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ABSTRACT. These are lecture notes from a mini-course given by the authors
in Toulouse (France), in june 2011. The goal was to illustrate the smooth-
ing properties of the K&hler-Ricci flow on compact Kéhler manifolds and to
define the former on mildly singular varieties, following the recent works by
Szekelehydi-Tosatti [SzTol1] and Song-Tian [ST09].
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INTRODUCTION

The Kéhler-Ricci flow w; = —Ric(w;), defined on a compact Kéhler manifold
X endowed with an initial Kahler form wg, has been the object of intensive study
over the last decades. In particular, it is known that the flow is defined as long as
the cohomology class [wi] = [wo] + t[K x] stays in the Kéhler cone of X. The flow
is thus defined on a time interval interval [0,T[ with either T' = 400, in which
case Kx is nef and X is thus minimal by definition, or T' < +o00 and [wo] + T [Kx]
lies on the boundary of the Kéahler cone.

In [ST09], J.Song and G.Tian proposed to use the Minimal Model Program
(MMP for short) to continue the flow beyond time 7. At least when [wp] is
a rational class (and hence X is projective), the MMP allows to find a mildly
singular projective variety X’ birational to X such that [wg] + ¢[Kx] induces a
Kahler class on X' for ¢t > T sufficiently close to T. It is therefore natural to try
and continue the flow on X', but new difficulties arise due to the singularities of
X'. After blowing-up X’ to resolve these singularities, the problem boils down
to showing the existence of a unique solution to a certain degenerate parabolic
Monge-Ampere equation, whose initial data is furthermore singular.

The purpose of these notes is to survey Song and Tian’s solution to this prob-
lem. Along the way, a regularizing property of parabolic Monge-Ampere equa-
tions is exhibited, which can in turn be applied to prove the regularity of weak
solutions to certain elliptic Monge-ampeére equations, following [SzTol1].

Nota Bene. These notes are written after the lecture the authors delivered
at the second ANR-MACK meeting (8-10 june 2011, Toulouse, France). As the
audience consisted of non specialists, we have tried to make these lecture notes
accessible with only few prerequisites.

1. THE KAHLER-RICCI FLOW ON A SINGULAR VARIETY

1.1. Forms and currents with potentials. Let X be a complex analytic va-
riety with normal singularities. Since closed (1, 1)-forms on X are not necessar-
ily locally dd®-exact, we introduce the following terminology (compare [EGZ09,
§5.2]). Let DYy, C¥ and PHx = ker dd® denote respectively the sheaves of germs
of distributions, smooth and pluriharmonic functions on X.

Definition 1.1. A (1,1)-form (resp. (1,1)-current) with potentials on X is de-
fined to be a section of the quotient sheaf C¥/PHx (resp. Dy /PHx). We also
set

Hyh(X) = HY(X, PHx).

Concretely, a (1, 1)-form with potentials is thus a closed (1, 1)-form 6 that is
locally of the form 6 = dd‘u for some smooth function u. We say that 6 is a
Kdhler form if u is strictly psh. Similarly, a (1, 1)-current with potentials 7" is
locally of the form dd®p where ¢ is a distribution. Note that T is positive iff ¢ is
a psh function (see for instance [Dem85] for the basic facts about psh functions
on complex varieties).
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The space Héc’llc(X ) is isomorphic to the usual dd°-cohomology space computed
using either (1, 1)-forms or currents with potentials, since the sheaves C§¥ and D'y
are both soft, hence acyclic.

Proposition 1.2. Let o € H;C’llc (X) and let T be a closed positive (1,1)-current
on Xyeg representing the dd°-class olx,., -

(i) There exists a unique positive (1,1)-current with potentials on X extend-
ing T, and its dd®-cohomology class is a.

(ii) If X is compact Kdhler and T' has locally bounded potential on Xycg then
ercg T™ is finite, bounded above by vol(a).

Proof. Let 6 be a (1,1)-form with potentials on X representing . We then have
T = 0|x,., + dd°p for some quasi-psh function ¢ on Xyeg. If U is a small enough
neighborhood of a given point of X then 8 = dd“u for some smooth function w on
U, and u + ¢ is a psh function on U,es. By the Riemann extension theorem for
psh function [GR56], u + ¢ automatically extends to a psh function on U, and
(i) easily follows. (ii) is then a consequence of [BEGZ10]. O

We will also use the following simple fact.

Lemma 1.3. Let u: X — X' be a birational morphism between compact normal
varieties, let A C X and A" C X' be closed analytic subsets of codimension at
least 2, and let u be a psh function on p= (X' \ A')N X \ A. Then u is constant.

Proof. By [GR56] u extends to a psh function on p~1(X’\ 4’), hence descends to a
psh function v’ on X'\ A" since p has connected fibers by Zariski’s main theorem.
By [GR56] again, v’ extends to a psh function on X', hence is constant. O

1.2. Log terminal singularities. Recall that a normal variety X is Q-Gorenstein
if its canonical divisor K x exists as a Q-line bundle, which means that there ex-
ists 7 € N and a line bundle L on X such that L|x,,, = rKXx,,,. If X is compact
Kahler and Q-Gorenstein, it follows from Proposition 1.2 that any Kahler form
w on Xyeg with dd°-cohomology class c1(+Kx,,,) (in particular, + the Ricci form
of a Kéhler metric on X,cs) automatically has finite volume.

Let X be a Q-Gorenstein variety and choose a log resolution of X, ie. a
projective birational morphism 7 : X’ — X which is an isomorphism over Xeg
and whose exceptional divisor E = ), F; has simple normal crossings. There is
a unique collection of rational numbers a;, called the discrepancies of X (with
respect to the chosen log resolution) such that

Kx ~Q ™ Kx + ZCLzE'2
(2

By definition, X has log terminal singularities if a; > —1 for all . This definition
is independent of the choice of a log resolution; this will be a consequence of the
following analytic interpretation of log terminal singularities as a finite volume
condition.

After replacing X with a small open set, we may choose a non-zero section o
of the line bundle 7K x for some r € N*. Restricting to X,,s we get a smooth
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positive volume form by setting

1/r
fo i= (iT"QU A 6) (1.1)
Such measures are called adapted measures in [EGZ09]. The key fact fact is then:

Lemma 1.4. Let z; be a local equation of E;, defined on a neighborhood U C X'
of a given point of E. Then

(W*NU)U\E — H |zi‘2aidv

for some smooth volume form dV on U.

As a consequence we see that a Q-Gorenstein variety X has log terminal singu-
larities iff every adapted measure p, has locally finite mass near points of Xging.
The construction of adapted measures can be globalized as follows: let ¢ be a
smooth metric on the Q-line bundle Kx. Then

o ng\
o = () 12)

|U|T¢

becomes independent of the choice of a local non-zero section o of rKx, hence
defines smooth positive volume form on X,e;, which has locally finite mass at
infinity (i.e. near points of Xgine) iff X is log terminal.

Remark 1.5. In [ST09] the authors define a smooth volume form on X to be a
measure of the form p4 for a smooth metric ¢ on Kx. We prefer to avoid this
terminology, which has the drawback that w™ might not be smooth in this sense
even if w is a (smooth) Ké&hler form on X.

The following simple result illustrates why log terminal singularities are natural
in the context of Kahler geometry.

Proposition 1.6. Let X be a Q-Gorenstein compact Kdhler variety, and assume
that there exists a Kdhler form w on Xieg with non-negative Ricci curvature and
which extends as a (1,1)-current with potentials on X. Then X necessarily has
log terminal singularities.

Proof. Let ¢ = logw" be the smooth metric of Kx,, corresponding to the volume
form w™. The curvature of —¢ is equal to Ric(w), which is non-negative by
assumption. It follows that —¢ is psh, hence extends to a psh metric on —Kx
by Proposition 1.2. If o is a local generator of mKx near a given point of X
as above, then —log |o|me is the corresponding local weight of m¢, and is thus
bounded below. This means that p, < Cw™ for some C' > 0, which shows that
1o has finite mass near the given point of X by Proposition 1.2. O

Remark 1.7. Using the techniques of Remmert-Shiffman and Skoda-El mir, one
can show that w automatically extends to X as a closed positive (1,1)-current
(that might however not have local potentials near singular points). It is likely
that the assumption that this extension has local potentials in Proposition 1.6 is
superfluous.
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1.3. Kahler-Ricci flows on singular varieties. The following results are a
mild generalization of [ST09]. The first one deals with the non-normalized Kéhler-
Ricci flow.

Theorem 1.8. Let X be a compact Kdahler variety with log terminal singularities
and let f: X =Y be a birational morphism with Y compact normal, such that
Kx is f-ample. Let a € Hcllc’llc (Y) be a Kdhler class on'Y and set

T :=sup{t > 0| ffa+t[Kx]| Kdihler class on X} .

Set Q := Xyeg N 7 (Yeeg) and let wy € f*a be a positive (1,1)-current on X
with continuous potentials. Then there ezists a unique family of (1,1)-currents
w € ffa+t[Kx], t €0, T[, such that
(i) wy has uniformly bounded potentials w.r.t. to t €]0,T'[ for each T" < T.
(i1) on 2x]0,T[ wy is smooth and satisfies wy = —Ric(wy).
(iii) the potentials of w; converge to those of wy in C°(£2).

For the so-called normalized K&hler-Ricci flow, the result implies:

Corollary 1.9. Let X be a compact variety with log terminal singularities and
+Kx ample (and hence X projective). Given a positive (1,1)-current wy with
continuous potentials such that [wo] = [£K x|, there exists a unique unique family
of (1,1)-currents w; € [£Kx], t €]0,4+00[, such that
(1) wt has uniformly bounded potentials w.r.t. tot €]0,T'[ for each T' < +o0.
(i) on Xregx]0,400] wy is smooth and satisfies w; = —Ric(wy) on 2x]0, +ool.
(iii) the potentials of wy converge to those of wo in CO(Xreg)-

A simple change of variable reduces Corollary 1.9 to a special case of Theorem
1.8. More specifically, setting

Ws 1= (1 & )Wt 10g(1+5)
transforms a solution of w; = —Ric(w;) F wy on Xiee x]0, +00[ into a solution of
ws = —Ric(@s) on Xregx]0, T, with [ws] = [wo] + s[K x| where T' = +o00 if Kx is
ample and T =1 if —Kx is ample.

1.4. Reduction to a parabolic Monge-Ampeére equation. As a first step,
we will reduce Theorem 1.8 to a degenerate parabolic Monge-Ampere equation
on a log resolution of X.

With the notation of Theorem 1.8, let g € f*« be a smooth representative,
so that wy = Oy + ddpq for some Hp-psh function g € CY(X). Let also ¢ be a
smooth metric on Kx, with curvature form y and associated adapted measure
f = g as in (1.2). For any Kéahler form w on X, it follows from the definitions
that

—ddlog (w"/p) = x + Ric(w) (1.3)
holds on X,q. Setting
0 := 0 + tx,
we are looking for a family of positive currents of the form w; = 0; + dd“p; where
¢t is smooth on 2x]0,T[. Using (1.3), the equation w; = —Ric(w;) reads

dd® (¢¢ — log (wy' /1)) = 0
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on Q for each ¢ €]0, T[, which implies that ¢; —log (wj*/u) is constant by Lemma
1.3. After writing this constant c(¢) as a time derivative to absorb it in ¢, we
end up with the parabolic Monge-Ampere equation on 2x]0, 7’|
Sbt = lOg (9t + ddCQOt)n //L
with 6; := 0y +ty. Now let asin §1.2 7 : X’ — X be a log resolution. By Lemma
1.4 p/ := 7*p is of the form
o= VT gy

where dV is a smooth volume form on X', 1% are quasi-psh functions with
logarithmic poles along the exceptional divisor E, smooth on X \ F, and such
that e=¥" € L? for some p > 1.

If we set 0 := 70, and ¢, := 7@ then 6} is an affine path of closed (1,1)-
forms on X’ with semipositive class, and the ample locus 2 of [#] is contained in

X"\ E. After dropping the primes, we are thus reduced to proving the following
theorem:

Theorem 1.10. Let X be a compact Kdhler manifold. Assume given the follow-
ing data:
e an affine path 6, = 0y +tx, t € [0,T], of closed (1,1)-forms such that the
cohomology class of 0, is semipositive and big for t € [0,T].
e q positive measure u of the form

W= 7
where YT are quasi-psh functions that are smooth on a Zariski open subset
Q of the ample locus of [0y] and such that e=%~ € LP for some p > 1.
e a function po € CY(X) NPSH(X,6)).
Then there exists a unique family ¢, t €]0,T[, of functions on X such that:

(i) ¢ is Oy-psh and uniformly bounded w.r.t. t €]0,T'[ for each T' < T.

(ii) on Qx]0,T[ ¢ is smooth and satisfies pr = log (0y + ddp:)" /.

(iii) @¢ — @o uniformly on compact subsets of Q as t — 0.

2. TooLBOX

2.1. The maximum principle. The following simple maximum principle will
the main tool to establish upper an lower bounds.

Proposition 2.1. Let X be a (not necessarily compact) Kéihler manifold, let wy,
t € [0,T], be a smooth family of Kdhler metrics on X, and denote by Ay = tr,, dd°
the Laplacian with respect to wy. Assume that H € C*°(X x [0,T]) satisfies

0
R >
((% At>H_O

0 (we + dd°Hy)"
—H >1 -_
o = Og[ n ’

and assume also that H — +oo near 0X x [0,T] if X is not compact. Then
infx Hy > infx Hy for all t € [0,T]. If we replace > with < and assume that

H — —o0 near 0X x [0,T] then supyx Hy < supy Hp.

or
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Proof. Upon replacing H with H £t with € > 0, we may assume in each case that
the inequality is strict. The properness assumption guarantees that H achieves
its infimum (resp. supremum) at some point (zg,t9) € X x [0,7], and the strict
differential inequality implies that tq is necessarily 0, since we would have %H <0
(resp. > 0) and dd°H > 0 (resp. < 0) at (xo, o) otherwise. O

2.2. A Laplacian inequality. If §,w are (1, 1)-forms with w Kéhler, recall that
the trace of 6 with respect to w is defined by
6 AWt

wr
At each point of X one can diagonalize 6 with respect to w, with eigenvalues
A1 < ... < Ay, and we then have tr,(6) = >, A\i. If ¢ is a function, its Laplacian
with respect to w is given by

tr,(0) :=n

Ay = try,(dd).

Proposition 2.2. Let w,w’ be two Kdhler forms on a Kdhler manifold X .

(i) We have
w/n
wn
(ii) If the holomorphic bisectional curvature of w is bounded below by B € R,
then

m

< b ) < (43) (o).

w

S|=

: /
A log try, (w') > _ tro Rie(w)

B try (w).
> oy (o) + B tr,(w)

The inequality in (ii) goes back to [Aub78, Yau78]; in the present form it is
due to Siu [Siu87, pp. 97-99]. We include a proof for the reader’s convenience.

Proof. The left-hand inequality in (i) amounts to the arithmetico-geometric in-
equality for the eigenvalues of w’ wrt w; the right-hand inequality follows from
similar elementary eigenvalue considerations.

We now prove (ii). Since this is a pointwise inequality, we can choose normal
coordinates (z;) at a given point 0 € X so that w = \/TIZM wrdzy A\ dz; and

W =+/—1 Ek,l wi,dzy, A dZ; satisfy
Wrl = Ot — Z Rijuzizj + O(||2]1%).

i,
near 0 and wfd = M\i0x at 0. Here R;j; denotes the curvature tensor of w, dy
stands for the Kronecker symbol, and \; < ... < A\, are the eigenvalues of w’ with
respect to w at 0.
Observe that the inverse matrix (W) = (wy) ™! satisfies

WM =0k + ) Rijrziz; + O(||2%). (2.1)
1,J
Recall also that the curvature tensor of w’ is given in local coordinates (z;) by

/ Ay ! / Y !
ijkl = —0;0jwy + prqaiwkqajwpl’
p,q
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hence

L = =000+ YA, Owrpdiw, (2.2)

P
at the point 0. Setting u := tr,(w’) we have dd®logu = u~'dd°u — u=2du A d°u,
hence
Ay logu =u ' Ayu — u™? try (du A du).
Now we have at 0
Aw/u = Z )\l_lazgl(wkkw;k)
ik

and
tr, (du A du) = Z A 0wl Ol
Y
with
3¢5i(wkkw;€k) = M Riirk + 0i0iwiy,
thanks to (2.1). It follows that

Ay logu =u™? Z A Ry + Z A P00y, | —u? Z A 0wl 0w,
ik ik ikl
(2.3)

On the one hand, the assumption on the holomorphic bisectional curvature of w
reads Ry > B for all ¢, k, hence

> A NeRiinke = BO A M) = Btrw (w)u. (2.4)
ik % k
On the other hand, (2.2) yields

Z A 1001wy, = — Z A Rl + Z AT 0w .

Note that 3, MR, = tr, Ric(w'), while

S OO > D AN 0w = w ) AT Ol O

i,k,p i,k k.l
by the Cauchy-Schwarz inequality. Combining this with (2.3) and (2.4) yields
the desired inequality. O

2.3. Existence theorem for parabolic Monge-Ampere equations. The fol-
lowing result is basically due to Cao [Cao85], Tsuji [Tsu88] and Tian-Zhang
[TZha06].

Theorem 2.3. Let X be a compact Kdahler manifold and v be a smooth positive
volume form on X. Let also (wi)ieo,r| be a smooth family of Kdhler forms. Then
every ¢o € C(X) such that wy + dd°pg > 0 uniquely extends to a solution
p € C®(X x[0,T]) of

)
;% = log

= [(wt + dd%t)n] .
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Uniqueness follows from the maximum principle (Proposition 2.1). We refer to
the lecture notes by Song and Weinkove for a proof of existence, which amounts
to proving a priori estimates similar to §4 below.

3. SMOOTHING PROPERTY OF THE KAHLER-RICCI FLOW

By analogy with the regularizing properties of the Heat equation, it is expected
that the Ké&hler-Ricci flow can be started from a degenerate initial data (say a
positive current, rather than a Ké&hler form), instantaneously smoothing out the
latter.

The goal of this section is to illustrate positively this expectation by explaining
the proof of the following result of Szekelyhidi-Tosatti [SzTol1]:

Theorem 3.1. Let (X,w) be a n-dimensional compact Kdhler manifold. Let
F:Rx X — R be a smooth function and assume 1o € PSH(X,w) is continuous*
and satisfies

(w + ddeapg)™ = e~ P02y,
Then vy € C*°(X) is smooth.

As the reader will realize later on, the proof is a good warm up, as the argu-
ments are similar to the ones we are going to use when proving Theorem 1.10.

Let us recall that such equations contain as a particular case the Kéahler-
Einstein equation. Namely when the cohomology class {w} is proportional to
the first Chern class of X2, Mw} = ¢(X) for some A € R, then the above
equation is equivalent to

Ric(w + dd“g) = w + dd)y,

when taking

F(p,2) = Ap + h(z)
with A € C*°(X) such that Ric(w) = Aw + dd°h. Szekelyhidi-Tosatti’s result is
thus particularly striking since there isn’t uniqueness® of the solutions to such
equations (when one exists).

The interest in such regularity results stems for example from the recent works
[BBGZ09, EGZ11] which provide new tools to construct weak solutions to such
complex Monge-Ampere equations.

The idea of the proof is both simple and elegant, and goes as follows: assume
we can run a complex Monge-Ampere flow

o ddey)"
T~ log [(w +wn &) ] + F(pt, )

ot

with an initial data ¢y € PSH(X,w) NC%(X) in such a way that
(1) (z,t) — ¢ is continuous on X x [0, T,

1The authors state their result assuming that o is merely bounded, but they use in an
essential way the continuity of 1o, which is nevertheless known in this context by [Kot98].

2This of course assumes that c1(X) has a definite sign.

3In the Kihler-Einstein Fano case, a celebrated result of Bando and Mabuchi [BM87] asserts
that any two solutions are connected by the flow of a holomorphic vector field.
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(2) (x,t) — 4 is C*°-smooth on X x]0,T7.
Then vy will be a fixed point of such a flow hence if ¢; denotes the flow originating
from g, Y9 = 1 has to be smooth !

To simplify our task, we will actually give full details only in case
F(s,z) = —G(s) + h(z) with s — G(s) being convex

and merely briefly indicate what extra work has to be done to further establish
the most general result. Note that this particular case nevertheless covers the
Kaéhler-Einstein setting.

In the sequel we consider the above flow starting from a smooth initial potential
o and establish various a priori estimates that eventually will allow us to start
from a poorly regular initial data. We fix once and for all a finite time T° > 0
(independent of ) such that all flows to be considered are well defined on
X x [0,T]: it is standard that the maximal interval of time on which such a flow
is well defined can be computed in cohomology, hence depends on the cohomology
class of the initial data rather than on the (regularity properties of the) chosen
representative.

3.1. A priori estimate on ¢;. We consider in this section on X x [0,7] the
complex Monge-Ampere flow (CMAF)

dpr L [(w + ddcgot)"]
o = log |

ot

with initial data pg € PSH(X,w)NC*®(X). Our aim is to bound ||| Leo (x x[0,77)
in terms of ||¢ol| oo (x) and T

+ F(‘Ptax)

3.1.1. Heuristic control. Set M (t) = supy ¢¢. It suffices to bound M (t) from
above, the bound from below for m(t) := infx ¢; will follow by symmetry.

Assume that we can find ¢t € [0, 7] — z(t) € X a differentiable map such that
M(t) = @¢(z(t)). Then M is differentiable and satisfies

M'(t) = %?(x(t)) < Flen(x(t)), (1) < F(M(2)),

where

F(s) := sup F(s,x)
reX
is a Lipschitz map.
It follows therefore from the Cauchy-Lipschitz theory of ODE’s that M(t) is

bounded from above on [0,7] in terms of T, M (0) = supy o and F' (hence F).

3.1.2. A precise bound. We now would like to establish a more precise control
under a simplifying assumption:

Lemma 3.2. Assume @¢, 1 are smooth families of w-psh functions such that

15)
Lt < log[(w + ddpe)" fu7) + Flpr, )

and

W > log (o + dd* )" /") + P, ),
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where
F(s,x) = As — G(s,x) with s — G(s,-) non-decreasing.
Then for all t € [0,T],

sup(¢¢ — 1) < e’ max{sup(po — o), 0}.
X X

Proof. Set u(x,t) := e (p; — 1) (x) — et € CO(X x [0,T]), where ¢ > 0 is fixed
(arbitrary small). Let (z9,t9) € X x [0,T] be a point at which u is maximal.

If tg = 0, then u(z,t) < (po — ¥o)(x0) < supx(vo — 1) and we obtain the
desired upper bound by letting € > 0 decrease to zero.

Assume now that tg > 0. Then @ > 0 at this point, hence

0< —&— e My — ) + e (B — ).
On the other hand ddSu < 0, hence ddS¢; < ddS; and

) . (w+ dd°pi)"™
— < F —F log | —————
Sot d}t — (‘ptfl') (¢t,$> + Og |:(w +ddc¢t)n
< Fler,x) = F(ir, ).
Recall now that F'(s,z) = As — G(s,z). Previous inequalities therefore yield
G(pt, ) < G(¢y, z) at point (x,t) = (zo, o).

Since s — G(s, -) is assumed to be non-decreasing, we infer ¢, (zo) < 1, (x0), so
that for all (z,t) € X x [0,T7,

u(z, t) < u(zo,to) <0.
Letting € decrease to zero yields the second possibility for the upper bound. O

By reversing the roles of (¢, ¢¢, we obtain the following useful:

Corollary 3.3. Assume o, are solutions of (CMAF) with F as above. Then

et — el oo xxpo.r) < € llpo — olloe (x)-

As a consequence, if ¢ ; is a sequence of smooth w-psh functions decreasing to
¢o € PSH(X,w)NC’(X), and ¢ ; are the corresponding solutions to (CM AF) on
X x[0,T7, then the sequence (¢ j); uniformly converges towards ¢; on X x [0, 7]
as j — +oo with ¢; € CO(X x [0,77).

3.2. A priori estimate on ¢;. We assume here again that on X x [0, T]

0 ddps)™
ot = log [(“’ e ] + Flpra)

ot
with initial data @9 € PSH(X,w)NC®(X).

Lemma 3.4. There exists C > 0 which only depends on ||po|| e (x) such that for
all t € 10,77,

. CT .
@l oo (xy < €77 [0l Loo (x)-
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Let us stress that such a bound requires both that the initial potential g is
uniformly bounded and that the initial density

(w + dd°po)"
wn

fo=

is uniformly bounded away from zero and infinity. We shall consider in the sequel
more general situations with no a priori control on the initial density fo.

= log o — F(po, )

Proof. Observe that
Dy ., OF .
LA il
ot tot + s (1, 7)1,
where A; denotes the Laplace operator associated to w; = w + dd®p;.
Since F is C'-smooth, we can find a constant C' > 0 which only depends on (F
and) [|¢¢ || oo (x x[o,77) such that

OF
-C< g(%,x) < +C.

Consider H, (z,t) := e~ “*¢;(x) and let (29, o) be a point at which H realizes
its maximum on X x [0,T]. If ¢y = 0, then ¢(z) < e“T supy o for all (z,t) €
X x[0,T]. If tg > 0, then

0 _ot [OF _
< | —=- = i —
0< <8t At> (Hy)=e {83 (1, ) C} ¢
OF

hence ¢4, (z0) < 0, since G- (¢¢, ) —C < 0. Thus ¢¢(z) < 0 in this case. All in
all, this shows that

o < ¢“T max {sup ©o, 0} .
X

Considering the minimum of H_(z,t) := e*C¢,(x,t) yields a similar bound
from below and finishes the proof since max{supy ¢o, —infx ¢o} > 0. O

3.3. A priori estimate on Ayp;. Recall that we are considering on X x [0, 7]

[ o (w + ddps)"
ot 8 wn

with initial data @9 € PSH(X,w)NC*>(X). Our aim in this section is to establish
an upper bound on A, which is uniform as long as ¢t > 0 and is allowed to
blow up when t decreases to zero.

+ F((Ptv LL‘)

3.3.1. A convexity assumption. To simplify our task, we shall assume that
F(s,x) = —G(s) + h(z), with s — G(s) being convex.
This assumption allows us to bound from above A, F(p,x) as follows:
Lemma 3.5. There exists C' > 0 which only depends on ||po| 1 (x) such that
Au (Fr,2)) < Cl1+ tru(wr)]
where wy = w + dd°p;.
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Recall here that for any smooth function h and (1, 1)-form 3,

dd°h A\ w1 Awnt
n————— while tr, S := nﬁi
wn wn

Ayh =

Proof. Observe that
dd® (F(p,x)) = =G"(p)dp A d°p — G'(p)dd e < —G'(p)dd

since G is convex. Now dd°p = (w + dd°¢) —w = w, —w = w; —w is a difference
of positive forms and —C < —G’'(p) < +C, therefore

dd (F(p,z)) < C(w +w),

which yields the desired upper bound. O

Our simplifying assumption thus yields a bound from above on A, (F(p, z))
which depends on try,(wy) (and [[pollpe(x)) but not on [V peo(xxferp). A
slightly more involved bound from above is available in full generality, which
relies on Blocki’s gradient estimate [Blo09]. We refer the reader to the proofs of
[SzToll, Lemmata 2.2 and 2.3] for more details.

3.3.2. The estimate.

Proposition 3.6. Assume that F(s,z) = —G(s) + h(z), with s — G(s) convex.
Then

0 < try(wy) < Cexp(C/t)

where C > 0 depends on ||¢ol|pe(x) and ||¢oll Lo (x)-
Proof. We set u(z,t) := try,(w) and
Oé(x,t) = tlogu(xat) - A(Pt(x)a

where A > 0 will be specified later. The desired inequality will follow if we can
uniformly bound « from above. Our plan is to show that

(8815 _ At) () <C1+ (Bt +Cy — A) try, (w)

for uniform constants C1, C2 > 0 which only depend on |||l (x)5 [[¢o0ll Lo (x)-
Observe that
Ou

0 t .
<8t - At> (o) =logu + T Apy — tAlogu + AApy.

The last term yields AAyp; = An — Atr,, (w). The for to last one is estimated
thanks to Proposition 2.2,
try, (Ric(w:))

—tA; 1 < Btt t
tlogu < 1y, (W) + o (@)
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It follows from Lemma 3.5 that
t Ou t wh t
= = ZA(log L A F
u Ot u t<0gw”>+u (1, 2)
t t
= o {—try(Ricws) + try,(Ricw)} + EAwF(gpt, )

_ttrw(Ricwt) n C(l + u)

<
- try, (we) U

We infer

0

8—? < Bt tr,, (w) + C1,

using that v is uniformly bounded below as follows from Proposition 2.2 again.
To handle the remaining (first and third) terms, we simply note that ¢ is

uniformly bounded below, while

logu < log [C try, (w)"*l} < Oy + Cstry, (w)

t
—tA¢logu + —
u

by Proposition 2.2 and the elementary inequality log z < x. Altogether this yields

<6 _ At) (a) < Oy + (Bt + C3 — A) try, (w) < Cy,

ot
if we choose A > 0 so large that Bt + C3 — A < 0. The desired inequality now
follows from the maximum principle. O

3.4. Proof of Theorem 3.1.

3.4.1. Higher order estimates. Using the complex parabolic Evans-Krylov theory
together with Schauder’s estimates, it follows from our previous estimates that
the following higher order a priori estimates hold:

Proposition 3.7. For each fized € > 0 and k € N, there ezists C(c) > 0 which
only further depends on ||¢ol| e (x) and ||pol re(x) such that

[ptller (x xje,rp) < Ck(e)-
3.4.2. A stability estimate. Let 0 < f,g € L?(w") be densities such that

foro= o= [

It follows from the celebrated work of Kolodziej [Kot98] that there exists unique
continuous w-psh functions ¢, ¥ such that

(w4 dd)" = fw", (w+ddP)" = gw"™ and / (p— )" =0.
X
We shall need the following stability estimates:
Theorem 3.8. There exists C > 0 which only depends on || fl| 2, ||gl/ 72 such that

o =l x) < CIE = all T

for some uniform exponent v > 0.
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Such stability estimates go back to the work of Kolodziej [Kol03] and Blocki
[Blo03]. Much finer stability results are available by now (see [DZ10, GZ11]). We
sketch a proof of this version for the convenience of the reader.

Proof. The proof decomposes in two main steps. We first claim that
1

I = Vil < CIF =gl Bty (3.1)
for some appropriate C' > 0. Indeed we are going to show that
/ d(p =) Nd(o = ) A" < Cul(p, ) ", (3.2)
X

where
I(p,) = /X (0 — ) {(w + dd°)" — (w + dd°g)"} > 0

is non-negative, as the reader can check that an alternative writing is
n—1
. s
I(p, ) = Z/Xd(cp—w) Nd(p — ) Awh Awl .
j=0

In our case the Cauchy-Schwarz inequality yields

I(p,0) = /X«o—w)(g P < = bl f — glles

therefore (3.1) is a consequence of (3.2) and Poincaré’s inequality.
To prove (3.2), we write w = w, — dd“p and integrate by parts to obtain,

/d(w —P) A d(p =) AW
= [dto—w)ndo— ) Awpnu = [ dlp— ) Ao - ) Addog A
= /d(gp—q/}) Nd(p =) Nwe, A w2 +/d(cp—1p) Ndp N (W — wy) A w2
We take care of the last term by using Cauchy-Schwarz inequality, which yields

1/2
/d(ww“dcvwww“ <4 (/d(¢—¢)Adc(¢—¢)Aw¢Awn2> :

where
A% = /alap/\dccp/\f,u(p/\w”_2

is uniformly bounded from above, since ¢ is uniformly bounded in terms of
[ £l z2(x) by the work of Kolodziej [Kot98]. Similarly

1/2
_/d(‘p_w“dcw\ww”n_z<B</d(<ﬁ—¢)/\dc(<ﬂ—w)/\wwAw"_2> :

where
B? = /dgpAdc¢Aw¢Aw”_2
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is uniformly bounded from above. Note that both terms can be further bounded
from above by the same quantity by bounding from above w, (resp. wy) by
Wep F Wap.

Going on this way by induction, replacing at each step w by w, + wy, we end
up with a control from above of [ d(p —) Ad¢(¢ — 1) Aw™ ™! by a quantity that

is bounded from above by C1(yp, w)Q_(n_l) (there are (n — 1)-induction steps), for
some uniform constant C > 0. This finishes the proof of the first step.

The second step consists in showing that
I = Yllzoex) < Calle = Pl7sxy

for some constants Ca,y > 0. We are not going to dwell on this second step here,
as it would take us too far. It relies on the comparison techniques between the
volume and the Monge-Ampere capacity, as used in [Kol98|. O

3.4.3. Conclusion. We are now in position to conclude the proof of Theorem 3.1
(at least in case F'(s,x) = —G(s) + h(z), with G convex). Let 99 € PSH(X,w)
be a continuous solution to

(w + ddCapg)™ = e~ P02y,

Fix u; € C*°(X) arbitrary smooth functions which uniformly converge to 1
and let ¢; € PSH(X,w) NC>(X) be the unique smooth solutions of

(w + dd))" = ¢jeFuaa)yn,

normalized by [ (1; — 1o)w™ = 0. Here ¢; € R are normalizing constants wich
converge to 1 as j — +00, such that

Cj/ e—F(uj,x)wn:/ wn)
X X

and the existence (and uniqueness) of the v;’s is provided by Yau’s celebrated
result [Yau78]. It follows from the stability estimate (Theorem 3.8) that

M}J - wOHLOO(X) — 0 as j — +oo,
hence

15 — wjll Lo (x) —> 0 as j — +oc.

Consider the complex Monge-Ampeére flows

0py (w+ddp ;)"
2 — 1 )
ot o8 wn

with initial data ¢g j := ;. It follows from Lemma 3.2 that

+ F(Qot,j7m) - log Cj7

5 — Prklloo(x xoury < € 15 — Ykl poe(x) + [log ¢; — log cx |,
thus (¢;); is a Cauchy sequence in the Banach space CO(X x [0,7T]). We set
o= lim ¢ ; € CO(X x [0,T7).
J—+0oo

Note that ¢ € PSH(X,w) for each t € [0,T] fixed and ¢ = 1o = lim ¢g ; by
continuity. Proposition 3.7 shows moreover that (¢ ;); is a Cauchy sequence in
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the Fréchet space C*°(X x]0,T]), hence (x,t) — ¢i(x) € C*(X x]0,T]). Observe
that

160,51l Loe(x) = [[F'(45,2) — F(ug, 2)|| oo (x) < Cllthy — wjl[poe(x) — 0.
Lemma 3.4 therefore yields for all ¢ > 0,

@ell oo (x) = jgﬂ-noo 19,51l oo (x) < le}rfoo 0,1l Lo (x) = 0.

This shows that ¢ — ¢ is constant on ]0,7], hence constant on [0,7] by
continuity. Therefore 19 = ; is smooth, as claimed.

4. A PRIORI ESTIMATES FOR PARABOLIC MONGE-AMPERE EQUATIONS

In this section (X,w) denotes a compact Kéhler manifold endowed with a
reference Kéhler form with volume form dV'. Let (wt)icpo,7] be a smooth path of
Kahler forms, a smooth positive volume form pu = fdV. Our goal is to provide a
priori estimates on a solution ¢ € C°(X x [0,7T]) to

gtcp = log [(wt +dd%pr) ] . (4.1)

that only depend on

e the CY-norm of (y;
e a given semipositive and big (1, 1)-form 6 such that w; > 6 for t € [0,T7;
e the LP-norm and certain Hessian bounds for the density f of u.

4.1. CY-bound.

Lemma 4.1. Let 0 be a semipositive and big (1,1)-form and C' > 0, p > 1 such
that
(i) 0<0 <w <Cw forte0,T].
(i) C71 < [uand [ fPdV < C.
(iii) supy |po| < C.
Then there exists A > 0 only depending on 0, T, p and C' such that

sup || < A.
X x[0,T]

Proof. During the proof we shall say that a constant is under control if it only
depends on the desired quantities.

Step 0: an auxiliary construction. The following construction will also be
used in the proof of Lemma 4.3 below. For ¢ €]0, 1] we introduce the Kéhler form
ne = (1 —e)f + 2w

Sz

and set c. := log Tu Since w; is a continuous family of Kéhler forms, we can

fix 0 < ¢ < 1 such that w; > ew for all ¢ € [0,7]. Note that c. is under control
(even though e itself is not!). Observe that w; > (1 — €)60 + cwy, hence

wt > e for t €10, 7). (4.2)
By [Yau78] there exists a unique smooth 7n.-psh function p. such that
(e +ddp)" = e“p (4.3)
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and normalized by supy pe = 0. The LP-norm of the right-hand side is under
control and 1/20 < n. < (C' 4 1)w, so that the uniform version of Kolodziej’s
L*>-estimates [EGZ09] shows that supy |pc| is under control.

Step 1: Bounding ¢; from above. By non-negativity of the relative entropy
of the probability measure p/ [ 1 with respect to (wy + ddp:)™/ [ wi* we have

J (o ()2

It follows that % ([ ¢tp) < Ay with Ay under control, hence [ @i < Ay since
supy |po| is under control. On the other hand there exists 6 > 0 and By > 0 such
that [ e 9w < By for all normalized 6-psh functions ¢, by Skoda’s uniform
integrability theorem [Zer0O1]. By Holder’s inequality it follows that [ e Ve <
By where ¢’ := 0/q with ¢ the conjugate exponent of p, and we get a uniform
mean value inequality

sup ¢ < Jon + B3

X f H
for all #-psh functions . Applying this to ¢ = ¢, yields the desired upper bound
on @¢.

Step 2: Bounding ¢; from below. Consider 7. and p. as in Step 0, and set
H; := ¢t — p. — cct. By (4.3) and (4.2) we get

(wt + ddcps + dcht)n > log (C(.)t + ddcps + ddCHt)n

0
—H, =1
T Y ddep)r T (w + dd°p.)"

ot

on X x[0,T7], hence inf x H; > infx Hp by Proposition 2.1. Since ¢ and supy |pe| <
M are under control, this concludes the proof of Lemma 4.1. O

Remark 4.2. Let us stress, as a pedagogical note to the non expert reader, that
this parabolic C%-estimate thus follows from

e the elementary maximum principle (Proposition 2.1 )
e Skoda’s uniform integrability theorem
e Kolodziej’s uniform elliptic estimate [Kol98, EGZ09]

4.2. Bounding the time derivative.

Lemma 4.3. With the notation and assumptions of Lemma 4.1, assume further-
more that wy is an affine path, so that wy = x is independent of t. Then there
exists A > 0 only depending on 6, C p and T such that

sup ¢ < At™! for t €]0,T).
X

For each T" < T there exists A" only depending on 0, C, p and T' such that

igl(f ¢or > —A't™Y fort €)0,T'].
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Proof. We have w; = wo + tx. Set w; := wi + dd°p; and let A} = tr,, dd® be the
Laplacian with respect to w;. We trivially have

Agtpt =n- trwé (Wt), (44)

while applying % to ¢ = log(wy™ /1) yields

0 .
(57— ) e = g (45)
Step 1: bounding ¢; from above. Set H; := t¢; — ¢ — nt. Then

0
<8t - A%) Hy = tr (tx — wi) = try (—wo) <0

on X x [0,T]. Proposition 2.1 yields supy H; < supy Hy for 0 < ¢ < T, hence

the desired upper bound on t¢; since supy |¢;| is under control by Lemma 4.1.

Step 2: bounding ¢; from below. Recall 7., p. from Step 0 of the proof of
Lemma 4.1. Consider

Hy :=tor + Apr — pe + Bt
where A, B > 0 will be specified afterwards. Using (4.4) and (4.5) we get

ot

We now fix A > 1 under control such that (A + 1)T"/A < T. We then have for
te[0,77]

0
< — At> H; = try, (tx + Awy + ddp:) + (1 + A)py — An + B.

Aw +tx = Awar1ye/a = Ane > ne
by (4.2), hence

0
<8t — AQ) Hy > try (ne +dd°pe) + (A+ 1) — An+ B

n n
> nee < a > +(A—|—1)log<wt> —An+ B

— m
t 1%

using (4.3) and the arithmetico-geometric inequality. Since
ne"<z'/" — (A +1)logz > —C

is bounded below by a constant under control for = €]0, +oc[, we may now choose
B > 0 under control such that (% — A¢) H; > 0 on X x [0,T"]. Proposition 2.1
therefore yields infx H; > infx Hy for ¢t € [0, 7], which concludes the proof of
Lemma 4.3 since supy |p:| and supy |¢¢| are under control. O

4.3. Bounding the Laplacian on the ample locus.

Lemma 4.4. With the notation and assumptions of Lemma 4.1, assume that
wy < Cw. Assume also that the volume form p is written as

w= eV Ty (4.6)
where YT € C*®(X) satisfy
(i) ddyp™ > —Cw and —C < supy ™ < C.
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(i) dd“p~ > —Cw, supx ¢~ < C, and ||e”¥ " ||z» < C for a given p > 1.
Let also K be a compact subset of the ample locus of the big class [0] and 0 <
T' < T. Then there exists A > 0 only depending on 0, C, p, T' and K such that

sup |Agyle?” < e fort €]0,T].
K

Proof. We first observe that the estimate (ii) of Lemma 4.1 in fact follows from
(i) and (ii). Indeed the upper bound follows from Hoélder’s inequality. To get the
lower bound, it is enough to show by Jensen’s inequality that [*w” is under
control, which follows from the mean value inequality for Cw-psh functions.

From now on we work on the ample locus @ C X of [#]. We may choose a
f-psh function g < 0 such that ¢y — —oo near 92 and

w = (0 + ddYp)|o

extends to a Kahler form on a compactification X of Q dominating X. The latter
condition implies that there exists C; > 0 under control such that w < Chiw
and the holomorphic bisectional curvature of w is bounded below by —C;. By
Proposition 2.2 we thus have

trg Ric(wy))

g (wr)
Now wj® = e®t1 implies Ric(w;) = Ric(u) — dd°p;. Combining this with
_ trg(we + dd¢y)

0 /
5 log trg (w;) = trg (wy) 7

—Ajlog trg(wy) < + O try (@) (4.7)

we get
3} trg (Ric(p) 4+ we)
— — A} | log trg(wy) < —
<8t t> Ogtrw(wt) — trg(wé)
Now Ric(u) = —dd™ + dd°~ + Ric(w) < Cow + dd~ for some Cy > 0 under
control, and w; < Cw by assumption, hence

0 Cs + Az~
9 A ) lostr-(u) < 23T 2wY
<6t t> Ogtrw(wt) — tl“gj(wé)
In order to absorb ¥~ in the left-hand side, write
0 < Cw +ddp~ < CCL@ + dd*yp™ < try (COL1@ + dd*y ™ )wy,

+ Cl tl"wz ((:))

+ C1 trwz ().

which yields
0< nCC1 + %ww
trg (wy)

Using the trivial inequality trg(w;) tr,, (W) > n we arrive at

< CCq trwz (&) + A

0 -
(5~ %) Qog sl +07) < Cony @) (45)
with Cy > 0 under control.

Now set
Hy = t(log trg(wy) + ) + A(bg — ¢1).
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with A := 2+ C4T. Since
@+ dd°(¢r — ) = 0 + dd°py < wy + dd°py = wy
we have
Al(pr — ) < n — try (@),
which combines with (4.8) to yield

0 ~
<(3t — A;) H; <logtrg(w}) + 19~ — 2tr,, (@) — Agr + An

<logtrg(w)) + ¢~ — 2tr,, (@) + Cst™*
since supy |t¢:| is under control. By (i) of Proposition 2.2 we get
log trg(w;) + ¢~ < (n —1)log tr (@) + Cet™! (4.9)

using ¢ < 0 and the bound on |t¢;|, and we get
N ~ 1
a — At H; < —trwé(w) + Crt

since (n —1)logx — 2z < —z + O(1) for = €]0, +o0].

We now follow the proof of the minimum principle; since 1y — —oo near 05,
there exists (2o,%0) € €2 x [0,T] such that Hi,(z0) = sup(, sex (o, He() for
some to €]0,7']. If ¢ty > 0 then (% — A¢) Hy > 0 at (zo,t0), hence tr,, (@) <
C7t~1 at (wo,t0), and we get

Hlog trz(w)) +47) < C

at (zo,to) thanks to (4.9). Since 1y < 0 and |p;| is under control, we infer
Hy(xz) < Cy at (xo,tp), hence for all (z,t) € X x [0,7]. As a conclusion we
obtain A, B > 0 under control such that

trg(wp) < Be ¥ At o

for t € [0, T'], which concludes the proof of Lemma 4.4. O

4.4. A stability estimate. We next prove the following Lipschitz continuity
property of solutions to (4.1).

Lemma 4.5. Let w!, ¢}, i = 1,2 satisfy the assumptions of Lemma 4.4 (with the
same measure [ and semipositive and big form 6). Then for each K € Amp (0)
such that infg = > —C there exists Ax > 0 under control such that for all
te[0,7T)

aplol — 2] < Ax (sup\so(l)—w%! A —wfu)
K X t€[0,77]

where we have set for each real (1,1)-form «

|laf] =inf{s > 0| a < sw}.
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Proof. We write

N = sup|<p(1) —<p(2)|, M = sup ||Wt1 —WtQH-
X t€[0,T]

If M = 0 then w} = w? for t € [0,7T), and Proposition 2.1 easily yields the desired
inequality with Ax = 1. We thus assume that M > 0 and set for A € [0, M]

wi‘ = (1 — ﬁ) wi + ﬁwf
Since wp is a Kihler form for ¢ € [0,7], Theorem 2.3 yields a unique solution
©* € C®(X x [0,T]) to the parabolic Monge-Ampere equation
(w + dd%o?)”]

o’ u

(4.10)
w0 = (1= 37) w0 + 77

and ¢* futhermore depends smoothly on A\. We also note that supy |¢7| is uni-
formly under control for ¢ € [0,7] and A € [0, M], thanks to Lemma 4.1. Setting
W = w + dd°p} we have

(gt — Ai‘) (88/\80?) =Mt tr (w) —wy) < tr (w) (4.11)

where A} denotes the Laplacian with respect to w/ and the right-hand inequality
follows from the definition of M. Now introduce

Hi= e (gred) = b + A+ A,

5%
where A > 0 will be specified below. Recalling (4.6) we compute
9 A 3.2 3 2,,+ 2 (wi)"

0 d
e A <8t — A?) (mcpt*) +tr (—AQ(wt)‘ + dd“g) — Addcw—) + A%n

S —AHt —+ A2n10gtrw? ((,U) +trw£>\ <6_Atw _ AZ(W? + ddchg) . Addc’l]Z)_> + Bl,

using g, 1+ < 0, the arithmetico-geometric inequality and the fact that sup y |¢7|
is under control. Using the lower bound dd®y)~ > —Cw we get

e My — A2(W) + dd®ig) — Addp™ < (AC + 1w — A%(0 + ddyg) < —cAw
for ¢ > 0 under control and all A large enough. It follows that

tr (e‘Atw — A%} + ddepg) — A dd%b‘) + A%nlog tr (w)

< A2 <_Ctrw£/\ (w) + nlog tr (w)) < A2B,.
We conclude that (% — Ai‘) H; < —AH;+ B3 with A, B3 > 0 under control. Now
Ho=M"" (0§ — ¢p) — A%pp + Aty + Ay,
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hence supy Hy < M~'N 4 By, and the maximum principle yields supy H; <
M~'N + Bs. It follows that

0
sup —cpi‘ < BeM'N + B,
K OA

which integrates to
sup (7 — i) < BsN + By M,

and the result follows by symmetry. U

5. PROOF OF THEOREM 1.10
Let (X,w) be a compact Kéhler manifold endowed with a reference Kéhler
form. We assume given the following data:

e An affine path 6, = 0y +tx, t € [0,T], of closed (1,1)-forms such that the
cohomology class of 0, is semipositive and big for ¢ € [0, T'[.
e A positive measure y of the form

= VT gy

where ¥* are quasi-psh functions that are smooth on a Zariski open subset
Q of the ample locus of [fp] and such that e=%~ € LP for some p > 1.
e A function ¢y € C°(X) NPSH(X, 6y).

Our goal is to show the existence of a unique family ¢; of functions on X which
satisfy the following properties:

(i) ¢t is O¢-plurisubharmonic and bounded, uniformly with respect to ¢ €
10, T'[ for each TV < T..
(ii) on 2x]0,T| ¢; is smooth and satisfies there

0 {(ﬁt + ddﬂpt)”} .

—¢ =log (5.1)

ot

(iii) ¢¢ — ¢ uniformly on compact subsets of Q as t — 0.

As a first remark, we may assume that there exists a semipositive and big form
0 with 0; > 6 for ¢t € [0,T]. Indeed, by assumption there exists ug, up € C*°(X)
such that 6y + dd“ug and 67 4+ dd“ur are both semipositive and big. If we set

Up 1= (1 — %) ug + %UT
then each 0 < e < 1 we then have
0 + ddus = (1 — %) (60 + dd°uo) + % (07 + dd°vr).
> %(90 + dchO) =:0

for t € [0,T — €]. The reduction is now achieved by replacing T' with T — &, 6y
with 0y + ddug, x with x + T~ dd*(ur — ug), and T with T + T~ (ur — ug).



24 SEBASTIEN BOUCKSOM & VINCENT GUEDJ
5.1. Existence. We regularize the data. By [Dem92], there exist two sequences
YiE € C®(X) such that

° %jf decreases pointwise to ¥, and the convergence is in C°°(€);
° ddc%iE > —Cw for some fixed C' > 0.

By Richberg’s theorem we similarly get a decreasing sequence 90% € C*(X) such
that 6; := supy ‘gp‘é — gpo‘ — 0 and 0y + ddcgoé > —¢jw with €; — 0. We then set
o 6):=6, + 2, 0] = 6 + tx.
o gy =eVr Y wn,
Since ¢/ is a Kéhler form for ¢ € [0, 7] and 96 + dd‘ipé > 0, Theorem 2.3 yields a
unique solution @/*! € C* (X x [0,T]) to
- (67 + dacgr)
= ADR — lO
o’ & ksl (5.2)

Lkl :
w0 = %0

Lemma 5.1. The sequence (¢?1); 1., is bounded in the Fréchet space C* (2x]0,T7),

and there exists C'> 0 such that supx (o7 ‘(pj*k’l‘ < C forall j,k,l.

Proof. The C°-bound on X x [0, T] follows from Lemma 4.1. By Lemma 4.3 and
4.4, for each compact set L € Qx]0, T there exists a uniform constant Cy, > 0
such that

j7k7l j’k’l

0 .

sup ‘gp ‘ + sup ’90 + sup ’Agpj’k’l‘ <Cp (5.3)
L L |0t L

for all j, k,l. The boundedness in C*°-topology on £2x]0,T[ follows by the para-

bolic version of the Evans-Krylov a priori estimates and parabolic boot-strapping

(see e.g. [Gillll]). O

Lemma 5.2. For each j fized the sequence %! is increasing (resp. decreasing)
with respect to k (resp. 1). For each K € ) there exists Ax > 0 such that

sup | — | < A (85465 + e+ <) (5.4)
Kx[0,T]
for all i,j,k,1.

Proof. The monotonicity with respect to k and [ follows immediately from Propo-
sition 2.1, while the last assertion is a consequence of Lemma 4.5. U

Using Lemma 5.1 and 5.2 we get the existence of
l—0o0 k—o00
in C* (2x]0,T[) by monotonicity. By Lemma 5.2 the sequence ¢; is Cauchy
with respect to the sup-norm, hence the existence of
e = lim @;

Jj—o0
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in C*°(Q2x]0,T[) using again Lemma 5.1. By (5.2), ¢ satisfies

8 o (Qt + ddcht)n
7P = log [

on 2x]0,7T[. Lemma 5.2 also shows that ¢ is bounded on Q x [0,7] and yields
for each K € Q) a constant Ax > 0 such that

sup ‘soj’k’l - @‘ < Ak (95 +¢5)
K x]0,T]

for all j, k,l. Since for each j, k,! fixed we have lim;_,q <pt.’k’l = @% it follows that
vt — o uniformly on compact subsets of €2, so that ¢ satisfies (5.1).

5.2. Uniqueness. Let ¢’ € COO(QX]O T']) be another solution to (i), (ii) and (iii)
above. Our goal is to prove ¢/ = ¢ by the maximum principle. le P € C®(Q)
such that 6§ + dd“y > 0, ¢ < 0 and ¢p = —oo near 9€2. We also fix 0 < ¢ < 1
with cf < w, so that w + c¢dd®yp > 0. A
Let us first prove ¢ > ¢/. For a given index j set Hy := ¢] — ¢} — cgjp. On
Qx]0,T] we have
d (0 + dd°¢; + dd°Hy + €j(w + cdd))"

S H=log
ot (0, + ddeg))"

(0 + dd°p; + dd°Hy)"
(Gt + dd%p;)n

> log

hence infq Hs; > infq H; for s > ¢t > 0 by Proposition 2.1. Since go{ and ¢} are
bounded on {2 independently of ¢ and ¢ — —oo at 0f2, there exists K; € Q
independent of ¢ €]0,7 such that infq H; = infg, H;. Using the boundary

conditions lim;_.q go{ = go% and limy_,o ¢; = ¢p uniformly on compact sets of €2,
it follows that

.. _ i o >
fmyipt = gt (= o —eey) 20

since @ > o and ¢ < 0. We have thus shown that ¢/ > ¢’ + cgj9 on Qx]0, T7,
hence ¢ > ¢’ by letting j7 — oo.

In order to prove the converse inequality, we need to introduce yet another
parameter in the construction of ¢, in order to allow more flexibility. Fix T/ < T
and choose 0 < dp < 1 such that 77 < (1 — §9)T. For § € [0,00] and ¢ € [0,T"]
set 09 := (1 —6)f + tx and 0?’] := 09 + ¢;w, and note that

6029 > (1 — 6)6.

Since
(1=10)0 +ejw+ (1 —0)dd°¢) >0
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Theorem 2.3 yields a unique solution @®7%! € C®(X x [0,7"]) to
8, c 5,j,k,z)”
9 skt oy (609 + dav
ot Fk (5.5)

4,7,k,l j
e = (1-0)¢}

Just as in Lemma 5.1 and 5.2, @5l is monotonic with respect to k and [, uni-
formly bounded on X x[0, 7"}, the sequence (¢?*!), ;. ; is bounded in C* (22x]0, ")),
and for each K & (2 we have an estimate

sup [Pkl — 0Tk < Ay (e + e+ 6+ 55)
Kx[0,T7]

independent of § € [0, o], ¢, 7,k and I. We may thus consider

(1067j7k — lim @67j7k7l’ SOE’J — lim @67j7k’ (106 — Iim 806’]
l—o00 k—o0 J
in C* (Qx]0,T7).
Since
ikl 6,7,k,1 j
sup’npo — v’ zésup‘gog)’
X X

and Hﬁg - Gg’j || = 6]|0]| are uniformly bounded, Lemma 4.5 shows that
sup ‘wé,j,k,l _ ijyk,z‘ < Cx6
K x[0,1"]

for each K € (), with C'x > 0 independent of 6, j, k, [, and hence
sup ‘gp‘s - go‘ < Cké (5.6)
K

for all § € [0, d].
Now we introduce for a given § €]0,80] Hy; := ¢} — ¢ — 6 € C(Qx]0,T"]).

We have

LI (09 + dd°o? + 5(60 + dd°)) + dd°Hy)"

o T8 (05 + dded)”

(09 + dd°g? + dd°Hy)"

(0 + ddeg))”
hence infg H, > infq H; for s > t > 0 by Proposition 2.1. Since ¢° and ¢ are
bounded, there exists K5 € Q such that infq H; = inf, (¢} — ) — d1b), hence
lim;,0info Hy = infg;(—dpo — 61)) > —dsupx |¢o|. We have thus shown that

¢ > ® + 6 — Ssupy |po| on 2x]0,T'], and we obtain ¢’ > ¢ on 2 by letting
d — 0 thanks to (5.6).

> log

Remark 5.3. Since ¢; is uniformly bounded for ¢ in a compact set of ]0, 77,
[EGZ11] implies that ¢; € C°(X) for each t €]0,T[ and supy |¢; — @s| < C|t —
s| for t,s in a compact set of ]0,T[. It follows that ¢ € CO(Xx]0,T[). Is it
continuous on the whole X x [0,T ?



[Aub78]

[BMS87]

[BTs2

[BGZ08|

[BBGZ09)
[BBEGZ11]
[Blo03]
[Blo09]
[Blo]
[Bou02]
[BEGZ10]
[Cao85)
[Che00]
[CTZ11]
[Dem85]
[Dem92]
[DP04]

[DZ10]

[Ding88]
[DT92]
[EGZ09]
[EGZ11]
[Gilll1]

[GR56]

KAHLER-RICCI FLOWS ON SINGULAR VARIETIES 27

REFERENCES

T. Aubin: Equation de type Monge-Ampeére sur les variétés kéhlériennes com-
pactes. Bull. Sci. Math. 102 (1978), 63-95.

S. Bando, T. Mabuchi: Uniqueness of Einstein Kahler metrics modulo connected
group actions, in Algebraic geometry, Sendai, 1985 (T. Oda, Ed.), Adv. Stud.
Pure Math. 10, Kinokuniya, 1987, 11-40.

E. Bedford, B. A. Taylor: A new capacity for plurisubharmonic functions. Acta
Math. 149 (1982), no. 1-2, 1-40.

S. Benelkourchi, V. Guedj, A. Zeriahi: A priori estimates for weak solutions of
complex Monge-Ampeére equations. Ann. Scuola Norm. Sup. Pisa C1. Sci. (5), Vol
VII (2008), 1-16.

R. Berman, S. Boucksom, V. Guedj, A. Zeriahi: A variational approach to complex
Monge-Ampere equations. Preprint (2009) arXiv:0907.4490.

R. Berman, S. Boucksom, P.Eyssidieux, V. Guedj, A. Zeriahi: K&ahler-Ricci flow
and Ricci iteration on log-Fano varieties. Preprint (2011).

Z. Blocki: Uniqueness and stability for the complex Monge-Ampere equation on
compact Kahler manifolds. Indiana Univ. Math. J. 52 (2003), no. 6, 1697-1701.
Z. Blocki: A gradient estimate in the Calabi-Yau theorem. Math.Ann. 344 (2009),
317-327.

7. Blocki: The  Calabi-Yau  theorem. Preprint available  at
http://gamma.im.uj.edu.pl/ blocki/publ/index.html.

S. Boucksom: On the volume of a line bundle. Internat. J. Math. 13 (2002), no.
10, 1043-1063.

S. Boucksom, P. Eyssidieux, V. Guedj, A. Zeriahi: Monge-Ampére equations in
big cohomology classes. Acta Math. 205 (2010), 199-262.

H.D.Cao: Deformation of Kahler metrics to Kéhler-Einstein metrics on compact
Kahler manifolds. Invent. Math. 81 (1985), no. 2, 359-372.

X. X. Chen: On the lower bound of the Mabuchi energy and its application.
Internat. Math. Res. Notices (2000), no. 12, 607-623.

X. X. Chen, G.Tian, Z.Zhang: On the weak Kéahler-Ricci flow. Trans. Amer. Math.
Soc. 363 (2011), no. 6, 2849-2863.

J.P. Demailly: Mesures de Monge-Ampere et caractérisation géométrique des
variétés algébriques affines. Mém. Soc. Math. France 19 (1985).

J. P. Demailly: Regularization of closed positive currents and intersection theory.
J. Alg. Geom. 1 (1992), no. 3, 361-409.

J. P. Demailly, M. Paun: Numerical characterization of the K&ahler cone of a
compact Kédhler manifold. Ann. of Math. (2) 159 (2004), no. 3, 1247-1274.

S. Dinew, Z. Zhang: On stability and continuity of bounded solutions of degenerate
complex Monge-Ampere equations over compact Kéhler manifolds. Adv. Math.
225 (2010), no. 1, 367-388.

W.-Y. Ding: Remarks on the existence problem of positive Kéhler-Einstein met-
rics. Math. Ann. 282 (1988), 463—471.

W.-Y. Ding, G. Tian: Kéahler-Einstein metrics and the generalized Futaki invari-
ant. Invent. Math. 110 (1992), no. 2, 315-335

P. Eyssidieux, V. Guedj, A. Zeriahi: Singular Kahler-Einstein metrics. J. Amer.
Math. Soc. 22 (2009), 607-639.

P. Eyssidieux, V. Guedj, A. Zeriahi: Viscosity solutions to degenerate Complex
Monge-Ampere equations. Comm.Pure & Appl.Math 64 (2011), 1059-1094.
M.Gill: Convergence of the parabolic complex Monge-Ampeére equation on com-
pact Hermitian manifolds. Comm. Anal. Geom. 19 (2011), no. 2, 277-303.

H. Grauert, R. Remmert,: Plurisubharmonische Funktionen in komplexen
Réumen. Math. Z. 65 (1956), 175-194.



28

(GZ07]
(GZ11]
[Kol98]
[Kol03]

[Kol09]

[Mab86]
[Pau0g]
[PSSWO08]
[Siug7]
[Sko72]
[STOg]
[ST09]
[SzTol1]
[Tian97]
[Tian]
[TZha06]
[TZ07)
[Trus4]
[Tsu88)
[Yau78]

[Zer01]

SEBASTIEN BOUCKSOM & VINCENT GUEDJ

V. Guedj, A. Zeriahi: The weighted Monge-Ampere energy of quasiplurisubhar-
monic functions. J. Funct. An. 250 (2007), 442-482.

V. Guedj, A. Zeriahi: Stability of solutions to complex Monge-Ampére equations
in big cohomology classes. Preprint (2011).

S. Kotodziej: The complex Monge-Ampere equation. Acta Math. 180 (1998), no.
1, 69-117.

S.Kotodziej: The Monge-Ampeére equation on compact Kéhler manifolds. Indiana
Univ.Math.J. 52 (2003), 667-686.

S. Kolodziej: Hélder continuity of solutions to the complex Monge-Ampeére equa-
tion with the right-hand side in LP: the case of compact K&hler manifolds. Math.
Ann. 342 (2008), no. 2, 379-386.

T. Mabuchi: K-energy maps integrating Futaki invariants. Tohoku Math. J. (2)
38 (1986), no. 4, 575-593.

M. Paun: Regularity properties of the degenerate Monge-Ampere equations on
compact Kéhler manifolds. Chin. Ann. Math. Ser. B 29 (2008), no. 6, 623-630.
D. H. Phong, J. Song, J. Sturm, B. Weinkove: The Moser-Trudinger inequality on
Kéhler-Einstein manifolds. Amer. J. Math. 130 (2008), no. 4, 1067-1085.

Y. T. Siu: Lectures on Hermitian-Einstein metrics for stable bundles and K&hler-
Einstein metrics. DMV Seminar, 8. Birkhduser Verlag, Basel, 1987.

H. Skoda: Sous-ensembles analytiques d’ordre fini ou infini dans C™. Bull. Soc.
Math. France 100 (1972), 353-408.

J. Song, G. Tian: Canonical measures and Kéahler-Ricci flow. Preprint (2008), to
appear in J. Amer. Math. Soc.

J. Song, G. Tian: The Ké&hler-Ricci flow through singularities. Preprint (2009)
arXiv:0909.4898.

G. Székelyhidi, V. Tosatti: Regularity of weak solutions of a complex Monge-
Ampere equation. Anal. PDE 4 (2011), 369-378.

G. Tian: Kahler-Einstein metrics with positive scalar curvature. Inv. Math. 130
(1997), 239-265.

G. Tian: Canonical metrics in Kéhler geometry. Lectures in Mathematics ETH
Ziirich. Birkhauser Verlag, Basel (2000).

G. Tian, Z.Zhang: On the Kéhler-Ricci flow on projective manifolds of general
type. Chinese Ann. Math. Ser. B 27 (2006), no. 2, 179-192.

G. Tian, X. Zhu: Convergence of Kahler-Ricci flow. J. Amer. Math. Soc. 20 (2007),
no. 3, 675-699.

N. S. Trudinger: Regularity of solutions of fully nonlinear elliptic equations. Boll.
Un. Mat. Ttal. A (6) 3 (1984), no. 3, 421-430.

H. Tsuji: Existence and degeneration of Kihler-Einstein metrics on minimal alge-
braic varieties of general type. Math. Ann. 281 (1988), no. 1, 123-133.

S. T. Yau: On the Ricci curvature of a compact Kahler manifold and the complex
Monge-Ampere equation. I. Comm. Pure Appl. Math. 31 (1978), no. 3, 339-411.
A. Zeriahi: Volume and capacity of sublevel sets of a Lelong class of psh functions.
Indiana Univ. Math. J. 50 (2001), no. 1, 671-703.

CNRS-UNIVERSITE PIERRE ET MARIE CURIE, I.M.J., F-75251 PARIS CEDEX 05, FRANCE
E-mail address: boucksom@math. jussieu.fr

INSTITUT UNIVERSITAIRE DE FRANCE & INSTITUT MATHEMATIQUES DE TOULOUSE,, UNI-
VERSITE PAUL SABATIER, 31062 TOULOUSE CEDEX 09, FRANCE
E-mail address: vincent.guedj@math.univ-toulouse.fr



