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Abstract

In this paper, we investigate the threshold phenomenon between extinction and propagation in
fractional Laplacian diffusion equations for a class of compactly supported initial data. We provide
the first quantitative estimates on the threshold when the reaction nonlinearity is of bistable or
ignition type. We mainly use estimates on the fundamental solutions of fractional Laplacian operators
together with some accurate upper and lower solutions to show that the solution either propagates
or goes extinct.
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1 Introduction
We consider the following reaction-diffusion equation:
Ou(t, ) + (—A)%u(t,x) = f(u(t,z)), t>0, z€eR, (1.1)

supplemented with some compactly supported initial data. The operator (—A)“ denotes the fractional
Laplacian of order « € (0,1) which can be defined by the following singular integral:

(~A)*u(z) = caP.V. (/R Wdy) ,

where P.V. denotes the Cauchy principal value of the integral. It is well known that the fractional
Laplacian is the generator of a stable Lévy process which models jumps and long-distance interactions
[26], and it is commonly used in population dynamics [8, 10, 21]. In the above equation, the nonlinearity
f will be always assumed to be of bistable or ignition type with f(0) = f(1) = 0. Precise assumptions will
be given later on. When specified to a = 1, the fractional Laplacian reduces to the standard Laplacian,
and equation (1.1) becomes the classical reaction-diffusion equation

Ou(t,x) — Au(t,z) = f(u(t,z)), t>0, zeR. (1.2)

It is well established that such a local equation exhibits a so-called threshold phenomenon. Roughly
speaking, this means that small initial data lead to extinction, whereas large initial data lead to prop-
agation. The study of threshold phenomena for equation (1.2) with ignition type nonlinearity can be
traced back to Kanel [17]. When considering initial data of the form of the characteristic function of an
interval [—L, L] for L > 0, namely

ug(x) =L r)(z), z€R, (1.3)
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Kanel showed that the long-time behavior of the solution u of the Cauchy problem associated to (1.2)
with u(0,-) = ug depends on L and proved that there are two lengths L& and L™ with 0 < L& <
LY™P < +00 such that

lim wu(t,z) = 0 uniformly in z € R if L < L&,

t—+oo
, lir+n u(t,z) = 1 uniformly on compacts if L > LP™P.
—+o00
Later on, Aronson and Weinberger [1], Fife and McLeod [13], and Flores [14] extended this phenomenon

to bistable type nonlinearities. Furthermore, Zlatds [29] investigated the sharp threshold phenomenon
from extinction to propagation in the ignition and bistable problems. Here, we refer to a sharp threshold
behavior when, for any strictly increasing family of initial data exhibiting extinction for sufficiently
small values of the parameter and propagation for sufficiently large values of the parameter, there is
exactly one member of the family for which neither extinction nor propagation occurs. More precisely,
Zlatos considered the asymptotic behavior of (1.2) with ignition or bistable nonlinearity and proved that
L&t = [P .= [,. In the bistable case, at the threshold value L., the corresponding solution of (1.2)
uniformly converges to the unique positive stationary solution that decays to zero at infinity centered
at the origin. Later on, Du and Matano [11] used the zero number argument to extend the result of
Zlatds to monotone families of compactly supported initial data. They showed that any nonnegative
bounded solution with compactly supported initial data converges to a stationary solution as ¢t — oo.
Polacik [25] studied the threshold solutions and sharp transitions of nonautonomous parabolic equations
in higher-dimensional space. Muratov and Zhong investigated the long time behavior of solutions to
the Cauchy problem in one-dimensional spaces with bistable, ignition, or monostable nonlinearities, and
further extended this result to high-dimensional spaces [23, 24]. More recently, Alfaro, Ducrot, and Faye
[1] provided the first quantitative estimates of the threshold phenomena for (1.2). To be more precise,
they considered initial data in the form of

ug(w) = (0 +e)l—p (), zeR, (1.4)

where € € (0,1—6] and 0 € (0, 1) is the threshold of the nonlinearity (see Assumption 2.1 below). In the

regime where fol f(u)du > 0, that is the steady state © = 1 is more stable than the steady state u = 0,
following [29, 11], there exist two lengths L& and LP™P with 0 < L& < LP™P < 400 such that the
solution u3 of (1.2) satisfies
lim 5 (t,z) = 0 uniformly in z € R if L < L&,
t——+oo
lim w5 (¢,z) = 1 uniformly on compacts if L > L2™P.

t——+oo

The key outcome of the study in [!] shows that the lengths L&' and LP'™P satisfy, as ¢ — 0T, the
following asymptotics

ext Lprop
0 < liminf —— < limsup —=% < +o00
0t I (1)~ eher In (1) ’

indicating that when the threshold is sharp, that is when L&' = LP™P := L* then L* ~ In (1) as
e—0T.

Analogues of the above quantitative result have been very recently derived for nonlocal diffusion
equations [2, 6, 7, 20, 27], which are typically used to characterize the movement and interaction of
organisms in non-adjacent spatial locations in the modeling of population dynamics. In this setting,
nonlocal reaction-diffusion equations write

Opu(t,z) = /RJ(ac —yult,y)dy —u(t,xz), t>0, ze€R, (1.5)

where J : R — R is a nonnegative dispersal kernel with fR J(y)dy = 1. Berestycki, Rodriguez [6] and Lim
[20] demonstrated that there are two propagation thresholds for the nonlocal diffusion equation satisfying
sufficiently high step initial data and exponentially bounded kernel functions, while Zhang, Li, and Yang
[27] demonstrated that equation (1.5) with a compactly supported kernel has a sharp threshold between
extinction and propagation. Most notably, Alfaro, Ducrot, and Kang [2]| investigated the threshold
phenomenon for the propagation of system (1.5) for compactly supported initial data of the form (1.4).
In the limit € — 0T, they derived various asymptotic limits for the corresponding lengths L&* and LE™P



characterizing the threshold to extinction and propagation respectively for different forms of the kernel
functions. In a slightly different but related direction, Besse et al. [7] studied the asymptotic behavior of
the solution of system (1.5) with bistable type nonlinearity and compactly supported initial conditions.
Using the relationship between the nonlinearity, the kernel functions, and the diffusion coefficient, they
demonstrated that the solutions can either propagate, go extinct or remain pinned [7], meaning that
neither propagation nor extinction occur. We also refer to Andreson et al. [3] who recently studied the
transition between pinning and unpinning for the solutions of nonlocal systems.

As far as we know, for fractional Laplacian equations such as (1.1), there is no such quantitative
estimates of threshold phenomenon in the literature. This paper aims at filling this gap. Specifically,
we consider equation (1.1) supplemented with the one-parameter family of initial data (1.4) indexed
by the two parameters L > 0 and ¢ > 0, and we shall prove in a first step that for each fixed ¢ > 0
the solution decays to zero (extinction) when L is small or locally converges to a positive steady state
(persistence) when L is large. Next, in the spirit of [1, 2, 7], we use the upper and lower solution methods,
the comparison principle, and sharp estimates on the fundamental solutions of the fractional Laplacian
diffusion equation to obtain quantitative estimates on the thresholds to extinction and propagation for
the solution of system (1.1). More specifically, our main result is that we provide some estimates of the
threshold values L&' and LP™P as ¢ — 07, namely

ext Lprop
0<C” <liminf —=—, and limsup———F < Cy < +o0, (1.6)
TR =

for two positive constants C* which depend on a € (0,1) and the nonlinearity f.

We can see from (1.6) that the “main term” is of magnitude (%) 2% but the lower and upper bounds
coincide only up to a logarithmic term. This result is consistent with the nonlocal diffusion equation with
a heavy-tailed kernel function considered by Alfaro et al. [2]. More specifically, if the Fourier transform
of kernel J of equation (1.5) has an expansion J(£) = 1 — a|¢]P + o (J€1°) (0 < B<2,a>0), as £ — 0T,
then the quantitative estimates of the threshold is the same as the one for solutions of the evolution given
by the a = g fractional power of the Laplacian. This is somehow not surprising since nonlocal diffusion
equations with kernel whose Fourier transform enjoys the above expansion are asymptotically close, in
the limit ¢ — +o00, to the fractional Laplacian equation of order o = g (see for instance [9]). Let us finally
note that it is still an open problem to prove that the transition between propagation and extinction is

sharp in the fractional Laplacian case studied here, that is L&** = LP™P for each ¢ € (0,1 — 6.

2 Assumptions and main results
We state below our assumptions and main results.

Assumption 2.1 (nonlinearity f) The function f : R — R is Lipschitz continuous. There is a thresh-
old 0 € (0,1) such that
flu) =0,Vu € (—00,0] U {0} U[1,00),

and
f(u) < 0,Yu € (0,0), (Bistable Case),
flu)>0,Vue (0,1), and or (2.1)
f(u) =0,Yu € (0,6), (Ignition Case).

In the bistable case, we further require .
/ f(s)ds > 0.

0

Moreover, in both cases, we require that there are r— >0 and 6 € (0,1) such that
fw)>r~(u—10), Yuelo,d].
Notice that, for r > 0, the usual cubic bistable nonlinearity
flu) =ru(u—0)(1 —u)lg(u), ueR,

satisfies the Assumption 2.1 as soon as 6 < %7 and so does the ignition nonlinearity

flw)=r(u—0)(1- u)]l(g,l)(u), u € R.



Now, for e € (0,1 — 0] and L > 0, we consider the family of initial data ¢5 given by
¢ (x) =0+ )l )(x), zeR. (2.2)

We denote by u5 = u3 (¢, z) the unique mild solution of (1.1) starting from the initial datum ¢3. Then
this family of solutions enjoys the so-called threshold property.

Proposition 2.1 (Threshold property) Let o € (0,1) and Assumption 2.1 hold. For each e € (0,1—
0], there exist two lengths L. > 0 and L. > 0 such that

. € o
tlggloo ur, (t7 1‘) -

0 uniformly in R, if0< L < Eg,
1 locally uniformly in R, if L > Eg.

Now using this and similarly as [1, 2|, for each € € (0,1 — 6], we define the quantities
LY .= sup {L >0: tiiinoo uf (t,2) = 0 uniformly on R} ,

and
L2P := inf {L >0: . li+m uf,(t, ) = 1 locally uniformly on R} .
—+00

We now state our main result.

Theorem 1 (Quantitative estimates of the thresholds) Let o € (0,1) and Assumption 2.1 hold.
Then there exist two constants 0 < C~ < CT such that

ext [prop
C~ <liminf —=——, and limsup——— < CT,
0t (1y3a 0+ (Lin 1)
€ € €

where the constant C~ can be chosen as

[ 8 . fw)
C™i=4/———, with rT:= sup —2= >0,
artC, ue(gl?l] u—0

with the constant Cy, > 1 is defined in (3.6), and C* = C*(«,0,77).

The organization of this work is as follows. We give some preliminary results in section 3. In section
4, we prove the propagation threshold property from Proposition 2.1. Sections 5 and 6 are dedicated to
provide the quantitative estimates on the extinction and propagation threshold respectively.

3 Preliminary
In this section, we introduce some notations and basic results regarding the existence of solutions to
the Cauchy problem. We also give a comparison principle for the fractional Laplacian diffusion equation,

which is essential to prove the threshold phenomenon. Then, as a direct application, we prove the
existence of the extinction threshold.

3.1 Notations and basic results

Let 0 < a < 1 and consider the Cauchy problem

(3.1)

Ou(t,z) + (—A)u(t,z) = f(u(t,z)), t>0,z€R,
u(0,z) = uo(z), =R,

with initial datum ug € L°°(R). Then, mild solutions u € L*°((0,00) x R) to the problem (3.1) satisfy

ult,z) = / Py — y)uo(y)dy + / / Pry(@ — y)f(u(s,1))dyds, ae. in (0,00) xR, (3.2)



where P, € C*°((0,00) X R) is the fractional heat kernel, defined as follows

1 T
Pi(x) = 1P< 1>, (3.3)
t2a tz2a
and )
P(z) = o /]R e lE qe. (3.4)
Furthermore, it follows from [5, 18] that there exists C, > 1 such that
c;t Ca
Thus, for t > 0,z € R, one has
ct Ca

< B(z) <

: 3.6
T taa (14 |tz x| l2e) (3.6)

t2a (14 [t~ 2a z|1+20)
The formula (3.6) of the estimation of fractional heat kernel P;(z) will play an essential role in deriving
some estimates of the threshold for the fractional Laplacian diffusion equation.
From [8] (see also [19, 28]), we know that for each uy € L°°(R) there exists a unique mild global in
time solution of (3.1) with
we L*((0,T)xR), VI >0.

Throughout this work, we always assume that the constant C, > 1 is defined in (3.6). Now we state
a comparison principle of the fractional Laplace equation, which plays an important role in the study of
threshold phenomena, see [3, 12, 28]. For the sake of completeness, we outline its proof.

Proposition 3.1 (Comparison principle) Let o € (0,1) and T > 0. Assume that u,w € L*>((0,T) x
R) are mild solution of the Cauchy problems

Quult, ) + (~A)"u(t, ) = f(u(t, ), (6.2) € (0,T) xR, .

u((),:c) = UO(x)v z € R, .
and

B (t,) + (~A)"w(t, ) = gluw(t,2), (7)€ (0.T) x R s

’LU(O,.T) :w()(x)a QZ‘ER7 .
where f,g: R — R are Lipschitz continuous with f < g on R. If ug,wg € L*°(R) are such that

ug < wop, a.e. on R,
then
u<w, ae on (0,T) xR,
Proof. Let A > max(Lip(f), Lip(g)) and set
U(t,z) = eMu(t,z), W(t,z) =eMw(t,x). (3.9)

Since v and w are mild solutions of (3.7) and (3.8), we can easily get from [8] that U and W are mild
solutions of

(3.10)

{atU + (=AU = f(t,U), in (0,T) xR,
U(0,2) = ug(x),

and

OW + (=A)*W = g(t, W), in (0,T) x R,

W (0, z) = wo(x),
with f(t,¢) :== A, + e M f (e7*¢) and §(t,¢) defined similarly. Clearly, f(t,¢) < §(t,¢) for all {. By the
definition of A, both functions f and § are nondecreasing in ¢. Indeed, for ¢; < ¢, and t > 0, one has

Ft,C) — f(t,G) = M& — G) +eM [f (e7¢G) — f(e7™G)] < (A= Lip(£))(G — G) <O0.



For a given function ug € L>*(R) and t > 0, we define
Tiug(z) := (P * ug)(x /Pt (x — y)uo(y)dy,

where P, € C*°((0,00) x R) is defined in (3.3). Clearly, the family T; of bounded linear contractions of
L>(R) is a semigroup. Note that U € L*°((0,T) x R) is a mild solution of (3.10) if

Ult,z) = /Pt(xf Y)uo(y dy+//Pt s —y)f(s,U(s,y))dyds,

= Tyuo(x )+/0 Tt,sf(s, U(s,y))dyds,

almost everywhere in (0,7) x R, and similarly for W and g.
Consider the iteration scheme:

t
wmw)=ﬂw@+/ﬁLJQWSMMM&
0

and similarly for W,, and g. The scheme for the U,, converges to the limit U, and the scheme for the W,
converges to the limit W.
We now employ a standard induction argument to show that U, < W, on (0,T) x R for all n. Let

Uo(t, ) = Tt’u,o(') and VVQ(t7 ) = Ttwo(-).

Since Ty is a positive semigroup on L*°(R) and wug(-) < wp(-), then Uy < Wy on (0,7) x R. Suppose
U, <W, on (0,T) x R, then

t

Unas (t,-) = Tyuo(z) +/O'Tt,sf(s, Un(s, ) ds < Tyuwo(2) +/0 Ty of (5, Wi (s,-)) ds

t
Sﬂm@+/ﬂﬂﬂﬂhﬁﬁmiwmﬁ%
0

which completes the induction step. Taking the limit, this implies that U < W and therefore also u < w
on (0,T) x R. This proves the proposition. ]

We also present a variant of the above comparison principle.

Proposition 3.2 Let a € (0,1), T > 0 and f be Lipschitz. Assume that u,v € L>([0,T) x R) are mild
subsolution and supersolution respectively, that is

ult, ) < /B@—)mw®+//ﬂs$ﬂMW@W®®@jMR
and
v(t, x) /Pt x —y)v(0 ydy+/ /Pt s(x—y)f(v(s,y))dyds, (0,T) x R,

and satisfy w(0,-) < v(0,:) on R, then u < v on [0,T) x R.

3.2 Existence of the extinction threshold ZE

In this section, under Assumption 2.1 on the nonlinearity f, we prove the existence of the extinction
threshold L.. Let us consider u5 the unique mild solution of (1.1) starting from the initial datum ¢5 .
From the previous comparison principle, since £ € (0,1 — 6], we obtain that

0<uj(t,z)<1l, t>0, xze€R.

Upon denoting M := sup,,¢jo 1] f(u) > 0, we obtain

0 <uf(t,z) < 9+€/ P(z—y dy—l—M//Ptsx— )dyds, t>0, z€R.



Since for each t > 0, we have [, Pi(x)dz = [, P(z)dz =1 by definition of P, we further get

2LC, (0
0<us(ta) < L0+ Ly

2a

As a consequence, at t = tg := we get

0

2M>

2LC, (0 + 0

o< ity < 04D 0
t2s

1
Then, we can set L. := m (%) ** > (, and for each 0 < L < L., one has

0 < uf(tg,x) <0, zeR.

The final step of the proof consists in checking that the solution

{atw(t,x) + (-A)*w(t,z) = f(w(t,z)), t>0,z€R, (3.11)

w(0,z) =7, z€R,

with 0 < v < 6 satisfies

w(t, ) s 0 uniformlyin z €R.
— T 00

Indeed, this follows from the fact that the solution w of the above Cauchy problem (3.11) is constant
in space and that the solution of the ODE problem w’ = f(w) with w(0) = v € (0,60) converges
asymptotically to zero thanks to the bistability property of f. Comparing the solution for ¢ > ¢g to the
problem (3.11) implies that
Ve €R, lim uf(t,x)=0.
t—+o00

4 Propagation threshold

This section is devoted to the proof of the propagation threshold result of Proposition 2.1. We first
recall some known properties regarding traveling front solutions associated to (1.1) in the bistable case.
By a traveling front solution, we refer to the couple (U, ¢) with ¢ € R and profile U solution of

{cU’ + (=AU = f(U), z€R, 1)

U(—o00) =0, U(+o0) =1,

such that u(t,z) = U(x + ct). Gui and Zhao [16] have proved the existence and uniqueness of such trav-
eling fronts for the fractional Laplacian diffusion equation with bistable type, together with asymptotic
properties for Up, as shown in Theorem 2 below (see [22, 15] for related results in the case of an ignition
nonlinearity).

Theorem 2 ([16]) If a € (0,1), f € C*(R) be a bistable nonlinearity, i.e., condition (2.1) holds, then
there exists a unique co and profile Uy (up to translations) solving (4.1). Furthermore, ¢o > 0 and Uy is
monotone increasing. Moreover, there exists some constants B > A > 0 such that

A , B
||+ < Up(x) < e[l Viz| > 1.

As a consequence, we have Uj € LP(R) for any 1 < p < oo, and

A B A B

We shall first prove the following result whose proof is largely inspired by the pioneering works of Fife
and McLeod [13]. See also [2, 7] for similar results in the case of nonlocal reaction-diffusion equations.

Proposition 4.1 (Propagation threshold in the bistable case) Let o € (0,1) and f € C*(R) be
a bistable nonlinearity satisfying Assumption 2.1. Then, for each e € (0,1 — 6], there exists L. > 0 large
enough such that for each L > L. the solution uj starting from ¢7 propagates in the sense that

lim w3 (¢, x) =1 locally uniformly for x € R. (4.2)

t——+oo



Proof. We consider (¢, U) is an increasing traveling wave solution to (1.1) with ¢ > 0 given by Theorem 2,
namely, (¢,U) is the solution of the following equation:

{CU' + (=AU = f(U), z€R, (4.3)

U(—o0) =0, U(+o0)=1.

We aim at showing that, for any ¢ € (0,1 — 6], there exists L > 0 large enough such that propagation
occurs for u5 the solution to (1.1) starting from (2.2).
Let us consider the function u given by

u(t,z) =Uy(t,z) +U_(t,z) — 1 —q(t)
with Uy (t,x) := U(€+ (¢, x)), where 4 (t, z) take the form

Elta) =at et —€(t), & (La) = Exlt,—a) = —a + ct — (1),

Here g = ¢(t) and £ = £(t) are functions to be determined later to ensure that w is a sub-solution to
(1.1).
From the above and the U-equation of (4.3), we straightforwardly compute, for ¢t > 0, z € R,
Nu(t, z) :=0pu(t, x) + (=A)%u(t,z) — f(u(t, x))
==& WU (E+(t,2) + U (- (t,2))] + f(U4(t, 7)) + f(U-(t, 2)) (4.4)
— fU+(t,2) +U-(t,2) — 1 —q(t)) — ' (D).
Before going further, let us introduce some notation. Denote 5 := 0 + ¢ € (0, 1] the fixed height of the

step initial data.
Fix two constants 1 — 3 < @ < 4 <1 — 6 such that

q1 qo
I<l—=<1—-=<
2 2 b

and define the function @, continuous on R X [0, +00), as
flu—s) = fu)

dlu,s) =< s
—f'(u), if s =0.

if s >0,

Moreover, for 0 < s < q2—l, we have § < 1 — q—21 <1-s <1, so that ®(1,s) > 0. Note that ®(1,0) =
—f'(1) > 0. There exists u > 0 such that ®(1,s) > 2u for 0 < s < 4. By continuity, there exists a
0 > 0 such that 7
D(u,s) > p, forl—éguglandogsggl.
It then follows that
q1

flu—s)—= flu)>ps, V1-9§<u<l, andOSsSE. (4.5)
Last, we fix b > 0 large enough so that
flu) <b(l—w), VO<u<l1. (4.6)
We select
=21 5 (4.7)

2 1+ mt)2e’ ' =

where pg > 0 will be determined later. Next, we divide the proof into three cases according to the value
of a.
First case: a € (1/2,1). We set

§(t) = =& +n(t), Vt=0, (4.8)

where £y > 0 and 7 is to be selected below with the properties

77(0) = Oa U,(t) > Oa U(t) S Mo S 607 t> 07 (49)



where the constant 1y > 0. By the definition of £(¢) and (4.9), we get that £(¢) =
We aim at reaching Nu(t,x) < 0,Vx € R,¢ > 0. Since both u(t,z) and Py(x
sufficient to work with & > 0. Since U’ > 0, we have, for all x > 0,¢ > 0,

n(t) — & < 0.
) are symmetric, it is

1=Uy(t,z) +q(t) =1 = Uz +ct = £(t)) + q(t).

According to Theorem 2, there exists B > 0 such that

B 1
1—U+(t,$)—1—U(l’+Ct—f(t))Sm, [ RS <2,1>,V£B>1 (410)

It follows from (4.8), (4.9) and (4.10) that

1 1 1 1
a0 = (€0 (& a0 = & —m) (4.11)

Recall that ¢(t) = ‘%’%)M,t > 0. Furthermore, we choose sg := &y — 19 > 1 large enough such that

(1+/,L()t
B B qo
1-U ()< —2 =2 <% 412
+(t ) CET T (4.12)
Using (4.7) and (4.12), we have that
0<1-Ust)+q) < T +a) < D+ 2 = . (4.13)

Below we complete the construction of the sub-solution by investigating the sign of Nu(t,z) for x > 0,
t > 0. To do so, recalling that § > 0 was chosen above for (4.5) to hold, we split our analysis according
to the value of U_(¢, x).

For 1 — 6 < U_(t,z) <1, using (4.5) and (4.13), we have that

FU-(t2)) = f(U-(t,2) = (L= Up(t,2) + q(t)) < —p(l = Uy (t,2) + q(t))- (4.14)
Plugging this into (4.4), using U’ > 0, £'(t) > 0, (4.6), (4.10) and (4.11), we have
Nu(t,2) < — p(1 — Uy (t,2) +4(0)) + (1 — U, (t,2)) — ¢'(¢)

—(b— ) (1~ Ula+ et — () — L0 1

2 (1 + NOt)2a + QqoHo (1 + NOt)1+2a

B pao 1 | (4.15)
S P 13 N (R P L R ey
1 (B(b — )1+ pot)**  pgo ) .

< _
ST \ (@ra—guzm 2 ok

Since (4.8), (4.9) and = > 0, we get that

! < ! < ! = ! (4.16)
(z+ct —&(1)2> — (et —&(1))2> — (et +& —mo)?* (et + s9)2” '

Thus, combining (4.15) and (4.16), we obtain that

1 14 pot 2 1qo
Nu(t <— | B(b— - — .
u(t,z) < (1 + piot)2™ ( (b—p) (Ct—|—$0) B +QQONO>

Let
. 1+ ppt

t
98 = e
we can see that g(t) <0 if po < ;>. Thus, we have that

g(t) < g(0) = vt > 0. (4.17)
S0



Using (4.15) and (4.17), we have that

Nu(t,z) <

1 (B(b—u) Ko
(1 + pot)*®

<0
20 9 +Oéqwo) <0,

. 2a . fec p Blb-—p

by takmg S0 >maX{1,(2Bl&7%) } and Mogmln{so’m_oéqosga
We consider the case 0 < U_(t,z) < 6. Let us recall that f € C?*(R) and f/(0) < 0. Therefore,
up to modify f on (—o0,0) (which is harmless for the problem under consideration since solutions are

nonnegative), we may assume that there are fi, and 6 > 0 such that

f'(u) < —f, Yue (-0,

=

Also, up to reducing p and § appearing in (4.5) if necessary, we may assume 0 < ¢ < 6 and 0 < w < fi.
As a result,

f(u)—f(u—s):/i f'(o)do < —ps, V—oo<u<d,s>0.

From this we deduce (4.14) and conclude as in the first case.
We are thus left with 6 < U_(¢,2) < 1 — 4. If we denote x > 0 the Lipschitz constant of f on the
interval [§ — q1,1 — ¢], we deduce from 6 < U_(t,z) <1—§ and (4.13) that

FU-(t,2)) = f(U-(t,2) = (1 = Us(t, 2) + ¢(1)) < (1 = Uy (t, z) + q(2)). (4.18)

From (4.6), we have
fUL(t,2)) <b(1 = Uy (t, 7). (4.19)

Moreover, for 6 < U_(¢t,z) <1 —§, we have

U's(t,z)+ U (E-(t,2)) > U (E-(t,x)) > U'(z) :=v>0. (4.20)

min
U—1(0)<|zI<U-1(1-9)
Plugging (4.18), (4.20) and (4.19) into (4.4), we deduce that

Nu(t,z) < —ve'(t) + (k + b)(1 = Uy (t, ) + kq(t) — ¢'(t)

1 1
— 1— . ko L -
v (8) + (k4 D)1 = Ulw et = EO) + 5~ g vz T 00l g v (4.21)
B(k +b) kgo 1 1
< — / —_ T 110 -
SO G e T2 (Gt T gt

Using (4.21) and (4.16) again, we obtain that

2a
1 1+ pot KQo | Qqofo
Nu(t,z) < —vn'(t) + ——— Bm+b( > + =+ ) 4.22
ult, ) < —viy (1) (1+uot)2a< ( ) 2 1+ pot ( )

We select 7(t) solution of

1 L+ puot\* | ko | aqopo
)= —— [ Bk+b Ko > 0.
nt) u(1+u0t)2a< (r+ )< > T +1+u0t>

That is we set

(k+b)B /75 1 kqo [* 1 aqofio /t 1
t) = d — d dz.
n(t) » o (cz + 50)% 2o s (L+ po2)2@ 2+ — o (11 poz)i+2a z

Thus we have that 7(t) < n(+00), vt > 0. We estimate n(+o0) as follows:

b)B [T 1 e 1 e 1
n(+o0) = DB / — — __dz4 2k dy 4+ 2900 / S —
v o (cz4s0)? 2v Jo (14 poz)?® v Jo (14 pgz)tt2e
(4.23)
Since o € (3, 1), we can see that (4.23) is integrable. It follows from (4.23) that
K+ b)Bs; 2 K !
n(+o0) = Lt DB & D . (4.24)

kv(2a—1)c 22a— Dvpy  2av
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With sg, po and 1y chosen as above, we may now set &y = 19 + So, such that plugging (4.24) into (4.22),
we reach
Nu(t,z) <0, z>0.

As a consequence, based on the symmetry of the problem, we have obtained that Nu(¢,z) < 0 for all

(t,x) € (0,400) x R. On the one hand, for |x| < L, we have that

u(0,7) = Ulw + &) + U(-a+ &) —1- T <1= T <f=(0+)11)(@).

On the other hand, since U(—o0) = 0, for |z| > L, we obtain that
_ q0 do
u0,z) =U(x + &) +U(-z+&) —1— 3 < U(=L+ &) — 5 <0,
if L =1L(&) > 0 is large enough. As a consequence, for such a large L > 0,
w0,2) < (0 +e)l_rr)(z), zecR

By comparison principle (here u is a subsolution in the strong sense and thus a mild subsolution), we
obtain that
u(t,z) <wuj(t,z), Vt>0,zeR.

Since u(t, z) satisfies (4.2), so does u5 . Thus we have completed the proof in this case.
Second case: « € (0,1/2). We can choose

"o 1—2a
t) = ————— [(1 +not —1|, Vit>0,
77() 770(1—20[) [( 770) ]

such that one has 1(0) = 0 and

/t :¢>O’
T = T s

where 7y > 0 and 79 > 0 needs to be fixed appropriately.
We define £(t) as

t>0

0 =&+ yn (§ - 0(0) +al0). o0

with & > 0 to be fixed later. Let us remark that since c¢t/2—n(t) =t (0/2 — @) > 0 for ¢ large enough,

the above minimum is well defined and non positive. Next, we remark that

_a oct . [ct c & &
ct —&(t) = 5 + 5 —n(t)—rtn>1(1)1<2 —n(t)) +& > 5 + 5~ 5 > 0,
>0
for all t > 0.
With ¢(t) defined as previously, for 1 —§ < U_(t,x) < 1, one gets
Nu(t,o) < — (1 = Uy (t,2) + a() + b(1 — Uy (,2)) — ¢/ (1)
B Hqo 1 1
<(b-— - = —_—
SO emE T 2 Gt TR gy
1 1+ /~L0t> ** pgo
<—— |4°B(b - —_— - — +ta
—(1 I Mot)Qa ( :u) (Ct + fo 2 qdofto
1 4“B(b—p)  pgo
< I
—(1 +,UJ0t)2O‘ |: g(Q)a 2 + aqofo | »

where the last inequality holds upon choosing pg < ¢/&y. As a consequence, if one fixes

4+e B — )\
£0> M ) 0</J’0<min £7i )
Hqo & 4

11



then Nu(t,z) < 0. The case 0 < U_(t,z) < ¢ can be handled similarly. We are thus left with
§ < U_(t,z) < 1—4. Still denoting by x > 0 the Lipschitz constant of f on [§ — ¢1,1 — 4], we
compute

Nu(t,z) < = ve'(t) + (5 + b)(1 = Uy (¢, ) + rq(t) — ¢'(¢)

B(k+10) Kqo 1 1
<—uvn'(t)+ — +a ——
=TT G T2 G O g

4O‘B(f-€ +b)  Kqo 1 1
<- + = + aqopio e
= a+mww (ct+&)2 2 (1+mt)ze = PR oty i+2e

2a 2a
1+ not Kqo 1+ not
vy +4“B(k+ b —|—<——|—a ) .
]. —+ 7]0t [ "o ) (Ct + 50 ) 2 doko ]. —+ ‘Ltot

Upon choosing 0 < 19 < min <c’ ,u0> we get

€o
4“B(/<; +b)  Kkqo
Nu(t —_— |- —_—+ —
u(t,x) < (I—H)ot) [ vy + % + 5 + aqoo |
and thus we can fix 7y > 0 as
1 /4*°B(k+b Kq
o L(EBET0 o)

v h 2

Then, the end of the proof follows similar lines as in the previous case.
Third case: o = 1/2. We take

nw=$mme,wzm
0

such that 1(0) = 0 and

‘(1) = —2 >0,
n () 14 not

where v9 > 0 and 79 > 0 needs to be fixed appropriately. We define £(t) as
n(t)

with £ > 0 to be fixed appropriately. In fact, since —= — 0 as t — 400, similar computations as above

shows that Nu(t,z) < 0 holds also in that case, and the proof follows. ]

We can now turn to the proof of Proposition 2.1. In the bistable case, since f is Lipschitz continuous
on [0, 1], we can use a small C? modification from below of the nonlinearity and construct a suitable sub-
solution converging to 1 for L large enough by Proposition 4.1 above. Hence, the existence of L. follows

from the comparison principle for the bistable case, and thus for the ignition case due to comparison
arguments.

5 Quantitative estimate on the extinction threshold

In this section, we provide a quantitative extinction result for the system (1.1) with initial data (2.2).
We obtain an asymptotic estimates (as e = 07) of the size L such that the solution u5 (¢, ) goes extinct
at large time. For it, we consider the following problem:

{ Ow + (-A)*w =g(w), t>0,z€R, (5.1)

’U)(O,J?) = (9 + E)It(fL,L)(J:% z €R,
where € > 0, L > 0 and
glu) =1+ (u—0).

Here r™ > 0 and @ > 0 are given and fixed parameters, and the subscript + is used to denote the positive
part of a real number. We start with a criterion for extinction.

12



Proposition 5.1 (Extinction criterion) Let a € (0,1), r* > 0 and 6 > 0 be fized. Consider the time

1 1
T. .= —In-
€

- (5.2)

[0
Then for any 0 < v < P there exists eg > 0 small enough such that, for each ¢ € (0,£0) and for
artC,
1
each 0 < L < (1), the solution w = w(t,x) to (5.1) satisfies

supw (T, z) < 6,
z€R

and is going to extinction at large times.

Proof. Consider v = v(t, z) the solution to the Cauchy problem

v+ (—A)*v =0, t>0,z¢€R,
v(0,2) =w(0,z), z€R.

Then v(t,-) = (0 4 €)P;(-) * 1(_, 1)(z), where the fractional heat kernels P;(x) defined in (3.3). Thus
for all ¢ > 0, we have

V(t) := |lv(t, ')HLN(R) =(0+¢) / » Py(x)dzx.

Following the strategy developed in [1], we now construct a super solution to (5.1) in the form W (¢, z) :=
v(t,z)p(t) with ¢(0) =1 and ¢(t) > 0. From W; + (—A)*W = v¢’ and the expression of ¢ this requires

' rt - o x o0) X
o)z (0~ 1) W) € 0o400) xR
and thus 0
+

We choose ¢ as the solution of the Cauchy problem

o0 =+ (600~ 55 ) 00 =1,

p(t) =e 't (1 - /Ot prer’s V?S) ds> .

Observe that V(0)¢(0) > 6 and denote by T' > 0 the first time where V(T)¢(T) = 6 (obviously we
let T' = +oo0 if such a time does not exist). Then

that is

<¢(t) — Vft)>+ = ¢(t) — V?t), vt € [0,T).

Note that W(0,z) = v(0,2)¢(0) = w(0,z). Thus, it is clear that W (¢, x) = v(t, x)$(t) is a super-solution

to (5.1) on the time interval [0, 7). In particular, if T < 400, it follows from the comparison principle

that w(T,-) < W(T,-) < 0, and we are done provided T' < T, a condition we aim at reaching below.
The condition T < 400 rewrites as: there exists T' > 0 such that Fy(T) = 0 where

et ¢ Lot 0
Frit)=0[1- —|—5—/re_Ts ds =0,
e 10 g 126)
wherein )
AL(t) == / Py(z)dz = / s P( ° >dx, (5.3)
|| <L |z|<L t2e t2a

and P(z) is defined in (3.4). We claim (see the proof of Claim 5.1 below) that A7 (¢) < 0 for all ¢ > 0.

Since .
Ar(t) :/ 5 P( x; )dx:/ P(z)dez,
|| <L t2e t2a || <L

1

t2a

13



then using (3.4), we have that

1 . 2a
&ﬂDZ/P@HxZ—://€“*Hd@x:L (5.4)
R 21 Jr Jr
here we used the equation
1 A
= — Lo (€)déd.
o0 = 3= [ [ evtplepteas
It follows from (5.4) that Fr,(0) = . Next, we claim that
Claim 5.1 A% (t) <0 for allt > 0.
Proof of Claim 5.1. Using (5.3), we have that

/ {P(ag)dx:/ P(x)dz
la|<L T2 t2a |z|< &

L
t2a

Ap(t)

_L

:pr@m+A@Pmm (5.5)

1

t2a
L

= 2/tm P(z)dx,
0

this is because P(x) is a even function Vz € R. It follows from (5.5) that
L 1 L
/ [ — —_
=L L p(L) "
By (3.5), we obtain that
L
P(tl) >0, Vt>0,L>0.

This combined with (5.6), we get that
A7 (t) <0, Vt>0.

We complete the proof this Claim. [

Thus, using Claim 5.1, we have that F}(t) = 96””’2%8; < 0. As a result, since F1,(0) = ¢ and
L

F}(t) <0, the condition T' < T, is equivalent to requiring Fy (T.) < 0, that is

T. —rts —rtT
€ e e €

14 - <rt ds + .
0 o Ar(s) AL(T)

(5.7)

Note that the right-hand side of the (5.7) is decreasing with respect to L. Using (5.4) and integrating
by parts this is equivalent to

T. l
15 e+ AL(S)
- < — re ds. .
g < /0 e A2 (s) s (5.8)
But, since A% (s) <0,Vs > 0 and 0 < Ap(s) < 1,Vs > 0, we have that
T. I T.
e A e
7/ er+5A2LEs;ds > 7/ 67T+SA/L(S)d5
s
0 L 0 (5.9)

L (% 1 L
L[ (L
a Jo g3atl S2a

which follows from the proof of Claim 5.1 that

=L Ap(E),

E tiJrl
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Using (3.5) and (5.9), we have that
. T
€ A’ L € 1 1
_/ 67r+s 2L(S) ds / €7T+S ds
0 A7 (s) et 1 4 |5~ 2a [|1+2a

1
/ ds
OtO 52a+1 1+ (5 2a L)lJFQO‘

L.=~ (i) = (5.10)

for some y > 0 to be chosen later. Next, we aim at proving that (5.8) with L = L., is satisfied for ¢ > 0
small enough. To do so, set

| \%

We select

1
: S
Ge aC 52a+11+(5 2 [ )1+20
Hence, we only need to show that
G.> <. (5.11)
0
Let z = i, then we have that
L2«
boppe 1
G- —dz.
aC’ 1+ Zl+ 2a i
Since function f(z) = ﬁ,Vx > 0 is monotonically decreasing, we have that
+ zltza
1 1 B
Lz 2a
Ge > T / c 67T+ZL€ dz
OéCa T 4355 0
()
: . (5.12)
! 1 1—e '
artCa | + (LT;Q)”ﬁ Lz~
. 1 1 o .
Recalling 7. = —-In — and subtituting (5.10) info (5.12), we have that
T €
e(1—c¢) 1
— art~y2C I4gg
Y Ca 1+ (LT;E&> 3
To show (5.11), we only need to prove that
1-— 1 1
c > 2. (5.13)

art~y2C, 145
Y 1+ (LQQ) 3

Indeed, by the definitions of 7. and L., we have that

T
L2a

€

thus (5.13) holds, as 0 < v < 4/ ﬁ and e small enough. This completes the proof of Proposition 5.1.
]

We can now conclude the first part of the proof of Theorem 1.

=

Proof of Theorem 1 — Extinction threshold. By Assumption 2.1, uj is a sub-solution of system (5.1)
with r* > 0 given by
+ f(u)

rT = sup .
u€(9,1] Y — 0

15



It follows from Proposition 5.1 and the comparison principle that for each e € (0,e9) and for each

0<L<vy (%)%, one has
Ve eR, lm wuj(t,z)=0,
t—+o0

with 0 <y <4/ Mfca. And thus, we deduce that

ext
C~ <liminf ——,
e—0+ (l)ﬁ
€

- _ 0
where C~ = \ arros- ]

6 Quantitative estimate on the propagation threshold

We fix r~— > 0 and 0 € (0,1), and define the linear function
g(w) :=r"(w = 0).
For ¢ > 0 and L > 0, we consider w = w(¢, x) the solution of the Cauchy problem
{atw + (—A)*w = g(w), t>0,z €R,
w(0,2) = (0 +e)l(_r,y(x), R
We start with a criterion for non-extinction for the solutions of the above Cauchy problem.

Proposition 6.1 (Non-extinction criterion) Let o € (0,1), 7= > 0 and 6 € (0,1) be fized. Let
0 <n <n<1 be given. Consider the time

1 -0
7.=—1m1"7

r 9

b e
Let v > (i?éi;?;) ** be given. Then for any 0 < k < 1 — (%) " there exists eg > 0 small

1
enough such that, for each € € (0,e0) and for each L > L. :=~ ( 15 In é) 2 The solution w = w(t, x)

of (6.1) satisfies

r

i T > 7.
\z?g“&gw( 5T) >

Proof. Notice that the solution w(t, z) is explicitly given by
w(t,r) =0+e" (v(t,z) —0), (6.2)
where v = v(t, ) denotes the solution of the linear equation
v+ (—A)*v =0, t>0, z€eR,

starting from v(0,2) = w(0,z) = (6 + €)1 (_r,1)(x). From the comparison principle v(t,z) < (6 +¢) for
all t > 0 and x € R, and thus for all 0 < ¢t < T, we have that

—0
w(t,x)§0+%(9+679):n, Vz € R.

Note that v = v(¢, x) is given by

v(t,x) = (0 +e)P(-) * L _r 1)(x)
B 1 T —y
=(@+e) /|y|<L =T ( t7a ) % (6.3)

1—/ 1P<x_y)dy.
iz £7 t2
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The last equality follows from the property that [, P;(x)dz = 1 for all ¢ > 0. Plugging (6.3) into (6.2)
and using (3.5), we deduce that

- 1 _
w(t,r) =04 ! 6—(9+€)/ 1]3<Ily>dy
ly|>L 12 tea

B C
S 6+€/ : - dy | .
( ( ) lyl>L t2a (1 + |t 2 (x — y) |1 T22)

We now restrict to x satisfying |x| < kL for k € (0,1). Since |y| > L ensures that || < kL < kl|y|
and |z —y| > (1 — k)|y|, we deduce that

(6.4)

1 1 1
max 1 1 dy S 1 1+2a dy
lel<kL Jjy|> 1 t2a (14 [t72a (x — y) |1 +2) t2e Jiyl>p 1+ 17726 (1 — k)12 fy|l+2e

Noticing that

. / ! d ! ! d
1 = = — 5. dz,
tza Jy>r 1+t 143 (1 _ k)1+2a‘y|1+2a Yy 1—k \Z\Z(FPL 1+ ‘Z|1+2o¢

t2a

we obtain for each |z| < kL that

- C 1
t,x)>0+e ! — (0 = —d
w(t,r) >0+e e—( +€)1_k7/|Zl>(l_f'>L 1+ |22 z
t2a

Att=T.=-LIn2=% and 6 + ¢ < 1, we deduce that

€

_ d
a-mr 1 + |Z|1+2a z
1

Co(0+¢)

w(Te,z) > 0+ (n — 0) 1_/|>

- (6.5)

T.f-:2 o

We now select

for some constant v > 0 that will be fixed later. In view of (6.5), it is enough to conclude the proof to
reach

Co(0+¢) 1
0 -0 |1--=—- ——dz | >
00 (1= G5, TR | 2
.
for 0 < ¢ < 1, that is,
1 (I=Fk)n—=n)
I. = —_— —dz < 6.6
) e TR S ey (00
T2
1—-k)L
since 8 +¢ < 1. Let X := %, we have that
TEQ(Y
too 1 oo g 1o o,
In order to prove (6.6), we only need to show that
1-k)(n—1
x-2ac U=R)O—n) (6.7)

o Ca(n - 0)
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I3 )

1- k)L 1. 1\ 1
Recalling X = #, L.:=~ ( In ) and T, = —In 1=9 e have that
br r

T2 r-e S
In 1~ o
T, 1 1
X72oc _ € — 13 ~ — 0.
(I— kL2~ (1-kpayza |1 T —k)zanes B
€
Thus we have (6.7) holds, provided that
Co(n—10
— (77 )/ < (1 _ k)l—‘,—2o¢7
Y**a(n—1')
a1 a1
which holds true since v > (i‘gﬁ;?))) % ond0<k<l— <%> TR completes the proof
of Proposition 6.1. ]

We can now conclude the second part of the proof of Theorem 1.
Proof of Theorem 1 — Propagation threshold. From Assumption 2.1, we get the existence of v~ > 0 and
d € (0,1), such that we have
flw) > g(w), Yw € (—o00,d),

where g(w) = r~(w — ). Let 0 < 8 < § — 6 be given small enough so that we can define a Lipschitz
continuous function f : R — R such that f < f,

o) fw), w € (—00,0) U [4, 00),
fw) = {r‘(w —0), we(0,0+7),

and f satisfies Assumption 2.1. Denote @ = (¢, ) the solution to

0cw + (—A)" = f(w),
starting from w(0,z) = ¢5 (z), so that @w(t,x) < uj(¢,x) from the comparison principle. Consider the
time 7. = = In g For 0 < ¢ < 3, we know from the proof of Proposition 6.1 (setting n = 6 + ) that
w<0+pF<éon|0,T.] xR. Since

f(w) > g(w), we0,0+p8),

it follows from Proposition 6.1 that, for any given m € (0,1) and 8’ € (0, 8), there exists g > 0 such
that for all € € (0,&9) and L > L., we obtain that

ug(Te, z) 2 0(Te, 2) = (0 + B)L(mL. me.) (@),
L 20
with Lg =7 (# In %) 2> and v > (W) ’
From Proposition 2.1 applied to e = ', we know that LE,°” < 400 exists, that is for £ > LE,°" the
solution to (1.1) with initial data (6 + 3')1[_ () propagates. As a result, for ¢ > 0 small enough so

that mL. > Lp°", we have uf (T: +t,#) — 1 as t — 400 locally uniformly in # € R and therefore

1
e

1
u§ (t,z) — 1 as t — 400 locally uniformly in 2 € R. We have proved that, for L, = v ( In %) 2> one
has L2*°P < L, for € > 0 small enough. This completes the proof of Theorem 1.
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