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Abstract

In this article we study the spectral, linear and nonlinear stability of stationary shock profile solutions
to the Lax-Wendroff scheme for hyperbolic conservation laws. We first clarify the spectral stability
of such solutions depending on the convexity of the flux for the underlying conservation law. The main
contribution of this article is a detailed study of the so-called Green’s function for the linearized numerical
scheme. As evidenced on numerical simulations, the Green’s function exhibits a highly oscillating behavior
ahead of the leading wave before this wave reaches the shock location. One of our main results gives a
quantitative description of this behavior. Because of the existence of a one-parameter family of stationary
shock profiles, the linearized numerical scheme admits the eigenvalue 1 that is embedded in its continuous
spectrum, which gives rise to several contributions in the Green’s function. Our detailed analysis of the
Green’s function describes these contributions by means of a so-called activation function. For large times,
the activation function describes how the mass of the initial condition accumulates along the eigenvector
associated with the eigenvalue 1 of the linearized numerical scheme. We can then obtain sharp decay
estimates for the linearized numerical scheme in polynomially weighted spaces, which in turn yield a
nonlinear orbital stability result for spectrally stable stationary shock profiles. This nonlinear result is
obtained despite the lack of uniform ¢! estimates for the Green’s function of the linearized numerical
scheme, the lack of such estimates being linked with the dispersive nature of the numerical scheme. This
dispersive feature is in sharp contrast with previous results on the orbital stability of traveling waves or
discrete shock profiles for parabolic perturbations of conservation laws.
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Notation

Throughout this article, we let N* denote the set of positive integers {1,2,3,...} and N denote the set
of integers (including 0). We let R denote the set of real numbers, R := [0, +00) the set of nonnegative
real numbers and R™ := (0, +00) the set of positive numbers. We also let C denote the set of complex
numbers. We shall use the notation:

% ={CeC|[(|>1}, D:={CeCl|<1}, $':={CeC[[¢|=1},
U =% UJS', D:=DuUS!.

If w is a complex number, the notation B,(w) stands for the (round) open ball in C centered at w and
with radius r > 0, that is B,(w) := {z € C||z —w| < r}. We shall also use “square balls” in the complex
plane. Namely, for any r > 0, the notation B, (w) stands for the open set:

B,(w) = {z € C| max (|Re(z — w)|, |Im(z — w)|) < r} .
The notation B,(w), resp. B,(w), refers to the closure of B,(w), resp. B,(w), in C. For any positive
number 7, we let 7S! denote the circle in C centered at the origin and with radius r. We also let ., 1 (C)
denote the set of n x k matrices with complex entries. If n = k, we simply write .#,(C).

For q € [1,+00), we let £4(Z;C) denote the space of complex valued sequences v = (v;);ez indexed
by Z and such that the quantity:
> Jul?

JEZ
is finite. The 1/¢-th power of this quantity defines a norm with which ¢4(Z; C) becomes a Banach space.

This norm is denoted || - [|a. For ¢ = 400, we let £°(Z; C) denote the space of bounded complex valued
sequences indexed by Z. This space is equipped with the norm:

sup |vj]
JEZL

which we shall refer to as || - [[go. When equipped with this norm, the space ¢>°(Z;C) is a Banach algebra
(the product between two sequences being here understood in the pointwise sense (v w); := v; w; for each
Jj € Z). Sequences will be denoted with bold letters, while their evaluation at a given integer will be
denoted with standard letters.

We let C, resp. ¢, denote some (large, resp. small) positive constants that may vary throughout the
text (sometimes within the same line). A typical example is the inequality:

Vr e RT, xexp(—cz) <C exp(—cx),



where, of course, the constant ¢ on the right-hand side of the inequality is not the same as in the left-hand
side. The dependance of the constants on the various involved parameters is made precise throughout
the article.

In order to avoid overloading some expressions, we sometimes write:

xT

>

m=0

for a sum that runs over the integer m from m = 0 to m = x, even when z is a positive real number that
is not an integer. In that case, it is understood that the sum runs up to the largest number that is less
than z. This will allow us to avoir using the integer part of several quantities.



Chapter 1

Introduction

This article is devoted to a detailed stability analysis of stationary shock profiles for the Lax-Wendroff
scheme. The Lax-Wendroff scheme is a finite difference approximation of hyperbolic conservation laws
that is formally second order accurate (at least for smooth solutions), see [19, 21]. As any second order
accurate numerical scheme, the Lax-Wendroff scheme gives rise to spurious oscillations once the solution to
the conservation law develops discontinuities, that is, once shock waves have appeared. This is evidenced
for instance in the numerical simulation reported in Figure 2.4 below. This undesirable numerical feature
is usually corrected by introducing flux limiters or other more involved numerical treatments (essentially
non-oscillatory schemes, weighted non-oscillatory schemes and so on). Our goal here is to show that
despite the formation of oscillatory wave trains in the numerical computation of shock waves, the Lax-
Wendroff scheme gives rise to stable stationary shock profiles for convex or concave fluxes, and for even
other situations. The whole point is to clarify the meaning of “stable” in the previous sentence.

Following a long line of research, we aim at studying this stability problem by first showing a spectral
stability result, then turning this spectral stability result into a linear stability result by proving sharp
decay estimates for the linearized numerical scheme. Obtaining these sharp linear decay estimates is the
cornerstone of our work. The final step of the analysis is to use the linear decay estimates in order to
obtain an orbital stability result for the nonlinear dynamics. The approach is definitely not new. For
the Lax-Wendroff scheme, it was followed by Smyrlis [28] who dealt with the exact same problem as
the one we are looking at here. However, the functional framework that we use is much larger than the
one in [28] where the introduction of exponential weights stabilizes the linearized operator. Actually,
the introduction of exponential weights gives rise to a spectral gap for some carefully chosen parameters,
thus bypassing a detailed stability analysis that would take the flux properties into account. We consider
here a larger and, probably, more natural functional framework in which the spectrum of the linearized
operator depends on the flux of the conservation law.

The overall strategy is the same as the one followed in the contributions [14, 6, 7]. We start from a
given discrete shock profile, which is quite easy for the Lax-Wendroff scheme since this numerical scheme
exhibits exact, piecewise constant, stationary discrete shock profiles that are the mere projections on the
numerical grid of the continuous step shock. We linearize the Lax-Wendroff scheme around this stationary
solution and try to locate the spectrum of the linearized evolution operator. Enlarging the functional
framework has some major impacts, the first of which being that we have to take into account the (neutral)
eigenvalue 1 for the linearized numerical scheme. This eigenvalue arises by “translation invariance”, as
explained in [28] (see also [27] for a general overview on discrete shock profiles). Translation invariance



means here that there exists a one-parameter smooth family of stationary discrete shock profiles'. The
rest of the spectrum is located by analyzing the so-called Evans function associated with the shock profile.
The Evans function plays the role of a characteristic polynomial for the linearized operator. The general
construction of the Evans function is detailed in [27], see also [14, 6]. In our case, the construction is
far easier because our reference discrete shock is piecewise constant so the Evans function reduces to
what could be referred to as a Lopatinskii determinant (by analogy with the stability analysis of shock
waves [2]). Our problem is similar to the stability analysis of the discrete shock profiles for the Godunov
scheme [5] in which the shock profiles are also piecewise constant. For scalar equations, as we consider
here, the expression of the Lopatinskii determinant is simple enough so that we can analyze the location
of its zeroes in the case where the flux of the conservation law is either convex or concave. Namely, we
shall show that for convex or concave fluxes, the Lopatinskii determinant has only 1 as a (simple) zero
in the region % of the complex plane. This corresponds, in the terminology of [27] to a spectrally stable
situation. Our analysis encompasses a particular (symmetric) case that was considered in the seminal
work [15].

Once we have located the spectrum of the operator, we can construct the so-called spatial Green’s
function, that is the fundamental solution of the resolvent equation. For spectrally stable configurations,
we show that the spatial Green’s function has a meromorphic extension near 1 and it can also be holomor-
phically extended near any other point of the unit circle. This is a key step towards the decomposition
and the proof of sharp decay bounds for the Green’s function of the linearized evolution operator. In the
parabolic case, the Green’s function satisfies uniform (in time) ¢! estimates (in space) and it also satisfies
decaying (in time) £°° estimates (in space), just like the heat kernel. For the Lax-Wendroff scheme, there
is unfortunately no hope to obtain such favorable uniform bounds. Indeed, it is already known that when
applied to the transport equation, the Green’s function of the Lax-Wendroff scheme does not enjoy uni-
form ¢ estimates. This failure of ¢! stability, that is linked to the dispersive behavior of the Lax-Wendroff
scheme, has been identified in a general context by Thomée [29] for convolution operators. The analysis
of ¢! instability was later refined in [16, 17] in order to make the instability growth rates percise. Rather
than following [16, 17] for the Lax-Wendroff scheme, we shall build here on the recent work [9] by one
of the authors. The analysis in [9] gives a precise description of the Green’s function for this numerical
scheme in the context of the Cauchy problem for the transport equation?. We extend here the analysis of
[9] to the context of the shock profile stability analysis in which Fourier analysis is no longer available due
to spatial variations. We therefore substitute the so-called spatial dynamics approach in place of Fourier
analysis and use the inverse Laplace transform to obtain a representation formula for the Green’s function
of the linearized operator. The main difficulty that we shall face arises from the singularity of the spatial
Green’s function at the eigenvalue 1 (that is imbedded in the continuous spectrum). This pole gives rise
to a leading contribution in the Green’s function which, following [7], we refer to as an activation function.
This function can be thought of as a primitive of the Green’s function for the Cauchy problem. Detailed
bounds on this activation function are given in Appendix A at the end of this article. In particular, a
lengthy -though crucial- argument here is to obtain a uniform bound for the activation function. This is
rather trivial in the parabolic setting thanks to uniform ¢! estimates for the Green’s function but such
uniform ¢! estimates are known to fail in the dispersive setting. Our uniform bound for the activation
function is reminiscent of the main result in [13] where such a uniform bound is also the cornerstone of

'For continuous problems, such as parabolic perturbations of conservation laws, the one-parameter family of profiles
is obtained by simply translating in space a given profile, but the construction of shock profiles is unfortunately more
complicated for discrete problems.

2The quantitative estimates in [9] are more accurate in many regimes than the ones in [16, 17] and this is crucial for
several arguments that we use below.



the argument.

Once we have an accurate description of the Green’s function with sharp bounds for each term in its
decomposition, the nonlinear orbital stability result follows more or less by using standard tools as in [1].
Since our Green’s function does not satisfy uniform ¢! estimates and exhibits a dispersive instability?,
we can not complete an orbital stability for small ¢! perturbations. We need to work in polynomially
weighted (P spaces and carefully play with the weights in the definition of the norms in order to recover
some integrability in time, which is a crucial feature of bootstrap arguments. This is less favorable than
the situation for semi-discrete shocks that is dealt with in [1] where the time translation invariance also
allows to use a larger functional framework. The fully discrete situation does not give as many tools to
deal with the nonlinear argument.

The plan of this article is the following. In Chapter 2 we introduce the numerical scheme, we give
the expression of the reference shock profile that we consider and state our main results. For the sake of
clarity, we have split the main results in four theorems, the first two being devoted to spectral stability,
the third one being devoted to linear stability, and the fourth and main one being devoted to nonlinear
orbital stability. We also report on some numerical simulations that illustrate these results. Chapter 3
is devoted to the spectral analysis. The linear decay estimates are proved in Chapter 4 with the help
of several key estimates that are given in Appendix A. Eventually, the nonlinear analysis is detailed in
Chapter 5.

3The £>° decay of the Green’s function for the Lax-Wendroff scheme is also slower than for the parabolic situation that
is considered in [1].



Chapter 2

The Lax-Wendroff scheme. Notation
and main results

2.1 The Lax-Wendroff scheme and its stationary shock profiles

We consider in this article a scalar conservation law of the form:
Ou+ 0, f(u) =0, z€R, (2.1)

with a smooth flux f € ¥°°(R;R). Since the solutions to the Cauchy problem for (2.1) generically
develop singularities in finite time [12, 26], we directly consider piecewise smooth solutions to (2.1), which
we assume to be stationary for simplicity:

ug, x <0,
u(t,x) = { v >0, (2.2)

For (2.2) to be a weak solution to (2.1), the so-called Rankine-Hugoniot relation must hold:

fue) = f(ur), (2.3)
and we also enforce the so-called entropy criterion [26]:
filur) <0< f(ug) . (2.4)

The Lax entropy inequalities (2.4) imply that the characteristics stemming from either side of the shock
wave (that is located here at x = 0) enter the shock in positive time, as depicted in Figure 2.1.

Our goal here is to understand the influence of a high order discretization procedure on the stability
of the shock (2.2) and more specifically whether dispersion in a numerical scheme may rule out linear
or nonlinear stability. Let us recall that a rather complete existence and stability theory for monotone
schemes has been developed in [18] but monotone schemes are at most first order accurate [19, 21]. We
therefore pursue the analysis of [28] and try to develop a rather complete stability analysis of discrete shock
profiles for the Lax-Wendroff scheme. This is a model situation for a high order finite difference scheme
and we hope that some of our arguments below may prove useful for other discretization procedures of
conservation laws.

We therefore introduce a space step Az > 0 and a time step At > 0 that are always chosen such that
the ratio A := At/Ax is kept constant. For any couple of integers n € N and j € Z, the solution to (2.1)



Uy Uy

{xo + f/(UK)t, T < O} {xo + f’(ur)t, xo > 0}

Figure 2.1: The characteristics on either side of the shock.

is approximated, on the time-space cell [n At, (n+1) At) x [j Az, (74 1) Az) by a constant value uf, that
is iteratively defined with respect to n according to the formula:

V(n,]) eNXZ, U?Jrl = u;l - A (gk(u;'lvu;}-&-l) - ﬁ/\(u;}—l’u;})) ) (25)

with a numerical flux %, that is defined by:

Vi) R, Fyu) = g () + 1) - 57 (5 ) (0 - ). (2:6)

The numerical scheme (2.5)-(2.6), that is referred to as the Lax-Wendroff scheme and dates back to [20],
is a formally second order accurate approximation procedure for (2.1), see [19, 21]. The initial condition
(u?) jez for (2.5) will be chosen as a small perturbation of a discretized version of the shock wave (2.2).

A very specific feature of the numerical scheme (2.5)-(2.6) is the fact that it captures ezactly the
stationary piecewise constant solutions to (2.1). Namely, if we consider the weak solution (2.2) to (2.1),
then the following sequence:

-—Nn ,__ uE7 .7 S 07
o _{u i>1 neEN (2.7)

defines a stationary solution to (2.5)-(2.6) since it does not depend on n and satisfies (we omit the index
n in @; from now on):

VjeZ, g)\(ﬂj,ﬂj_H) :9)\(@]‘_1,6]') :f(UZ):f(uT’)7

the final equality coming from the Rankine-Hugoniot relation (2.3). The aim of this article is to study the
stability of the stationary solution U = (u;) ez defined in (2.7) with respect to the dynamics of (2.5)-(2.6).
Some numerical experiments are reported below in Section 2.3. Let us recall that the piecewise constant
discrete shock (2.7) is not the only discrete shock for the Lax-Wendroff scheme (2.5) associated with (2.2).
As explained in [28], a stationary discrete shock profile for (2.2) is a real valued sequence u = (u;);ez
such that:

Vi€Z, Fa(ujujrr)=Fa(uj-1,u;),

10



and

dim u; = ue, lim uj = u,.
J——00 J—+oo

The sequence in (2.7) is a particular case of a stationary discrete shock profile but there are many other
ones. We refer to [27] and references therein for a thorough description of the existence theory (both in
the scalar and system cases), and to [28] for the specific case of the Lax-Wendroff scheme (2.5)-(2.6) in
the scalar case. We recall the following result that is one of the achievements in [28]:

Theorem 2.1 (Smyrlis [28]). Let the shock (2.2) satisfy the Rankine-Hugoniot condition (2.3) and the
entropy condition (2.4). Let \ satisfy the so-called CFL condition:

max (A f/(ug), M| f' (ur)]) < 1. (2.8)

Then there exist @ > 0 and a one-parameter family of stationary discrete shock profiles v?

0 € (—0,0), that satisfies the following properties:

= (U?)jézf

(i) v0 =1 is the piecewise constant discrete shock (2.7),
(ii) for every j € Z, the map 6 — v? is € on the interval (—0,0),

(iii) there exist 6 > 0 and C > 0 such that for any 6 € (—0,0), the discrete shock profile v° converges
towards its end states exponentially fast at rate 6, namely:

VjeN, }vg—ur‘ + ‘vﬂj—ud < Ce%7,

and furthermore A
VjeTZ, ‘U? —U?‘ < C’|0|e_5m,

(iv) for every 6 in the interval (—0,0), the “excess mass” of v? equals 6, namely' :

Zv?—v? =0.

JEL

Since the numerical scheme (2.5)-(2.6) is conservative, it preserves mass. More precisely, given an
initial sequence h in ¢1(Z;R), we want to consider the dynamics of (2.5)-(2.6) for the initial condition
v?+h (see the numerical experiments in Section 2.3). Let (uf)jeznen denote the corresponding solution
to (2.5)-(2.6). By mass conservation, we have:

0 _ 0 0 _ .
vneEN, Y ui—uf =) wj—of =3 by
JEL JEL JEZ
In particular, if we can prove that (u;‘) jez,neN converges, as n tends to 400, towards a stationary discrete
shock profile, then this limit can only be v’ where 6 denotes the mass of the initial perturbation h. In

other words, we rather intend to show that the whole curve {v? 8 € (-6, 6)} of stationary discrete shock
profiles is orbitally stable.

To study the stability of (2.7), or rather the orbital stability of the curve {v? 6 € (—8,8)}, we follow
a common approach that is based on first studying the spectral stability of (2.7) and then on proving

IThe series is indeed convergent because stationary shock profiles converge exponentially fast towards their end states.

11



linear and nonlinear decay estimates. We therefore introduce the linearized numerical scheme that is
obtained by linearizing (2.5)-(2.6) around the constant solution v" that is given by (2.7). For future use,
we introduce the notation:

Up + Uy

arr = Af(ugr), ami=Af (2) ) (2.9)

The linearization of (2.5)-(2.6) around the discrete shock profile (2.7) leads to the iteration:
w'tl = 2w, w'= (w?)jez, (2.10)

and the bounded linear operator .Z : ¢4(Z;C) — ¢4(Z;C) is defined by:

( 2

Q@ Q .
wj = 5 (Wis1 = wj-1) + 5 (Wi — 2w +wj) 722
2
Qy @y i
wj — — (Wi —wj—1) + - (Wi — 2w; +wj—1) j<-L
(Zw); =] 12 J J 21 ! 7o (2.11)
wo =5 (apwy — opw_y) + 2 (e o wr — ag (g + am) wo + afw_r) ,  j=0,
1 1 .
w15 (v wo — apwy) + 9 ( 2wy — ay (o + o) Wy +04€04mw0) ) j=1
\
Let us observe that the values ay = —a,. and «,, = 0 correspond to the particular “symmetric” case

studied in [15]. This case corresponds for instance to an even function f with respect to the mid-point
(ug + ur)/2. Actually, the spectral stability result of [15] is, to some extent, the starting point for our
analysis in Chapter 3 below.

2.2 Main results

Our first main result is a spectral stability result for the stationary discrete shock (2.7) when the flux f
is either convex or concave.

Theorem 2.2 (Spectral stability for convex or concave fluxes). Let the fluz f in (2.1) be either convex
or concave, and let the weak solution (2.2) satisfy the Rankine-Hugoniot relation (2.3) and the entropy
inequalities (2.4). Then under the condition®:

max (o, |or]) < 1, (2.12)

the operator £ has no spectrum in % \ {1}. Moreover, 1 is an eigenvalue of £ in £9(Z;C) for any
q € [1,+00].

Actually, it will turn out in Chapter 3 that in the case of a convex or concave flux f, the operator .Z
will have no spectrum in the exterior of the curve?:

{1 — 2a?%sin? g +iasiné|€ € R} , o :=max(ay, |ar]). (2.13)

2This condition is a mere restriction on the ratio A = At/Az. We recall that ay and «; are defined in (2.9). The condition
(2.12) is the exact same one as in the existence theorem for stationary discrete shock profiles, see (2.8).

3This curve is actually an ellipse that is centered at 1 — a.2.

12



The exterior of this curve will always be denoted & in Chapter 3. It can be parametrized as:
0 = {z:x+iye<C\(x—1+a2)2 + a?y? > a4},

see for instance Figure 3.1 in Chapter 3 below where & corresponds to the complement of the grey shaded
area.

We wish to encompass slightly more general situations than the sole case of convex (or concave) fluxes.
Indeed, our goal is to show that spectral stability of a stationary discrete shock is a sufficient condition
for linear and orbital nonlinear stability. In practice, this requires having at our disposal a convenient tool
that locates the spectrum of .Z just as the characteristic polynomial does so for a matrix. Constructing
such a tool, which we shall refer to as a Lopatinskii determinant (in analogy with the shock wave theory
for systems of conservation laws, see e.g. [2]), is the purpose of part of Chapter 3 below. Examples of
numerical calculations of such Lopatinskii determinants can be found in [4] in the context of numerical
boundary conditions for transport equations but the analysis is entirely similar here.

Going beyond the case of a convex or concave flux requires making a stability assumption that is
given as Assumption 1 in Chapter 3 below. This stability assumption is meant to exclude the possibility
of having some spectrum of . in % \ {1}. Our hope is that Assumption 1 can be “easily” verified (or
proved not to hold) in specific situations. The generalization of Theorem 2.2 is the following result.

Theorem 2.3. Let the weak solution (2.2) satisfy the Rankine-Hugoniot relation (2.3) and the entropy
inequalities (2.4). Then under the condition (2.12) on the parameter \, we can define a function A that is
holomorphic on a neighborhood of % (see (3.3) in Chapter 3). Then 1 is an eigenvalue of &£ in £(Z;C)
for any q € [1,4+00]. Moreover, under Assumption 1 below on the location of the zeroes of A, the operator
& has no spectrum in % \ {1}.

Once we know that spectral stability holds, we expect that the favorable localization of the spectrum
of .Z will imply some decay estimates for the semigroup of operators {<£"|n € N}. We gather here
these estimates but, to some extent, our main result is rather Theorem 4.1 that will be stated in Chapter
4 below. Theorem 4.1 gives accurate bounds for the Green’s function of the operator .Z so that, with
classical convolution estimates, we can infer estimates on the norm of .£" in some polynomially weighted
spaces. These spaces are defined as follows. We recall that ¢9(Z; C) denotes the space of complex valued
sequences that are indexed by Z and such that their ¢g-th power is integrable (bounded sequences if
g = +00). The norm is denoted | - ||za. Given a real number v > 0, we then introduce the polynomially
weighted ¢ space:

(4(Z;C) = {h e (4(Z;C) | ((L+14") hy) ., € L9(Z; C)} . (2.14)

JEZ
For h € /%, we denote:

Il = | (413 Rs), e, -

the norm of h, so that £2(Z; C) is endowed with a Banach space structure. Our main decay estimates for
the operator .Z read as follows.

Theorem 2.4. Let the weak solution (2.2) satisfy the Rankine-Hugoniot relation (2.3) and the entropy
inequalities (2.4). Let the parameter X\ satisfy the condition (2.12) and let Assumption 1 on the zeroes

13



of A be satisfied. Then for any real numbers ~vo > ~v1 > 0, there exists a constant C such that, for any
h e £}, (Z;C) that satisfies:
> hi =0,

JEL
there holds:
C
nY2—71—1/8
C

nY2—v1+min(1/3,71) HhHE}Yz '

Yn>1, [£hly <

HhH@m ’

mn
|2 bz <

The first estimate in Theorem 2.4 is consistent with all known results on the behavior of the Lax-
Wendroff scheme for the transport equation. Indeed, if one chooses v9 = 71 = 0, the first estimate in
Theorem 2.4 corresponds to the well-known (weak) instability of the Lax-Wendroff scheme in either the
¢! or £ norm. The growth n'/8 is known to be sharp, see e.g. [16, 17, 9]. Since we wish to obtain a
nonlinear orbital stability result by means of a bootstrap argument, some decay should be gained one way
or another, and the introduction of the polynomial weight is a way to compensate for the weak instability
of the numerical scheme (and to gain enough time integrability as well). If we compare with the more
standard Cauchy problem on Z for the transport equation, the main new difficulty that we are facing
here is the eigenvalue 1 for the operator .Z, this eigenvalue being imbedded into the continuous spectrum.
Nevertheless, our decay estimates in Theorem 2.4 (and some complementary estimates that are detailed
in Chapter 4) are strong enough to yield the following orbital nonlinear stability result for the family of
stationary discrete shock profiles exhibited in Theorem 2.1.

Theorem 2.5. Let the weak solution (2.2) satisfy the Rankine-Hugoniot relation (2.3) and the entropy
inequalities (2.4). Let the parameter X satisfy the condition (2.12) and let Assumption 1 on the zeroes of
A be satisfied. Let now 3,0 € Rt satisfy B+ o > % and 0 < o < B+ %. We define the constant:

1
7::J+ﬂ—|—§. (2.15)
Then there exist some positive real numbers Cy, € > 0 such that for any sequence h € E}Y(Z; R) satisfying

Il <e,

then one has

0:=) hje(-0,0),
JEZ
and the solution (u"),cn of the Laz-Wendroff scheme (2.5)-(2.6) with the initial condition u® := u+h is

well-defined. Furthermore, if we introduce the sequence (p")nen defined as

VneN, p':i=u"—v’,
then for all n € N one has p™ € Eé(Z; R) together with the estimates:

Co CO
VneN, ||Pn||gé < m ”hH@, and ||PnHe;;> < m HhHQ,

so that u" tends to v% in (3 (Z;R) (and also in Eé(Z;R) if o is positive).
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Figure 2.2: Discrete shock profiles for the Lax- Wendroff scheme applied to the Burgers equation. Left: the reference
shock (2.2). Middle: a discrete shock profile with same end states but negative mass difference (6 < 0 in Theorem
2.1). Right: a discrete shock profile with same end states but positive mass difference (0 > 0 in Theorem 2.1).

2.3 Numerical experiments

We first present some numerical computations of stationary shock profiles. We consider for simplicity the
Burgers equation, which corresponds to the convex flux function f(u) = u?/2. By Theorem 2.2 above,
every stationary discrete shock of the form (2.7) with uy, > 0 and u, = —uy is spectrally and therefore
nonlinearly orbitally stable (in the sense of Theorem (2.5)) if the parameter A is chosen to satisfy the
CFL stability condition. Figure 2.2 displays three possible stationary discrete shock profiles for the Lax-
Wendroff scheme with the same end states uy = 1/2, u, = —1/2. The Rankine-Hugoniot conditions (2.3)
and the Lax entropy condition (2.4) are satisfied. The CFL parameter A is chosen to be 1/2 so that the
CFL condition (2.12) is also satisfied.

As follows from Theorem 2.1, discrete shock profiles can be parametrized, at least for small enough
mass perturbations, by their mass difference with respect to the reference discrete shock profile (2.7). The
first graph on the left of Figure 2.2 corresponds to the reference shock (2.2) with end states uy, = 1/2,
u, = —1/2. The value of that discrete shock at j = 0 is highlighted in red. The middle and right graphs
in Figure 2.2 correspond to stationary discrete shock profiles as given by Theorem 2.1, one being with
negative mass difference (middle graph), and the other one being with positive mass difference (on the
right of Figure 2.2).

It turns out that the family {v®} of stationary discrete shock profiles given in Theorem 2.1 can be
parametrized globally for the Burgers equation. This was already mentioned in [28] and we report here
on the numerical computation of the whole family. As a first observation, we remark that the translation
of the shock profile (2.7), namely:

{W’ jst (2.16)

U’T? ]227

is also a stationary discrete shock profile for (2.5) with mass difference uy — u, = 1 with respect to (2.7)
(the only difference with (2.7) is in the cell labeled with the index 7 = 1). In other words, if we can
parametrize the family v? of Theorem 2.1 for § € [0,1] with v® being equal to the stationary discrete
shock profile (2.7) and v! being equal to the translated discrete shock profile (2.16), then by repeated
translations -either to the left or to the right- one can parametrize a global family {v? |0 € R} where
0 still refers to the mass perturbation. This is illustrated in Figure 2.3 where we plot the evaluation at
j =0 and j = 1 of the family of stationary discrete shock profiles with 6 € [—2,2]. For § = 1, both vé
and v] equal 1/2 in agreement with (2.16). For § = —1, the translation of the reference discrete shock is
to the left. Both curves that are plotted in Figure 2.3 are translates one of the other.
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Figure 2.3: The evaluation at j =0 and j = 1 of the family of stationary discrete shock profiles v?, 6 € R.

We now report on some computations that illustrate the dynamics of the numerical scheme (2.5).
In Figure 2.4, we give several plots corresponding to the evolution of a zero mass perturbation of the
reference discrete shock (2.7). By appealing to Theorem 2.5, we expect that the numerical solution
converges asymptotically towards (2.7) and this is what we observe. The convergence is illustrated in
Figure 2.4 where two waves, one emanating from the right and one from the left of the shock, hit the
shock one after the other, giving first rise to a translation of the initial shock to the right (due to positive
mass excess) and then going back to the reference discrete shock (2.7). Another view of this computation
is given in Figure 2.5 where the plot is in the (j,n) plane. The translation of the shock to the right after
the first wave hit the shock is more visible.

As a conclusion, we illustrate the behavior of the Lax-Wendroff scheme (2.5) for a positive mass initial
perurbation, see Figures 2.6 and 2.7. The asymptotic state is a stationary discrete shock that corresponds
to a non-integer value of 6 > 0, thus displaying the typical oscillations associated with the Lax-Wendroff
scheme. Despite these oscillations, these solutions are spectrally and nonlinearly stable.
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Figure 2.4: Ewolution of a perturbation with zero mass of the reference discrete shock (2.2). First line (from left
to right): the initial condition, the solution at n = 40, the solution at n = 150. Second line (from left to right):
the solution at n = 400, the solution at n = 700, the solution at n = +oo (convergence towards the reference shock

(2.2)).
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Figure 2.5: Evolution of a perturbation with zero mass of the reference discrete shock (2.2).
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Figure 2.6: Evolution of a perturbation with positive mass of the reference discrete shock (2.2). First line (from left
to right): the initial condition, the solution at n = 100, the solution at n = 200. Second line (from left to right):
the solution at n = 300, the solution at n = 400 (convergence towards a discrete shock profile).
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Figure 2.7: Fvolution of a perturbation with positive mass of the reference discrete shock (2.2).
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Chapter 3

Spectral stability

Localizing the spectrum of the linearized operator .Z proceeds in several steps. In the first Section below,
we analyze the eigenvalue problem! . v = zv for z in the exterior & of the curve (2.13). We show that
the existence of a nonzero eigensequence v € ¢4(7Z;C) is equivalent to a scalar equation A(z) = 0, where
the so-called Lopatinskii determinant A is a holomorphic function on &, and, actually, even on a larger
region of the complex plane. This result is independent of the considered space ¢4(Z;C), 1 < g < +o0,
and the Lopatinskii determinant A does not depend on ¢. Since the discrete shock profile @ in (2.7) is
piecewise constant and the numerical scheme (2.5) only involves a three point stencil, the Lopatinskii
determinant A is explicitly computable?. We analyze the zeroes of the function A in the case of a convex
(or concave) flux f in (2.1) which seems to be new, up to our knowledge. The symmetric case a, = —ay,
oy, = 0 is dealt with in [15]. We shall also show in Section 3.4 that for a non-convex flux, the Lopatinskii
determinant A can have zeroes in the unstable region % = {z € C||z| > 1} or that it can have a double
root at 1. In Section 3.2, we use our knowledge on A to compute the so-called spatial Green’s function,
that is, the solution to the resolvent problem:

(z1d = 2)G"(2) = &, ,
where 4, denotes the discrete Dirac mass located at the index jo € Z:

. 1 ; if ] = j07
Vi€L, (%i)i = {O, otherwise.
The construction of the spatial Green’s function and the estimates we find on it will directly show that
the operator £ has no spectrum outside the curve (2.13) as long as f is convex or concave, as claimed
in Theorem 2.2. Theorem 2.3, that considers more general flux functions f, will follow from similar
arguments. The spatial Green’s function is our starting point for the analysis of the large time behavior
of the linearized numerical scheme (2.10).

!Since the only discrete shock profile that will appear in this Chapter is the piecewise constant one in (2.7), we feel free
to use the notation v for generic sequences. No possible confusion can be made with the family of discrete shock profiles v?
that will not be mentioned in this Chapter.

2The situation is opposite to the case of the Lax-Friedrichs scheme, for instance, where the discrete shock profiles depend
on the spatial variable and the localization of the spectrum of the linearized operator involves an Evans function that is
not accessible analytically, see [14, 6] or [27]. Shock profiles such as (2.2) for the Lax-Wendroff scheme rather look like the
stationary shock profiles for the Godunov scheme that are studied in [5].
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3.1 The Lopatinskii determinant

We consider a complex number z in the exterior & of the curve (2.13) and we shall be first looking for
solutions v = (vj) ez € €4(Z;C) to the eigenvalue problem . v = zv. Our goal is to reduce the existence
of a non-trivial solution v to an equation of the form A(z) = 0 where the holomorphic function A plays
the role of a characteristic polynomial for the operator .Z. Specifying the relation (£ v); = zv; to those
indices j < —1 or j > 2 (see (2.11) for the definition of the operator ), we are led to solving the
dispersion relations:

-1 1
Oéz(aé)ﬂ2+(1_ag_z)ﬁ+o‘f(o‘;“:0, (3.1a)

-1 1
%/@2—1—(1—@3—,2)%4-%:0- (3.1b)

The behavior of the roots of the above dispersion relations (3.1) is encoded in the following result.

Lemma 3.1. Let the conditions (2.4) and (2.12) be satisfied, and let z € C belong to the exterior
of the curve (2.13). Then the dispersion relation (3.1a) has one solution k¢(z) € % and one solution
ky(z) € D\ {0}. Both functions depend holomorphically on z over €, and they can be holomorphically

extended to the set:
(C\{l—af —|—ita“/1—a§‘t€ [—1,1]} ,

on which they satisfy k¢(2) # ki (2) and ke(2) K} (z) # 0.

Furthermore, assuming still that z € C belongs to the exterior O of the curve (2.13), the dispersion
relation (3.1b) has one solution k,(z) € D\ {0} and one solution k!(z) € % . Both functions depend
holomorphically on z over O, and they can be holomorphically extended to the set:

C\{l—af tita,/1- a2 te[—1,1]},

on which they satisfy k,(z) # k%(2) and ky(z) k¥ (z) # 0.

Let us quickly observe that, for 8 € [—1, 1], the compact domain Dg that is delimited by the ellipse:

2§

1—2p3%si
{ len2

+iﬁsmg(§eR} - {1f52+52 cos§+iﬁsing\§eR},

satisfies Dg, C Dg, as long as |1| < |f2]. This is the reason why the exterior & of the curve (2.13) does
not contain any element of the two curves:

{1—2a§sin2§+iagsin§‘§€]l§} and {1—2a%sin2§+iarsin§‘§€R} .

We also observe that the segment:

{1—04? —i—ita“/l—a?‘te[—l,l]},

is located in the closed ball of C centered at 0 and with radius 4/1 — a?. Moreover, it is located within

the curve (2.13). Same for the analogous segment associated with the “right” state u, rather than with
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ug (with obvious modifications). In what follows, we shall mainly be interested in the fact that some
quantities can be holomorphically extended through the unit circle St. The exterior & of the curve (2.13)
contains some elements of D far from the point 1 where it is tangent to S, and this is the reason why,
sometimes, we need to consider the set:

ﬁU{CGCHQ>max(\/1—a?,m>}.

e 1

Figure 3.1: Locating the spectrum of the operator £. In blue: the unit circle. In black: the curve (2.13). The region
O is the complement of the grey shaded area. In red: the segment [1 — a% —iap+/1— a%, 1- af +iap/1— a?]
outside of which one can holomorphically extend k, and k. The chosen parameter is ay = \/3/2 with ag > |a| so
that o = .

Proof of Lemma 3.1. We shall only give the proof of Lemma 3.1 for the case of Equation (3.1a), the case
of Equation (3.1b) being entirely similar. We begin with some preliminary observations. First of all,
the curve (2.13) is a closed curve that is enclosed within the closed unit disk D, and that encompasses a
strictly convex region. It is actually an ellipse that is centered at 1 — a? with axis of half-length o? and
a. This ellipse is tangent to the unit circle S! from within at 1, see Figure 3.1 for an illustration. As we
have pointed out above, thanks to our choice for «, the curve (2.13) encompasses both curves:

{1 — 20427nsin2 g — iag,rsinf‘é € R}.

Let us also note that the exterior & of the curve (2.13) is a connected set and that, when z belongs to &,
Equation (3.1a) has no root x € S!, for otherwise we would have:

0
z=1 —2a%sin2§ —iaysind
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for some 6 € R, and this fact would imply that z belongs either to the interior of the curve (2.13) or to
its boundary (depending whether o« = ay or @ = ), which is precluded here by our assumption z € 0.
Consequently, the number of roots of Equation (3.1a) in %, resp. in D, does not depend on z € &, and
these two numbers (whose sum is 2) are determined by letting z tend to infinity. In that case, one root of
Equation (3.1a) tends to zero and the other one tends to infinity, which gives the first half of Lemma 3.1.

Once the functions x¢ and £} have been defined on the exterior & of the curve (2.13), it only remains to
determine how they can be holomorphically extended. The product r¢(z) £} (z) equals —(14ay)/(1— o).
It is then rather easy to observe that the two roots of (3.1a) have same modulus if and only if z belongs

to the segment:
{1—a§ +ita“/1—a§‘t€ [—1,1]},

and that segment is located within the interior of the curve (2.13). If & = ay, the segment is actually part
of one axis of the ellipse. Away from that segment, we can therefore always extend x;(z) as the root of
largest modulus to (3.1a), and since that root is necessarily simple®, it depends locally holomorphically
on z. The proof of Lemma 3.1 is thus complete. O

Remark 3.1. We observe from (3.1) that in the case o, = —ay, there holds k,(z) = 1/k¢(z) for any z
in the exterior O of the curve (2.13).

Specifying the relation (£ v); = zv; to the indices j > 2, we obtain:

ar (ap — 1)
2

a, (ar +1)

Vij>2
J =4, B

Vi1 + (1= af = 2) v + vj-1 =0,
and because the sequence v = (v;) ez belongs to ¢4(Z; C), with 1 < ¢ < 400, we obtain, thanks to Lemma
3.1, the expression: ‘

Vi>1, wvj=uvk(2)70,

Since k. (z) belongs to the unit disk D, the sequence (k,(2)?71);>1 has exponential decay and therefore
belongs to any of the spaces P(Z;C), 1 < p < co. Specifying now to the indices j < —1, we obtain in a
similar way:

Vji<0, wv;=uwke(2).

There now remains to determine whether we can find a nonzero pair (vg,v;) € C? such that, with the
sequence v = (vj)jez € €4(Z;C) defined by:
v Rp(2)770, i > 1,
v = .
T \womdz) . i <0,
then there holds (£ v)g = zvp and (£ v); = zv1, which would provide us with a nonzero solution to the

eigenvalue problem v = zv. Substituting the values of v and v_1 and collecting the terms, we find
that the eigenvalue problem . v = z v amounts to solving the 2 x 2 linear system:

e g | B

3The endpoints of the segment correspond precisely to the two values of z at which (3.1a) has a double root, the so-called
“glancing” points. These two glancing points lie here in the unit disk D since the Lax-Wendroff scheme is dissipative.
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Here we have used the relations (3.1a) and (3.1b) in order to simplify some coefficients of the linear system
(3.2) and also used the fact that x,(z) is nonzero. Up to the harmless nonzero factor ay /4, we are led
to study the so-called Lopatinskii determinant A associated with the linear system (3.2). Its expression
is explicitly given here by:

Alz)=1-0a2 + (Oég —am + (1 —ay) ﬁg(z)) (Oér — y — 1/;’(20‘)7“) ) (3.3)

If A(z) =0, then we can find a nonzero solution to (3.2), which means that we can find a nonzero solution
to the eigenvalue problem .Zv = zv. The converse is also true. We have therefore reduced, for z € O,
the eigenvalue problem for the operator £ to determining the zeroes of the function A.

Remark 3.2. In the symmetric case o, = —ay (and therefore k,(z2) = 1/k¢(z)), that is considered in
[15], the expression (3.3) of the Lopatinskii determinant reduces to:

Az) = (1 — ) (1= re(2) (1 + ar+ (1 — ) ke(2))

independently of the value of ay,. For z € O, we have k¢(z) € U so ke(z) can not equal 1. Hence, for
z € O, we have A(z) = 0 if and only if:

1+ ay
1—op’

Ke(z) =

Plugging this value in (3.1a), we obtain z =1 ¢ O, meaning that A does not vanish on 0. This spectral
stability result is independent of the convexity or concavity properties of the flux f.

We explain below how to analyze the general case of a convex (or concave) flux f. We summarize the
properties of the Lopatinskii determinant A in the following result. It is important to observe that the
first part of Lemma 3.2, namely the holomorphy properties of A is independent of f.

Lemma 3.2. Let the weak solution (2.2) satisfy the Rankine-Hugoniot relation (2.3) and the entropy
inequalities (2.4). Then under the condition (2.12) on the parameter X\, the Lopatinskii determinant A
defined in (3.3) is holomorphic on the open set:

ﬁU{CGC‘\Q>max(\/1fa§,\/1foz%>},

and A(1) = 0. Furthermore, if the flux f in (2.1) is either convex or concave, then A satisfies:
o A1) £0,
o A does not vanish on O.

The fact that A vanishes at 1 is associated with the presence of an eigenvalue at 1 for the operator .Z.
This is discussed in more details below (we refer to [27] for a general discussion on this fact). In the
terminology of [27, Definition 4.1], if the flux f is either convex or concave, the stationary discrete shock
profile (2.2) is thus spectrally stable since the non-vanishing of A on ¢ will imply that the spectrum of .&
is located within DU {1} (see the final argument below in Section 3.3 after our construction of the spatial
Green’s function).
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Proof of Lemma 3.2. The holomorphy of A follows from that of xy and s, ! as given in Lemma 3.1.

Indeed, ky is holomorphic on:
(C\{l—oa% —i—itoz“/l—a%’te [—1,1]},

and the segment that has to be excluded is contained in the closed ball B M(O) and within the
4
spectral curve (2.13). Arguing similarly with ; !, one sees that A is holomorphic on ¢ U {¢ € C|[¢| >

max(y/1 —a?,y/1—a2)}.

For the behavior of A at 1, we have:

1+ ap
1—ay

1+ ar
€U, ke(l)=- ta eD,

1— o,

re(1) =
and we thus compute A(1) = 0 (plug the above values at z = 1 in (3.3)). This proves the first part of

Lemma 3.2, which holds independently of the convexity or concavity of f.
Differentiating A with respect to z, we also get:

A'(1) = (1= ap) (1= am)ry(1) = (1+ om)

and the derivatives (1), x;.(1) are obtained by differentiating (3.1a) and (3.1b) and evaluating at z = 1:

1+ ap 1+,
/ 1) =— —— ! 1) =— .
’{f( ) ay (1 — Oég) ) /{r( ) a, (1 — 047")
We end up with the expression:
A1) = (I + o)1 — ) n (1 —ap)(1 4 am) . (3.4)

Qyp Oy

Let us from now on assume that the flux f is either convex or concave. The crucial consequence is
that we have a,, € [ay, ay], and we recall the entropy inequalities (2.4) as well as the stability restriction
(2.12). This implies that a,, belongs to the open interval (—1,1) and therefore A’(1) is the sum of two
negative quantities. It therefore does not vanish.

It remains to study the other possible zeroes of A and specifically to show that A does not vanish
on €. We are first going to expand the expression of A in (3.3). Because of the form of the dispersion
relations (3.1a) and (3.1b), we first write:

2—1+a§+Wg(z)

_ 2 212 201 _ 2
ke(z) = ol = 1) , Wiz)*=(—-140a))" +a; (1 —0ay),
z—1+a2+We(2) 9 2.9 9 9

r == ) r == -1 r r 1-—- r)o
Kr(2) (o —1) Wr(2)* = (2 +a7) 4+ o (1— o)

where we do not mind at this stage which square root should be picked for Wy(z) and W,(z). Plugging
these expressions for k¢(z) and k,(z) in (3.3), we obtain the expression:

apay Az) = 7%+ am(ag+ap) Z 4+ gy + (Z + amor ) We — (Z + amog) Wy — Wy W, (3.5)
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where here and from now on, we use the notation Z := z — 1 and we rather consider W, and W, as
functions of Z.

Let us now assume that z € & is a point where the Lopatinskii determinant A vanishes. Then (3.5)
provides us with an expression for the product W, W, which we can raise to the square (this is the reason
why we do not care at this stage about which square root should be preferred). Namely, we introduce the
polynomials:

QZ)=2Z+tam(+a) Z+par, P (2) =7+ ama,,

and we see from (3.5) that if A vanishes at z € &, then Z = z — 1 satisfies:

WeW, = Q(Z) +Pr(Z) Wi — Pe(Z) Wy
Squaring both left and right-hand sides, and then substituting the expression:

PHZ) Wi — Pl Z) Wy = W W, — Q(Z),
we obtain the relation:

2(Q =Py P)WeW, = WiIW2 4+ Q% + P2W7Z + P W2,
Expanding each side with respect to Z and simplyfing by the nonzero factor aya,., we obtain:
(1—a2)WW, = {1 + a2, + 2 g0, — 2 apm(ap + aT)} Z? + g (1—a2)(2Z +1).

Raising one last time to the square and collecting the various terms, we end up with the following
polynomial equation for Z:

72 (492 +282 + ) =0, (3.6)

with the parameters 5 and ~ being defined by:
B:=(1-a2) {(ag — ) — (g + o) — 204@047«)2} , (3.7)
v = (m — ar)(ap — ) (14 ey — am(ar + ay)) - (3.8)

Let us summarize where we are at this stage. We have shown that that if z € & is a point where
the Lopatinskii determinant A vanishes, then Z = z — 1 is a root of (3.6), with coefficients 3, ~ given by
(3.7)-(3.8). Since the function:

2
m € [, ] — (ap — a,)? — (am(ag +ay) — 20450@)

is concave, its minimum on the segment [a,, ] is attained either at ay or «, (that is, at one of the
endpoints) and this minimum is therefore necessarily positive. In other words, we have 5 > 0 for all
relevant values of a,, (let us recall that o, € [a,, ay] follows from the convexity or concavity of f).

In the cases o, = «a; or ay,,, = ay, the coefficient v vanishes. In these two extreme cases, it is clear
that all the roots of (3.6) are real. If a,, belongs to the open interval (o, ay), then 7 is also positive,
and we need to compute the discriminant of the second order factor in (3.6) in order to determine the
location of its two roots. Since 3 is positive, the discriminant has the same sign as the quantity®:

2
B—4y= ((Oég +oa)(1+a2)-2(1 +ozgar)am) >0.

4The key final argument is that the quantity 8 — 4+ can be explicitly factorized !
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This means that for ., € [a;, o], all the roots of (3.6) are real, which means that the only possible roots
of A in & are real.

To complete the proof of Lemma 3.2, we thus restrict to real values of the parameter z € &, that is
we consider either z € (—00,1—2a?) or z € (1,+00) (see Figure 3.1 for visualizing the set & NR). Let us
first consider the case z > 1, that is Z = z — 1 > 0 for which we have, with the standard determination
of the square root’:

Z+a§+\/Z2+2a%Z+az )_Z+a$—\/Z2+2a%Z+az

y Rr

Ke(z) =

ay (ap—1) ay (o — 1)

We then compute, for z > 1, the expression:

apar A(2) :Z2+am(ag+ar)Z+agar+(Z+ozma,n)\/Z2+2a%Z+a§

+(Z + amay) \/ZQ+2a;%Z+a,%+\/Z2+2a§Z+a§ V22 +2027Z + a2,
where we recall that ay, a,, and «, satisfy:
—1l<ao<a,<a<l, a<0<a.

The function A is real valued and smooth (that is, analytic) on [1, +00). It vanishes at 1, and its derivative
is given, for z > 1, by:

aﬂnéxazzz+ammp+my+¢2%+mﬁz+a§+v71+mﬂz+a2
7 + o2 Z+a
£ +(Z 4+ amay) > > =
¢Z%+mﬁz+ww V22 +2a27 + a2

+ (Z 4+ apay)

(3.9)

VZT+ 2027 + a2 \/Z2—|—204§Z+O¢(Z

+(Z +a?) + (Z +« .
HZen \/ZQ+2a§Z+Oz€ ! \/Z24r20622+042
For z > 1, we have Z > 0, and this implies:
Z+a? Z+a?

> oy,

> o,
le+mﬁz+wﬁ VZP+2aiZ+at "

which gives (deriving lower bounds for the above three blue terms in (3.9)), for z > 1:

apar A(2) > D(agm, Z) = am(ap + ap) + 2 ap || + \/Zz+2a§Z+a§+ V722 +2a2 7 4 a2
Z+a? Z +a?
£ (Z+amOé[
V72420l 2+ V222037 +aF
(3.10)

+ (Z 4+ apay)

®Since Z is now restrained to real values only, we shall only take square roots of positive real numbers.
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We now consider the quantity D(ayy,, Z) that is defined in (3.10) and try to show that it does not
vanish for oy, € [a,,ay] and Z > 0. This is shown by deriving a positive lower bound. Indeed, the
quantity D (o, Z) for ap o A’(2) is an affine function with respect to au, € [y, ay]. Its value is therefore
not smaller than its values at the endpoints of the interval [, ay]. For a,, = a., we compute:

D(a,, Z) :ag\aTHa?Jr\/ZQ+2a§Z+a§+\/Z2+2aZZ+a2

Z+a? Z+a?
+(Z 4+ a?) ¢ +(Z — agaw)) > > =
¢Z?+myz+ag V21222 + a2
Z +a?
> oy o | (1— \/ZQ+2042Z+042> +\/Zz+2a§Z+oz§+\/Z2+2a%Z+o¢2.
T T
>0

We thus obtain the (far from optimal but nevertheless sufficient !) uniform lower bound:
VZ>0, D(a,Z)>ap+|ay] >0,
and similar arguments lead to the analogous estimate:
VZ >0, D(a,Z)>ap+ o] >0.
For a,, € [a,, ay], we have thus obtained the lower bound:
Vz>1, apa, A(2) > ap+ oy >0,
which implies that A does not vanish on the open interval (1,400). (Let us recall that A vanishes at 1.)

It remains to examine the case z € (—oo,1 — 2a?), for which we now have Z < —2a? and we get the
expressions:

Z+a§—\/Z2+2a§Z+a§

oy (g — 1)

Z+a2+\/Z2+2027 + a2
ay (o — 1)

re(2) = , kr(2) =

Y

which yields:

ag o A(2) :Zz+am(ag+ar)2+aga,«—(Z—l—amar) \/Z2+2a?Z+a%

—(Z+ama,g)\/22+2a,%z+a$+\/ZQ+2a§Z+a§\/ZQ+2aZZ+a2.

Once again, the right-hand side of the latter equality, which we denote D(ay,, Z), is an affine function
with respect to a,, and we are going to derive a lower bound for either oy, = «; or a,, = ay, which will
give a lower bound for any value of a,, € [a;, ay|. For oy, = @ and Z < —2 a?, we have:

Dy, Z)=Z>+a?Z+ o0, Z

+(12—02) /22 + 202 2 + o + (2] + a¢|as]) VZ2 4 202 Z + 2

+\/Z2+204§Z+04§\/ZQ+2a%Z+a%—ag|aT].
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Recalling that a stands for the maximum of |a,.| and ay, we find that both functions:
Zv—s 72?420} Z+ o}, Zv— Z*+2a27+a?
are decreasing on (—oo, —2a?], and we thus derive the lower bounds:
VZ< 20", Z°+20a},Z+40f,>0f,.

Using these lower bounds in the expression of D(c., Z) leads to:

VZ < —-2a%, D(a,,Z)>Z°+a>Z +asla]|Z]

+\/Z2—|—2a§Z+a?\/ZZ+2a$Z+a2—ag\ar|
>7°4+ 027 >20%*12a° —a?) >2a">0.

Similar arguments lead to:

VZ<—-20%, D(ay,Z)>2a*>0,
and we have therefore proved that A(z) does not vanish on the interval z € (—oo,1 — 2a?]. In other
words, the Lopatinskii determinant A does not vanish on &. The conclusion of Lemma 3.2 follows. [

Lemma 3.2 has an immediate consequence regarding the solvability of the eigenvalue problem. The proof
is a straightforward application of all above results on the Lopatinskii determinant A.

Corollary 3.1. Let the flux f in (2.1) be either convex or concave. Let the weak solution (2.2) satisfy
the Rankine-Hugoniot relation (2.3) and the entropy inequalities (2.4). Then, under the CFL condition
(2.12), forany z € 0 and 1 < q < +o0, the only solution v € (1(Z; C) to the eigenvalue problem £ v = zv
is the zero sequence.

3.2 The spatial Green’s function

In this section, we intend to construct the so-called Green’s function, which amounts to inverting the
operator zId — 2. We have already seen that the Lopatinskii determinant A plays a crucial role in the
location of the eigenvalues of the operator .Z. We are going to show below that the condition A(z) # 0
is actually necessary and sufficient for a complex number z € % \ {1} to lie in the resolvent set of .. We
do not wish any longer to assume that the flux f is either convex or concave. We rather wish to deal more
generally with spectrally stable configurations. We shall therefore substitute Assumption 1 below in place
of the convexity (or concavity) assumption on f. In particular, there is now no obvious reason for the
parameter a,, in (2.9) to belong to the interval [, ay]. We make from now on the following assumption.

Assumption 1. The Lopatinskii determinant A in (3.3) associated with the discrete shock (2.7) satisfies:
. A(1) £0,
e A does not vanish on % \ {1}.

As we have seen in the proof of Lemma 3.2, the holomorphy of A on an open set that contains %
always holds as long as the CFL condition (2.12) is satisfied (the CFL condition (2.12) allows us to
define the modes k, ¢ by Lemma 3.1, and therefore the function A). The property A(1) = 0 also holds
independently of the convexity properties of f. Moreover, Lemma 3.2 shows that Assumption 1 is satisfied
whenever the flux f is either convex or concave. There is no real difficulty to generalize the analysis of the
previous Section in order to consider a slightly larger context than the sole case of a convex or concave
flux f. We can indeed extend Corollary 3.1 and obtain the following result.
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Corollary 3.2. Let the weak solution (2.2) satisfy the entropy inequalities (2.4). Let the parameter A
satisfy the CFL condition (2.12) and let Assumption 1 be satisfied. Then for any z € % \ {1} and
1 < q < 400, the only solution v € £1(Z;C) to the eigenvalue problem £ v = zv is the zero sequence.

For z in the resolvent set of the operator .Z, we denote by G/0(z) = (gjﬂ (z)) ; € (4(Z;C) the
j€
solution to the resolvent problem: '
(zId = 2)G°(z) = 0y, (3.11)

where 6, = (6,(j))jez stands for the discrete Dirac mass located at the index jo € Z. The following
result gives an explicit expression for the spatial Green’s function G/0(z) for 2 € % \ {1}. This makes
use of the fact that the Lopatinskii determinant does not vanish (which is the reason for Assumption 1).
Corollary 3.2 above shows that the solution to (3.11) is necessarily unique for z € 7% \ {1}.

Proposition 3.1. Let the weak solution (2.2) satisfy the entropy inequalities (2.4). Let the parameter A
satisfy the CFL condition (2.12) and let Assumption 1 be satisfied. Then for any z € % \ {1} and for
any jo € Z, there exists a unique solution G'°(z) € 4(Z;C) to the equation (3.11).

For jo > 1, this sequence G°(z) = (g§0(2)> ‘Z is explicitly given by:
jE

2(1—am) 1—o j e -
— L RY fqi<
NS KY(2)1790 ky(2)7, if j <0,

2(Ozg — o, + (1 —Oéf) ’W(Z)) u —Jjo j—
n a, A(2) ’ir(z)l 0 o (2)? !

o 2 (W(2) 0 sy ()7 — () ) L
GE= T T ) flsjsh (12

2 —am+ (1= ) Kel2) uyijo o (4yi-1
o AG) v(2) r(2)

2 (s (2)' 0 mp (2P~ = mp(2)) )

\ ar(1—ap)(kit(2) = kr(2))

if 7 > jo,
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and for jo <0, G(z) is explicitly given by:

(2(1+ am)

NG RO ifj > 1,

Oy — Oy, — o7 /ﬁrzil s .
2o )

2 (k¢ (2) 7 ke(2)? — K (2)7770)

Gl°(2) = T a0 —a)(mz) — REz) <=0, (3.13)
Qp — Qlyy — fo7% KTZ_l _ ;
2arman =0 )G oy
L2 () k()T = (2P ) i<

(1 — ap)(ke(2) — k¥ (2))

The result of Proposition 3.1 is independent of the space (4(Z,C) that is considered since for any jg € Z
and z € % \ {1}, the sequence G’ (z) belongs to the intersection of all spaces ¢*(Z,C), p € [1,+oo] (it
has exponential decay at infinity with respect to j).

Proof of Proposition 3.1. We shall give the proof of Proposition 3.1 in the case a,, # 1. This assumption
is used below to rewrite the second order scalar recurrence relation (3.11) as a first order recurrence
relation for a vector Vjiq in terms of V;. In the case ay, = 1, which is left to the interested reader,
one should rather write a first order recurrence relation for a vector V;_; in terms of Vj, that is, going
backwards.

Let us, for a moment, consider the slightly more general problem where we let h = (h;);cz be a given
sequence in ¢9(Z,C) and take z € % \ {1}. We then wish to construct a solution v(z) € ¢4(Z;C) to the
resolvent equation:

(zId— Z)v(z) = h.

To do so, we first introduce the augmented vectors

ViezZ, ‘G(z):z(%}?éi?)é(ﬂ, and Hj::<}(3j)€@2.

Using the definition of .Z, we obtain that

Vit1(z) = My (2)Vj(2) + AcHj, =2,

Vit1(2) = Me(2)Vj(2) + AHj,  j < -1, (3.14)
Vo(z) = My 1 (2)Vi(2) + ArHy,

Vi(z) = Mi,0(2)Vo(z) + Apm Ho,

where the above matrices in (3.14) are defined as

0 1 0 0
Mp(2):= [ 1+ 20—aj—2) |, Agp:= 0 2 . ke{r/t},
1—ar  ap(l—ag) ak(l — ag)
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and®

0 1
Moi(2) = | ae(1+ ) 2=y +am) —22 |,
ar(1—ap) ar(1—ay)
0 1
Mig(z) := | ae(l+ap) 2—aylog+am)—22 |,
ar(1—am) ar(1 = apy)
0 0
Ay = 0 2
ar(1— ap)

Keeping the notation of Lemma 3.1, we denote, for z € % \ {1}, by k.(z) € D and x%(z) € %
the two eigenvalues of M,.(z) (these are the roots of the dispersion relation (3.1b)), while we denote by
ke(z) € % and kjf(z) € D the two eigenvalues of My(z) (these are the roots of the dispersion relation
(3.1a)). Upon denoting II,’/(2) the corresponding stable/unstable spectral projections together with
E;’; (2) the associated eigenspaces, we have that”:

C* =Ei(x) ®E{(2), ke {r(},

with E;(z) := Span <ﬂkiz)) , Ej(2) :== Span <n};1(z)) - Rt

Integrating the stable and unstable parts in (3.14), we have that

L (2)Vj(2) = = >y (2) " P IL(2)ArHyp,

Vj>2, i1 (3.15)
I (2)Vj(2) = re(2) 2T (2)Va(2) + ) mp(2)/ PN I (2) A Hy,
p=2
from which we already deduce that
I (2 Z KY(2) TP I (2) Ay oy
On the other hand, we get
ZK/Z p]._.[e AKH] —p—1;
vj<O0, 1 (3.16)
I7(2)Vj(2) = ke(2) TG (2)Vo(2) = Y we(2)P T3 (2)ArHj—p1,
p=j

5The definition of M ,0(2) and of A, ,, uses the assumption «a,, # 1.
"It should be kept in mind that the stable eigenvalue for the “right” state is k,.(z) € D since it corresponds to the dynamics
for j > 1, while the stable eigenvalue for the “left” state is k¢(z) € % since it corresponds to the dynamics for j < 0.
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such that N
I (2)Vo(2) = 3 k()P T (=) A Hp 1.
p=0

We notice that both vectors II3(2)Va(z) and 1I3(2)Vy(z) still need to be determined, and if we are able to
do so, then we shall have a solution to (3.14) at our disposal. First, we use the remaining two equations
in (3.14) to obtain that

Va(z) = Mo 1(2)Mi0(2)Vo(z) + Mo 1 (2)A, m Ho + Ay Hy,

which we write instead as:

117 (2) Va(2) — Mg 1 (2)My 0(2)11;(2) Vo (2)
= M1 (=M o(2) T} (2)Vol2) — TE2(2)Va(2) + Mo (2) A Hlo + A

Upon writing

M(Va(2) = a(2) Br() Bi(e) = (1<>> ’
eC

and

() = wole) B B = (1))
eC

with the vector (x2(2), xo(2)) € C? still to be determined, we have that

() ~ Mo (M (V) = (B3) M Mao(2)E3) (2). 3an
= B(2) € #>(C)

We thus obtain the last two relations:

x2(2) = €1 B(2) ™! (Miz,1(2)Mu,0(2)I1 (2) Vo (2) — I} (2)Va(2) + Ma,1(2)Ar i Ho + A Hi)
Xo(2) = 4 B(2) ™" (M1 (2)Mi0(2)IT} (2)Vo(2) — 11 (2)Va(2) + M1 (2)Avm Ho + A Hi)

with (e1,e2) the canonical basis of C2, at least as long as the matrix B(z) € .#5(C) in (3.17) is invertible.
The invertibility property of the matrix B(z) is summarized in the following result which is a mere
consequence of the analysis in the previous Section and of Assumption 1.

Lemma 3.3. Let the parameter A satisfy the CFL condition (2.12) and let Assumption 1 be satisfied.
Then, for any z € % \ {1}, the matriz B(z) defined in (3.17) is invertible and its determinant A(z)
satisfies:

e\, AG) = - ),

32



with A(z) the Lopatinskii determinant given in (3.3). Moreover, the matriz B(2) is given for = € % \ {1}

by:
. 1 bl(Z)
B(=) = (HT(Z) 52(2)> ’
ap re(2) (ap — am + (1 — ap) ke(2))

ar (1 — aup)
agke(z) (ar (1= a2) = (2(z = 1) + ar(or + am)) (g — am + (1 — o) K4(2)))
af (1—op) (1 — o) '

)

with b (Z) = —

bQ(Z) = —

We omit the proof of Lemma 3.3, which is a mere algebra exercise that uses the definition of the
matrices My 1(2), Mjo(z) and the dispersion relations (3.1). The above methodology shows how to
construct a solution v(z) to the resolvent equation for any source term h and z € % \ {1}. From
Corollary 3.2, we know that the solution to the resolvent equation is necessarily unique in ¢4(Z;C) for
any z € % \ {1} since the eigenvalue problem does not have any nontrivial solution®. We are now going
to specify the above calculations to the case h = 4, (the discrete Dirac mass located at jo € Z) and
therefore derive the expression of the spatial Green’s function G7°(z). We split the calculations according
to the location of jy with respect to the discontinuity in the discrete shock u.

Let us recall that we denote by G/0(z) = (QJJ:O (z)) € 01(Z, C) the solution to the resolvent equation:
j€

(zId — £) G (2) = 6, .

This solution exists and is unique for any 2 € % \ {1}. We also introduce the corresponding augmented
vectors

. ~ G (2) ; ( 0 >
VieZ, G(z):= i-1 C? d HP .= . C2.
jes 0 <gﬂ@>€ s A AO DA

Case I: jyo > 2. We first recall that for j > 2 we have

I (2) G2 (2 ZKJ )T (2)ACHT

which yields two cases:

e if 2 < j < jy then A o
I (2)G(2) = =} () I ) v

o if 7 > jg then '
HZf(z)Gj-O (z) =0.

Next, for j < 0, we readily get that

GJO Z /ie p HZ AEH]O 1= 0.

8Let us recall that the existence of a nontrivial solution to the eigenvalue problem £ v = z v is equivalent to A(z) =0,
which is precluded for z € % \ {1} by Assumption 1.
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Using the above results, we deduce that

M1 (2)M0(2)IIE(2)GY (2) — I (2) G (2) + Mot (2) Ay HYY + A HJ® = —11%(2)GY ()
= K(2) I (2) A,

which implies that (the matrix B(z) is invertible for z € % \ {1} by Lemma 3.3):

I3 (2)G3 (2) = k' (2) 79 [e) B(z) 'L (2)Aez] B3 (2)

r

HZ(Z)G%O (z) = /ﬁ;“(z)l_jo [62 B(z)~ IHU(Z)ATGQ] Ej(z).

T

Now, for 7 > 2, we observe that
I13(2) G2 (2) = kp(2)) 2 T13(2)GY (2 +ZHT )P (2) A, HI,

which yields two cases:
o if 2 < j < jg then
I13(2)G7 (2) = ki (2)) 2 k3 (2) 70 [ef B(2) 'L (2) Aves] E(2);
o if 5 > jp then

03 (2) G20 (2) = ron(2) 72 K2 (2) 90 [e B2) T I (2)Asen] B3 (2) + ()90 TI(2) A,

Finally, for j < 0, we have

-1
I (2)GP° (2) = ke(2)? T (2) G (2 Z"% (2)PII} (2) A HP

= /{g(z)j Hj(z)G%O(z) = Hg(z)j mg(z)l_]o [eéB(z)_IHg(z)Areg} Ej(z).

As a consequence, summarizing the above results, we have obtained for jy > 2 that

K (2)772 KY(2)1700 [ef B(2) 1% (2)Ares| ES(z) + (,2)7‘*].0*1 I3 (2)A, Eo, J > Jo,

G0 (2) = (2P =2 K(2)1 90 (el B(2) (=) A, ez] 7 (2) — w7 (2)) 70T LY (2) Ar En, 2 <5 < Jo,
g ki (2) 1790 [eh B(z) I (2)A ez} M o(2) E; (2), ji=1,
ke(2)? KE(2)100 [ef B(2) THIE(2) A, eg] Eg( z), Jj<0.

To recover the expression for the spatial Green’s function Q;-.O(z), one just notes that
G°(2) = 4 G (2),
meaning that gjfo (z) € C is the second coordinate in the vector Ggo(z) € C2. Further computations give

2 kr(2)
ar(l = ar)(kr(2) = K1(2))

2K(2)
ar(l— an)(w2() = k()

LIT5(2) Ayes = LI (2)A s =
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and

2
ar(1—ar)A(z)

t (N —Lpyu _ 2 (ba(2) — bi(2)k7 (2)) t (o —lT7u _
et B(z) I (2)Arer = ar(l = or)A(2)(K1(2) — kr(2)) B G =

This yields for jy > 2 that

J=1 e ( 5)1=do 2(1)2(2) _bl( ) 7"( ))
Fr(2y T () (- A A KE ) — 5o (3)

ar(1 = o) (kr(2) — KE(2))

. (Z)jfl Hu(z)17j0 2 (ba2(z) — b1(z )F#( )
gjO(Z) _ " " o ar (1 — OCT)ZA(Z)(F#(Z) — kr(2))
P = e () - )

2 (« (1—1—045)4—/@@( )(2 — ap(ay + o) — 22)) i—1
af(l— a,,)(l ) A(2) ’ ’

+I€T(Z)J_]O

J > Jjo,

—K

<

Kt (z)1

ke(2) 1 KU (2)1do
\ €( ) r( ) ar(l—ar)A(Z)7

Next, we remark two points (by using Lemma 3.3):

2 (ou(1 + ap) + Ke(2)(2 — aulap + am) — 22)) 2b1(2)

2(1 — ay)(1 — am)A(2) T ar(l—a)A(z)

and
2 (ba(z) = bi(2)kk(2)) _ 2b1(2) N 2
ar(l = ar)A(2)(K}(2) = K (2)) ar(l—ar)A(2)  ap(l —an) (k3 (2) — Kr(2))

so that the above expressions for gij(z) simplify to

( e ()1 ()1 201(2) 2 (kr(2) T RE(2)1 0 — Ky (2)7700) S
r( ) r( ) O‘r(12b02r))A(z) + ) ( a(r()ljlaz)(( )1( ) K ((Z))) )7 J > Jos
gioz = — ko (2)I71 () 1=do 1z ke(2))70 R 90 — gl(z) o . .
J ( ) ’V‘( )J' r( ) J ar(lgar)A(z) Oér(].—Oé)( ( )—Iﬂlr(z)) ; 1§] S]Oa
\ rp(2) gt ()70 o —or)A()’ j<o.

To conclude the analysis of this first case (jo > 2), we recall the expression of the coefficient b;(z) and
the link between the determinant A(z) of B(z) and the Lopatinskii determinant A(z) (see Lemma 3.3).
This gives, for any jp > 2, the expression (3.12) for g;o (z) as given in Proposition 3.1.

Case II: jo = 1. We directly notice that for j > 2 we have

I (2 ZH PN (2)AH) L, = 0,
together with
Vji<o0, Z’W (2)P I} (2)AcH] | = 0.
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Using the above two results, we deduce that
Mo 1 (2)My o(2)IT§(2)GY(2) — TT4(2)GS(2) + Ma 1 (2) Ay Hy + A H = Ayes,
which implies that
3(2) = [e4 B() " Aves] B2 (2),
I3 (2)Go(2) = [e5 B(2) " Aves] Ej(2).

Now, for 7 > 2, we get that

j—1
[3(2)Gj(2) = kr(2) 2I(2)G3(2) + Y ez P I (2)ArHy = k(2 211 (2)G3(2)
p=2

= kp(2)772 el IB%(z)*lAreg] E(2).
Finally, for 7 <0, we have

-1
113 (2)G(2) = re(2)! TG (2) G (2) — Z ke(2)P TG (2)AcH [,y = re(2) T (2) Gy (2)

= ky(z)’ [eh B(z)_lAreg] Ej(z).
As a consequence, when jy = 1, the spatial Green’s function reads (in vector form):

) = HT(Z)J:*Q [ef B(z) 'Ares] ES(2), j>2,
Gjl( )= { ke(2)7 [eh Bl(z)_lAreg] Ej(2), j <0.

Retaining only the second coordinate in each vector (or the first for j = 2, which gives the expression of
G1(z)), we obtain the expressions:

—hep(2)i

Gl(z) = ar(l—ar)A(z)’
’ k(27 =

ar(1 —a,)A(z)’

The expression (3.12) (with jo = 1) for g]l(z) as given in Proposition 3.1 follows from the expression of
b1(z) and of the determinant A(z), see Lemma 3.3.

Case III: jo = 0. We now feel free to shorten some details of the computations since many steps in
Case III are similar to those in Case II (jo = 1). Since the Dirac mass is located at jo = 0, we have
H}f(z)Gg(z) =0 for j > 2 and H%(Z)G?(z) = 0 for 7 < 0. Using these two facts, we deduce that

M 1 (2)My 0(2)TY(2)GY(2) — TTU(2)GY(2) + Mo 1 (2) A HY 4 Ay HY = Mip 1 (2) Ay me2,

which implies that



Now, for j > 2, we get that
Hi(z)Gg(z) = k()72 G B(z)_1M271(z)Ar7me2] Ei(2).
and for j < 0, we have
H;(Z)G?(z) = w(z)j [eg B(Z)_1M271(Z)Ar7meg] Ej(2).
At this stage, the spatial Green’s function (in vector form) for jo = 0 reads:

GY(z) —{ KT(Z)].; [eﬁIB%( ) 1M1 (2 )Ar,mGZ] E5(2), j>2,
! ke(2)? [ B(2) ™Mo (2)Armes] Ef(2),  j <O0.

We compute the expressions:

¢ _ B 2 2(1 = 2) — ap(ar + am)

el B(Z) 1M2,1(Z)A7’7m62 - OZT»(]. . Oém)A(Z) <b2(2) - bl (Z) O[T<1 _ O[T) > ’
t B! B o — 2 _ 2(1 —2) — ap(ay + )
LB M (Mhames = ey (et + MRl ).

Looking at either the first or second coordinate of the vector Gg(z) for j > 2, we obtain the expression of
g;? (z) for any j > 1. Looking then at the second coordinate of G?(z) for 7 < 0, we obtain the expression
of g?(z) for any j < 0. In the end, we obtain that for jo = 0, the Green’s function reads:

Fop(2)I71 2 (o 20— 2) — a4 o)
POT a““‘?ﬁA@)(“() el ). =t

AV 41 k(2 — Z) — OOy Qm 7

o(z)’ ar(1 — am)A(2) ( (2) + (1 —a) > ji<0

The expression of Q?(z) for j > 1 is then simplified one last time by using the expressions of b1(z) and
ba(z) in Lemma 3.3 and by using the relation between A(z) and A(z), while the expression of g?(z) for
j < 0 is simplified by using the dispersion relation (3.1b) as well as the relation between A(z) and A(z).
We are then led to the expression (3.13) (with jo = 0) of g?(z) given in Proposition 3.1.

Case IV: jo < —1. We directly notice that we have H?(Z)G;O(z) = 0 for j > 2, while for 7 < 0 the
expression

2)GP (2 Zne P (2)AHY

gives two cases:

o if jo < 7 <0 then o
I} (2)GY (2) = wif (20 I (2) Ages;

° lf] < j(] then )
I} (2)G%(2) = 0.
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Now, using the above results, we deduce that

Mia,1 (2)M1,0(2)IT (2)GY (2) — TI4(2)GP (2) + Miz1 (2) Ay HY® + Ay HY®

= M1 (2)Mi10(2)IT§(2) G (2) = K} (2) 707 Mig,1 (2)Mi1,0(2)IT} (2) Ages,

which implies that

Now, for j > 2, we observe that
I3 (2)G9 () = ki (2)) 2 T0(2)GY (2)
= fir(2)) 72w (2) 071 [e] B(2) T Mia,1 (2)Mi o (2)TT (2) Agea] B (2).

Finally, for 7 <0, we have

-1

[13(2)GY (2) = re(2) ()G (2) = Y we(2)P Wi (2)AHT

p=j
which yields two cases:
° lf] < j() then
I} (2)G2 (2) = ke(2) ki (2) 70" [eh B(2) Mg 1 (2)Miy0(2)TT¢ (2) Ages] E (2)
— kp(2) IO (2) Ages;
e if jo < j < —1 then
I (2)G2 (2) = ke(2)! K (2) 707" [eh B(2) ™ Mg, (2)M o(2)TTf (2)Agen] B (2).
As a consequence, summarizing the above results, we have obtained for jo < —1 that

Rr(2)7 72 Kt (2) 707! [ef BSZ)I_le,l(Z)Ml,o(z)n?(z)Aeeﬂ Ei(z), j=>2,

. re(z ) i (z)770 1 [e B(z)" Mz Z)MLQ(Z)H}L(Z)AgeQ] Ej(2)
G;O(z) = (Z)] jo= 1Hu( )Ageg, jO <] < O7
ke(z ) §(2) 7071 [eh B(2) ' Ma,1(2)Mio(2)IT} (2)Ases] Ej(2)
—m(z)J Jo= 1H£(Z)Ag62, 7 < jo.

For later use, we introduce the notation:

M (o) = (101 ).

ms(z)
We then compute:
2 re(2)
(1 — o) (ke(z) — kY (2))
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eb 15 (2) Ages = ag(l — o) (K (2) — Ke(2))

eg Hg (Z)Ageg =

(3.18)



as well as
2 (ba(2) (1 (2) + K (2)ma(2)) = br(2)(ms(2) + kg (2)ma(2) )
(1= a) AR (2) = al2) /
2 (= ke(2) (i (2) + K} (2)ma(2)) + ma(2) + g (2)maz) )
ap(l = ag)A(2)(ky(2) — Ke(2))
Looking at either the first or second coordinate of the vector G] %(z) for j > 2, we obtain the expression
of ggo( z) for any index j > 1:

e’i E(Z)ilel (Z)ML[)(Z)HEL(Z)AZGQ =

eg E(Z)ilel (Z)ML[)(Z)HEL(Z)AZGQ =

2(ba(2) (ma (2) + K (2)ma(2)) = b1 (=) (ms(2) + KE (2)ma(2)))
ar(l = ag)A(z) (k] (2) — re(2)) '
Because of the definition of the matrix B(z), we have the relations:
m1(2) + K (2)ma(z) = —bi(2) + (k(2) — ke(2)) ma(z),
m3(2) + ki (2)ma(z) = —ba(2) + (ki (2) — ke(2)) ma(z),

GI(2) = Ry (2P wf(2) 90

from which we deduce:

, do N _ ie1 g n—jo—1 2 (b2(2)ma(z) — bi(2)ma(2))
Vi>1, G°(2)=re(z) " Rp(2) ool = ap)A () :

and we now use the relations:
b1(z) = —mi(2) — ke(2)ma(z),  b2(2) = —ma(2) — Ke(2)ma(2), (3.19)
to further simplify the expression of Qjo(z), j > 1, into:

do(y J=1 g y—jo—1 2 (ma(z)ma(2) — ma(z)ms(2))
GI(2) = e (Y E(2) e s
—jo—1 2 det MZ,l( ) det M; O(Z)
ap(l — ap)A(2)
2a40(1 4+ ay) (1 4 am)
21— ar) (1 — an)(1 — ar)A(E)

=rir(2)) 71 K (2)

=rir(2) T wf(2) 07

To obtain the expression (3.13) of G%°(z) for jo < —1 and j > 1, it only remains to use the relation
ke(2) ki (2) = —(1 + ap)/(1 — o) (see (3.1a)), and the link between the determinant A(z) of B(z) and
A(z) (Lemma 3.3).

The only remaining task is to derive the expression (3.13) of gij(z) for jo < —1 and 7 < 0. We go
back to (3.18) and retain the second coordinate of the vector G?O(z) for j < 0. We obtain:

Ko(2)T 1 kY () ~do1 2 (=£r(2)(mai(2) + mz(z)mg(z)u) +ma(z) + kP (2)ma(2))
2 ()i~ ar(l = ag)A(z) (kg (2) — re(2))
G (2) = T = a) (W (2) — ra(2)) ) u jo<ij<0,
’ ke(2)I T kY (z) 0L 2 (—#r(2)(ma(z) + K7 (2)ma(2)) + ms(z) + £y (2)ma(z))
o e a1 — ag) AR) (v (2) — re(2))
ky(z)I—90 o
\ +ag(1 — Ozg)(/ﬁ}‘(z) — I{E(z))’ J < Jo-
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Recalling the relations (3.19), we get:
—rr(2)(ma(2) + K{ (2)ma(2)) + m3(2) + kg (2)ma(z) = (5 (2) — Ke(2))(Ma(z) = ke (2) ma(2)) — A(2),

and this simplifies the expression of gjO(z) into:

1 2(my(2) — kr(2)ma(2))
re(2)7 T K (2) 707! ol —anAlz
et E PO
gﬂfo () = ap(l — ag)(/#;(z) — Kke(2)) ’ -
! Hg(z)jJFl H“(z)fjofl 2 (m4(f1 — Hrgz)m;(z )
ap(1 — ay) Az
2(ke(2)7 770 = ko) Kk (2) 07T s
e A= a) (W) — i) s

It turns out that we can slightly modify the above expression as follows. Using the expressions:

A(z) =ba(2) = £r(2) bi(2) = kr(2) ma(2) — m3(2) + Ke(2) (K7 (2) ma(2) —ma(2)),

mi(z) = m , mg(z) = _a2(104_£(;r‘)i‘(?e_) ) 2(z—=1) + ap(ar + am)),

we notice that

1 my(2) — Ke(2)ma(z) _ 1
ky(z)  ap(l —ap)A(z) ar(1 4 ap)A(z)
= ! + ! (—m (2) +
ar(14+ o)  ar(l —am)A(2) "
1 n ar — y — (1 + ) kp(2) 71
ap(l — ap)ke(2)K}(2) ar(1 —ap)(1 — am)A(2)

(=A(2) + Kr(2)ma(z) — m3(2))

2(1 — 2) — ap(ay + )
ar(l—ay) )

We end up with the following expression

2k(2)T RY(2) 0
ar(1—a)(1 = o) A(2)
2(ke(2)? ™70 — k(2

(O‘r —am — (1+ay) “r(z)_l)

)j ,{%(z)—jo)

io ap(l — ap)(K¥(2) — Kke(z ’ =
Gj'(2) = QKK(Z)JZJSl%?(Z%)_(jOZ( )(a _L}(a)) — (1 +ap) ke (2)7Y)
ozr(l - O[Tzi(l _]—O;gn)A(Z) J Tu Tjjo o
2(k(z) — re(2)’ Kj(2) 70 jo<j<Oo.

( ag(l —ag)(kj(z) = re(2))

We then use the expression of A(z) given in Lemma 3.3 and derive the expression (3.13) of g?(z) given
in Proposition 3.1 (for jo < —1 and j < 0). The proof of Proposition 3.1 is therefore complete. O

The expression of the spatial Green’s function given in Proposition 3.1 gives us in a straightforward
way the following estimates away from the point 1. From inspection of the expressions (3.12) and (3.13),
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it is useful to introduce a tiny modification of the spatial Green’s function that we define as follows. For
any couple of integers (jo,j) € Z2, we define the following function:

GP() + e i’igg_ — f15i<
R e oo HAELEE
HE =00 + ey 1RSI0 o
R eere MR
Gl (2), otherwise.

Under the assumptions made in Proposition 3.1, Proposition 3.1 and Lemma 3.1 show that 5;.'0 is well-

defined on % \ {1}. Furthermore, this function is holomorphic on % and can be holomorphically extended
in the neighborhood of any point of S! \ {1}. The interest for defining this reduced function GJ° will be
made clear in Chapter 4. Our result is the following.

Corollary 3.3. Let the weak solution (2.2) satisfy the entropy inequalities (2.4). Let the parameter \
satisfy the CFL condition (2.12) and let Assumption 1 be satisfied. Then for any e, > 0, there exist
constants n, >0, C > 0 and ¢ > 0 such that, if we define the set:

Zem = {CeCle™™ < [(| <2} \ {(=¢"€C|T e B, (0)}, (3.21)

then, for any couple (j,jo) € Z2, the function Jgo defined in (3.20) depends holomorphically on z on
Zz, n. and it satisfies the uniform bound:

Vi€ %y, Y(jod) €2, |GP()| < C exp(—c (il + i)

The region Z¢, ,, is schematically depicted in Figure 3.2.

Proof of Corollary 3.3. The proof of Corollary 3.3 directly follows from the expressions (3.12) and (3.13)
and the definition (3.20). Indeed, let ¢, > 0 be given. Then the set:

{¢eCl1 < ¢l <2}\{¢(=e"€C|TeB,(0)},

is a compact subset of & and also of % \ {1}. Moreover, thanks to Assumption 1, we know that the
Lopatinskii determinant A does not vanish on that set. Lemma 3.1 also shows that the dispersion
relation (3.1a), resp. (3.1b), has two distinct roots x, and s}, resp. s, and s, for any z in that set. By
using Lemma 3.1 (for the holomorphy properties of the roots of (3.1a) and (3.1b)), Lemma 3.2 (for the
holomorphy properties of A) and Assumption 1, we can thus choose some 7, > 0 such that:

e the set 27, ,, defined in (3.21) is a compact subset of & so that A is holomorphic on 2%, ,,,
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Figure 3.2: The region 27, ,, (in red) of Corollary 3.3. In grey: the set {( =e™ € C|7 € B.,(0)}. In blue: the
unit circle S.

o ry(2), Ky (2) belong to %, rky(2),k}(z) belong to D for any z € 2, ,, and those four functions
depend holomorphically on z on 2

*9Tx 2

o ry(2) is different from x(2), resp. k,(z) is different from x}(z), for any z € 2 ,,,

e A is holomorphic and does not vanish on 27, ,, .

All the above properties imply that for any couple (7, j0) € Z?, the function C?;:O defined in (3.20) extends
to a holomorphic function on Z¢, ,, .

We now consider jo > 1 and look at the expression (3.12) for the spatial Green’s function and the
definition (3.20) for gjo (2). Since Z;, ,, is compact, we can find some constants C' such that for any
z € 2, n,, there holds:

C ()7 [ke(2)l7, if j <0,
G0 (2)] <
Clef ()7 (), if j > 1.
It remains to use uniform lower or upper bounds:
kr(2)] = €7, fre(2)] 2 €7, [re(2)] < €7°,

with a uniform constant ¢ > 0, and the conclusion of Corollary 3.3 follows in the case jo > 1. The case
Jo < 0 follows from similar arguments by using the expression (3.13) for the spatial Green’s function and
the definition (3.20) for Gi°(z). O
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3.3 Spectral stability. Proof of Theorem 2.3

This short paragraph is devoted to the proof of Theorem 2.3 (which is a more general version of Theorem
2.2) using all above ingredients, that is our analysis of the Lopatinskii determinant and the construction
of the spatial Green’s function for z € % \ {1}.

We shall only give the proof of Theorem 2.3 and leave the analogous analysis for either convex or
concave fluxes to the interested reader. Let us first quickly show that 1 is an eigenvalue of .Z, which is
reminiscent of the fact that the Lopatinskii determinant vanishes at 1 (Lemma 3.2), see [15, 5, 14, 28, 27].
The fact that 1 is an eigenvalue for . was already proven in [28, Theorem 2.3]. We just reproduce a
proof here, with our notation, for the sake of completeness.

We consider the expressions (3.12) and (3.13) of the spatial Green’s function. Since A vanishes at 1,
these expressions incorporate a (simple) pole at z = 1. We thus introduce the sequence (H;); ez that is
defined by: ‘

Hj = lim (=~ 1) G (2),

and whose precise expression is given by:

21— am)

O[[A/(l)
", = (3.22)
2(14 am)

a, A'(1)

ke(1)?, ifj <0,

re(D77Y iG> 1,

the expression being independent of j, € Z. The sequence given in (3.22) is nonzero and it belongs to
any ((7Z;C) since it has exponential decay at infinity (recall that x,(1) belongs to D and (1) belongs
to % ). It is also a mere algebra exercise to verify that the sequence given in (3.22) belongs to the kernel
of the operator Id — .Z, as expected from the above formal analysis. This means that 1 is an eigenvalue
for . in any ¢4(Z;C).

Let us now show that the set? % \ {1} lies in the resolvent set for .#. We consider h € ¢4(Z;C) and
we wish to construct a solution in ¢4(Z;C) to the resolvent equation:

(z1d = Z)v(z) = h. (3.23)

The solution will necessarily be unique because of Corollary 3.2. For z € % \ {1} and j € Z, we define:

vi(2) = D GP(2) hyy

JoEZ

with gjfo (2) given in Proposition 3.1. Let us first show that the sequence v(z) = (v;(2));ez thus defined

belongs indeed to £4(Z; C). The arguments below are given for a fixed 2 € % \ {1} and the constants may
depend on z. From the expressions (3.12), (3.13) and using Lemma 3.1 and Assumption 1, we obtain
bounds of the form:

V(iod) €22, |G(2)] < Cx exp(—e (1j] + Ljol)) + C= exp(—c: i = jol)

9In the case of a convex or concave flux, one can show that the whole set & lies in the resolvent set of . since the
Lopatinskii determinant A does not vanish on ¢ and Proposition 3.1 extends to any z € ¢ in that case.
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Figure 3.3: An example of flux f that yields spectrally unstable shock profiles. The graph of the flux is depicted in
blue and the chord between u, = —1 and ug = +1 is depicted in red. The Rankine-Hugoniot condition (2.3) and
Oleinik’s entropy condition are satisfied.

with positive constants C, ¢, that may depend on z but that do not depend on (jp,j). Applying either
the Holder or the Young inequality, we obtain that the above defined sequence v(z) := (vj(z));jez belongs
to ¢9(Z;C). It is then a mere exercise to verify that v(z) is a solution to the resolvent equation (3.23)
(this is rather easy in this framework since .Z involves a finite stencil). We have thus shown that any
point z € % \ {1} belongs to the resolvent set of ., which completes the proof of Theorem 2.3.

3.4 Instability cases

This whole article will be devoted to stable discrete shock profiles, but let us just take a little time to
discuss two unstable cases, just to show that spectral instabilities may occur. We go back to the expression
(3.3) of the Lopatinskii determinant. As explained in Remark 3.2, in the symmetric case f'(ug) = —f’(uy),
the Lopatinskii determinant A is independent of the mid-point derivative f’((ug + u,)/2) and spectral
stability!? always holds.

Let us therefore assume from now on f’(us) # —f'(u,) so that one has ay + o, # 0. We first go back
to the expression (3.4) of the derivative A’'(1). We observe from this expression that A’(1) can be zero if

Q,y, is given by: Lo
ap — oy oy

O = . (3.24)

Oég+0[r

This gives for instance the value a,, = 13/3 in the case (ay, ) = (1/3,—2/3). The case A'(1) = 0 is
a weak form of instability that we do not study here but that can be achieved with a non-convex flux

108pectral stability means here that Assumption 1 is satisfied.
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function f. An example of such a function f is depicted in Figure 3.3 with the choice u, = —1, uy = +1
and f(u,) = f(ug) = 1 so that the Rankine-Hugoniot condition (2.3) is satisfied. The entropy inequalities
(2.4) are also satisfied and we can choose the CFL parameter A sufficiently small in such a way that the
condition (2.12) is met. We can then tune the “small amplitude” oscillations near the origin in such a
way that the derivative f’(0) satisfies (3.24) (recall the relation a,, = A f'(0), see (2.9)) and the graph of
f between —1 and 1 lies below the horizontal chord of height 1. This means that not only the Lax shock
entropy inequalities (2.4) are satisfied but also Oleinik’s entropy condition which is stronger, see [12, 26].

A more severe instability scenario corresponds to finding a root of A in the instability region % . For
concreteness, we still assume that the end points of the shock are u, = —1, up = +1, that the flux f
satisfies f(u,) = f(u¢) = 1, f'(u,) = =2 f'(ug) and that the parameter A has been chosen in such a way
that (ay, a,) = (1/3,—2/3). We then compute:

13 —3v21

ke(2) = =5 —3V3, K (2) = o

We then see on the expression (3.3) that A vanishes at z = 2 € % provided that we have!l:

3 V21 7 V21
m <2+2f—2> =5 +3 <\/§+xﬁ+2>.

Once again, this can be achieved by tuning small amplitude oscillations near the origin to have the desired
value for f/(0), as shown in Figure 3.3. Spectral instabilities may therefore occur for stationary shock
profiles of the Lax-Wendroff scheme even though Oleinik’s entropy condition is satisfied.

3.5 Decomposing the spatial Green’s function

The detailed expression of the spatial Green’s function (QJJ;O (2))jez is given in Proposition 3.1. For later

use, we need to decompose the expression of ng(z) by isolating several parts in it and specifically its
singular behavior near z = 1. A convenient way to do so is to introduce yet two other Green’s functions
which correspond to that of the Lax-Wendroff scheme for a constant coefficient transport operator on the
whole real line. The chosen velocity will be either f’(uy) or f’(u,) depending on the sign of the initial
position jo. The choice of the velocity f’(us) corresponds to the expression of the operator .Z in the
region {j < —1}, see (2.11), and the choice of the velocity f’(u,) corresponds to the expression of the
operator £ in the region {j > 2}, see again (2.11). We thus devote the following paragraph to recalling
several facts on the Green’s function for the Lax-Wendroff on the whole real line. Additional material in
this case can be found in [10] and [9].

3.5.1 The free Green’s function on the whole real line

We pause for a while and go back to the definition (2.11) of the linearized operator .Z. In the regions
{j > 2} and {j < —1}, the coefficients in the operator .Z are independent of the spatial index, meaning
that £ reduces to a convolution operator that corresponds to the linearization of the Lax-Wendroff scheme

M This gives the value o, >~ 8, 79.
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at the constant state uy or u,. We thus introduce the convolution operators .%,.%, that are defined on
complex valued sequences v = (v;) ez defined on Z as follows:

2
. « (6%
VieZ, (Zv); :=vj— 54 (vj+1 —vj-1) + ?g (vjt1 =205 +vj1) (3.25a)
o a?
(Zrv)j = vj = o (Vi1 = vj-1) + 5 (Vi1 = 2v; +vj-1) - (3.25b)

We recall that oy and «, are defined in (2.9). The operators in (3.25) are nothing but the operators arising
from the Lax-Wendroff scheme applied to the transport equation with velocity equal to either f/(uy) or
f'(u;). Thanks to the Lévy-Wiener Theorem [22], the spectrum of the operators .¢; and .%, on any space
01(Z;C) is completely known (see [30] for more on the spectral analysis of convolution operators). We
have:

o) = {1—20[? sinngriag sin§|§€R},

o( %) = {1 —2a? sin? g +ia,sing|€ € R},
where the result is independent of ¢ € [1,+0oc]. For instance, the spectrum of .%; is represented as the
black curve (an ellipse, actually) in Figure 3.1. Due to the restriction (2.12), the spectrum of both .%;
and .%, is included in the closed unit disk D with a single tangency point at 1 with the unit circle.

We can then proceed as in Section 3.2 above and introduce the spatial Green’s function for either .%)
or .Z,. Because of the spatial invariance in (3.25a) and (3.25b), it is sufficient to look at the case where the
Dirac mass d, is located at jo = 0. Hence, for z in the exterior & of the curve (2.13), we have that z lies
in the resolvent set of both %, and .%,., and we can therefore introduce the solutions Gy(z) = (?g’j (2))jez
and G,(z) = (Gr(2)) ez to the resolvent problems:

(z1d — %) Ge(2) = 80, (zId—2)G.(2) = dg. (3.26)

The computations that lead to the precise expressions for (G j(2))jez and (G, j(2));ez follow from the
same methodology as in Sections 3.1 and 3.2 (we refer to [10] for an even more general analysis in
the case of finite difference schemes with arbitrary, possibly infinite, stencils). The analysis is actually
much simpler for pure convolution operators than what we did in Sections 3.1 and 3.2 since there is no
Lopatinskii determinant involved. We thus feel free to state without proof the following result that is in
the same vein as Proposition 3.1.

Proposition 3.2. Under the condition (2.12) on X, for any z in the exterior O of the spectral curve
(2.13), there exist unique solutions Gy(z) = (G j(2))jez € L1(Z;C) and Gr(2) = (Grj(2))jez € ¢1(Z;C) to
the equations (3.26). These sequences are given by:

2k} (2) o

_ ar(1 — ) (K4 (2) — kr(2))’ if 7 <0,

= : (3.27)
nii if j >0,

(1 — ap)(k4(2) = kr(2))’
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and

2 ky(2)] .
_ (1 — o) (ke(z) — K (2)) fj <o,
o j (3.28)
S if j > 0.

(1 — o) (ke(z) — kY (2))
The expressions in (3.28) and (3.27) can be recognized in (3.12) and (3.13). This is made more explicit
in the following paragraph.

3.5.2 Decomposing the spatial Green’s function

The decomposition proceeds as follows. From inspection of the expressions (3.12) and (3.13) and the
result of Proposition 3.2, the definition (3.20) can be recast as follows:

gjo(z) = g;O(Z) - ]1321 gﬁj—jo(z)a if jO Z 17
! GP°(2) = 1j<0Ge,—jo(2), if jo <0,

where the notation 1;>; is used to denote 1 if j > 1 and 0 otherwise (and similarly for 1,<¢). It is also
useful to introduce the following two fourth degree polynomial functions ¢, and y:

(3.29)

2 2
VreC, ¢r(r) == — T+ 3r’ o 737"’ .
Qg GaM 80(7,7[

(3.30)

With such notation, our result is the following.

Proposition 3.3. Let the weak solution (2.2) satisfy the entropy inequalities (2.4). Let the parameter \
satisfy the CFL condition (2.12) and let Assumption 1 be satisfied. Then there exists eg > 0, there exist
constants C > 0 and ¢ > 0, there exist two complex valued sequences (V})jez and (’Yf)jez, there exist
two bounded holomorphic functions ¥, and ¥, on the square B (0), and there exist sequences (P, ;) ez,
(®ej)jez, (Or))jez, (Orj)jez and (O15) ez of bounded holomorphic functions on the square B, (0) such
that the following hold:

e the sequences (7;7)]-62 and (Vf)jez satisfy the estimates:
VieZ, Il + Il < Cexp(—clj]);
o the sequences (¥, ;)jcz, (Pej)jez, (Orj)jcz and (O ;)jcz satisfy the estimates:
Vi€Z, V7TeBg(0), [Prj(T)|+ [Pri(T)] + |0ri(T)] + [0 (T)] + [O1,(7)] < C exp(—cli]);
e for any couple of integers (jo,j) € Z2, the function:
7€ B, (0)N {g € C|Re ¢ > o} — G (eT),

whose expression is given in (3.29), has a meromorphic extension to the square B, (0) with a first
order pole at 0 only, and there holds:

(T] + 5+ T@T,j(r)> exp ( — joor(T) + jo7° \I/T(T)) , if jo > 1,
"GP (e7) = (3.31)

<7_J + ’yf + T‘I’g,j(T)> exp ( — Jowe(T) + Jo T \I/g(T)) , if jo <0,

47



for any T € B.,(0) \ {0}, where we recall that H; is defined in (3.22);

e for any couple of integers (jo,j) € Z2, the function:
T € B, (0)N {( € C|Re ¢ > 0} —> C;;O(eT) - C:;O_l(eT)

has a holomorphic extension to the square B.,(0), and there holds:

H.
(Oéj + TG)T,J'(T)> €xp ( - jO 907'(7_) + jO 7-5 \IIT(T)) ) if j(] > 27
3 ~J0— ,H' . .
e’ (gg()(eT)—ggO 1(@"')) = a—] —|—'y;—’7§+ T@lJ(T), if jo =1,
(az + T@€,j(7)> exp (— jowe(T) + Jjor®Wy(7)), if jo <0,
(3.32)

for any T € B, (0).

Proof. We give the proof in the case jo > 1 and construct all quantities associated with the “right” state
u,. The proof in the case jy < 0 is entirely similar and is left to the interested reader. We thus always
consider from on some jg > 1 and some arbitrary integer j € Z. We also define, for later use, the function:

(2)

z—1"

>

z— O(z) =

where the Lopatinskii determinant A is defined in (3.3). Thanks to Lemma 3.2 and Assumption 1,
we know that © can be holomorphically extended to some set of the form {¢ € C|e™% < |¢|} for an
appropriate dg > 0. This is because A has a simple zero at 1. Furthermore, we know that, up to restricting
80, © does not vanish on the set {¢ € C|e™% < |(|}.

From the definition (3.20) and the expressions (3.12), (3.27), we get the factorization:

Vz € %7 5!]30(2;) = X;(Z) gﬂlfjo(z)v

where we have set

i’n_(zl) re(2) if j <0,
X(2) = . (3.33)
<X_(1) - 1) LOSE F R
with
X;F(Z) — (Oéé —am+ (1 —ap) /ﬁg((;)()z)(l —ay) (/@g(z) _ ,{T(Z)) |
iy G (=) (1= am) (5(2) = Fr(2))
Xy () == 260 ,

It appears from those expressions and from Lemma 3.1 that, up to restricting dy again, both functions
x;® have a holomorphic extension to the set {¢ € C|e™% < |(|} and there is no loss os generality in
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assuming that both x; and k, are also holomorphic functions and do not vanish on that set (see Lemma
3.1). Moreover, we compute:

2(1+ am) _ 2a, (1 —am)
1) = - =~ ™ 1) = =X+ ™/
X?" ( ) é/(l) ) Xr ( ) Oégé/(l)
For z in a neighborhood of 1, we may then write (see (3.33)):

T

& -
Xj(z) = z—jl + I + Ei(2),

where £ and I'; are complex numbers defined by:

§ = -0 - {50

‘s 3 T 5;‘
I} = lim (Xj(Z) - 2_1) ;
and the function (z — E7(z)) is defined by:

&
z—1

T

Zj(2) = xG(2) -

,
—T7,

so that =7 has a holomorphic extension to the set {¢ € C| e™% < |¢|} and vanishes at 1. In other words,
we have isolated the first order pole at 1 in xj. Moreover, it is not difficult to compare the expression for
¢; and the defining equation (3.22) for H; and to find the relation £ = —a, H;.

We know from Lemma 3.1 and from Section 3.3 that (1) belongs to % and k,(1) belongs to D.
Hence we can infer from the above definitions the exponentially decaying bounds:

€5 + %] < Ceell,
as well as the local bound in z close to 1:
Eh(z)] < Clz—1]e bl

In the same way, we find from the expression (3.27) that for jo > 1, the function G,i_j, has a
holomorphic extension to the set {¢ € C|e™% < [¢|} (up to restricting dy one more time). Since x%(1)
equals 1, for 7 in a sufficiently small square B.,(0) centered at the origin, we can write:

u

rrp(€7) = exp(wr(7)),

where w, is holomorphic and bounded on B.,(0). It is then a mere algebra exercise to infer from (3.1b)
the Taylor expansion of w, at 0 and we get:

wr(T) = (1) + O(7°),

with the fourth degree polynomial ¢, defined in (3.30). We can thus write, for any 7 € B,,(0):

_ 1 ~
€ Gri1_jo(e7) = (— + pr 7 + T <I>r(r)) exp (— jowr(r) + jo 7> Wp(7))

Qy

where &)T and ¥, are two holomorphic bounded functions on B,,(0) and x, is a complex number. It then
remains to perform the Taylor expansion of X;-(ef) at 7 = 0 and to multiply with the above expansion of

e” Gr1—j,(€7) to get the result of Proposition 3.3. O
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We now turn to the proof of our main estimates for the Green’s function of the operator £ (see
Theorem 4.1 below). This will lead to time decay estimates as stated in Theorem 2.4.
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Chapter 4

Linear stability

The goal of this chapter is to derive sharp bounds for the temporal Green’s function, that is, for any given
jo € Z, the solution (9"(j,j0))(n,j)enxz to the recurrence relation:

gnJrl(jv.jO) = (ggn(aj()))w (n7]) € N x Z7 (4 1)
G9(-, jo) = 8, .

The relevance of this sequence is motivated by the fact that for any initial condition h € ¢4(Z;R), the

solution to the recurrence relation:

VneN, vl = #v",

vl = h,

can be decomposed into:
V(n,j)GNXZ, U;'L = Z gn(jij)hjoa
Jo€EZ

and we expect that sharp bounds on ¢™(j,jo) will quantify the decay properties of the semigroup of
operators (Z")pen. We first decompose the temporal Green’s function by following the decomposition
given in Proposition 3.3 for the (reduced) spatial Green’s function. We then analyze each contribution in
the decomposition and derive bounds that are meant to be as sharp as possible in order to obtain large
time decaying bounds for the semigroup (-£"),en.

4.1 Preliminary facts

We always consider from now on that the weak solution (2.2) satisfies the entropy inequalities (2.4) and
that the CFL parameter A satisfies the stability condition (2.12). We also assume that Assumption 1
is satisfied so that the analysis of Chapter 3 can be used. The value of the temporal Green’s function
%" (4,70) is given by the so-called functional calculus (see [8]):

TG0 = 5 [ OP( (42)
where T is any contour that encompasses the spectrum of the operator . In view of Theorem 2.3, one
can choose for instance I' = (1 4+ 9)S* = {¢ € C|[¢| = 1 + 6} for any & > 0, since the spectrum of & is
included in DU {1}.
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Two other key quantities of interest to us are the temporal Green’s functions associated with the
operators %, and .7, that are defined in (3.25). The associated temporal Green’s functions for these
operators are defined as the solutions to the recurrences:

—n+1 —n

= N
Gy =AYy, nel, (4.30)
gﬂ == 50,
g"' = g g N
7 ro e (4.3b)
gr = 507

Ti0) = 35 [0 710) = 5= [0,

where T is once again any closed contour that encompasses the spectrum of both .%; and %, in its interior.
We can choose, for instance, I = (14 6)S! for any § > 0. A crucial observation for what follows is that
the sequences (?;(j))(n,j)eNxz and (?ﬁ(j))(mj)@\]xz have been thoroughly studied in [9], though with a
different point of view since the framework allows for the use of Fourier analysis. We shall feel free to
use repeatedly several results from [9], which are themselves more accurate estimates for the free Green’s
functions (in the whole space) than previous bounds obtained in [16, 17]. The main results of [9] are
gathered in Appendix A together with some supplementary material that is needed to carry out the
analysis below.

We start our analysis with a first elementary observation. Since the Lax-Wendroff scheme as a finite
stencil, we readily see from the recurrence equation (4.1) defining the Green’s function that for all n € N
and (j,jo) € Z*:

lj —Jdol >n = 9"(j,j0) = 0.
this fact is repeatedly used below in order to restrict the possible regimes for j, jo,n. As a second crucial
observation, we have the following Lemma.

Lemma 4.1. Let jo € Z andn € N. If jo > 1 and n < jo — 1, then there holds:
Vi€Z, 9"(j,jo) =%, (i —jo)-

If jo <0 and n < |jo|, then there holds:
Vi€Z, 9"(j,jo) = Fi(i— o)

Proof. We give the proof in the case jo > 1 and leave the other situation to the interested reader.

The proof directly follows from the expression (2.11) of the operator .Z and from the definition
(3.25b) of the convolution operator .Z,. Indeed, we easily see that if w = (w;);ez is a sequence that is
supported in {j € Z|j > jmin} With jmin > 2, then Zw equals £, w and both sequences are supported
in{j €Z|j> jmin— 1}

For jo = 1, the proof of Lemma 4.1 is obvious. We thus assume jy > 2. Then we can prove by
induction that for any n = 0,...,jo — 2, the two sequences 4™ (-, jo) and ?Z( — jo) are equal and they
are supported in {j € Z|j > jo —n}. Applying one last time the above fact when n equals jo — 2, we see
that ¢70~1(., jo) and ?ﬁo_l(- — jo) are equal and they are supported in {j € Z|j > 1}. This is when we
cannot use the above fact any longer. O
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Finally, as a last preparatory step, we shall change variable in the integral representation (4.2) to
write instead

1

G"(j,jo) = 2 )y

enT gj]o (eT) ™ dr,
with I' = {r=p+1i6 | 0 € [—m, 7]}, for any p > 0. This change of variable justifies the decomposition

made in Proposition 3.3 (see (3.31)). We now introduce some further notations and clarify the bounds
that we intend to prove on the Green’s function of the operator Z.

4.2 Notation and bounds for the Green’s function

We first introduce some constants:

1 — a2 2(1_ o2

C3g = M >0, Cap = M >0, (4.4a)
1—a? 2(1_ o2

Cay 1= M <0, Cay = 0‘7“(80"”) > 0. (4.4b)

We then define the following two functions' Ay, and A, on R x R™* as follows. For n > 0, we set:
1 dé

V(z,y) ERxRY™ | Ay(z,y) == o /Rex (n+10) g—cs,0y (N+i0)® (—ca, 0y (n+i0)? eyl (4.5a)
An(z,y) = 2L o (1H10) (—c3,0y (n10)° (—cary (1+i0)* :1L9.07 (4.5b)
i R 7] 1

where both definitions (4.5a) and (4.5b) make sense since ¢4 and ¢4, are positive. The definitions (4.5)
are shown to be independent of n > 0 thanks to the Cauchy formula for holomorphic functions. Eventually,
we introduce two other functions My, and M, on R™* x R x R™* as follows:

1 .
yl/3 exp (—clz[¥?/y1/?), ifx >0,
1 .
V(c,z,y) € RT™* x R x RY* | My(c,z,y) := S if —y'/3<2<0, (4.6a)

1
2 : 1/3
S e (—eatf). it <<y

;

1
75 eXp (—clz|?2/yt?), ifz <o,
Y

1
M, (c,z,y) = R if0<z<y%  (4.6b)

1 2 e 1/3
Wexp(—cx/y), if yl/3 < 2.

These functions encode the bounds for the free Green’s functions associated with the convolution operators
2y and %, as recalled in Appendix A (see for instance Corollary A.1).

!The letter A refers to “activation” in analogy with [6].
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A crucial property for what follows is that both M, and M, are non-increasing with respect to their
first argument. When various positive constants c¢1, co, ... appear, we can always use the largest function
M, (min; ¢;, -, +) as an upper bound for all functions M, (¢;, -, ). This will be used repeatedly in order to
avoid using specific notations for the various small positive constants ¢ that appear.

Our main result for the Green’s function of the operator . reads as follows.

Theorem 4.1 (The Green’s function of the linearized numerical scheme). Let the weak solution (2.2)
satisfy the Rankine-Hugoniot condition (2.3) and the entropy inequalities (2.4). Let the parameter X satisfy
the CFL condition (2.12) and let Assumption 1 be satisfied. Then there exist some positive constants C
and ¢ such that, for any jo <0, there holds:

V(n,j) eN"XZ, |9"(j,50) — HjAe(jo+nagn)] <CMg(c,jo—j+nagn) Lj<o
+Ce UMy (¢, 4o +nag,n)  (4.7)
+ Cemem o—elil g=cliol
and for any jo > 1, there holds:
V(n,j) eEN* X Z, |9"(j,jo) — H; Ar(—jo + nloy|,n)| <CM, (c,j— jo+nlor],n) L
+Ce VM, (¢, —jo +nar|,n)  (4.8)

+ Cecneclilg=cliol

where in both (4.7) and (4.8), H; is defined in (3.22).

4.3 Decomposing the temporal Green’s function

Throughout this section, we assume that n > 1 is an integer and (j,j0) € Z? satisfy |j — jo| < n. We
will mainly focus on the case jo > 1, and present at the end of the section the corresponding results for
the case jo < 0. From Lemma 4.1, we shall further assume that 1 < jo < n since for n < jg — 1 we have
already obtained an explicit expression for the temporal Green’s function in terms of the free Green’s
function associated to .2, (so the final derivation of a bound for the Green’s function will be simpler).
The starting point of our analysis is to exploit our expression for the spatial Green’s function to get

. —n,. . 1 nT Sios T
G 5o) = 92 (G = Jo) Ljz1 + 5~ /e Gi’(e")e"dr, (4.9)
1 T
and define .
on( . - L nNT ~J0 [T\ T
TGo) = g [T G dr,

At this stage, I" denotes the segment {7 = p+1i6 | 6 € [—m, 7]} for any p > 0, but we shall be allowed to
deform I' thanks to Cauchy’s formula.

Let 9 > 0 be given by Proposition 3.3 and let Cy > 0 be such for all 7 € B,,(0) one has the uniform
bound:

’7‘5 \IIT(T)‘ < Cy (|Re(7‘)|5 + |Im(7)|5) . (4.10)
Then, let e, € (0,g9) be such that for all € € (0,¢,) the following conditions are satisfied:
1—a2 [1\'/°
in|————,(= 4.11
0 < e < min !16(1%007(3) ) (4.11)
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—e 1N ‘(x €
%

Figure 4.1: Schematic illustration of the contour ' and its decomposition into Uoys (in red) and Ty, (in blue). The
contour Ty, can be any path joining —n —ie to —n +1ie, which remains within B.(0) and passes to the right of the
origin. The black bullets represent the end points of the contours.

4oy ™ 3 1 402 1

1_;% [max( 2T,1—a§ + [ar|Co €+53+§€8+§£”+1_;%Cos2l<§, (4.12)
Looi (1 35) 2y o g 0 lowl (4.13)
Ay | 2 2 Y 4 '

Finally, once for all, we fix ¢ € (0,&), and we let 7. > 0 be provided by Corollary 3.3 associated to this
e > 0 and we also set 0 < 7 < min(1,, €°).

We can now proceed by choosing an appropriate contour I' in our integral defining {2"(]', Jjo). We
would like to choose the segment {7 = —n+ 16 | 6 € [—m, 7]} but this is not possible right away because
of the pole at the origin, so we shall make a detour on the right of the origin. We thus decompose I" into
two pieces I'gyt and I';, where

Cout := {—n+1if |e<|0| <7},

and Ty, is any path joining —n — ie to —n + ie, which remains within B.(0) and passes to the right of
the origin. These contours are depicted in Figure 4.1. From Corollary 3.3 in Chapter 3, we infer that

1

271

/ o ’g‘?'o(eT) o dr < Ce—nne—c(\jH‘UOD . (414)
1_‘out

Since Ty, € B.(0) € B, (0), we can use Proposition 3.3 and the expression (3.31) to decompose the
remaining integral as

1

om . TGN dr = F (o) + Do) + B ido)
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where we have set

o 1 : , dr

G0 (3, jo) :== Hj X 2./ exp (n7 — jo or(7) + jo 7° Up(7)) —,

71 Tin T
~ . 1 ) )
G5y (Gdo) i=f ¥ 5= [ exp (n7 = jor(T) + jo 7° Uy (7)) dr, (4.15)
I‘in
and .
Ar(ido) = 5= [ exp (n7 = joor(T) + jo 70 Up(7)) 7 By () dr. (4.16)
F.

Thank’s to Cauchy formula for holomorphic functions, it is important to remark that the above integrals
do not depend on Iy, and we shall later on in this section choose specific contours I'y, depending on
various regimes between n and jo. In fact, for 4',.(4, jo) and %7, (j,70), we can select any contour L'y,

that joins —n —ie to —n + ie and which remains within B.(0) since both integrand are holomorphic
functions in B.(0), while for ¢7",.(j, jo) we need to keep the constraint that the contour I'y, passes to the
right of the origin because of the pole at the origin of the integrand.

Our next task is to extract the leading order term of g{f,,(j, jo). For that, we may simply further
decompose

Gr.(j, jo) = H; 7 (jo) + G4, (j, Jo) + B5.(j, o),
where we have set

! dr

A" (Jo) = o en 7 —doer(m) (4.17)
1 Tin T
~ 1 .
95.(d,Jo) = Hj x jo x W.(0) x 27”/F enTIoer(m) 24 g (4.18)
and
o 1 i on(r) [ €XP JoT> (1)) — 1 — §o 7 ¥,.(0
Ry (3, Jo) == Hj x o ). en 7o er(r) ( ( ( ))T © dr. (4.19)

For convenience, we further define %, (j, jo) := g;ﬁr(j, Jjo) + %Ngfr(j, jo) (with the definitions (4.15) and
(4.18)) and %} (4, jo) = %7,.(J, Jo) +%#5,.(J, Jo), such that we have obtained the intermediate decomposition

o [ CTGRE) T dr = Hy e (o) + B do) + B o) (4.20
1—‘in
For future reference, we gather the previous definitions of A} (j, jo) and %, (4, jo):
1

‘@:}(]7]0) :’Y; X % . €xp (nT_jOSOT(T)+j075 \Ijr(T)) dr
1 .
+0,(0) x Hj x jo x / enTI0er(m) 2Aqr (4.21)
271 Tin
oo 1 . .
%7 (3, Jo) :27ri/r exp (n7 — jo or(7) + Jo 7° Uy (7)) 7 Brj(7) dr
. o700, —1— 3507 W,.(0
+%X{/emmwﬂ6mwf (M) 1= WO (g
27t Jr, T

We shall now study each term appearing in (4.20) separately.
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loer|

Figure 4.2: In blue: the contour I'y, used in the regime = 5 < Jo < n in Lemma 4.2 and its decomposition into
three parts ('_, I';y and T'y.). In red dash: the contour I'_,. The black bullets represent the end points of the
contours.

4.3.1 Estimates of the leading order term <" (jy)

In this subsection, we obtain a sharp estimate on the term 27" (jo) in (4.17) and prove that it behaves
like an activation function. This clarifies the behavior of the first term in the right-hand side of the
decomposition (4.20). We shall consider here and in all the remainder of this Section, two different
regimes for n and jo:

(i) the main regime : nlarl < Jjo <my

.. 1. . n'ar|
(i) the tail : 1 < jo < =5~

The main result of this subsection is the following Lemma.

Lemma 4.2. Let n > 1 and let 1 < jo < n. Let <" (jo) be defined in (4.17). Then there exist some
positive constants C and c that are uniform with respect to n and jo such that with the functions A,
defined in (4.5b) and M, defined in (4.6b), there holds:

‘;z%r”(jo) — A, (—jo+nlag|,n) ‘ < CM,(¢e,—jo +n|ay|,n) + Ce cn—cio, (4.23)

Proof. Case (i). We assume that jy and n satisfy n|§ r| < jo < n. The contour I'j, is decomposed into

0
three parts as depicted in Figure 4.2. From the definition (4.17), we thus have:

1 < , d
A" (jo) = o T—do ¢r(7) en—ioer(r) &L

dr 1
2ri Jr_ur, T 2mi Jr, T

where I') = {n+1i6 | |0| <e} and I'y are the two horizontal paths joining —n +ie to n +ie. Upon
denoting

(4.24)

_ jo —nlax| c [_‘O‘T|
n 2

jo 1—a? 1—a? 1-a?
, 1= d == € , )
| Eirier



we get

. n
T —Jopr(T) = o] [ w7'+§7'3 i7'4 (4.25)
Let now 7 € I'_ so that 7 reads 7 =t —ie with ¢ € [-n,7]. We compute

C 3 G 4 2 Ci3,3C 02 G4 G 4

= = —wt— t+ =t — et -t — =€

Re<w7+3 i w (e —|—3 +25 1 45

Recalling that n < €° by assumption, we obtain that

Re( WT+§T3 i74> < - C et tw|edFCf+ =2 C e'? gew < —%54, (4.26)

thanks to our smallness assumption (4.12) on €. Thus, we get the estimate

1 / o ee(r) 4T
27 Jp T

There is of course a similar estimate on I';.. Since n dominates jy, one deduces that

1 ; d
‘427”(]0) ~ g [ 0T
n

1-a? 4

<Ce "Bt = Ceon,

< C efcnfcjo
— )
27i T

for constants C, c > 0 that are independent of both n and jg.
Next, we complete the remaining integral along I, as follows:

oo _ L[ nrjoenndT

dr 1

1 enm—ioen(r) 47

2ri Jp, T 2mi Jyir T 2mi Jpe T’

where I') := {n+160 | [0] > c}. The reader can verify indeed that the integral along the line n + iR
converges. This is due to the form of the function ¢, and the fact that jg is positive. We now estimate
the integral along I'; and show that it is a remainder term just like several other contributions that we
have already estimated.

We keep the notation (4.24) and use the relation (4.25). For 7 € 'y, we write 7 = n+16 with [0] > ¢,
so that we have

Re(—wT—i—gT‘g—iT‘l):—wn—kgny’ in4 204 C77< 27})92.

Since 0 < i < £° and ¢ is assumed to be small enough to satisfy (4.11) and (4.12), we have that

Re(—w7‘+§7’3—i7'4> < u)77+C 3 C94 C27792
c 4 ¢ s _Cn
3 2

< - + |w|e® + 2 923—554—%792,

and as a consequence, we obtain

1 / o er(n) 4T
27i re T

1—a%

-n £ et ee —n S92 —cn —cn—cj
< (Ce 327% e "2"di < Ce < Ce o,
€
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where we have used once again that n dominates jg. As a partial summary, we have obtained that

%n(jo) - 1/ en‘rfjocpr(T)di < Cefcnfcj(),
n+iR

27 T

for positive constants C and c that are independent of n and jy and for integers that satisfy % < jo < n.
Cauchy’s formula shows that the value of the integral:

1 / enm—doer(r) 47
27Ti n+iR T

does not depend on 1 > 0 so choosing the parametrization 7 = |, | (7 + 16) in the integral, we get:

_ 2 . - 2 .
1 enm=ioer@ AT _ L Gotnan) (1116) o S (r10) o an 2E (rioyt 40

27 Jp iR T 27 Jr n+if’

Recalling the definitions (4.4b) and (4.5b), we may write the above integral as

1 . dT . »
. eanjosﬁr(T)i = A, <—j0+n|ar’7m> ’
i R T ‘ar|

so that we have obtained the estimate:

7o)~ A (=i ol 2 )| < comenein,

||

With the definition (4.6b), Corollary A.7 in Appendix A can be rewritten as:

'Ar (—jo+n|ar|,‘7°) C A (—jo+nlarim)| < CM.(e,—jo +nlarl,n).

[e™

for suitable constants C and ¢, since we have assumed % < jo £ n. We can combine the previous two
estimates and obtain the estimate (4.23) that we were aiming at. This completes the analysis of case (i).

Case (ii). For 1 < jy < %, we rather use the residue theorem. In other words, as suggested in
Figure 4.2, we close the contour I'y, by using the segment I'_;, and we thus get:

1 ; d
' (jo) =14 5= | enmioer L,
7 Jr_, T

with ', := {—n+1i0 | |#| <e}. Along I'_,, for each 7 = —n + if with || < e, we keep the notation
(4.24) and compute (recall (4.25)):

¢ 3 ¢ 4\ _ C 3 ¢4 Cuu 3 2
Re( w7’+37’ 47- =wn 317 47] 49 +(n 1+277 0,

where w and (¢ are defined in (4.24) and now satisfy




As a consequence, we have

C 3 C 4 ’O[T| 3 5 2 |O[’f"
— + = N < — —+ —+ — < —
Re< WT 7 7 n C 1 9 S n,

thanks to our smallness assumption (4.13) on €. Thus, we get

1 / en—ioer(r) 47
2mi Jr_, T

| (jo) — 1] < Cemen7el,

< C e—cn—cjg

[ Y

which implies that

for positive constants C' and ¢ that are independent of n and jp, and 1 < jp < %

Using now Corollary A.6 in Appendix A, we have the estimate:
‘1 - Ar(_j() +n ’OCT‘,TL)‘ < Ce "< C e ¢n—cio ,

where the second inequality comes from the fact that n dominates jy. Adding the two previous estimates,
we get
[ (o) — Ar(=jo + n]az[,n)| < Cem "0,

This completes the analysis of case (ii). O

4.3.2 Estimates of the next order term %”(j, jo)

We now focus our attention to the next term % (j, jo) appearing in the decomposition (4.20). Our main
result is the following.

Lemma 4.3. Let n > 1 and let 1 < jo < n. Let B (4,jo) be defined in (4.21). Then there exist some
positive constants C' and ¢ that are uniform with respect to n, j € Z and jo such that with the function
M, defined in (4.6b), there holds:

| B2 (4, jo)| < CeVIM, (¢, —jo + n|aw|,n) + Cecnelil=ci, (4.27)
Proof. Once again, we shall consider two different regimes identified in the previous section, namely:
(i) ™ol < o < m;
(i) 1< jo < ™ol
From its definition, %7 (7, jo) splits into two parts:
B (j,do) = DG do) + G4y (i o),

with quantities E%"T, (4, 7o) and S%“T (7, jo) defined in (4.15) and (4.18). We shall estimate separately each
of theses two terms below for either case (i) or case (ii).
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Case (i). We shall first focus on the term E%"T (4, Jo) whose expression is given (see (4.15)) by:

— . 1 ) )
Do (3 J0) = 7f ¥ 5= | exp (nT—jowr(T) +jo° ¥,(7)) dr,

in

where, at first, I'y, is a contour that joins —n —ie to —n + ie and that passes to the right of the origin
(as depicted in Figure 4.1). Since we now integrate a holomorphic function (there is no longer a pole at
the origin !), we shall feel free to deform I'y, and choose any contour that joins —n —ie to —n +ie and
remains within the closed square B.(0) on which VU, is a holomorphic function. We shall only focus on
the integral that depends on jo and n since we already know that the factor 7 satisfies an exponential
estimate (see Proposition 3.3).

For % < jo < n, we may take I';, as the union of the following paths:
'y =T_uUTly UTy,

where I'g := {i0 | |#| < e} and 'y are horizontal paths joining —n +ie to +ie (this is rather similar to
what is depicted in Figure 4.2 except that we have shifted the right segment to the abscissa 0 instead of
+n). Upon writing as usual now (see (4.24) and (4.25)):

nT — joer(T) + o> W,(1) = o] (—wT—i— §T3 - 374 + ‘%0 \aT|75 \I/T(T)> ,

and noticing that for any 7 € I'y C B,,(0) there holds (see (4.10)):
7> (7)] < Co(e® + 1),

we have for each 7 € I'y.:

] 3
Re (—m+§73—jf4+9§|ar|75qfr(7)> < St lelnt (ne + 20 | Co (€ + o)
3
< —%54+(\w|+\a,«]CO)a‘E’—i-Ca?—i-?CelQ%- || Cpe®®
¢ 4
< 2
— 88 )

thanks to condition (4.12) on . As a consequence, we have

1

2rri

/ exXp (nT —_ jO QOT(T) -+ jo 7'5 \I/,,,(T)) dT S Ce*Cn S Cefcnfcjo 7
Iy

since n dominates jy in this regime.

For the remaining integral along I'gp, we use the parametrization 7 = i|a,|# and we thus get the

expression:
1 . . 5
Py exp (nT —Jopr(T)+JoT \IJT(T)) dr
1 Ty
ar| [Tar L . J ' . .
= |—T’ exp <1 (—jo+mnla|)0+1i Jo_ 3 6% — Jo_ Car 0* + joi0® |aT]5 U, (1o 9)) do .
2 J_ = o | |aur |

Jour]
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We can now apply Theorem A.2 from Appendix A, and obtain that there exists some small enough
e > 0 with € < ¢/|a;| some constants C' and ¢ such that for any jo,n € N* with |°"“| < jo < n, there
holds?:

. .
‘/ exp (i(—j0+n|a7~])9+i’i0‘63m93— 00477104+j0i95\ar|5\llr(i|ar|9)> de‘
_§ ‘s

||

< CM, ( Jo + n oy, )
||
Since we are in the regime % < jo < n, we deduce that we always have an upper estimate

M( jo+nlal, )<0Mr<c,—jo+n|ar|,n>,

||

so that the latter estimate also reads:

e .
‘/ exp <i (—jo+nlan) 0 +12% e, 0% — 2% ey 00+ o160 |y |® U, (i v 9)> de‘
— o™ |y |
< CM, (¢, —jo +nlar|,n).
The only remaining task is to control the integral with respect to 6 on the two intervals [—¢/|a.|, —¢] and

[e,€/|ar|]. This is entirely similar to what we have already done on the segments I'y so we feel free to
skip the details. The final estimate on these segments is of exponential type with respect to both n and
jo (that are of comparable sizes in case (i)). Combining all above estimates on the segments I'x. and on
I'g, we have obtained the following estimate for ¢3',.(j, jo):

}g?y?r(jdo)) < Ce WM, (¢, —jo + n|oy|,n) + Ce cn—clil=eio
for suitable constants C and ¢ and % < jo < n (the integer j € Z is arbitrary).

We finally turn our attention to the next term g;”r (4, jo) that enters the definition of % (j, jo). We
recall that g;"r (4, Jo) is defined as follows:

o , 1 .
G5 (J: Jo) = Hj x W (0) x jo X o /r exp (n7 — jo (7)) THdr,

and we shall mainly focus our efforts on the above integral on the right-hand side since we already know
that #; decays exponentially with respect to j, and W, (0) is just a constant factor. We still focus here
on case (i), that is on the regime % < jo < n. It is important to observe that we need to absorb the
factor jo that is unbounded.

Since we integrate a holomorphic function, we may use Cauchy’s formula and deform the contour I'.
We therefore choose I'j, to be the union of the paths I'g := {i6 | |#| < ¢} and '+ which are horizontal
paths joining —n+ice to +ie, just as we did above for the analysis of the term %NQ”T (4, Jo). For the integrals

#With the notation of Theorem A.2, we use x := —jo +n |a,| and y := jo/|ar|. In case (i), we are in a regime where |z|/y
is bounded and ¥ is bounded from below so that we can tune the constant C.
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along 'y, we may use again the estimate (4.26) and combine with a uniform bound for the factor 7.

Since n and jo are comparable in this first regime, we readily obtain the estimate:
1

jO X = exXp (TZT —jo QDT(T)) 7'4 dr < C]O efcnfcjo < Ce*cnfcjo )
2mi Ty

For the remaining integral along I'y, we add and subtract to get:

) 1 )
jo X s exp (n7 — jopr(7)) rtdr
1 To
. 1 ) 4 . 1 . 4
= jo X e exp (nT — jor(T)) 70dT — jo X — exp (nT — jor(r)) 70 dr,
Tl iR 27T1 FS

with rather obvious notation. For 7 =16 € I'j, we have (see the definition (3.30)):

Re (nT—jo(pr(T)> = —cjob*,

for some constant ¢ > 0, so we have the straightforward estimate:

) 1 )
Jo X — exp (n7 — jopr(7)) rtdr

: < Cjo / gre—cinb' 49 < Cjpe 0 < Ce o,
27'('1 F8 €

Since jo and n are comparable in case (i), we can collect all the above estimates and already obtain the
estimate:

% 1 . .
Gy (d,Jo) — Hj x Wr(0) X jo X o / exp (n7 — jo (1)) Thdr| < Cemenelil=ei
7 ™ Jir

for suitable uniform constants C' and ¢, and integers n, jo, j that satisfy % <jo<mnandjeEZ.

It thus only remains to estimate the integral over the imaginary axis for which we refer to the definition
(A.49) in Appendix A of the function G4 (the constants c3 and ¢4 should be taken to be c3, and ¢4, since
we deal here with the right state of the shock). Using the parametrization 7 = i |a,| 6 in the integral, we
get the relation:

1
X
2mi

. . ) ) 0
Jo exp (n7 — jopr(7)) rtdr = |0¢T|530 Gy <—j0 +n|ar\,—‘i |> ,
R r

i
and we can then use the estimates provided by Theorem A.4 to get>:

1
jo X e iRexp (nT — jowr(T)) rtdr

Jo_
||

S CMT <C, _j0+n‘ar|) > S CMT (Cu _j0+n’a7“‘7n) )

since we have nl; d < jo < n. Collecting all the above estimates for the various contributions in the

decomposition of f%"r (J,J0), we end up with the estimate:
’f%'?r(mo)) < CeUIM, (¢, —jo + n|ay|,n) + Cecn—clil=cio

for "'g | < jo <, j € Z, and for suitable constants C' and ¢ that are uniform with respect to n, j and

jo. This completes the analysis of case (i) by combining with the estimate for ¢3',(j, jo)-

3The fact that we consider the function G4 is crucial here since 4 is the first index where the gain in the estimates of
Theorem A.4 is sufficient to absorb the factor jo.
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Case (ii). In the case 1 < jy < n‘;""‘,jve simply take Ty = T'_;; (see Figure 4.2) for evaluating the
integrals arising in the definition of both 43',.(j, jo) and %3',.(j, jo). This is legitimate because we integrate

holomorphic functions on the closed square B.(0) so we can apply Cauchy’s formula. Reproducing similar
computations as in the previous subsection, we get that for each 7 = —n+i0 € I'_,, (with therefore || < ¢),
there holds:

. 3 2
Re <w7+g7’3i74+‘70|ar75\1'7«(7')> <n <O;T|+C <1+2s5> 62+0;7"C'0620>
n

3
~0t (§ -l Colel)

_|O‘T’
> 4 n,

Re(—WT+C73—<T4> <_|Oz7«‘n’

and similarly:

3 4 - A4
where once again we have used conditions (4.11) and (4.12) on € and our choice for 7. By applying the
triangle inequality (with a uniform bound for 7 € I'_;)), we deduce that

1

- < Ce " < Ce—cn—cjg
27i - - '

/ exp (nT —Jor(T) + joT° \IJT(T)) dr
Fi"]

and

< C.]O e—cn—cjo < Ce—cn—cjo
27 - - ’

o1 )
Jjo =— / exp (n7 — jo pr(7)) rtdr
Ffr']

where we use once again the fact that n dominates jg. As a consequence, using the exponential estimate
of 4} from Proposition 3.3 and the fact that #; is also exponentially decaying, we obtain the uniform
exponential estimate:

|7 (j, do)| Ceenmelilzedn,

for 1 < jp < % and j € Z. This completes the analysis of case (ii). O

4.3.3 Estimates of the remainder term %" (j, jo)

In this section, we shall prove some estimates on the remainder term %) (j, jo) whose expression is gathered
in (4.22). We recall that %,'(j, jo) is decomposed into %] (j, jo) = %7 ,(J, Jo) + %3, (j, jo) with %7 ,.(j, jo)
and %3 ,.(j, jo) defined in (4.16) and (4.19). In both (4.16) and (4.19), the path Iy, is any path joining
—n —1ie to —n + ie which remains in B, (0) since the integrand is holomorphic with respect to 7 on that
set. We further recall that the sequence (H;);cz in (3.22) is exponentially decreasing and the sequence of
holomorphic functions (®,.;); ez satisfies the exponential bound stated in Proposition 3.3, uniformly with

respect to 7 € B, (0). Restricting to the smaller set B.(0) C B.,(0), we thus have

[Hj] + [@ry(r)] < Ce=V,

for all j € Z and 7 € B.(0) with uniform constants C,¢ > 0. Our main result in this section is the
following.
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Proposition 4.1. There exist C,c > 0 such that for all n € N* and (j,70) € Z? such that 1 < jo < n,

one has:
1 ecll jo — nlag|\*? s
1A 13 P (—C (nlﬁr ,if jo — o 20,

e_c |.7|
/12

1 el o — nlan ||\ ? . 13
PV V- R el R , if jo —n|ay| < —nt’? ).

¢

%y (3, 50)| < C if —n'/3|oy| < jo —nlay| <0,

In particular, we have: '
27 (j, jo)| < CeVIML (¢, —jo + o] n,m)

with the function M, defined in (4.6b).

Proof. We will mainly focus on the remainder term 7', (7, 7o) and briefly explain how to recover similar
estimates for the second term %’;T (7,70) in the last part of this section. We shall decompose the proof
into several steps, which corresponds to different regimes for w, which we recall is defined as

= we(—\arhl—\arD , when 1<jo<n.
n
More precisely, we define the following three regimes:

(D) Jw| <n*Plag|, (1) n*Play| <w <1 —=lay|, () =, <w < —n"*Pla,|.

Case (I) — Uniform bound. For |w| < n~2/3|a,|, we provide a uniform bound for %7 (j, jo) using
classical results from oscillatory integrals (see Proposition A.1 in Appendix A for similar arguments).

Lemma 4.4. There exist constants C,c > 0 such that for alln > 1, 1 < jo < n with |j — jo| < n one has

o C .y
‘%?J‘(]?]O)‘ < 7’L7/12e C|J|’
for |w| < n=2)ay|.
Proof. Let us first observe that for |w| < n=%/3|a,|, there holds:

Jo
n o |

f— )

- 1‘ < n72/3

so for n > 2, we get a uniform bound from below jyo/n > ¢ > 0. The case n = 1 should be dealt with
separately but it is far easier since we have jo = 1 and j € {0,1,2} so we only deal with finitely many
integrals then. We shall therefore assume n > 2 from now on and use that the quantity ¢ defined in (4.24)
is uniformly bounded from below by a positive constant.

We take I'y, as the union of the following paths:

Tw=T_UT,UT,,
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where I'g = {if | |#| <&} and 'y are horizontal paths joining —n £ ie to £ie. Upon writing as usual
now

nT — joor(T) + Jo 0 U, (1) = o] < wT + gr?’ — £7'4 + Zi)]ar\T‘r’\I'T(T)) ,

we have already proved that for each 7 € I', there holds:

Re (—wT + §T3 %7'4 + = |OéTT5\I/T(T)> < —ge

thanks to the smallness condition (4.12) on €. As a consequence, we get

1 L
Py / exp (nT — jowr(T) + jo7° \IJT(T)) T7®, ;(7)dr| < C e clil=cio
ry

2mi

But since |w| < n~%/3|a,|, we readily get €770 < Ce™°", from which we deduce that

e_cljl
<O -

1 . .
— / exp (nT — Joer(T) + Jo 70 \IJT(T)) 7 ®, ;(7)dr
Iy

27

Along the remaining integral on the vertical segment I'y, we have
exp (n7 — jowr(T) + Jo 70 \IJT(T)) 7 ®, ;(7)dr
1 /¢ n ) . ' . . .
=5 /_6 exp (]ocT\ [—wlﬁ - g193 - %94 + ‘Z)]aﬁlﬁ‘:"l/,«(l&)}) 0P, ;(i0)do.
We introduce two functions (that depend on (j, jo,n)):

— i Eg S g3 ,_ G e 2€ag s P
h(8) := exp( nl(,aT’9 3\04T!0>> g(0) = exp( n4‘aT’9 +n11_a%9 U,.(i0) ) 09, ;(i6).

27Ti o

Using [24, Lemma 3.1], we have the estimate

€
[ r@a@as| < ( s
—e z€[—e,€]

By an application of the van der Corput Lemma, there exists a constant C' > 0, independent of w and n,

such that* o
Vz € [—e,€], ‘ / ) d9’ IVER

Furthermore, with our choice (4.11) of € > 0, we have

—€

/ h(9)d9D (lgll oo e,y + 119" 1 L2 ((=2.e))) - (4.28)

W0 € [—eel, |g(8) < Clo]e T eelil.

Differentiating the expression for g(6), we also get the bound

Y0 € [—c.cl, |g®)] <C (1+nlo/t) o "ar? ¢melil

4This holds because the parameter ¢ is uniformly bounded from below in the considered regime.
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such that we get that
C .
! el
19| 1 (—e,e) < ¢
since ¢ is uniformly positive in the considered regime. Using estimate (4.28), we arrive at the final bound

. C eli
‘%ﬁr(ﬁjo)‘ < T1/351/a° elil,

for some constants C, ¢ > 0 independent of n, jo and j. This concludes the proof of the lemma. O

Case (II) — Fast decaying tail. We now turn our attention to the second regime (II) where n=2/3|a,| <
w < 1 —|a,| implying that necessarily jo — n|a,| > 0 where we expect to observe a fast decaying bound

for %1 ,.(J, jo)-
Lemma 4.5. There exist constants C,c > 0 such that for alln > 1, 1 < jo < n with |j — jo| < n one has

21,4, Jo) | <Ce—0\j\ jo=nla,] 71/2e c o= nlar] )
xp | —¢| ——7m—

as long as n=2/3|a,| <w <1 — |y

a2 a2
Proof. We first note that when w > 0, one has 12|aof| < (< 12;5’“ so ( is uniformly positive. With the

constant Cp > 0 in (4.10) (associated to gg given by Proposition 3.3), we choose w, € (0,1 — |, |) small
enough such that the following inequalities are satisfied

2 1 (1-a2\"? 1 (1—a2\"?
cloarn < r N t)o 4.29
v ar Vs () <5 Gl 2

2o | 2o |

Next, we fix n=%/3|a,| < w < w.. We introduce a family of parametrized curves (see® Figure 4.3 for an
illustration) indexed by w as follows

r_:={t—ie|te[-n0}, Ty:={-t+ie|te|0,n]}, T,:= {\/?—i—i@ | 0 € [—5,5]},

F‘;’::{t—i6|t€ [O,m}, F‘;’::{\/?—t—kigue [0,\/?}},

Along I' ., we have already proved that

together with

1

< O eclil=cio
27 -

/ exp (nT — Jopr(T) + Jo 0 \IJT(T)) T®, (1)dr
rx

Next, we remark that since 0 < w <1 — |a,| we deduce that

- 1/2
1< — 1 (]0 n|ar> 7
V1= o n

®The reader may compare our choice with the one made in [9] that corresponds to the parametrization of the Green’s
function for the Cauchy problem. See also Appendix A. The difference here is that we rather parametrize all curves in terms
of the time frequency rather than with respect to the space frequency.
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NE

Figure 4.3: In blue: the contour I'yy and its decomposition into five parts (', I'Y, T'y,, I'Y and T'y) in the regime
where n~2/3|a,| < w <1 —|ay|. The black bullets represent the end points of the contours.

and thus

o . < 1 Jo —nlar| 32
T

As a consequence, we have obtained

< Cecncli jo = nlay|\**

S € exp | —¢ T N
which can be subsumed into our desired bound.

Next, we handle the contributions along I'Y and I'“. For example, in the former case, upon denoting

Ar(T) :=nT — jopr(T) + jo T° U,.(T), we have that for each 7 =t — ie € I'Y with t € [0, \/%],

1
271

/ exp (nT — joor(T) + jo1° \I/T(T)) T®, ;(7)dr
Iy

Re (A, (t —i€)) < — | —wt + g (t* —3%) — % (t* + et — 6e2t?) + || Co(t° + 55)]

- 5 3
LG 1) (i) o)
< " -ft <2w + C52> — 454]
> ‘047“| I 3 2 8 ’

since from (4.11) one has 8|a,|Coe < ¢ and from (4.29) one has v/w < /C/3 and 8|a,|Coy/w < ¢3/2.
Hence,

N

w
—nSet g \/g S g2
< Ce "Blar c“'/ e M3t Jt
0

< Ceneclil Jo—mnlan| V2
< Ce exp | —¢ 3 .

1 . .
/ exp (nT — jor(T) + jo1° ‘I/T(T)) 7®, ;(T)dr
r

27Ti w
>
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We finally turn our attention to the last integral along I',,. We note that in that case, for each 0 € [—¢, €],
one has

W, n 2 3 w? (¢ w 3 9
ot < (= _Z > ot _ =
Re <Ar <\/;+19)> < o] ( W = || Co ; Vw (/¢ 2\/5 0
- ()
(L2 s 3VE o
< o (g = S0 ve).
thanks to our assumption (4.29). As a consequence, we get

1

27

3/2_c1i| [€ _3VC
< Ce Blariv® clsl (\/§+|9|)e 4\M\"‘/°792d0

—&

2n : : 1/4
< Ce’smrm“d/kcm (w + L )

a2 ool
el 11— ol = e\ 2 o — o,
€ Jo n |0y Jo n |Gy
SCn2/3( 173 ) exXp _c< nl/3 ) :

We now move to the case where w, < w < 1—|a,|. We follow the same strategy and use the contours
Iy, I'y, and F;E independently of w. We readily notice that with our careful choice of w, all the previous
computations remain valid and thus we also have in that case

/ eA’“(T)TCI)T,j (r)dr
Ly

1
ENTE [ o
) 27T1 1“‘;5 U I-‘uég P

1

1
/ A rd, (r)dr| +
2 rs

1

27i

n we we . 1/4
e—ca‘o—cljl+e—cn—c\j\+6*W<W*T)\/T*CU‘ <°’€ 41 )]

1/2 1/2
nl/ nwg/

<Ce_clj| jo—nloy[\ 2 jo — nlar|\*?
=23 173 exp | —¢ nl/3 ’

since we < w <1 — |a,|. This concludes the proof of the lemma. O

/ eAT(T)TCI)T,j (r)dr
Tw.

<C

Case (III) — Oscillatory tail. We finally move to the last regime (IIT) where —|a,| < w < —n~2/3|a,|.
The analysis is further split into two parts.

Lemma 4.6. There exist constants wyx > 0 and C,c > 0 such that for each 1 < jo < n and |j — jo| < n,

)

nd/8 \ pl/s8 nl/2 nl/2

as long as —ws < w < —n~23|a,|.
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Proof. We let w, € (0,|a,|/3) be fixed as follows:

1—a?

5 1 3/2 1/1—a2\"?
—14+V1+4 . <= | == N R e . 4.
(-1+V1+4e)", |ar|Covws < 3 < 3] > Wi S 3 ( 3] > (4.30)

< 1—a?
w —_—
"= 3l

As a consequence, for each |w| € [n=%/3|a,|,w,], one has

1—-a?  2la|1—a? 1—a? jol—a?
— < - * < —_— ' = .
oy~ 3 20z ~Ualmw)m5r s TS =¢
Defining:
|| ||
= — >0,
Y= ae T T

the above conditions imply in particular that

€ w w 1 . _
Xw < R ‘ar|00“ ‘C| < %, ‘C| < 3’ with |w| € [n 2/3,w*].

We then introduce the following contours which are illustrated in Figure 4.4 (compare again with the
choice made in [9] that is entirely similar):

e two horizontal contours I'y defined as

r_={t—iec|te|[-n0}, Ty={-t+ic|tel0,n]};

e two horizontal contours Fg defined as

rg:{t—ie\telo, ng]}, F“é:{ ‘WC’—H—is\te[O, WC\]}’

e two vertical contours I'}, defined as

e two oblique contours I'Y

o __ _M_- M 3in/4 o M
r__{ % i ¢ Tie |t€[ V2x05 V24 C”
Fi—{—g‘ngi,/Wc‘Hei”/“\te [—x@\/'wc’,x/im”.
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-7

Figure 4.4: In blue: the contour Iy, within B.(0) and its decomposition into eight parts (0_, I'<, T” T T9, T/,
I'Y and T'y) in the regime where —w, < w < —n’g/S\ar|, The two red dots correspond to the approximate saddles

of the phase |w|T + %7'3 — %7’4 in the complex plane and the black bullets represent the end points of the contours.

Using Cauchy’s formula, we write

1 1
‘%77”1(]7 ]0) = 5 / eA"'(T)T(I)r,j (T)dT + — eAT(T)T(I)r,j (T)dT,
2mi Jr_ur, 2mi Jreure
1 1
+ o A, j(7)dr + S A7, 1 (7)dr.
2mi Jpe ure 2mi Jro ure

As in the preceding case, we have that the uniform bound

1
/ eAT(T)TCPW (r)dr
r_ury

< (e clo—c U\?
27i -

and remark that since |w| € [n~2/3|a,|,w,], an exponential bound in jg leads to an exponential bound in

both jg and n.

||

Bounds along Fg. Foreach 7 =t —ie € I'Y with t € [0, 4],

Re (A, (t —ig)) < |wlt + g (t* —3%) — % (t* + & — 6e2t%) + |an |Co(t° + 55)]

|ov |
4 3
(32 ) (e
n [ (4 ¢ o C 4 n Sy S
<o (3= 32) ~ 5] =i [+ 5]
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Thus, we obtain

1
— / eAT(T)TCI)T,j (r)dr
g

G\ir\tdt < Ce—¢n—¢ il
2mi

<Ce 8‘“ I

J/\/T

By symmetry, a similar estimate holds along I'2. As for the bounds along I'y, we remark that since
|w| € [n7%/3|ay|,ws], an exponential bound in n leads to an exponential bound in both jo and n.

Bounds along I'.. For each 0 € [—6, —Xw — hzl] , we have that

() wﬂww—zw<z—|awo>e4>

Thanks to our careful choice for € and w,, we get that

| ’ < 3/2 V< 2) n\w|2 |wl
T 1 - - s - M - 7_ - T *
Re (A ( c 0)) ] 3\f’ w| 5 V|wl|é Bl |C 0ec|—e —Xuw C

As a consequence, we obtain

27i

ol
4 _nfw® T Xe e
< O edaaT " ~Flarr CIJI/ “ \/T(\/meI@I)e?“i\/'w'”wde,
—c

i, / eA’“(T)T@W (r)dr

The last integral on the right-hand side should be estimated carefully since there is an exponentially
growing factor in front of the integral. We use Lemma A.2 in Appendix A and obtain the bound:

)

|w]|
TXwTN T L VE 62 +oo ] C 3/2
/ e ey VIwin? dGS/ & s VIelnt? do < e~ Vil
e 2

/1ol n|w|
3

and the analogous bound:

/_ -/

+oo n|w|3/2

_ /< 2 C __2
Qo Far VIt 4g &~

[w] -
V4 ny/|wl

0] ¢~ e VIelnt? d0</
2

This leads to the final estimate:

L_ / eAT(T)T@T,j(T)dT

n\w\Q

2 3/ el
o~ 3v20ar M~ ape el

9
ny/|w|

<C
2mi -

since we have |w| < w,. A similar estimate holds along I'}.
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Bounds along I'Y. We finally handle the contributions along the oblique contours I'}. We focus
first on I'° . For each 7 € '’ , we have the parametrization

T(t): |a2| i |<’ +te 317r/4’ te [ fxw7f ]

and we compute that

ol (t) + S7(1)° zkkw

where each py depends on |w| only and is a complex valued function whose expansions as |w| — 0 is given
by

Re(po(|wl)) = —ilaf\2 +O0(lwl),  Im(po(jw])) = —:))\Z/ZIWIS’/2 +0(w?),  pi(lwl) = O],

Re() = T+ O, Tt = Ol
palll) = 574+ Ol ), pallel) = §.

As a consequence, we get that for each ¢ € {—\/ixw, V2 |w<|]

4
" Re(pi(|w]))t* = —/Clwlt? + ﬁ+mmwmwcwmwn o) #2
. Ol O(uf*?)

+ (Relpatlol)) - 555 ) £+ St

O(lw[!/2)

together with

Re(pn(lo1) + LlaIRe (r(0 (1) < ~ bl + (Reln(lol) + elo?) +a o)

O(|wl?)

Upon decreasing further w, if necessary, we get the existence of a constant ¢ > 0 independent of |w| and
n, such that

4 .
> Re(pi(lw)t* < —claw]V/|wlt?,  Re(po(lw]) + ‘%Olar\Re (r®)° W (7(2))) < —clar|lw]?,
k=1

for all t € [—\/wa, V2 ‘g] . As a consequence, we have

S s T,
re

27

va,/El
<C Memwzcm/ ©emeny/llt gy
wa
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Next, we remark that

V2, c
/ eenVIwlt gt < o " en] < Jwl < ws,
—V2xw /Al
such that
1/4
b A5, (r)dr| < Cﬂe_cnlwp_cm n~ o] < |w] < ws.
271 Jpo ! S | ) !

And a similar estimate holds along I'] ..

Conclusion. In summary, combining all the bounds for the eight segments and retaining only the
“worst” contributions, we have obtained the estimate

n (] LN 7 i R TRy
[, (Go)| < €|~ ot e 2B, < |w| < w..

We may rewrite the above estimate as

=il (1 (i —nl|a] |\ V2 ljo — n e |\ Y4\ _eflioznlaril)?
n o[ - € Jo — N |Qy Jo — N |Qp c
’%1,7“(]’]0)’ S C n5/8 (’I’Ll/g ( n1/2 ) + (7’L1/2> e ( ni/2 ) ,

valid in the range n~2/3|a,| < |w| < w,. O

We should now deal with the final regime w < —w,, with w, > 0 being given by Lemma 4.6.

Lemma 4.7. Let w, > 0 be given by Lemma 4.6. Then there exist constants C,c > 0 such that for each
1 <jo<mn and|j— jo| <n, there holds:

|71, do)| < Cemenedomelil,
as long as —|a,| < w < —wy.

Proof. We simply take the vertical contour I'y, = I'_,, and recall that, thanks to conditions (4.11) and
(4.12) on e, we have

Re(A,(~n+i6) < —%ly, gefeq.
We readily obtain the desired bound since —|a,| < w < —w. O

Combining Lemma 4.4, Lemma 4.5, Lemma 4.6 and Lemma 4.7, we have proved Proposition 4.1 for
%7 ,(J, o). Indeed, in the range n=23|a,| < |w| < ws, we can further bound

1 ([jo—nla]\ < pl12-1/8 4
nl/8 nl/2 =n =

and 1/
. jo—n |ar 2 ~ jo—n |ar 2
(’30_32‘@”> e7C<|Jonl/l2 H) SC~Y€70<|Jonl/l2 H) 7
n

with a smaller constant ¢ > 0 and a suitable constant C.
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Regarding the second remainder term %3 ,.(j, jo), we first observe that for each 7 € B.(0) one has

exp (jo 70 \IJT(T)) —1—jor¥,.(0) _oxXp (jo 70 \I/T(T)) —1—jom°¥,.(7)

- - + j07'4 (Vr (1) — 9,(0)),

such that
exp (jo 7% Ur(1)) =1 = jor° ¥, (0)

= < C[(olr*) + jolr[*] 7]

All the previous lemmas can be easily adapted to obtain similar estimates for .9?5? (7,70) as the ones we
derived for Z7,.(J, jo). For example, regarding the uniform bound in Lemma 4.4, the map g(6) now reads

g(0) =e

771%04 <exp (j0i95\11r(i9))9— 1-— j0i95\11r(0)> . fc [—6,8],

and we note that
‘g/(g)‘ <C (1 + n04 + (Tl 94)2) e_cn947

since 1 < jo < n, and we observe that |g'||11(j—cq) < Cn~%. As a consequence, we naturally retrieve
the estimate of Lemma 4.4 for %3, (7,70). We let the other cases to the interested reader. O

4.3.4 Final decomposition of the temporal Green’s function. Proof of Theorem 4.1

Let us recall that, for jo > 1, we have first decomposed (see (4.9)):
G"(j. jo) = F, (5 — jo) Ljz1 + 9" (j. o) ,
and the reduced Green’s function ¥™ (7, 70) has been decomposed into:

9" (o) =

277& - enT g§0(e’r) eT dr + %ﬂ-i . enT g]]p(eT) eT d’T,
with suitable contours 'yt and T'iy,. The part on I'oyy satisfies the exponential bound (4.14) and the part
on I'iy has been further decomposed in (4.20). B

Coming back to our decomposition (4.20) of part of the (reduced) temporal Green’s function 4" (4, jo),
and recalling the initial decomposition (4.9), we can gather Lemma 4.2 (together with the exponential
decay of H;), Lemma 4.3 and Proposition 4.1 to obtain for j € Z and 1 < jo < n:

%75 = Jo) Ly>1 + 197 (j, o) — Hj Ar(—jo + nlar|,n)|
CM’I’ (C,j _jO +n ’ar‘an) ﬂjZI
+Ce WM, (¢, —jo + n|as|,n) + Cecmeclil g=cliol

197 (4, jo) — Hj Ar(—Jo + nlar|,n)|

where we have used Corollary A.1 in Appendix A to derive the bound of the free Green’s function ¢,
(and the definition (4.6b) of the function M,.). This shows the validity of the bound (4.8) in Theorem 4.1
for the case 1 < jg < n.
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Let us finally consider the regime 1 < n < jo — 1 and show that the estimate (4.8) in Theorem 4.1 is
still valid. We apply Lemma 4.1 and obtain:

197" (4, 40) — Hj Ar(—Jjo + n o], n)| ‘?:(j —Jo) — Hj Ar(—jo +nloy|,n)

IN

97 = 50)| + 5l 1AL (o + nlay], )
< OM, (e, 5 — jo +nlar],n) + Ce U A (—jo +n o], n)|,

where we have again used Corollary A.1 in Appendix A to derive the bound of the free Green’s function
¥4.. It only remains to show that the final term on the right-hand side is exponentially small with respect
to both jy and n and the proof will be complete. We apply Corollary A.6 in Appendix A to estimate the

term with the function A, on the right-hand side in the considered regime 1 < n < jo — 1. We get:

, 4/3
[Ar(=do +nlarlm)] < C exp (—‘”'”) < ceon,
nl/3
where the final estimate comes from the fact that we now consider the regime 1 < n < jy — 1. Since now
jo dominates n, we get the exponential estimate:

|A,(—jo +nlay|,n)| < CecmMeclo,

and we have thus proved the validity of the bound (4.8) in Theorem 4.1 for the case 1 < n < jo — 1.

The proof of Theorem 4.1 is entirely similar in the case jo < 0 except that all involved functions
are now associated with the left state u, of the shock rather than with u,. We leave the details to the
interested reader.

4.4 Derivative of the temporal Green’s functions

As it will be made clear in the last chapter of this article, it will also be necessary to obtain large time
decaying bounds for the family of operators (£ (Id — 8)), .y where S : £4(Z;R) — £9(Z;R) is the shift
operator defined as (Sh); := hj; for all j € Z for any sequence h = (hj);cz € ¢4(Z;R). By definition of
the operator ", for any h € ¢4(Z;R), we have the decomposition

V(n,j) € NxZ, (£*(1d=8)h);=> (4"(j.jo) = %" (G,jo — 1)) hjy -
Jo€EZ

This motivates the definition of the following quantity
v(”ajaj@) € NXZXZv ‘@n(jv]()) = gn(zj7j0)_gn(]7]0_1) (431)

The above quantity is thus a discrete spatial derivative of ¥ (j, jo) with respect to its second argument,
and we shall refer to it simply as the derivative of the temporal Green’s function. We will now follow
the same strategy as presented in the previous sections of this chapter. That is, we shall decompose the
derivative of the temporal Green’s function into several contributions and derive bounds for each such

contributions which are meant to be sufficiently sharp in order to obtain large time decaying bounds for

the family of operators (£ (Id — S)),,cn-
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Before stating our main result, we recall that the temporal Green’s function satisfies 4" (j,jo) = 0
whenever |j — jo| > n, since the Lax-Wendroff scheme has a finite stencil. As an elementary consequence,
we have that for all n € N and (3, o) € Z*

j—Jjo>mnor j—jo<-n—1= 2"(,j) =0.

As a consequence, throughout this section, we shall only consider (n,j,j0) € N x Z x Z that satisfies
—n —1<j — jo <n. Furthermore, a direct application of Lemma 4.1 gives the following result.

Lemma 4.8. Let jo € Z and n € N. If jo > 2 and n < jo — 2, then there holds:

Vi€Z, 7"(jjo) =% (i—jo) — G, (i —do+1).
If jo <0 and n < |jol|, then there holds:
Vi€Z, 2"(.jo) = Gi(i—jo) = G4 —jo+1).

Finally, we introduce two functions K; and K, on RT* x R x R™* as follows:

1
—7T exp (—cl|z?/y'/?), if x>0,
Y
1 : 1/3
Ki(c,z,y) == Ji if —y'/? <z <0, (4.32a)
1 2 : 1/3
5/Bexp(fcm/y), ifx < —y'/°,
Yy
1
—z exp (—c|z?/y1/?), ifx <0,
Y
1 : 1/3
K, (c,z,y) == Sz if0<az<y’/?, (4.32Db)
1 2 o 1/3
578 exp(—cx /y), if y*/° <z,
Yy

for all (c,z,y) € R** x R x R**. Once again, we crucially note that both K, and K, are non-increasing
with respect to their first argument.

We can now state our main result regarding the derivative of the Green’s function.

Theorem 4.2 (Pointwise bounds on the derivative of the Green’s function). Let the weak solution (2.2)
satisfy the Rankine-Hugoniot condition (2.3) and the entropy inequalities (2.4). Let the parameter X satisfy
the CFL condition (2.12) and let Assumption 1 be satisfied. Then there exist some positive constants C
and ¢ such that for each n > 1 and (3, jo) € Z? with —n — 1 < j — jo < n, the derivative 2"(j, jo) of the
Green’s function enjoys the following pointwise bounds:

o for any jo < 0:
2"(4,70) < CKyle, jo — 7+ nag,n)lico+ Ce FIM, (¢, jo + agn,n) + Cecli=dol. (433
J1>
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e and for any jo > 1:
127G Go)| < CKyle,j—gotn o], n) 1z +C e VIM, (¢, —jo + s |n, n) +C ee=i=ol . (4.34)
Proof. Throughout the proof we assume that n > 1 and (j,jo) € Z? with —n — 1 < j — jo < n and we

only consider jo > 1 since the analysis for jo < 0 follows similar lines.
We first focus on the regime 2 < jo < n+ 1. Using the expression for ¢4"(j, jo), we may instead write

- N, . . o n . . 1 nTt =1 T 10— T T

2"(5,90) = Lj>1 |9, (G — o) =9, (G —Jo+ 1) +2./e [gﬁo(e )= Gl e )] efdr.  (4.35)
- ™ Jr

=" (3—Jo)

:én(.]ajo)

We first handle the second term 27(j,jo). We let £ € (0,e,) be fixed as in previous section, that is
satisfying conditions (4.11)-(4.12)-(4.13), and 0 < n < min(n.,€”). From Proposition 3.3, since the map
T = gNjO (e7) — 5;0‘1(e7) has a holomorphic extension to B,(0), we can decompose the contour I' into
Fout = {—n+10 | ¢ <0 < 7} and Ty, where I';, can be any path joining —n—ie to —n+ie which remains
in B.(0) (see Figure 4.1). As a consequence, we have

1

— < Qe Mme—clil=cliol
2mi Tout

T [éjﬂ(ef) - 55.'0—1(&)} o dr

together with
H; 1

1 e _@0(67) o @0_1(67)] eTdr = =L

Py : @ T Joer(T) +jo T Wi (T) g
27 Jr,, ap 27 Jp,

I nT— jo ¢r(T) +jo 5 V(1) .
o e 7O, ;(7)dr,
where the sequence (H;);ez is defined in (3.22) and the sequence (O, ;);jcz of bounded of holomorphic

functions is given by Proposition 3.3. The first integral is similar to 43.(j, jo) (with definition (4.15))

and enjoys a similar bound, while the second integral is similar to %7',.(j, jo) (with definition (4.16)) and
enjoys a similar bound. As a consequence, for 2 < jo < n + 1, we have the estimate

(é"(j, jo)‘ < Ce M, (¢, —jo + |aw|n, n) + C e—en—cioelil (4.36)

for some C' > 0 and ¢ > 0 which are independent of n, j and jp.
Let us focus now on the first term (5 — jo) of (4.35) which can also be written as

n( . 1 nT T C T T
MG — Jo) = %i/Fe (Grj—jo(€7) = Grj—jos1(e”)] e7dr.

From the expression (3.27) of Proposition 3.2 of the free spatial Green’s function there exists kg > 0
depending on the set & defined in Chapter 3, such that for jo < j one has

‘ Eﬁj*jo (e) — @,jfjoﬂ(eT)] eT’ < Ce_c|j—j0|’

for all 7 € C with Re(7) > —kg. As a consequence, upon taking I' = {-n+1i0 | — 7 <0 < 7} with
0 < n < kg, we readily get in that case that

(5 = jo)| < Cemmmeli=dol,
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On the other hand, for 1 < j < jo < n + 1, one has from the expression (3.27) that for all 7 € B, (0)

(Griio(€7) = Grjjor1(eN)] € = 7E,(r) exp ((j = jo)or () = (j = jo) T (7))

for some bounded holomorphic function Z,, with the same ¢y as the one given by Proposition 3.3. We
can then once again let € € (0,¢,) be fixed as in the previous section and set 0 < 1 < min(.,e’). Using
Corollary 3.3, we also have

‘ Eﬁj*jo (eT) - ?r,jfj0+1(e7—)] eT’ < Ce_c|j—jo|’
for all 7 = —n +1i0 with ¢ <6 < 7. As a consequence, with our now usual notation:
Couwe = {-n+if | e <0 <7},

we get
1

_ dr < O e—m—cli—jol
27i -

/F " [Grjjo(€T) = Grjjor1(eT)] €

On the other hand, if T, denotes any path joining —n — ie to —n + ie which remains in B.(0), one has

1 nT T i T T 1 nt+(j—j (7)) = (G—40) T2, (1) =
o J [Grj=jo(€7) = Grj—jo-1(e7)] €7dT = 5— . FUIe (DU (M, () dr

in

Then applying Lemma 4.4, Lemma 4.5, Lemma 4.6 and Lemma 4.7 with ®, ; replaced by Z,(7) and —jj
by j — jo, we readily obtain that

1 nt [ T = - -
/F € [gﬁj—jo(e >_gr,j—j0+1(e )] e'dr

ori SCKT(C,]'—].()—F?’”O&T’,’R),

where the definition of K, is given in (4.32b). Combining the above bound with the estimate (4.36) proves
the bound (4.34) of 2"(4,jo) in the range 2 < jo < n + 1.
For jo > 2 and n < jp — 2, we use Lemma 4.8 which gives that

Vi€, 7"(.jo) =9 —jo) — G (i—do+1).
We can then proceed along similar lines as above, and get that
|27 (G, jo)l < CK(e,j — jo + nlayl,n) + C om0l
Let us now turn to the case jo = 1. Using the expressions of 4™ (j,1) and ¢"(j,0), we have

] a" (i a" (. 1 nt Al T 001 T
7"(5:1) =1j21gr(J—1)—]1jsoge(J)+%/Fe [g}(e ) = Gj(eT)| eTdr .

=9 (j,1)

First, inspecting the contribution stemming from @"(j, 1) and decomposing I' with oy and T, we
observe that from (3.32) of Proposition 3.3, we have:

: nTGL(eT ~0(.T T —nn_—clj
M/l“oute [gj(e)_gj(e )}edT < Ce Me |J|’
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together with

e . e’ [gj (e") = G; (eT)] e’dr = <ar +95 =75 ) % 21 . e"7dr + o . e"TT O (r)dT.

As a consequence, upon taking I'y, = {—n + 10 | |0] < e}, we get
‘é"(j, 1)‘ < Ce—en—elil,

Upon noticing that M, (¢, —1 + |ay|n,n) = O (e7¢™), estimate (4.36) also holds true for jo = 1. Coming
back to the first two terms in the expression of 2"(j,1), we simply note, using Corollary A.1, that

¥i>1, ‘??(j - 1)‘ < Ce ", and V) <0, ’?Z(j)( < Ceem,

But since one has —n < j < n + 1, the above exponential bound in n leads to an exponential bound in
both j and n:

1217} — 1) — 15207} (7)] < Cemenelil,
To conclude, we note that K, (c,j — 1 +n|a,|,n) = O (e=*~¢ll) which implies that estimate (4.34) also
holds true for jo = 1. O

4.5 Linear estimates

In this final section, we derive large time decaying bounds for the semigroup (.Z"),en and the family of
operators ((£"(Id — S)),en acting on algebraically weighted spaces which are crucial for our forthcoming
nonlinear stability analysis.

We first recall some notation for the polynomially weighted spaces of sequences. Given a real number
v >0 and g € [1,+00], if we define the weight sequence w, := (1 + [j|?);jez, we recall our definition of
algebraically weighted ¢¢ spaces:

(9(Z;R) = {h € (1(Z;R) | w,h € ((Z;R)},

where w-h stands for the sequence ((1 + |j|7) hj);ez. For any sequence h € ¢4(Z;R), the norm of h is
defined as [[h|, := [[wyh,.

The main result of this Chapter reads as follows (the reader will observe that this statement is a
refinement of Theorem 2.4 that was made more simple for the reader’s convenience).

Theorem 4.3. Let the weak solution (2.2) satisfy the Rankine-Hugoniot relation (2.3) and the entropy
inequalities (2.4). Let the parameter \ satisfy the CFL condition (2.12) and let Assumption 1 be satisfied.
For any v > 7 > 0, there exists Cy(y1,72) > 0 such that we have the following estimates on the
semigroup (L™ )nen:

Co(11,72) 1 ,
VneN, |£"hl, < Ao ) 178 Il forh € €} (Z;R) with ZZ hj =0,
VIS

(4.37a)

1 . ; —
for h € £ (Z;R) with Y h; =0,
JEZ

n Co(71,72)
vneN, |[&£ hHeg? < (1 & n)pe—Fmin(i/5m) e

(4.37Db)
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and the following estimates on the family of operators (Z™(Id — S))nen:

n Cf 71772)
vneN, |Z0d-S)hly < o n)(vmlﬂ/s e, forhe (L (Z:R), (4.38)

W eN, [£7(1d-S)h|,. < Cz(n,7)
1

1 .
S U 5 n)yen /s min(/A) Hh||g%2 , forhel (Z;R), (4.38b)

n Cf(’ha’h) 00
VneN, |2(d =Sl < e T Il forh € BH(ZE). (4380

4.5.1 Proof of the estimates (4.37a) and (4.37b) on the semigroup (-£"),en

Before proceeding with the proof of the estimates (4.37a) and (4.37b) on the semigroup (Z")nen of
Theorem 4.3, let us comment on the strategy that we shall follow. For v > 0 and h € ¢4(Z;R) we recall
that the action of the semigroup 2" on h is given for each n € N by

Vi€Z, (£"h); =Y 9"(jjo)hj,
Jo€EZL

where " (-, jo) is the temporal Green’s function solution of (4.1). The bounds (4.37a)-(4.37b) are trivial
for n = 0 since we have 71 < 72 and therefore HhH%1 < HhH%2 so we assume from now on n € N*.
Motivated by the estimates obtained on the temporal Green’s function in Theorem 4.1 (for n € N*), we
introduce a family of operators (£, )nen+ acting on a given sequence h € ¢4(Z;R) as follows:

V(n,j) e N* X Z, (£ h) ;=M Z]IU —jol<n Ar(—Jo + n x|, n) hy,
Jo>1
+Hj > L jo<n Ao + nag,n) by,
Jjo<0

It is important to observe that .£7, does not stand for the n-th power of ZL,, while .#" is the n-th
power of .Z. However, we hope that this will not create any confusion for the reader and we keep the
notation as such to bear in mind that all operators are considered at the discrete time n.

We recall that the Green’s function satisfies 4" (7, jo) = 0 for |j — jo| > n. With the previous definition

for £, for all (n,j) € N* x Z, one can therefore decompose

(gnh)j act Z ] ]0 ]l|j—j0|§n,Hj Ar(ij0+n|a7‘|7n)) th
Jo=>1
+ Z ] ]0 ]l|j j0|<nH AK(]O‘FTLO% )) h]o : (439)
Jo<0

We now introduce some notation. For (n,j) € N* x Z and h € E}m (Z;R), we define:

Gr,l(N,j, h) = ]ljzl Z ]l|j—j0\§n M, (C,j _j0+n|a7“’vn) ‘hj0| ’
Jo=1

Sri(n,j,h) = 1< Z L joj<n Me (¢, Jo — j +nag,n) |hyl
Jo<0
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and

S,a(n,j,h) = eV Z M, (¢, —jo + n ||, n) [hjpl
jo>1

6[,2(”7.77 h) = e~clil Z My (¢, jo +nag,n) ‘hj()’ )
Jo<0

where we recall that the functions My and M, are defined in (4.6). We also define:

Gexp(n, j,h) = e "Wl N " emeliol p; |
JoEZ

Using the estimates derived in Theorem 4.1 and applying the triangle inequality, we remark that for
some suitable positive constants C' and ¢ that do not depend on n, j nor h, we have

Z (97 (4, 40) — Ljj—jo)<n Hj Ar(—jo +non],n)) hj,

Jo=1

< 067«,1(”,]',1'1) + CGT,Q(najah) +CG€XP(n’j’h)’

together with

> (97 (s do) = Lij—joj<n Py Ar(Go +nag,n)) By,
J0<0

< C6€,l(najvh) + C6€,2(najah) +066Xp(najah)'

Combining those two inequalities with the triangle inequality in (4.39), we have for all (n,j) € N* x Z:

(2| < |(Zteh),| + € (8ra(n,.1) + &1 (. h) + Spa(n, 4, h) + Sz, b) + Gexp(n, . ) )
(4.40)
In order to prove the estimates (4.37a) and (4.37b), one simply needs to prove estimates for each of the
terms appearing in the right-hand side of the above inequality. From now on, we shall proceed term by
term.

We start by estimating (&r1(n, j,h));c; and (Sg1(n, j, h))jGZ'
Lemma 4.9. For any v > v > 0, there exists C' > 0, such that for alln > 1 and h € 6%2 (Z;R), one
has:

C

D —

o, - pr2—7m-1/8
C

< -
638 - n72*71+1/3

[(©na(nim), s

n + H(Gf,l(nuj? h))]ez

1

[ Y

I, -
I, -

Proof. We only prove the estimates for (&, 1(n,j,h)) the other case is handled similarly. For h €

=4
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2%2 (Z;R) and n € N*, we have that

|®natgimcsf|, = D2+ i [ 3 1y oizn Me (e = o+ nlarln) [h

i JEZ Jo>1
J
= D (M) [ D Lyjolen My (e, = jo + nlaw],n) |y,
j>1 Jo=1

="

+ Z (T+7]") Z L jol<n My (¢, 5 — Jo + n|ar],n) |hy|
J=1 Jo=j+1

=g
From the definition (4.6b) of M,., we note that for 1 < jo < j with |j — jo| < n, one has
M, (¢,7 — jo+n|ay|,n) < Ce ™.
Furthermore, Peetre’s inequality implies that for |j — jo| < n, there holds:
(L+1[7M) < CQA+[jo[™) (L+nT).
We thus obtain the following estimate for the first contribution .#*:

i
AT CA+n™) ey Y Ly jyi<n (1 o)™ [hiol
J>1 jo=1

= CO+n™) e 3 D Bigoin | (L4 1iol™) i
Jjo=1 \Jj=jo
< Cn(+nm)e "y, < Ce[hlly .

On the other hand, for the second contribution .#3', we decompose the sum into two parts:

T= Y+ > L niarl Tjj—joi<n My (6,5 = Jo + nlar|,n) |hjo|
> jo>j+1 :

+ Z (1+17") Z ]ljoz"‘g"“' Lij—joj<n My (¢, J — Jo + n|az|,m) [hyo
Jj=21 Jo=j+1

In both sums, since we have 1 < j < jg, we can always use the inequality:

(T+15m) < (T4 Ljol™)-

Furthermore, we notice once again that for j > 1 and jo > 7+ 1 with 1 < jy < %‘)"", one has an

exponential bound:
M, (C,j —Jot+mn |057"’7 n) < Ce “".
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As a consequence, one gets

DO D0 T cnten Byl M (5 = o+ 7 |al ) [ho|
j=1 Jo>j+1

SO Y D ot Dyoin (L Liol™) o]

521 jo>j+1

Jo
Ce™ 3 Y Myjojen | U+ Liol™) [ < Cre ™ [l < Ce™"[|hllg, -
Jo€Z \j=1

IN

For the remaining contribution, we have

(14 [5™) L njanl Lyj—jol<n My (¢, 5 — Jo + nfar],n) [hyol
Jo=—5

j>1 Jjo=>j+1
Jo
S Z ]1].02"‘;” ZMT’ (C7j _jO +n‘a7"7n) (1 + ‘jol’ﬂ) |h]0‘
Jjo=>1 j=1
(1 + [j072)
< CIM; (¢, +nlar],n) oz Z L sl W’hm\
Jjo=>1
C
< I (4 anlm) oz bl

In order to conclude, we just use the following estimate that can be obtained from the definition (4.6b)
and a mere comparison between a series and an integral:
< Cn'/®, (4.41)

vneN, | (M (e, +nlarln)e

e(2)

where, of course, all constants are uniform with respect to n € N*. The proof of the @1 estimate for
Sy 1(n, -, h) is now complete.
We now turn our attention to the second estimate in £37. By definition of the norm in £57, we have

H(gﬁl(nujv h>)j€ZH£oo = Sug (1 + ’j"yl) ]1j21 Z ]llj*jolﬁn M, (C7j —Jo+n ‘ar‘7n) ‘hj()’
71 J€ jo>1

IN

J
sup (1-+ 1) S Ly jojen My (6,5 — Jo + 1 o], ) |y,
J= jo=1

+sup (1+3) | D Lo ntant Bjj—joj<n My (¢, 5 = Jo + 1 far| )[Rl
7=l Jo>j+1 :

tsup (L4 [717) | D L mteet Dy jojn M (€5 — o+ feu], 1) [y
izl jozj+1 7

— J S I
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Performing similar computations and estimates as above, one gets first:

ST+ JP < Ce g,

which is an even better estimate than the one we are aiming at. On the other hand, we have

F < CIM (e +nlonln) @ Y 1+ o) [

]0> ‘Oér\

C

— nrzTm

M, (¢, - +nlar],n) e z) [l

and it simply remains to use the property:

| (e ek m), e (4.42)

< — )
to(7) ~ nl/3
that can be easily deduced from the definition (4.6b). This concludes the proof of Lemma 4.9. O

Next, we estimate (&y,2(n, j,h));.; and (S2(n, j, h))jeZ‘
Lemma 4.10. For any v > =1 > 0, there exists a constant C' > 0 such that for all n > 1 and
h e 6%2 (Z;R), one has:

C

@t imiea, +|@eatnimeal, < s b,

and therefore:
. C
(ot g+ [[(@eatn g, < s e,

Proof. For h € 5%2 (Z;R), we have that

H(GT,Q(naja h))jeZ

STy e | ST M (e o+ nlarl ) [h

1
o,

JEZ Jjo=>1
‘ar|
< c Z M C _]0+n|ar| TL) |hJ0| + C Z ]0—|—n|047«| n) |hJ0|
]0 1 ]0> ‘O‘T‘|

We then either use the exponential bound given by the definition (4.6b) or the global bound (4.42), which
yields:

—cn C (1+|]U| ) C
||6r,2(”a‘a]f1)”g%1 < Ce [hf[p + i3 Z oz hjo| < a1/ HhH%.

] > ‘047‘|

The (57 estimate is straightforward by just observing that the €57 norm is always smaller than the E}Yl
norm. The proof of Lemma 4.10 is thus complete. O

We now handle the most delicate estimates on the family of operators (£ ), cn«-
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Lemma 4.11. For any v > 1 > 0, there exists a constant C' > 0 such that the family of operators

(Lavt ) nen+ satisfies the following estimate:

. C .
Vn €N, || Z5hly < — by, for any h € £, (ZR) with > hi=0,
JEZL
and therefore:
vn €N, [ Zihlle < W il . for any h € €3, (Z;R) with > hyj=0.
JEL

Proof. We consider first h € 6#2 (Z;R) without making any assumption on its mass. The first step of the
proof consists in writing;:

Z ]l|j—j0|§nAr(*jO +n|ay|,n) hj, + Z ]1|j—j0|§nAé(j0 +nagn) hj,

Jo=>1 70<0
= A(—jo+nlap,n) by + > Aeljo + nag,n) hy, (4.43)
Jo>1 Jo<0
- Zﬂ\] jo\>n ]0+7’L|OZT| n Z]lb ]o|>nA€(]0+na€7 )hj()a
jo>1 Jo<0

where the two infinite sums on the right-hand side converge since A, (—jo+n |ay|,n) is uniformly bounded
(see Corollary A.6 in Appendix A) and h is integrable. Since |, | € (0,1), we can take 8 € (|ay|,1). As
a consequence, we can use the exponential decay of (H;);jcz and further decompose:

My Y L josnAr(—do + nlow|,n)hjy| < C Do ion [Ar(=jo + nfag],n)] |hjy| eV

o=t Jo=1
np
= O Ly joon A (=0 + 1 fagl, ) o] €=
jo=1
+C Y Lyjoisn A (—do + 1 la|,n)| Ryl eH.
jo>nB

In the first sum, since n < |j — jo| and 1 < jo < nf, we get that (1 — S)n < |j|, and thus

ng
7 Lol A (=o + mlark ] il €7 <> 15 joon 1Ar(=jo + ], m)] o e~V
Jo=t Jo=1
< Cnefg(lfﬁ)n e*%\j\ ||h”£oo(z)

_ C(lz—ﬁ) n

where we have used the property from Corollary A.6 that the quantity |A,(—jo + n |a,|,n)| is uniformly
bounded and we have also used the fact that the sum with respect to jy gathers at most n terms (since
B > 1). We now consider the sum with respect to jo > ng. Still using Corollary A.6 in Appendix A, but
this time for jo > nf with 8 € (Jar|, 1), we have that

_ 4/3
[Ar(—jo +nonl, n)|<Cexp< W))
n
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and thus
3 Ao+ mlay | m)] £ O
Jjo>npS

As a consequence, we have

> i joisn [Ar(—jo + nlowl,n)| gl el < Cemem el ||z .
Jjo>np

Summing up, we have proved the following estimate

DD Hy D Uy jopsn Ar(—jo + nlar],n) hjg| < Ce " iz < Ce™" ||y,
JEZ Jjo=>1

and similarly, we also have

ST+ [y 3 T gon Adlio +nagn) by | < Co™™ [, -
JEZ Jo<0

We now go back to the decomposition (4.43) and consider the two series in the right-hand side. We
assume from now on that the sequence h has zero mass, that is:

> hj, =0.
JO€EZ

We can therefore write:

D Ao+ nlarl,n)hjg+ Y Adjo +nagn) by,

jOZl joSO
= Z (AT(_]O +n |Oé7.’,’l’L) - 1) h]o + Z (Af(]O + ’I’LO[@,TL) - ]') h’jo )
Jo=1 jo<0

and we shall study each sum separately. For the first contribution, we further split the sum into two
parts:

Z (Ar(_jO +n ‘O‘r|7n) - 1) hj = Z (AT(_jO +n |O£7~‘,n) - 1) hjo
Jo=1 jo=1
+ Z (Ar(_j0+n|ar‘an) _1) th'
jo>%

Once again, we will rely on Corollary A.6 in Appendix A. On the one hand, we use the fact for 1 < jp <

n‘; rl, one has an exponential bound:

A, (—jo +nlag|,n) —1] < Ce ",
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and on the other hand, that the factor A,(—jo + n|ay|,n) is uniformly bounded with respect to jo € Z
and n € N*. As a consequence, we get

Y (Ar(—jo+nlarl,n) =1) hjy| < Ce " [ha +C Y |y
Jjo=>1 ]‘O>%
_ 1+ |jo| C
< Ce “"|h C hi| < —|h .
> € H Hfl + = 1+ ‘(n’ar‘/2)|72 ’ ]O‘ — 2 H H@m
2
And similarly, we also have
. C
> (AuGo +nag,n) = 1) by | < — Ihlle, -

Jo<0

Summing up, we have obtained

. . ) C
ST+ [ S0 Ar(—o+ nlasl,m) iy + S Ao+ masm) by || < b,
JEZL Jo=>1 Jjo<0

Going back to the decomposition (4.43), this concludes the proof of Lemma 4.11. O

The very last contribution to handle is the one coming from the exponential terms (Sexp(n, j, h))jez,
and we have the following result whose proof is trivial.

Lemma 4.12. For any v > ~v1 > 0, there exists a constant C > 0 such that for all n > 1 and
h e E#Q (Z;R), one has
1(Sexp(n, . h))jezlly < Ce™" [hlla,,

and therefore:
1(Gexp(n, 3, h))jezllpee < Ce™" [hla, -

Going back to the inequality (4.40), the proof of the estimates (4.37a) and (4.37b) on the semigroup
(ZL™)nen of Theorem 4.3 is then a direct consequence of Lemma 4.9, Lemma 4.10, Lemma 4.11 and
Lemma 4.12. Indeed, for proving (4.37a), we consider h € E}/Q (Z;R) with mass zero and combine those
four preliminary results to obtain:

1 1 1

n = —cn
||$ h”Z% ¢ <n’Y2 T nY2—71—1/8 T ny2+1/3 e > Hh”%g =

C

nY2—71—1/8

Bl .
and the proof of (4.37b) is entirely similar.

4.5.2 Proof of the estimates (4.38a), (4.38b) and (4.38¢) on the family (Z"(Id — S)),en

The starting point of the proof of the estimates (4.38a), (4.38b) and (4.38c) of Theorem 4.3 follows similar
lines as in the previous subsection for proving (4.37a) and (4.37b) on the semigroup (£"),en. For v >0
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and h € ¢4(Z;R) (¢ =1 or ¢ = +00) we recall that the action of the family of operators (£"(Id — S))nen
on h is given for each n € N by:

V(n,j) € Nx Za (gn(Id - S)h)] = Z (gn(]’jo) - gn(J7]0 - 1)) hjo = Z @n(j7]0) h]o )
Jo€Z Jo€Z
by definition (4.31) of 2™(j,jo). Restricting to n > 1 (the case n = 0 is trivial) and using the estimates

obtained on the derivative of the temporal Green’s function in Theorem 4.2, we obtain that

(2"(1d — S)h)j‘ <O 1y joienn [njler(c,j —jo+n|apl,n) + e MM, (¢, —jo + yar|n,n)} 10|

Jjo>1
+C Y Ljjolzntt {ﬂjso Ko(c, jo — j +nag,n) +e 9 My(c, jo + nay, n)} Mo
j0<0
+Ce " Y Ly jpenyre P Ry |

Jo€EZ

This motivates the definition of the following quantities for (n,j) € N* x Z:

Qr,l(nyjy h) = 1]'21 Z n\j—jo\gn-i-l KT(Cvj _jO -{—TL’O&T|,7’L) |hj0| )
Jjo=1

De1(n,j,h) = 1< Z 11— jol<n+1 Kele, jo — j + nag,n) |hyl
<0

and

@r,g(n,j, h) = e—6|j| Z MT(C’ _j0+n|a7“‘vn) ‘hj0| ;
Jo=>1
Dyo(n,jih) = Ul S My(e, jo + mae,n) iy

Jo<0

together with:
Dexp(n, j,h) =" Z Ljj—jol<nt1 e~ cli=dol hjol -
JOEZ
With these notations at hand, we readily obtain that for all (n,j) € N* x Z, we have:

(gn(ld - S) h) S C (Qr,l(n7j7 h) + Cof,l(naja h) + @T,Q(n)j) h) + @&2(717]'7 h) + @exp(n,j, h)) .

J
We will mainly focus our efforts on the terms ©,.1(n, j,h), ©,1(n, j,h) and Dexp(n, j, h). Indeed, we note
that ©,.2(n, j,h) and D, 2(n, j, h) are identical to &, 2(n, j,h) and &y 2(n, j, h) in the previous subsection
and thus enjoy the same estimates as the ones derived in Lemma 4.10. We shall need however an additional
estimate to the one proved in Lemma 4.10 but the proof of it will be very similar to what has already
been done. Let us start indeed with the estimates for ©, 2(n, j,h) and Dy 3(n, j,h).

Lemma 4.13. For any v > ~v1 > 0, there exists a constant C' > 0 such that for all n > 1 and
h e £}, (Z;R), one has

C
“, S s e,

. . C
H(Qrﬂ(n’]’h))jeszw + H(géz(na]ah))jeZH&ﬁ < w HhHe}Q

71

|@ran, i), + [[@eatngim))es

71
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and for h € £55(Z;R), one has

C

H(Qr,Q(nvjv h))JGZH + H Dya(n J?h))jng[g‘i - | [0l -

Proof. The first two estimates in Lemma 4.13 have already been proved in Lemma 4.10 so we switch
directly to the last estimate where the novelty is that now the sequence h is assumed to belong to the
larger space (35 (Z;R). We thus consider n € N* and h € £5J(Z;R). From the definition of D, 2(n, j, h),
we have

|@ratnsim), |, = (su§<1+ j\'ﬂ)ec“') >~ Mi(e,~do + o, m) |
71 JE

Jjo>1
M
<C Z M. (¢, —jo + nlow|,n) |hj| +C Y Mu(e, —jo + n o], n) |y
_]0 1 JO> |0¢r|
nlar|
<Clhllee Y Me(e,—jo+nla[,n)+C > Me(e, —jo + n ol n) Byl
j0=1 JO>’"|O¢T\

By summing the definition (4.6b) and comparing the corresponding series with an integral, we get the
exponential estimate:

nlar|
Z M, (¢, =jo + nlar|,n) < Ce "
Jjo=1

For the second sum, we have:

S Mot o), <O Moo+ ol LR
jo>"lgrl J0> olee|
+7H ,y2 ZM j0+n|ar|7n)a
Jo€EZL
and we simply use (4.41) to conclude. O

Now, we handle the contributions from ©, 1(n,j,h) and ©,;(n, j, h).

Lemma 4.14. For any v2 > 71 > 0, there exists C' > 0, such that for alln > 1, one has

. . C

(Dr1(n, 4, h)),eq o (Dp1(n, 5, h)) ey o < m”h”el , forheld,
. . C

(Dr1(n, 4, h)) ez . +|(®e1(n, 5, h)) sy = < thnel , forhed,
. . C ~

(gr,l(na]’h))jez oo + (gf,l(najah))jez Joo < m”hHQ; ) fOT’ h € E,YQ

71 71
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Proof. For h € E}m, we have that

|@ratn g s, = ST+ D i 3 1y zniiKoe,d = o + nlarlm)lh,|
" JEL jo>1

= (A+1i)" 1 Z L jol<ns1Kr(e, = Jo +n g, n) Ry |

JEZ Jo=1

DRI R 1< miant Ljj—jo<n1Kr(e (¢, 5 — Jo +nlarl,n)|hj|
JEZ jo>j+1

Y A+ e Y L s nlan Ljj—jol<nt1Ker(c, = Jo + 1 faz |, n) hjol.
JEZL jo>j+1

Now from the definition (4.32b) of K, , we infer the following facts
o for 1 < jy < j with |j — jo| <n+1, one has K,(¢c,j — jo +nlay|,n) < Ce ",
e forj>1and jo>j+1withl<j< ‘O""| , one has K, (¢,j — jo + n|ay|,n) < Ce ™.

As a consequence, one readily derives, as in the previous cases, that

J
D A+ o1 Y Ly g i<n1 Knle, = do + nlen],n) Ay,

JEZ Jo=1
Y A+ e Y L < ntart Bj—jo <1 Ko (e, 7 = Jo +nlar], n) Ry
JEZL Jo>j+1

—Ccn
< Co™"[h] .
For the last contribution, inverting the sums gives

Z(l + 7)) L= Z 1j02%1|j7j0|§n+1Kr(caj — jo + nlax|,n)[hjol

JEZ Jjo=j+1
. C
<C H r(J+nlonlin)) ey ") > 130>nlgr\( + g0l [hjo| < m”h”%,
jo=1
since H r(J+nlar,n)) ez az S < C/nl/8.

Finally, the proof of the second estimate is similar to the one for the estimate of (&,1(n, j,h)) ;. and
(&p1(n, ],h))]eZ in Lemma 4.9, this time using that H Jj+nlal,n JEZH < C/n12,

For the last estimate, we first note that, for h € 55, we have that

[@rs 38| = sup (1 D7 21 3t rted = o+l )l
71 ]0>]_

J

- Sup(l + |j|)’71]l]>1 Z ]l|] ]0|<n+1K ( ’j _jU +n |a7“|7n)|hj0’
JEZ

Jo=1
+sup(L+ )" Ly Y 1 <nlar Bjj—jo|<n+1Kr(e, 5 = Jo +nfon], n) | hyo|
ez Jo=>j+1
JrSUP(l+ G e Y L sl 15 jol<n+1Kr (e, = jo + nfar], n)|Rj .
Jo=j+1
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The first two terms contribute to

J
SUIZ>(1 1) g1 > U joi<ns1Kr (e 5 — Jo + nlar],n) Ry |
je —
Jjo=1

+ sup(L + [))" L>1 Z ]1j0<n\ar|]l‘jfjo\gnJrlK’r‘(cvj_j0+n|a7"7n)‘hj0|
Iz joj+1 :
< Ce™" s,

while for the third term, we note that for each j > 1

(14 [57)™ Z ]ljozn\;m 1 —jo1<n+1Kr(e, 5 — Jo +nfag|,n) k|
Jo>j+1
(1 + [jo])7

@+ ol ol

<C Z ﬂjoznlgrl |‘%/rn(ca] _.]0)|
Jjo=1
C

< m”hufgg )
since || (K (j + 1 |l ) jez lrgzy < C/n%. n

The very last contribution to handle is the one coming from the exponential terms (Dexp(n, j, h));ez.
And we have the following result whose proof is trivial and let to the interested reader.

Lemma 4.15. For any v2 > 71 > 0, there exists a constant C' > 0 such that for alln > 1, one has:
|(Dexp(n,j:0)jezlly < Ce " |hfa ,  for anyh e £,(Z;R),
7 72
[(Dexp(m, 4, h))jeZHegc{ <Ce " Hhuégg , foranyh € £3(Z;R).

Y2

We can now conclude the proof of Theorem 4.3. For the first estimate (4.38a), we use the estimates
provided by Lemma 4.14, Lemma 4.13 and Lemma 4.15. We thus have
)

+ 0 (@i, +[@eatmimal], + @i,
1 1

1
:
1 1 o C
=¢C <n’yz—’y1+1/8 s e ) Iblles, < =57 [Pl -

|£"(1d— S)h|l, <C <H(@r,1(n,j, h))

+ |@er .5 1),
1

jez
“

e%l)
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For the second estimate (4.38b), we have
1270 =Sl < 0 ([ 0rsn i) o]+ [@atn b))

#0 (| @ratesmses]+ [@tng e+ @i i)
71

K'Yl )

< ([l +luinim,], )

+C (H(@r,z(”aja h)) ez

+ |[®eatn.jim)e

ﬂ\wwumm@

1 1 e C
=C <n72_71+7/12 + nY2+1/3 te > HhHﬁ/Q < ny2—y1+1/3+min(1/4,71) HhHK}Q

1
K’Yl

Finally, for the third estimate (4.38¢c), we use once more the estimates provided by Lemma 4.14, Lemma
4.13 and Lemma 4.15 to get:

|£"(1d ~ ). < C (H r(n ],h))]ezHZ +|@ean J,h))jeZHKQ

0 (| ®ras ]+ [P0t . + [t ], )

1 1 o C
<o ¥ #oen) Il < . Bl

n2—m+1/8 T ya—1/8 nY2—7Y1+min(1/8,71—-1/8)

This completes the proof of Theorem 4.3.
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Chapter 5

Nonlinear orbital stability

In this last chapter, we finally prove the nonlinear orbital stability of the family of stationary discrete
profiles {ve7 0 e (-4, Q)} given by Theorem 2.1 in some well-chosen algebraically weighted ¢P spaces. More
precisely, given an initial sequence h = (h;);ez in £1(Z;R) satisfying the mass condition

> hi=0, 0c(-0,0),

JET

we let u" = (u});jeznen denote the corresponding solution to the Lax-Wendroff scheme (2.5)-(2.6) start-
ing from the initial condition u® = T + h, where we recall that @ = v is the element of the family
{ve, 0 e (-4, Q)} given by the explicit expression (2.7). By mass conservation, we automatically have:

VneN, Zu?—ﬂj:Zu?—ﬂj:Zhj:&

JEZ JEZ JEZ

As a consequence, for each n € N, it is natural to define the perturbation p™ = (p?) jez as

where in particular the mass conservation property of u” implies that for any n € N, the sequence p™ has
ZEero mass:
VneN, Z p; = 0.
JEL
From the recurrence formula (2.5) for u” = v? +p”, we deduce that the sequence p" satisfies the following
equation:

VneN, p"t=,p"+ (1d-S)./%p"), (5.1)
where the bounded linear operator £? : (9(Z;C) + ¢9(Z;C) is defined as the linearization of the Lax-
Wendroff scheme around the stationary discrete shock profile v?, that is:

VieZ, <£49 p) =pj— A [Guﬂ}(vf,vfﬂ)pj +8v§A(v?,v?+1)pj+1]

J

(5.2)
+ A [auﬁ)\(v?_l,v?)pj,l + 3vyA(U§—1aU?)pj] )
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and the nonlinear operator .4 is defined by:

Vi€, (JVB(P)>J, = A5V + pj—1, 0] +pj) = AT, 0))
(5.3)
A |0 ) Dt + DAy, )
We also recall that S is the shift operator defined as (Sp); := pj41 for all j € Z. Actually, we shall

rewrite the recurrence relation in time (5.1) more conveniently as
VneN, ptl=2p 4 (L - .2) p"+ (1d-S) 4 (p"),

where the operator .2 = L£°, given by (2.11), is the linearization of (2.5)-(2.6) around the discrete shock
profile @ = v* given by (2.7). Finally, an application of Duhamel’s formula gives the final expression for
the perturbation p™ at any time n € N:

n—1 n—1
VneN, p'=.g2"p’+ Y gl (ﬁ - .,zﬂ) P4+ S 2 (1d-8) AP, (5.4)
m=0 m=0

As already emphasized in Chapter 2, our nonlinear orbital stability result (that is, Theorem 2.5) holds
true in algebraically weighted spaces. Recalling our definition from the previous chapter, for v € R*, we
define the weight w, = (14 [j]7)jez. Then, for p € [1,400], we introduce the weighted space:

(Z;R) = {h € P(Z;R) | wyh € F(Z;R)},

with wyh = ((1+1j|7) hj)jez and for h € £, we denote ||h[|z = [lwyh|,, the norm of h in the space £5.
Our strategy will be to bound each term appearing in the right-hand side of (5.4) using the semi-group
estimates obtained for (£"),en and (Z"(Id — S))pen in Theorem 4.3. This is exactly the same strategy
as in [7] except that the exponents in Theorem 4.3 are different so the whole process should be carried
out in order to determine the correct constraints for 8 and o in Theorem 2.5.

We shall need three technical lemmas which we now state. The first lemma provides semi-group
estimates for the family of operators (£ (L% — %)) nen.

Lemma 5.1. For any (v1,1s) € [0, +00)2, there exists a constant Cr(v1,v9) > 0 such that for all sequence
p € (°°(Z;R) one has (L* — %) p € ﬁvzoﬁ}y and:

Cr(vi, 1)

n (0 TEANTL 7] o0
vneN, | (- 2)p, < TR Ol

for all 0 € (—0,6).

The proof of the above lemma can be found in [7, Proposition 2], and it uses crucially the exponential
localisation of the family of discrete shock profiles v? as stated in Theorem 2.1 and the key remark that
for a bounded sequence p € ¢>°(Z;R) one has

> (e~ 2)r) -0

such that one can rely on estimate (4.37a) of Theorem 4.3 with (v1,72) = (1/1, V1 + v+ %)
The second lemma establishes algebraically weighted bounds for the nonlinear operator .4#?, and a
proof is given in [7, Lemma 3.1].
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Lemma 5.2. Let (JVQ)GG(_Q 0) be the family of nonlinear operators defined by (5.3). Let v1 > 0 and

p > 0 be given. There exists a constant C 4 (71, p) > 0 such that the following holds.

(i) If p € £}, (Z;R) with ||plle < p, then for all 6 € (—0,0), one has N (p) e 6%71 (Z;R) and

voe(-0,0), [4(p)

= Crtnp) ol Il

271

(ii) If p € £35(Z; R) with |[plle= < p, then for all 6 € (—0,0) one has N (p) e 055, (Z;R) and

voe(-0.0). |m)

< Cy(y1,p) Il -

2vq

Finally, we shall also need the following estimates whose proof can be found in [7, Lemma 3.2]. These
are discrete versions of [31, Lemma 2.3]. Here and in all this Chapter, we let || denote the integer part
of a real number z.

Lemma 5.3. Let a, b and ¢ be positive real numbers. Then there exists a constant C(a,b,c) > 0 such

that
Ve N L%lj 1 1 < C(a,b,c)
’ 1+m-—n)* (1+m)® = (2+n)’

m=0

whenever 0 <a—cifb=1,0or1—-b<a—cifbe|0,1) or0<a—cifb>1, together with

n

1 1 C(a,b,c)
Vn eN, < )
m_L;IJH (I+m—n)e (1+m)* = (2+n)
- 2

whenever 0 <b—cifa=1,orl—a<b—cifac[0,1) or0<b—cifa>1.

5.1 Fixing the constants

The first step towards the proof of Theorem 2.5 is to fix the two constants Cy > 0 and € > 0 that appear
in its statement. As a consequence, once for all we fix o + 8 > % together with 0 < o < S+ %, and we
set yi=04+ 0+ %. We also fix a positive constant! o > 0.

Next, using Theorem 2.1(iii), we get the existence of a constant C,,(y) > 0 such that

Vo e (—Q, Q) ) Hvo _ﬁHZEY < Cm(f}/) |0| .

We shall denote by C'¢(3,7) > 0 the constant from Theorem 4.3 with (v1,72) = (5,7). We can thus set

Co == (1+Cx(B,7) (1 + Cn(7)) - (5.5)

For any real number z, we use the standard notation x := max(z,0). With the above parameter o, we
introduce the number: - -

= — - — . 5.6

Y2 =gt (" 12> . (5:6)

n case the flux f of the conservation law or the numerical flux %, would be defined on an open set and not on the
whole space (R or R?), this parameter ¢ would help controlling the £*° norm of the numerical solution so that the numerical
solution would be defined for all times.
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Next, we introduce the following two constants

11 1 11
€1 =2C0Ce(8,2)C (13,0 + 7.0 ) +2C3C(8,20) o (5,0)C (B + 520+ .0 )

25 25 11 11
=2 - - -
Cy COCL(B,U+24>C<J+24,J+ ,o+ )

2 C(8,28)Cr(B,0)C <ﬂ+ e ”)

: Logyll o 10
+COC$(/872/B)CJV(6,Q)C<B+8a20+127U+24 ,

where the constants Cg(8,v5) and Cg (8,0 + 23) are given by Lemma 5.1 with (11,v2) = (8,v,) and
(v1,09) = (8,0 + &), C2(3,28) is given by Theorem 4.3 with (y1,7) = (8,28), C.y (8, 0) is given by

25
Lemma 5.2 with (1, p) = (5, 0), and the four constants C (5 +3 Lo+ %}17 ), C <0’ + i + 5—}1,0 + %i),

(ﬁ + 12,20 + 24, o+ 24) and C (,6’ + 35 Lo + g,a + ) are given by Lemma 5.3 with either one of the
triplets:

B+ o 1L LB u B+ oy 1, 11 B+ Lu_u
Ot o) \T T Tty 217 T og Tt 1)

At last, we choose € > 0 small enough such that

: 0 14+Cn(v) 14 Cn(v)
0 < € < min (9, Co C , e .

(5.7)

5.2 Proof of Theorem 2.5

We now complete the proof of Theorem 2.5. We consider an initial perturbation h € E#(Z;R), with ~
previously defined, and we assume that h is small enough so that

bl <e.

We then define the excess mass:

0 = Zh]

JEZ

We readily remark that necessarily

01 =1>_hy| < [hlls < [|hllg <e<8,
JEZ

the last inequality coming from our choice (5.7) for e. We can therefore use below the discrete shock
profile v? associated with the excess mass §. We define the initial condition u’ := @ + h and since the
numerical flux .Zy € € (R?; R) is globally defined, we directly obtain the existence of (u™),cy solution of
(2.5)-(2.6) starting from this u’. There is no need here to control the /> norm of the numerical solution
at each time step in order to remain within the set where the numerical flux is defined. However, the £*°
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control will be crucial in order to obtain uniform bounds for the quadratic remainder term .#%. Thus,
we can introduce the sequence of perturbations (p™),en defined as

which is given by (5.4), that is
n—1 n—1
¥neN, pt=g2mp’+ Y grtom ([,9 - .z) p 4+ 3 2 (1d - 8) A0 (p™).
m=0 m=0

We shall now prove by induction that for all n € N one has p™ € E};(Z; R) together with the bounds:

Co
Il ||Pm||zgo < ———glhlg, and [[p"e <o.

C
Vm=0,...,n, [p"[p < 0
(1+m) 21

5~ (14+4m)°
(5.8)
5.2.1 Initialization step

At n = 0, we have by definition that
p’ =u’—v! =u—v’+h.
As a consequence, using 0 < 8 < v and obvious inequalities between norms, we have the estimates:

= 0
9%l < 18%llee < 10%0y < 18%ller < = v¥]|, + il < (1+ Cu()lly < Collbllr < Coe < o
Y

(5.9)
This means that the induction assumption (5.8) is satisfied for n = 0 (the above chain of inequalities
encompasses the three estimates of (5.8)). We finally also recall that p° has zero mass:

> =0,
JEZ

and this property will be automatically propagated at later times since we consider a conservative scheme.

5.2.2 Induction step

We assume that (5.8) is satisfied up to some integer n € N and we now show that it propagates to the
integer n + 1. Using Duhamel’s formula at n + 1, we have the following expression for p™*!:

pn+1 — gnJrl pO + Zn: gn—m <£9 _ g) pm + Zn: gn—m (Id o S) r/1/9(1)771) )

We shall now bound each term separately.
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The Zé, estimate. Since the initial perturbation p° € Z% is of zero mass, we directly have by Theorem 4.3:

Ce(B,7) Ce(B,7)(1 +Cn(v))
(24 n)° (2+n)°

H-i””“pOH% < Ip%ller < [l (5.10)

where we have used the following consequence of (5.9):

1Pl < (14 Cin(7)) Il -

Regarding the second term, we use Lemma 5.1 with v; = 8 and v, defined in (5.6), the inequality
|0] < € and the induction assumption (5.8) to obtain:

[z (e = 2) o], < I e
S e o L
6C(O (6)1/2)

< |
(n—m+ 1) (14 m)"* 3
Finally, using Lemma 5.3 with a = vy, b = 0 + % and ¢ = o (the reader can easily verify that we are
always in a position to apply the two inequalities provided by Lemma 5.3 with our choice (5.6) of vy), we
directly obtain that

S (e 2)p

n

Z GCOC,C B7V2)
(n—m+ 1)% (1 +m)°

Il

m=0

2¢CoCr(B,vy) C (V27<7 + ;11 )

= @ +n)p

Il . (5.10)

For the third term that incorporates the nonlinear contributions, we shall use the estimate (4.38a) of
Theorem 4.3 and Lemma 5.2 to derive that

i LM (Id — S) A (p™

m=0

< e

el
2B
ZB

n

#(B,28) C.y (B, 0)
ZZ:O (14n—m)?ts

n

C2C»(B,28)Cx(B,0)
<
Z 14n— )B-l— (1+ )20+11
2ecgof(5 28)Cy(B,0)C (B+ 1,20 + &, 0)
(2+n)”

2™ [l 1P [l

Ihll7:

Il

For the last inequality, we have applied Lemma 5.3 with a = 8 + é, b=20+ % and ¢ = 0. We can
readily verify that
11

1 1 11 5
0<5—i—8 c=a—c, O<U—i-24 b—c, and b—c+a B+U+8+24 =o+f 17 >0,
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thanks to our assumptions on 8 + o > % and 0 <o < B+ %.
As a consequence (recalling the definition of the constant C), we have obtained that

Co

n 1
o™l (C2(8.7) (14 Cn) +€C1) gy < 5= Il

L —
57 (24 n)°

thanks to our choice of Cy and the restrictions on e.

The Eg? estimate. Using once more that the initial perturbation p® € E# is of zero mass, we directly
find, using the semi-group estimate of (£")nen in €3 that

HgnJrl pOH < (5 'Y) H OH ;.(/(577) (1+C ( )) HhH L
% ) h CERE
where we have used one more time the following consequence of (5.9):

1Pl < (14 Cin(7)) Il -

Regarding the second term, we use Lemma 5.1 with v; = 8 and vy =0 + % to obtain
Cr (B,o+2
e (e -2y o, < e (20 2) o, < ET R o
e G (n—m+1)7tx
€eCoCr (B0 +2) I
1.
> (n—m+1)0+34( er)UJrli é

Next, using Lemma 5.3 with a = o 4 2 24 >landb=c=0+ 24, noticing that ¢ < a, we directly obtain
that
€CoCr (Byo+2)

= IIhlls

(n—m+1)°T31 (1 +m)" 2

<
o5 25 11 11
) 2¢CyCr (670’+ﬂ) C(J+ﬂ70+ﬂ70+ﬂ) b
- (2+n)g+% -

~ nm 0 m
n;)z (E .z)p

For the third term, we shall use the estimate (4.38b) of Theorem 4.3 and Lemma 5.2 to derive that

2 (1d - S) /P (p™)|| < A
mzz:o ( ) (p ) —= — (1+1’L )54‘ +min 4,ﬁ H ) ééﬁ
&
L=

Co(B,28)C x (8, 0)
(14+n-— m)6+12

2™l D™ [l

IA
-

2

,_
3
+
_

[I—

C3 C2(8,28) Cy (B, 0)

= (L n—m)P (L 4+ m)>

GCgCX(ﬁ 2B)C/V(5? ) (B‘i‘ 172;20+ 24)0“" 24) ||h”1
Eymeet -

Ihlz,

1[7]

100



For the last inequality, we have used the first inequality of Lemma 5.3 with a = 5 + 1—72, b=20+ % and
o+ ;—}1, noticing that

1 5
a—C=5+§—a>0, and a—c+b—1:a+ﬁ—ﬁzo,

since()§0<ﬂ+éandﬁ+0215—2.
For the remaining part of the sum, we use estimate (4.38c) of Theorem 4.3 and Lemma 5.2 to obtain

En - - C(8,28)
m=| 31 | +1 ( ) e oo m{%;ljﬂ (1+n—m)5+mm(§’r3*§) H (™) 5
B
Z” C(B8,28)Ch (B,0) 2
< o0
_m:L"HJ“ (1+n—m)sts Ip ||eﬁ

Cz(8,28)C.r (8,0)CF
(L= m) 5 (1 m)>

(]

B3
m=| 2L | +1
€C2C2(B,28)Cy(B,0)C (B+ L 20+ 1 o+ 1)

Il

For the last inequality, we have used the second inequality of Lemma 5.3 with a = 8+ %, b=20+ % and
o+ 5711, noticing that

5
b—c>0, and a—c—l—b—1:a+ﬁ—520.

As a consequence (recalling our definition for the constant C3), we have obtained that

Co
[P ey < i by -
24 v

1
o (C2(B.) (14 Cu() +€ G [l < Tl

(2+n)
From there, we also deduce that
Ip" e < [[P" ez < Coe < 0.

This concludes the proof of Theorem 2.5.
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Appendix A

The exact and approximate Green’s
functions for the Cauchy problem

In this appendix, we study the Lax-Wendroff scheme when applied to the linear transport equation:
v + adyv = 0,

with @ # 0 and the equation is considered on the whole real line R. As we have already seen earlier in
this article, in the linear case, the Lax-Wendroff scheme can be recast under the form:

VneN, "t = 2", (A.1)

where for any integer n € N, v™ denotes the sequence (v]") jez, and Z is the discrete convolution operator
defined on any real or complex valued sequence v = (vj);ez by:
, — o o?
Vi€eZ, (.,iﬂv)j = v — 5 (Uj-‘rl — Uj_l) + ? (Uj+1 — 21)j + Uj_1> ,

where, as in the core of this article, «v is a short notation for Aa, A > 0 denoting the fixed ratio At/Ax
between the time and space steps. The constant « thus has the sign of the transport velocity a. In what
follows, we shall apply the results below to either o = o € (0,1) or a = - € (—1,0), so that the above
operator .Z corresponds to either one of the operators .%; or .Z, defined in (3.25).

In this appendix, we recall or prove several bounds on the exact and approzimate Green’s functions
for the Lax-Wendroff scheme. The approximate Green’s function is defined below in (A.8) and is meant
to reproduce the leading qualitative and quantitative features of the exact Green’s function of (A.1). The
study of the Green’s function of (A.1) was the purpose of the article [9] by one of the authors. We shall
recall below the main conclusions of [9] since they are useful for our purpose here. Unsurprisingly, many
arguments below for studying the approximate Green’s function follow what has been already done in
[9] but there are also several new regimes that need to be considered and that did not appear in [9].
The bounds that we prove below (see in particular Theorem A.3) are used in this article to study the
so-called activation function A in our decomposition of the Green’s function for the linearized operator
% in (2.11) (see Theorem 4.1) and various bounds for some remainder terms. This appendix can also be
seen as a main building block for a complete justification of the local limit theorem for finite difference
approximations of the transport equation that exhibit dispersion and dissipation (we refer to [23] and
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[24, 25] for a presentation and some recent advances on the local limit theorem and its connection to
probability theory). The local limit theorem in the non-dispersive (or rather parabolic) case is justified in
[11] and the complete justification of the local limit theorem in the dispersive case is a work in progress.
We refer to [24] for a justification of the leading order term in the local limit theorem for sequences that
exhibit dispersion and dissipation as we consider here.

A.1 The exact and approximate Green’s functions. Main results

As we have recalled above, the Lax-Wendroff scheme for the transport equation on the whole real line
reads:

2
1 «
= o) = 5 ) G (0 200 o). (4.2)

«
2 2

with @ := Aa. The ezact Green’s function for (A.2) corresponds to the initial condition defined by:

_ 1, ifj=0
VieZ, gq;:{’ Br=0

J 0, otherwise,

which leads to the solution (g?jl)(j,n)GZXN for (A.2). This sequence (?;'L)(j,n)eZXN is studied in [9], see also

[16, 17]. Its main features are recalled below.

We restrict from now on to the case v € (—1,1)\ {0} in order to stick to the two particular situations
we are interested in, that is, either @« = a4y € (0,1) or @ = «a, € (—1,0). We compute the so-called
amplification factor for (A.2) and obtain (see for instance [9]):

VOER, Fuw(d) =1 — 2a? sin2g + iasinf.

As already reported in [9], the expansion of the amplification factor ﬁLW near the frequency 0 reads:

a(l—a2)03 B a?(1—-a?)

Fiw(0) = exp <ia9 —i—— <

0 + 0(95)> , (A.3)

and we have furthermore the dissipation property:
VO e [—m )\ {0}, |Fiw(8)| < 1.

Since ﬁLw is a trigonometric polynomial, it extends as a holomorphic function with respect to 6 on the
whole complex plane C. For later use, we introduce the coefficients:

1— 2 21_ 2
C3 = OZ(GQ)#O, Cq = a(80[) > O, (A4)

in such a way that (A.3) equivalently reads:
Fiw(0) = exp (ioz@ —ic30® — 0t + 0(05)> ,
as 0 tends to 0. The main result proved in [9] can be formulated as follows. It uses the notation ¢z and

¢y for the coefficients in (A.4) that arise in the Taylor’s expansion of the amplification factor Fryw at 0.
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Theorem A.1. Assume that the constant cs in (A.4) is positive that is o € (0,1). Then there exist two
constants C > 0 and ¢ > 0 such that the Green’s function (g JGmezxn for (A.2) satisfies the uniform
bounds:

- 3/2
VneN', VjezZ, }g?‘gn?/?)exp<—c<jnlgn> ), ifj —an >0, (A.5)

and:

YneN', VjeZ,

o W C i — an]\*? C (j — an)?
|E¢j—2Regj‘§nl/3 exp(—c<n1/3> +n1/2 exp | —e——— |,

ifj —an <0, (A.6)

where g7 is defined for n € N* and j € Z as:

) 1 cy (j —an)? _2]j—04n\3/2 LT
v eN*xZ no._ = = il e N
(n,7) XL, g; 5 exp< 90%71 exp |1 3 J3]ealn 14

[2]j—an]
/ 3legln —+/3lcs| |[i—an|nu? ef3ne —im/4 3d (A 7)

2]j—an]
3I03\n

If c3 is negative, the bounds depending on the sign of j — an should be switched.

In order to be absolutely complete, it is important to note that Theorem A.1 above is not exactly
the statement that is proved in [9]. This is because, in the interval between the completion of [9] and
the present work, an error was found in [9], which made us modify the statement and the proof of the
main result in [9]. The new statement, that is correct, and whose corollaries follow exactly as in [9], is
Theorem A.1 above. The error occurred in the proof of the estimate (A.6) and in the definition (A.7)
of the approximation g;-‘ that incorporates the damped oscillations of the Green’s function. Rather than
reproducing the whole proof of Theorem A.1 (only a tiny part of the proof needs to be corrected), we shall
rather give the proof of Theorem A.3 below for the approrimate Green’s function since the analysis of
the approximate Green’s function needs to incorporate new regimes that were not considered in [9]. The
proof of the above estimate (A.6) corresponds to the bound (A.12) below for the approximate Green’s
function. The reader will most certainly experiment no difficulty to adapt the arguments below to derive
the statement in (A.6), (A.7).

Let us recall an immediate consequence of Theorem A.1, see [9] for an even more precise statement.

Corollary A.1. Let the constant cz in (A.4) be posz’tz’ve that is, € (0,1). Then there exist two constants
C >0 and ¢ > 0 such that the Green’s function (gj )(im)ezxn for (A.2) satisfies:

;

1
1/3 oxp (—clj —anf2/nl/?), if j —an >0,
n
VneN, [F}] <C {7, if —n/3 <j—an<o0,
L i 2 i s 1/3
T aniipa @ (—eli—anP/n), i j—an < —allS,
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together with the ' estimate:
" 1/8
VneN, Y |gj| <C@@+n)/s.
JEZ
If c3 is negative, that is, « € (—1,0), the pointwise estimates for the Green’s function (??)(j,n)esz
read:

(

1
Tﬁexp(—c\j—anﬁﬂ/nlﬂ), if j —an <0,
n

73 if0§j—an§n1/3,
n

1
= anig P (el

j—anf*/n), ifj—an> nl/3,

and the £' estimate is unchanged.

The analysis in Chapter 4 will use a very slight variation on Theorem A.1 which we state here for
convenience. Actually, the statement in Theorem A.2 below is the core of the proof of Theorem A.l in
[9] even though this result was not stated in such generality in [9]. Once again, the proof of Theorem A.2
below follows from the exact same arguments as those we develop below in the proofs of Theorem A.3
and Theorem A.4. The absorption of the remainder term #° ¥() in the integral is made by choosing §
small enough, just like we did in the proof of Proposition 4.1 in Chapter 4. We therefore feel free to skip
the proof of Theorem A.2.

Theorem A.2. Let ¢3 and ¢4 be two positive real numbers. Let ¥ denote a holomorphic function on some
neighborhood of 0 in C. Let C be a positive real number. Then there exists some positive real number
0o > 0 such that the following property holds: for any § € (0,d¢], there exist two constants C' > 0 and
c > 0 such that there holds:

5
V(z,y) € R x [C7} +00), ’/ A Y U T ORT:
—5

1 .
W exp(—c‘$|3/2/y1/2), if0<z<Cy,

1 3 1/3
SC W; 1f—y/§$§0;

. 2 i 1/3
gy o (—clal’/y), i -Cy<e <yl
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If now ¢3 is negative (¢4 being kept positive), the result still holds but with estimates that now read:

5
V(z,y) € R x [C7!, +00), ‘/ ol w0+ y 03 —E1y 04y 07 W (6) 49
-5

1
e (=), t-cy<r<o
; 1/3
<C W7 if0<a<yl/s,
1 2 e .1/3
g o (—clal’/y), iy <o <Cy

We now turn to the approximate Green’s function for (A.2). Recalling that we have the following
formula for the exact Green’s function:

—n 1 T i~ 1 T~
V(nj) eNXZ, 95 =— e 9 Frw(0)" do = 2W/ 0 Frw(—0)"do,

—r -

the expansion (A.3) and the dissipation property suggests the introduction of the approximate Green’s
function G defined by:
V(n,j) eN*xZ, G := QL /ei<ﬂ'a">9ei63"93 e—eanf qg (A.8)
T JR
The relevance of G} for analyzing the behavior of the exact Green’s function for (A.2) is illustrated by
numerous simulations in [3]. A rigorous justification (by means of sharp analytical bounds) of these
numerical observations is, to some extent, the purpose of the so-called local limit theorem and is the
content of a future work by the authors. We show below that the bounds for G;” are “consistent” with
those given in Theorem A.1 for the exact Green’s function ?;L Let us quickly observe that the above
definition (A.8) only makes sense for n € N* so that the integral is absolutely convergent. We have
replaced the compact integration interval [—m, 7| by the whole real line R for convenience since high
frequencies will not modify much the behavior of G7.
For technical reasons that will be made more clear below, it is useful to “extend” the approximate

Green’s function to a continuous setting and we therefore introduce the function of two variables G that

is defined by:
1

V(z,y) ERXRT, Glay) = 5—

/eixeeicwe3 a0 qg . (A.9)
R

From the definition (A.8), we directly get the relation G} = G(j—an,n) so that any detailed information
or bounds on G will give us information or bounds on G7.

We thus consider from now on the function G defined in (A.9). Our main result, that is Theorem A.3
below, makes use of an auxiliary function that, to some extent, captures the oscillating behavior of the
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function G on the side where x has the opposite sign of ¢3. This auxiliary function g is defined as follows:

1 2 2 |]3/2
V(z,y) e Rx R™, g(x,y) = — exp ( ek > ( i iﬂ)

o 9c3y 3\Blesly 4
2|z
/\/E —VBIGRVE geave ™48 gy (A 1)

3\C3Iy

Comparing with (A.7), we see that (A.7) corresponds to x = j —an and y = n in (A.10). This explains
why the proof of the above estimate (A.6) is entirely similar to the proof of (A.12) below. Our main
result is then the following.

Theorem A.3. Let us assume that the coefficient cs in (A.4) is positive, that is o € (0,1). Let ymin > 0
and let ¢ > 0 be given. Then there exist some constants' C > 0 and ¢ > 0 such that, for any (x,y) €
R X [Ymin, +00), there holds:

ylc/’4 exp(—cz*3/y13),  ifx>cy,
% exp(—cz®2/yl /2y, if0<z<cy,
Gla,y)l < Y (A-11)
—73 1f—y1/3§$§07
yC{?’
i/ exp(—c|z|Y3/y'?), if v < —cy,
and:
C ]m|3/2 C < $2>
G(x,y) — 2Re g(z,y exp + —=exp|—c— ), (A.12)
| ( ) ( )’ 1/3 ( y1/2 y1/2 Y

if —cy <a < —y'/3. N
In particular, there exist another constant C > C' and another constant ¢ € (0, c] such that for any
(33', y) e R x [ymin, +OO), there holds:

/ Ge.y)de| < C’ exp ]x\4/3/y1/3)7 if v < —cy, (A.13)
2 if —cy <z <cy. '

and:

‘1 / G(,y) df‘ < Cexp(—cz*?/y'3) ifz>cy. (A.14)

Let us note that the case where c3 is negative (that is, where « is negative) simply corresponds to
changing the sign of x since the definition (A.9) gives:

1 . .
G(-a,y) = 5 /Re‘”e1<03>y93 e u0 g9

We shall thus feel free to use without proof the analog of Theorem A.3 in the case where « is negative.
(This is precisely what we shall do in Chapter 4 where one of the relevant values for o is o, € (—1,0).)

I These constants depend only on ymin, €, ¢s and c4, or equivalently on ymin, ¢ and a.
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As follows from [29], see also [16, 17], it is already known that the Green’s function (??)(j,n)EZXN of
the Lax-Wendroff scheme (A.2) is not uniformly bounded in ¢!(Z) (where “uniformly” refers to uniformity
with respect to n € N). This is a characteristic feature of numerical schemes that exhibit dispersion. Since
the function G is meant to reproduce the leading behavior of the Green’s function, there is no hope to
show that G(-,y) belongs to Ll uniformly with respect to y > 0 (or, say, ¥ > Ymin > 0 in order to get
rid of potential trouble when y becomes arbitrarily small). However, a crucial point in our analysis of
the linearized operator £ around our reference discrete shock profile is to obtain a uniform bound for
the activation function A. As we shall see later on, this activation function corresponds to the primitive
function of G with respect to its first variable. Deriving a bound for this primitive function can not
follow from the triangle inequality. We thus need to capture the leading oscillating behavior of G in order
to show that its primitive (with respect to its first variable) is uniformly bounded with respect to both
variables. This is the meaning of the estimates (A.13) and (A.14) and this is where the estimate (A.12)
is crucial.

The proof of Theorem A.3 is split in several paragraphs in order to emphasize the distinctions between
the fast decaying side of the Green’s function and its oscillating side (as for the Airy function). Most
of what follows is an adaptation of the results in [9] even though several regimes did not appear in [9]
because the exact Green’s function was considered there and this one has compact support for any n.
Furthermore, it appears that an error occurred in [9] when introducing the analog of the above function
g and in proving and error bound between the Green’s function and its (presumably) leading behavior.
This appendix is therefore the opportunity to correct this error and to generalize some of the results in
[9] to a continuous setting. In the final paragraph of this appendix, we connect the result of Theorem
A.3 with the analysis of the activation function A, (or Ay), see Corollary A.6, and we explain why the
bounds in Theorem A.3 give exactly all that is needed in the analysis of Sections 4.3 and 4.5.

A.2 The uniform bound

It is sometimes useful to consider y > 0 in (A.9) and later restrict to ¥y > Ymin as in Theorem A.3. This
is mostly what we shall do in what follows, where the final restriction y > ymin will be used to derive
bounds as claimed in Theorem A.3. We first derive a uniform bound for G(z,y) with respect to = € R.

Proposition A.1. Let the function G be defined in (A.9) with a nonzero constant cs. Then there exists
a constant C' > 0 such that for any y > 0, there holds:

C
sup |G(z, < —=.
sup [G(a.1)] < 7
Proof. The proof of Proposition A.1 is a mere adaptation of the proof of [9, Proposition 2.3]. We recall
the details for the sake of completeness. From [24, Lemma 3.1] and the so-called van der Corput Lemma,
we have:

b
i C
\ | <00 de\ < : o5 (N9 llzeqam + 19 lprany ) (A.15)
/
“ (mingegon | FO0)1)

as long as f is real valued and the minimum of |f®)| on the interval [a,b] is positive. The crucial

observation here is that the constant Cy in (A.15) does not depend on a nor b (nor f and g, of course).
The function g could be complex valued.
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We apply the above inequality to f(6) := 60 + c3y 6% and g(6) := exp(—c4y #*), so that both norms
| 91lzo(a,e)) and || g" [| 21 (fa,p)) can be bounded uniformly with respect to a,b and y. We thus obtain the

bound:
C

b
. . 3 _ 4
elxﬁelcg,yG e cayl de < ’
a y1/3

and it remains to pass to the limit in both a and b to conclude, the constant C' being independent of the
interval [a, b]. O

A.3 The fast decaying side

We assume from now on that the coefficient c3 in (A.4) is positive, the case where this coefficient is
negative being obtained by switching the sign of . Now that the sign of c3 is fixed, we first deal with the
case > 0.

Proposition A.2. Let the function G be defined in (A.9) and let the constant c3 be positive. Then there
exist some constants ¢y > 0, C > 0 and ¢ > 0 such that for any (z,y) € R x R**, there holds:

C x3/2 .
oy < 9L P\ o HOS Sy
LY = 1/3
1C/’2exp<—cxl/3> , itz >cyy.
Yy Yy

Proof. Integrating the holomorphic function:
2 eC—s eizzeicgyz3 e—C4yz4

over a large rectangle and passing to the limit, we easily see that the real line R over which we integrated
it to obtain the defining equation (A.9) can be switched to any line ip + R with p € R. In other words,
the Cauchy formula yields:

1

VpeER, V(zy) ERXRY™, G(ay) = 5—

/ ol @ (iut+0) gicsy (in+0)® (—cay (in+0)* qp (A.16)
R

Expanding all quantities within the integral and applying the triangle inequality, we obtain the bound:

—xptesypd—caypt
ViER, V(zy) €RxRY, |G(ry)| <
T

/ e—3yu(63—204 /—’4) 62 e—C4y94 d9 . (Al?)
R

This bound is rather crude but it allows to deal with many regimes in (x,y) by optimizing with respect
to the free parameter p € R.

Let us now consider 2 > 0 and let us choose = pg := (2/(3¢3y))/? > 0. We use the bound (A.17)
and use the obvious inequality exp(—csy ,ué‘) < 1 to obtain:

2.’E3/2

_ =3y po (ca—2capo) 02 g—cay* gp
e e .
3v3cs yl/2> /R

1
KMWSMW<
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We define once and for all the positive constant c; := 3 c3/(16¢c3). If we consider the regime 0 < x < ch Y,
then we have 2¢4 g < ¢3/2, so that we get:

2$3/2

]. 2 4
G < s —(3/2)eaypo 07 g—cay 6 39
|G(z,y)] < o exp( gm?ﬂﬂ) /]Re €

Since x is nonnegative (and therefore g is nonnegative too), we can either use one exponential term or
the other within the integral to derive a bound for this integral. In the case = 0, only the exponential

term exp(—c4y 0*) makes the integral converge. Recalling the value uo = (z/(3 ¢z y))'/?, we thus get:

_(3/2)03:5//1/092 _C4y94d9< C
Ae e — y1/4 max(l,x1/4) )

with a constant C' that is independent of y and = € [0, c; y]. This yields our first bound (see the statement
of Proposition A.2):

C 373/2 A
Vae e Gl < s e (el | (A.18)

We assume from now on = > ¢;y > 0 with the above (already fixed) positive constant ¢y = 33 /(16 c3).
We go back to (A.17) and restrict from now on to positive values of the parameter . We use Young’s
inequality:

Geryp®0® < cyyb* + 9eaypt,

to derive the bound:
C
VYR

where the constant C' is independent of x,y and p. Our final choice for p will depend on = and y so it is
crucial to get constants that do not depend on p all along.
The function :

Vu>0, |G(z,y) < exp(—xu+63yu3+804y,u4), (A.19)

fopeR — —zp+esyp® +8esyp’, (A.20)

is smooth and strictly convex. Since f(0) =0, f/(0) < 0 and f tends to 400 at +oo, it appears that f
attains its unique global minimum on R* at some p > 0 that is characterized by f’(p) = 0. Multiplying
the relation f’(u) = 0 by u, we obtain:

flp) = —2C3yﬁ3—2464yﬁ4 < —24041;&4.

Since we have x/y > c;, it is not hard to show that we can choose some small positive constant c; > 0,
whose choice only depends on c3, ¢4 ¢y, and such that:

.%'1/3

From the strict convexity of f, this means that we have p > ¢, (z/ y)/3 for some constant cy that only
depends on c3 and ¢4 (we recall that c; only depends on c3 and cy).
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Going back to (A.19) and using p > ¢y (z/y)'/?, we thus obtain the bound:

C
G(z,y)| < 7 P (f(w) < VT

We simplify a little bit more this last bound by using again the inequality x > c;y and this yields the
estimate that we announced in Proposition A.2, namely:

C x4/3
|G(z,y)| < W exp <_Cy1/3> .

The proof of Proposition A.2 is now complete. O

C 334/3
4
exp(—2404yﬁ ) < 73/1/3331/6 exp <_Cy1/3 )

Let us observe that in Proposition A.2, the parameter y can take arbitrarily small positive values. We
now restrict to ¥ > ymin > 0 in order to prove the result of Theorem A.3. This will be done in two steps.

Corollary A.2. Let the function G be defined in (A.9) and let c3 be positive. Let ymin > 0 be given.
Then there exist some constants ¢ > 0, C' > 0 and ¢ > 0 such that for any (x,y) € R X [ymin, +00), there
holds:

2312

exXp | —c¢ W s

Gla,y)| < L
—exp|—c—= |, fzx>cy.
yi/4 y1/3 :
Proof. We fix the constant c; > 0 as the one given in Proposition A.2. Let us first assume z > cyy so
that Proposition A.2 gives:

C .CU4/3
\G(x,y)] < W €xp (—CW> .

We then use the bound y/2 > yrln/li y/* to conclude. We can now assume 0 < z < ¢y so that Proposition
A2 gives:
C

23/2
G < e
Gl = T 17 eXp( CW)

In particular, we have max(1,z'/4) > z/* so if z > 4'/3 > 0, we get:

C x3/2 C z3/2
|G(z,y)] < vz exp (—CW) < MY exp <—cyl/2> : (A.21)

It remains to examine the case 0 < z < min(y1/3, cyy). Proposition A.1 gives the bound:

C Ce° x3/?
|G(33ay)‘ < W < W €xp <_Cy1/2 )

with the same constant ¢ > 0 as in (A.21). This gives the expected bound for |G(z,y)| in the regime
0 <z < cyy. The proof of Corollary A.2 is complete. O
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It appears that allowing us to choose the value of the constant c; that separates the two regimes in
Corollary A.2 will be convenient in the analysis (while in Corollary A.2 the constant c; is given and is
therefore not free to be fixed). We thus prove the following result which is a slight adaptation of Corollary
A.2.

Corollary A.3. Let the function G be defined in (A.9) and let c3 be positive. Let ymin > 0 be given.
Then for any constant ¢ > 0, there exist some constants C' > 0 and ¢ > 0 such that for any (x,y) €
R X [Ymin, +00), there holds:

C 2133/2 )
——exp|—c—= |, if0<z<cy,
yl/3 yl/2

G(z,y)| < .
) /3
e exp | —c —;/3 , ifx>cy.

Proof. We let ¢ > 0 be given and assume that there holds ¢ > ¢4 where ¢y is given in Corollary A.2. (The
case ¢ < ¢ is dealt with similarly as below.) Assuming first x > cy, we have z > cy y and we can therefore
use Corollary A.2 and obtain the desired bound for |G(z,y)|. Corollary A.2 also gives the desired bound
in the regime 0 < x < cyy and it therefore only remains to consider the regime cyy < =z < cy. From
Corollary A.2, we already have the bound:

Ol .7,'4/3
‘G(xvy)| < W exXp <_Cl F )

for some constants C and c; that are independent of 2 and y. Since we have ¢y y < x, we can first use a
slight part of the exponential term to improve the power of the algebraic factor:
4/3

C1 4/3 Co C1¢4
G(z,y)| < S/ exp(—c1¢"y) < Ve B

vyl

and we now wish to show that the right-hand side of the latter inequality is less than:

C 133/2
S exp (—c W)
for some appropriate constants C' and c¢ (recalling that x belongs to the interval [cyy,cy]). We fix
co = C;l/3/(293/2) so that we have (we use z < cy):
4/3

Clcﬂ .%'3/2
P =75 ¥ < exp —C2W )

and we therefore obtain:

Cy z3/2
< — —Cy ————
Gley)l < o5 exp ( ol )
as expected. The proof of Corollary A.3 is complete. O
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A.4 The oscillating side

We still assume that the coefficient ¢3 in (A.4) is positive but we now consider the case where z is negative.
This corresponds to the oscillating side of the Green’s function. The analysis is split in four regimes. The
case |z| < y'/3 is dealt with straightforwardly with the uniform bound of Proposition A.1. The second
(and most difficult) regime corresponds to z < —y'/? and |z|/y is sufficiently small. The third regime
corresponds to the case where |z|/y is sufficiently large and the fourth and last regime corresponds to
the case where |z| and y are of comparable sizes. In the end, we collect all bounds and prove the result
announced in Theorem A.3. We start with the most difficult case for which |z|/y is small.

Proposition A.3. Let the function G be defined in (A.9) and let c3 be positive. Let the function g
be defined in (A.10). Then there exist some constants ¢, > 0, C > 0 and ¢ > 0 such that for any
(z,y) € R x R, there holds:

C |22]3/2 C 2
|G(z,y) — 2Re g(x,y)| < S/ min(L, y17%) exp (—c 17 + i exp —cz ,

if —cyy <z < —yb/s.

Proof. We always consider < 0 and introduce the notation w := |z|/y. We follow the analysis in [9]
with slight modifications since this is precisely at this stage that [9] has some incorrect argument. Rather

than integrating the function:

e C eixzei63yz36—64yz4

on a horizontal line, we apply once again the Cauchy formula and use the contour depicted in Figure A.1,
that is:

e A horizontal half-line from —oo +1i+1/w/(3¢c3) to —2v/w/(3¢c3) — (2¢4/(9¢3))w + iv/w/(3 c3),

e A segment (with slope —7/4) from the point —21/w/(3c3) —(2¢c4/(9c3))w +iy/w/(3 c3) to the point
—i(yw/(Bes) + (2ea/(9 F))w),

e A segment (with slope 7/4) from the point —i(y/w/(3 ¢3)+(2ca/(9¢3))w) to the point 2y/w/(3c3)+
(2¢1/(9¢3))w +iy/w/(3es),

e A horizontal half-line from 2y/w/(3¢c3) + (2¢4/(9¢3))w + iv/w/(3e3) to +00 + iyv/w/(3c3).

The corresponding contributions €1 (x,y), 74 (x,y), #(x,y) and ea2(x,y) are reported in Figure A.1 and
their exact expressions are given below.
In this way, we obtain the decomposition:

G(z,y) = e1(z,y) + ealz,y) + (2, y) + H(x,y), (A.22)

where the four contributions e1(x,y), e2(z,y), 74 (x,y) and 4 (z,y) have the following expressions:

eix9+i03y93—i303 ypul0+idegypd 0—idegyp®

e—tuteaypd—ciypt  p-Ew)
51(ZE7 y) = /

2T

[e.9]

—_ 2 292 _ 4
e 3caypubc+6cqgyp 0 e cay b d(97
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4

_ 52(‘/1;7 l/)
%L y) =G <y
A A_

| ‘

SNV
303 90%

Figure A.1: The integration contour in the case x < —y'/* and |x|/y small. The two red bullets represent the
approzimate saddle points of the phase —iw z +1icsz

3

— ¢4 2% and the black bullets represent the end points of the
contours along which we compute the contributions e1(z,y), e2(x,y), 4 (x,y), HG(z,y).

where the upper bound Z(w) and the parameter p in the expression of €1 (z,y) are defined as:

w 2c¢y w
= =245 — =
(w) 363 + 9C§w’ a 363

(A.23)
The contribution e2(x,y) has the following expression (with the same definition for Z(w) and p):
— 3_ 4
EQ(CC y) — e THtesy ey oo ei:):9+i03 y03—i3csyp? O+ideaypd 0—idegy p6?
’ 27 =
E(w)
< o BesyRE ey eyt 49 — Tz ). (A24)
The contribution .74 (z,y) is given by:
e_i”/4 52cw . . 4
%(.’E y) _ 3 e—lwy@(t)+1C3y@(t)3—64y@(t) dt (A25>
' 27 J_ jZa_2Veeq
3c3 9c2
with:

[2w . /i 2¢y
W, 303] , O(t) = 3¢

2w 2v2¢4 :
Vie |—/— — — St te i A.26
[ V3es 9a2 gz Tre (A.26)

which corresponds to the parametrization of the first slanted segment in Figure A.1 (the one with slope
—m/4). The parametrization of the second segment is entirely similar and we obtain the expression:

3
H(x,y) = H(x,y) -
Let us start with the estimate of e5(z, y) whose expression is given in (A.24). By using the expression
for the parameter p and recalling that we have r = —wy, we get:
1 4 3/2 too | _ 2, 2¢cq 2
82(1’,];) = — exp w y—%cﬂy / ol % e \/303wy9+63 wyb e_c4y94d6,
27 3+v3cs 9 C3 =

(@)
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where the three dots within the integral stand for a real quantity whose precise expression is useless since
we are going to use the triangle inequality so that the modulus of this exponential term will be bounded

by 1. Indeed, applying the triangle inequality yields the bound:

3/2 —+oc0 2, 2c 2
4w =y €4 2 ) / 67V3035y9 +C—34wy9 ocav0 49

1
lea(z, y)| < 5— exp —oav
27 3 \/3 C3 9 C% E(w)

3/2 +o0 2c
SQL exp <4w y) o V3GWYP T 0yl —ciyot qg
T

3\/363

ZE(w)

We first restrict w = |z|/y by imposing:
3c
~ 1627

so that we have:
2 Cy

1
—w < 5\/303(,0.

€3
We thus get:

L 4wy [T Bae
lea(z,y)| < 5— exp e

3+v3c3 ()

IN
|

3 \/3 C3 (w)

3+v3c3 \/%

3/2 +o0 /3 ca w
exp (40.: y) e~ 5 v 49

3/2 +00 Yoy
< 1 exp <4w y) / e~ 32d y0? dé,
2

2 4
y0° o—cayb” 39

where the final inequality comes from the definition of Z(w). We then use the inequality:

+oo
Ya>0, VX>0,/ e d4p <

X - QG/X

to obtain (for a suitable constant C):

4.3/2 9 ,3/2
lea(z,y)| < wcy exp( w y) exp (_ w Z/) _ g exp

3\/363

and this gives, going back to x and y, the estimate:

V3cs wy

’ ( )’ < C |x]3/2
ealx —exp| —c——= ] .
Restricting to the regime x < —y1/3, we obtain the final estimate:

|x‘3/2

C
lea(z,y)| < Y exP( ¢ e ) ’
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as long as we have < —y'/3 and |z|/y < 3¢3/(16¢3). Of course a similar estimate holds for 1 (z, )
since it is the complex conjugate of e9(x,y).

We now turn to the contribution .7 (x,y) in (A.25). With the definition (A.26) for O(¢), we expand:

4
—iwyOt) +icsyO(t)® —cayOt) =y Zpk(w) tk
k=0
where the quantities po(w), . .., ps(w) have the following behavior? as w > 0 tends to zero:
Re po(w) = — %wQ + O(w?), (A.29a)
93
2
I = 32 1 O(W? A.29b
m po(w) 3 m w + (w ) ’ ( )
pi(w) = OW?), (A.29¢)
Re p2(w) = —v3esw + O(wW?/?), (A.29d)
Im p2(w) = O(w), (A.29¢)
p3(w) = cge 1 4 O(w?), (A.29f)
pa(w) = ¢4 (A.29g)
We thus have: ,
ePo(w)y—im/4 3253 X
H(x,y) = 277/ 72\/504 eXP(EPk(“’)?/t )dt-
We now use the inequality:
VzeC, l|e*—1| < |z|e, (A.30)

with the specific value:
2= g {pi@)t + P2w) + VEGw) 2 + (py(w) — cae T T + py(w) it}
On the considered integration interval for ¢, we thus have (see (A.29¢), (A.29d), (A.29¢), (A.29f), (A.29g)):
2] < Cy(W/? + wit?),
with a constant C' that is independent of y, w and ¢ (for the relevant values of t). This gives the estimate:

2w

epo(w)y—iﬂ/4 5
o - P [V

p(— \/303wyt2+i63e_i”/4yt3) dt

27 _2\/564

2w

SCyeRepo(w)y+Cw5/2y/ Ses

2 \/51:4

2Here we see that our choice of contour only uses approximate saddle points because p; (w) is not zero. This does not
matter so much since p1 (w) will be small enough to produce error terms that can be controlled in our analysis.
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We first use (A.29a) to estimate the real part of pg(w) and choose w small enough so that we have

Re po(w) + Cw®? < —cw?
for a suitable constant ¢ > 0 that does not depend on w. We thus get the estimate

2w

epo(w)y—iﬂ/4 Seg ) — 5
H(x,y) — / exp(—\/303wyt —I—icSe*”T/ yt )dt
27‘(’ . /2“)72\/564&)
3c3

2
963

2w

SCyefcwzy / 3c3

As in [9], let us now observe that when ¢ is nonpositive in the integral, we have c3t> < 0 (recall that c3
is positive), and when ¢ is positive, on the considered integration interval, we have

03 3 C3(/J 2
—t° < t
V2o Vo3

If w is chosen sufficiently small (and this choice is, of course, independent of y), we thus get

(w 5/2 +wt2) —V3ezwyt?+
72\/5(,‘4

tB3+Cwyt?
y+wy dt.

—\/303wyt2 yt3+Cwyt2

e—c\/Eyt2
for the relevant values of ¢. This gives the estimate

epo(@)y—in/4 2=
t%’lé(xay) - T /

983

p(— V3eswyt? —|—iC3e_i”/4yt3) d
2w 2\fc4
363

2w

3c
< Cye ¥ y/ 23 " ( 5/2 4 th) e VWYt gy
_ w C4

3ecz 9c

Integrating now with respect to ¢ (over R rather than over the above compact interval), we thus have
epo(w)y—im/4 e i
I (x,y) — / ° exp(—\/Bngth—i—icz;e*”/‘lyt?’) dt
27 _ [2w 2f54
3c3

9c3
C 2
S Cyl/Q w9/4 e_chy + w1/4 e—Cw2y S ~ (1 +w2 y) e—CUJ vy
VY VY

Up to diminishing the constant ¢ > 0 and increasing the constant C, we thus get the final estimate (recall
w = |z|/y):

3

o) y—in/a /22 , Cu
H(ry) — ————— exp(—\/363wyt +icze 1™yt )dt
2’/’(’ 2w_2\/§204w
3c3 9c

C x?
< —= exp (—c > . (A.31
e ). sy
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We now use the inequality (A.30) one more time with the value

= 4 9 . 2 3/2}
) y{pO(W)—i_ gcgw 13 303 )
which gives (use (A.29a) and (A.29b)):
Po(@Wy o 96% w?y eiﬁwwzy

< C b/? yeCw5/2y

We can then follow the same kind of estimate as just above and derive the estimate (combining with
(A.31)):

2 3/2
_cart g 2RIV oy
e 9°3v o 33egyl/? / 2
%(xvy) -

3c3
27

363 903

e exp(—\/303wyt2+i03e_i”/4yt3)dt
2w Cq w

2

C T
—— —e= .
—yl/QGXp< cy), (A.32)
provided that w is sufficiently small.

If we compare with the definition (A.10) of g, we see that we have almost made the quantity g(z,y)
appear, except for the fact that the integration interval is not exactly the good one since it is not

symmetric. This final estimate is not more difficult than the previous ones. Namely, we easily estimate
_cq 22 i 2 ‘m‘3/2

—= =~ —in/4
e 995V g 3/Bezyl/2 ™/

2w
3c .
exp ( —VBeswyt® + i63e_”/4yt3) dt
27 2w _2\/5‘94
—cw Y _ 2 Ci 3)
/ - 2\/564 p( V3cswyt +\/§yt dt.
Since t is negative on the considered interval, we have
_cq z2 2\@\3/2

i—=——s—in/4
e 9c§ye 3 363y1/2

2\/564 p(f\/303wyt2+i03e_i”/4yt3)dt

30
e ¥ y/ ’ exp(—\/303wyt2) dt
\/W 2ﬁ 2By,

3c3
and we can then bound the final integral by the maximum of the 1ntegrated function times the length of
the interval. This gives the estimate

0412 . 2\96\3/2 .
92y 5.3 7z —im/4
e "3vVe 3y

27

TR p(—\/303wyt2+i63e_i”/4yt3)dt
_\/ SC3

< Cwe@’veew’?y <
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We can then again decrease the constant ¢ and increase C' to get:

_C4x2 . 2\36\3/2

li—iﬂ'/ﬁl 2
2 uyl/2 _, /2w
e 963ye3 3c3y/ 3cg
27-( _ 2w_2\/§(:4
3c3 9c3

exp(—\/363wyt2+i63e_i”/4yt3) dt
w

w32
e VY,

= Wl/zy
Since we restrict to the case |z| > y'/3, we have w'/?2 > 5~1/3 and this gives:

0412 i 2|x\3/2

_ _ 2= in/4
9c2y , 3+/3cqyl/2 ir/ — 2
e 3%e 3Y 3c3 . —i
5 s, exp(—\/303wyt2—|—103e ‘W/4yt3>dt
TV3e3 92 ¢

3

We now combine (A.32) and (A.33) and recall the definition (A.10) to get:

C || 3/2 C 22
|%($ay) - g(l‘,y)| < W exp (C y1/2 + y1/2 exp *C? .

Taking twice the real part and recalling that the remaining contribution % (x,y) is the complex conjugate
of 5 (z,y), we get:

C

T 3/2 C l’2
H5(w.9) + Hilas) = 2Reslap)] < g e (—c ) e <—y) |

It remains® to combine this estimate with (A.28) and the corresponding one for €1(z,y) to obtain the
estimate of Proposition A.3 (recall the decomposition (A.22)). We have not kept track all along of the
smallness requirement on w = |z|/y but the final estimate holds as long as w is small enough, and this
smallness condition is independent of y, which corresponds to the statement of Proposition A.3 for the
condition on x: x > —c, y for some ¢, > 0. O

We now deal with the regime where x is negative and |x|/y is large enough. As in Proposition A.2, this
is a regime that had not been considered in [9].

Proposition A.4. Let the function G be defined in (A.9) and let cs be positive. Let ¢, > 0 be the constant
giwen in Proposition A.3. Then there exist some constants C, > c,, C > 0 and ¢ > 0 such that for any
(x,y) € R x R™ with x < —C,y, there holds:

C 2[4/3
Glay)] < 7 exp <_C|y1/3 ) .

3The error in [9] occurred here since the author had tried to get rid of the term ¢* in the integral by applying similar
arguments but an error occurred when estimating the corresponding integrals. Hence the final expressions for the analog of
the function g and the error bound are not correct.
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Proof. We go back to the bound (A.17) and only consider from now on negative values for both x and p.
We use Young’s inequality:

6esyp’6® < %43/94 + 18cyypt,
as well as the obvious inequality exp(czy p®) < 1 to obtain:

e—ThH1Tcayput

V<0, |G(z,y)| <
2

2 c 4
/GSC:syuH e~ 7V qp
R

We choose the specific value p = pg := —(|z|/(68 c49))'/® < 0 so as to minimize the exponential factor
before the integral. We thus get a bound?:

4/3 +oo .
\G(x,y)\ < Cexp <_C ‘$| ) / (3365’>y|/ﬁ0|92 e_74y‘94 dé.
0

y1/3

The integral is estimated by cutting at 6y > 0 such that 3 c3|uo| = (ca/4) 63, so that we have:

+OO C, +OO C, C, +OO C,

/ eBesylnol0 o= vo' g9 — / eV =Tl qp < / e~ Y049 < ‘10/4’
90 90 90 Z/
and we also have:
0 ey ol 67—y ot % 5 ey ol 62 33y |ol 02 12 Cyu?
@3yl 07 o=3y0" 4 < e3esylnol 0% qg < g, e3csvlnol6g §C|NO| eCYHs
0 0

Going back to the definition of g in terms of x and y, we thus get the estimate:

C 7|4/3 T 1/6 L1473
|G(z,y)| < g/ €xp <—C |y|1/3 ) + C <|y|> exp(Cy'/3 |z|?3) exp | —c |y|1/3 ,

where all constants C' and ¢ are independent of x < 0 and y > 0. It is now not difficult to show that
if the constant C, is chosen large enough and is we restrict to the regime x < —C, y, then the decaying
exponential term exp(—c |z|*3/y'/3) can absorb the large term exp(C y'/3 |x|?/3). There is of course no
loss of generality in assuming that C, is chosen larger than the constant ¢, given in Proposition A.3. Now
that C, is fixed and that we restrict to the regime © < —C, y, we get the estimate:

C 3 ¢ a \Y ] /3
,Y)| S ——- exp| —c¢ exp | —¢c—>
|G( )| < y1/4 y1/3 + y1/8 y1/4 y1/3
< ¢ o), C i
< W exp | —c¢ y1/3 —I—W exp | —c y1/3 R

with (new) constants C' and c¢ that are still independent of y > 0 and z < —C, y. We can still spare half
of the last decaying exponential term on the right-hand side to gain a decaying factor exp(—cy) and then
use a crude bound:

1 < C
W exp(—cy) > W7

4The integral is reduced to the domain RT by an obvious change of variable, which only modifies the constant in the
inequality by a factor 2.
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so that, eventually, we get the claimed bound:

C 3}4/3
Gl < 7 exp (—c e ) ,

for z < —C, y. The proof of Proposition A.4 is complete. O

We now turn to the final, intermediate regime where z is negative and |z| and y are comparable.

Proposition A.5. Let the function G be defined in (A.9) and let cs be positive. Let the constant c, be
the one given by Proposition A.3 and let the constant C, be the one given by Proposition A.4. Then there
exist some constants C > 0 and ¢ > 0 such that for any (z,y) € R x R™ with —C,y < z < —c¢, y, there
holds:

|G(z,y)| <

< W exp(—cy) .

Proof. We go back to the definition (A.9) for G(z,y) but we now deform the integration axis R as depicted
on Figure A.2. Namely, we introduce some parameter § > 0 to be fixed later on and first consider the
contribution:

1 -0 1 400

. . 3 4 . . 3 _ 4
elx9€163y9 e cay b do + el$96163y9 e cay b de. (A34)

e(z,y) = P . 27 J;

The integral J# (x,y) corresponds to the integral along the segment from —J to —iJ, namely:

0(1—1 1. . . . .
() = (27r i) /0 (i (=8 (1=0)=150) sy (<6 (1) =180)° (= cay (=0 (1=) =i30)" gy (A.35)

while % (z,y) corresponds to the integral along the segment from —id to ¢, namely:

14+1 1, . . . .
%(w,y) — 6(2:—_1)/0 elx(ét—lé(l—t))elcgy(§t—1(5(1—t))3 e—04y(5t—16(1—t))4 dt. (A.36)

—0 T o

}0<

A (2, y) —id Hl(x,y)

C

Figure A.2: The integration contour in the case —C,y <z < —cpy.

Cauchy’s formula allows us to decompose G(z,y) as:
G(z,y) = H(x,y) + Ha(x,y) + &(z,y),

and we now estimate each contribution in G(z,y) one by one. We first estimate the integral J#(x,y)
defined in (A.35) and explain how the parameter § > 0 is fixed. We restrict from on to the regime
—C,y < x < —c, y where the constant c,, resp. C,, is given by Proposition A.3, resp. Proposition A.4.

121



This implies in particular that x is negative. We expand the polynomial quantities within the exponential
terms in (A.35) and use the triangle inequality to obtain:

1
1S4 (2, y)| < 05/ exp(— 2|5t — c3y 83 t3 + 303y53(1—t)2t>
0
X exp(— caydt (1=t + 6cqydt (1 —1)%t% — C4y54t4)dt,

Estimating exponentials of negative terms by 1, we have:
1
|74 (z,y)] < Co / exp (— lz| 6t + 3e3 83yt + 6 0t yt? — ey 0ty (1 —t)4) dt.
0

We fix the constant § > 0 by imposing;:

)

30352 < &, and 664(53 < —. A.37
3 3

Since 9§ is fixed and only depends on already fixed parameters, we allow constants below to depend on 4.
We use the restrictions (A.37) in the previous estimate for .7 (x,y) and use furthermore the inequality
|z| > ¢,y to obtain:

|4 (z,y)| < C /Olexp (—y (%575 + g6t (1 —t)4)> dt.
We now observe that (A.37) implies that the function:
€ 10,1 — %m Foedt (-4,
is increasing. We thus have the exponentially decaying bound:
| #4(2,y)| < Cexp(—e1d'y) = C exp(—cy).

By a simple change of variable t — 1 — ¢, we easily find that the integral .7%(z,y) in (A.36) equals the
complex conjuugate of J4 (x,y) so the previous estimate for 74 (z,y) also applies to 74 (x,y).

We end the argument with the last remaining term £(z, y) defined in (A.34). We recall that § > 0 has
been fixed in the analysis of the contributions 7 (z,y) and % (z,y). By applying the triangle inequality,

we have: N N
o o
()| < / et gy 4 L / eev? qp = 1/ et q9.
2 27 T Js

We thus get the estimate:

€4 54
e 20V

400 e
le(z,y)| < /(S e qg < ylc/; exp(—cy) .

™

Going back to the decomposition of G(z,y), we collect the estimates of 7 (x,y), 7% (x,y) and £(z,y) to
get:

C
G y)l < Cexp(=cy) + “7 exp(=cy).

The conclusion of Proposition A.5 follows. O
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We first collect the results of Proposition A.4 and Proposition A.5 to obtain the following unified estimate,
the proof of which is left to the interested reader. The constant ¢, in Corollary A.4 below is, of course,
the same as the one given by Proposition A.3.

Corollary A.4. Let the function G be defined in (A.9) and let c3 be positive. Let ymin > 0 be given.
Then there exist some constants ¢, > 0, C' > 0 and ¢ > 0 such that for any (x,y) € R X [Ymin, +00), there

holds:
C T 4/3
Gl < 5 exp< 'ym ) ,

as long as x satisfies x < —c, y.

The final Corollary is precisely what we are aiming at, namely at estimates that are analogous to those of
Proposition A.3 and Corollary A.4 but with now a transition at —cy with an arbitrary constant c. The
result is the following.

Corollary A.5. Let the function G be defined in (A.9) and let c3 be positive. Let the function g be
defined in (A.10). Let also ymin > 0 be given. Then for any constant ¢ > 0, there exist constants C > 0
and ¢ > 0 such that for any (z,y) € R X [Ymin, +00), there holds:

C z|3/? C z?
|G(z,y) — 2Re g(z,y)| < 75 exp (—c ’y|1/2) + S exp (—c y) , (A.38)
if —cy < x < —y'3, and there holds:
C z[4/3
Glo)| < g ex (—c 'yl/g ) 7 (A.39)

if r < —cy.

Proof. The argument is mostly similar to that we used in the proof of Corollary A.3 except that we now
need to control also g(z,y) in the region where || and y are comparable. Let us for instance deal with the
case ¢ > ¢, where ¢, > 0 is the constant given in Proposition A.3. If z < —cy, we have z < —c;, y and the
desired estimate (A.39) for |G (z,y)| is given by Corollary A.4. Moreover, if z satisfies —c,y < z < —y/3,
the estimate (A.38) is given by Proposition A.3 and by using y > ymin > 0 in order to estimate from
below the quantity min(1,y"/?).

It thus remains to control the left hand side of (A.38) in the case where z is negative and |z|/y € [c;, c],
which we assume from now on. We have:

|G(z,y) — 2Re g(z,y)| <|G(z,y)| + 2|g(z,y)
C 4/3
< exp< [z '1/3) + 2lg(a,y)l,

where the second inequality follows from Corollary A.4 since we have < —c, y. The quantity g(x,y) is
estimated directly from the definition (A.10). Applying the triangle inequality, we have:

Vg
3c _ ) 2, c3 3
lg(z,y)| < Cexp (—c> 3V~ VBeslaly+ Gyt a

363y
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and we have already seen that on the considered integration interval, there holds:
o~ V3es 2|y 2+ yt? < o—cV/lalyt?

for some appropriate numerical constant ¢ > 0. Since we consider the regime |x|/y € [cy, c|, we thus have:
x? e g2
lg(z,y)| < Cexp|—c— / e” “Ymint"dt < C exp(—cy) ,
Y R

which yields:
|G(z,y) — 2Re g(z,y)| < C exp(—cy) .

As we have already seen several times before, there is no difficulty at this stage to derive the estimate
(A.38) for the regime |x|/y € [c,,c] and y > ymin. This completes the proof of Corollary A.5. O

A.5 Proof of Theorem A.3

The combination of Proposition A.1, Corollary A.3 and Corollary A.5 already gives the estimates (A.11)
and (A.12) of the function G as given in Theorem A.3. It therefore only remains to prove the estimates
(A.13) and (A.14) for the primitive function of G with respect to its first variable. We still assume c3 > 0
and start with the first estimate in (A.13). We consider a fixed positive constant ¢ and let < —cy. We
then use the estimate in the fourth case of (A.11) to get:

C x 4/3
[ cena < [ Sy)!dféW/wexp<—c|§’1/3>d€-

We then perform a change of variable to obtain:

1/4 1/4 1/3

o ysyay — o [ X3l 473
_GEydgy < C exp(—cn[*")dn = C (43) e[y el ) d

Since we assume x < —cy, we have \77|1/3 > c!/3y1/4 in the last integral on the right-hand side, and this

gives:
yl/4

[ atemad < o [T amelnl esp-clal ) an.

We thus end up with the estimate:

‘$|4/3 |x\4/3
‘/ nydﬁ‘ 1/4eXp —C— 17 < C exp —CW )

for £ < —cy and y > ymin, an estimate from which the first half of (A.13) follows directly. Note in
particular that we have the uniform estimate:

—CyY
‘ | ety df’ <c, (A.40)
for any y > Ymin-
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From the definition (A.9), we know that for any y > 0, G(-,y) is the inverse Fourier transform of the
Schwartz class function:
0 R —s eicayt® gcayd?

In particular, this means that the (partial) Fourier transform of G with respect to its first variable is
given by:
Fo(@)0,y) = v v

Evaluating at § = 0, we get the relation:

/G(x,y)dx =1,
R

so that proving the bound (A.14) amounts to showing the bound:
+o00o

G(f,y)d€’ < Cexp(—¢y), ifz>cy.

T

The proof of this bound follows from the exact same argument as above except that we now use the first
case in (A.11).

The last part of the proof of Theorem A.3 aims at showing the second half of (A.13), that is, at
proving a uniform bound for the primitive function of G in the case |z| < cy. Let us first assume x > 0
and thus z € [0,cy]. We have already seen the relation:

x cy +oo
/G(&y)dézl—/ Gleyde — [ Gley)de,

cy

and we thus already have from the arguments above (namely, the case x > cy):

'/;G(f,wda] <o [Tleepld.

The final integral on the right-hand side is estimated by using the second case in (A.11), which gives the
uniform control (after an obvious change of variable in &):

‘/_ G(&y)dg‘ <c.

We can actually push a little further this argument and obtain from (A.11) a uniform bound for:
x
| clena
—00

as long as x belongs to the interval [—y/3,cy] and not only when z belongs to [0,cy] (use now the
third case in (A.11)). Tt thus remains to examine the case z € [—cy, —y'/?] for which we need to take
into account the oscillating behavior of the Green’s function. This is the only regime where applying
the triangle inequality to estimate the primitive function does not (and can not !) work. Let therefore
z € [—cy, —y'/3]. We decompose:

x —cy T
/ G(&,y) de = / G(&,y) de + / (G(€.y) — 2Re g(6,y)) de
—o0 —o0 —cy

4 2Re / a6, y)de.

—c
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The first term on the right-hand side has already been estimated, see (A.40), and the second term on the
right-hand side is estimated by using the bound® (A.12). At this stage, we already have an estimate that
reads:

'/_OO G(ﬁ,y)d§’ <042 ‘/_iyg({,y)dg , (A41)

and the remaining point of the proof is to derive a uniform estimate for the primitive function of the
explicit function g whose expression is given in (A.10). The proof relies on integration by parts, as
detailed below.

We first introduce the notation:

Cq 2
= 7>0, = >07
o 92 R Weren

so that, after performing a change of variable in the integral of (A.10), we obtain the expression:

3 —in/4 1/2 2 3/2 1, 123/2 4 L 232 4
g(z,y) == Ao 2 exp <_ ﬁ0x> exp (15 - / T A R
Yy -1

202r  yf? yl/2
(A.42)
Let us define a function H on R as follows (the constant 3; > 0 being fixed as above):
1
Vw>0, H(w):=exp(if w) / e 3Brwu? B (I-Dwu® gy, (A.43)
~1

With the help of (A.43), we can rewrite (A.42) and obtain the relation:

—in/4 3
* e — x
V(z,y) € R x RT™, yl/Qg(y1/2 x,y) = Bl\/ﬁﬂ e P (2 y1/4 ’$|1/2> H(yl/4 |3’3|3/2)- (A.44)

where the factor (3/2) y'/* |z|'/? equals, up to a sign, the derivative of the function (z — y/* |z|>/?). We
are thus in a very favorable position for applying integration by parts. Before going further, we prove the
following Lemma.

Lemma A.1. Let the function H be defined on R™ by (A.43). Then there exists a constant C' > 0 that
only depends on 31 and such that:

Yw >0, < C.

/Ow H(w') dw'

Proof. We consider w > 0. By applying the Fubini Theorem, we get the relation:

w 1 w
/ H(w')dw’—/ / exp(ﬂlw’(—3u2+u3—|—i(1—u3))>dw’du,
0 -1Jo
and it turns out that the continuous function:

we [-1,1] — =3u* +ud +i(1—u?),

®The whole point of (A.12) was precisely to extract from G its leading oscillating behavior so that the difference between
G and this “leading order term” would actually become uniformly integrable.
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does not vanish. Its modulus is thus uniformly bounded from below. We get:

w o 1exp(ﬂlw(—3u2+u3+i(1—u3))>—1
/0 H(w') dw :/_1 Br(—3u?+ud +i(l—1u?))

U )

and the triangle inequality (as well as a lower bound for the modulus of the denominator) yields:

/ H(w') dw'
0

We have —3u? +u? <0 for u € [-1,1] and w > 0 so the uniform bound of Lemma A.1 follows. O

1
< C’/ exp(ﬁlw(73u2+u3))+1du.
-1

We now go back to our main problem, which is to prove a bound for the primitive function of g, see
(A.41). We use the expression (A.44) and obtain:

1/2

x x/y
/ a(6,y) dé = / Y2 g(yM2 w, ) dw

—cy —cyl/?

—in/4 cyl/?
_ 51\6@ / /y oo w? (g YA pl/2 (/4 w3/2)> dw
T || /yt/?

_ prein/ /Cy”? pow? 4 /
V2 ey dw \ Jo

It then only remains to integrate by parts the final integral and to apply Lemma A.1 in order to derive
the uniform bound:

y1/43/2

H(w) dw’) dw.

/ g(ﬁ,y)d§’ <C.

—cy
This final argument is a prototype application of Abel’s transform (in the continuous setting). This
completes the proof of Theorem A.3.

A.6 Consequences

This final paragraph is devoted to applying Theorem A.3 in order to derive suitable bounds for the
activation function 2l and other quantities that arise in our decomposition of the Green’s function of the
operator .Z in (2.11). We therefore now go back to the framework of stationary discrete shock profiles
and use the index r, resp. ¢, to refer to the right, resp. left, state of the discrete shock (2.2). The analysis
of Section 4.3 uses the following quantities defined for any jo € N* and n € N*:

1 : d
Aio) o= 5y [ TR
2im n+iR T

where 7 is any positive number (the Cauchy formula shows that the definition is independent of 7) and:

. 1 T—3 T
B, (jo) = T ‘Re” dor(T) dr .
1

In both definitions of 27 (jo) and B} (jo), the function ¢, is defined by:

1 1—a? 1—a?
VreC, ¢r(r) ::—a—r7'+ 604793TT3_ 804;0; 4
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At last, we recall that «, belongs to the interval (—1,0), see (2.12). This is a consequence of Lax shock
inequalities and the choice of the CFL parameter.
By using the parametrization 7 = i|a,.| € in the definition of B (jy), we obtain the expression:

.. .. 1-a2 ) 1—a?
|04T’ o iliotnar) 0 —ijo = 63 oJo ar =T 64 a6
b

B, (jo) =

e

and the integral is convergent since jo is positive and «, belongs to the interval (—1,0). Going back to
the definitions (A.4) (with the choice a = o, € (—1,0)) and (A.9), we have thus obtained the relation:

Vjoe N, VneN', B'(j) = |a| Gy <—j0 + n oy, ’(‘io|> , (A.45)
T
which is the reason why Theorem A.3 will give us exactly what we need for proving the bounds we need
in our analysis. The index r in G, refers to the fact that we have made the choice a = «, when defining
the constants c3 and ¢4 in (A.4).

Let us now turn to the activation function 2" (jp). Choosing the parametrization 7 = |a,| (n+16) for
any 1 > 0, we get:

l—a% l—a%

A (o) = 2L o~ Giotn an) (1+16) o “52F (n+i0)F o e 152E (i 0)? ie'e‘
™ JR n 1

With the choice @ = «, and the definition (A.4) for the coefficients c3 and ¢4, we can introduce the
function A, defined by:

L[ 4i0) gesy (n4i0)* g—eay (yio)t 40

RxR™, A, = —
V(z,y) € R x , (z,y) o | T

(A.46)

where the definition is independent of the choice of > 0 because of Cauchy’s formula. With this notation,
we have expressed the activation function A} (jo) as:

A7 (Jo) = Ay (—jo+n|ar|,i(’|> . (A.47)

It remains to connect the function A, with the primitive function of G, with respect to its first variable.
From the dominated convergence theorem, we have that A, is differentiable with respect to its first
variable and (passing to the limit 77 — 0 in the expression of the partial derivative):
O0A,
ox

Moreover, the factor exp(zn) can be extracted from the integral and we thus have:

(x,y) = Gr(x, y) :

lim A,(z,y) =0,

T—r—00

from which we get the general expression®:

A(z,y) = / " G(e ) de.

5The integral is convergent because of the bounds that we proved in Theorem A.3.
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Going back to (A.47), this means that we have expressed the activation function 7' (jo) as follows:

—Jo+n |ar| o
VioeN*. ¥YneN, 2A"(jo) :/ G, <g7 >d§. (A.48)

—00 |a1”|
Theorem A.3 can be recast into the following compact form that will be helpful in the analysis of Chapter

4.

Corollary A.6. Let the function A, be defined in (A.46) with constants cs and ¢4 as in (A.4) with the
choice a = a, € (—1,0). Then for any constant ¢ > 0, there exist two positive constants C' and ¢ such
that for any n € N* and any jo € N*, there holds:

’jO _n‘ar|’4/3 : .

C — et f— < —

c, if —ecn < —jo+nlal <cn.
and:

; 4/3
. —n|o . .
1= Ay(—jo +nlagl,m)| < C exp (W) L i —jot nlay] 2 en.

In particular, there holds :

sup |Ar(—jo+nlar|,n)| < +o0.

J0EZ ,neEN*

A.7 Higher order estimates

Another crucial estimate that was needed in the analysis of Section 4.3 (see the proof of Lemma 4.2) aims
at controlling the difference:

Jo_
||

A, <_j0+n’ar|7 > - A, (_j0+n‘ar|an) )

with the function A, defined in (A.46) and jo,n € N*. Unsurprisingly, the most direct way to estimate
this difference is to apply the mean value theorem, which gives rise to the partial derivative of A, with
respect to its second variable. This leads us to introduce the family of correctors:

VpeN*, V(z,y) eRxR™, Gylz,y) = (i0)P i7l gicayt® o—eaybt qg (A.49)

27 Jr
The case p = 0 corresponds to the definition (A.9) of G and the relevance of the functions G, for
controlling the above difference between the two values of A, will be the purpose of Corollary A.7 below.
We aim here at generalizing Theorem A.3 and at obtaining sharp bounds on G, for any p € N*. Our
result is the following.

Theorem A.4. Let us assume that the coefficient c3 in (A.4) is positive, that is a € (0,1). Let p € N*.
Let ymin > 0 and let ¢ > 0 be given. Then there exist some constants C' > 0 and ¢ > 0 such that, for any
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(z,y) € R X [Ymin, +00), there holds:

exp(—c:n4/3/y1/3) , ifz>cy,

y(p+1)/4
RVEESEY exp(—ca/2/y!/?), if 0 <z <cy,
C .
Gp(z,y)| < S/ if —y!/3 <x <0, (A.50)
¢ 1/3

- 2 e o<
|1/ 4y P/ exp(—ca?/y), if —ecy <a<—y'/?

S/ exp(—clz[*3/y3), ifx < —cy.

If c3 is negative, the same estimate holds for G, with x being switched to —x.

Applying Theorem A.4 gives us the desired estimate for the difference between the two evaluations of A,
namely we have the following Corollary.

Corollary A.7. Let the function A, be defined in (A.46). There exist two positive constants C' and ¢
such that for any n € N* and any jo € N* that satisfies jo € [n|ar|/2,n], there holds:

‘AT <—jo+nar|,‘7°> AL (—jo+ ] )

||
(1 ) o
o exp (= eljo — a2 /n'/?) if jo > 1o,
<C 1/3° if0§n|ar‘—j0§n1/3,
n
! i 2 ; : 1/3
jo — 1 |ay || /A nt/4 exp (—cljo —nlew|[?/n), if nla| - jo > n'/?.
T

Proof of Theorem A.4. A very large part of the proof of Theorem A.4 follows that of Theorem A.3. We
therefore feel free to refer to the various steps of the proof of Theorem A.3 (that corresponds to the case
p = 0) and to shorten many details.

e Step 1: the uniform estimate. We follow the same argument as in the proof of Proposition A.1 but,
keeping similar notation, we now use the choice f(#) := 260 4 c3y 6> and g(#) := (16)? exp(—c4y6*), so
that we have the estimates:

C
l9lloas) < =7z 19 e <

- yp/4’ yp/47

for any y > 0, uniformly with respect to the interval [a,b]. By applying the same arguments as in the
proof of Proposition A.1, we get the uniform estimate:

c
Vy>0, sup |Gp(z,y)] < RVEER (A.51)

with a constant C' that only depends on p.
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e Step 2: the fast decaying side. Part I. Changing the integration line R to ip + R for any p € R
thanks to the Cauchy formula, we then apply the triangle inequality and get a similar bound as the one
we had obtained in (A.17), namely:

VeueR, V(z,y) € RxR™,

|Gy, y)| < Cpemtesyicavut / (|ul? 4 10]P) e3¥p(ca=2cam O g=cav®® g9 - (A.52)
R

where the constant C), only depends on p € N* that is a given fixed integer. The important property is
that €}, does not depend on x,y nor u.

Let us assume that c3 is positive. We first consider the regime where z is positive and such that
the positive parameter o defined by pg := (2/(3¢3y))"/? satisfies 2¢4 o < ¢3/2, which corresponds to
the constraint 0 < x < cyy for some well-defined positive constant c; (the same one as in the proof of
Proposition A.2). Choosing the parameter g in (A.52), we follow the same arguments as in the proof of
Proposition A.2 and get the bound (compare with (A.18)):

3/2 p/2
|Gp<$,y)| < C exp <_cx1/2) / (mp/Q 4 ‘9’])) e_cx1/2y1/292 d@,
Yy R\Y

for suitable constants C' and c. Integrating with respect to 8, we thus get the bound:

1 1 23/2
Golzy)l < € {y1/4+p/3 max(L,21/4) | y@ri/E max(l,x(p+1)/4)} P (‘%ﬂz) o (A3

which holds for any y > 0 and z € (0, ¢4 y]. We now argue similarly as in the proof of Corollary A.2. We
consider y > ymin > 0 and = € [0,cyy]. For z < y!/B01+P)  we use the uniform bound (A.51) and for
z € [yY/BU+P) ¢y ), we use (A.53). This combination of (A.51) and (A.53) gives the unified estimate:

C $3/2
Vy > ymin, Vo el0,cpyl [Gp(z,y)| < W exp (—c y1/2> , (A.54)

where C' and ¢ are appropriate constants that do not depend on y and =.

e Step 3: the fast decaying side. Part II. The constant c; has been fixed and we consider the regime
y >0, z > cyy. We argue as in the proof of Proposition A.2 and first use Young’s inequality to obtain:

P12 1
Vi>0, Gyl < O = + TR (f(r)) (A.55)

where f is the convex function defined in (A.20) whose minimum over R is attained at some p > 0. We
have already shown the lower bound u > ¢, (z/ )3 in the proof of Proposition A.2 and the equality:

Besyp? +32cayp’ = =,
Il 0
>0
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directly gives the upper bound p < C, (:L'/y)l/ 3 for yet another constant C,. Choosing the optimal
parameter p in (A.55) and following arguments as in the proof of Proposition A.2 for the upper estimate
of f(p), we end up with the estimate:

1 1 /3
Go@y)l < O\ Grarar + vz [ P ¢ |

for x > cyy. Using now y > ymin, we end up with the estimate:

C 114/3
VY > ymin, V2 > cpy  |Gpla,y)| < W exp —CW , (A.56)

for suitable constants C' and c.

It remains to argue as in Corollaries A.2 and A.3 to pass from a given constant c; to an arbitrary
given constant ¢ > 0 given a priori. At his stage, we have already shown the validity of the first three
estimates in (A.50).

e Step 4: the oscillating side. Part I. We still assume that c3 is positive and now assume that z is
negative. We follow the proof of Proposition A.3 and consider the same contour deformation as the one
depicted in Figure A.1. This gives rise to a decomposition:

Gy(r,y) = e1(z,y) + e2(z,y) + H(x,y) + H(x,y),

that is entirely similar to the one in (A.22) except that the four integrals now incorporate the contribution
of the polynomial factor (i0)P. For instance, we have (keeping the notation w := |x|/y):

3/2 “+oo P e
62(%, y) = ! exXp do Y - % W2 Y / i0 — 7(‘] e’ e—\/my92+c7;wy02 e ¢4 y6* dé ,
27T 3 \/E 9C3 E(w) 303

where, again, the three dots within the integral stand for a real quantity whose precise expression is
useless, and Z(w) stands for the quantity defined in (A.23). Applying the triangle inequality yields the
bound:

4 3/2 +oo _ 2, 2¢cq 2

lea(z,y)| < C exp vy / (91) _|_wp/2)e V3cawy o+t wyl e—C4y94d0’
3v3cs | Jzw)

where the constant C' does not depend on w and y. We restrict again w = |x|/y by imposing the condition

(A.27) so that we have:

2 1
ﬁw < 5\/303w.

€3
This restriction corresponds to an inequality w < wq for some well-chosen constant wy > 0. This yields

the estimate:
4 3/2 +o0 \/3cqw
lea(z,y)| < C exp ket / (67 + wp/Q) e v g, (A.57)
3\/303 9 [J_w_
3c3

We now use the following Lemma which follows from integration by parts and an induction argument
(the proof is left to the reader).
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Lemma A.2. Let the sequence (Qr)ren of real polynomials be defined by:

Qo(Y) =

Vk €N, Qk-i—l(y) =

i

YR 4 (k+1) Qr(Y).

N — DN

Then for any integer v € N and for any real numbers a > 0 and X > 0, there holds:

/*"0 0" e~ 2% 4o < a”D2 Q(V—l)/2(aX2)e_ax2, if v is odd,
X ~ a2 X! Qy/g(aXQ) e—aX? , if v is even.

Let us assume for a moment that p is odd. Applying Lemma A.2 in (A.57), we obtain the estimate:

3/2 Q( 3/2y) WP/2
lea(z, y)| < Cexp( 3@) <w(p+1/ 4y(p+1)/2 + wy |’

where @ is a real polynomial with nonnegative coefficients. Since the exponential term can absorb any
polynomial expression of the same argument, we end up with the estimate:

1 wP/?
3/2
. 9)] < Cexp (—ew®?y) (w(P+1)/4y(P+1)/2 * wy> ’ (4:59)

if p is odd. If p is even, applying Lemma A.2 in (A.57) yields the final estimate:

1 wP/2
—cwd3/?
lea(z,y)] < Cexp( cw y) (wp/4+1yp/2+1 + wy) . (A.59)

Of course, there is a similar estimate for the contribution e; (x, y) that is the complex conjugate of e2(x, y).
Let us now turn to the contribution .7 (z,y) that corresponds to the inclined segment on the left in
Figure A.1. Keeping the notation of the proof of Proposition A.3, we have:

epo(w)yfirr/4 \/% .
wx,y):%/_@ s, 09 0)” exp (s Zpk ) ar,

where (t — ©O(t)) parametrizes the segment so that we have a uniform estimate:

o) < Cvw,

for w < wy.

Instead of trying to isolate the leading contribution in J%(x,y) as we did in the proof of Proposition
A.3, we rather apply the triangle inequality and use the behavior (A.29) of py,...,ps when w is small.
Starting from:

T 2v2a exp (y i(Re pk(u)))tk) dt,

9L3 k=1

| A (w,y)] < CwP/?elftepole

/W
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we use (A.29¢) to first absorb the term (Re pi(w))t = O(w®?) (uniformly with respect to t) by half
of Re po(w). We can then absorb (Re p3(w))t> on the considered interval by part of (Re pa(w))t? (this
argument was also used in the proof of Proposition A.3). The final term (Re py(w))t* is O(wt?) so it can
also be absorbed by half of what is left from (Re pa(w))t? (up to choosing w small enough). In the end
we get an estimate (with uniform constants C' and c):

‘%($7y)\ < pr/2ecw2y/

o 1/2 42
2w72\/§c4wexp< cw yt)dt.
3ec3 9¢2

Estimating crudely the integral over the segment by the integral of the same function over R, we end up
with:
wP/2—1/4 5
()| < O e,
and the same estimate holds for % (x,y) that is the complex conjugate of J%(x,y).
Let us assume that p is odd. Combining the latter estimate with (A.58), we get:

p/2-1/4 1 p/2
Gp(z,y)| < L — ey 4 Ceew’?y ( “ ) .

72 WA Ty

Since w has been chosen smaller than some constant wp, there is no loss of generality in assuming wg < 1
and we therefore have: ,
efcwd/Qy < efchy )

We recall the definition w = |z|/y and rewrite the latter estimate in terms of  and y to obtain:

. <o a? Iz \*/2 1 . 1 (] P2
Gp(z,y)| < Cexp C? NG 2| V/4yD/4 T g |(HD)/4 gy (p+1)/4 NG | yp/A [

We can absorb all polynomial expressions of |z|/,/y by the Gaussian function and we also use the in-
equalities:

2| > |y et > P s 0,

min
that hold for |z| > y*/3 and y > ymin. Eventually, we have shown that there exists some small constant
¢, > 0 and some constants C' and c¢ such that there holds:

C z?
2y, Vo € ey~ (G| < o ey e (‘C y> : (4.60)

The same kind of arguments lead to the estimate (A.60) in the case where p is even (starting now from

(A.59)).

e Step 5: the oscillating side. Part II. There is no real difficulty in adapting the proof of Proposition
A 4 to this slightly more general framework that incorporates the factor (i) in the definition (A.49) of
G,. By following the same arguments as in the proof of Proposition A.4 and absorbing polynomial terms
by exponentially decaying ones, we can show that there exists a constant C, > ¢, and some

C ’:L‘|4/3
VY>> Ymin, V< —-Cyy, |Gp(z,y)| < D7 exp | —c¢ S ) (A.61)
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e Step 6: the oscillating side. Part III. It remains to deals with the case z € [-C, y, —c, y] and this
is done by merely adapting Proposition A.5. We choose again the contour depicted in Figure A.2 so that
along the two inclined segments, the complex number 6 is O(0) and the parameter § is chosen such that
it satisfies (A.37). This choice, that is uniform with respect to  and y in the considered regime, allows
us to absorb the term (i6)P into a constant along the two inclined segments. For the integrals along the
two horizontal half-lines, the polynomial factor (i6)P simply gives an algebraic factor that is harmless
when compared with the exponentially decaying term exp(—cy). Overall, we leave as an exercise to the
interested reader to prove that for suitable constants C and ¢, there holds:

C
VY2 Yo, Vo€ [FCy o], [Glmy)l < Try exp(—ey). (A.62)

We can then use the above estimates (A.60), (A.61), (A.62) and adapt the arguments of Corollaries A.2
and A.3 to show that for any given constant ¢ > 0, there exist constants C' and ¢ such that the estimates
corresponding to the last two cases of (A.50) are valid. This completes the proof of Theorem A.3. O

Proof of Corollary A.7. From the definition (A.46) of A, and the definition (A.49) of the correctors Gy,
we have:

OA,
ay (-’L',y) = —C GQ(Z.?y) — G G3(x7y)

We now consider n € N* and jo € N* such that jyg belongs to the segment [n |a;,|/2,n]. We observe that
the segment [jo/|a,|, n] is included in [n/2,n/|a,|] so the mean value theorem gives the bound:

Jo

‘Ar <—jo +n o, o]
T

)—Am—m+nm¢m

< Clnjar[=jol  sup  |Ga(—jo+nla,y)l + Clnjor] = jol  sup  [Gs(—jo+nlar],y)l
yeln/2:n/lar | yeln/2n/las |
(A.63)

Corollary A.7 then follows by applying Theorem A.4, keeping in mind that «, is negative (so the relevant
constant c3 is negative) and that the relevant values of x and y satisfy here |z|/y < c for some constant
c that only depends on «, (this is because of the bounds on jj in terms of n). Actually, the most critical
case arises in the right-hand side of (A.63) with the term:

‘n|ar’_j0| sup |G2(_j0+n|ar|)y)‘>
y€n/2n/|ar|]

in the regime n |o,.| — jo > n'/3. We then use Theorem A.4 for p = 2 and obtain a bound of the form:

C|n]a|—| 1 ox 7C‘n|ar|_j0|2
NI g = o7 S n |

so the Gaussian term can absorb the polynomial expression |n |a,| — jo|/+/n and this gives a bound:

¢ ( \nlar!—jol2>
exp | —c——mM |,

] — jo[ /T n1 /A n

"We first differentiate the definition (A.46) with respect to y and then apply once again the Cauchy formula to let the
abscissa 7 tend to zero.
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just like we had in Corollary A.1 for the free Green’s function. In all other regimes, the situation is more
favorable and there are extra positive powers of n that can even be omitted in the end. ]
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