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Abstract

Sensory perception (e.g. vision) relies on a hierarchy of cortical areas, in which neural activity prop-
agates in both directions, to convey information not only about sensory inputs but also about cognitive
states, expectations and predictions. At the macroscopic scale, neurophysiological experiments have de-
scribed the corresponding neural signals as both forward and backward-travelling waves, sometimes with
characteristic oscillatory signatures. It remains unclear, however, how such activity patterns relate to
specific functional properties of the perceptual apparatus. Here, we present a mathematical framework,
inspired by neural network models of predictive coding, to systematically investigate neural dynamics
in a hierarchical perceptual system. We show that stability of the system can be systematically de-
rived from the values of hyper-parameters controlling the different signals (related to bottom-up inputs,
top-down prediction and error correction). Similarly, it is possible to determine in which direction, and
at what speed neural activity propagates in the system. Different neural assemblies (reflecting distinct
eigenvectors of the connectivity matrices) can simultaneously and independently display different prop-
erties in terms of stability, propagation speed or direction. We also derive continuous-limit versions of
the system, both in time and in neural space. Finally, we analyze the possible influence of transmission
delays between layers, and reveal the emergence of oscillations.
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1 Introduction

The brain’s anatomy is characterized by a strongly hierarchical architecture, with a succession of brain
regions that process increasingly complex information. This functional strategy is mirrored by the suc-
cession of processing layers found in modern deep neural networks (and for this reason, we use the term
“layer” in this work to denote one particular brain region in this hierarchy, rather than the laminar orga-
nization of cortex that is well-known to neuroscientists). The hierarchical structure is especially obvious
in the organization of the visual system [15], starting from the retina through primary visual cortex (V1)
and various extra-striate regions, and culminating in temporal lobe regions for object recognition and in
parietal regions for motion and location processing.

In this hierarchy of brain regions, the flow of information is clearly bidirectional: there are comparable
number of fibers sending neural signals down (from higher to lower levels of the hierachy) as there are going
up [8]. While the bottom-up or “feed-forward” propagation of information is easily understood as integra-
tion of sensory input (and matches the functional structure found in artificial deep learning networks), the
opposite feedback direction of propagation is more mysterious, and its functional role remains unknown.
Predictive coding is one dominant theory to explain the function of cortical feedback [28]. Briefly, the
theory states that each layer in the cortical hierarchy generates predictions about what caused their own
activity; these predictions are sent to the immediately preceding layer, where a prediction error can be
computed, and carried forward to the original layer, which can then iteratively update its prediction. Over
time (and as long as the sensory input does not change), the system settles into a state where top-down
predictions agree with bottom-up inputs, and no prediction error is transmitted. Like any large-scale
theory of brain function, the predictive coding theory is heavily debated [23]. But macroscopic (EEG)
experiments have revealed characteristic propagation signatures that could be hallmarks of predictive cod-
ing. For instance, Alamia and VanRullen [1] showed evidence for alpha-band (7-15Hz) oscillatory travelling
waves propagating in both directions (feed-forward and feedback); the oscillation frequency and dynamics
were compatible with a simplistic hierarchical model that included a biologically plausible time delay for
transmitting signals between layers, and was also confirmed by a rudimentary mathematical model. In
another study, Bastos et al [4, 5] found that beta (15-30Hz) and gamma-frequency (30-100Hz) oscillations
could reflect, respectively, the predictions and prediction errors signals carried by backward and forward
connections.

More recently, predictive coding has been explored in the context of deep neural networks [9, 26, 33]. For
instance, Choksi et al [9] augmented existing deep convolutional networks with feedback connections and
a mechanism for computing and minimizing prediction errors, and found that the augmented system dis-
played more robust perception, better aligned with human abilities. In another study, Pang et al [26] used
a similar system and reported the emergence of illusory contour perception comparable to what humans
(but not standard deep neural networks) would typically perceive.

While the concept of predictive coding is potentially fundamental for understanding brain function, and
its large-scale implementation in deep artificial neural networks provides empirical support for its potential
functional relevance, there is a gap of theoretical knowledge about the type of brain activity that predic-
tive coding could engender, and the potential conditions for its stability. Here, we propose a mathematical
framework where a potentially infinite number of neuronal layers exchange signals in both directions ac-
cording to predictive coding principles. The stable propagation of information in such a system can be
explored analytically as a function of its initial state, its internal parameters (controlling the strength of



inputs, predictions, and error signals) and its connectivity (e.g. convolution kernels). Our approach con-
siders both a discrete approximation of the system, as well as continuous abstractions. We demonstrate
the practical relevance of our findings by applying them to a ring model of orientation processing. Finally,
we extend our analytical framework to the case where communication delays between successive layers are
included. This gives rise to oscillatory signals at frequencies consistent with those observed in the brain.

2 Model description

Our initial model is inspired by the generic formulation of predictive coding proposed in the context of
deep learning models by Choksi et al. [9]. This formulation considers different update terms at each time
step: feed-forward inputs, memory term, feedback- and feed-forward prediction error corrections. By mod-
ulating the hyper-parameters controlling each of these terms, the model can be reconciled with different
formulations of predictive coding (for instance, the Rao and Ballard model [28] by setting the feed-forward
input term to zero) or other models of hierarchical brain function (e.g. similar to Heeger’s model [20] by
setting the feed-forward error correction to zero). Indeed, our objective is precisely to characterize the
propagation dynamics inside the network as a function of the relative value of these hyper-parameters,
which in turn alters the model’s functionality.

We consider the following recurrence equation where £ € R? represents an encoder at step n and layer j
1 1 .
EML = pWIEM + (1 - B)E} —aFj = AB}, j=1,---,J—1,

where WY ¢ AMy(R) is a d x d square matrix representing the weights of feedforward connections which
we assume to be the same for each layer such that wi Sffll models an instantaneous feedforward drive

n

from layer j — 1 to layer j, controlled by hyper-parameter 3. The term F7' ; encodes a feedforward error

correction process, controlled by hyper-parameter «, where the reconstruction error R;»L_l at layer j — 1,
defined as the square error between the representation Ej”_l and the predicted reconstruction WbS]’?, that
is 1
ben |2
Rj1:= 5”5}14 - W2ER7,

propagates to the layer j to update its representation. Here, WP € AMy(R) is a d x d square matrix
representing the weights of feedback connections which we assume to be the same for each layer. Following
[1, 9, 28, 33], the contribution FJ is then taken to be the gradient of R}_; with respect to £, that is

Fj o =VR} = —-W")'E + Wh)WPer

On the other hand, B;L incorporates a top-down prediction to update the representation at layer j. This
term thus reflects a feedback error correction process, controlled by hyper-parameter A. Similar to the
feedforward process, BY is defined as the the gradient of R’ with respect to £, that is

n o __ n __ ben n
B} = VR = -W>El, + &
As a consequence, our model reads

EM = BWIEMT + aW)PEP + (1 — B — Mg — a(wb)twb] EF+AWPER |, (2.1)
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for each j =1,---,J —1 and n > 0 where we denoted I; the identity matrix of .#;(R). We supplement
the recurrence equation (2.1) with the following boundary conditions at layer j = 0 and layer j = J. First,
at layer 7 = 0, we impose

& =38y, n>0, (2.2)

where S € R is a given source term, which can be understood as the network’s constant visual input. At
the final layer j = J, there is no possibility of incoming top-down signal, and thus one gets

Ent = pwlentl L aonbyten | + [(1 — By — a(W)EWP| E7 > 0. (2.3)
Finally, at the initial step n = 0, we set

E)=Hj, j=0,-J (2.4)

for some given initial sequence (#;)o,...,s. For instance, in Choksi et al [9], H; was initialized by a first
feedforward pass through the system, i.e. 8 > 0 and o = A = 0. Throughout we assume the natural
following compatibility condition between the source terms and the initial condition, namely

Sy = Ho. (2.5)
Regarding the hyper-parameters of the problem we assume that

0<B<1, with 0<a+A<L. (2.6)

Our key objective is to characterize the behavior of the solutions of the above recurrence equation (2.1) as a
function of the hyper-parameters and the feedforward and feedback connections matrices W/ and W?. We
would like to stay as general as possible to encompass as many situations as possible, keeping in mind that
we already made strong assumptions by imposing that the weight matrices of feedforward and feedback
connections are identical from one layer to another and that we only consider a linear model although deep
neural networks are intrinsically nonlinear. Motivated by concrete applications, we will mainly consider
matrices W/ and W? which act as convolutions on R%.

3 The identity case

It turns out that we will gain much information by first treating the simplified case where W/ and W? are
both identity. That is, from now on, and throughout this section we assume that

wlh=wb =1,.

That is, each neuron in a layer is only connected to the corresponding neuron in the immediately preceding
and following layer, with unit weight in each direction. Under such a setting, the recurrence equation (2.1)
reduces to a scalar equation, that is

e}”l = 6@?:1 taej  +(1=B—=A—a)ef+ ey, j=1,-,J—1, (3.1)

with this time the unknown e’ € R, together with

ey =5y, n=>0, (3.2)



Figure 1: Schematic illustration of the network structure of model (3.1) where each point represents a given neuronal
layer index j (r-axis) at a particular time step n (y-axzis), and the red arrows indicate the contributions leading to
the update of e?“.

and
et = Bt fadh y +(1-f—a)eh, n >0, (3:3)

with

e =hj, =0, (3.4)

3.1 Wave propagation on an infinite depth network

It will be first useful to consider the above problem set on an infinite domain and look at
e;.“rl — ge;?fll +aej_ +(1-B—-A—a)e] +Aejyy, JjELZ, (3.5)
given some initial sequence
e) =hj, jEL

This situation has no direct equivalent in practical deep neural networks (nor in the brain), where the
number of hierarchically connected layers is necessarily finite; but it is a useful mathematical construct.
Indeed, such recurrence equations set on the integers Z are relatively well understood from the mathematical
numerical analysis community. The behavior of the solution sequence (6?)jez can be read out from the
so-called amplification factor function defined as

a(e‘i9—1)+1—ﬁ+)\(ei9—1)
1— Be 10 ’

p(&) = 0 € [_71—77(]7 (36)
and which relates spatial and temporal modes. Indeed, formally, the sequence (p(6)"el7?) jez is an explicit
solution to (3.5) for each 6 € [—m,w]. Actually one can be much more precise and almost explicit in the
sense that one can relate the expression of the solutions to (3.5) starting from some initial sequence (h;);cz
to the properties of p in a systematic way that we now briefly explain.

Let us first denote by G" = (G7') jez the sequence which is the fundamental solution of (3.5) in the special
case where (#;);cz is the Dirac delta sequence §. The Dirac delta sequence d is defined as dp = 1 and



§; =0 for all j € Z\{0}. As a consequence, we have G' = & and for each n >0
Gyt =BG = aGly + (1= B = A= a)G] + G}y, jEL

The starting point of the analysis is the following representation formula, obtained via inverse Fourier
transform, which reads
1 [ .
G} = 5| elﬂf’p(e)”de, n>1, jelLk. (3.7)
T

Then, given any initial sequence (h;);cz, the solution (e7);ez to (3.5) can be represented as the convolution
product between the initial sequence and the fundamental solution, namely

=> Gy, jEZL, n>1. (3.8)
LEL
That is, having characterized the fundamental solution for a simple input pattern (9), with a unitary
impulse provided to a single layer, we can now easily generalize to any arbitrary input pattern, by applying
the (translated) fundamental solution to each layer.

Our aim is to understand under which conditions on the hyper-parameters we can ensure that the solutions
of (3.5) given through (3.8) remain bounded for all n > 1 independently of the choice of the initial sequence
(hj)jez. More precisely, we introduce the following terminology. We say that the recurrence equation is
stable if for each bounded initial sequence (h;);ez € (°°(Z), the corresponding solution (€7);ez given by
(3.8) satisfies

suplef| — 0.
]GZ n—oo

On the other hand, we say that the recurrence equation is unstable if one can find a bounded initial sequence
(hj)jez € £°(Z) such that the corresponding solution (e});ez given by (3.8) satisfies

suplel| — +oo.

jGZ n—oo
Finally, we say that the recurrence equation is marginally stable if there exists a universal constant C' > 0
such that for each bounded initial sequence (h;);jez € {°°(Z), the corresponding solution (€});ez given by
(3.8) satisfies

sup|e]] <C Sup|h |, n>1
JEZ

It turns out that one can determine the stability propertles of the recurrence equation by solely looking at
the amplification factor function. Indeed, from [30], we know that

Jimn 167516z =, max_[o(0)],

where we have set
1G" 122y == D, 1G7-
JEZ

As a consequence, we directly deduce that the recurrence equation is stable when [p(6)| < 1 for all
0 € [—m, 7|, whereas it is unstable if there exists 6y € [—m,n| such that |p(6p)| > 1. The limiting case
occurs precisely when Gen[[lax }|p(0)| = 1 and there is actually a long history of works [10, 12, 14, 27, 31]
that have studied the margi;aal stability of the recurrence equation in that case. All such results rely on a
very precise understanding of the amplification factor function and lead to the following statement.



Theorem 1 ([10, 12, 14, 27, 31]). Suppose that there exist finitely many 01,--- ,0x € [—m, 7| such that
for all 0 € [—m,7w|\{61,--- ,0k} one has |p(0)| < 1 and |p(0x)| = 1 for each k = 1,--- K. Furthermore,
assume that there exist ¢, € R, o € C with Re(oy) > 0 and an integer ux, > 1 such that

POk +0)
p(Ok)

Then the recurrence equation is marginally stable.

= exp (—icyf — 010°"* + O(|0]*"* 1)) | as § — 0.

Based on the above notions of stability/instability, we see that the only interesting situation is when the
recurrence equation is marginally stable, and thus when the amplification function is contained in the unit
disk with finitely many tangent points to the unit circle with prescribed asymptotic expansions. This is
also the only interesting situation from a biological standpoint, as it ensures that the network remains

active, yet without runaway activations.

3.1.1 Study of the amplification factor function

Since we assumed that 0 < § < 1, the denominator in (3.6) never vanishes and is well-defined. Next, we

crucially remark that we always have
p(0) = 1.
We will now check under which conditions |p(0)| <1 for all § € [—m, 7] to guarantee marginal stability of

the recurrence equation.

To assess stability, we compute
9 A+ a)(cos(@) — 1) +1— B8)% + (A — a)?sin(0)?
oy = rellem@) o) 2157+ 0o ony
(A + @)2(cos(f) —1)2+2(1 — B)(A + a)(cos(d) — 1) + (1 — B)* 4+ (A — )%(1 — cos(0)?)
(1= B)*+2B(1 - cos(6))
_ (I—cos(6)) (A + a)*(1 — cos(0)) — 2(1 — B)(A+ ) + (A — a)*(1 + cos(6))) + (1 — B)?
(1= 8)%+2B(1 — cos(0))
(1 —cos(f)) (—4arcos(d) — 2(1 — B)(A + a) +2(A\% + a?)) + (1 — B)?
(1= )%+ 2B(1 — cos(0))

such that [p(#)]* < 1 is equivalent to

(1 —cos(6)) (28 + 4arcos(0) +2(1 — B)(A + @) —2(A\* +a?)) >0, € [-m, 7],
and since 1 — cos(f) > 0 we need to ensure
B+2aXcos(0) + (1 —B)(A+a)— A2 —a? >0, 6¢c[-m,7],
and evaluating at &7 the above inequality we get
B+(1=B)A+a)—(A+a)>>0.
But we remark that the above expression can be factored as

B+A+a)(l=XA—a)>0.
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Figure 2: Several representative illustration of the curve 6 — p(0) for 8 € [—m, ] in the case where f = 0 and
B # 0. (a)-(b) Amplification factor function p(0) (blue curve) with a unique tangency point on the unit circle at
z =1 corresponding 0 = 0. (c)-(d) When o+ A = 1 the function p(0) (blue curve) has two tangency points on the
unit circle at z =1 corresponding 6 = 0 and z = —1 corresponding to 0 = +m.

As a consequence, |p(0)|* < 1 if and only if A + « < 1. This is precisely the condition that we made in
(2.6). We can actually track cases of equality which are those values of § € [—m, 7| for which we have

(1 —cos(6)) (28 + 4arcos(0) + 2(1 — B)(A + @) — 2(A* + a?)) = 0.
We readily recover that at 6 = 0 we have |p(0)| = 1. So, now assuming that ¢ # 0, we need to solve
B+ 2arcos() + (1 — BY A +a) — A2 —a? =0,

which we write as
B—2a\+ (1 —B)A+a) — A% —a? 4 2a) (cos() +1)) =0,

and using the previous factorization we get
(B+A+a)(l—X—a)+2a)(cos(f) +1)) =0,

and we necessarily get that both 1 4+ cos(f) = 0 and 1 — A — @ = 0 must be satisfied. As consequence,
|p(£7)| =1 if and only if 1 = A + «a.

As a summary we have obtained that:

e if 0<A+a<land0<p<1,then p(d)] <1 forall § € [—m, 7]\{0} with p(0) = 1;

e if \+a=1and 0<p <1, then |p(d)| <1 forall § € (—m,7)\{0} with p(0) =1 and p(£m) = —1.

We present in Figure 2 several representative illustrations of the spectral curves p(6) for various values of
the hyper-parameters recovering the results explained above.

Furthermore, near 8 ~ 0, we get that p admits the following asymptotic expansion

B LBHa—A Bl—a—AN)+a+A—(A—a)
p(0) = exp (—1 175 60— 21— f)?

2
QM%MWO,%G%Q

provided that
Bl—a—-N4+a+tr—A—a)?#0.



In fact, since —(A — a)? > —(\ 4+ a)? as both o and \ are positive, we remark that
Bl—a-N4+a+rA-A—a)P>B0l-a-N+a+rA-A+a)P=B+A+a)(l-X—a)>0.
Finally, we remark that when o + A = 1 we have

~Bra—-A, 1—(a—N)?
p(0+ 1) = —exp (—1 1+a5 6 — 2(1(0‘41‘5)2) 92+(’)(]9|3)>, as 0 — 0.

From now on, we denote

B+a—A Bl—a—N+a+r—(A—a)?

R 21 )2 |
 BAa—A 1 (a—N)?
A T

and we always assume that
oo > 0, and o, > 0,

which is equivalent to assume that 0 < a <1 and 0 < A < 1.

Here, (cg,00) and (cg,0,) are derived, respectively, from the asymptotic expansions of the amplification
factor function p(#) near # = 0 and 6 = 7, as defined above. On the one hand ¢y reflects the propagation
speed of the solution associated with p(0), while oy can be understood as its spatio-temporal spread (and
similarly for the solution potentially associated with p(7)). In the following, we explore the fundamental
solutions of this system for various values of its hyper-parameters.

3.1.2 Turning off the instantaneous feedforward connections: case 3 =0

We first investigate the case where there is no instantaneous feedforward connections in the network, that is
we set 8 = 0. This case, although less generic, is compatible with the prominent Rao-Ballard formulation of
predictive coding [28], in which feedforward connections—after contributing to setting the initial network
activity—only convey prediction errors, as captured by the hyper-parameter «. In that case, the model
is fully explicit: the update at time step n + 1 only depends on the internal states at the previous step n
since we simply have

et =aef  +(1-A—a)e} +Aefyy, jEL

As we assumed that a+A < 1, the right-hand side of the recurrence equation is a positive linear combination

n

j) such that we have positivity principle of the solution, namely

of elements of the sequence (e

VieZ, 0<h; = Vje€Z n=>1 0<el.

U3

Furthermore, since the recurrence equation is explicit, we have finite speed propagation, in the following
sense. Recall that when 8 = 0, the fundamental solution G" is solution to

gt =agl  +(1-A—a)G} + G}y, n>1, jeL,
starting from G° = §. Finite speed of propagation then refers to the property that

Gl =0, [jl>n.
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Figure 3: Illustration of the evolution of the fundamental solution G™ starting from the Dirac delta sequence at j = 0
in the case 8 =0 at several time iterations. The circles represent the numerically computed solution while the plain
lines represent the Gaussian approximation. (a) When A < « there is a rightward propagation along a Gaussian

profile whose leading profile is given by \/me p (—M> (b) When o < X there is a leftward propagation

4doon

_1ynti enl?
along a Gaussian profile whose leading profile is given by 1+(47T20n] exp (— |J4§§:| ) which vanishes whenever n + j
is odd.

This in turn implies that necessarily ¢y € (—1, 1) which is readily seen from the explicit formula ¢yg = o — A
in that case. Actually, it is possible to be more precise and to give a general expression for the fundamental
solution. Roughly speaking, each g;? ressembles a discrete Gaussian distribution centered at j = con and
we refer to the recent theoretical results of [10, 12, 14, 27| for a rigorous justification.

Essentially, the results can be divided into two cases depending on whether or not o + A = 1. As can be
seen above, the special case o+ A = 1 results in a cancellation of the “memory” term, such that a neuronal
layer j’s activity does not depend on its own activity at the previous time step, but only on the activity of
its immediate neighbors j — 1 and 7 + 1. More precisely, we have the following:

e Case: 0 < A+ a < 1. The fundamental solution can be decomposed as

1 |7 — conl|? .
n—___ ¢ _ _|__/\[n’ < n,
9; VArogn P ( doogn i s

where the remainder term satisfies an estimate
. 2
|j — con| .
e O I

for some universal constants C, x > 0 which only depend on the hyper-parameters and not n and j.
In Figure 3(a), we represented the fundamental solution g; at different time iterations (circles) in
the case A < o where there is rightward propagation with ¢y > 0 and compared it with the leading
order fixed Gaussian profile centered at j = con (plain line). On the other hand, in Figure 4, panels
(a)-(b)-(c), we illustrate the above results by presenting a space-time color plot of the fundamental
solution rescaled by a factor /n. We observe rightward (respectively leftward) propagation with
cp > 0 (respectively c¢g < 0) when A < « (respectively o < \), while when o« = A we have ¢y = 0 and
no propagation occurs.
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Figure 4: [llustration of the evolution of the rescaled solution sequence (ﬁgy)jez starting from the Dirac delta
sequence at j = 0 in the case B = 0. First row: o+ A < 1 and second row: o+ X =1. When X\ < a, we observe
a rightward/leftward propagation while when o = X no propagation occurs. In all panels, the pink curve is given by
Jj = ncg, clearly illustrating the fact that co measures the propagation speed of the solution. Note that in the case
B =0 and a+ A =1, we have cy = ¢, which results in the tiled patterns observed in panels (d)-(e)-(f).

e Case: A+ «a = 1. In this case, we first note that we have ¢y = ¢, together with oy = o, and

1+ (=1)"+ j — conl?
—_— — X —_——
Vamogn 4oon

where the remainder term satisfies an estimate

C i — conl?
INj'| < = exp <—/€U60n|> il <,
n n

g )+N;z il <n,

for some universal constants C,x > 0. In Figure 3(b), we represented the fundamental solution
g;' at different time iterations (circles) in the case o < A where there is leftward propagation with
¢o < 0 and compared it with the leading order fixed Gaussian profile centered at j = con (plain line).
Similarly as in the previous case, in Figure 4, panels (d)-(e)-(f), we illustrate the above results by
presenting a space-time color plot of the fundamental solution rescaled by a factor \/n. The direction
of propagation still depends on the sign of ¢y and whether or not A < a. Unlike the case o+ A < 1,
we observe a tiled pattern where G = 0 for even or odd integers alternatively for each time step.

As a partial intermediate summary, we note that the sign of ¢ (directly related to the sign of o — \) always
indicates in which direction the associated Gaussian profile propagates. Namely if & > X\ and ¢y > 0 (resp.
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a < X and ¢g < 0) there is rightward (resp. leftward) propagation. Intuitively, this behavior reflects the
functional role of each hyper-parameter, with o and A\ controlling feed-forward and feed-back prediction
error correction, respectively. When o = A, the two terms are equally strong, and there is no dominant
direction of propagation. In addition, when A + o = 1, the Gaussian profile is oscillating because of
the presence of (—1)"7. As will be seen later when considering continuous versions of our model, this
oscillatory pattern arises here as a consequence of discrete updating.

Finally, we note that the fundamental solution sequence (Qf) jez is uniformly integrable for all values of the
parameters, that is there exists some universal constant C' > 0, depending only on the hyper-parameters
such that

197z =SNG <€, n> 1.

JEZ

As a consequence, since given any bounded initial sequence (h;)jez € (°°(Z), the solution (€7);ez to (3.5)
can be represented as the convolution product between the initial sequence and the fundamental solution,
namely

=SNGy, jEZ. n=>1,

LeZ

we readily deduce that the solution (e;?) jez is uniformly bounded with respect to n, that is there exists
some universal constant denoted C' > 0, such that

sup‘e?‘ < Csuplhj|, n>1
jEL JEZ
This is exactly our definition of marginal stability.

3.1.3 Turning on the instantaneous feedforward connections: case 5 > 0

We now turn to the general case where 5 > 0. That is, the feed-forward connections continue to convey
sensory inputs at each time step following the network initializing, and S controls the strength of these
signals. In that case, the recurrence equation is no longer explicit but implicit and the positivity property
together with the finite speed propagation no longer hold true in general. Indeed, upon introducing the
shift operator

S : (uj)jez = (wjt1)jez,

we remark that equation (3.5) can be written as
(Id—BS M e" ! =aS7le" + (1 - B—A—a)e” + ASe”, n >0,

with e = (€7)jez. Since 0 < 8 <1 and 1S~ l|gaz)—sea(z) = 1 for any q € [1,400], the operator Id — #S™!
is invertible on ¢(Z) for any ¢ € [1,4o00] with inverse

o0

(ld-ps) " =3"p's

£=0
As a consequence, the recurrence equation can be recast as a convolution operator across the network
layers with infinite support, namely

o0 o0 oo
et =a) el +(1-B-A—a)> Bl (+A> el 1y, JEZ, n>0.
=0 £=0 £=0
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Figure 5: Effects of turning on > 0 when a + X < 1. When 8+ a < A we have ¢y < 0 and observe backward
propagation in panel (a) while when A < 8 4+ a we have ¢y > 0 and have forward propagation as seen in panel (c).
At the tramsition B+ a = X, the wave speed vanishes ¢ = 0 and there is no propagation as illustrated in panel
(b). Intuitively, o and 8, both propagating signals in the forward (rightward) direction, compete with A carrying the
feedback (leftward) prediction signals; this competition determines the main direction of propagation of neural activity
in the system.

From the above expression, we readily deduce that the positivity of the solution is preserved whenever
0 < 8 <1—X—a. Furthermore, for the fundamental solution starting from the Dirac delta solution which
solves
Gyt =BG = agia + (1= B=A=a)G} +AG}r, jEZ, n20,
we only have that
g =0, j<-n,
which implies that —1 < ¢g, ¢x < +00. Indeed, from the formula of ¢y we get that
l-a—-p
1-p

Once again, as in the case with 8 = 0, we can characterise the behavior of the fundamental solution by

cy ~ — 400, asf—1".

using the combined results of [10, 12].

e Case: 0 < A+ a < 1. There exist some universal constants C,x > 0 and L > 0 such that

1 |] - C()TL|2 n
VAmroon P ( dogn " /\/J 7

where the remainder term satisfies a Gaussian estimate

C |7 — conl|? .
’./\/’ﬂ < gexp (,{n , —n<j<Ln.

While for j > nlL we simply get a pure exponential bound
‘Qj"’ < C’e_’m_“j, nL < j.

Inspecting the formula for cp, we notice that when oo + 5 < A we have ¢y < 0 and the wave speed
vanishes precisely when o + 8 = A. This is illustrated in Figure 5, where we see that o and S,
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Figure 6: Effects of turning on B > 0 when o + A = 1. We now observe a secondary wave with associated wave
speed ¢, whose sign depends on the competition between o and 8+ X. (a)-(b)-(c) When o < B+ A, the wave speed
of the secondary wave always verifies ¢, < 0, and the competition between X\ and 5 + « gives the direction of the
primary wave as previously reported in Figure 5. (d) When B + X < a which always implies that o + B > A, we
have 0 < ¢ < ¢ traducing forward propagation for both waves. We remark that the secondary wave is slower. (e)
When 8+ A = « which also implies that o+ 5 > A, we get 0 = ¢, < ¢ such that the secondary wave is blocked. (f)
Summary of the sign of the wave speeds ¢y and c, for fixred 5 > 0 as a function of a and § with o+ X < 1.

both propagating signals in the forward (rightward) direction, compete with A carrying the feedback
(leftward) prediction signals; this competition determines the main direction of propagation of neural
activity in the system.

e Case: A+ o = 1. What changes in that case is the existence of a secondary wave with associated
wave speed ¢, whose sign depends on the competition between v and 5+ A. When a < 8+ A then
we have ¢, < 0, and the competition between A and 5+ a will determine the sign of ¢g, as illustrated
in panels (a)-(b)-(c) of Figure 6. On the other hand, when § + A\ < « implying that ¢, > 0, we
note that oo+ 8 > A and thus ¢y > 0. In that case, the explicit formula for ¢, and ¢y shows that
0 < ¢r < ¢p and the secondary wave associated to ¢, is slower to propagate into the network, see
Figure 6(d). Finally, when 5+ A = o we have 0 = ¢; < ¢y and the secondary wave is blocked, see
Figure 6(e).

We have summarized in the diagram of Figure 6(f) all possible configurations for the sign of the wave
speeds ¢y and ¢; when 8 € (0,1) as a function of @ and 8 when a + A < 1. As explained previously, ¢y
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changes sign precisely when A = a + [ (blue line), while the secondary wave speed ¢, only exists when
a + A = 1 and changes sign precisely when S + A = «. We notably observe that when 3 is increased
the region of parameter space where ¢y < 0 diminishes while the region of parameter space where ¢, < 0
increases, indicating that for high values of 8 the primary wave is most likely to be forward while the
secondary wave is most likely to be backward.

3.2 Wave propagation on a semi-infinite network with a forcing source term

Now that we have understood the intrinsic underlying mechanisms of wave propagation for our model (3.1)
set on an infinite domain, we turn to the case where the network is semi-infinite. That is, the network
admits an input layer that is only connected to the layer above. The problem now reads

e;,H‘l — ﬁen+1 — 046?_1 -+ (1 — 6 S — 04)6? + /\e?+1, .7 Z 1, n Z 07

7—1
68 = 887 n Z 07 (39)
e)=h;, j>1.

We see that the system depends on the source term s applied to its input layer at each time step, also
called a boundary value, and on the starting activation value (h;) applied to each layer at the initial time
point, also called the initial value. In fact, the linearity principle tells us that the solutions of the above
problem can be obtained as the linear superposition of the solutions to the following two problems, the

boundary value problem, where all layers except the input layer are initialized at zero:
gt =Bt =agl 4+ (1B —X—a)g! + A} > 1 >0
J j—1 9j—1 9g; giv+1, J=4, n=2U
96 =5, n=0, (3.10)
97 =0, j=>1,
and the initial value problem, where the input layer source term is set to zero for all time steps:
[ =B =affa+ =B =A=a)f] +Aff1, G211, n>0,
foo=0, n=0, (3.11)
fl=h i>1

Subsequently, the generic solution sequence (e7);>1 can be obtained as

= gl j21, n>L

3.2.1 The initial value problem (3.11)

It is first natural to investigate the initial value problem (3.11) since it is really close to the infinite network
case of the previous section. Here, we consider the effect of the initial value assigned to each layer j > 0
at the first time step (n = 0), except the input layer (j = 0) which is set to zero. The dynamics of (3.11)
is still read out from the amplification factor function p defined in (3.6) and once again the solutions to
(3.11) can be obtained as the convolution of the initial sequence with the fundamental solution associated
to the problem. For jo > 1, we denote by 6’° the Dirac delta sequence defined as 5;:8 =1 and 5;:0 =0
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Figure 7: Space-time evolution of the rescaled solution sequence (\/n Ghvp(dydo))j>1 to (3.11) starting with a Dirac
delta sequence at jo = 25 in different cases with leftward propagation. (a) 8 =0 & a+ X <1 with ¢g < 0. (b) =0
Ba+Ad=1withcy <0. (c)0<f<1l Eat+r=1with—1<c; <cy<O0.

for all j > 1 and j # jo. Correspondingly, we denote by G\ (-, jo) = (Giy,(4,Jo));>1 the solution to (3.11)
starting from 870, and let us remark that the solutions to (3.11) starting from any initial condition (hj)j>1
can be represented as

+o00
f]n = Z gi?fp(jij)hjov Jj=z1, n=>1
Jo=1
Combining the results of [10, 12] together with those of [13, 17, 18] which precisely deal with recurrence
equations with boundary conditions, one can obtain very similar results as in the previous case. The very
first obvious remark that we can make is that for all j,jo > 1 and 1 < n < jy we have

giT\l/p(jv jO) = ;L—joa

meaning that it takes n = jg iterations before the solution arrives at the boundary j = 0 and for 1 < n < jy
the problem is similar to the one set on the infinite network. This behavior is illustrated in Figure 7 for
several values of the hyper-parameters where we represent the spatio-temporal evolution of the rescaled
solution sequence (v/nGJ, (4, jo))j>1. We clearly observe a Gaussian behavior before the solution reaches
the boundary. And for all n > jj, we can write

Givp(J: Jo) = Gi—jo + Gii(J: Jo)

where G',(j,jo) is a remainder term generated by the boundary condition at j = 0. It is actually possible
to bound Gy} (4, jo) in each of the cases treated above.

When =0 and a4+ A < 1 with o < A such that ¢o < 0, then GJ,(j, jo) is well approximated by

1 |—jo—conl? J o
Gy (j,jo) ~ { ~ VAmoon P (‘30703) (%), 1<i<o,
’ . .
e—nn—H(J—JO)’ ] > j07

while when A\ < o with ¢y > 0, then G’(j, jo) is well approximated by

e, 1 <j <o,
gtr)bl(jv JO) ~ 1 |[i—con/|? A\ Jo . .
T VAmoon exXp | — 4oon (a) ) Jo <7,
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Figure 8: Illustration of the solution Gy (j,jo) to (3.11) in the case where B = 0 and a + X\ < 1 with a < f.
(a) Visualizations of the solution G (j,jo) (circles) at different time iterations. The plain lines correspond to

o 2
the Gaussian approrimation \/m XP (—%) and remark the presence of a boundary layer (seen as a

mismatch between the circles and the Gaussian lines approximation). (b) We represent the boundary layer by

. 2
plotting (circles) G, (4, jo) — \/ﬁwexp (—w) and we compare it to our boundary layer approzimation

4oon

. 2 .
—mexp <—%) (2) (plain lines). (c) Finally we compare the solution Gl o(ds o) (circles) to its first

- - 1 _li—jo—con®\ _ _ 1 _l=do—conl®\ (a)J -
order approzimation Theon OXP ( ioon Toroon OXP ioon (A) (plain lines).

this is illustrated in Figure 8 in the case ¢y < 0.

On the other hand for o + X =1 with o < A such that cg < 0, then GJ};(j, jo) is well approximated by

) |—jo—con/|? j o
G o) z{ LU o (<l (5 1< <o
e~ Kn— K(j JO)’ ] S j07

while when A\ < o with ¢ > 0, then G{(j, jo) is well approximated by

nGi = e 1<5 <o,
Guild: Jo) ~ 4" li—conl®) (A)Jo . .
" Vanoon P (*W) ()" Jo <7

When 0 < 8 <1 and a + A < 1 the approximations are similar as for the case with 5 = 0. We thus need
to discuss three cases.

e Case —1 < ¢y < ¢g < 0. In that case, we have for 1 < j < jg that

gn(' ')N_ 1 ox _|_jD_COn’2 a+p j_ (=" ox _’_jO_Cﬂ'n|2 a— 0 7
bl\J> J0 VamTogn P dogn A Varo.n P do.n A ’

with an exponential bound for j > jo. This situation is presented in Figure 7(c)

e Case —1 < ¢; < 0 < ¢y. In this case we have

_1 " us . .
gn( . ) —\/(ﬁexp( | J?,La:nnl ) (a)\ ) 5 1 <7 <o,
biJ;Jo) =~ ) i
1 li—con| A . )
~ Vanoon P ( ﬁ) (Wg) Jo <j<Ln.
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e Case —1 < 0 < ¢; < ¢g. In this case we have

G i) L (e Y (AN el (A
IO hmoon “P\ T doon J\a+8) T Vamomn P\ doen ) \a-p

for jo < j < Ln.

3.2.2 The boundary value problem (3.10)

We now turn our attention to the boundary value problem (3.10) where the network is initialized with zero
activity, for all layers except the input. Motivated by applications, we will only focus on the case where
sg = sp € R for all n > 0 (i.e., a constant sensory input) and thus study:
gt =B =gl +(1=B—-A—a)g] + Agfy1, §21, n>0,
90 =s0, n =0, (3.12)
9y =0, j>1

Case § = 0. Here, the stimulus information s, does not directly propagate through the network via
its feedforward connections (since 5 = 0), but may still propagate towards higher layers j > 0 via the
feedforward prediction error correction mechanism, governed by parameter . When a + A < 1, we
distinguish between three cases. Here and throughout, we denote by erf the error function defined by

2 x
erf(x) := ﬁ/o e *dz, z€R.

e Case o < \. In this case we have
J .
g5 = so (%) (1 —l—w?) ,  with }wﬂ <Ce ™™™  4i>1, n>1.

It is interesting to note that the sequence (so (%)] ) is a stationary solution to (3.12) and we have
j<1

uniform convergence at exponential rate toward this stationary solution, that is

sup

j>1 n—-+00

gj — so (i)]‘ <Ce™™ — 0.

We illustrate this uniform convergence in Figure 9 (a)&(d).

e Case a = A\. We have

" —sp|1—erf J <gex —mﬁ 1 >1, n>1
g] O /4O_On —n p n ) ]—7 - +-

In this case, we observe a slow convergence to the steady state sg. Indeed, for each § € (0,1/2) we

have

lim sup ‘g? — so‘ =0,
e PP

while for any 6 > 1/2 we get
lim sup ‘gﬂ =0.

n—-4oo j2n5

The propagation is thus diffusive along j ~ y/n. This can be seen in Figure 9 (b)&(e).
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Figure 9: Case 8 =0 and a+ A < 1. Visualization of the solution (g7);>1 of (3.12) when s§ =1 for alln > 0. Top
row: space-time plots of the solution depending on o and A. Bottom row: solution profiles at different time iterations
(circles) compared with the leading order approzimations. In the case a < A, we observe uniform convergence (in

space) at exponential rate (in time) toward the stationary solution sg ((%)j> while when A < a we observe the
j>1

propagation of a wavefront where the uniform steady state so is propagating at speed co > 0. In the intermediate case
where o = X we get a diffusive invasion as illustrated by the curve j = \/4ogn.

e Case A < «. In this case we have

n S0 j—con C (j—con)2 )
v 20 (g e (L0 ) < 2 ) O >1, n>1.
97 ( “ <\/400n>>‘ - \/ﬁexp< A J=5 e

In this case, we deduce that we have local uniform convergence towards the steady state sg, actually

we have spreading at speed c¢y. More precisely, for any ¢ € (0,cy) we have

lim sup ‘g? — 50’ =0,

while for any ¢ > ¢y, we get

lim sup ‘gﬂ =0.

We refer to Figure 9 (c)&(f) for an illustration. The figure clearly shows the competition between

hyperparameters o and A, with forward propagation of the sensory input only when a > A.

19



[} 10 20 30 40 50 50

J J J
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Figure 10: Case 0 < 3 <1 and a+ A =1 with 0 < 8 < a — \. Visualization of the solution (g} );>1 of (3.12) when
sg =1 forallmn > 0. (a) Space-time plot of the solution. (b)-(c) Solution profile at different time iterations (circles)
compared with the leading order approximation (dark red line) from (3.13). The solution is the super-position of a
leading rightward front spreading at speed co > 0 and an oscillatory Gaussian profile propagating at speed ¢ > 0 with
cr < Cg.

Case 0 < 8 < 1. Here, the stimulus information s, propagates through the network not only via its
feedforward connections (governed by 5 > 0) but also via the feedforward prediction error correction
mechanism, governed by parameter .. In the case where o+ A < 1, the results from the case 5 = 0 remain
valid, the only differences coming from the fact that the above approximations in the case A < « are only
valid for 1 < j < Ln for some large constant L > 0 with exponential localized bounds for j > Ln and

J
that the steady state is now (so (#) > whenever a + 8 < A. This confirms that the feedforward
j>1

propagation of the input s is now dependent on both terms « and 3, jointly competing against the feedback
term A.

Let us remark that when 0 < 8 < a — X\ and in the special case @ + A = 1, where a second stable point
exists for the amplification factor function at p(m), we can get a slightly more accurate description of the
solution in the form

) J—con 50 (—1)/ (j — cxn)? n ,
P — 2 (] —erf — iR - >1, 1<3<L 3.13
9= ( “ ( W)) 21+ B) Vdmwo.n P don = b <Jsln, (313)

where the remainder term satisfies an estimate of the form

n o © (j —con)®\  C (j = exn)?
1 < AT L2 BT _p T
‘r]‘_\/ﬁexp< K - —l—nexp K -

This is illustrated in Figure 10. It should be noted here that, while the main wavefront reflecting solution

o is a generic property of our network in the entire range of validity of parameters 0 < 8 < 1 and a4+ A < 1,
the second oscillatory pattern reflecting ¢, only appears in the special case of 5 # 0 and aa + A = 1. This
oscillation is, in fact, an artifact from the discrete formulation of our problem, as will become evident in
the next section, where we investigate continuous formulations of the problem.
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3.3 Towards continuous predictive models

Starting from a discrete approximation of our system made sense, not only for mathematical convenience
but also because artificial neural networks and deep learning systems implementing similar predictive coding
principles are intrinsically discrete. Nonetheless, it can be useful to discard this discrete approximation
and investigate our system in the continuous limit. Note that in the following, we will explore continuous
extensions of our model in both time and space. Biological neural networks, like any physical system,
operate in continuous time and thus it is more biologically accurate to relax the temporal discretization
assumption. This is what we do in the first part of this section. In the spatial domain, however, the
discretization of our system into successive processing layers was not just an approximation, but also a
reflection of the hierarchical anatomy of the brain. Nonetheless, we can still represent neuronal network
depth continuously, even if only as a mathematical abstraction. This is what we will do in the subsequent
part of this section. Understanding such continuous limits can allow us to test the robustness of our
framework, and to relate it to canonical models whose dynamics have been more exhaustively characterized.

3.3.1 Continuous in time interpretation

As a first step, we present a continuous in time interpretation of the model (3.9). We let At > 0 be some
parameter which will represent a time step and reformulate the recurrence equation as
ettt —er g A o
J Jo_ +1 +1
e VN (e?—l —e ) + 5 (e —ef) — 55 (ef =€)
We now interpret e as the approximation of some smooth function of time e; (t) evaluated at t, := nAt,

that is e} ~ e;(t,). As a consequence, we get that

d

such that "
n n
At de¢

Now, introducing the scaled parameters

~ ~ A - Q

51=%, Ai= L and @ =

we get at the limit At — 0 the following lattice ordinary differential equation
d
e

When defined on the infinite lattice Z, one can represent the solutions as

e(t)=> GO, jEL, t>0,
keZ

e;(ty), as At — 0.

()= (B+a)ej_1(t) — (B+a+ Nej(t) + Aejia(t), t>0. (3.14)

starting from the initial sequence e;(t = 0) = (h;)jcz where (G;(t));jez is the fundamental solution to
(3.14) starting from the Dirac delta sequence §. Once again, each G;(t) can be represented by the inverse
Fourier transform and reads
1 ™ ..
G, (1) / e’Otelifqg, t>0, jez,

~ o -
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where the function v(6) is defined as
v(0):=(B+a)e ¥ —(B+a+ A +r?, e -7

The function v(f) serves as an amplification factor function for the time continuous equation (3.14). To
ensure stability!, one needs to impose that Re(v(#)) < 0 for each § € [~ 7]. From its formula, we obtain
that

Re(v(0)) = (B + &+ A)(cos(0) — 1), 0 € [-m,7],

such that we deduce that Re(v(0)) = 0 and Re(v(f)) < 0 for all § € [—m,7]\{0}. In particular, it
is now evident that, contrary to the discrete case, v(m) cannot be a stable solution for the continuous
system (except in the trivial case where all hyperparameters «, B,X are zero). This confirms that the
previously observed oscillations associated with p(7) in specific cases were merely an artifact of the temporal
discretization.

We note that, near the tangency point at § = 0, the function v(6) has the following asymptotic expansion
B4+a+A

5 62 + O(0]?), as 8 — 0.

v(0) = —(B+ @+ \)if —

It is also possible to prove a Gaussian approximation in that case, and following for example [6], we have

1 ]j——%ﬂ2> .
G’t = —=¢€X — +Rt, GZ, t>0,
]() \/ZTO'Ot p< 40'Ot ]() J

with
R, (1) < %exp (—n

for some universal constants C > 0 and k > 0. Here, ¢y and og are given by

j — cot|?

; >, jEeZ, t>0,

65=§+62—X, and %:w>0.

We remark that both ¢y and o are linked to ¢y and o¢ (the propagation speed and spread of the solution
in the case of the discrete model) in the following sense

Co ~
— — ¢y, and
At

g0

At—>0~g, as At — 0.

We also note that the spatially homogeneous solutions of (3.14) are trivial in the sense that if we assume
that e;(t) = e(t) for all j € Z then the equation satisfied by e(t) is simply

d

—e(t) =0.

3@
Finally, we conclude by noticing that in this continuous in time regime, there is no possible oscillations
either in space or time, in the sense that the fundamental solution always resembles a fixed Gaussian
profile advected at wave speed cy. The formula for ¢y highlights the intuitive functional relation between

the propagation (or advection) direction and the “competition” between the feedforward influences a + 5
and the feedback influence .

!Note that the notions of stability /instability and marginal stability introduced in the fully discrete setting naturally extend
to the semi-continuous setting.
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3.3.2 Fully continuous interpretation: both in time and depth

In this section, we give a possible physical interpretation of the discrete model (3.9) via continuous transport
equations, in which both time and space (i.e., neuronal network depth) are made continuous. Let us

introduce At > 0, Az > 0 and set v := %f. As before, we can view At as a time step for our system;

additionally, Az can be viewed as a spatial step in the (continuous) neuronal depth dimension, and thus
v becomes akin to a neural propagation speed or a conduction velocity. We then rewrite the recurrence

equation as

n+1 n n+1 n+1 n n n

. — e e. — e e’ — e el —e
1— J J — By J—1 J /\VM _ Owjij_l‘
(1=5) At 8 Azx + Ax Ax

The key idea is to now assume that e;? represents an approximation of some smooth function e(t,x)

evaluated at t, := nAt and z; := jAx, that is ey ~ e(ty,x;). Then passing to the limit At — 0, Az — 0

with % = v > 0 fixed and assuming that S 4+ « # A, one gets the partial differential equation

oe(t,z) + W

with boundary condition e(t,z = 0) = so(t) and initial condition e(t = 0,2) = h(z) satisfying the

Ope(t,x) =0, t>0, x>0, (3.15)

compatibility condition s9(0) = h(0) where s¢(t) is a smooth function such that so(t") = si and h(x;) = h;.
The above partial differential equation is a transport equation with associated speed V(ﬁ%og)‘) = vcg.

Depending on the sign of ¢y, we have a different representation for the solutions of (3.15).

e Case ¢y < 0. Solution is given by
e(t,z) =h(x —vecet), t>0, x>0.

Let us remark that when ¢g < 0 the trace of the solution at = 0 is entirely determined by the initial
data h(z) since

e(t,x =0) = h(—vept), t>0.
Intuitively, this reflects the dominance of backward (leftward) propagation in this network, with

solutions determined entirely by the initial value h(x), even for z = 0 (the source term, so(t), having
no influence in this case).

e Case ¢y > 0. Solution is given by

e(t,x) = So(t_”%% T < veo, t>0, x>0.
h(x —vept), x> veot,

Intuitively, this reflects the dominance of forward (rightward) propagation in this network, with both
the source term so(¢) and the initial values h(x) transported at constant velocity vcy.

Thanks to the explicit form of the solutions, we readily obtain many qualitative properties of the solution
e(t,z). Boundedness and positivity of the solutions are inherited from the functions sy(t) and h(z). In

the case where 8+ a = A (i.e., with balanced feed-forward and feedback influences), the limiting equation
Az?

is slightly different. Indeed, in this case, introducing ¢ := X%, which can be interpreted as an effective
diffusivity, and letting At — 0, Ax — 0 with § > 0 fixed, one gets the partial differential equation
) A
oe(t,z) = W@ge(t,m), t>0, x>0, (3.16)
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and we readily observe that when 8 + a = A\, we have that

Bra+d Bl—a—-A)+a+i—(A—a)

= =00 > 0.
2010 5) 21— 57 "
We obtain a heat equation with a boundary condition e(¢,x = 0) = s¢(¢) and initial condition e(t = 0,z) =
h(z). Upon denoting
S(t ) 1 - (Zz;y)f - (Z;y)tz
L Y) = ———— (e M0t —e o0t )
Y VAamdot

the solution of the equation is given by

400 t +oo
e(t,x) = so(t) + /0 S(t,z,y) (h(y) — s0(0))dy — /0 /0 S(t —s,z,y)sp(s)dyds, t>0, x>0,

Let us remark that when so(t) = s¢p € R is constant for all ¢ > 0, the above expression simplifies to

+o0
eltea) =s (1=t (2 ) )+ [ Sttamhan, t>0. a0

In conclusion, this section extended our discrete model towards a continuous limit in both space and time.
In the temporal domain, it allowed us to understand our stable solution as an advection behavior, and
alerted us that the other apparently oscillatory solutions previously observed in specific cases were mainly
due to our discretization approximation. In the spatio-temporal domain, the continuous limit (3.15) al-
lowed us to realize that our main equation (3.1) was merely a discrete version of a transport equation.

In the following sections, we will systematically return to discrete implementations (with gradually increas-
ing functionality), before considering, again, their continuous formulations.

4 Beyond the identity case

In the previous section we have studied in depth the case where W/ and W? are both the identity matrix:
each neuron in any given layer directly conveys its activation value to a single corresponding neuron in
the next layer, and to a single neuron in the previous layer. Motivated by concrete implementations of the
model in deep neural networks [9, 33], we aim to investigate more realistic situations with more complex
connectivity matrices. While the generic unconstrained case (i.e. two unrelated and dense connection
matrices W/ and WP?) does not easily lend itself to analytical study, we will consider here two situations
of practical interest: in the first one, the forward and backward connection matrices are symmetric and
identical; in the second case, each matrix is symmetric, but the two are not necessarily identical.

4.1 The symmetric Rao & Ballard case

Following the pioneering work of Rao & Ballard [28], we will assume in this section that W/ = (W?)t and
W/ is symmetric, which implies that
W/ =W e #(R),

where we denoted .7;(R) the set of symmetric matrices on RY.
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The underlying interpretation is that, if a strong synaptic connection exists from neuron a to neuron b,
then there is also a strong connection from b to a. This assumption, which can find a possible justification
from Hebbian plasticity rules (“neurons that fire together wire together”), does not capture all of the
diversity of possible connectivity patterns, but it can be considered a good first approximation and has
already been used in many computational studies, notably in the context of predictive coding models [28].
Although this symmetry hypothesis is not biologically plausible, this setting is still very instructive from
the mathematical point of view, since one can still manage to get a complete and exhaustive study as in
the identity case of the previous section.

4.1.1 Neural basis change and neural assemblies

The spectral theorem ensures that W/ (and thus W?) is diagonalizable in an orthonormal basis. Namely,
there exists an orthogonal invertible matrix P € .#4(R) such that PP* = P*P = I, and there exists a
diagonal matrix denoted D € .#;(R) such that

w! =wb = pppt.

We denote by ~, € R? p =1,---,d the diagonal elements of D and without loss of generality we may
assume that

1< < g

Thanks to this diagonalization, we can now perform a change of basis for our neuronal space. We set
Up = Pté’f as the new basis, with Pl := . Each U}' can now be understood as a neural assembly,
reflecting one of the principal components of the weight matrix W/ = WP, Importantly, although assemblies
may overlap, activity updates induced by feedforward or feedback connections to one given assembly do
not affect the other assemblies, since the matrix P is orthogonal. Therefore, our problem is much simplified
when considering activity update equations at the level of these neural assemblies ¢/} rather than across
individual neurons £7'. Our model (2.1) becomes

U = BDUST + aDUy + [(1 = B — AL — aD’|UJ + NDU,,.

Note that, because all matrices in the above equation are diagonal, we have totally decoupled the d
components of the vector UJ'. More precisely, by denoting 7, the pth component of ¢}, that is U} =
(uffq, - ,u?d)t, we obtain

u;‘l,;l - B’ypu?fip =apui g, +(1-6-A- O"Vg)u?,p T MU, p=1,000d

This indicates that one needs to study
ult = Byult! = aqyul_ )+ (1— B — X — anP)ul + My, (4.1)

where v € R is a given parameter. Here, v can be thought of as the connection strength across layers (both
feedforward and feedback, since we assumed here symmetric connectivity) of the neural assembly under
consideration. By construction, each assembly in a given layer is only connected to the corresponding
assembly in the layer above, and similarly in the layer below. Note that when v = 1, we encounter again
the exact situation that we studied in the previous section (3.9), but now with neural assemblies in lieu of
individual neurons.
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4.1.2 Study of the amplification factor function

Based on our previous analysis, the behavior of the solutions to (4.1) are intrinsically linked to the properties
of the amplification factor function:

—if i0
ay(e™ —y)+1 -84+ A(ye" -1
pﬁ/(a) = ( )1 — B’Ye_ie ( )7 0 e [—7[', F]?

where one needs to ensure that |p,(6)| < 1 for all § € [—m,7|. The very first condition is to ensure that

1 # B|v| (to avoid division by zero). Next, we investigate the behavior of p,(f) at # = 0 and check under
which condition on v we can ensure that —1 < p,(0) < 1. We have

(1=y)(ay—=X—p)
1— By ’

which readily tells us that p,(0) =1 if and only if y =1 or v = 28 - And on the other hand py(0) = —1

[0

py(0) =1+

if and only if v = 42 with

Ata—-B+y/A+a—pB)2+4a(2—X—0)
2a

7% =

with 7% < 0 < ~Y since A 4+ 3 < 2 by assumption. One also notices that
A+a—-PF)2+4a2-A=B8)=A+3a—F)*+8a(l —a—N),

such that either a +\ = 1 and in that case 7 = —1 and ’yﬂ)r =1+ % >1,or a+ A <1 and in that case
7% < —1 and 73 > 14+ % > 1. Next, we remark that

I+ (ay+A+5)
14 By

py(m) =1~ = p—(0),

which then implies that p,(m) = 1 if and only if v = —1 or v = —)‘Z—’B and p,(m) = —1 if and only if
7=

As explained in the beginning, our aim is to completely characterize under which conditions on v € R,
0<p<land0<a<1witha+ <1, one can ensure that |p,(0)| <1 for all 6 € [—m,].

Potential regions of marginal stability are thus given by those values of the parameters satisfying v = 41,
v = :I:)‘jx'—ﬁ, v = j:vg and v = +4°, and it is important to determine the intersections among the above

regions. We have already proved that v = —1 whenever & = 1 — X. Next, we compute that v9 = —%
whenever o = ’1\(3‘;:%) =: A, while 7% = —9 whenever o = 8 — X and 7} = # when o = B(\ + (). Let

us already point out that A is only defined if A + 8 < 1 and in that case A > 0.

We now introduce five regions in the quadrant (8, A) € [0,1) x (0,1) which are depicted in Figure 11(a).
First, since 1 —A = A = A+ if and only if 2\ + 3 = 1 (which corresponds to the blue line in Figure 11(a)),
we deduce that when 2\ + 8 > 1 we have 1 — A < min(A, A + 8) which leads us to define the following two
regions:

(@) :={(8,2) €[0,1) x (0,1) [ 2+ 5 = 1 and 3 < A},
{(B,\) €[0,1) x (0,1) | 2\ + B> 1 and 8 > A}.
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Figure 11: (a) Geometry of the five stability regions in the (B, \) plane. The blue curve is given by 2XA + B =1, the
orange curve by A\ = B while the yellow parabola is parametrized by B2 — B(1—\)+ X = 0. (b)-(f) Stability/instability
regions and their boundaries as a function of («,7) for (4.1) while (X, B) being fized in one the five regions given in
panel (a). Shaded orange regions correspond to an instability for (4.1) while purple regions correspond to a stability
for (4.1). The boundaries of the stability/instability regions are given by the intersections of the parametrized curves
v = +1 (blue curves), v = £9° (dark blue curves), v = £~} (pink curves) and v = :I:# (gray curves). Note that
the region of interest is 0 < a < 1 — X. Along each such parametrized curves equation (4.1) is marginally stable.

Now, when 2\ + 8 < 1, we have the strict ordering 0 < A < A+ 8 <1 — X and when 5 > A it is thus
necessary to compare A to 3—\X. We remark that A = 38—\ = B(A+f3) if and only if 32 —B3(1—\)+ X =0,
which corresponds to the yellow parabola in Figure 11(a). We thus define the following three regions:

(IT )
(IV)

(v

{08, ) [0,1) x (0,1) | 2X+ 8 < 1 and 8 < A},
{(B,X) €10,1) x (0,1) | 2A\+ 8 < 1,8> Aand B2 — B(1 — ) + A > 0},
{(B,X) €10,1) x (0,1) | 2Ax+ B < 1,8> X and 8* — B(1 —A) + A < 0}.

Note that when (3, ) is in region (IV), we have the ordering

0<fB—a<A<A+8<]—A
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X X
y=1|y=-1] =28 | 4= [ y=40 | 7y=-9]
o | Bra=x | a=A=B | (BN (B+a)) L (B+A—a)
0 1-8 1+8 a—B(A+p) 1-87%
v | a=A=B | Bt+a=X (B+N) (B+a—X) YL (B+A—a)
Cr | T14R -8 a=B(A+5) 1-819

Table 1: Expressions of the wave speed ¢} and ¢} for values of v corresponding the boundaries of the stability regions
from Figure 11. Let us note that c. and 061 only exist when a4+ A = 1.

while for (5, A) in region (V), we have
O0<A<BA+P)<B-—a<A+B<I-A\

We can characterize the stability of our equation separately for each of the five regions defined in Fig-
ure 11(a). Since the region already determines the value of the parameters 8 and A, the stability will
be expressed as a function of the two remaining parameters o and v (Figure 11(b-f)). We refer to Fig-
ures 11(b-f) for a comprehensive representation of the stability regions. Note that the boundaries of the
stability /instability regions are precisely given by the intersections of the parametrized curves v = +1
(blue curves), v = 4% (dark blue curves), v = £} (pink curves) and v = :I:)‘Z—B (gray curves). Along
each such parametrized curves equation (4.1) is marginally stable. We comment below the case (A, ) in
Region (III). The other cases can be described in the same way, but we leave this out for conciseness.

Suppose that (A, 3) belongs to Region (III). We present the results of Figure 11(d) by letting a vary
between 0 and 1 — X\ and v € R. More precisely, for each fixed a € (0,1 — \) we investigate the stability
properties as a function of 4. We have to distinguish between several subcases.

(i) If 0 < @ < A. Then, equation (4.1) is stable for each v € (—1, 1), unstable for |y| > 1 and marginally
stable at v = £1 with p1(0) =1 and p_;(£7) = 1.

(i) If « = A. Then % = —/\%;5 and equation (4.1) is stable for each v € (—1,1), unstable for |y| > [7°|
and |7| > |y| > 1, whereas it is marginally stable at v = £1 and at v = +7° with p;(0) = 1,
p—1(£m) =1, p,o (0) = =1 and p_.0 (£m) = —1 together with p__0 (0) =1, p,o (+7) = 1.

(i) If A < o < A+ 3. Then, equation (4.1) is stable for each v € (—1,1) and # < || < |42], unstable

for |y| > |7°| and % > |y| > 1 and marginally stable at v € {jzl,:t’\i,:tfyg} with p1(0) = 1,

07

p—1(Em) =1, pass(0) =1, p_rs(£m) =1, pyo (0) = —1 and p_,o (7)) = —1.

(iv) If @ = A+ 3. Then, equation (4.1) is stable for each v € (v°, —y%)\{=£1}, unstable for |y| > |7" | and
marginally stable at v € {£1,+7%} with p1(0) = 1, p_1(&7) = 1, p,0(0) = —1and p_.o (£7) = —1.
AMB _

Remark that in this case we have ==
(v) If A+ 5 < a < 1— A. Then, equation (4.1) is stable for each v € <—)‘z—6, #) and 1 < |y] < |42,

unstable for |[y| > [7°] and 1 > |7| > 22 and marginally stable at v € {:l:l,:l:)‘i,:lzvg} with

[} «

pl(o) = ]-’ P—l(iﬂ') = 1> PM(O) = 1’ p,ﬂ(iﬂ-) = 17 P»y(} (0) = —1 and P—y(j (:tﬂ-) =-1

(vi) If @ = 1 — A. Then, equation (4.1) is stable for each v € (—M M), unstable for |y| > [7%]| =1

a ’ o«

and 1 > |y| > )‘Z—ﬁ and marginally stable at v € {:l:l,:l:%} with p1(0) = 1 and py(£m) = —1,
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Figure 12: Plot of the wave speeds ¢}, co®  and cg_ as a function of « in the case (A, 8) in Region III associated to
Figure 11(d).

p—1(£m) =1and p_;(0) = —1, with pr+s(0) =1, p_ass(E£m) = 1. Remark that in this case we have

@

79 = —1.

Summary. In summary, we see that stability is nearly guaranteed whenever —1 < v < 1, regardless of
the values of other parameters (as long as 0 < a < 1 — A). This makes intuitive sense, as 7 represents the
connection strength across layers of a particular neural assembly, a connection weight |y| < 1 implies that
activity of this assembly will remain bounded across layers. Additionally, and perhaps more interestingly,
in some but not all regions (e.g. Regions II and V) stability can be obtained for much larger values of |v|;
this, however, appears to coincide with low values of the o parameter. In other words, for high connection
strengths ||, the feedforward error correction term « makes the system unstable.

4.1.3 Wave speed characterization

In the previous section (The Identity Case), we have proved that the direction of propagation was given
by the sign of ¢y and ¢, whenever they exist which could be read off from the behavior of p.(#) near § = 0
or § = £m. We have reported the values of ¢ and ¢, for different values of v in Table 1. For example, in
Figure 12 we illustrate the changes in propagation speed and direction for ¢} for the case (A, ) in Region
(III) (as defined in Figure 11a), but the calculations remain valid for the other regions.

It is worth emphasizing that for fixed values of the hyper-parameters «, 8 and A, we see here that varying
7 can give rise to different propagation speeds or even different directions. As each neuronal assembly u;
in a given layer j is associated with its own connection strength -, it follows that different speeds and even
different directions of propagation can concurrently be obtained in a single network, one for each assembly.
For instance, in a given network with hyperparameters a = 0.2, f = 0.2 and A = 0.3 (region III), a neural
assembly with a connection strength of v = 1 would propagate forward at a relatively slow speed, while
another with v = 2.5 would propagate in the same direction at a much faster speed, and yet another
assembly with v = 7% ~ —2.09 would simultaneously propagate in the opposite backward direction.
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4.1.4 Continuous in time interpretation

We can repeat the “continuous system” analysis conducted in the previous section (The Identity Case),
which has lead to (3.14), but this time with Rao-Ballard connection matrices between layers. With the
same scaling on the hyperparameters

~ I5; ~ A ~ Q
= A= — da:=—
b =3 A YT AY
we get that, at the limit At — 0, the equation (4.1) becomes the following lattice ordinary differential
equation
d -~ ~ o~ -
W0 =B+ a)ya®) - (B+A+ ay?)u;(t) + Myujpa(t), t>0. (4.2)

Note that the neuronal layer activity is now expressed in terms of neural assemblies u; rather than indi-
vidual neurons e;.

The amplification factor function in this case is given by
vy(0) = (B+a)ve ¥ — (B+A+ay?) + Me?, 0¢e[-n, 7,
whose real part is given by
Re(v4(0)) = (B+a + A)ycos(8) — (B+ A+ ar?), 0¢€[—m, ).
When v > 0, we observe that

max_Re(1,(6)) = Re(1,(0)) = (A + B — ay)(y - 1),

oc[—m,n)

whereas when v < 0, we have

s Re(v () = Re(v (7)) = (4 F+a)(7+ 1)
e|l—m,m
As a consequence, the stability analysis in this case is very simple and depends only on the relative position

of v with respect to +1 and :I:#. It is summarized in Figure 13.

The simple behavior illustrated in Figure 13 for our continuous system contrasts with the number and
diversity of behaviors obtained for the discrete version of the same system (Figure 11). A number of
points are worth highlighting. For instance, although the values of 8 and A were critical for the discrete
system (to define the region (I) to (V)), they do not affect the qualitative behavior of the continuous
system. Furthermore, some observations in the continuous system appear to contradict the conclusions
made previously in the discrete case. We see that stability can still be obtained with high values of the
connection weight v >> 1, but this time the stable regions coincide with high « values, whereas it was
the opposite in Figure 11 panels (b),(f). This qualitative difference in behavior can be taken as a point of
caution, to remind us that a discrete approximation of the system can be associated with important errors
in interpretation.

Finally we note that, while stability regions are qualitatively different in the continuous case compared
to the discrete approximation, the speed and direction of propagation of neural signals (reflected in the
variables ¢g and ¢, when they exist) remains comparable.
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Figure 13: Stability/instability regions and their boundaries as a function of (a,v) for (4.2) for any (X, B) fized.
The shaded orange region corresponds to an instability for (4.2) while the purple region corresponds to a stability
for (4.2). The boundaries of the stability/instability regions are given by the intersections of the parametrized curves
v = =1 (blue curves) and v = :l:# (gray curves) where equation (4.2) is marginally stable.

4.1.5 A class of examples

In this section, we provide a class of examples of YW/ amenable to a complete analysis. Namely we consider
W as the following linear combination
W = (lLq + €A, (4.3)

for some (, £ € R where A € .Z;(R) is given by

-2 1 0 0
1 -2 1

A= 0
. . .1 =2 1
0O -+ -~ 0 1 =2

The matrix A is nothing but the discrete laplacian and W/ acts as a convolution operator on R%. More
precisely, W/ combines a convolution term with a residual connection term, as in the well-known ResNet
architecture [19]. Let us also note that the spectrum of A is well known and given by

Spec(A) = {—4sin2 (2(;’11)> L op=1,--- ,d}.

As a consequence, the spectrum of W/ is simply given by

One can for example set

(et ) 1

sin’ (2(5—7;1)) — sin® (2(d7—rkl))
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such that J
. 9 T B . 9 T B
¢ —désin (2(d+ 1)) =-lL ¢—desin <2(d—i—1)) =1

and forallp=2,--- ,d—1
— 4¢sin? S -1,1).
C fsm <2( 1))6( s )

Next, for any p = 1,-- - ,d the eigenvector corresponding to the eigenvalue —4 sin? (%) is

pT pkm pdm ¢
U, = <cos <d+1>"” ,cos(d_i_l),.'- , COS <d+1)> e R4

U, is the projection vector that corresponds to the p'" neural assembly ujp as defined above.

Along Uy, the recurrence equation reduces to (4.1) with v = 1, while along Uy, the recurrence equation
reduces to (4.1) with v = —1, and we can apply the results of the previous section (the Identity case). In
between (for all 1 < p < d) we see that the eigenvalues of our connection matrix wi span the entire range
between —1 and 1, that they can be explicitly computed, and thus that the stability, propagation speed
and direction of activity in the corresponding neural assembly can be determined.

4.1.6 Fully continuous interpretation in time, depth and width.

For the same class of example (connection matrix composed of a convolution and residual terms), we now
wish to provide a fully continuous interpretation for model (2.1) in the special case ( = 1 and £ adjusted
as follows. By fully continuous, we mean that we explore the limit of our model when not only time ¢,
but also network depth x and neuronal layer width y are considered as continuous variables. Although we
already presented a model that was continuous in both time and depth in subsection 3.3.2, the layers in
that model only comprised a single neuron, and had no intrinsic spatial dimension. We now introduce this
third continuous dimension. The starting point is to see S”k, the kth element of 5" as an approximations
of some continuous function £(¢,x,y) evaluated at ¢, = nAt, x; = jAx and y;, = kAy for some At > 0,
Az >0 and Ay > 0. Let us first remark that the action of A on &' is given by

(A& = &y — 280 + Eias

which can be seen at a discrete approximation of 825 (tn,xj,yx) up to a scaling factor of order Ay?. Once

again, setting v = At L and introducing x = At , we may rewrite (2.1) with W/ = WP =1, + €A as

gn—‘rl _&n gn—&-l _ gn—l—l _ E” gn _gn
_ J J J—1 J J+1 J j—1
(1=5) At pr Az i Ar T Az
A n+1 A A n 2 2 A A n
+ﬁ§/€—5 +oz§/<oA 5E 1 2a§r€A—y2<€j — alkAy A ZAyQSJ
A
+ )\glﬂA 2 ]+1

Now letting At — 0, Az — 0 and Ay — 0 with v and « fixed, we obtain the following partial differential
equation

v(Bt+a—2A)
1-p

Ek(B+A—a

HE(t,x,y) + 0.E(t, x,y) = 5 )855(t,x,y).

32



This is a diffusion equation along the y dimension while being a transport equation in the x direction. As
such, it is only well defined (or stable) when the sign of the diffusion coefficient in front of 858 (t,z,y) is
positive. This depends on the sign of £ and 8+ A — «, which need to verify £(5+ X — a) > 0. In that case,
the system diffuses neural activity along the dimension y such that the entire neuronal layer converges to
a single, uniform activation value when ¢ — co.

4.2 The general symmetric case

Finally, we now wish to relax some of the assumptions made in the previous Rao-Ballard case. Thus, the
last case that we present is one where we assume that

(i) W/ and W? are symmetric matrices, that is W/, WP € .74(R),

(ii) W/ and W* commute, that is W/ Wb = WoW/,

But we do not necessarily impose that W/ = (W?)t as in the Rao & Ballard’s previous case. Let us already
note that examples of matrices verifying the above conditions are residual convolution matrices introduced
in (4.3), that is W/ = Crlg+&fA and Wb = I+ & A for some G, £+ &, r € R. Under assumptions (i) and
(ii), W/ and W? can be diagonalized in the same orthonormal basis, meaning that there exist an invertible
orthogonal matrix P € .#4(R) such that PPt = P*P = I;, and two diagonal matrices Df € .#,;(R) and
D' ¢ #;(R) with the properties that

PW/P=D/ and P'W'P =D

For future reference, we denote by ’yp’b for each 1 < p < d the diagonal elements of Df*. Once again, we
can use the matrix P to apply an orthonormal basis change and create neural asssemblies U]' := Pté'f.
With PU; = 5}"‘, the recurrence equation becomes

urt' - iUt = aDUy [(1—,3 M — oD'DY| U + AU, .

Note that, because all matrices in the above equation are diagonal, we have also totally decoupled the d
components of the vector U;'. More precisely, by denoting u7, the pth component of U}, that is U;' =
(“?,17 e ,u?’d)t, we obtain

2
b b b
n+1 5’Yp ;“rllm = Oé’)/pu?_l’p +(1--A—« (fyp) )u}’,p + M, p=1, .
This indicates that one needs to study

uf T = Bt = amuf g+ (1= B = A = an3)uff + Ayauf g, (4.4)
where 71 2 € R are now two given parameters. As before, 1 2 can be thought of as the connection strength
across layers of the neural assembly under consideration. By construction, each assembly in a given layer is
only connected to the corresponding assembly in the layer above, and similarly in the layer below, with ~;
for the feedforward direction and ~» for the feedback direction. Note that v; = 9 would then correspond
to the Rao-Ballard situation studied previously.
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4.2.1 Study of the amplification factor function

Repeating the previous analysis, one needs to understand the amplification factor

aye (79 —4) + 1= B+ A (1€l — 1)
1 — Bye 10 ’

We already note a symmetry property of the amplification factor function which reads

Pyiyve (0) = 0 € [-m,ml.

Py1,v2 (0) = P—1,—72 (0xm), 6¢€[-mmn]

As a consequence, whenever p,, ,(0) = =1 one has p_,, _-,(+m) = %1 for the same values of the param-
eters. Then, we note that

Pyir2(0) =1 <= 71 = x(72),

where the function x(z), depending only on the hyper-parameters, is given by

2 _
ar (a+ﬁ)\)x+>\+ﬁ,xeR (4.5)

Thus, using the above symmetry, we readily deduce that

x(z) ==

p’Yly'YQ(:l:ﬂ-) =l—m-= _X(_’Y2)'

Finally, we compute that
Py (0) = =1 <= 71 = ((72),

where the function ((x), depending only on the hyper-parameters, is given by

— a2 )\ —
ar +(O‘+Aﬁ)x+2 A0 e (4.6)

() =
Using the above symmetry, we readily deduce that

p’y1,'yz(j:77) =17 =—((—).

A complete and exhaustive characterization of all possible cases as a function of 712 and the hyper-
parameters is beyond the scope of this paper. Nevertheless, we can make some few further remarks. The
four above curves v1 = x(72), 1 = —x(—72), 1 = ((12) and 71 = —((—72) form parabolas in the
plane (7y1,72) that can intersect and provide the boundaries of the stability regions. For example, we can
2—A—p

(0%
v1 = —x(—72) can never intersect. We refer to Figure 14 for an illustration of the stability regions and their

boundaries in the case (a, 3, A) = (0.4,0.2,0.3), where the curves 1 = x(72), 1 = —x(—72), 71 = ((12)
and 3 = —((—72) are respectively represented by the blue, light blue, dark green and light green solid

notice that v = ((72) and 71 = —((—~2) intersect if and only if 7o = + whereas 71 = x(72) and

lines. Here, we see that stability can be obtained with large values of the feedforward connection strength
~1, but this requires the feedback connections strength o to remain low. Of course, different qualitative
behaviors and stability regions may be obtained for different choices of the hyperparameters («, 8, ); while
it is beyond the scope of the present study to characterize them all, it is important to point out that such
a characterization is feasible using the present method, for any choice of the hyperparameters.
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Figure 14: Stability/instability regions and their boundaries as a function of (y1,72) for (4.4) for fixed values of the
hyperparameters (o, B, X). The shaded orange region corresponds to an instability for (4.4) while the purple region
corresponds to a stability for (4.4). The boundaries of the stability/instability regions are given by the intersections
of the parametrized curves y1 = x(7v2) (blue curve), y1 = —x(—72) (light blue curve), v1 = ((v2) (dark green curves)
and v1 = —((—2) (light green curves) where equation (4.4) is marginally stable. We represented the line v3 = 7
(dotted black curve) which corresponds to the case studied in Figure 11(d) with (8, ) in Region (III) and o fized in
(A, A+ 5).

More interestingly, we can investigate the dependence of the wave speed as a function of the parameters
~v1 and 2. For example, when 7, = x(72), we have that

(a=XN)y +
Px(72),72 (0) = exp (_1(04 1 EVEX(,Z);(W)Q + O(9|2)> , as 6 — 0,

such that the associated wave speed is given by

(o = N)v2 + Bx(r2)
1 —Bx(72)

whose sign may vary as o is varied. We refer to the forthcoming section 4.2.4 below for a practical example

X
CO -

(see Figure 18).

4.2.2 Continuous in time interpretation

As done in previous sections, we now perform a continuous in time limit of the model (4.4). With the same
scaling on the hyperparameters

~ I5; ~ A ~ Q
= — = — da:=—
& At A At PN AR
we get that, at the limit At — 0, the equation (4.4) becomes the following lattice ordinary differential
equation
d ~ B ~ o~ -
W) = (B +ar)u-1(t) — (B+A+ ard)u;(t) + Mo (), > 0. (4.7)

The amplification factor function in this case is given by

Vria(0) = (B + @ya)e ™ — (B+ X +a@73) + Myee, 6 € [=m, 7],
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whose real part is given by

Re(vy, 4, (60)) = (B71 + (@ + Nva) cos(0) — (B+ A+ @r3), 0 € [, 7],
When 571 + (a+ X)’Yz > 0, we observe that

GEIFaX ]Re(’/vw/z(e)) = Re(vy,4,(0)) = 571 + (o + X)’YZ - (g‘i' X+ a722)a

such that

a2 —(@+ N+ B8+
. Re(t o, (6) =0 4= o = 2= E”“’ Rty

Whereas, when E’Yl + (a+ )\)’72 < 0, we observe that

X Re(v, 2,(6) = Re(vn, () = ~F1 — @+ e = (B+ X+ 23),

such that

Ger[nax | e(vy, ’72( ) M 3

a3 — (@42 +B+A
B
in the plane (v1,72). We observe that they never intersect and are oriented

As a consequence, the stability regions are determined by the locations of the parabolas 5 +—

and ~g —a3—(@+ N2 —B-A
in the opposite directions and refer to Figure 15 for a typical configuration. Here, we see that the system
is stable for a very large range of values of both ~; and 5. In particular, for large enough values of the
feedback connection weight (e.g. |y2| > 3), stability is guaranteed regardless of the value of the feedforward
connection weight ; (within a reasonable range, e.g. 71 € (—10,10)). This is the opposite behavior as
that obtained for the discrete system in Figure 14, where stability was impossible under the same condi-
tions for 77 2. This highlights again the errors of interpretation that can potentially be caused by discrete
approximation of a continuous system.

4.2.3 Fully continuous interpretation when W/ =1, + §rA and Wb =1, + &A.

When W/ =1, + ¢ A and WP =1, + &A, one can once again identify Et | s the approximation of some
smooth function £(¢,z,y) at t, = nAt, z; = jAz and y, = kAy, along the three dimensions of time,
network depth and neuronal layer width. We may rewrite (2.1) in this case as

n+1 n n+1 n+1 n n n n
7 & _ 55178 & =& & &0

1—p)-2 hs S I
(1-58) AL = pv Ar + v A av s
A n+1 A A 2 A A n
+5ff/i Ay 5 —I—ozﬁb/{A 5Ei1 — 2a§b/.;A & —Oéfbl*iAy AyZTyQ y
A
+/\§b/€A 25J+17

such that in the limit At — 0, Az — 0 and Ay — 0 with v and & fixed, we obtain the following partial
differential equation

v(B+a—2AN) BEr + (A
_ K

1-p 1-p
As before, this is a diffusion equation along the y dimension, whose stability depends on the positivity of
the diffusion coefficient, i.e. 8&r 4+ (A — )& >0 .

KE(t, z,y) + 0 E(t, m,y) = a)gbaig(tﬂ:,y)
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Figure 15: Stability/instability regions and their boundaries as a function of (y1,72) for (4.7) for any (&,X, E) fized
with & = A+ 0. The shaded orange region corresponds to an instability for (4.7) while the purple region corresponds to

a stability for (4.7). The boundaries of the stability/instability regions are given by the intersections of the parabolas
&y = (@+ )72 +B+A @73 (@4 A)ye B

Y = and y1 = A (magenta curves) where equation (4.7) is marginally stable. We

represented the line 1 = vo (blue curve) which corresponds to the case studied in Figure 13.

4.2.4 Application to a ring model of orientations

Going back to our discrete system, in this section we consider the case where neurons within each layer
encode for a given orientation in [0, 7]. Here, we have in mind visual stimuli which are made of a fixed
elongated black bar on a white background with a prescribed orientation. We introduce the following
matrix Aper € #4(R) given by

-2 1 0 0 1
1 -2 1 0
0
Aper = )
. .01 =2 1
r 0o -~ 0 1 =2
which is nothing but the discretizing of the Laplacian with periodic boundary conditions. Indeed, for each
&l e R?, we assume that neuron E;fk encodes for orientation 377 for k=1,---,d. We readily remark that
0 € Spec(Aper) with corresponding eigenvector Uy = (1,---,1)* € R%. Furthermore, we have:
o if d =2m+1is odd, then A\, = —4sin (%)2 with p = 1,--- ,m is an eigenvalue of Ay, of multiplicity

2 with associated eigenvectors

2 2k ¢
T)j...7cos(5ﬂ>7...’1> ERd7
14

2 2%k t
Unpi1 = <sin (T) - sin (d”> ,0) e RY:

e if d = 2m is even, then \, = —4sin (%)2 withp =1,--- ,m—11is an eigenvalue of A, of multiplicity
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(a) Eigenvectors Uz and Us. (b) Eigenvectors Uy and Us.

Figure 16: We plot the eigenvectors Usp and Uspiq for p =1 and p = 2 as a function of %ﬂ' fork=1--.d. We
note that Ua, and Uspiq1 encode the first Fourier modes. Here we have set d = 2.

2 with associated eigenvectors Us, and Uz,41 as above. And A = —4 is a simple eigenvalue of A e,
with associated eigenvector Uy = (—1,1,-1,1,--- ,—1,1) € R,

It may be interesting to note that any linear combinations of Us, and Ug,41 can always be written in the

form
2pm 2kpm ¢ d
alUszp + bUsp 11 = A (cos <d + tp) y01,CO8 (d + W) o 7COS(<P)> € RY,

where A = va? +b? > 0 and p = —arctan (g) € (—m/2,m/2) whenever a # 0 and b # 0. This means that
Usp and Uspy1 span all possible translations modulo [0, 7] of a fixed profile. We refer to Figure 16 for a
visualization of the first eigenvectors. In short, these eigenvectors U; implement a Fourier transform of the
matrix Aper.

We now set WP to be

1 -1 0 0 —1
1 1
1 1 0 ‘
Wb = 7Id - ZAper = )
1 1
-1 0 0 —1 1

which means that W? acts as a convolution with local excitation and lateral inhibition. From now on, to
fix ideas, we will assume that d = 2m is even. We define the following matrix

P = (Ula U2a e )Ud) € %d(R)
As a consequence, we have the decomposition

PWtp = D,
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Figure 17: Illustration of the matrices WY and WP for d = 2° neurons and values of the hyper-parameters fized to
(o, B,A) = (0.1,0.1,0.5). Note the band structure of W¥ with local excitation.

with D = diag (%, % — }1)\1, % — i)\l, e % — lll)\m_l’ % — zlx)‘m—lﬂ %) € My(R). Now, for given values of the
hyper-parameters (a, 3, \) with 8 > 0, we set Df := x(DP) where the map ¥, defined in (4.5), is applied
to the diagonal elements of DP, that is

-t () (30 3 ()

And then we set W/ := PD/ Pt We refer to Figure 17 for an illustration of the structures of matrices W/
and WP, For large set of values of the hyper-parameters, W/ still present a band structure with positive
elements on the diagonals indicating that W/ can also be interpreted as a convolution with local excitation.
For the values of the hyper-parameters fixed in Figure 17, the feedforward matrix W7 is purely excitatory.

Reproducing the analysis developed in the previous Subsection 4.2, we perform a change of orthonormal
basis to express neural activities in terms of the relevant assemblies Uy = PtSj’.‘. With PUT = 5}1, the
recurrence equation becomes

Ut = BDIUH! = oDy + (1= 8= MLy — aD'D | U + DU,

Then, if we denote by 7, the pth diagonal element of PP, then for each p =1,-- -, d the above recurrence

writes
1 1 2
U;L’; - ﬂX(,YP)u?j—l,p - Oé’Yp“?—l,p + (1 - /B - A= apr)u?,p =+ A,YPu?—i-l,pa
where w7 is the pth component (or neural assembly) of Uj. For each p = 1,---,d, the associated

amplification factor function reads

avyp (e‘ie — ’yp) +1—-06+2A ('ypei‘9 — 1)
1-— 5X(’7p)eii0 ,

and with our specific choice of function x, we have that p,(0) = 1 with

pp(e) = NS [—71',71'],

(o = M)y + Bx()
1- ﬁX(’Yp)

pp(0) = exp (—i 0 — oho* + (9(|0\3)) ,as 0 — 0,
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Figure 18: Plot of the wave speed cb for p = 1,--- ,d (colored dots). The color code (blue/red) refers to the sign
of ¢f: blue when positive and dark red when negative. Note that only the elements associated to the eigenvalues %,
% — %)\1, % — i/\z and % — i)\3 are positive. We also remark that cg is a monotone decreasing function. Here d = 2°

and values of the hyper-parameters are fized to (a, 5, A) = (0.1,0.1,0.5).

such that the associated wave speed is given by

o (a— )‘)'Yp + 5X(’Yp)
O T i)

and where we have set
a(l+ 4NV 2+ B+ X — (a+ M)l + 8+ A)
2(1 = Bx(p))? ‘

From now on, we assume that we have tuned the hyper-parameters such that |p,(0)] < 1 for all 6 €

p _
0y =

[—7, 7]\ {0} and each p = 1,---,d. This can in fact be systematically checked numerically for a given
set of hyper-parameters. We report in Figure 18 the shape of p — ¢f for the same values of the hyper-
parameters as the ones in Figure 17 and d = 2°. We first remark that p — ¢y is a monotone decreasing
map, and in our specific case we have

cg<cg_1:cg_2<---<cgzcg<0<cg:cg<08:cé<cgzcg<c(1).

The fact that wave speeds come in pair for p = 2,---d — 1 is reminiscent of the spectral properties of Aper
which has m — 1 eigenvalues with multiplicity 2 when d = 2m is even.

Given a fixed input entry & € R? presented at j = 0 to the network continually at each time step, we
can deduce which components of & € R? will be able to propagate forward through the network. More

precisely, we can decompose &y along the basis (U, - - - Uy) of eigenvectors, that is
d
50 = Z (IpUp,
p=1
for some real coefficients a, for p=1,--- ,d. Assuming that the network was at rest initially, we get that

the dynamics along each eigenvector (or neural assembly) is given by

u;-‘;;l - ﬁx(yp)u?fip =ayu;_y,+(1-8-A~— omf,)u?’p + MU, J>1, n>0,

ugp = ap, 120, (4.8)
uj, =0, j>1.
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(a) Case p =2 with 72 = & — A1 ~ 0.5096. (b) Case p = 10 with v10 = 2 — X5 ~
0.7222.

Figure 19: Space-time plot of the solution of the recurrence equation for (4.8) for p = 2 and p = 10 associated to
respectively positive wave speed c3 > 0 and negative wave speed ¢}’ < 0. The neural assembly associated with the 2nd
eigenvector of the connectivity matrix propagates its input signal into the network at constant speed; but the neural
assembly associated with the 10th eigenvector does not propagate the signals it receives on the input layer.

Thus, we readily obtain that

d
EF = uj Uy, =1, n>1,
p=1

where u, is a solution to (4.8).

As a consequence, the monotonicity property of the map p — ¢} indicates that the homogeneous constant
mode U is the fastest to propagate forward into the network with associated spreading speed c(l), it is then
followed by the modes (Us, Us) propagating at speed c% = cg. In our numerics, we have set the parameters
such that ¢} ~ ¢ = ¢} with a significant gap with the other wave speeds. Lets us remark, that all modes
U, with p > 8 are not able to propagate into the network (see Figure 19). Thus our architecture acts as a
mode filter.

J
Even more precisely, let us remark that the sequence (ap (%}M) ) is a stationary solution of
=0
(4.8) which remains bounded whenever p is such that the associated wave speed is negative, that is ¢, < 0,
since in that case, one has a7, + Bx(7p) < Ayp. The solution 8]’7’ can then be approximated as

n ap J— an ayp + Bx(7p) 7 .
b~ —= | 1—erf _— 7 >1 >1
EJ E 5 ( er ( 40871)) U, + E ap ( Up, j=1, n>1,

A
D cg>0 p: cg<0 T

This is illustrated by a first example simulation in Figures 20 and 21. We present at j = 0 a fixed input
&o which is generated as the superposition of a tuned curve at ¥ = 0 (blue) with some fixed random noise:
namely we select a; = 0, ag = 1, a3 = 0 and all other coefficients a, for p = 4,--- ,d are drawn from
a normal law with an amplitude pre-factor of magnitude € set to € = 0.1. The shape of the input & is
shown in Figure 20(a). The profile of 7' at time iteration n = 200 along the first layers of the network
Jj € {1,2,3,4,5} is given in Figure 20(b)-(c)-(d)-(e)-(f) respectively. We first observe that the network
indeed acts as a filter since across the layers of the network the solution profile 8]” presents less noise and
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Figure 20: A fized input & (red) which is the superposition of a tuned curve at ¥ = 0 (blue) with some fixed random
noise is presented at layer j = 0. Profile (yellow) of &} at time iteration n = 200 along the first layers of the network
j€{1,2,3,4,5}. All profiles are plotted as a function of §7r fork=1,---,d.

gets closer to the tuned curve at ¥ = 0. Let us also remark that the filtering is more efficient for layers
away from the boundary and is less efficient for those layers near the boundary. This is rather natural
since the impact of the input & is stronger on the first layers. We see that already at layer j = 5, we have
almost fully recovered the tuned curve at ¥ = 0 (see Figure 20(f)). On the other hand, in Figure 21, we
show the time evolution of £ at a fixed layer far away from the boundary, here j = 10. Initially, at n =0,
the layer is inactivated (see Figure 21(a)), and we see that after several time iterations that the solution
profile £ start to be activated. It is first weakly tuned (see Figures 21(b)-(c)-(d)) and then it becomes
progressively fully tuned and converges to the tuned curve at ¥ = 0 (see Figures 21(e)-(f)).

In a second example simulation (Figure 22), we highlight the dynamics of the different modes in a situation
where the input is a narrow Gaussian profile (close to a Dirac function), with a superposition of various
Fourier modes. As expected from the different values of the propagation speed ¢y (Figure 18), we see that
the mode associated with the first Fourier component is the first to reach layer j = 10, later followed by
successive modes associated with later Fourier components. In other words, this hierarchically higher layer
7 = 10 first receives information about the coarse spatial structure of the input signal, and then gradually
about finer and finer spatial details.
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Figure 21: Time evolution of €' at layer j = 10 (yellow) for n € {0, 20,40, 60,80,100} with fized input & at layer
j =0 (red). The input &y is the superposition of a tuned curve at ¢ = 0 (blue) with some fized random noise. All
profiles are plotted as a function of %71’ fork=1,---.d.

4.3 Summary

In this section, we saw that the results obtained initially (The Identity Case) with the amplification
function can be extended to more realistic situations with forward and backward connection matrices,
for instance implementing (residual) convolutions or orientation processing. When we consider neural
assemblies capturing the principal components of the connection matrices, we see that each assembly can be
treated independently in terms of stability and signal propagation speed and direction. The exact behavior
of the system will depend on the actual connection matrices (and thus on the function that they implement
in the neural network), but the important point is that our generic framework can always be applied in
practice. In some example cases (ring model of orientations), we saw that only a few assemblies support
signal propagation (implying that the system acts as a filter on its inputs), and these assemblies propagate
information at different speeds (implementing a coarse-to-fine analysis). In other cases (e.g. Figure 12), we
have even seen that distinct assemblies can simultaneously propagate information in opposite directions,
with one assembly supporting feedforward propagation while another entails feedback propagation.

We have extended our equations to the continuous limit in time, and found that the amplification factor
function can give rise to qualitatively different stability regions compared to the discrete model. This
served as a cautionary note for situations where the discrete implementation must be chosen; in that case,
using smaller time steps will be preferable, because it makes such discrepancies less likely.
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Figure 22: Time evolution of £ at layer j = 10 (orange) for n € {0, 20, 40, 60, 80, 100, 200, 300, 400} with fized input
&o at layer j = 0 (blue). The input & is a Gaussian centered at ¥ = w/2. All profiles are plotted as a function of
k

am fork=1,---,d.

Finally, we also showed that it is possible to consider fully continuous versions of our dynamic system,
where not only time but also network depth and neural layer width are treated as continuous variables. This
gives rise to diffusion equations, whose stability can also be characterized as a function of hyperparameter
values.

In the following, we address possible extensions of the model to more sophisticated and more biologically
inspired neural architectures, taking into account the significant communication delays between layers.
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5 Extension of the model: taking into account transmission delays

Deep feedforward neural networks typically implement instantaneous updates, as we did in Eq (2.1) with
our feedforward term 5’?“ = pw/ S;Lfll + .... Similarly, artificial recurrent neural networks sequentially
update their activity from one time step to the next, as we did with the other terms in our equation (2.1)
(memory term, feedforward and feedback prediction error correction terms): E;LH =..+ a(]/\)b)tgjﬂ_l +
(1-=8-N& — a(Wh)t Wbé’” + awben 741. However, in the brain there are significant transmission delays
whenever neural signals travel from one area to another. These delays could modify the system’s dynamics
and its stability properties. Therefore, in this section we modify model (2.1) by assuming that it takes k
time steps to receive information from a neighboring site in the feedback/feedforward dynamics, namely

we consider the following recurrence equation
EPTT— BWIEMT = aWV)PEPT 4 (1= B = NEF — a(W))WPEP2F L awberE, (5.1)

where k£ > 1 is some given fixed integer (see Figure 23 for an illustration with £ = 1), and we refer
to [24] for the justification of the derivation of the model. (Note in particular that we did not modify
the instantaneous nature of our feedforward updating term anH = sW/f Efjll + .... This is because, as
motivated in [9, 24|, we aim for the feedforward part of the system to be compatible with state-of-the-art
deep convolutional neural networks, and merely wish to investigate how adding recurrent dynamics can
modify its properties.) We may already notice that when k& = 0, we recover our initial model (2.1). In what
follows, for the mathematical analysis, we restrict ourselves to the identity case W/ = W™ = I; and when
the model is set on Z. Indeed, our intention is to briefly explain what could be the main new propagation
properties that would emerge by including transmission delays. Thus, we consider

"+1 Be;”rll = ae}” Fr1-8- Aej — ael™ ® Nk e (5.2)

]+1 ’

Let us also note that the system (5.2) depends on a “history” of 2k + 1 time steps; thus one needs to
impose 2k + 1 initial conditions:

el =hy", m=0,---,2k, jeEL,

for 2k + 1 given sequences (h;”)jez with m =0,---,2k.

To proceed in the analysis, we first introduce a new vector unknown capturing each layer’s recent history:

such that the above recurrence (5.2) can then be rewritten as

EM — BQLE)T] = aQiE] | + QE] + XQE},, n>1, jeZ, (5.3)
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Figure 23: Illustration of the network structure of model (5.1) for k = 1 where the red arrows indicate the contributions

leading to the update of 5]71“,

where the matrices Q1,Qo, Q-1 € Ao;+1(R) are defined as follows

0 1 0 -0 .. 0
Q= . . . . : ’
0 . e 0 1

—a 0 - - 0 1—=8-2\

and Q41 have a single nonzero element on their last row:

(Q*1)2k+172k+1 =1, (Q1)2k+1,k+1 =L

5.1 Mathematical study of the recurrence equation (5.3)

We now postulate an ansatz of the form p"el% E for some non zero vector E € C?*1 and obtain
0
(o [Taksr = Be Q1] = Qo — (ae™ + A")Q1 ) E =

=Ag(p,0)

which is equivalent to
det (p L1 = BeQ 1| = Qo — (ac™ 4+ 2e)Q1 ) =0,
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that is
(1— Be 0)p2k+l — 2k (1 — g — \) — p¥ (oze_ie + )\ei9> +a=0. (5.4)

The above system has 2k + 1 roots in the complex plane that we denote p,,(6) for m =1,---2k + 1. We
remark at = 0, p =1 is always a root of the equation since in this case (5.4) reduces to

A=) =p(1=p=2) = p' (a+ ) +a=0. (5.5)

By convention, we assume that py(0) = 1. We further note that E; = (1,---,1)* is the associated
eigenvector. As usual, we can perform a Taylor expansion of p; near = 0 and we obtain that

a+ 06—
T8+ kO —a)

p1(0) = exp < 0+ (’)(]0|2)> , as 0 — 0,

so that the associated wave speed is this time given by

ck: O{"‘,B—)\
7 1-B+k(A—a)’

and depends explicitly on the delay k. We readily conclude that:

e When a < A, then clg is well defined for all values of k. Furthermore, the amplitude of the wave
speed k — |ck| decreases as k increases with |ci| — 0 as k — +o0o. That is, the activity waves may go
forward or backward (depending on the hyperparameter values), but the transmission delay always
slows down their propagation.

e When a = )\, then clg = % > 0 is independent of the delay k. This is compatible with our imple-
mentation choice, where the initial feedforward propagation term (controlled by £3) is not affected by
transmission delays.

e When A < «, then clg is well defined whenever k # —5 1_ > (0. Furthermore, the wave speed c’(‘j 0 for
1<k< = and increases with the delay k£ on that mterval That is, in this parameter range neural
activity waves propagate forward and, perhaps counterintuively, accelerate when the transmission
delay increases. On the other hand c& < 0 for k > i;_'?\ and k + |ck| decreases as k increases on
that domain with |c’5| — 0 as k — 4o00. In this parameter range, waves propagate backward, and
decelerate when the transmission delay increases.

Coming back to (5.5), we can look for other potential roots lying on the unit disk, i.e., marginally stable
solutions. That is we look for w € (0,27) such that p = el“. We obtain a system of two equations

(5.6)

{ (1 —=75)cos((2k+ 1)w) — (1 — B — A) cos(2kw) — (o + A) cos(kw) + a = 0,
(1—=pB)sin((2k 4+ Nw) — (1 = 8 — ) sin(2kw) — (o + A) sin(kw) = 0.

Case kK = 1. When k = 1, coming back to (5.5), we see that the two other roots are real and given by

+ VA2+4a(1-6)
2(1 B) 2(1-p)
a solution which we assume, without loss of generality, to be the second root, that is p2(0) = —1 whenever

a+ B+ XA = 1. In this specific case, the associated eigenvector is E_1 = (1, —1,1)t. Recall that E reflects
the history of activity across the 2k + 1 = 3 preceding time steps. In this case, the eigenvector E_; is a

, such that when o+ 5+ A = 1 the negative root is precisely —1 such that w = 7 is
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Figure 24: Spectral configurations in the case k = 1 (a) and k = 2 (¢) with tangency points associated to 6 = 0
n (5.5). In (b)&(d), we plot the left-hand side of the equations defining system (5.6) in the case k = 1 and k = 2
respectively where the first component is in blue and the second component in dark red. For k =1, we have a solution
at w =0 and w = m which can be seen in panel (a) with the tangency points at +£1. For k = 2, we have three solutions
w=0 and w ~ 1.885 and w ~ 21 — 1.885 which can be seen in panel (c) with the tangency points at 1 and e*i1-885,
Parameters are set to (v, 8,A) = (0.4,0.3,0.3) in (a)-(b) and (a, B, A) = (0.3,0.3292,0.3).

rapid alternation of activity, i.e. an oscillation. We refer to Figure 24(a) for an illustration of the spectral
configuration in that case. We can perform a Taylor expansion of po near § = 0 and we obtain that
p2() = —exp < 5 _a5; i
which provides an associated wave speed ¢y given by
~ a+ 8-
T 5 58—a—3x

)\04— (’)(]9|2)> , as 0 — 0,

As a consequence of the above analysis, if G} denotes the fundamental solution of (5.3) starting from a
Dirac delta mass centered at j = 0 along the direction E € R3, then we have the following representation
for G

o Ifa+ 3+ X#1, then

1 i — cknl?
G? N ————¢eXp <_|‘74]€0’> <<0707 1)ta 7T1(E)>R3 )
\/47r0§n aon

where 71 is the spectral projection of R® along the direction E; and (-, Jgs is the usual scalar

product. Here 06“ is some positive constant that can be computed explicitly by getting the higher

order expansion of pi(0).

o Ifa+ 5+ A=1, then

1 s k|2
Gl ~ ———exp (W) ((0,0,1)%, 71 (E) s

J
A /47ra§n dogn

(=" j— 50n|2 t
- — ) 71 y H— E )
+ /7471_86” exp Aoon <(0 0, 1) m_1( )>R3

where 7_; is the spectral projection of R? along the direction E_;. Here &y is some positive constant
that can be computed explicitly by getting the higher order expansion of ps(0).
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Figure 25: Space-time plots of the last component of the rescaled fundamental solution E of (5.3) starting from
a Dirac delta mass centered at j = 0 along different directions E when k = 1 and o+ 8+ X = 1. (a) When
E = E; (constant history of activity) is the eigenvector associated to A;(1,0) we observe propagation at wave
speed c§. (b)) When E = E_; (oscillating history of activity) is the eigenvector associated to A;(—1,0) we observe
propagation of an oscillatory wave at wave speed ¢y. (¢) When E is a linear combination of Eq and E_;, we observe

two propagating waves (one of them oscillating) at wave speed cy and ¢y respectively. Parameter values are set to
(o, B, A) = (0.4,0.3,0.3).

In Figure 25, we illustrate the previous results in the case where a + 5+ A = 1. In panel (a), we have
set E = E; (a constant history of activity over the previous 3 time steps), such that 71 (E;) = E; and
m_1(E1) = Ogs so that we only observe a Gaussian profile propagating at speed clg . On the other hand in
panel (b), we have set E = E_; (an oscillating history of activity over the previous 3 time steps), such
that m (E_1) = Ogs and 7_1(E_;) = E_; so that we only observe an oscillating (in time) Gaussian wave
profile propagating at speed ¢y. Note that in this case, the period of the oscillation is necessarily equal to
2k, i.e. twice the transmission delay between layers. Finally in panel (c), we observe a super-position of
the two Gaussian profiles propagating at speed c(l) and ¢g.

Case k > 2. Studying the above system (5.6) in full generality is a very difficult task. We refer to
Figure 24(c)-(d) for an illustration in the case k = 2 with three tangency points associated to 6 = 0 lying
on the unit circle. Increasing the delay k while keeping fixed the other hyper-parameters (a, 3, A) will
generically tend to destabilize the spectrum (as shown in Figure 26).

5.2 Continuous in time interpretation

As done before, we now re-examine our model (with transmission delays) in the time-continuous limit.
First, we recall our notations for the scaled parameters

5.8 5._A .o
8= A A= A and a := A

where At > 0 is some time step. Next we introduce the following rescaled time delay (representing the
transmission time for neural signals between adjacent areas)

T = kEAt.
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Figure 26: Destabilization of the spectrum by increasing the delay k while keeping fixed the hyper-parameters to
(o, 8,)) = (0.3,0.1,0.3).

Identifying e} as the approximation of some continuous fonction e;(tn) at t, = nAt, we readily derive a
delayed version of (3.14), namely

%ej(t) = Bej_1(t) — (B+ Ne;(t) + dej_1(t —7) + Aeja(t — 7) — dej(t —27), t>0, jEL

In what follows, we first investigate the case of homogeneous oscillations, which are now possible because
of the presence of time delays into the equation. Then, we turn our attention to oscillatory traveling waves.

5.2.1 Homogeneous oscillations

One key difference of the above delayed equation compared to (3.14) is that spatially homogeneous solutions
(i.e., solutions e;(t) that are independent of the layer j) may now have a non trivial dynamics, such as a
broadly synchronized oscillation resembling brain rhythmic activity. Indeed, looking for solutions which
are independent of j, we get the delayed ordinary differential equation

d ~ -~ ~
ge(t) =—-Xe(t)+ (a+Ne(t—7) —ae(t—27), t>0.
Looking for pure oscillatory exponential solutions e(t) = e** for some w € R we obtain
iw=—A+(a+Ne ™ — Ge A,

This leads to the system of equations

{ 0=—X+ (& + ) cos(tw) — & cos(27w),

w = —(&@+ \) sin(rw) + & sin(27w).

Introducing o = X/ a > 0, we observe that the above system writes instead

{ 0=—po+ (1+ p)cos(tw) — cos(2Tw),

w=a(—(1+ p)sin(tw) + sin(27w)) .
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Using trigonometry identities, the first equation can be factorized as
0=(1-cos(tw))(0—1—2cos(Tw)).

We distinguish several cases. If p > 3, then the above equation has solutions if and only if 7w = 2kn
for k € Z. Inspecting the second equation, we see that necessarily k = 0 and w = 0 is the only possible
solution. When ¢ = 3, we notice that the equation reduces to 0 = (1 — cos(tw))?, and the solutions are
again given by Tw = 2k for k € Z, which yields w = 0 because of the second equation. Now, if ¢ € (0, 3),
we deduce that either Tw = 2k7 for k € Z or

-1
cos(Tw) = %

In the first case, we recover that w = 0. Assuming now that w # 0, i.e., a true oscillation with non-zero
frequency, we derive that

Tw = tarccos <Q;1> +2km, keZ.
Injecting the above relation into the right-hand side of the second equation yields that
w=a(—(1+ p)sin(tw) + sin(27w)) = Fa/(1 + 0)(3 — o),
and thus necessarily

—arccos (%) + 2km
ay/(1+0)(3—o)

(T,w) = ,tav/(1+0)B-0) ], ke

We recover the fact that the system (5.7) is invariant by w +— —w. Since arccos (%1) € [0,7], we
deduce that the smallest positive 7 is always achieved at k = 1. We computed for several values of & the
corresponding values of 7 and w (for £ = 1) as a function of p, which are presented in Figure 27(a)-(b).
We observe that for values of ¢ in the range (1/2,1) the corresponding time delay 7 takes values between
12ms to 23ms for values of 1/a ranging from 5ms to 10ms. Correspondingly, in the same range of values

for g, the frequency w/27 takes values between 30Hz to 60H z.

This tells us that, when the time delay 7 is chosen to be around 10 — 20ms, compatible with biological
values for communication delays between adjacent cortical areas, and when hyperparameters a and A
are suitably chosen (& in particular must be strong enough to allow rapid feed-forward error correction
updates, i.e. around 1/a < 8ms, while X can be chosen more liberally, as long as it stays < 3a), then the
network produces globally synchronized oscillations, comparable to experimentally observed brain rhythms
in the v-band regime (30-60Hz). In this context, it is interesting to note that theoretical and neuroscientific
considerations have suggested that error correction in predictive coding systems is likely to be accompanied
by oscillatory neural activity around this same 7-frequency regime [4].

Of course, a globally-synchronized gamma oscillation across all layers is a mathematical abstraction that
has no equivalent in the brain. In electrophysiological experiments, gamma-band activity is typically found
to be locally generated; according to the Communication-Through-Coherence (CTC) theory [16], gamma
oscillations can sometimes synchronize their phase across two or more successive processing stages. Our
observations provide theoretical insight about the parameter range that would enable the emergence of
between-layer gamma synchronization in neural network models, compatible with CTC.
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Figure 27: (a) Representation of the (minimal) time delay T expressed in milliseconds as a function of the parameter
o0 for various values of 1/& ranging from 5ms to 10ms. We observe that for values of ¢ in the range (1/2,1) the
corresponding time delay T takes values between 12ms to 23ms. (b) Representation of the frequency w/2m (in Hertz)
as a function of the parameter o for various values of 1/a ranging from 5ms to 10ms. We observe that for values of
o0 in the range (1/2,1) the corresponding frequency w/2n takes values between 30H z to 60H z.

5.2.2 Oscillatory traveling waves

However, experimental and computational studies have also suggested that oscillatory signatures of pre-
dictive coding could be found at lower frequencies, in the so-called a-band regime, around 7-15Hz. Fur-
thermore, these oscillations are typically not homogeneous over space, as assumed in the previous section,
but behave as forward- or backward-travelling waves with systematic phase shifts between layers [1]. To
explore this idea further, we now investigate the possibility of having traveling wave solutions of the form

e;(t) = ei(mﬂe), t>0, jEZ,

for some w € R (representing the wave’s temporal frequency) and 6 € [0,27) (representing the wave’s
spatial frequency, i.e. its phase shift across layers), and we are especially interested in deriving conditions
under which one can ensure that § # 0 (since otherwise, we would be again facing the homogeneous
oscillation case). We only focus on the case B = 0 (as postulated, e.g. in Rao and Ballard’s work [28]) and
leave the case B > ( for future investigations. As a consequence, the equation reduces to

d ~ ~ Y ~ .
&ej(t):—)\ej(t)—i-aej_l(t—T)+)\ej+1(t—7)—aej(t—27), t>0, jeZ.

Plugging in the ansatz e;(t) = el®+7% we obtain:
iw=a <efi(wT+9) o ef2iw7> + X (efi(o.n'fe) o 1) ]
Taking real and imaginary parts, we obtain the system

{ 0 = @& (cos(wr 4 ) — cos(2wr)) + A (cos(wr — ) — 1),
w = —a (sin(wr 4 ) — sin(2w7)) — Asin(wr — 6).
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Figure 28: Representation of the temporal frequency w/2m (in Hz) and the spatial frequency 0 € [0,2m) (panel (a)
and (b) respectively) in the case A =0 as a function of 1/a& (in ms) for several values of the time delay T.

> 0 where we implicitly assumed that we always work in the regime

Once again, we introduce g := %

a > 0. Then, we note that the right-hand side of the first equation of the above system can be factored as
- ~ _ 0 — 0 — 0+3
a (cos(wt + 0) — cos(2wT))+A (cos(wr — 0) — 1) = —2asin < 2WT) (g sin ( 2WT> + sin <+2WT>> .

As a consequence, either sin (9_%) =0, that is wr = 0+ 2k for k € Z, which then leads, from the second
equation, to w = 0 and § = 0 since we restrict 6 € [0, 27), or sin (97%) # 0. In the latter case, assuming

that wr # 0 + 2k7 for k € Z, we get that

0 = psin (0 _2WT> + sin <0+23w7'> .

We will now study several cases.

Case ¢ = 0. (In other words, this case implies A= 0, that is, a system with no feedback error correction.)

9*%) = 0, we deduce that § = —3wr + 2k7 for some k € Z, and reporting into the second

From sin (
equation of the system, we end up with

w = 2asin(2wT).

We always have the trivial solution w = 0 with # = 0. In fact, when 4ar < 1, w = 0 is the only solution
of the above equation. On the other hand, when 4a7 > 1, there can be multiple non trivial solutions. At
least, for each (&, 7) such that 467 > 1 there always exist a unique w.(&, 7) € (0, =) solution of the above
equation. This gives a corresponding 0% = —3w.(a, 7)7 + 2k7 with k € Z, and retaining the corresponding
value of 6 in the interval [0, 27), we have 6, = —3w (&, 7)7 + 2m. We refer to Figure 28 for an illustration
of the solutions (w, #) for several values of the parameters.

Interestingly, we see that for values of the time delay 7 between 10ms and 20ms, consistent with biological
data, the observed oscillation frequency is lower than in the previous case, and now compatible with the a-
frequency regime (between 10H z and 20H z). Furthermore, the phase shift between layers 6 varies roughly
between 2 and 4 radians. As phase shifts below 7 or above 7 radians indicate respectively backward-
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or forward-travelling waves, we see that the exact value of the parameters 7 and « critically determines
the propagation direction of the travelling waves: stronger feedforward error correction (lower values of
1/a) and longer communication delays 7 will tend to favor backward-travelling waves; and vice-versa,
weaker feedforward error correction (higher values of 1/&) and shorter communication delays 7 will favor
forward-travelling waves.

Case o = 1. Now we assume that Py = 0, that is, the system now includes feedback error correction. At

first, we consider the simpler case when ¢ = 1, that is when a = A, where the equation can also be solved

easily. Indeed, we have either
wr—0 0+ 3wt

2 2

+ 2kw, ke€Z,

or
wr — 0 _t9+3w7'

2 2

+ 2kn, keZ.

This equivalent to
0 = —wr+2knw, kecZ,

or
7r
wT:§—|—k7r, keZ.
Let assume first that 0 = —w7 + 2k7 for some k € Z, then the second equation of the system gives w =0

since & = A when 0 =1, and thus we end up with 6 = 0. Now, if wr = § + k7 for some k € Z, the second
equation leads to
w = —2acos(d + kn),

from which we deduce that necessarily we must have

(2k+ )7

p— Z-
Ry cos(f + km), ke

We first remark that if 4a7 < 7, then the above equation has no solution. On the other hand if 4a7 > 7,
one can obtain solutions to the above equation. Indeed, let us denote

D= TMJ >1
Vs

the integer part of @. Then, for each k € Z such that |2k + 1| < p, we have

w1 2k + D)7

6 = +arccos ((1) IF > +2mm, meZ,
ar

with corresponding w given by
That is, the set of solutions is given by

k 2k +1
(w,0) = 1—|——7T,:l:%JL1"ccos. (—1)’““(%)7T +2mm |,
2T T dat
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for each k € Z such that [2k+1| < [%J and m € Z. If we only retain the smallest w and the corresponding

value of 6 € [0,27), we must take & = 0, and we have two solutions

(w,0) = (%,arccos (—L>> , and (w,0) = (17 _arccos (_4

4ot 2T %

il >+27r> if dar > T

We note that in this case the temporal frequency only depends on the time delay 7 since it is given by
5 = % and ranges from 12.5Hz (a-band regime) to 25Hz (f-band regime) for values of 7 between 10ms
to 20ms (as long as a is fixed such that 4ar > 7 is verified). The corresponding spatial frequencies are
arccos (—4-) € (m/2, ) and —arccos (—4%-) + 27 € (37/2,2m).

In summary, when the feedforward and feedback error correction strengths are matched (that is when
a = X) and sufficiently high (such that 4ar > 7), then the system will show two simultaneous travelling
waves at the same frequency in the a-band or -band regime, but travelling in opposite directions, one as

a feedforward wave and the other as a feedback wave.

Case p > 1. Here, the feedback error correction A is stronger than the feedforward «. In this case, we
remark that

. 0 — wr . 0+ 3wt . 0 — wr 0 —wr\ .
osin | —5— + sin — ) = (0 + cos(2wT)) sin 5 + cos — sin(2wT).

Since ¢ > 1 and wr # 0+2kn for k € Z, we have (o + cos(2wT)) sin (9_2“”) # 0, and thus cos (9_2“”) sin(2wT) #
0 otherwise we would reach a contradiction since we try to solve

sin O —wr + sin M =0
© 2 2 -
0—wt

As a consequence, cos ( 3 ) # 0 and we can rewrite the above equation as

0 —wr sin(2wT)
tan =
2 0 + cos(2wT)

so that
sin(2wT)

0 = wT — 2arctan ( > + 2km, keZ.

0 + cos(2wT)
Injecting this expression for # into the second equation, we find, after simplification, that
_ 2sin(2wr) (1 — 0%)

Y= a2.gcos(2w7) + 02+ 1

We first remark that w = 0 is always a solution, giving § = 0. Now, inspecting the right-hand of the above
expression, we get that
20 (1 — 0%)
20cos(2wt) + 0% + 1

<0, for all w € R.

sin(2wT)

m which are given by

As a consequence, we look for the negative minima of the function w

wo = 5= + %arccos (1i£;2> =+ ’%ﬂ for k € Z, at such minima, one gets that

sin(2woT) 1
20cos(2woT) + 02 +1 1 — %
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This implies that if 4a7 < 7 + arccos (1 T

) then there is no other solution than (w,0) = (0,0). As a

consequence, one needs to assume 4q7 > T + arccos ( ) to ensure the existence of at least one non

1+0?
trivial solution. We remark that this condition is consistent with our condition 4ar > 7 derived in the

case o = 1.

Case 0 < p < 1. We start once again from the equation
0 = (0 + cos(2wT)) sin (0—;}7) + cos (0_20”) sin(2wT).
This time, it is possible that o + cos(2w7) = 0, which gives necessarily that
wT = :I:%arccos(—g) +kr, keZ.

But if ¢ + cos(2wT) = 0, then one has 0 = cos (527) sin(2wr).
Let us first assume that cos (9_%) = 0, such that § = wr + (2k + 1)x for k € Z. Now, looking at the

second equation, we find that
w = 2asin(2wt) = £2a/1 — 02,

which implies that it is possible only if

o arccos(—p) + km E>0.

dar/1-02 =

As a conclusion, if 7 and 0 < ¢ < 1 satisfy 7 = w

4a4/1— 02
1 1
(w,0) = (2&« 1— 02, Earccos(—g) - 7r> , and (w,0)= <2&\/ 1— 02, —§arccos(—g) + 7r> ,

are corresponding solutions of the problem.

for some positive integer k > 0, then

Next, let us assume that sin(2w7) = 0, implying that 2w = k7 for k € Z. Now we readily remark that
since 0 < ¢ < 1, we have arccos(—p) € (7/2,7). As a consequence, we should have

tarccos(—o) + 2km = pm, k,p € Z,

this is impossible and thus sin(2w7) # 0 and we are back to the case treated before.

We now assume that ¢ + cos(2w7) # 0. In that case, we can proceed as in the case ¢ > 1 and obtain that

sin(2wT)

0 = wr — 2arctan | —————
0 + cos(2wT)

>+2k:7r, keZ,

which gives
_ 2sin(2wr) (1 — ¢?)
w=a )
20cos(2wT) + 0% + 1
Once again, (w,d) = (0,0) is always a solution. What changes in this case is that now
2a (1 - ¢?%)
20cos(2wT) + 0% +1

> 0, for all w € R.
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Figure 29: Representation of the temporal frequency w/2m (in Hz) and the spatial frequency 0 € [0, 27) (panel (a) and
(c) respectively) as a function of o for fized values of the time delay T = 12ms and 1/& = 15ms. Panel (b) represents
a zoom of panel (a) near p ~ 1 where the two branches terminate.

sin(2wT)

This time, one needs to look at the positive maxima of the map w — Tocos@uwr) T 7T

which are given by

. _ 1 20 kn .
Wp = 5~ — 5-arccos (1 +92) + =% for k € Z, at such maxima, one gets that

sin(2wo7) 1
20cos(2woT) + 02 +1 1 — %’

As a consequence, if 4aT < 7 — arccos (%), then there is no other solution than (w,f) = (0,0). To

obtain at least one non trivial positive solution, one needs to impose that 4ar > m — arccos (ﬁfg 3 ) Once
again, this condition is consistent with the condition 47 > 7 derived in the case o = 1. We can also derive
a second simple condition which ensures the existence of a non trivial solution by looking at the behavior
near w ~ (0 where we have

_ 2sin(2wT) (1 — 0%) _dar (1—o)

a
20cos(2wt) + 0® + 1 1+op

w.

Thus if
~ 1+0
4ot > ——,
l-o
then there exists at least one positive solution w € (0,7/27) to the above equation (and also one negative
solution in (—n/27,0) by symmetry). Note that the condition 4ar > %Z is consistent with the condition

4at > 1 derived in the case o = 0.

Examples. To illustrate the different scenarios and their possible interpretations in terms of brain os-
cillations, we take here two distinct examples corresponding to the situations described above. We report
in Figure 29 the non trivial branches of solutions corresponding to positive values of w, as a function of o
for fixed values of the time delay 7 = 12ms and 1/a = 15ms. These values are biologically plausible and
correspond to the values used in [1]. Upon denoting

_ 1—dar

=——7¢€(0,1),
1+4ar (0,1)

Oc -
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Figure 30: Space-time plot of cos(wt + 07) for values of (w,8) which correspond to the orange and dark red points
of Figure 29 lying respectively on the blue and light blue curves, time t is in ms. In (a), the temporal frequency is
w/2m ~ 19Hz while in (b) it is w/2m ~ 13.3Hz. In (a), since § € (0,7), we observe a backward propagation of the
wave while in (b) we have a forward propagation since 6 € (m,2).

for all p € [0, o.), we get the existence of a unique branch of solution (blue curve) for the temporal frequency
w/2m. A second branch (light blue curve) of solutions emerges precisely at ¢ = g.. These two branches
cross at o = 1 where w/2m = ﬁ and terminate at a value of p = gp ~ 1.06 (see Figure 29(b)). The branch
of solutions which exists for all values of g € [0, gg] has an associated spatial frequency which is almost
constant and whose value is around ~ 2.82 € (0, 7). On the other hand, the branch of solutions which only
exists for values of ¢ € (g, 0o] has an associated spatial frequency which lies in (7, 27). Let us remark
that at o = 1, the spatial frequencies of the two solutions are different and symmetric with respect to .
Furthermore, at ¢ = g9 ~ 1.06 where the two branches collide the associated spatial frequency is 6 ~ 7.
Let us finally note that for o € [1, gg], the spatial frequencies of the two branches are almost identical,
although the secondary branch is slightly above the primary one.

Correspondingly we illustrate in Figure 30, the space-time plot for two points along the two different
branches which correspond to the orange and dark red points in Figure 29. The corresponding values
are (w,0) ~ (0.12,2.82) and (w,0) ~ (0.08,4.60) and associated to the same value of p ~ 0.633. In
the first panel of Figure 30(a), which corresponds to the point on the branch of solution defined for all
0 € [0, o], since the corresponding value of the spatial frequency is § € (0,7), we observe an apparent
backward propagation, while in the second panel of Figure 30(b), we observe a forward propagation.
This corresponds to the point on the lower branch of the solutions defined for values of o € (g, 00| with
associated spatial frequency 6 € (m,27). From a biological point of view, this indicates that the more
interesting range of the parameters is the one with ¢ € (o, 0o] and the corresponding branch of solutions
which emerges at ¢ = g, from the trivial solution (w, ) ~ (0,0) since in this case we obtain an oscillatory
traveling wave with forward propagation into the network.

In Figure 31, we show the global structure of the branches for a second example, with fixed values of the
time delay 7 = 12ms and 1/a = 12ms, which are still biologically relevant values. We observe that the
two branches terminate at a value of p = g9 ~ 3.03 with a crossing at ¢ = 1. For g¢ € [1, go], the primary

o8



, T=12ms and 1/a=12ms
™ T T T T T

251 1
3m/2}
) / ]
b 0

10F

7=12ms and 1/a=12ms

w/2}

Figure 31: Representation of the temporal frequency w/2m (in Hz) and the spatial frequency 6 € [0,2x) (panel (a)
and (b) respectively) as a function of ¢ € [0,1] for fized values of the time delay T = 12ms and 1/a = 12ms.

branch (blue curve) has a temporal frequency below the secondary branch (light blue curve), the difference
in frequencies is almost 5Hz for values of ¢ ~ 2. Even more interestingly, we see that the corresponding
spatial frequencies along the secondary branch are decreasing from 27 to a final value below 7 at gg
indicating that by increasing the value of ¢ we can reverse the direction of propagation from forward to
backward oscillatory traveling waves. The transition occurs for ¢ ~ 1.65, that is for values of 1/ A ~ 7—8ms.
It is further noticed that the associated temporal frequencies in the backward regime are around 25Hz (-
frequency regime) much higher than for forward traveling waves whose temporal frequencies range from
0Hz to 20Hz (and include the a-frequency regime).

Summary In this section, we saw that including temporal delays in the time-continuous version of the
system produces non-trivial dynamics that can be characterized analytically. Contrary to the discrete
version of the system, which can only be analyzed for a few discrete time delays k = 1, 2, ..., the continuous
version is informative for a wide range of delays, compatible with biological data, and the resulting
frequencies are very diverse. In particular, we observed homogenous synchronized oscillations in the gamma
band (30 —60H z) that emerged when the feed-forward error correction term a was strong enough (roughly,
with 1/ < 8ms). But we also found situations in which the oscillatory activity was not homogenous, but
propagated as a travelling wave through the network. With biologically plausible values for the various
parameters, the waves could propagate forward in the alpha-band (7 — 15H 2) frequency range, and when
the feedback error correction term A was strong enough (e.g. 1/A < 8ms while 1/& = 12ms), they started
moving backward at a faster frequency in the beta-band (15 —30H z). Altogether, this pattern of results is
compatible with various (sometimes conflicting) observations from the Neuroscience literature [1, 4], and
informs us about the conditions in which the corresponding dynamic behaviors might emerge in such
bio-inspired neural networks with predictive coding dynamics incorporating communication delays.
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6 Discussion

6.1 Contributions

We proposed a mathematical framework to explore the properties and stability of neural network models
of the visual system comprising a hierarchy of visual processing areas (or “layers”), mutually connected
according to the principles of predictive coding. Using a discrete model, as is typically done in the recent
deep learning literature, we introduced the amplification factor function, which serves to characterize
the interesting (i.e., “marginally stable”) regions as a function of the model hyperparameters. When
considered on an infinite domain, we showed that the response of our linear neural network to a Dirac
delta initialization presents a universal behavior given by a Gaussian profile with fixed variance and which
spreads at a given speed. Both speed and variance could be explicitly characterized in terms of the model
hyperparameters. This universal Gaussian profile was then the key to understand the long-time dynamics
of the linear neural network set on a semi-infinite domain with a fixed constant source term at the left
boundary of the network.

At first, we ignored the influence of neuronal selectivity and used feed-forward and feedback connection
matrices set to the identity matrix. When = 0 (no feedforward update after the network initialization),
we observed that hyperparameters a and A compete for forward and backward propagation, respectively.
When § > 0, the constant feedforward input makes things more complex, with A (feedback error correction)
now competing with g + « (feedforward drive and feedforward error correction). In the special case when
a+ A =1, a second (but spurious) mode of propagation with rapidly alternating activity can emerge,
whose direction is determined by the competition between o and 8 + A.

Next, to evaluate the influence of a more complex and functionally relevant connectivity matrix, we defined
neural assemblies reflecting the eigenvectors of the matrix. Each of these neural assemblies can be analyzed
separately, and its behavior depends on the corresponding eigenvalue (in addition to the hyperparameters
a, B and A, as explained above). Different assemblies can simultaneously support different dynamics, so
that some may propagate information forward, others may not propagate at all (acting as a filter on the
inputs), while yet others might propagate backward (e.g. carrying “priors” set by preceding activations).
We again saw a number of cases where “fringe” or spurious behavior arose, e.g. rapid alternations in
activity, and understood that this could be caused by the discrete nature of our model, when the time
steps defining the model’s temporal resolution are too coarse.

The time-continuous version of the model helped us overcome this issue, and characterize dynamics in the
limit of infinitely small time steps. The amplification factor function is still crucial in this situation, but it
produces more robust results, without fringe behavior or spurious oscillations. In particular, the analysis
of stability and propagation direction/speed was greatly simplified in this continuous case.

The same time-continuous model also allowed us to investigate the inclusion of communication delays
between layers. In this case, we demonstrated the emergence of genuine oscillatory dynamics and travelling
waves in various frequency bands compatible with neuroscientific observations (alpha-band from 7 to 15Hz,
beta-band from 15 to 30Hz and gamma-band from 30 to 60Hz).

Finally, we considered fully continuous versions of the model, not only in time but also in space, both across
network depth (across neuronal layers) and width (across neurons in the same layer). This mathematical
abstraction revealed that our model could be understood as a transport equation, and that it produced
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diffusion dynamics.

6.2 Biological interpretations

The mathematical framework that we proposed naturally lends itself to interpretation in biological terms.
The model’s hyperparameters reflect the strength of feedforward and feedback signalling in the brain.
These are determined not only by axonal density and synaptic strength (that vary slowly throughout
development and learning), but can also be gated by other brain regions and control systems, e.g. through
the influence of neurotransmitters, and thus vary much more dynamically. For instance, the feedforward
drive 8 could be more active to capture sensory information immediately after each eye movement, and
decrease over time until the next eye movement [22]; similarly, feedback error correction A could dominate
over the feedforward error correction « for one given second (e.g. because top-down attention drives
expectation signals) and decrease in the next second (e.g. because unexpected sensory inputs have been
detected) [32]. In this dynamic context, it is fundamental to be able to characterize the dependence of the
system’s behavior on the exact hyperparameter values. Fortunately, our framework reveals that when the
hyperparameters vary, the stability of the system, and its ability to propagate signals and maintain activity,
change in predictable ways. Some hyperparameter combinations would not support signal propagation at
all; others would render the system unstable, e.g. because of runaway excitation. Under the assumption
that the brain behaves as a predictive coding system, our equations inform us about the parameter regimes
compatible with this paradigm.

Using our time-continuous model, we found that predictive coding dynamics associated with inter-areal
communication delays result in oscillatory activity. This finding resonates with both experimental obser-
vations and neuroscientific theories [1, 4].

Bastos and colleagues [4, 5] suggested that feedforward error correction could be accompanied by gamma-
band oscillations; this suggestion was verified in our model, with synchronized gamma rhythms appearing
when the corresponding hyperparameter & was strong enough (and with a frequency that monotonically
increased from 30 to 60Hz when the value of 1/a decreased from 10ms to 5ms). However, considering that
the communication delay 7 between two adjacent brain regions is a fixed property of the system (a reason-
able first approximation), our analysis shows that this oscillatory mode will only happen for a narrow range
and a very precise combination of hyperparameter values a and A (see Figure 27). Similarly in the brain,
synchronized gamma-band oscillations between areas are sometimes observed during electrophysiological
recordings [5], and sometimes not [29].

By relaxing the phase delay between layers, our equations also revealed the potential emergence of oscilla-
tory travelling waves across the network, similar to those observed in human EEG experiments [1-3, 25].
Again, for a fixed communication delay T, these waves may only happen for specific values and combina-
tions of the hyperparameters & and X. In certain regimes (see e.g. Figure 31 with 1/& = 1/X = 12ms), two
waves might coexist at the same frequency, but going in opposite directions. This matches experimental
reports of co-occurring feedforward and feedback waves in the brain [2, 3]. Upon increasing the feedback
strength X, we saw that an initial alpha-band (7-15Hz) feed-forward wave could accelerate (towards the
beta-band, 15-30Hz) and eventually reverse its direction, producing a feedback wave. Similar reversal
phenomena have also been reported for oscillatory waves in the human brain [2, 3, 25].
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Figure 32: Illustration of the network structure of model (6.1) where blue arrows indicate the new long-range inter-
actions coming from layer j + 2.

6.3 Limitations and future extensions

“All models are wrong, but some are useful” [7]. Our model, like all mathematical models, is based on
simplifications, approximations and assumptions, and can only be valid under those assumptions. Some
(if not all) of these assumptions are questionable, and future work will need to determine the robustness
of the model, or its potential modifications, when relaxing these assumptions.

Even though we assumed that our bio-inspired neural network follows the general principles of predictive
coding [28], our system’s hyperparameters can in fact be modulated to accommodate many variants of
this framework [9, 20, 32, 33]. One other important assumption that we made was to simplify the con-
nectivity matrices between neuronal layers—which determines the selectivity of each neuron, and thus the
functionality of the entire system. Even when we moved past the “identity” assumption, the connection
matrices that we adopted were constrained to be symmetric, and most importantly, were assumed to be
similar from one layer to the next. This made our equations tractable, but it constitutes a clear restriction,
and a departure from practical applications of such bio-inspired deep neural networks that will need to be
addressed in future extensions. As already emphasized in the introduction, another important limitation
that we wish to relax in future works is the fact that we have considered a linear model although real
biological networks or deep neural networks are intrinsically nonlinear. Going beyond the linear analysis
that we have presented here would need the development of new theoretical techniques which constitutes
a major open problem to be addressed in forthcoming works.

Aside from exploring richer patterns of connectivity between adjacent layers, another natural extension
of the model could be to incorporate long-range interactions, beyond the immediately adjacent layers.
For instance, one could explore a simple second-order layer model (illustrated in Figure 32), whose scalar
version reads:

e?“ - ,Ble?fll — 6262751 = arej_y tage 5+ (1= " = A" —a%)ef + ey + Aoely, jEZ, (6.1)
where we have set §* := 81 + (2, a* := a1 + ag and A* := A\; + A9. Once again the fate of such a system
(6.1) would be dictated by the amplification factor function

ae_i9+ae_2i9—|—1— *—)\*—a*+>\€i9+>\€2i9
p(6) = = 2 é.e —5i ! 2 be[-mn
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This, as well as higher-order interaction models, possibly including “hub” regions like the thalamus that
would be mutually interconnected with all layers in the hierarchy [21], are promising directions for follow-up
studies.

6.4 Conclusion

The mathematical framework proposed here, guided by both computational considerations and neurosci-
entific inspiration, can be of use to both fields. In machine learning, the framework may serve to provide
guarantees about the stability of a predictive coding system given its chosen hyperparameters, or to choose
a valid range for these hyperparameters. For neuroscientists, our equations can be used directly to under-
stand biological vision and to make predictions about biological behavior in various situations compatible
with predictive coding. But this general mathematical framework (a number of hierarchically connected
layers with source terms, boundary conditions, feedforward and feedback connectivity matrices, analyzed
via its amplification factor function) may also be adapted to fit other models of biological perception and
cognition beyond predictive coding. We hope that the various derivations made in the present work can
serve as a template for future applications in this direction. And more generally, that this study may be
helpful to the larger computational neuroscience community.
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