqzizj +O(∥z∥3).

We also recall that the curvature tensor of ω′ is given by

R′
ijpq =

∑
k

1

λk
∂iωpk∂jω

′
pq − ∂i∂jω

′
pq.

Set u := Trω(ω′) and observe that ddc log u = ddcu
u − du∧dcu

u2
, thus

∆ω′ log u =
∆ω′u

u
− Trω′(du ∧ dcu)

u2
.

Now ∆ω′u =
∑

ik λ
−1
i ∂i∂i(ω

kkω′
kk) and ∂i∂i(ω

kkω′
kk) = λkRiikk + ∂i∂iω

′
kk hence

∆ω′u =
∑
ik

λkλ
−1
i Riikk +

∑
i,k

λ−1
i ∂i∂iω

′
kk.

Our assumption on ω is Riikk ≥ −B. Therefore the first term above is bounded
below by

∑
ik λkλ

−1
i Riikk ≥ −B(

∑
i λ

−1
i )(

∑
k λk) ≥ −BTrω′(ω)Trω(ω′), thus∑

ik λkλ
−1
i Riikk
u

≥ −BTrω′(ω).

We now take care of the remaining terms. By definition of R′
ijpq,∑

i,k

λ−1
i ∂i∂iω

′
kk =

∑
i,k,p

λ−1
i λ−1

p |∂iω′
kp|2 −

∑
i,k

λ−1
i R′

iikk.

Note that
∑

i,k λ
−1
i R′

iikk = Trω(Ric(ω′)), while∑
i,k,p

λ−1
i λ−1

p |∂iω′
kp|2 ≥

∑
i,k

λ−1
i λ−1

k |∂iω′
kk|2

≥
∑

i,k,l λ
−1
i ∂iω

′
kk∂iω

′
ll∑

i λi
=
Trω′(du ∧ du)

u
,

where the last estimate follows from the Cauchy-Schwarz inequality. Altogether
we obtain

∆ω′u

u
≥ −Trω(Ric(ω′))

Trω(ω′)
−B Trω′(ω) +

Trω′(du ∧ dcu)

u2
,

which yields the claim. �

4.2. C2-estimate.

Theorem 4.4. Let X be a Fano manifold such that F is proper. Let ωt be the
solution of the normalized Kähler-Ricci flow with initial data ω ∈ c1(X). There
exists C2 > 0 such that for all (x, t) ∈ X × R+,

0 ≤ trω(ωt) ≤ C2.
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Proof. Set α(x, t) := log trω(ωt) − (B + 1)φt, were −B denotes a lower bound on
the holomorphic bisectional curvature of (X,ω) (as in Lemma 4.3). Fix T > 0
and let (x0, t0) ∈ X × [0, T ] be a point at which α realizes its maximum.

Either t0 = 0, in which case α(x, t) ≤ α(x0, 0) = log n yields

trω(ωt)(x) ≤ n exp([B + 1]φt(x)) ≤ C ′
2 = n exp([B + 1]C0),

since φt is uniformly bounded from above.
Or t0 > 0. In this case it follows from Lemma 4.5 that at point (x0, t0),

0 ≤
(
∂

∂t
− ∆t

)
α ≤ − trωt0

(ω)(x0) + κ

so that
trω(ωt)(x) ≤ C ′′

2 = κ exp(2[B + 1]C0).

The conclusion follows since both C ′
2 and C ′′

2 are independent of T . �
Lemma 4.5. Set α(x, t) := log trω(ωt)− (B+ 1)φt. There exists κ > 0 such that

∀(x, t) ∈ X × R+,

(
∂

∂t
− ∆t

)
α ≤ − trωt(ω) + κ.

Here −B denotes a lower bound on the holomorphic bisectional curvature of
(X,ω) (as in Lemma 4.3).

Proof. It follows from Perelman’s estimate that

∂α

∂t
=

∆ωφ̇t
trω(ωt)

− (B + 1)φ̇t ≤
∆ωφ̇t

trω(ωt)
+ C.

Now φ̇t = log(ωnt /ω
n) + φt + h0 + β(t) thus

∆ωφ̇t = ∆ω log

(
ωnt
ωn

)
+ trω(ωt) − n+ ∆ωh0

≤ ∆ω log

(
ωnt
ωn

)
+ trω(ωt) + C ′.

Since ddc log
(
ωn
t
ωn

)
= Ric(ω) − Ric(ωt), we infer

∆ωφ̇t ≤ − trω(Ric(ωt)) + trω(ωt) + C ′′,

hence
∂α

∂t
≤ −trω(Ric(ωt))

trω(ωt)
+

C ′′

trω(ωt)
+ C + 1.

We now estimate ∆ωtα = ∆tα from below. It follows from Lemma 4.3 that

∆tα = ∆t log trω(ωt) − (B + 1)[n− trωt(ω)]

≥ −trω(Ric(ωt))

trω(ωt)
+ trωt(ω) − n(B + 1).

Therefore (
∂

∂t
− ∆t

)
(α) ≤ − trωt(ω) +

C ′′

trω(ωt)
+ C ′′′.

The conclusion follows since trω(ωt) is uniformly bounded from below away from
zero, as we have observed in the preliminaries. �
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Remark 4.6. The reader can go through the above proof and realize that one can
obtain similarly a uniform upper bound for trω(ωt) on any finite interval of time,
without assuming the properness of the functional F .

4.3. Complex parabolic Evans-Krylov theory and Schauder estimates.
At this stage, it follows from local arguments that one can obtain higher order
uniform a priori estimates. We won’t dwell on these techniques here and rather
refer the reader to the lecture notes by C.Imbert [Imbert] for the real theory. The
latter can not be directly applied in the complex setting, but the technique can
be adapted as was done for instance in [Gill11].

5. Convergence of the flow

5.1. Asymptotic of the time-derivatives.

Proposition 5.1. The time-derivatives ψ̇t converge to zero in C∞(X).

Proof. Note that
∫
X ψt ω

n = 0 hence
∫
X ψ̇t ω

n = 0 in the Perelman normalization,
while for the first normalization, φt has been so normalized that∫

X
φ̇t ω

n
t
t→+∞−→ 0.

It therefore suffices to check that∫
X
dφ̇t ∧ dcφ̇t ∧ ωn−1

t −→ 0,

since ωt and ω are uniformly equivalent, by Theorem 4.4.
To check the latter convergence, we follow some arguments by Phong and

Sturm [PS06]. Set

Y (t) :=

∫
X
|∇tφ̇t|2ωnt = n

∫
X
dφ̇t ∧ dcφ̇t ∧ ωn−1

t .

Recall that the Mabuchi functional M is bounded from above and increasing
along the flow, with

dM(φt)

dt
= Y (t) ≥ 0, thus

∫ +∞

0
Y (t)dt < +∞.

We cannot of course immediately deduce that Y (t) → 0 as t → +∞, however
Phong-Sturm succeed, by using a Bochner-Kodaira type formula and a uniform
control of the curvatures along the flow, in showing that Y ′ ≤ CY for some
uniform positive constant C > 0.

The reader will easily check that this further estimate allows to conclude. We
refer to [SW] for the controls on the curvatures along the flow, and to [PS06] for
the remaining details. We propose in Lemma 5.2 a slightly weaker, but economical
control that is also sufficient, as the reader will check. �
Lemma 5.2. Set

Z(t) := n

∫
X
dφ̇t ∧ dcφ̇t ∧ ωn−1.

Then Z ′(t) ≤ 2Z(t) + C for some uniform constant C > 0.
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Proof. Observe that

Z ′(t) = −2n

∫
X
φ̈tdd

cφ̇t ∧ ωn−1 with φ̇t = log

(
ωnt
ωn

)
+ φt + h0.

We use here the first normalization, this clearly does not affect the value of Z(t).
Since φ̈t = ∆tφ̇t + φ̇t, we infer

Z ′(t) = 2Z(t) − 2

∫
X

∆tφ̇t∆ωφ̇tω
n ≤ 2Z(t) + C,

since the latter quantities are uniformly bounded along the flow. �

5.2. Conclusion. We are now in position to conclude.

First normalization. It follows from previous sections that the family (φt) is
relatively compact in C∞(X × [0,+∞]). Let φ∞ = limj→+∞ φtj be a cluster
point of (φt)t>0. It follows from Proposition 5.1 that φ̇tj → 0 hence

(†) (ω + ddcφ∞)n = e−φ∞e−h0ωn,

hence ω+ddcφ∞ is a Kähler-Einstein metric. Since we have assumed that X has
no holomorphic vector field, it follows from Bando-Mabuchi’s uniqueness result
[BM87] that φ∞ coincides with the Kähler-Einstein potential φKE , which is the
unique solution of (†). There is thus a unique cluster point for (φt) as t → +∞,
hence the whole family converges in the C∞-sense towards φKE .

It turns out that the above convergence holds at an exponential speed. We
refer the interested reader to [PSSW08, PS10] for a proof of this fact.

Perelman normalization. A similar argument could be used for the potentials
ψt = φt− V −1

∫
X φtω

n if we could show the convergence of
∫
X φtω

n as t→ +∞.
To get around this difficulty, we can proceed as follows: let K denote the set
of cluster values of (ωt)t>0. Observe that K is invariant under the normalized
Kähler-Ricci flow and the functional F is constant on K.

It follows now from Lemma 2.3 that F is strictly increasing along the NKRF,
unless we start from a fixed point ω0. Thus K consists in fixed points for the
NKRF. There is only one such fixed point, the unique Kähler-Einstein metric.
Therefore ωt converges to ωKE and ψt converges to the unique Kähler-Einstein
potential ψKE such that ωKE = ω + ddcψKE and

∫
X ψKE ω

n = 0.

6. An alternative approach

We finally briefly mention an alternative approach to the weak convergence of
the normalized Kähler-Ricci flow, as recently proposed in [BBEGZ11].

The convergence of ωt towards ωKE is only proved in the weak sense of (pos-
itive) currents, but without using Perelman’s deep estimates: this allows us in
[BBEGZ11] to extend Perelman’s convergence result to singular settings (weak
Fano varieties and pairs), where these estimates are not available.
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6.1. The variational characterization of Kähler-Einstein currents. The
alternative approach we propose in [BBEGZ11] relies on the variational charac-
terization of Kähler-Einstein currents established in [BBGZ09].

Let X be a Fano manifold and fix ω ∈ c1(X) a Kähler form. A positive current
T = ω + ddcψ ∈ c1(X) is said to have finite energy if E(ψ) > −∞. We set then

E(T ) := E(ψ) − 1

V

∫
X
ψωn.

We let E1(c1(X)) denote the set of currents with finite energy in c1(X) and

E1
C(c1(X)) := {T ∈ E1(c1(X)) |E(T ) ≥ −C}

the compact convex set of those positive closed currents in c1(X) whose energy
is uniformly bounded from below by C.

A combination of [BM87, Tian97] and [BBGZ09, Theorems D,E] yields the
following criterion:

Theorem 6.1. Let X be a Fano manifold with H0(X,TX) = 0. Let T be a
positive closed current in c1(X) with finite energy. The following are equivalent:

(1) T maximizes the functional F ;
(2) T is a Kähler-Einstein current;
(3) T is the unique Kähler-Einstein metric;
(4) the functional F is proper.

We say here that a current T = ω + ddcφ ∈ E1(c1(X)) is Kähler-Einstein if it
satisfies Tn = e−φ−h0ωn, where as previously Ric(ω) = ω − ddch0.

The equivalence of the last two items is due to Tian [Tian97] (and Bando-
Mabuchi [BM87] for the uniqueness). It was also realized by Ding-Tian [DT92]
that the Kähler-Einstein metric is the unique Kähler metric maximizing F . This
result being extended to the class of finite energy currents allows to use the soft
compacity criteria available in these Sobolev-like spaces:

Corollary 6.2. Let X be a Fano manifold such that F is proper. If ωt ∈ c1(X)
are Kähler forms with uniformly bounded energies such that F(ωt) ↗ supF , then

ωt −→ ωKE

in the weak sense of (positive) currents.

6.2. Maximizing subsequences. We let the potential φt ∈ PSH(X,ω)∩C∞(X)
evolve according to the complex Monge-Ampère flow,

φ̇t = log

(
MA(φt)

µt

)
= log

(
ωnt
ωn

)
+ φt + h0 + β(t),

where

β(t) = log

[∫
X
e−φt−h0 ωn

]
,

with initial condition φ0 = 0. We set ψt := φt −
∫
X φt ω

n.
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Recall that the functional F is non-decreasing along this flow. It follows more
precisely from Lemma 2.3 and Pinsker’s inequality (see [Villani, Remark 22.12])
that for all 0 < s < t,

(P ) F(φt) −F(φs) ≥
∫ t

s
||MA(φr) − µr∥2 dr,

where ∥ν − µ∥ denotes the total variation of the signed measure ν − µ.

Since F is assumed to be proper, it follows from the monotonicity property
that the ψt’s have uniformly bounded energies hence form a relatively compact
family. Let ψ∞ be any cluster point. If we could show that

F(φt) ↗ sup
E1(X,ω)

F ,

it would follow from the upper-semi continuity of F that F(ψ∞) = supF , hence
ψ∞ is the only maximizer of F , the Kähler-Einstein potential normalized by∫
X ψ∞ ωn = 0. Thus the whole family (ψt)t>0 actually converges towards ψ∞

(see Corollary 6.2). Note that this convergence is easy when (ψt) is known to
be relatively compact in C∞. The delicate point here is that we only have weak
compactness.

It thus remains to check that F(φt) ↗ supE1(X,ω)F . By (P ), we can find
rj → +∞ such that

MA(φrj ) − µrj −→ 0,

since F is bounded from above. By compactness we can further assume that
ψrj → ψ∞ in L1(X), almost everywhere, and in energy (see below), so that

MA(ψ∞) = µ(ψ∞).

Thus ω+ddcψ∞ is a Kähler-Einstein current. It follows again from the variational
characterization that it maximizes F , hence the upper-bound along the flow is
actually the absolute upper-bound and we are done.

6.3. Convergence in energy. As explained above, the last step to be justified
is that F(φt) increases towards the absolute maximum of F when ωt evolves along
the normalized Kähler-Ricci flow, without assuming high order a priori estimates.

We already know that the normalized potentials ω+ddcψt = ωt,
∫
X ψt ω

n = 0,
have uniformly bounded energies hence form a relatively compact family. Using
(P) we have selected a special subsequence ψtj → ψ∞ (convergence in L1 and
almost everywhere) such that

MA(ψtj ) −→ µ(ψ∞) =
e−ψ∞µ∫

X e
−ψ∞ dµ

, where µ = e−h0ωn/V

We would be done if we could justify that MA(ψtj ) →MA(ψ∞).

The delicate problem is that the complex Monge-Ampère operator is not con-
tinuous for the L1-topology. A slightly stronger notion of convergence (conver-
gence in energy) is necessary. We refer the reader to [BBEGZ11] for its precise
definition, suffices to say here that it is equivalent to checking that∫

X

∣∣ψtj − ψ∞
∣∣MA(ψtj ) −→ 0.
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Set

ft := eφ̇t
e−φt∫

X e
−φt dµ

so that MA(ψt) = ft µ.

If the densities ft were uniformly in Lp for some p > 1, we could conclude by
using Hölder inequality, since∫

X

∣∣ψtj − ψ∞
∣∣MA(ψtj ) ≤ ∥ftj∥Lp(µ) · ∥ψtj − ψ∞∥Lq(µ).

We cannot prove such a strong uniform bound in general, however our next lemma
provides us with a weaker bound that turns out to be sufficient:

Lemma 6.3. Set µ := e−h0ωn/V . Then

M(ψt) = E(ψt) −Hµ(MA(ψt)) −
∫
X
ψtMA(ψt) +

∫
X
h0
ωn

V
.

Therefore there exists C > 0 such that for all t > 0,

0 ≤
∫
X
ft log ft dµ ≤ C.

Proof. Recall that ψt = φt −
∫
X φtω

n/V . It follows from Lemma 2.4 that

M(φt) = F(φt) −
∫
X
φ̇tMA(φt) +

∫
X
h0ω

n/V

= E(φt) + β(t) −
∫
X
φ̇tMA(φt) +

∫
X
h0ω

n/V,

where β(t) = log
[∫
X e

−φtdµ
]
, while

Hµ(MA(ψt)) =

∫
X

log

(
MA(φt)

µ

)
MA(φt) =

∫
X
φ̇tMA(φt)−

∫
X
φtMA(φt)−β(t).

The equality follows.
Recal now that the Mabuchi functional M is bounded along the flow, as well as

the energies E(ψt). Since the latter are uniformly comparable to
∫
X ψtMA(ψt),

we infer that the entropies Hµ(MA(ψt)) are uniformly bounded, i.e.

0 ≤ Hµ(MA(ψt)) =

∫
X
ft log ft dµ ≤ C.

�

We can thus use the Hölder-Young inequality to deduce that∫
X

∣∣ψtj − ψ∞
∣∣ ftj dµ ≤ C ′ ∥∥ψtj − ψ∞

∥∥
Lχ(µ)

,

where χ : t ∈ R+ 7→ et − t− 1 ∈ R+ denotes the convex weight conjugate to the
weight t ∈ R+ 7→ (t+ 1) log(t+ 1) − t ∈ R+ naturally associated to the entropy,
and ∥·∥Lχ(µ) denotes the Luxembourg norm on Lχ(µ),

∥g∥Lχ(µ) := inf

{
α > 0 |

∫
X
χ
(
α−1|g|

)
dµ ≤ 1

}
.
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There remains to check that
∥∥ψtj − ψ∞

∥∥
Lχ(µ)

→ 0. By definition, this amounts

to verifying that for all α > 0,∫
X
χ
(
α−1|ψtj − ψ∞|

)
dµ −→ 0.

Since χ(t) ≤ tet and the functions (ψtj ) have uniformly bounded energies, the
latter convergence follows from Hölder’s inequality and Skoda’s uniform integra-
bility theorem.
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