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Abstract

We propose a simple alternative proof of a famous result of Gallay regarding the nonlinear

asymptotic stability of the critical front of the Fisher-KPP equation which shows that pertur-

—3/2

bations of the critical front decay algebraically with rate t in a weighted L*> space. Our

proof is based on pointwise semigroup methods and the key remark that the faster algebraic
decay rate t=3/2 is a consequence of the lack of an embedded zero of the Evans function at the

origin for the linearized problem around the critical front.
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1 Introduction

We revisit the asymptotic stability analysis of Gallay [7] for the critical Fisher-KPP front of the

following scalar parabolic equation
Up = Ugy + CUuy + f(u), t>0, z€eR, (1.1)

where f : R — R is a ¥? map satisfying f(0) = f(1) = 0, f/(0) > 0, f/(1) < 0 and f”(u) < 0

for all w € (0,1) and ¢ > 0. For such an example, it is well known that for any wavespeed
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¢ > 24/f(0) := ¢4, there exist monotone traveling front solutions ¢(z) connecting u = 1 at —oo
and v = 0 at 400 where the front profile ¢ is solution of the second order ODE

0= quy + cqz + f(Q) (1'2)

The stability of traveling fronts for the Fisher-KPP equation has been studied by many authors.
For the super-critical family of fronts propagating with speeds ¢ > ¢*, stability was established
by Sattinger using exponential weights to stabilize the essential spectrum and yield exponential
in time stability; see [17]. Stability of the critical front was established by [12], with extensions
and refinements achieved in [4, 5, 7]. The sharpest of these results for the Fisher-KPP equation
is [7], where perturbations of the critical front are shown to converge in an exponentially weighted

3/2 " Of course, we also mention that strong results concerning

L space with algebraic rate ¢t~
the convergence of compactly supported initial data to traveling fronts are possible for (1.1) using

comparison principle techniques; see for example [2].

The primary challenge presented by the critical front is that it is not possible to stabilize the
essential spectrum using exponential weights. This is due to the presence of absolute spectrum
at A = 0 in the form of a branch point of the dispersion relation of the asymptotic system near
+o0. The presence of continuous spectrum near the origin suggests algebraic decay and one might
further anticipate heat kernel type decay of perturbations. As we note above, perturbations of the
critical front are known to converge slightly faster — in an exponentially weighted L°° space with

algebraic rate t=3/2; see [7].

Our approach is similar to that of [17] where the linear eigenvalue problem is studied in an expo-
nentially weighted space and resolvent estimates are obtained via inverse Laplace transform. For
the super-critical fronts studied in [17] the Laplace inversion contours can be placed in the stable
half plane thereby simplifying the analysis. No such extension is possible here and we instead
approach the problem using pointwise semigroup estimates. Pointwise semigroup methods were
introduced by Zumbrun and Howard [19] and have been developed over the past several decades to
address stability problems where the essential spectrum can not be separated from the imaginary
axis. Applications include stability of viscous shock waves; see [9, 19], stability and instability of
spatially periodic patterns; see [10], stability of defects in reaction-diffusion equations; see [3], and

more recently stability of stationary reaction-diffusion fronts; see [13], to mention a few.

A rough outline of our approach is as follows.

e Working in an exponentially weighted space with weight w(x), we construct bounded solutions
o (z) for the eigenvalue problem Lp = Ap on R* where £ is a linear operator describing the

linearized eigenvalue problem transformed to the weighted space.



e Find bounds for the pointwise Green’s function,

et (z)p~ (y)
Wi(y) vy
Gi(z,y) = .
e (z)p"(y)
W T

where the Wronskian W (y) := ¢ ()0~ (y) — ¢ ()¢~ (y), is often referred to as the Evans

function; see [1].

e Apply the inverse Laplace transform, and by a suitable choice of inversion contour show that

the Green’s function

1
Gl = 55 [ MG min (13)

decays pointwise with algebraic rate t~3/2.

e Apply LP estimates to the nonlinear solution expressed using Duhamel’s formula,

t
p(t.a) = [ Gltamdy+ [ [ G = eV @) w0)p(r )l )y
0
to show that the nonlinear system also exhibits the same algebraic decay rate.

This approach is motivated by the observation in [16] that the faster algebraic decay rate is a
consequence of the lack of an embedded zero of the Evans function at A = 0 (the analytic extension
of the Evans function to the branch point is possible due to the Gap Lemma; see [8, 11]). Indeed,

the critical front has weak exponential decay near x = 400,

qx(z) ~ bre 77 (1.4)
+oo
where 7, := ¢,/2 and for some b > 0. This weak exponential decay implies that the derivative

of the wave also has weak exponential decay and therefore does not lead to a zero of Wy(y) at
A = 0. In the outline of our argument, this fact comes into play when we require bounds on
the supremum of G(t,z,y). We find that this quantity is dominated by a region where G (z,y)
resembles Ce~VA@=¥) | Of course, this is exactly the Laplace transform of the derivative of the heat

kernel; from which we naturally expect algebraic decay with rate ¢=3/2.

We now state our main result. Let w(z) > 0 be a positive, bounded, smooth weight function of the
(2) e >1,
w(x) =
efr r< -1,

for some 0 < 8 < =5 + \/% — f(1).

Theorem 1. Consider (1.1) with initial data u(0,z) = q.(z) + vo(x) satisfying 0 < u(0,x) < 1.
There exists an € > 0 such that if vo(z) satisfies,

form



[l <o 02

then the solution u(t,x) is defined for all time and the critical front is nonlinearly stable in the

<€

L Lt

sense that there exists a C > 0 such that

H 1 ()
T+ w()

¢
oo (141)3/2

t>0,

where v(t,x) = u(t,x) — q«(x).

Theorem 1 recovers the sharp algebraic in time L decay rate of perturbations of the critical front
that was obtained in [7]. The proof in [7] uses as a weight the derivative of the front profile. In
this weighted space, the linearized operator as x — oo is equivalent to the radial Laplacian in three
dimensions; for which the fundamental solution possesses algebraic decay rate t~3/2. The nonlinear
argument relies on scaling variables and the application of renormalization group techniques. In
comparing Theorem 1 to the main result in [7] we note small differences in the spatial decay rates
of the allowable perturbations and note that the result in [7] is stronger than the one presented
here in that the author is able to identify an asymptotic profile for the solution in addition to its

decay rate.

The main novel contribution of our study is to present an alternative proof based upon pointwise
semigroup methods and make rigorous the observation in [16] that the faster algebraic decay rate
is a consequence of the lack of an embedded zero of the Evans function at A = 0. We contend that
the proof of Theorem 1 presented here is simpler than that of [7] as it relies on (rather coarse) ODE
estimates, contour integration and a standard nonlinear stability argument avoiding the technical
PDE estimates and renormalization group theory of [7]. Furthermore, this alternative method
paves the way to tackle a broader class of problems. For example, one could consider the extended
Fisher-KPP equation

Ut = —YUgpgr + Uze + f(u), t>0, x€R, (1.5)

where v > 0 is a small parameter and f(u) is as in (1.1). For such an equation, there exists a
family of fronts with wavespeed ¢ > c.(7), in the limit v — 0, which were shown to be stable in
exponentially weighted spaces [15]. It could be possible to adapt the above ideas to prove that the

3/2 in a weighted L> space. The calculations in that

critical front decays algebraically with rate ¢~
case are more involved (a four-dimensional system of ODEs), but the general key ingredients remain
unchanged. Along similar lines, the approach developed in this paper could be used to establish
precise stability results for pulled invasion fronts in systems of reaction-diffusion equations. For
example, refinements of the stability results in [6, 14] may be achievable. Our aim in the present
paper is to illustrate the key ideas in the simple Fisher-KPP setting (1.1), where the analysis is

very explicit.

From the perspective of pointwise semigroup methods, the application here is fairly straightforward.
To reinforce the discussion in the preceding paragraph, we regard this relative simplicity to be a

strength of this paper. One mathematical feature of interest is the presence of the branch point at



the origin which prevents the continuation of any contour integrals into the left half of the complex
plane. An important reference in this regard is Howard [9] where a marginally stable branch point
also arises when considering the stability of degenerate viscous shock waves. The Fisher-KPP
equation being studied here is quite different, but considerable similarities remain between the

approach taken here and the one in [9].

The rest of the paper is organized as follows. In Section 2, we set up and study the linearized
eigenvalue problem. In Section 3, we derive bounds on the pointwise Green’s function G (z,y).
These estimates are leveraged to obtain bounds on the time Green’s function G(¢, x, y) in Section 4.

The nonlinear stability argument is then presented in Section 5.

2 Preliminaries and ODE estimates

In this section, we set up the linear stability problem and begin to construct the pointwise Green’s

function Gy (z,y).

We work in frame moving to the right with constant velocity c, so that equation (1.1) reads
Up = Ugy + Uz + f(u), t>0, z€eR, (2.1)

and writing the solutions u(t,x) = ¢«(z) + v(t, z), we obtain the following equation for the pertur-

bation v(t, x):
Ut = Vgg + CVz + @)V + flge +0) — flge) — fl(g)v, t>0, z€R. (2.2)

Let w(x) > 0 be a positive, bounded, smooth weight function of the form

et x>1
wlx = - ’ 23
(@) {eﬁx o (23)

for some 8 > 0 which will be fixed later. Without loss of generality we assume that w(0) = 1. We

perform a change of variable of the form v = wp, where p now satisfies

wl W/ W//
Pt = Paz + (c* + 2w> Pa+ (f’(q*) oo+ w) p+N(g,wp)p, t>0, zeR, (2.4)

where .
N(pv) i= = (flp+v) = f(1) = ['(w)v) -
From now on, we will denote by £ the linear operator
w/ w/ w//
Lp := pgs + <C*+2) Pz + <f/(q>)<) +C*+> b, (2'5)
w w w

with dense domain H?(R) in L?(R). Let us note that for x > 1, the operator £ reduces to

Lp = pez + (f'(g:) — £/(0))p,



Figure 1: Illustration of the action of the weight function w on the boundaries of the essential spectrum of
the linearized equation around the critical traveling front solution q.. Note that ¥X_ is mapped to I'_ while

31 is mapped to the negative real axis 'y inclusive of the point at 0.

while for z < —1, it becomes
Lp = pyy + (cx + 2B)ps + (f/(g2) + ex8+ B%) p,

from which we impose that 0 < 8 < =5 + 4/ % — f'(1) so that the essential spectrum of
L3, = 0w + (e +28)0z + (f'(1) + B+ B7)

lies to the left of the imaginary axis. We denote by I'_ the parabola in the complex plane defined
by the boundary of the essential spectrum of £, that is

I_ = {0+ (c. +20)il+ f'(1) + .3+ B | L€ R}.
We illustrate in Figure 1 the action of the weight function w on the boundaries of the essential
spectrum of the linearized equation around the critical traveling front solution g.
For simplicity, we will denote

w | e+ BB w< -1,

v o>l W [ a0 ez,
Cl-—c*‘i’zw—{ (o 4+28) x<—1, andCO-—f(Q*)+C*w+ {

with asymptotics

lim Co(z) = f/(1)+ B+ B2 <0, and lim (y(z) =0,

T——00 T—+00
such that operator £ reads
Lp = prz + C1pe + Cop-



The pointwise Green’s function Gy(z,y) is a solution of
(£L—=XNGy=—d(z —y), (2.6)

where §(z) is the Dirac distribution. To the right of the essential spectrum solutions can be
constructed by identifying exponentially decaying solutions on either half-line and then matching

them at x = y enforcing continuity and a jump discontinuity in the derivative,

lim ®+1: lim @
Ty~ ox x—yt ox

We begin with the construction of the exponentially decaying solutions of
Lp = Ap. (2.7)

Our notations will be to denote by ¢*(z) the (unique up to multiplication by a constant) exponen-
tially decaying solutions of (2.7) at +o00, and by ¥ a choice of exponentially growing solutions at
+00. We can already compute the asymptotic decay and growth rates of p* and ¢* from (2.7) at

+00. At 400, we obtain the simpler system

Pz = )‘pu

from which we deduce the asymptotic exponential rates +v/A. While at —co, the system reduces
to

Lp = Ap,
with growth rates given by

—(cx +26)
2

pEO ) = £ \/fes + 2B — A1) + coB %) + N

Using the above notations, the Green’s function Gy(z,y) for (2.6) takes the form

@) (y)
Wi(y) =Y
G—)\(l', y) = N
o (7)™ (y)
Wi(y) rEY

where Wy (y) is the Wronskian,

and thus satisfies the equation
IyW(y) = —C(y) Wa(y).

As a consequence and due to the choice of w(0) = 1 we have that

e Y

Wi(y) = ()

Wx(0), yeR. (2.8)



From (2.8) and the specific form of the weight function w, it is then straightforward to check that
Wi (y) simplifies to

Wx(0), y =1,

e~ (e T20uW, (0), y < —1.

Wi(y) = {

Lemma 2.1. The Wronskian function Wy satisfies the following properties:

(i) Wo(y) # 0 for all y € R;

(ii) there exists Mg > 0 such that for all X to the right of I'_ and off the negative real azis with

|A| < My, we have
1

W) =€

for all y € R and some constant C > 0.

Proof. When )\ = 0, we have that ¢~ = w™'¢.. Using the asymptotic behavior of the critical front
at +oo, that is that there exist a > 0 and b > 0 such that

a:(y) = (a+by)e ™Y + O(y’e >Y),

as y — 400, we deduce that

and as a consequence,
+o0

which in turn implies that Wy(0) # 0. We further note that Wy (y) # 0 for all A to the right of
the essential spectrum indicating the absence of unstable point spectrum. This is a consequence of
Theorem 5.5 in [17]. We therefore obtain (ii) from the definition of W in (2.8). [

Lemma 2.2. Under the assumptions of our main theorem, for the constant Mg > 0 from Lemma 2.1,
and 0 < a < 74, we have the following estimates on the growth and decay modes ¢* and y* of
(2.7).

(i) (0 < x) For all |\| < Msy, to the right of T'— and off the negative real axis,
(2) = eV (146 (2, 1),
ot (z) = e~V ( VA + 9+(x, )\))
()
(z)

)
vt () = VA (\f)\ + K3 (:U, /\))

where

while

05 (2, \), k3 (2, \) = O(VN)O(e™ ).



(ii) (x <0) For all |\ < My and to the right of T _,

p(x) = e M1 49 )
o (z) = et B (/ﬁ( 0y (2, 1)
Y (x) = D (14 k )
)7 (2) = D (u < B) + ry () ,

where

012z, A), HiQ(x, A) = O(e™).

Proof. As the analysis is similar for each case, we will develop it only for ¢ and 1". Following

[19], we first write (2.7) as a first order system of differential equations of the form
P'= A(z,\)P, P=(p,p)", (2.9)

where

0 1
Al )= (A o) —<1<x>> ’

with associated asymptotic matrices at x = £o0

+ — 01 an - = ! :
AT(N) = ()\ 0)’ d AT ()\—(f/(l)-i-c*ﬂ"i‘ﬁz) _C*_2ﬂ>.

Case ¢t. Setting P(z) = e~V Z(z), we can rewrite P’ = A(z, \)P as
Z'= (AT (\) + VL) Z + (A(z, ) — AT (V) Z, (2.10)
:=23r(m)

where for x > 1 we have

0 0
Ble) = (-Co(fﬂ) 0) 7

with [(o(2)| = |f/(0) — f'(g«(x))| = O(e™*) as & — +oo. We remark that the matrix A+ (\)+v/ Al
has two eigenvalues: 0 and 2v/X. As we seek a solution of (2.10) such as Z(z) — Z+()\) = (1, —VA)*

as x — +oo we thus have to look for solutions of the integral equation
+0o0
2wy =7 [ OB 2 gy

for which we have the explicit formula for e VL) given by

1 2fz 141 2V
S AR _ [ 2t A T oAl
_YA 4 L 2V Xz 14 1.2V
2 2 5 t3€



As a consequence of the specific structure of the matrix B(z), we obtain a decoupled equation for

the first component z;(x) of Z(x) which we shall obtain as a fixed point of the following map T

“+oo
T(z1)(z):=1 —|—/ <—2\1a + 2\15\62‘5(9”?/)) Co(y)z1(y)dy,

for z > 1. The contraction mapping theorem and the remark that [(o(z)] = O(e™**) as v — +0o0
implies the existence of a fixed point of 7 on L*>([A,0)) for A > 0 sufficiently large. Then, we
define 67 (z, ) as

0] (z,A) := z1(x) — 1.

Using an iterative argument, we readily get that 6] (z,\) = O(e™**) as ¥ — -+o0 uniformly in .

Furthermore the function 67 (-, \) is analytic in v/), as it can directly be inferred from the fact that

400 +o0 +00
[ (o ™)ty = = [ eV ([ rar ) ay

by integration by parts. From the solution z;, we directly obtain an expression for the second
component zo of Z(x) as
+o00 1 1 2\/X( ) N
ale) = Va4 [ (5455 ) Gy = —VA+ 0 (z)
T

with the asymptotics 65 (z,\) = O(VAN)O(e™*%) as  — +o0o. To obtain the conclusion of the
lemma and a solution defined for all x > 0, it suffices to flow backward the solution of (2.10) from
r=Atox=0.

Case y". For ¢", we perform the change of variable P(z) = eﬁxZ(m) in (2.9), so that we obtain
7' = (A*(\) = VAL)Z + B(z)Z. (2.11)
We want to construct ¢ as a solution of (2.11) which satisfies the following two conditions:

e lim Z(z)=Zt()\) = (1,VN),

r——+00

e strong convergence to ZT(\).

To do so, we first write the variation of constants formula for (2.11)

Z(z) = 6(A+(/\)ffx\lz)(xfxo)zo + /w e(A+(/\)fﬁlz)(zfy)lg(y)z(y)dy, (2.12)

o
for some o > 1 and Zy € R? to be chosen later. The matrix A" ()\) — VAL has two eigenvalues 0
and —2v/\ to which we associate a center projection II. and a stable projection IT,. Noticing that
we want to impose convergence of Z(z) as & — 400 along the center direction (1,v/\)*, we have
that
_l’_
Z(x) = AT =VAR) (@—20)[T_ 7. / > e(«‘“(A)—ﬁlz)(x—y)Hcg(y)g(y)dy + 7T\

T

0

10



In order to have strong convergence along the center direction, we further impose

+o00
ATV VAR 70 4 / e~ (AT =VALIT B(y) Z (y)dy = 0,

o

such that we look for bounded solutions of
- +0o0
Z@) =27 )~ [ ATV 2 )y,

Once again, the first component decouples and we obtain

zl(x)zl%—/;oo <2\15\ 2\15 o2V A= y)> Co(y)z1(y)dy.

We then look for solutions of the form z;(x) = 1+ & (2, \), where ] (z, ) is solution of

o) = [ (55— 5 ) alwian+ [ o (55— 552 ) Gl

By integration by parts and as |(p(z)| = O(e™**) as x — +00, we also have that

[ G a2ty == [ e ([ qimar) an

for all X such that 2R(v/A) — a < 0. As a consequence, we have the estimate

/;OO (2\15 2\15 e e w) Goly)d ] O™,

which allows us to apply the contraction mapping theorem and get the existence of /ﬁ;f such that
z = ek (z,\) € L®([B,0)) for B > 0 sufficiently large. ]

The following Corollary will be essential in the derivation of our bounds for the pointwise Green’s
function G (z,y). It will turn out that the O(e™**) bounds for nf’Q and 01+,2 will be insufficient and
we will instead require a bound of O(vVA)O(e™*) on their difference. We remark that a similar

cancellation occurs in [9] for a different problem where a branch point exists at the origin.

Corollary 2.3. For /@fZ and 91+72 defined in Lemma 2.2, we have that
ki, ) = 075 (2, A) = VAAT (2, N), (2.13)

where Af2($, A) = O0(e™**) forx >0 and AI2 is analytic in V.

Proof. We recall from the previous Lemma that Gf is solution of

o) = [ " e ( / +°° CO(T)dT> a+ [ o (—2\15 i Q%emw—y)) Go)0(y)dy,

while /if is solution of

)= | " vy ( / m Go(riar ) ay+ [ - (55— e ) Glwmt)in

11



As a consequence, we obtain that

+o00 +oo
it () — 0 (2,0) = — / (e2VAen) — i) < ) 0

[ (s e y>)<o<y> UL

+o0 1 1
-/ <_m i Mewxw) Goy)0 (9, N)dy.

Denoting O (y f 9 ¢o(7)dr, we have

/+OO (e_zﬁ(x_y) _ e%ﬂ(x—y)) e ( dy — 2\/>/ —2\/7 (z— y) eQ\/X(x—y)) </+oo @0( )d7_> dy7
T Y

where oo
/ (c2V3em) 4 23w <

for z > 0. Iterating the argument in the other integral terms, we finally obtain the desired expression
(2.13). The proof is then similar for 3 (z,\) — 05 (z, \). n

+o0o
60(7)d7> dy = O(e™ "),

Y

3 Estimates on the Green’s function G)(z,y)

Define the following subset of the complex plane,
={AeC | R(\) = —do — 0[SV}, (3.1)

where dp1 > 0 are chosen small enough such that I'_ N Qs = 0.

We now derive estimates on Gy(z,y) in two regimes: sufficiently large A and the remaining values

of A near the origin.

Lemma 3.1. There exist some > 0 and an M; > 0 such that if A € Qs and |\| > M; then

Ga(z,y)| < \/%e‘\ﬁ'”x‘y'. (3.2)

Proof. This is a standard result, see Proposition 7.3 of [19], but we sketch it here for completeness.

To construct G, we require solutions of
P+ Ci(@)p" + Go(z)p — Ap = 0.

After scaling the spatial coordinate as & = /|A|z, we express this as a first order system,

dpP

S =a@NP P =(pa/VIN) (33)

12



Let A = %I at which point we observe

A <0 1>+ 1 0 0
A o) T U —\/1|7<0<\/m~|7|) _Q(\/%l)

Since X is normalized to lie on the unit circle, there exists an 7(8) > 0 such that R (ﬁ) > n for all
A € Q5. Therefore, the leading order system possesses modes that decay at exponential rate e_‘ﬁgE
(eﬁi) as & — oo (T — —o0). For y/|\| sufficiently large, the full system then has solutions that
decay with exponential rate e~ (e7¥). Reverting to the original variables and imposing continuity

and a jump discontinuity in the derivative at = y we obtain estimates for G as specified in (3.2).

Lemma 3.2. Under the assumptions of our main theorem and for |\| < My to the right of T'_ and

off the negative real axis, we have the following estimates.

(i) y<0<zx
Gi(z,y) = e~ VA=Y (e(/ﬁ(k,ﬂ)—ﬁ)y) ;

(i) <0<y
Gi(z,y) = eVAz—y) (6(#"'()"5)*\5)9:) ;

(ii)) 0 <y <z
Ga(a,y) = e (VA

(iv) 0 <z <y
Ga(z,y) = eV (A0}
(v) y<xz<0
Ga(x,y) = e MO (1),
(vi) <y <0

Gi(z,y) = et B (E—y) (1).
All terms O are analytic for the A considered here.

Proof. Cases (i)-(ii). For y <0 < z, we have

o) = £ 0

and according to Lemma 2.2, we can write

Gi(z,y) = e VAE=D (1 4 6 (2, M) (1 + 67 (y, A))eT A=V Ny,

Wai(y)

13



Now using Lemma 2.1 and the estimates on 6 (-, \), we conclude that
Gi(z,y) = e VA9 (ew(x,ﬁ)—ﬁ)y) 7

where the terms containing O are analytic to the right of I'_ and away from the negative real axis.

This concludes the case (i), and (ii) can be treated similarly.

Cases (iii)-(iv). Let us fix 0 < y < 2. When 0 < y we need to express ¢~ (y) as a linear combination
of p*(y) and ¥ (y). Thus, we write

e~ (y) = Cly, V™ (y) + D(y, V™ (y).

We denote by Jy and I the following two determinants

/

) =W ) — ¢ W), L) = v @) - et y),

such that the coefficients C' and D are given by

Let us first remark that from Lemma 2.2, we have

In(y) = (1467 (1, M) (VA + 55 (5, A) = (=VA 465 (4, ) (L + & (3, 4) = 2VA + O(e),

as y — +oo. Finally, as both ¢* and ¢ are solutions of (2.7), we have that 9,Jx(y) = 0 for all
y > 1, from which we deduce that

Iny) =2V, fory>1.

It will be convenient to rewrite ¢~ (y) as

o W(y) Wi(y) VoY
o (y) = (C(y, A) + W) et (y) + J:(y) (W(y) —é? Ays@*(y))-

Using Lemma 2.2 and the Corollary 2.3, we see that
() — et (y) = e (5] (1) = 0 (49, 0) = VAV VAL (3, ),

where A (y,\) = O(e=?) for y > 0. Thus, we get

) Vo = VA vy _ Vi —ay
T (10 =9 W) = V) p s VAT ) = o),
for all ¥y > 1. On the other hand, we have
I\(y) Wyy) 1 B / P | a
) +J,\(y)2—2\f/\y = 5 170 (W) - ) - ) (0F ) - Vet |
- J:/é) {o~ AT ) =7 AT (0 ) | ™,

14



where
e WAT (1N — 07 AT (1, A) =0 <e(ﬁ—a>y) ,

Collecting all these results, we obtain that

Gi(z,y) = ("W N 16) (e(\f/\—a)y> 7

forall 0 <y < x.
Cases (v)-(vi). Let us fix y <z < 0. In that case, we need to express ¢ (z) as a linear combination

of ¢~ (x) and ¥~ (x). Thus we write

e (2) = Az, Ny~ (2) + B, N~ (2).

We denote by H and K the following two determinants

/ ’

Hi(z) = ¢~ ()¢ (2) — ¢~ ()¢~ (), Ki(z):=¢T @)y~ (2) — ¢ (2)y~ (2),
such that the coefficients A and B are given by

_ Ki(z)
H)\(J}) ’

W)\(.%')
H,\(x) '

Az, \) and B(z,\) = —

Once again, using Lemma 2.2, we obtain
Ha(2) = e~ P (1407 (2, M) (1™ (A, B) + g (2, 0) = (uF (A B) + 6 (2, ) (1 + w7 (2, 1))

from which we deduce that
Hi(z) = e~ 2070(1),

for all x > 0. Recalling that the Wronskian W) can be simplified for x < —1 to
W (x) = e (= H2)7W, (0)

and owing to Lemma 2.1, we have

B(z,\) = —E\\I’jg}) = 0(1)

for all x < 0. On the other hand, we have that

9Kz (7) = —C1(z) Ky (),

such that
Ky(z) = e~ Jo AR, (0).

From which, we deduce that for all x < —1 we further have

Ky (z) = e~ T297K, (0),

15



such that we deduce

Az, \) =

which holds true for all z < 0. Finally, we get

A, A) o oy e O — OB @) (OB - (M)
Wity ? @9 W = Gaaareoan O =€ © (e ) ’
and fg)
B(.ZL‘, )‘) — - B ()‘7 B)x + et VP _ (NB)(z—y)
Wi L @9 W = —m e e O =e o).
And the proof of lemma is thereby complete. |

4 Estimates on the Green’s function G(¢,z,y)

We now use the estimates on the pointwise Green’s function Gy(z,y) to derive bounds on the

temporal Green’s function G(¢,x,y).

Proposition 4.1. Under the assumptions of our main theorem, and for some constants k > 0,
r>0and M, T > 1, the Green’s function G(t,x,y) for Op = Lp satisfies the following estimates.

(i) For |z —y| > Kt ort <T, with K sufficiently large,

1 _la—y?

|G(t,z,y)| < Cme wt

(ii) For |z —y| < Kt andt > T, with K and T as above,

1+!x—@/!> Lt

Gltan)l ¢ (0

Proof. Case (i): The proof of this case follows as in [19]. We select a contour of integration
consisting of the concatenation of a parabolic contour contained in the region where the estimates
of Lemma 3.1 are valid and a ray extending to infinity. Consider the region 5 with dp = 0 for
simplicity. We will slightly abuse notation by setting d; = 0 > 0 into the definition (3.1) of Q.
Define I's = {—d|¢| +i¢ | £ € R} as the boundary of this region. We will establish the necessary
estimate by appropriate choice of contours on which to apply the inverse Laplace transform. Define

a secondary contour I', defined for those values of A for which
Vi=p+ik, keR,

implying
k) = p* — k2 + 2ipk.
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Suppose that p is chosen sufficiently large so that when \(k) € Qs estimate (3.2) applies. Define
the contours A; = I', N Qs and Az to be the continuation of the contour to co along the contour
I's. Then,

1 1
G(t < — MG A\ + —
’ (7x7y) _QW’/AIQ A(w,y) ‘_'_27_‘_

/ MGy (z, y)d)\’ .
Ao

We apply the estimate from Lemma 3.1 to the integral along the contour A;. Here we have

1 2412 /2112
el t kte p2+k2n|z y\dk,
A1

2T

/ e’\tG,\(m,y)d)\‘ <C
Ay

where we have used that Ll/;\l\ = 1. Using the bound, /p? + k? > p we then factor
/ e‘k2tdk’ .
Ay

I

1

2T

/ e’\tG,\(x,y)d/\‘ < Cert=pnlz=yl
Ay

Now, we must select p so that
2 |z —y|?
pt—pnlr —yl=———
Kt

for some x > 0. Solving for p, we obtain

lz—yl (n 1 1
= Tesir-=.
P t 2 2 " K

Recall that 7 is fixed by Lemma 3.1, so we may select x sufficiently large so that the equation for

lz—y|
7

I'; lies within the region where the estimate (3.2) applies and we obtain the bound

p has real roots. With « fixed, we may now restrict to sufficiently large so that the contour

1

2

C _le—yl?
At —

eV Ga(z,y d)\‘ < —e TRt
/A1 @) Vit

We now turn our attention to the contribution from the integral along As, focusing on the portion
in the upper half plane; the case in the lower half plane is similar. In this region, the contour can

be described as
Al) = =0l + L.

Intersection points of Ay and As satisfy
0t —k?=—60, 2pk =1,
from which we find
k*:p<5+\/m),e*:2p2<5+\/m). (4.1)
We then have

1
2

>© 1 > 1 C [ 2 C 2
At —o0t —50t —z —(28pV/%)
e G)\x,yd)\lgc e at < C e dl < / e “dz< e .
/A2 (@9) 0. VI 16p2 VIl Vit Jaspvi Vi
(4.2)

17



Substituting for p and potentially taking a larger value for k, we obtain the bound

1
2

C lz—y|?
At —
eMGy(x,y dA’Se wto,
/A2 (z:9) Vi

and the result follows in this case.
Finally, parabolic regularity gives the same estimate for short time ¢t < T

Case (ii): In the regime |z — y| < Kt, the analysis must be carried out in pieces according to the
relative positions of x and y. The cases where one, or both, of x and y are positive are similar so

we consider the case of y < 0 < z only.

We first summarize our approach. We will deform the Laplace inversion contour into two pieces —
a parabolic segment surrounding the branch point at A = 0 and a ray tending to infinity along I's.

Recall the estimate in Lemma 3.2,

Ga(z,y) = e VA0 (e(lﬁ_()\:ﬁ)*ﬁ)y) .
We select the parabolic contour in such a way that it is contained in the region where
R (5 (0,8 = VX) > 0. w

The contour integration can then be divided into four integrals depending on the relevant estimates

in each region, see Figure 2 for an illustration,

e I'; — a parabolic contour near A = 0 for which condition (4.3) holds ,

e I'y — a continuation of the contour along the ray I's for those A values where condition (4.3)
holds

e I's — a continuation of the contour along the ray I's for those A values where condition (4.3)

fails, but for which the large A estimates from Lemma 3.1 do not apply ,

e ['y — a continuation of the contour along the ray I's for those A values where the large A

estimates from Lemma 3.1 apply.
Note that at A = 0 we have that x* (), 8) > v/A. Then there exists M,, > 0 such that for all A € €,

off the imaginary axis and with |A\| < M,, we have that u* (), 8) > V/\.

Define the contour I'; via
V= p+ik,

for some p > 0 and for all k such that v\ € Qs.

For T'y through I'y we work with A in the upper half plane without loss of generality — estimates

for the lower half plane are analogous. The contours I's through I'y are all given by

A = —0dp + cos(0)¢ + isin(0)¢,

18



Figure 2: Visualization of the 4 contours of integration I';, i = 1,...,4, in the regime |x —y| < Kt. I'1 is a
parabolic contour near A = 0 for which condition (4.3) holds. Ty is a continuation of the contour along the
ray T's for those A values where condition (4.3) holds. T's is a continuation of the contour along the ray T
for those A\ wvalues where condition (4.3) fails, but for which the large A estimates from Lemma 3.1 do not
apply where we simply used the uniform boundedness of the Green’s function. Ty is a continuation of the

contour along the ray U's for those A values where the large \ estimates from Lemma 3.1 apply.

for some fixed /2 < § < 7 and varying intervals of . For any p we can compute the intersection
points
2pk*(p)

E*(p) = —pcot() + /p? csc?(0) + o,  li(p) = (@)

Recall the estimates in Lemma 3.1 and Lemma 3.2. Write

G(z,y) = e VAE) W OB -VNTH ) (1 ),

where H) (2, ) is analytic as a function of v/ for A € Qs and uniformly bounded in (z,v).
For the parabolic contour, we recall that we are interested in |x — y| < Kt so we select
_ |z -yl
Lt
for some L sufficiently large so that the parabolic contour I'y lies within the region for which
(A, B) > V. Let us note that
2

=y . _(r—y) 2, o (T—Y).
d)\_21( T ik ) dkand A= S0 K 2 k.
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Then

1 1 k* o
27”/1“ MGy (z,y)d\ = ;e"’Qt*p(x*y) /k* e*theQ‘pk*‘k(I*y)H,\(k)(a:, y)(p + ik)dk
L _

1 k
= el il / e Mt (Hp(,y,k) + iH (2, y, k) (p + ik)dk.  (4.4)
—*

Here we have expanded e?PF—ik(z—y) A(k) into its real and imaginary parts. Since G is holomorphic

and the contour is symmetric with respect to the real axis, we have that Hr(x,y,k) is even in k

while Hy(x,y,k) is odd. Using this, the integral reduces to

1
271

1 M
/ e)\tG)\(wa y)d)‘ - 7ep2t7p(x7y) / eith (pHR(fE, Y, k) - kHI(x7 Y, k)) dk.
I'1

m —k*

Boundedness of Hr implies that

*

1

eﬁ2t—P(ﬂf—y)/ e_thpHR(:L“,y,k:)dk: < CL_orPt=p(z—y)
_k*

™

On the other hand, since Hy(z,y, k) is odd in k, it can be expressed as Hr(x,y, k) = kHi(z,y, k),
where Hj(z,y, k) is again bounded. Therefore,

1 k* ~
7ep2t—p($—y) / e_thk‘QHI(xy Y, k)dk
™ —k*

O pt=pla—y)
Smep plz—y)

Using our choice of p, we then arrive at the estimate

1
2

1+ |z —y| _le—u?
At

< _— K
/Fl e G)\(%y)d)\‘ C B ¢

for k = L?/(L —1).

Next consider the integral along I's. Here we have

1

1
- / eAtG)\ (l‘, y)d)\‘ < le—Eot / : 6cos(@)f—(x—y)Re(\/—50-1-C0s(09)€+i sin(@)f)dz.
2 Ty 7T 01

Using that

R(\/—00 + cos()f + isin(h)¢) < Lcos(h/2),

the estimate simplifies to

4
L / e/\tGA(ZU,y)d)\‘ < Ce™ ™! / " ccost0)t— Vi) cos(0/2 g
27T s 01
_ 2
< Ce_aot\xtwye_l == (4.5)
_ —4cos(0)
for k = WG/Q)
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Next consider the integral along I's. The key distinction in this case is that (4.3) does not hold.
We instead use the fact that G (x,y) is uniformly bounded in this region to obtain

1
2T

[ y)dA] <ce,

I's

for some r > 0. Finally, we consider the integral along I'y. The large A bounds apply here and the
analysis follows as in (4.2). We find

1
2T

/ e)‘tG,\(a:,y)d)\‘ < Ce—§0t/ ieCOS(G)Etdé < Ce—?"t’
Iy 03 \/E

for some r > 0.

This concludes the proof of case (ii) with y < 0 < z. To complete the proof similar estimates are
required to the five other orderings as in Lemma 3.2. Since the proofs are analogous to the present
case, we omit the details. Note that for cases (v) and (vi) in Lemma 3.2 we could achieve sharper

bounds, but these are not required for the proof of Theorem 1 so we do not pursue this here.

In the following section, we will require bounds on integrals of the form,

)

/ G(t, 2. y)h(y)dy
R

for some h(y). Applying Proposition 4.1, we can then estimate

x— Kt 1 3 |:ny\2
G(t,z,y)h(y)dy| < C—pme # [h(y)|dy
R e/

—0o0

z+Kt 14+ |z — Ja—yl? B
+/ - c((t’w y’>e = rt> Ih(y)|dy

o0 1 le—yl?

|z —y|?

Note that the terms t_%/z,e_ =t in the first and last integrals are maximized at the boundary and
therefore the contribution from these integrals decay exponentially in time. For the middle integral
we take the limits of integration to infinity and use 1+ |z —y| < 1+ |z| + |y| + |z||y| from which

we obtain

[ etz < ce [asbmmir s og 5 o bl

Due to the exponential decay of the first integral, we in fact have

14|z
[ ctsamman| < o5 [asbimmia (@7)
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5 Nonlinear Stability: Proof of Theorem 1

We recall that we look for perturbations p(t, z) which satisfy the evolution equation

/ 1

w' woow
Pt = Paz + (C* + 2w> pe + <f’(q*) + c*; + w> p+N(qe,wp)p, t>0, zeR. (5.1)

The Cauchy problem associated to equation (5.1) with initial condition py € L*(R) N L>(R) with
Jz Wllpo(y)|dy < +oo is locally well-posed in L>°(R). As a consequence, we let T, > 0 be the
maximal time of existence of a solution p € L>(R) with initial condition py € L*(R) N L>®(R) with
Jg [yllpo(y)|dy < 400 of the associated integral formulation of (5.1) given by

p(t,z) = /R G(t,z,y)po(y)dy + /0 /R G(t — 7,2,y N(g:(y), w(y)p(7,y))p(7,y)dydr.  (5.2)

For t € [0,T}), we define

lp(7, )|
O(t) = sup sup 14 7)3288 20
Q 0<r<t xeR( ) 1+ |z

Furthermore, by our regularity assumption on f, there exists a positive nondecreasing function
X : Ry — R, such that
N (g wp)pl < x(R)wp?,  |wp| < R.

Now, using the fact that w is exponentially localized, we have that for all 0 <7 <t and all y € R

X(wee® (1)) (1 + [y *w(y)O(t)?,

N (g(y), w(@)p(7, 9))p(7, y)| < X(WaeO(H))w(y)p? (7, y) < 5l +1 P

where woo 1= sup ((1 + |z])w(z)) < oo.

z€eR
We now bound each term of the right hand side of (5.2) by using the estimates derived in Proposition
4.1, see (4.7), to get

C _lz—yl? 1+ |z| /
G(t dy| < ——— 14|z— ¢ dy < C-——=5 1 d
[ atammi] < S [aH-sbe F imiar < 0 [ sl

together with

w 2 ey
e e 0 (1t = )1+ y)Pt)

|G(t — 7,2, y)N (g(y), w(y)p(T,9))p(T,y)| < C

Using the fact that [18]

t
/ 1 e C
T
o I4+t—7)320+7)3 = (14183

we obtain
t ~Y(w 2 x
/0 /RG(t = 7,2, y)N (g (y), w(y)p(7,y))p(7, y)dydr| < Xt 006((??;;3?/;1 ) /R(Hly\)?’w(y)dy-
As a consequence, for all ¢ € [0,T%) we have
o) < C [ (1+ulm()ldy +C ( La+ |y\>3w<y>dy) Ww®OME  (53)
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Let

P —sup 2@ g L+ whim@ld

Then (5.3) at ¢ = 0 implies
I < 019 + Cox(weo T2,
We require that the initial condition po(y) satisfy

1 1
201" 4C1Cox(weo)

ngin{ }, I' < Ci9.
Then it follows that
o) <1

for all t € [0,7%). This implies the maximal time of existence is Ty = +o0o and the solution p of
(5.1) satisfies

p(t, )]
sup su 1+t3/2‘7<1.
tzg meg ( ) 1+ |z

This concludes the proof.
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