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Abstract

We study degenerate complex Monge—Ampere equations on a compact Kihler manifold (X, w). We
show that the complex Monge—Ampere operator (@ + dd€-)" is well defined on the class £(X, w) of w-
plurisubharmonic functions with finite weighted Monge—Ampere energy. The class £(X, w) is the largest
class of w-psh functions on which the Monge—Ampere operator is well defined and the comparison principle
is valid. It contains several functions whose gradient is not square integrable. We give a complete description
of the range of the operator (w + dd®-)" on £(X, w), as well as on some of its subclasses. We also study
uniqueness properties, extending Calabi’s result to this unbounded and degenerate situation, and we give
applications to complex dynamics and to the existence of singular Kihler—Einstein metrics.
© 2007 Elsevier Inc. All rights reserved.
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0. Introduction

Let X be a compact connected Kihler manifold of complex dimension n € N*. Let w be a
Kihler form on X. Given p a positive Radon measure on X such that u(X) = f x @", we study
the complex Monge—Ampere equation

(a) + ddcgp)" =/, (MA,)

¥ Corresponding author.
E-mail addresses: guedj@picard.ups-tlse.fr (V. Guedj), zeriahi @picard.ups-tlse.fr (A. Zeriahi).

0022-1236/$ — see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jfa.2007.04.018



V. Guedj, A. Zeriahi / Journal of Functional Analysis 250 (2007) 442—482 443

where ¢, the unknown function, is such that w, := w +dd ¢ is a positive current. Such functions
are called w-plurisubharmonic (w-psh for short). We refer the reader to [19] for basic properties
of the set PSH(X, w) of all such functions. Here d = + 3 and d° = 5— (3 — 9).

Complex Monge—Ampere equations have been studied by several authors over the last fifty
years, in connection with questions from Kihler geometry and complex dynamics (see [1,14,17,
21,22,25,26,28] for references). The first and cornerstone result is due to S.T. Yau who proved
[28] that (MA,,) admits a solution ¢ € PSH(X, w) NC*(X) when u = fw" is a smooth volume
form.

Motivated by applications towards complex dynamics, we need here to consider measures ©
which are quite singular, whence to deal with singular w-psh functions ¢. We introduce and study
aclass £(X, w) of w-psh functions for which the complex Monge—Ampére operator (w + ddp)"
is well defined (see Definition 1.1): following E. Bedford and A. Taylor [6] we show that the
operator (w + ddp)" is well defined in X \ (¢ = —o0) for all functions ¢ € PSH(X, w); the
class £(X, w) is the set of functions ¢ € PSH(X, w) such that (w+dd )" has full mass fx " in
X\ (p = —00). When n = dimc X = 1, this is precisely the subclass of functions ¢ € PSH (X, w)
whose Laplacian does not charge polar sets. It is striking that the class £(X, w) contains many
functions whose gradient is not square integrable, hence several results to follow have no local
analogue (compare [8,9]).

One of our main results gives a complete characterization of the range of the complex Monge—
Ampere operator on the class £(X, w).

Theorem A. There exists ¢ € E(X, w) such that u = (w + ddp)" if and only if u does not
charge pluripolar sets.

An important tool we use is the comparison principle that we establish in Section 1: we
show that £(X, w) is the largest class of w-psh functions on which the complex Monge—Ampere
operator (w + dd¢-)" is well defined and the comparison principle is valid. Another crucial tool
for our study is the notion of weighted Monge—Ampere energy, defined as

E, (¢) = f (=30 0 plw+ddg)".
X

where x :R™ — R is an increasing function such that y (—oo) = —oo. The properties of this
energy are quite different whether the weight y is convex (x € W™) or concave (x € WT). We
show (Proposition 2.2) that

EX. 0= | &X ),
XEW™

where £, (X, o) denotes the class of functions ¢ € £(X, ) such that x (¢ — supy ¢) € L'(w+
dd€p)™"). At the other extreme, we show (Proposition 3.1) that

PSH(X.0)NL¥(X)= (] &(X.o).
XEWt



444 V. Guedj, A. Zeriahi / Journal of Functional Analysis 250 (2007) 442—482

The function x(t) =t is—up to multiplicative constant—the unique weight in W~ N WT.
We let

EVX, w) = {(p eé(X,w) ‘ <P€Ll((w+ddc‘ﬂ)n)}

denote the class £, (X, ) for x(¢) =t. When n = dimc X = 1, this is the classical class of
quasisubharmonic functions of finite energy. It deserves special attention both for the theory and
the applications. Indeed all functions ¢ € £!(X, w) have gradient in L?(w"), while the gradient
of most functions in &, (X, w), x € W™\ W, does not belong to L?*(w") (see Example 2.14),
in contrast with the local theory [8,9].

We obtain the following extension of Calabi’s uniqueness result [10].

Theorem B. Assume (v + dd )" = (w + dd¥)" with ¢ € E(X, w) and € EY(X, w). Then
@ — ¥ is constant.

It is an interesting open question to prove uniqueness of solutions as above in the larger class
E(X, w).

We also study the range of the Monge—Ampére operator on subclasses £, (X, w), when x (t) =
—(—0)P, p > 0, letting

EP(X,w) = {(p eé(X,w) ‘ e Lp((‘“"‘ddc‘ﬂ)n)}

denote the corresponding class &, (X, w).

Theorem C. There exists ¢ € EP (X, w) such that u = (w + dd )" if and only if EP (X, w) C
LP ().

This result also holds for quasihomogeneous weights (see Lemma 3.9). It was obtained in a
local context by U. Cegrell [11] when p > 1.

On our way to prove Theorems A-C, we establish several intermediate results (the class
E(X, w) is convex, weighted Monge—Ampere operators are continuous under decreasing se-
quences, etc.) most of which are valid when w is merely a positive closed (1, 1)-current with
bounded potentials. This is motivated by applications towards complex dynamics and complex
differential geometry, as we briefly indicate in Section 5.

This article is an expanded version of our previous preprint [20].

1. The class £(X, »)

In the sequel X is a compact Kihler manifold of dimension n, and w is a positive closed
(1, 1)-current with bounded potentials, such that f y@" > 0. Welet PSH(X,w) ={p € L'(X) |
@ isu.s.c. and dd¢p > —w} denote the set of w-plurisubharmonic functions (w-psh for short)
which was introduced and studied in [19].



V. Guedj, A. Zeriahi / Journal of Functional Analysis 250 (2007) 442—482 445

1.1. Defining the complex Monge—Ampére operator

It follows from their plurifine properties that if u, v are bounded plurisubharmonic functions
in some open subset D of C", then

Liy=v[ddu]" = 1= v)[dd® max(u, v)]" (1)

in the sense of Borel measures in D (see [6]).

Let ¢ be some unbounded w-psh function on X and consider ¢; := max(¢, —j) € PSH(X, w)
the canonical approximation of ¢ by bounded w-psh functions. This is a decreasing sequence
such that, by (1),

Lig;>—ny[ow+dde;]" =11y;> 1) [@ + dd max(e;, —k)]".
Now if j >k, then (¢; > —k) = (¢ > —k) and max(¢;, —k) = ¢y, thus
Lps—i[w+ddp;]" = 1ipo [0 +ddp]". @)
Observe also that (¢ > —k) C (¢ > — ), therefore
izk = Y jlo+dde;]" > 1o ylo+dda]",

in the weak sense of Borel measures. Since the total mass of the measures 1(y~_ j}[w +dd@;]"
is uniformly bounded from above by | x @", by Stokes theorem, we can define

= lim 1y _jj[o+dde;]".

J—>—+oo

This is a positive Borel measure which is precisely the non-pluripolar part of (w + ddp)", as
considered in a local context by E. Bedford and A. Taylor in [6]. Its total mass j,(X) can take
any value in [0, [y "].

Definition 1.1. We set

EX, w) = {w € PSH(X, ») ‘ 1o (X) =/a)}
X

An alternative definition is given by the following observation.

Lemma 1.2. Fix ¢ € PSH(X, w). Let (s;) be any sequence of real numbers converging to +00,
such that s; < j for all j € N. The following conditions are equivalent:

(@) pel(X,w);
() (@+ddpj)" (¢ < —j)—0;
©) (w+ddpj)" (¢ < —sj) —> 0,

where ¢ :=max(¢, —j) denotes the canonical approximation.
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Proof. By definition of 1y, we have

1o (X) =/w” — lim (w0+ddp;)" (p <)),
Jj—>+00
X

hence (a) is equivalent to (b). It follows from (2) (with k = s;) that
(@ +dd ;)" (¢ < —=s) = (0 +ddpy,)" (9 < =5,
since s; < j. This shows that (b) is equivalent to (c). O

When X is a compact Riemann surface (n = dimc X = 1), the set £(X, w) is the set of w-
subharmonic functions whose Laplacian does not charge polar sets. It follows from the above
discussion that any w-psh function has a well-defined complex Monge—Ampere operator (w +
ddp)" in X \ (¢ = —00), and p,, is the trivial extension of (@ + dd )" through (¢ = —00).
A function ¢ belongs to £(X, w) precisely when its complex Monge—Ampére has total mass
/ x @" in X'\ (¢ = —00), hence it is natural to use the notation

(0+ddp)" :=py= lim 1[0 +ddy;]",

J——+oo
for ¢ € £(X, w).
Theorem 1.3. Let ¢ € £(X, w). Then for all bounded Borel function b,

((w+ddp)".b)= lim ((w+dd‘¢;)",b), 3)

Jj—+oo

where ¢ :=max(¢, —j) is the canonical approximation of ¢.
In particular (w + dd€p)" puts no mass on pluripolar sets, and

Ligs—j)(@ +dd°p)" (B) = 1iy>—_j) (@ + dd ;)" (B) “
for all Borel subsets B C X.

Let us emphasize that the convergence in (3) implies—but is much stronger than—the con-
vergence in the weak sense of positive Borel measures,

(0 +ddp;)" — (0 +ddp)".

Several results to follow are a consequence of fact (3): the complex Monge—Ampere measure
(w+ dd )" of a function ¢ € £(X, w) is very well approximated by the Monge—Ampére mea-
sures (w +ddp;)".

Note also that the complex Monge—Ampére operator (w + ddp)" is thus well defined for
functions ¢ € £(X, w), although these functions need not have gradient in L2%(X) (see Theo-
rem 1.9 and Example 2.14). This is in contrast with the local theory [8,9].
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Proof. Recall that ¢ € £(X,w) if and only if (w + ddp;)" (¢ < —j) — 0, where ¢; :=
max(¢, — j). We infer that for all Borel subset B C X,

ot @ri= tm [ ordde) = i [(ordie)
BA(p>—)) B

This yields (3), by using Lebesgue dominated convergence theorem.
Since (w + dd ;)" does not charge any pluripolar set B, the same property holds for (w +
ddp)". Equality (4) now follows from (2) and (3). O

Since (w + dd )" does not charge the pluripolar set (9 = —oo) when ¢ € £(X, w), one can
construct a continuous increasing function 4 : Rt — R such that 4 (4+00) = 4+oco and h o || €
L'((w + dd°p)™). This motivates the following result.

Proposition 1.4. Fix ¢ € PSH(X, w) and let h : RT — R be a continuous increasing function
such that h(+00) = +oc. Then

p € E(X, ) and /h o |<p|(a)+ddc<p)n <400 <— sup/h o |<pj|(w+ddC¢j)n < +o00,
X ]>OX
where ¢ ;= max(¢, —j).
Moreover if this condition holds, then for all Borel subset B C X,

/ho|<pj|(a)+ddc<pj)”—>/ho|<p|(a)+ddc<p)". %)
B B

Proof. We can assume without loss of generality that ¢, ¢; <O0.

Assume first that sup > fX holgjl(w+dd°p;)" <+oo. Then ¢ € £(X, w) by Lemma 1.2.
Since the Borel measures 2(—¢;)(w + ddp;)" have uniformly bounded masses, they form a
weakly compact sequence. Let v be a cluster point. Since the functions i (—¢;) increase towards
h(—¢) and (w +dd“p;)" converges towards (w + dd p)", it follows from semi-continuity that
h(—@)(@ +dd )" < v, hence [y h(—¢)(w+dd“p)" < v(X) < +o00.

Conversely assume that ¢ € £(X, w) and h(—¢) € L' ((w + dd°p)™). It follows from (4) that

no__ no_ no__ n
/ %j_/%j /%_ / o
(p<—J) X (p>—J) (p<—J)

Here—and in the sequel—we use the notation @, := w +dd“¢, wy; = w + dd“g;. Thus by (4)
again,

[repey, =niy [ o+ [ nea,

X (p<—J) (p>—J)

= [ s [ neoeg< [reo,

(p<=)) (p>=)) X
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Moreover if B C X is a Borel subset, then

‘/h(—¢j)wg_/ _/h(_¢)w$ <
B B

<2 / h(—(p)(uZ—)O. O

(p<—J))

n n
f h(—p))wy, + / h(=p)w,
BO(p<—) BO(p<—)

1.2. The comparison principle
We now establish the comparison principle which will be an important tool in the sequel.

Theorem 1.5. Let ¢, € £(X, w), then
f (0 +ddy)" < / (0 +ddp)".
(p<¥) (p<¥)

The class E(X, w) is the largest subclass of PSH(X, w) on which the operator (w + dd°-)" is
well defined and the comparison principle is valid.

Proof. Assume first that ¢, ¥ are bounded. It follows from (1) that

Wl = / [w—i—max(go,lﬂ)]":/w”— / [@ + max(¢, ¥)]"
(p<¥) (p<¥) X (=)

<[ [ =]
(p>¥) (p<y)
Replacing ¥ by ¥ — &, ¢ > 0, yields when ¢ N\ 0,
/ a)w—hm/Y / a) <lim / / / Wy-
(p<¥) (p<¥— (p<y—eo) (p<¥)
When ¢, ¥ are unbounded, we set ¢ ; = max(¢, —j) and ¥ = max(y, —k). The comparison

principle for bounded w-psh functions yields

A< [ o

(pj<vi) (pj<¥)

$j"

Observe that (p; < ) C (¢; < ¥&) C (¢ < Y). Letting k — +o0 in the corresponding inequal-
ity yields, by using monotone convergence theorem together with (3),

n n
/a)wg / a)wj.

(pj<¥) (p<¥)
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Letting now j — +o00, we infer |, (<) a)i < (<) a)z. The desired inequality now follows by
replacing ¥ by ¥ — ¢, & > 0, and letting ¢ — 0.

It turns out that the class £(X, w) is the largest class of w-plurisubharmonic functions on
which the complex Monge—Ampere operator is well defined and the comparison principle is
valid. Indeed let F be the largest class with these properties, so that £(X, w) C F C PSH(X, w)
and

/(w+dd0¢)”< / (0 +dd“u)",
W<y) w@s<y)

for all u, ¢ € F. Note that this inequality is equivalent to the comparison principle Theorem 1.5
since the measures (w + dd“u)", (w + dd°y)" have the same total mass fx o". Fix p € £(X, w)
and ¢ € F and apply previous inequality with u = ¢ + ¢, ¢ € R, to obtain

(0+dd¥)" (9 = —00) = lim / (0+dd“v¥)" < wl)(p =—00) =0.

c—>—+00
(p+c<y)

Since £(X, w) characterizes pluripolar sets (Example 2.14), we infer a):}/ (Y = —00) =0, hence
v efX,w),ie. F=EX,w). O

This principle allows us to derive important properties of the class £(X, w).

Proposition 1.6. The class £(X, w) is convex. Moreover if ¢ € E(X, w) and ¥ € PSH(X, w) are
such that ¢ < Y, then ¥ € £(X, w).

Proof. The proof follows from the comparison principle together with the following elementary
observation: if ¢ € PSH(X, w) and ¢/2 € £(X, w), then ¢ € £(X, w). Indeed setu =¢/2, u; :=
max(u, —j), and ¢; :=max(p, —j). Observe that u; = ¢;/2 and

wy;

. 1 1
=w+dd (¢2;/2) = §(w+ww2f) > 290

therefore
/ (a) +ddc<p2j)n = / (w—i—ddc(pzj)n <228 / (a)—l—ddcuj)n — 0.
(p<-2)) u<—Jj) u<—Jj)
We now use the comparison principle to show that if ¢ € £(X, w), ¥ € PSH(X, w) are such
that ¢ < ¢, then /2 € £(X, w), so that ¥ € £(X, w) by previous observation. Set v := /2

and v; :=max(v, —j), ¢; := max(p, —j). We can assume without loss of generality that ¢ <
¥ < =2, hence v < —1. It follows from ¢ <  that

W< =) Clpj<vj—j+1D)Clp<—)),
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where the last inclusion simply uses v; < —1. We infer
aws-n< [ o< [ e <ae<-p-o
(p2j<vj—j+1) (p2j<vj—j+1)

as follows from Lemma 1.2. Thus v = ¢/ /2 € £(X, w).

Using the comparison principle again, we now show that if ¢, ¥ € £(X, w), then (¢ + ) /4 €
E(X, w). It follows then from our first observation that (¢ + ) /2 € £(X, w), thus £(X, w) is con-
vex. Set w = (¢ + ) /4, w;j = max(w, —j), ¢; := max(p, —j) and ¥; := max(y, —j). Ob-
serve that (v < —j) C (¢ < —2j)U (¥ < —2j), thus it suffices to show that a){)'/_ (p<-2j)—0.
Assuming as above that ¢, ¥ < —2 yields (¢ < —2j) C(¢2; <w; — j+1) C (¢ < —j), hence

oy (9 < =2)) Swp, (9 < —j) = (p < —j) =0,

as follows from Lemma 1.2. O

Corollary 1.7. If ¢ € £(X, w), ¥ € PSH(X, w), then max(p, ¥) € E(X, w) and
Loy +dd°p]" =11p=yy [0 + dd® max(p, y)]".

Proof. It follows from the previous proposition that u# := max(g, ¥) belongs to £(X, w). Set
¢; = max(p, —j), ¥jy1 = max(y, —j — 1) and u; := max(u, —j). Observe that max(¢;,
Vj+1) = max(p, ¥, —j) = u;. Applying (1) yields

n n
1{<ﬂ_/>1//j+|}(w+ddcwj) = 1{(/’_/>‘/fj+1}(w+ddcuj) .

Recall from (3) that 1(p>y)@y, = L(ps>y)@y. Now (¢ > ) C (9 > ¥j41) and (9; > ¥j11) \
(¢ > ) C(p <—j), hence

0 < gy — Lp=w0y, < Lp<—pwy, =0,
since ¢ € £(X, w). This shows that
L= gy (@ +dd°;)" — Ly (0 +ddp)".

One proves similarly that 1{¢,~>¢_/+1}(w +ddu;)" — 1iyy) (0 +ddu)", observing that (¢; >
Vit \ (¢ > ) C (max[p, Y] < —j). O

The previous proposition also shows that functions which belong to the class £(X, w), al-
though possibly unbounded, have mild singularities.

Corollary 1.8. Assume w is Kdhler. A function ¢ € £(X, w) has zero Lelong number at every
point x € X.

Note that this is not a sufficient condition to belong to £(X, w). It is for instance well known
that, when n = 1, there are subharmonic functions whose Laplacian has no Dirac mass but nev-
ertheless charges a polar set.
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Proof. For any point x € X, one can construct a function ¢ € PSH(X, ) which is smooth but at
point x, and such that o ~ clogdist(-, x) near x, for some constant ¢ > 0. Such a function o has
well-defined Monge—Ampére measure (w + ddp)" and the latter has mass > ¢” at point x (see
[13]). Therefore p ¢ £(X, w).

Now if ¢ € PSH(X, w) has a positive Lelong number at point x, then ¢ < yo + C on X,
for some constants y, C > 0, so it follows from the previous result that ¢ does not belong
to£(X,w). O

We will see in the next section (Theorem 2.6) that the complex Monge—Ampere operator
p e &(X,w)— (w+ddp)" is continuous under any decreasing sequences.

Theorem 1.9. Let ¢; € £(X, w) be any sequence decreasing towards ¢ € £(X, ). Then (v +
dd°p;)" — (0 +dd°p)".

The proof of this result uses some properties of the weighted Monge—Ampere energy that we
introduce in Section 2. The following consequence will be quite useful when solving Monge—
Ampere equations in Section 4. It is due to E. Bedford and A. Taylor [3,5] when ¢, ¢ are
bounded.

Corollary 1.10. Assume ¢, ¥ € E(X, w) are such that (v + ddp)" > pn and (0 +dd¥)* > n
for some positive Borel measure p on X. Then

[@+ dd° max(p, ¥)]" > p.
Proof. Observe that max (g, ¥) € £(X, w) by Proposition 1.6. It follows from Corollary 1.7 that
[a) + dd max(gp, w)]" > 1{¢>¢}(60 + ddc(ﬂ)n + Lip<y) (“) + dd‘ﬁp)” 2 Lyt
Thus we are done if (¢ =) =0.
Assume now that p1(¢ = v) > 0. We show hereafter that (¢ = ¢ +1#9) =0 forall rp e R\ I,

where [, is at most countable. Assuming this, we can find a decreasing sequence &; ~\ 0 such
that (¢ =¥ +¢;) = 0. Replacing ¢ by ¥ + ¢; above yields

[@+dd® max(p, ¥ +))]" > .

The desired inequality therefore follows from Theorem 1.9.

It remains to show that I, :={t9p € R | u(¢ =y + 1) > 0} is at most countable. Consider
fiteRr u({g <y +1}) e RT. This is an increasing function which is left continuous since
u is a Borel measure. Moreover

lim f () = n(fe < ¥ +10)\ {¥ = —o0}) = u({e < ¥ +10})

—1

since u (Y = —00) < w’fp (¢ = —00) =0. Then f is continuous at 7o unless (¢ =¥ + #9) > 0.
Thus the set 1, coincides with the set of discontinuity of f which is at most countable. O
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2. Low-energy classes

Let x :R™ — R~ be a convex increasing function such that x (—oo) = —oo. It follows from
the convexity assumption that

0K (=)x'(t) <(=x)(t)+ x(0), forallteR™.

A straightforward computation shows that x o ¢ € PSH(X, w) whenever ¢ € PSH(X, w) is
non-positive and such that x" o ¢ < 1. Indeed

dd°xop=x"opdpAd¢+ x 0opdd®¢p > —w.
Our aim here is to study the class of w-psh functions with finite x-energy.

Definition 2.1. We let £, (X, w) denote the set of w-plurisubharmonic functions with finite x-
energy, i.e.

£y (X, 0) = {p e EX, ) | x(—lpl) € L' (0 +ddp)")}.

Observe that this definition is invariant under translation both of the function ¢ — ¢ + ¢,
c € R, and of the weight x > x — x(0). We shall therefore often assume that the functions
we are dealing with are non-negative, and we will always normalize the weight by requiring
x(0) =0. We let

W™= {X :R™—>R™ | x convex increasing, x (0) =0, x(—o0) = —oo}
denote the set of admissible weights.

Proposition 2.2.

EX.0)= ) &X 0).
XEW—

Proof. Fix ¢ € £(X, w). Its complex Monge—Ampere measure (v + dd )" is well defined and
does not charge the pluripolar set (¢ = —00). One can construct a continuous increasing function
h:R*T — R* such that h(+00) = +o0c and h o |¢| € L' ((w + dd ¢)™). Note that we can assume
without loss of generality that 4 is concave (replacing if necessary & by a concave increasing
minorant / < h such that ﬁ(—{-oo) = +00). Therefore ¢ € £, (X, w), where x (t) :=—h(—t). O

Observe that the union is increasing in the sense that £, (X, w) C £5(X, w) whenever x =
O (x) at infinity. Observe also that y = O(Id), as follows from the convexity assumption, hence
forall x e W,
EX.0)DE (X, 0):={pelX, 0)|peL (o))}

When n = dimc X = 1, £1(X, w) is the classical class of quasisubharmonic functions of finite
(unweighted) energy.
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In the rest of Section 2, x € YW~ denotes a fixed admissible weight and

Ey(p) = /(—x) op(w+dde)"
X

denotes the x-energy of a function ¢ € £, (X, w), ¢ <O0.
2.1. Useful inequalities

Many properties of the class £, (X, ) follow from simple integration by parts, as shown by
the following result.

Lemma 2.3 (The fundamental inequality). Let ¢, € PSH(X, w) N L°°(X) be such that ¢ <
¥ < 0. Then

0< / (=) 0 ¥ (@ +dd*p)" <2" f (1) 0p(w+ddg)".
X X

Proof. The proof follows from a repeated application of the following inequality, of independent
interest: let 7 be any positive closed current of bidimension (1, 1) on X, then

os/(—x)osowwAT<2f(—x)o¢w¢AT- ©)
X X

Indeed observe that [, (—x) o Yol < Jx(=x)0 o), hence it suffices to apply (6) with T =

wp A wz;:l*], 0 < j <n—1,to conclude.

It remains to prove (6). Here—and quite often in the sequel—we are going to use Stokes the-
orem which yields [, udd‘v AT = [vdd“u AT, whenever u, v are bounded w-psh functions.
Let us stress that there is no need for a global regularization of w-psh functions to justify this
integration by parts. We simply use the fact that u dd“v AT and vddu A T are well defined and
cohomologous currents on X, since

uddcv/\T—vddcu/\T:d[udcv/\T—vdcu/\T].

The latter computation can be justified by using local regularizations together with continuity
results of [5]. We can also assume the weight x is smooth and then approximate it by using
convolutions. Observe that x" o gw + dd(x o ¢) > 0, hence

Og/(—x)ogoa)lp/\T:f(—x)o<pw/\T+/(—1/f)ddCXogo/\T
X X X
</(—x)owwAT+/(—<p)[x’0<pw+dd“(xow)]/\T
X X

:f(—go)X’O(pw/\T—i—/(—X)ogoa)(p/\T.
X X
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Observe now that 0 < (—¢)x o9 < (—x) o ¢ and

/(—X)owa)(p/\T:/(—X)oq)a)/\T—i—/x/ogpdgo/\dc(p/\T
X X X

2/(—X)0(pa)/\T,
X

therefore fX(—go)X’ ocpw AT < fX(—X) o pwy A T, which yields (6). O
It follows from Lemma 2.3 that the class £, (X, w) is stable under taking maximum. Another

consequence of Lemma 2.3 is that a given w-psh function belongs to £, (X, w) if and only if any
sequence ¢; € PSH(X, w) N L*°(X) decreasing to ¢ has uniformly bounded x -energy.

Corollary 2.4. Fix ¢ € PSH(X, w). The following conditions are equivalent:
(1) pe&y (X, w);

(2) for any sequence ¢; € PSH(X, w) N L*°(X) decreasing towards ¢,

sup f (=10 (19j1) (@ + dd®p;)" < +o0:
j>0X

(3) there exists one sequence as in (2).

Proof. It follows from Proposition 1.4 that ¢ € £, (X, w) if and only if

sup [0 (-loyl) 0+ dap,)" < +x.
j=0
X

where ¢; := max(¢p, — j) is the canonical approximating sequence. Thus (1) is equivalent to (3).

Assume (3) holds. If v/; € PSH(X,w) N L*°(X) is any other sequence decreasing to-
wards ¢, then ¥; > ¢, for some (possibly large) k; € N, hence by Lemma 2.3, the sequence
f (0¥ D@+ ddyr;)" is still uniformly bounded, showing (2). The reverse implication
(2) = (3) is obvious. O

We now establish an inequality similar to (6), without any assumption on the relative local-
ization of ¢, V.

Proposition 2.5. Let T be a positive closed current of bidimension (j, j) on X, 0< j < n, and
let ¢, ¥ < 0 be bounded w-psh functions. Then

0< [n0pof AT <2 [ropufaT+2 [popal AT
X X X
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Observe that when T has bidimension (0, 0), T = 1, this shows that
x o0& (X, ) C L' (w),

for any Monge—Ampere measure i = (w +ddy)", ¥ € £, (X, w). We shall use this fact in Sec-
tion 4, when describing the range of the complex Monge—Ampére operator on classes &, (X, w).

Proof. Observe that x'(2t) < x/(¢) for all ¢ < 0, hence

0 0
f(—x)mprAT:/X’(t)w{,',AT(<p<t)dt<2fX/(t)w{,;AT(¢<2t)dt.
X —00 —00

Now (¢ <2t) C(p <¥ +1t)U (¥ <t), hence

0
/(_X)o¢wiAT<2/X/(t)wi/\T(gp<1/f+t)dt+2/(—)()01/fa)i/\T.
X X

—00

The comparison principle yields w{/; AT(p <y +1) < a)i, AT (¢ < +1). The desired inequal-
ity follows by observing that (¢ < +1¢) C(p <t). O

2.2. Continuity of weighted Monge—Ampére operators
We are now in position to prove a strong version of Theorem 1.9.
Theorem 2.6. Let ¢; € PSH(X, w) be a sequence decreasing towards ¢ € £, (X, w). Then ¢; €

Ex(X,w) and (w +dd ¢;)" — (w + ddp)". Moreover for any x € W™ such that x = o(x),
one has

X(=ljl)(@+dd°p;)" — X (=l¢l)(w+ddp)".
When ¢ :== max (@, — j) is the canonical approximation, then
I x (=lojl) (@ +dd;)" — 1px(~l¢l)(w +dd p)"
for all Borel subsets B C X.
Observe that Theorem 1.9 easily follows from this result together with Proposition 2.2.

Proof.
Step 1. Assume first that ¢; := max(¢, —j). For B C X,

‘/leowj%j—/lxloww{; < / [Ix1ogjal, +1xlopwy]
B B BN(p<—))
<2 / x| 0wy — 0,

(p<=))




456 V. Guedj, A. Zeriahi / Journal of Functional Analysis 250 (2007) 442—482

since x op € L' (wg). We have used here the upper bound:

(=x)ogjwy, = (=x)(=J) / Wy,

(9<—)) (@<—J)
=== f wy, < / (=X) ° pay,.
(@<—)) (@<—J)

This shows that 13 x o a)zj — 1p X opw,. We infer that the fundamental inequality holds when
o, v el (X, w).

Step 2. We now consider the case of a general sequence (¢;) that decreases towards ¢. The
continuity of the complex Monge—Ampere operator (w + dd-)" along such sequences is due to
E. Bedford and A. Taylor [5] when ¢ is bounded, and we shall reduce the problem to this case.
We can assume without loss of generality that ¢, ¢; < 0. Consider

wf( :=max(¢;,—K) and ¢f :=max(p, —K).

The integer K being fixed, the sequence (cpll.< )j is uniformly bounded and decreases towards ok,
hence '

(a) + ddc(p;()n Jotoo, (a) + ddcgoK)n.

Thus we will be done if we can show that (w + dd"goJ’.( )" converges towards (o + ddp;)" as
K — 400, uniformly with respect to j. Let & be a continuous test function on X. Then

(7, (0 + dd e} )" — (0 +dd ;)"

< Nl zecx) / [(w+ddc<p]’.<)”+(w+ddc<pj)”]

(pj<—K)
121 Lo (x) ¢ K\n ¢ \n
< 7(—)()(—1{){){/(_)()0@/['((0)4_(1‘1 <ij) —i—){/(—x)mpj(w—i-dd ;) }

Since ¢ < ¢; < (pJK , it follows now from Step 1 that the last two integrals are uniformly bounded
from above by 2" [, x(—x) o pw,. This yields the desired uniformity. Note that the same proof
shows that x o (pja)gj — X o ¢y, whenever X = o(x), so that a factor x(—K)/x(—=K) = 0
yields uniformity. O

Corollary 2.7. The fundamental inequality holds when ¢, ¥ € £, (X, w). Moreover if 0 > ¢; €

&y (X, w) is a sequence of functions converging towards ¢ in L'(X) and such that E x(p)) is
uniformly bounded, then ¢ € £, (X, w).

Proof. Set @; := (sup; ; @1)*. This is a sequence of w-psh functions which decrease towards ¢.
Since 0 > @; > ¢;, it follows from Lemma 2.3 and Theorem 2.6 that E, (®;) is uniformly
bounded. Thus ¢ € &, (X, ) by Corollary 2.4. O
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The class £' (X, w) plays a special role in many respects, as will become clear in Section 3.
We indicate here one specific property that will be useful when solving Monge—Ampere equation
in Section 4.

Proposition 2.8. Let ¢;, ¢ € £'(X, w) be such that p; — ¢ in L'(X). If [y |¢; — plaj, — 0,
then (0 +dd;)" — (0 +dd p)".

Proof. We can assume without loss of generality that ¢;, ¢ < 0. Passing to a subsequence if
necessary, we can assume f lp; — g0|a)(’/’)/_ < 1/j2. Consider

®; :=max(p;, ¢ — 1/j) € (X, w).

It follows from Hartogs’ lemma that @; — ¢ in capacity. This means that Cap,(|?; — ¢| >
g) — 0, for all ¢ > 0, where

Cap,(K) := sup{ /(a)—}—ddcu)n‘u ePSH(X,w), -1 <u< 0}

is the Monge—Ampere capacity (see [5,19]). It is a well-known consequence of the quasicon-
tinuity of w-psh functions that (w + dd“®;)" — (v + dd p)", when the &;’s are uniformly
bounded [27]. We can reduce to this case by showing that (w + ddquf )" converges to-
wards (o 4+ dd %)™ uniformly with respect to K, where d)]K :=max(®;, —K) and oK =
max (¢, —K). Indeed if 6 is a test function, then

|(a)’;f,9)—(ng,9)|<s§p|9|{ / a)g}(+ / w’;j}

(@;<—K) (@ <—K)
supy [0 K
S ——E(®]) + Ev(@))
supy |0]
<2———F —1),
X 1o—1)

where Ey = E, for x(z) = t. This follows from Lemma 2.3 and the lower bound @; > ¢ — 1.
Thus we have shown that the measures (w + dd® ;)" converge towards (w + dd“p)".

We now need to compare (w + dd“®;)" and (w + ddp;)". It follows from Corollary 1.7,
that

n RPN
@, = Hp;>p-1/j) - @y -

Let E; denotes the set X \ {¢p; > ¢ — 1/j},i.e. Ej = {¢ — ¢; > 1/j}. Our assumption implies
that 1¢ i a)(’/’)/_ — 0. Indeed,

. 1
O</w$j<1/|¢—¢jlw;€j<;-
E; X

Therefore 0 < w;f. < w%j + o(1), hence a)('}) =limw" O

j ¥j*
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Remark 2.9. Observe the following property which was used and proved above (when x () =1):
if p e PSH(X, w), p; € E(X,w), ; — ¢ in capacity, and ¢; > ¢ for some fixed ¥ € £(X, w),
then ¢ € £(X, w) and (w +dd p;)" — (0 +dd p)".

2.3. Homogeneous weights

The weights x, (1) = —(—1)?, 0 < p < 1, belong to W~ . We shall use the notation
EP(X,w) =&, (X,w), when x(t)=—(—-1)".

These classes are easier to understand thanks to the homogeneity property of the weight function,
x(et) =P x(1).

Also the class £'(X, w) deserves special attention, as it is the turning point between low-
energy and high-energy classes. All functions from £'(X,w) have gradient in L?(X) (see
Proposition 3.2), while most functions of lower energy do not (Example 2.14). We will show
(Theorem 3.3) that solutions of complex Monge—Ampere equations have a unique solution
in £1(X, w), while it is a question that remains open in classes of lower energy.

Our aim here is to establish further properties of the classes £7 (X, w). It will allow us to give
a complete characterization of the range of the complex Monge—Ampere operator on them (see
Theorem 4.2).

Proposition 2.10. There exists Cp, > 0 such that for all 0 = ¢y, ..., ¢, € PSH(X, w) N L*®(X),

0< /(—QDO)pw(m N Awg, < Cp Oglfén[/(_‘o/)pw;/}
e X

In particular the class EP (X, w) is starshaped and convex.

Proof. It follows from Proposition 2.5 applied with ¢ = ¢@g, ¥ = @1 and T = wy, A -+ A @y,
that

f(—x) o gowy, AT < 2/(—)() o @owgy AT +2/(—x) opiwy AT, (7N
X X X

thus we can assume ¢ = ¢ in the sequel.

Setu=¢ey 7_, ¢i, where ¢ > 0 is small enough (¢ < (2n)~'/P will do). Observe that ) =
e"wy, A+ -+ Ay, , hence it suffices to get control on f x(=x) o wj, forall 1 <i < n to conclude.
By using Proposition 2.5 again,

/(—x) o gil! < 2E, (91) + 2E (),
X
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where E, () := [y (—x) o uw/. By subadditivity and homogeneity of —x, we get E, (1) <
eP 371 [x(=x) o pjw);, hence

n 2 n

. n e — .

Z/(—x) 0 gitly < T ZIEX(%). ®)

i=1y i=
We deduce from (7), (8) and ]} = " wy, A -+ A wy, that

4n

0< | (—p0)Pwp A" Awy, < ————— E, (¢).
/( ©0)? Wy, wg, T = 2] 121%, x (@1)
X

Each class &, (X, w) is clearly starshaped. It follows from previous inequality that the classes
EP(X, w) are also convex. O

It follows from this result that if some functions ¥; € £ (X, w), ¥; < 0, have uniformly
bounded energy sup ;> Ey (¥;) < 400, then

Y=Y 27y e V(X w).
izl

This observation, together with the homogeneity property of x (t) = —(—¢)? allows us to de-
rive the following quantitative characterization of integrability properties with respect to a given
measure /L.

Lemma 2.11. Let i1 be a probability measure on X. Then EP (X, w) C LP(w) if and only if there
exists C > 0 such that for all € PSH(X, w) N L*°(X) with supy ¥ = —1,

P
p+1
0< f(—Wdu < CU(—Wwﬂ' . ©)
X X
Proof. Assume on the contrary that (9) is not satisfied, then there exists ; € PSH(X, w) N

L*°(X), supy ¥j = —1, such that

. P
/(—x) oyjdu >4 M, where M = Ey ().
X

If (M) is bounded we consider ¢ := Zj>1 277 ¥ ;. This is a w-psh function which belongs
to £P(X, w) by Proposition 2.10. Now

/(—x)owdu> /(—x)(Z‘fwj)du 22”’Mj"“ >2/P,
X X

because ¥; < —1, hence M; > 1. Thus fX(—X) oY du = +00, a contradiction.
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We similarly obtain a contradiction if (M ;) admits a bounded subsequence, so we can assume
M; — +o00 and M; > 1. Set ¢; = Sjlﬂj_, where ¢; = M;l/(pﬂ). We show here-below that
E, (¢;) is bounded, hence ¢ := Zj>1 27/ p; e EP (X, w) by Proposition 2.10. Now

/(—x)owdu 227”/‘(—)()0%‘ m 227”78;’/(_)()01#]‘ du
X
>2]p817MI7/(P+1) 2]p

hence fx (—x) opdu = +00, a contradiction.
It remains to check that (E, (¢;)) is indeed bounded. Observe that wy; < €jwy,; + o, thus

EX<<pj>=e§?/<—x>oijg
X
< 8§?|:/(—X) o wja)" +2n8/'EX('(//j)i|
X
</<—w,~>w"+2”.
X

We have used here the definition of ¢, ¢ g x () =1, the bounds ¢; < 1, |x|(t) <[], and
the inequalities

EX(Wj)=/(—X)owja)Aw§;//__l +/X/01/fjd1/fj /\dcl/,j /\wnw,_‘l

X
f( 0o voAal /( 0 0 ¥ Ak,
forall 1 <k <n—1.Now fX( ¥ j)w" is bounded because supy ¥; = —1 (see Proposition 2.7
in [19]), hence (E, (¢;)) is bounded. O

Remark 2.12. These results actually apply for any weight x € W™ close enough to a homoge-
neous weight, as we indicate in Section 3.3.

2.4. Some examples
The function L(z) := —log(1 —¢) belongs to W™, as well as L ,(¢) :== Lo---o L(t) (p times).
It is in fact necessary to consider functions y with arbitrarily slow growth in order to understand

the range of the complex Monge—Ampere operator on £(X, w), as the following example shows.

Example 2.13. Fix h ¢ W~ NC®(R~,R™) with A’ (—o0) = 0, and consider

1
¢p:zeCcP! :(CU{oo}»—>h(log|z| — Elog[l+|z|2] - 1> eR™,
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with the convention ¢(co) = h(—1). This is an w-subharmonic function on the Riemann
sphere P!, where w denotes the Fubini-Study volume form. Note that ¢ is smooth but at the
origin 0 € C and

we=[f@)+o(f@)]dV, f(a)= éh”(log |z]), near O,

where dV denotes the Euclidean volume form and c¢ > 0. One thus checks that ¢ € £, (X, ®)
if x does not grow too fast (e.g. |x|(t) S[h' o h='(t)]71/2), while x o ¢ ¢ L' (w,) (hence ¢ ¢
Ex(X,w))ifeg [x@] =R oh™ @)

As a concrete example, consider h(¢) = ¢ log(1 — t). The reader can check that & satisfies our
requirements, and that in this case wy, = f dV is a measure with density such that

C/

T~ ClogePllog(—log PP "V

In particular |p|? ¢ Ll(a)(p) for any p > 0, moreover log[1 — ¢] ¢ L! (wy). One can obtain ex-
plicit examples with even slower growth by considering 4(¢t) = L?(t) := Lo---o L(t) (p times),
where L(t) = —log(l —1).

Our next example shows that it is possible to define and control the complex Monge—Ampere
measure of functions with slightly attenuated singularites, although these functions need not have
gradient in L?(X).

Example 2.14. For ¢ € PSH(X, w), ¢ < —1,and 0 < p < 1, we set ¢, :== —(—¢)”. Then
g, = P(=9)" 0y + [1 = p(=9)" o+ p(1 = p) (=) 2 dp Ad‘p >0,

hence ¢, € PSH(X, ). One can compute similarly (w + dd“¢,)" and check that there exists
a(p,n) > 0 small enough and C(p, n) > 0 independent of ¢ such that

/ (=) P (w0 + dd )" < C(p,n).
X

This shows that ¢, € £, (X, w) with x(t) = — (=)™ as soon as p < 1. In particular the
complex Monge—Ampere operator of ¢, = —(—¢)? is well defined for any w-psh function ¢ <
—1 and for any p < 1, although Vg, does not belong to L*(X) when wy is the current of
integration along a complex hypersurface and 1/2 < p < 1.

3. High energy classes

We now consider further classes of w-plurisubharmonic with milder singularities. Not only
are they interesting in themselves, but we also actually need first to understand the range of
the complex Monge—Ampere operator on them, before being able to describe the corresponding
range on previous classes (see the proofs of Theorems 4.1, 4.2).



462 V. Guedj, A. Zeriahi / Journal of Functional Analysis 250 (2007) 442—482

We let W denote the set of concave increasing functions x : R~ — R~ such that x (0) =0,
X (—00) = —o0 and we set

Wi = {x eWr [0< |tx' ()] < M|x ()

, forallt e R_},
where M > 0 is independent of . For x € W+ we consider
Ex(X,0):={p e X, w) | x(~lpl) € L' ((w +dd“p)")}.
Observe that for all weights x; e W™, 2 € WT, we have
PSH(X, ) N L®(X) C &y, (X, w) CENX, w) C &, (X, 0) CEX, w).

Thus the class £!'(X, w) is the turning point between classes of low energy and those of high
energy.

3.1. Gradient of quasiplurisubharmonic functions

The classes &, (X,w), x € W := W~ U W, form a whole scale among unbounded
w-plurisubharmonic functions, joining the maximal class £(X, @) of w-psh functions ¢ whose
Monge—-Ampere measure (w + dd“p)" does not charge pluripolar sets (Proposition 2.2) to the
class PSH(X, w) N L°°(X) of bounded w-psh functions.

Proposition 3.1.

PSH(X.0)NL®(X)= [ & (X, o).
xewt

Proof. Clearly a bounded w-psh function belongs to &, (X, w) for all x € W.
Conversely assume ¢ € £, (X, w) for any weight x € W. We claim there exists fs > 0 such
that (w + dd )" (¢ < —ts) = 0. Otherwise we could set

X(f) = —h(—t), where h/(t): m
¢

is well defined for all # > 0. Now x € W and, assuming ¢ < 0,

+00
/(—X) o pw, = / B (t)wy (¢ < —1)dt =00,
X 0
contradicting ¢ € £, (X, ).

We infer (w 4+ ddp)" (¢ < —t) =0 for all ¢ > 1. It follows from the comparison principle
that Vol, (¢ < —fx) < f (P<—1o) a)g. Thus ¢ > —t, almost everywhere, hence everywhere. O

One of the main differences between functions with finite low-energy and those with finite
high-energy resides in the following observation.
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Proposition 3.2. Fix x € W™. Then any function ¢ € &, (X, w) is such that Vo € L% (™).

Proof. It suffices to establish this result when x (1) = ¢, i.e. when ¢ € E'(X, w). Let T be a
positive current of bidimension (1, 1) and fix ¢ € PSH(X, w) N L°°(X) such that ¢ < 0. Then

[(—(p)a)w/\T:/(—(p)a)/\T—}-/dgo/\d"go/\T2/(—(p)a)/\T.
X X X

X

A repeated application of this inequality, applied with 7 = w({; A w"~177, therefore yields

og/denga/\w"*lg/(—@wwcg"*l </(—¢)wg. (10)
X X X

Fix now ¢ € £1(X, ) and set @; :=max(p, —j). We can assume without loss of generality
@, ¢; < 0. It follows from (10) that the sequence of gradients (V¢;) has uniformly bounded
L?-norm. Since Vg ; converges towards Vg in the weak sense of distributions, it follows from
the weak L?-compactness of Vo; that Vg € L*(X). O

We can prove similarly that ¢ € £, (X, w) satisfies all intermediate local boundedness condi-
tions required in order for the local complex Monge—Ampéere operator (w + dd“p)" to be well
defined (see [9]). It follows however from Example 2.14 that there are functions ¢ € £, (X, ®)
such that Vo ¢ L*(X) when x e W™.

3.2. Extension of Calabi’s uniqueness result

When ¢, Y are smooth functions such that wy, wy are Kihler forms, it has been shown by
E. Calabi [10] that

(0 +ddp)" = (0 +dd“¥)" = ¢ — 1 =constant.

Calabi’s proof has been generalized by Z. Blocki [7] to the case where ¢, ¥ € PSH(X, w) N
L°°(X). In both cases, the proof consists in showing that V(¢ — ¢) = 0, by using ingenious
integration by parts.

We push this argument further by showing that there is still uniqueness in the class £ (X, w)
(Theorem B in the introduction). We rely heavily on the fact that Vg € L?*(w") when ¢ €
EY(X,w). It is an interesting open question to establish the uniqueness of solutions in classes
of lower energy.

Theorem 3.3. Assume (w + dd°¢)" = (w + dd¥)", where ¢ € E(X,w) and Y € EV(X, w).
Then ¢ —  is constant.

Proof. We assume first that both ¢ and ¥ are in £/(X,w). Set f = (¢ — ¥)/2 and h =
(¢ + ¥)/2. 1t follows from Proposition 2.10 that & € £'(X, w). We can assume without loss
of generality ¢, ¥ < —C,, where C, > 0 is chosen so that f X(—h)a)z > 1. We are going to
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prove that V f = 0 by showing that [\, df Ad°f A @"~! = 0. This will be done by establishing
an upper bound involving the E-energy of i and by using the following formal computation,

n—1
/df/\d‘f/\w” ! \/dedCfAZwlw/\a):;/_l_l:/Tf(a)g —wl}) =0.
X X [=0 X
Of course we should (and could) justify these integration by parts and make sense of all terms

involved in this computation. We are rather going to establish the following a priori bound, when
@, Y are bounded,

17201
/dedCwa”—l <3"—1(fdedCwa" 1) /(—h)w;;. ()
X X X

Approximating ¢, ¥ by ¢; = max(¢, —j), ¥; = max(y, —j), it will then follow from Theo-
rem 2.6 and (T) that 2 f = ¢ — v is constant, if wj, =

The a priori bound (1) follows by applying inductively the following inequality, where 7 =
“)2 A" 27! is a closed positive current of bidimension (2,2) and/ =n —2,...,0,

1/2 1/2
/dedCwaAT<3<fdf/\dff/\whAT) (/(—h)w,%/\T) . ()
X X X

Indeed observe that for 7 = wél A2

/( mawit A —lgf(—h)w;;, foralll=n—2,...,0

and use that fX( h)w), > 1 since h < —C, to derive () from (7).
We now establish (f7). Note that

df Nd°f Awo=df Nd°f ANwp —df ANd°f Addh,
hence integrating by parts yields

(0 —y) AT.

/ded"waAT:/df/\dCf/\wh/\T+/df/\dch/\ 3

X X X

It follows from the Cauchy—Schwarz inequality that

1/2 1/2
‘/df/\dch/\w(p/\T‘<2</df/\dcf/\wh/\T> -(/dh/\dch/\wh/\T> .
X b's X
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Note that we can get a similar control on |, xdf ANd°f ANwy AT. Thus (f7) follows from the
following last observation

/df/\dcf/\S:%/(Tﬁ_<P)(0)<p_0)w)/\5</(—h)wh/\5,
X X

X

where § is any positive closed current of bidimension (1, 1).

It remains to treat the case where ¥ € (X, w) but ¢ a priori merely belongs to £(X, w).
We normalize ¢, ¢ by requiring supy ¢ = supy ¥, hence we need to show that ¢ = . Set
@; :=max(¢, ¥ — j). It follows from Lemma 2.3 that ¢; € EY(X, ). By Proposition 3.4 below,
(@ +ddp;)" = (0 +ddy)". Now supy ¢; = supy ¢ = supy ¥ if j > 0, hence ¢; = ¢ by
previous analysis. Letting j — +o00, we inferp =v. O

Regarding uniqueness in the class £ (X, @), we have the following observation, of independent
interest.

Proposition 3.4. Assume ¢, ¥ € £(X, w) are such that (v + ddp)" = (w + dd“¥)". Then
(0 +dd“max[p, Y1) = (0 +dd°p)" = (0 +dd“y)".
Proof. Applying Corollary 1.10 with u = wj, = a):}/ yields
(a) + dd° max[g, w])” >u= (a) + ddc(p)n,
whence equality, since these measures have the same mass. O
3.3. Quasihomogeneous weights
In this section we fix a weight x € W;;, M > 1. Many results in this section are inspired by
their local analogues, obtained by U. Cegrell [11] when x (1) = —(—1)?, p > 1.

The following result is the W;,I -version of Lemma 2.3.

Lemma 3.5. Let ¢, ¥ € PSH(X, w) N L™ (X) with ¢ < < 0. Then

0< /(—x) o (0 +ddp)" < (M +1)" /(—x) o (0 +ddp)".
X X

Proof. The proof follows from a repeated application of the following inequality: if T is a posi-
tive closed current of bidimension (1, 1), then

o</<_x)o¢w¢,m<(M+1)/(_X)o¢%m. (11)
X X

Integrating by parts yields

/(—x)owww/\T=/(—x)0<prT+/(—1/f)ddc(x op)AT.
X X X
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The first integral in the right-hand side is bounded from above by || x(=x) opw, AT because
Jx x' o@de Ad°¢ AT > 0. Observe now that

ddxop=x"opdp Nd@+ x' 0@dd®p < x' ogw,,

thus

/(—xlf)ddc(x o) AT < /(—w)x/ opwy AT < M/(—x) opwy AT,
X X X

since (=) x o < (—@)x' 0o < M(—x) o @. This yields (11). O

We let the reader check that Corollary 2.4, Theorem 2.6 and Corollary 2.7 hold when x € W7,
with exactly the same proof. We now establish the high-energy version of Proposition 2.5.

Proposition 3.6. Let T be a positive closed current of bidimension (j, j) on X, 0< j < n, and
let ¢, ¥ < 0 be bounded w-psh functions. Then

0</(—x)o<pw;2AT<2M/(—x)o<pw({;/\T+2M/(—X)o¢w¢AT,
X X X

Proof. The proof is the same as that of Proposition 2.5 except that we have to replace inequality
0< x'2t) < x' (1) by 0 < x/(21) < M x/(¢). The latter follows from the concavity property of x
which (together with x (0) = 0) yields |x ()| < |#|x/(¢) and |x(2t)| < 2|x(¢)] for all t € R™.
Therefore

2tx'(21)
X (21)

x'(2t) _
X

x (@)
tx'(@)

<M. O
2x(1)

.’x(2t)

Our next observation is useful to establish convexity properties of the class £, (X, w).

Lemma 3.7. Forall 0 < ¢ < 1 and for all t < —1,
0<eM|x )| < x| <elx )]

The proof follows easily from the concavity of x, the normalization x (0) = 0 and the defini-
tion of WAJSI These inequalities can be interpreted as a weak-homogeneity property satisfied by
the weights x € W;fl This allows us to show that &, (X, w) is always convex in this case.
Proposition 3.8. Fix M > 0 and x € W;; There exists Cy, > 0 such that for all 0 = ¢y, . .., ¢, €
PSH(X, w) N L*(X),

N
o< [0 n-w o < | [no0ror |
X X

In particular the class £, (X, w) is starshaped and convex.
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Proof. The proposition follows from the inequality

dnM

0< | (- A Aoy, < ————— Ey(¢)). 12
/( X) © Powy, Do S T 2neM] on2X, x(@)) (12)
X

The proof is identical to that of Proposition 2.10 except that Proposition 2.5 has to be replaced
by Proposition 3.6, and the subadditivity and homogeneity of x € Rt x?PeRT,0<p<,
has to be replaced by the convexity property of x € R* i (—x)(—x) € R™, which yields

n n
Ey (82%) Sezf(—x) ° i),
i=1 i:lX
foru:=e) ! and0<e<[2nM,]"!. O

We now give a high-energy version of Lemma 2.11. Note that our proof of Lemma 2.11 uses
the full homogeneity of x — x”. Let us say that a weight x € W is quasihomogeneous if there
exist C,M > 1 and 0 < g < 1 such that for all 0 < ¢ < 1 and for all + < —1,

0<C M x| < x| < Ce™ 1 x ).

The functions x,(t) = —(—t)”, p > 1, belong to W and obviously satisfy the previous
condition. Here again we shall use the notation

EP(X,w): =&, (X,w), when x(t) =—(—1)".

These classes have been studied in a local context by U. Cegrell [11]. They are easier to under-
stand thanks to the homogeneity property of the weight.

Lemma 3.9. Let x € WA“; be a quasihomogeneous weight and let i be a probability measure
on X.

Then x o &y (X, w) C L' (1) if and only if there exists C > 0 such that for all functions ¢ €
PSH(X, w) N L*°(X) normalized by supy ¢ = —1, one has

14
0</(—x)0¢du<C</(—x)0<pw$> :
X X

where0 <y =M/(M —qg+1) < 1.
The proof, in the same vein as that of Lemma 2.11, is left to the reader.

Example 3.10. The weight x (1) = —(—t)?[log(e — t)]* € W™, a > 0, is an example of quasi-
homogeneous weight which is not homogeneous.
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4. Range of the complex Monge—Ampéere operator

We now turn to the central question of describing the range of the complex Monge—Ampere
operator on classes £, (X, ), and on class £(X, w).
An obvious necessary condition for solving the Monge—Ampere equation

(w—l—dd“go)n =u, (MA,)

is that u should be a positive Radon measure of total mass || x @" on X. For simplicity we assume
throughout the rest of this section that w is a Kdahler form, normalized by f x @" =1, and that u
is a probability measure.

4.1. The classes £ (X, w)

We fix here an increasing function x :R™ — R~ such that y e W™ U W, M > 1.1t follows
from Propositions 2.5 and 3.6 that if ;1 = (w 4+ dd@)" for some function ¢ € £, (X, ®), then

() x o0& (X, w) C LY (w).
‘We now show that the converse is true under a quantitative version of (/).

Theorem 4.1. Suppose there exists F:RT — RT with limyo F(t)/t =0, such that for all ¥ €
PSH(X,w) N L>®(X), supy ¢ = —1,

(L) 0< [y (=x)ovdu < F(Ey(¥)).
Then there exists ¢ € £, (X, w) such that

p=(w+dd¢)" and supp=0.
X

It is an interesting problem to determine whether conditions (I,) and (II, ) are equivalent
(obviously (II,) implies (I,)). This is the case when x () = —(—¢)”, p > 0, thanks to Lem-
mas 2.11, 3.9, with F(t) = tP/(P+1)  Thus we obtain a complete characterization of the range of
the Monge—Ampere operator in this case (Theorem C in our introduction).

Theorem 4.2. Let (1 be a probability measure on X and p > 0. There exists ¢ € EP (X, w) such
that u = (w + dd )" if and only if EP (X, w) C LP(w).

The proof of Theorem 4.1 will occupy the rest of Section 4.1. The proof follows the lines of
U. Cegrell’s one, in the local case [11]:

e We approximate (1 by smooth probability volume forms w; using local convolutions and a
partition of unity.

e We invoke Yau’s solution of the Calabi conjecture to find uniquely determined w-psh func-
tions ¢; such that p; = a)(';)j, supy ¢ = —1.

e Since w-psh functions ¢ normalized by supy ¢ = —1 form a compact subset of L!(X), we
can assume that ¢; — ¢ in L' (X).
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o The quantitative integrability condition (II, ) guarantees, at least when x (1) =1,
N
SL;p/(—X) 0Qjwy, < +o00,

hence yields ¢ € £, (X, w).

e The delicate point is then to show that a)(p. — a)(p This is done by showing that [ |p; —
¢|ldu;j — 0 and invoking Proposition 2.8. 'We need here to assume first that W is suitably
dominated by the Monge—Ampere capacity (in the spirit of [21]).

e We then treat the general case by using a Radon—Nikodym decomposition of the measure .

Here follow the technical details. Let i be an arbitrary probability measure on X. Let {U;}
be a finite covering of X by open sets U; which are biholomorphic to the unit ball of C". In

each U; we let Mé”' := [4|u; * Q¢ denote local regularization of 1|y, by means of convolution with
radial non-negative smooth approximations o, of the Dirac mass. Let {6;} be a partition of unity
subordinate to {U;} and set

Mji=cj [Z@iﬂgi +8ja)":|,
i

where ¢; \ 0 and ¢; /1 is chosen so that u;(X) = 1. Thus the 1 ;’s are smooth probability
volume forms which converge weakly towards w. It follows from the solution of the Calabi
conjecture [28], that there exists a unique function ¢; € PSH(X, w) N C*°(X) such that

Wi :a);/ and Sl;p(pj =-—1.

Recall from Proposition 1.7 in [19] that F := {¢ € PSH(X, w) | supy ¢ = —1} is a compact
subset of L'(X). Passing to a subsequence if necessary, we can therefore assume ¢ i —> @ in
L'(X), where ¢ € PSH(X, w) with supy ¢ = —1.

Lemma 4.3. There exists C > 1 such that for all j € N,

/(_¢j)ng <C/(—g0j)du.
X X

IFEVN(X, w) C LY (w), then sup; fX(—goj)a)(’;j < 400, hence ¢ € E1(X, w).

Proof. Since c; — 1 and ¢; — 0, we can write
[cona, =3 [aepant+on.
X i x

where

/&(—w,-)dué’; < f(—soj *0s;) dpt.

X U;
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Now ¢; = u’j — y; in U;, where y; is a smooth local potential of @ in U; and u’] is psh in U;.

Therefore —u3 *0p; S —u;, while y; * g,; converges uniformly towards y;. We infer

/(—soj' %) dp < | (—pj)dp+o(1)
Ui U;

hence
/(—w;)duj =/(—¢j)w$j < C/(—cpj)du-

When £1(X, w) € L' (), it follows from Lemma 2.11 (case p = 1) that

12
f(—%)wf;j §C/</(—¢j)w$_,> ,
X X

hence sup fX(_‘/’j)wZ:j <(CH? <+400. Thus g € EM(X, w). O

We now would like to apply Proposition 2.8 to insure that u = a)g. For this we first assume
that 1 belongs to the compact convex set M 4 of probability measures v on X which satisfy

Vv(K) < ACap,(K), forall Borelset K C X.
Here A > 0 is a fixed constant.

Lemma 4.4. Assume jn € My, then

/(pjdy,—>/<pdu and /|<pj—<p|dp,j—>0.
X X X

Proof. When the ¢;’s are uniformly bounded, the first convergence follows from standard argu-
ments (see [11]). Set

¢ :=max(p;,—k) and " :=max(p, —k).

k)

We will be done with the first convergence if we can show that f 1% ;

in j as k — 4-o00. This is where we use our assumption on f, since

— ¢j|du — 0 uniformly

2 C

) . . 3/2
Y —pildn <2 f (—pj)du < /(— )edp < .
X/|(pj i @j)du \/%X [y mS TR

(pj<—k)
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Indeed Proposition 5.3 shows that E'X,w) C Ll(,u), hence sup fx (—(pj)w('/’)/ < 400 by previ-
ous lemma. Moreover '

3 +00 34 +00
/(—(pj)3/2du:l+§/\/;u(wj<—t)dt<1+7 /\/;Capw((pj<—t)dt.
X 1 1

It follows now from Lemma 5.1 that

Cap,, (pj < —1) < C't_zf(—wj)wg_j <C't,
X

which proves that | x(—¢ j)3/ 2 du is uniformly bounded from above.
It remains to prove a similar convergence when p is replaced by w ;. It actually suffices to
consider the case of measures “5/ = [|U * Os;- Now

f loj —pldu¥ =f(f|uj(;> —u(®)|0e, (z — z)duo) du(2),
U

u U

where as above, u ;, u are psh functions in U such that p; =u; —y andp=u—y inU, y isa
local potential of w in U and dA denotes the Lebesgue measure in U. The lemma will be proved
if we can show that [w; du — 0, where

w;(2) :=/|u,»(;> —u(0)]ee; (z — ) dr(Q).
U

Define i j := (supy ; ux)*. This is a sequence of psh functions in U which decrease towards u.
Observe that #; > max(u, u ;) so that

Wi S2Uj*0p; —UKQe; —Uj*0e; <2(Uj*0e; —u)+ (@ — ).

It follows from the monotone convergence theorem that f (i * Oe; — u)dpu — 0, while f (pj —
@) dp — 0 by the first part of lemma. Therefore [ w jdu — 0 and we are done. O

What we have shown so far is that for any measure v € M4, A > 0, there exists a unique
¢ € EX(X, w) such that v = (w + ddp)" and supy ¢ = —1.
We now proceed with the proof of Theorem 4.1. For this we need the following observation.

Lemma 4.5. Let 1 be a probability measure which does not charge pluripolar sets. Then there
exists u € PSH(X,w) NL®(X) and0< f € Ll(a)Z) such that u = f(w + ddu)".

Proof. Recall that M is a compact convex subset of the set of all probability measures on X . Let
W be a probability measure which does not charge pluripolar sets. It follows from a generalization

of Radon—Nikodym theorem [23] that

uw= fiv+o, whereve M, 0< fi eL'(v), ando L M;.
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Now o is carried by a pluripolar set since M contains all measures !/, 0 < u < 1, hence o = 0.
By our previous analysis, v = (@ +ddv)", where v € £ (X, w), supy v = 0. Set u := exp v. This
is again a w-psh function since

w, =ew, + [1 — e“]a) +e'dvAndv>elow, >0.
Observe that 0 < u < 1 and )} > €'Y, thus u is absolutely continuous with respect to wj;. O

We now go on with the proof of Theorem 4.1. Let i be a probability measure which sat-
isfies (II),,. Then p does not charge pluripolar sets, hence it writes ;= fw);, where u €
PSH(X, w) N L (X) is so that 0 < u < 1. Consider

W :=48; min(f, j)(a) + dd"u)",
where §; (1 so that u;(X) = 1. Note that
nj < jéjCap,, sinceO<u<l,

thus p; € Mjs;. It follows therefore from previous analysis that there exists a unique ¢; €
EN(X, w) with supy ¢j = —1 and pj = wy, . We can assume ¢; — ¢ in L'(X) and d; < 2.

j
Suppose first that x € W™, so that ¢; € £, (X, ) D EN(X, w). It follows from Theorem 2.6
that (I, ) can be applied to the functions ¢;, hence

/(—x)oijﬁj <5j/(—x 0<Pj)d/i<2CF</(—X)0§0,/CUZ]-)~
X
Thus sup; E, (¢;) <400, hence ¢ € &y (X, w) by Corollary 2.7. We set

*
D= (sup gok) and F;:= inf §; min(f, k).
k>j k2]

Clearly @; € £, (X, w) with ®; \ ¢ and F; /' f. It follows therefore from Corollary 1.10 that

n
W, = Fjv.

We infer wj, > u, whence equality since these are both probability measures. Thus the proof of
Theorem 4.1 is complete when x € W™.

Assume now x € W;, We can apply previous reasoning if we can show that ¢; € £, (X, w)
for all j. This is the case, as we claim that the ¢;’s actually belong to £7(X, w) for all p > 1.
Indeed recall that

wj=(o+dd¢;)" < j8;(w+ddu)" < AjCap,,
hence p; € My i Observe that for all p > 1,

EP(X,w) C LPT12(v), forall ve My. (%)
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This has been established when p =1 in the proof of Lemma 4.4. Since ¢; € £ '(X, w) and
mj = (@+ddp))" € My, we infer ¢; € L¥?([0 + ddp;1"), i.e. 9; € E¥*(X, w). We can
thus use () inductively to obtain ¢; € N,EP (X, w). The proof of Theorems 4.1 and 4.2 is now
complete.

4.2. Non-pluripolar measures

We now describe the range of the complex Monge—Ampere operator on the class £(X, w)
(Theorem A).

Theorem 4.6. There exists ¢ € E(X, w) such that u = (w + ddp)" if and only if u does not
charge pluripolar sets.

Proof. One implication is obvious. Namely if u = (w + dd“p)" for some function ¢ € £(X, w),
then u does not charge pluripolar sets, as follows from Theorem 1.3.

Assume now that u does not charge pluripolar sets. It follows from Lemma 4.5 that we can
findue PSHX,w) NL®(X)and 0K f € Ll(a)ﬁ) such that 4 = fwj;. Set

pj = cjmin(f, jay,
where ¢; N\ 1 is such that u;(X) = u(X) = 1. We can assume without loss of generality that

1 g C j g 2.
It follows from Chern-Levine-Nirenberg inequalities (see [19, Proposition 3.1]) that

EYX,w) C PSH(X,») C L' (u}),

because u; <2j! and u is bounded. Thus by Theorem 4.2, case p = 1, there exists a unique
function ¢; € £ L(X, w) such that

nj=(o+dd°g;)" and supg;=0.
X

Passing to a subsequence if necessary, we can assume ¢; — ¢ in L'(X), for some function
¢ € PSH(X, w) such that supy ¢ =0.

We claim that ¢ € &£, (X, w) for some x € W™, and that u = (w + dd“p)". The function y is
defined as follows. Let y :RT — R™ be a convex increasing function with lim,_, {0 ¥ (2)/z =
+o00 such that y o f still belongs to L' (wl) (see [24] for the construction of y). Let y* be the
Young-conjugate function of y,

y*: zeRT > sup{zy —y(y) |y eRT} eRT,

and set x (t) := —(y*)_l(—t): this is a convex increasing function such that y (—oo) = —oo,
which satisfies

(=)=t - f(x)<—t+vyo f(x), forall(r,x)eR™ x X, (13)

since zy < y*(2) + y(y) forall z, y e RT.
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Note that we can assume x (0) = 0 without loss of generality, by imposing y (0) = 0. Applying
(13) with t = ¢ (x) and averaging against /!, we infer

0< [n0vef, <2 [opsel <2 [opet+2 [ vo sl
X X X X

Again it follows from Chern-Levine—Nirenberg inequalities that || x (—9j)w); is uniformly
bounded from above, because u and [y (—¢;)w" are bounded. Thus the sequence of integrals
([xy(=x) 0 (pja)gj) is bounded.

Set ¢ := (sup,>j o)* e EN(X, w). It follows from Corollary 1.10 that

n : n : . n
Wy, > 11;15 Wy, > min(f, j)w,.

The sequence (¢;) decreases towards ¢ and satisfies ¢; < ¢; < 0, hence by the fundamental
inequality,

0< [ (0000, <2' [-x)000f, < Mo < +ox.
X X

Therefore ¢ € £, (X, ) and

wy = lim a)g/_ > lim min(f, jo), = u.
J—>+0o0 J—>+0o0

Since p and wj, are both probability measures, this actually yields equality, hence the proof is
complete. 0O

Remark 4.7. Note that when u = fo" is a measure with density 0 < f such that flog f €
L' ("), our proof shows that u = (w + dd p)" with ¢ € &y (X, w), for x (¢t) = —log(1 —1¢) (this
is a critical case in the Orlicz classes considered by S. Kolodziej [21]).

5. Examples and applications

5.1. Capacity of sublevel sets

Recall that the Monge—Ampere capacity associated to w is defined by

Cap, (K) := sup{/w:f uePSH(X,w), 0<u < 1},
K

where K is any Borel subset of X. This capacity vanishes on pluripolar sets, more precisely
Cap,, (¢ < —t) < Cy /1t for every fixed w-psh function ¢. This estimate is sharp in the sense that
Cap,(p < —1) > C(; /t when w, is the current of integration along a hypersurface. However
when ¢ belongs to £, (X, ), one can establish finer estimates as our next result shows.
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Lemma 5.1. Fix x e W~ UW;, M > 1. If ¢ € £, (X, w), then
3Cp >0, Vi > 1, Cap, (¢ <—1) < Cyltx(—=n|".
Conversely if there exists Cy, &€ > 0 such that for all t > 1,
Cap,, (¢ < —1) < Cy|" T x (=n)| ",
then ¢ € £, (X, w).

The proof relies on the comparison principle, as it was used in different contexts by U. Cegrell
and S. Kolodziej (see [11,12,21]).

Proof. Fix ¢ € £, (X, w), ¢ < —1 and u € PSH(X, w) with —1 < u < 0. For ¢ > 1, observe
that ¢/t € E(X,w) and (p < —2t) C (p/t <u — 1) C (¢ < —t). It therefore follows from the
comparison principle that

f (0 +ddu)" < / (0+1t""dd%p)"

(p<=21) (p<—1)

n

n -1 n J n—j

< / w” +t E(J) / Wy N .
Jj=1

(p<—1) (p<—1)

Recall now that Vol, (¢ < —t) decreases exponentially fast [19], and observe that for all 1 <
J<n,

4 . 1 )
ol A" < /(—X)ogow] A" <
./ ¢ IX(—f)lx ¢ [x (=0

Ey(9).
(p<—1)

This yields our first assertion.

The second assertion follows from similar considerations. Namely for ¢ € PSH(X, w),
o < —1, set ¢; := max(p, —t). Then u = ¢;/t € PSH(X, w) with —1 <u <0 for all r > 1.
Since w]; > t’”w(’},l, we infer

f"a);’)t (p <—t) <wj(p <—t) < Cap,(p < —t).

If Cap,,(¢p < —t) < Ct™"¢|x(—1)|~!, this shows that wg, (¢ < —t) = 0, hence ¢ € £(X, w).
Moreover

w$(<p<—t)=/w”—w$(go>—t):/w"—wg’(<p>—t):wgt((pé—t)
X b'¢
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thus a)Z(q) < —1) < Ct78|x(=1)|~". This yields

+oo

/(—x) 0wy = / X' (=D < —1)dt < Cy
X 1 1

—+00
tx'(=1)
|x (—0)| t1+¢

< 400,

sothatp € &, (X, w). O

These estimates allow us to give several examples of functions which belong to the classes
&, (X, w). We simply mention the following ones.

Example 5.2. Let ¢ be any w-plurisubharmonic function such that ¢ < 0. Then i := —log(l —
@) =x op € PSH(X, w) since

dd°yop=x"opdp Nd°p+ x' 0opddy

and y € W~ with x/(t) <1 when ¢ <0.

Observe that the capacity of the sets (¥ < —t) decrease exponentially fast, thus i €
ﬂp>1 EP (X, w) (Lemma 5.1). Together with [19, Theorem 7.2], this shows that £7 (X, w) char-
acterizes pluripolar sets (for any p > 1).

We now want to give some example of probability measures that satisfy the assumptions of
Theorems 4.1, 4.2, 4.6.

When p = fo" has density f € L"(X), r > 1, S. Kolodziej has proved [21] that u = w% for
some bounded w-psh function . This is because p is strongly dominated by Cap,, in this case
(see Proposition 5.3 below). When the density is only in L', this does not hold. Consider for
instance u = fw", where f € C®°(X \ {a}) is such that

1

~
T = L F Clog a2

near the point a = 0, in a local chart. Observe that
@(z) :=¢ex(2)log|lzll € PSH(X, w)

if x is a cut-off function so that x = 1 near a =0, and & > 0 is small enough. Now ¢ ¢ L' ()
but still E'(X, w) C L'(w), as follows from Proposition 5.3, thus there exists ¢ € £!1(X, w) such
that u = a):’y (Theorem 4.2).

Observe also that there are measures u = f" with Ll-density such that £1(X, w) ¢ L'(n):
one can consider for instance f; that looks locally near a = 0 like Izl (— log lzID'e171, for
& > 0 small enough. However this measure @ does not charge pluripolar sets, hence is a Monge—
Ampére measure of some function ¢ € £, (X, w), x € W~ with slower growth.

Proposition 5.3. Let 1 be a probability measure on X.
Assume there exist« > p/(p + 1) and A > 0 such that
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u(E) < ACap,(E)*, (14)

for all Borel sets E C X. Then EP (X, w) C LP ().
Conversely assume EP (X, w) C LP (), p > 1. Then there exist 0 < o < 1 and A > 0 such
that (14) is satisfied.

Proof. We can assume without loss of generality that « < 1. Let ¢ € £7(X, ) with supy ¢ =
—1. It follows from Holder inequality that

400
0</(—<p)”du=1+p/t”_lu(<p<—t)dz
X 1

+00

<1+ pA / P~ [Cap,, (¢ < —1)]" dt
1

—+00 l—«a —+00 o
—a(p+1)
<l+pA|:/tp = ‘1dt:| ~|:/tpCapw(¢<—t)dt] .

1 1

The first integral in the last line converges since p — a(p + 1) < 0 and it follows from the
proof of Lemma 5.1 that the last one is bounded from above by C «( f (—p)? w’(’f)“. Therefore
EP(X,w) C LP ().

Assume conversely that £7 (X, w) C LP(u). It follows from Theorem 4.2 that u = w’f,l for
some function ¥ € £P (X, w) such that supy ¥ = —1. We claim then that there exist y, € 10, 1]
and A > 0 such that for all functions ¢ € PSH(X, w) with —1 < ¢ <0, one has

Yp
0< [(oraf < A[ / (—cp)!’wg} . (1)
X X

We leave the proof of this claim to the reader (the exponent y, = (1 —1/p)" would do). We apply
now (15) to the extremal function ¢ = h"g » introduced in [19]. It follows from Theorem 3.2
in [19] that

0< u(E) < -/(—h*E,w)de < ACap,,(E)". ]
X

This proposition allows to produce several examples of measures satisfying £P (X, w) C
L? () as in the local theory (see [21,29]). It can also be used, together with Theorem 4.2, to
prove that functions from the local classes of Cegrell £"(£2), £2 a bounded hyperconvex domain
of C", can be sub-extended as global functions ¢ € E7(P", Awrs), for all p < r/n and some
A > 0 (see [12] for similar results).
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5.2. Complex dynamics

5.2.1. Large topological degree

Let f: X — X be a meromorphic endomorphism whose topological degree d;(f) is large in
the sense that d;(f) > rr—1(f), where rr_1(f) denotes the spectral radius of the linear action
induced by f* on H¥~1k=1(X R). In this case there exists a unique invariant measure rof
maximal entropy which can be decomposed as

wr:=0 +dd(7),

as was proved by the first author in [18]. Here @ is a smooth probability measure and 7 > 0 is a
positive current of bidegree (k — 1, k — 1). In particular

ENX,w) CPSH(X,w) C L' (),

as follows from Stokes theorem (see [18, Theorem 2.1] and [19, Example 2.8]). Here @ denotes
any fixed Kéhler form on X, normalized by f y @" = u(X) = 1. It follows therefore from The-
orems 4.2 and 3.3 that there exists a unique function g, € £'(X, ») such that supy gy = —1
and

np= (w—i—ddcgf)k.

It is an interesting problem to establish further regularity properties of g in order for example
to estimate the pointwise dimension of the measure ps. When f:P" — P" is an holomorphic
endomorphism of the complex projective space X =P", it is known [25] that g is an Holder-
continuous function.

5.2.2. Small topological degree

Let T be a positive closed current of bidegree (p, p) on X. Let @ denote a positive closed
(1,1) current with bounded potentials, and such that | x T N @""P > 0. Note that the wedge
product T A" ~? is a well defined positive Radon measure because w has bounded potentials [5].
Fix x e W™.

Definition 5.4. We let £, (T, w) denote the class of w-psh functions with finite x-energy with
respect to 7. This is the set of function ¢ € PSH(X, w) for which there exists a sequence ¢; €
PSH(X, w) N L°°(X) such that

©i ¢ and sup/‘x o ((pj —supfpj)‘T A (a)—i—ddcwj)"*p < 400.
j X
X

When T = [X] is the current of integration on X (p = 0), this is the same notion as that of
Definition 1.1. We let the reader check that the following properties hold, with the same proof as
in the case T = [X]:

(1) Yo, ¥ € PSH(X, w) N L (X), ¢ < ¥ <0 implies

0</(_X)°wwr‘;f_pATgznip/(—x)owwgf”/\ﬂ
X X
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(2) the operator a)gfp A T is well defined on &, (T, w) and continuous under decreasing se-
quences;
(3) the function x o ¢ is integrable with respect to the positive Radon measure a)Z_p AT.

This is of great interest in the dynamical study of meromorphic endomorphisms. Assume
for instance that f: X — X is a meromorphic endomorphism of some compact Kahler surface
X (n = 2), whose topological degree is smaller than the first dynamical degree A = A{(f) :=
lim;_ 4 oolr1(f 7)1Y7, where r{(f) denotes the spectral radius of the linear action induced by f*
on H1(X,R) (see [15]). When f is 1-stable (i.e. when the iterates f/ of f do not contract any
curve into the indeterminacy locus Iy of f), it is known that

1 : .
ﬁ(f])*w+—>T+=w++dd‘ +’

where w™ is a positive closed (1, 1)-current with bounded potentials, whose cohomology class
is f*-invariant, and TV is a canonical f*-invariant positive current, f*T+ = AT (see [16]).
Similarly

L.(fj) w > T =w +dd°g™,

Al *

where w™ is a positive closed (1, 1)-current with bounded potentials, whose cohomology class
is fy-invariant, and 7~ is the canonical f,-invariant positive current, f, 7~ = AT~ (see [16]).

It is a difficult and important question to define the dynamical wedge product T+ A T~ : this
product is expected to yield the unique measure of maximal entropy. When gt € &, (T, ™),
one can use our ideas above and show that not only is the measure u r = T+ AT~ well defined,
but also y o gT € Ll(/Lf). In particular the measure 1 s does not charge the set (g7 = —00).
This has several interesting dynamical consequences, as shown in the paper [16] to which we
refer the reader. Note that when y (¢) = ¢, this condition was introduced and extensively studied
by E. Bedford and J. Diller in [2]: in this case the functions g*, g~ have necessarily gradients
in L2(X). Our weaker condition allows us to handle functions whose gradient does not necessar-
ily belong to L%(X), as already noted above (Example 2.14).

To illustrate these ideas we now consider the special case where X = P? is the complex pro-
jective plane equipped with the Fubini-Study Kihler form w, and f:P> — P2 is a l-stable
birational map (d;(f) = 1), with A1(f) > 1. The invariant currents write T = w + ddg*,
where g € PSH(X, w). The functions g¥, g~ do not belong to the class £(PP?, w) because they
have positive Lelong numbers at points of indeterminacy of the mappings f”, n € Z, however
we have the following result.

Proposition 5.5. If g7 € E1(T ™, w) then g :=max(g", g7) € E' (P2, w).
Proof. We can assume without loss of generality that g¥, g~ < 0, hence g < 0. The Bedford—

Diller condition g+ € £1(T~, w) implies that Vg*, Vg~ € L?(P?), hence Vg € L?(P?) and the
complex Monge—Ampere measure (w + ddcg)2 is well defined (see [4] and [2]). Now

0</(—8)w§ </(—g+)w§ =/(—g+)w/\a)g +/(—g+) ddg A w,.
X X X
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It follows from Cauchy—Schwarz inequality that the first integral in the right-hand side is finite.
We can bound the last one from above by using Stokes theorem,

/(—g+)ddcg Nwg = f(—g) ddg* Ao, < /(—g)wg+ A wg.
X X X

Now
f(—g)a)g+ ANwg < /(—g_)wg+ A wg
X X
= f(—g_)wg+ Aw+ /(—g_)a)g+ ANddg
X X
<Oo(1) +f(—g)wg+ A w@g-
X

<o)+ f(—g+)wg+ AT~ < 400,
X

the last integral being finite because g* € /(T ™, w). O

It is an interesting problem to determine whether = (v + dd®g)?*. This is the case when
e.g. f is a complex Hénon mapping, and it would imply—by Theorem 4.2—that £!(P?, w) C
L'(u 1), hence in particular 1 ¢ does not charge pluripolar sets.

5.3. Singular Kdihler—Einstein metrics
It is well known that solving Monge—Ampere equations
(w—i‘ddcw)n =Mu (MA(X,w,u))

is a way to produce Kéhler—Einstein metrics (see [1,10,21,26,28]). In the classical case, the mea-
sure i = fo" admits a smooth density f > 0. When the ambient manifold has some singularities
(which is often the case in dimension > 3), one has to allow the equation (MA (x . 4)) to degen-
erate in two different ways: resolving the singularities 77 : X — X of X yields a new equation
(MA(X,&),,l))* where

(1) {®} = {7*w} is a semi-positive and big class (one looses strict positivity along the excep-
tional locus &;);

(2) jt = f&" is a measure with density 0 < f € L?, p > 1, which may have zeroes and poles
along some components of &;.

In this paper we have focused on the second type of degeneracy. We would like to mention
that our techniques are supple enough so that we can produce solutions ¢ € £, (X, ®) to the
Monge—Ampere equations MA 3 5 2))» even when {®} is merely big and semi-positive rather
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than Kihler, as was assumed for simplicity throughout Section 4. This is done by perturbing the
form @, adding small multiples of a Kéhler form £2, w; := @ + €;£2, and trying to understand
what happens at the limit.

An elementary but crucial observation here is that classes £, (X, w) have good stability prop-
erties in the following sense.

Proposition 5.6. Fix x ¢ W:= W~ UW;", M > 1. Let wj be a sequence of positive closed
(1, 1)-currents with bounded potentials, that decrease towards w, another current with bounded
potentials. Assume @; € £x(X, ;) decreases towards ¢ pointwise and sup; fX [x(e;Dl(w; +
ddp;)" < +o0.

Then ¢ € £, (X, w) and (wj +dd ;)" — (w0 +ddp)".

Proof. We can assume without loss of generality that ¢ < ¢; <0. Set
K._ K._
@; =max(pj, —K) and " :=max(p, —K).

It follows from the fundamental inequalities that the (x, w;)-energy of the functions (pJK is uni-
formly bounded independently of both j and K.

Let v be any cluster point of the bounded sequence of positive measures v; := (—x) o
@;((a)j + dd”(pjl.()”. Observe that (w; + dd"(pjl.()" — (0 + ddp®)" as j — +o0, since (pJK
decreases towards <pK and these functions are uniformly bounded [5]. It follows therefore from
the upper-semicontinuity of ¢X that

0< (—x) 09 (w+ddpX)" <.

In particular £, (%) is bounded from above by v(X), hence ¢ € &, (X, w) by Corollary 2.4.

The convergence of (w; + dd p;)" towards (w + dd“p)" follows again from the fact that
(wj + ddcgojl.{ )' — (wj +ddp;)" converges towards zero as K — 400, uniformly with respect
toj. O

We refer the reader to [17] for an application to the construction of Kihler—Einstein metrics
on canonical/minimal models in the sense of Mori.
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