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ABSTRACT. We prove the multidimensional stability of planar traveling waves
for scalar nonlocal Allen-Cahn equations using semigroup estimates. We show
that if the traveling wave is spectrally stable in one space dimension, then it is
stable in n-space dimension, n > 2, with perturbations of the traveling wave
decaying like t=("~1/4 as t — +o0 in H¥(R™) for k > [2HL].

1. Introduction. We consider the scalar nonlocal Allen-Cahn equation

atu(xa t) = *U(X, t) + - ’C<X - y)u(ya t)dy + f(U(X, t)) :

= —u(x,t) + K xx u(x,t) + f(u(x,t)) (1)

where u € R, (x,t) € R"xR™ and f is a smooth function of bistable type with three
zeros, 0, 1 and a € (0,1). A prototypical example for f is the cubic nonlinearity
of form fe,(u) := u(l — u)(u — a). Here K € L*(R) is a nonnegative function with
fRn K(x)dx = 1 and that is even with respect to each variable. A traveling wave
©(&) is a smooth function of the variable £ = e-x —ct, for e € S"~! and some ¢ € R,
which is a solution of (1) satisfying the limits 5Em »(€) =1 and 5221 w(&) = 0.

Without loss of generality, we suppose that e = (1,0,...,0). In the moving frame
x = (£,2) € R x R"71, equation (1) can be written as

dru(x,t) — cleu(x,t) = —u(x,t) + | K(x—y)uly,t)dy + f(u(x,t))  (2)
R7Z
such that the traveling wave ¢(&) is a stationary solution of (2). If we define
Ko:R—R as

Ko(§) = K(¢,z)dz (3)

Rn—1
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then (i, ¢) satisfies
—ep(€) = —o(©)+ [ Kolé=Qp(OAH/ (). lim p(€) = Land lim o(6) =0, (4

where * stands for ;—5 and ¢ is decreasing.

Main assumptions. Throughout the paper, we will assume the following hypothe-
ses for f and K which ensure the existence and uniqueness (modulo translation) of
a solution (y, ¢) to (4), see [3].
Hypothesis (H1) We suppose that the nonlinearity f satisfies the following prop-
erties:

(i) f € C*(R);

(i1) f(u) =0 precisely when u € {0,a,1};
(#ii) f'(0) <0, f/(1) <0 and f'(a) > 0.

Note that we only need f € C%(R) to obtain the existence result of [3] and here

we require more regularity to obtain uniform bounds on the nonlinear terms in our
stability analysis.

Hypothesis (H2) We suppose that the kernel KC satisfies the following properties:

(i) K >0, is even with respect to each variable;

(ii) K € WEHHR™);
(iii) ﬁen K(x)dx =1, [5. [[x[K(x)dx < 0o and [g, [|x[|*K(x)dx < co;
(iv) K(k) =1 — do|/k||2 + o(|[k||*) as k — 0 with dy > 0.

Here, Wk:P(R™) denotes the Sobolev space with its usual norm and we use the
notation H*(R") := W*2(R"). The symbol K denotes the Fourier transform of
defined as

Kk) = [ K(x)e™dx, keR"
]R’n
The first assumption is natural from a modeling point of view while the second and
third assumptions are required to ensure the existence of traveling wave solution ¢
to equation (4). The third and forth assumptions also imply that

1
vj e [1,n] / 2,K(x)dx = 0 and do — %/ |2 (x)dx > 0.
n R”L

Furthermore, as —1+ ﬁ(k) ~ —dp|/k||? for k — 0, in the long wavelength limit, the
linear operator u — —u + KC* u approaches the Laplacian dygAg-» and we recover the
classical Allen-Cahn equation. Remark that in the short wavelength limit we have
—1+ K(k) ~ —1 for ||k|| = oo such that u — —u + K % u is a bounded operator
which is a very different feature from the Laplacian. Note that with Hypothesis
(H2) for the kernel K we recover all the hypotheses of [3] for Ky.

In this paper, we are concerned with determining the stability of the traveling
wave . We are thus let to study the spectral properties of the linear operator £

£: HYR") — L*R") 5
u — fqulC*qurcd%Jrf’(cp)u. (5)
It is natural to assume that the wave ¢ is linearly stable in one space dimension to

get stability in higher in space dimensions. In fact, it is consequence of Hypotheses
(H1) and (H2) on f and K. First, define the linear operator £y associated to
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equation (4)
Lo: HYR) — L3*R) 6
u — —u—i—ICO*Eu—i—cd%—l—f’(ap)u. (6)
and its adjoint operator L§

Ly: D(Ly) C L*(R) — L3R)
u — —u—&—ICO*Eu—cd%—Ff’(gp)u.

(7)

Lemma 1.1 ([2, 6]). Suppose that Hypotheses (H1) and (H2) are satisfied, then
(i) 0 is an algebraic simple eigenvalue of Lo with negative eigenfunction ¢';
(i1) there exists yo > 0 such that oess(Lo) C {A | |[R(A)| < —v0};

(iii) there exists a unique negative solution 1 € H(R) which solves L = 0 with

Je @' (©p(§)ds = 1.

Since the eigenvalue zero is isolated, there exists a spectral projection operator,
P, onto the null space of L given by
1 -1
Pu=— Lo—A) " ud), 8
5m7 | (Co =Y (3)
where I' is a simple closed curve in the complex plane enclosing the zero eigenvalue.
If {-,-) denotes the scalar product on L*(R) then we can write P as

Pu(€,z) = (1, u)(2) ' (€) = ( / w@)u(g,z)dg) 2(6). (9)

We define the operator Q as Qu := u — Pu.

Main result. We can now state our main result. The perturbation of the wave will
be written as

U(Xﬂf) = Lp(f - p(Z,t)) + U(§ - p(Z,f),Z,t) (10)
where p: R"~! - R € HE(R"™!) and v : R® — R € H¥(R") is in the range of the
operator Ly that is Pv = 0. And we set

o = [Jvollwrr@ny + llvollgxwn) + [lpollwrr @n-1) + [lpoll iy gn-1).

Theorem 1.2. Let n > 2 and k > [”TH] Suppose that Hypotheses (H1) and
(H2) are satisfied. There exists C > 0 such that if &y is sufficiently small, then the
traveling wave solution ¢ of equation (2) is stable in the sense that the perturbation
(p,v) given in (10) satisfies the decay estimates for all t >0

[o()| r ey < C(1+ 1)~ T L&, (11a)
o) | mrr -1y < C(1+1)~"T &, (11b)
V2 o) e -1y < C(L+ )7 &, (11c)

where V= (Ogyy -+ O, )-

Note that Theorem 1.2 is well known in the case of local diffusion, namely when
the nonlocal term —u+ K x4 u in equation (1) is replaced by the standard Laplacian
A =3"" .92 on R". Xin [18] was the first to prove these results in dimension
n > 4 in the local case. His results were then extended to the remaining dimensions
n = 2,3 in [14] and generalized to systems of bistable reaction-diffusion equations
by Kapitula [13]. Our strategy of proof will be similar to as [18, 13] where semigroup
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estimates for the associated linearized operator are used to prove the multidimen-
sional stability of the traveling wave . It is important to remark that in dimension
n > 4, these semigroup estimates are sufficient to prove Theorem 1.2. For the re-
maining dimensions n = 2, 3, the proof essentially relies on the decomposition of the
perturbation as written in (10) which basically allows one to split the problem into
two parts. One part controls the drift of the perturbations along the translates of
the wave and another part which controls the remaining part of the perturbations
and will decay faster in time. Although our proof will follow the strategy devel-
oped in [18, 13], we still have to deal with the nonlocal nature of our equations.
In our case, we use point-wise Green’s functions estimates to obtain sharp decay
estimates of the linear part of our linearized operator. These types of estimates
are reminiscent of the ones obtained by Hoffman and coworkers [11] in the study
of multi-dimensional stability of planar traveling of lattice differential equations,
which are discrete version of equation (1). In the nonlocal setting, using super- and
sub- solution technique, Chen [5] has been able to prove the uniform multidimen-
sional stability of the traveling wave ¢ of equation (1). As a direct consequence,
our Theorem 1.2 generalizes Chen’s result.

An application. This present work was initially motivated by the study of Bates
and Chen [1] where they prove a multidimensional stability result for a slightly
different multidimensional nonlocal Allen-Cahn equation. Their idea was to consider
a generalization of the Laplacian in n-dimension for which, each component 8% of A
is approximated by the convolution operator —u+ 7 *,, u. They obtain an equation

of form

Owu = Z (_u +J *z, ’LL) + f(u)» (12)

1
with
T sz, u(x) = [ Tu(zy, - @ —y,- -, z,)dy.
R

The kernel J satisfies the following Hypothesis.
Hypothesis (H3) We suppose that the kernel J satisfies the following properties:
(i) J >0, is even;
(ii) J € Wg’l(R) forn > 0.
Here W#’l(R) denotes the exponentially weighted function space defined as

W,}’l(]R) = {u e WHYR) | e"lu € LY (R) and e"9,u € Ll(R)} .

A direct consequence of Hypothesis (H3) is that J (k) = 1 — dok® + o(k?) as k — 0
for dy > 0. In this setting, the traveling wave ¢ is solution of (4) with o = J
and the linearized operator £y has the same expression as in equation (6) and thus
Lemma 1.1 is also verified provided that f satisfies Hypothesis (H1).

To study the stability of the traveling wave ¢, we work with the same decompo-
sition

U(X,t) = Qo(f_p(zvt)) +v(§—p(z,t),x,t)7 t2> 07 (13)

with p: R"~! - R € H¥(R""!) and v : R* — R € H*¥(R") is in the range of the
operator Ly that is Pv = 0. We also set

Eo = [Jvollr@ny + llvoll ar@ny + llpollwr@e—1y + ool mrr+1 @n-1y-

As a bi-product of our proof, we obtain the following result.
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Theorem 1.3. Let n > 2 and k > [”TH} Suppose that Hypotheses (H1) and

(H3) are satisfied. There exists C > 0 such that if & is sufficiently small, then the
traveling wave solution ¢ of equation (12) is stable in the sense that the perturbation
(p,v) given in (13) satisfies the decay estimates for allt > 0

[0(E)]| gx @y < C(1+ 1)~ F &, (14a)
p() ] rqan-1y < C(1+ )T &, (14b)
Vs - p()]| rqn1y < C(1+ )% &. (14c)

Note that Bates and Chen [1] only proved Theorem 1.3 in dimension n > 4
and thus our result generalizes their analysis to the remaining dimensions n =
2,3. Compared to Theorem 1.2, we obtain a sharper decay of v component of the
perturbation. This is a consequence of the fact that the projection P commutes
with each linear operator —u + J *,, u for i =2---n.

Outline. The paper is organized in three parts. In section 2, we prove Theorem
1.2 in dimension n > 4. In the following section we study the semigroup associated
to the linear operator £ and derive estimates crucial for our nonlinear stability
analysis. Finally, in section 4, we prove Theorem 1.2 for the remaining dimensions
n = 2,3 and Theorem 1.3 is proved in section 5.

2. Stability in high dimension. In this section, we give a simple proof of Theo-
rem 1.2 in the high-dimensional case n > 4, following ideas that have been developed
for the multidimensional local Allen-Cahn equations [18, 13] and then, generalized
to reaction-diffusion systems for example [10]. The main ingredient of the proof is an
estimate (see (18)) for the linearized evolution operator £ which will be established
in the following section 3.

We consider a solution u(x,t) = ¢(§) +v(x,t) of (1) which satisfies the equation

o (x,t) = Lu(x,t) + H(v(x,t)), (15)

where

Hv) = flo+v) — Fo) — F (o). (16)
The Cauchy problem associated to equation (15) with initial condition vg € H*(R™)
N LY(R™), with k > n+ 1 and n > 4 is locally well-posed in H*(R"). This is
equivalent to say that for any vy € H*¥(R™) N L' (R™) there exists a time T > 0 such
that (15) as a unique mild solution in H*(R™) defined on [0, T satisfying v(0) = vg.
The integral formulation of (15) is given by

v(t) = Sz (t)vg —1—/0 Sc(t — s)H(v(s))ds, (17)

where Sy is the semigroup associated to the linear operator £. Anticipating the
estimates derived in the following sections (see (39)), there exist positive constants
C and 6 such that

n—1
ISeEullamnny < C (1407 T ey + € ollmen) - (18)

The nonlinear contribution H(v) is at least quadratic in v close to the origin. As a
consequence, we can find a positive nondecreasing function x : Ry — R such that,
for all ¢t € [0, T,

|H(v)| < k(R)|v|?>, for |u] < R.
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Let T, > 0 be the maximal time of existence of a solution v € H¥(R™) with initial
condition vy € H*(R™) N L}(R™). For t € [0, T*) we define
n—1
(1) = sup (1+8)"T 0(s)| srncany-
0<s<t
Using estimate (18) directly into the integral formulation (17) yields

t
lo) ey < 152 ()voll e an + / 182 (t — SYH(0(3)) ey s
S L+ ool p ey + ¢ % lvol| ey
t
- R(B(1)) / (Lt = 5)7 2 o(5) |0 s

t
(B (1)) / €0 () 120 oy -

Here, and throughout the paper we use the notation A < B whenever A < kB for
k > 0 a constant independent of time t. From Lemma A.1, there exist constants
C1 >0 and Cy > 0 so that

t
/ (A4+t—s) T (14s) T ds<Ci(l+8) "7,
0

t
/ e 009 (1 4 6)" " ds < Cy(1+ 1) "7 .

0
Note that the first inequality is a consequence of our careful choice of n. Indeed,
this inequality is only true for ”T_l > % (n >4). Then, for all t € [0,T,) we have

®(t) < Co ([lvollLrwn) + lvollzxwny) + Cor(®()D(t)%,

for some positive constants Cy and C~'0. Suppose that the initial condition vq is
small enough so that
2Co (lvollr mny + llvoll gregny) <1 and 4CoCork(1) ([lvoll L2 ®ny + lvoll g gny) < 1,
then
®(t) < 2Co ([JvollLr®ny + vollge@n)) < 1,
for all ¢t € [0,T%). This implies that the maximal time of existence is T, = +o0o and
the solution v of (15) satisfies:

n—1
Sl>1%) (1 + t) 4 ||U(t)||Hk(]Rn) S 200 (”UOHLl(]Rn) + ||U0||Hk‘(Rn)) .
t>

3. Linear estimates. We first start this section by deriving the nonlinear prob-
lem that we will be solving in the next section and then derive estimates of the
corresponding linear parts.

3.1. Setup of the problem. We represent each solution u(x,t) of (2) through the
decomposition

U(Xﬂf) = (,O(f —p(z,t)) +U(§ —p(z,t),z,t) (19)
where p : R"! - R € HY(R"!) and v : R® — R € H'(R"). Note that the
perturbation v can be written as

U(X, t) = U(é. + p(Z, t)a z, t) - @(5)7
and v is in range of £y such that Pv = 0. Note that such a decomposition (10) is
always possible. Indeed, suppose that w € H¥(R") is given and small enough. In
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order to use the decomposition (10), we need to find a unique pair (p(w),v(w)) €
H*(R"=1) x H*(R™) with Pv = 0 that satisfies

where T,-¢(§) = ¢({—p) and T,-v(£,2,t) = v({—p, z,t). Reproducing the standard
argument of Kapitula in [13], we use Taylor’s theorem to write

1
sO—T—p-<p=—p/ Tep - ©'ds,
0

so that we obtain the equivalent equation

1
T_p~w=v—p/ Tsp - ¢ds.
0

Taking the inner product with ¢ the eigenfunction of the adjoint operator £ asso-
ciated to the zero eigenvalue yields

1
<7d—pu}a77b>:_p</0v ﬁp'@,d85¢>'

Here, we have used the fact that we look for solution v so such that Pv = 0. We
can then define the functional F : H*(R") x H*(R"~1) — HF(R"1) by

1
F(wap)<7lpwaw>+p</0 Ep'@/dsaq/j>a

with F(0,0) = 0 and Fréchet derivative D,F(0,0) = id where id is the identity
operator. By the implicit function theorem with have on a neighborhood of (0,0)
the existence of p(w) such that F'(w, p(w)) = 0. We then apply the projection Q to

the equation 7_, - w = v — pfol Tsp - ¢'ds and obtain

1
=0T puw) - w+Q (p(u})/ Tep(w) - (p/ds) ;
0

which clearly admits a solution v(w) with Pv(w) = 0. As a conclusion, all suffi-
ciently small perturbation can be written as in equation (10).
We can now substitute the Ansatz (19) into (2) to get the evolution equation:

—0ippp — Cpp+ 0pv, — OV, — Oppdevy, = —p —Vp 4+ Kkx 0p+ Kxxc v, + fpp +0p),
with ¢, = ¢(- — p) and v, = v(- — p,-,-). As ¢ is solution of (4), we obtain:
(00— £)v = (8, — L) (p) + H(v) + N(p,0) + R(p,) (20)

where the nonlinear term # has been defined in (16), R(p,v) := 0;p0¢v and the
remaining term A is split into two different parts

N(p,v) == Ni(p) + Na(p,v), (21)
where
N1(p)(X, t) :
= | K(x —x")p (& + p(z,t) — p(2',t)) d¢'dz’ — . K(x —x")p(¢')d¢'dz’
— | Kx—x)¢&) (p(z,1) — p(2', 1)) d'dZ, (22)

R
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and

NQ(pv ’U)(X, t) = \/n IC(X - X/)’U (6/ + P(Z, t) - p(Z/, t)v Z/, t) dgldz/

— [ Kx—x")v(¢, 2, t)d¢'dz. (23)
Rn

One can check that the third term of Ni(¢p, p) is actually L(py) as
L(pp) = —p¢ + K xx (p) + cpp + ['(¢)pp
=K x#x (pp) — pKo x ¢

=— | Kx=x)o(E)(p(zt) - p(z', 1)) dg'dz".

R

Finally, if we denote S, (t) the semigroup generated by the linear operator L,
applying Duhamel’s formula to (20), we obtain

v(t) =Sc(t)vo + p(t)p — Sc(t)(po)
+ /0 Sc(t—s) (H(v(s)) +N(p(s),v(s)) + R(p(s),v(s)))ds.

As v is in the range of Ly, we must have

v(t) =98, (t)vo — QS (t)(po)
+ /0 QS (t —s) (H(v(s)) + N(p(s),v(s)) + R(p(s),v(s))) ds, (24a)
p(t) =(Sc(t)(pop — vo), )

—/0 (Sc(t—s) (H(v(s)) + N(p(s), v(s)) + Rlp(s),v(s))) ,)ds.  (24b)
In the following sections, we will derive estimates on Sg ().

3.2. Study of S,(t). We consider the initial value problem
Owu = Lu, u(-,0)=muy € H*R"), (25)
which has the solution u(&,2z,t) = Sc(t)ug(§,2z). From its definition, £ can be
written as
L=Ly+ A,
where the operator A is defined as
Au = —Ko x¢ u+ K #xu, u € L*(R™). (26)

Let @ represent the Fourier transform of u in z:

d(ﬁ,ﬁ, t) = /Rnil u(«f,z,t)e_iz'idz

so that (25) is transformed into

dra(€, k, ) = Loa(E, k, t) + BK)a(E, k, ),
where
B)i(€, k) i= —Kn-1(0n-1) ¢ @(&, k) + Koo (k) ¢ (€, k),
with
I%n_l(f, E) = / K(x)e_iz'i;dz.

Rn—1
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We have used the fact that i%n_l(g ,0,,—1) = Ko by definition. We readily note that
for each k € R*~ 1, the operator

£(k): H'(R) — L%(R)
u —  Lou+ B(k)u
defines a C° semigroup with £(0,,_1) = Lo.
Lemma 3.1. The family of operators [,(E) satisfies the following properties.
(i) Near k = 0,,_1, the only eigenvalue X\ is a smooth function of k and the
expression of \(k) reads:

AK) = —A[KI? + o (JIK]) (27)
with zflv:: do (Ko *¢ ¢, ). N
(ii) o (.c(k)) C {RO\) <0}, fork £ 0,_,.

Proof. For the first property (i), we apply perturbation theory to the linear
operator L£(k) for k near zero. To this end, we define

F: R'xCxHI(R) — L*R)
kaw) = (L) =) (4 w),
where H} (R) = {u € H'(R) | (u,) = 0}. Applying the implicit function theorem,

we see that there exist a small neighborhood of the origin and smooth functions
A(k) and w(k) such that F(k, A(k),w(k)) = 0 on that neighborhood. We denote

q(k) = ¢ + w(k). Similarly for the adjoint operator £*(k), we have a smooth
continuation of 1 given by ¢*(k) so that

(a(k). q" (k) = 1.
Differentiating .7-'(E7 )\(E), w(ﬂ)) = 0 with respect to %j, for any j, we find

OpA0) =05 (BR)P¥))_  =0.

J k=0,_1

Indeed, if ¢ € R, we have that

BRu(t) = [ BRulg)e <ds
R
= (~R(t,0,-1) + K(e.K)) a(0)
~ —dol|k*a(¢)
as ||E|| — 0. Similarly, we find that for any j and [,
2 _
8%j7€«l)\(0) =0.
Finally, for any j, we have that
82 2 M0) = —2dy (Ko *¢ ¢, ),

which gives the desired expansion.
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For the second property (ii), we have just seen that A(k) # 0 for small values of
k. For any v € H'(R) we have that

~ ~ ~

(LK), u) = —(u, u) + (Kn-1(k) ¢ v, u) + (f'()u, u)

< <_1 + k\n—l(ovi) -+ sup fl(<)0)> <u,u>
p€el0,1]
As Kn_1(0,k) — 0 as |k| — oo, there exist M > 0 and ¢p; > 0 so that for all
Il > 1, i
14+ K, 1(0,k) + sup f'(¢) < —cur.
©€e[0,1]
This implies that R(A) < —cpr < 0 for all A € o(£(k)) with |[k|| > M. For the
region in-between, compactness and local robustness of the spectrum ensure that

o (ﬁ(E)) c {R(\) < 0} O

Based on Lemma 3.1, there exists ¢ > 0, so that A(k) is a simple eigenvalue
of L(k) in ||k|| < 2e. As a consequence, there exists a smooth spectral projection
operator, P(k), given by

- 1 ~ -1
PlRu=o— [ (£d)-A)  wdx, 28
®u =g [ (e -2) (29)
where I' is a simple closed curve in the complex plane enclosing the zero eigenvalue.
More conveniently, we write P (k) as

P(R)u(c) = ( [ f)U(ﬁ)df) 4.6 = (" (), wyg(®), [K|<2e.  (29)

Following some ideas developed in [17, 12] for viscous conservation laws, we in-
troduce a smooth cutoff function y(k) that is identically one for ||k|| < ¢ and
identically zero for ||k|| > 2¢. We can then split the solution operator Sg(t)ug into
a low-frequency part

SL(t)uo(E,2) =

(2m)n—t
and the associated high-frequency part

(2@% /Rn_l k7 L)t {(id _ X(E)p(ﬁ)) ao(g,'lz)} dk, (31)

where id denotes the identity. One can easily check that we have Sg(t) = SE(¢) +
SH ().

/ e M [ (RyP(R)io(€, )] dk  (30)

SéI(t)’U‘U (57 Z) =

3.2.1. Low-frequency bounds. We introduce the Green kernel associated with S (¢)
as

Gl(x,t;x) := SL(t)0x (x), (32)

where x = (§,2) and x' = (&', 7).

Proposition 1. The Green kernel G! satisfies

1 ~ -

Glxutix) = ooy [ RO g )" )k (39)
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Proof. First of all, through a direct computation, we have

TR = [ e (€ a)dn = R e 6,

Using the properties of the spectral projection P(k), we further have
P(k)ox (&.k) = ¢" (k. &)a(k.€).

Finally, noticing that e[:(i;)tq(ﬁ, §) = eA(E)tq(K, £), we obtain the desired formula.
O

Proposition 2. The low-frequency Green function GI(x,t;x') of (32) can be de-
composed as G (x,t;x') := ¢(&)W(z—2', ;&) + Gl (x,t;x'), for which the following
estimates hold:

n—1
up [0 58 aazesy S (14077, (34a)
sup [[W(, )|l grgey S (148753, (34D)
E/
sup |G (-, t:x) 2y S (L+0)7"T 7, (34c)

—1_ |o|+2
2 .

sup [|GY (- ;X)) [eny S (L+0)7°T

~

for a € Z™ with || < k. Moreover, PG (x,t;x') = 0.

(34d)

Proof. The idea of the proof is based on the remark that for |[k| < 2¢, the smooth
eigenfunctions ¢(k, ) and ¢*(k, ) have an expansion of the form

alk. &) = ¢(6) + O (|k[?)
¢"(.&) = (¢) + O (k).

This leads us to introduce an auxiliary function ¥(z,t) of the form

(IVI(Z,t) = (2)%/ €i£.zx(E)€>\(i)tdE7
0 Rn—1
so that we formally have
, ~ 1 T (mea) Ty A ~ ~
G o, 1) =GOV T 1) = oy [ R (AP0 (K7 i

(35)
On the one hand, a simple Fourier transform computation shows that

1 k- (z—z') — AlK|I2t 7 s |z — 2|2
—_— telz—z ‘dk = (4w At)” 2 —_
T e tran) = e (=)

where A = dy (Ko *¢ ¢, 1), which directly gives us bounds for U(-,t) that are similar
to the standard diffusive bounds satisfied for the heat equations:

(14~ (36a)

[o]

L+~ %, (36D)

(¢t 2@n-1)

S
[OC O mr@n—y S
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for a € Zi_l with |a| < k. On the other hand, because of the presence of terms of
the form ||E||26*A”k”21t in the rest term of equation (35), the decay rate is improved
by factor (14 t)~! so that we have the following estimates for Gl.=GI - '1/1\11.

sup ||GI(-,t;x’)||Lz(Rn) < (1+t)—%—17 (37a)
sup |G (6 x| geany S (148~ T 51 (37b)

for a € Z'7" with |a| < k. Now, we can define ¥(z — z',t;¢') as

1 ‘~'Z L k * L L 1
Va2 8) = oo [ RO R OR )k (3)
(27'(') Rn—1
and set GI(x,t;x') := GI(x,t;x') — ¢(€)U(z — 2/, 1;¢'). And all the estimates (34)
are readily obtained from (36) and (37). O

Proposition 3. The linear operator Sk(t) satisfies the decay estimate
_n—1
||S£(t)u||Hk(Rn) S @4+ fullzrgn-
Furthermore, we have
1QSE@)ull gy S L+TT "l 1 (-

Proof. The proof of the proposition easily follows from the estimates (34) by first
noticing that

Sh(t)u(x) = Gl(x, t;x ) u(x)dx/, x €R",
R

[ Iskontafax < (s 1€ i)l ([ moyax)

The estimates in H*(R"™) are obtained via similar computations. Finally, we recall
the decomposition of G!(x,;x’) implies that

0G!(x,t;x') = G!(x,t;x'),

and

which completes the proof of the proposition. O

3.2.2. High-frequency bounds. We now study the high-frequency bounds associated
to SE(t). By definition, we have

Hute.n) = gy [ @5t (10— x(RP®) ife. b

(2m)n—1
where ’P ) is such that
[ e [ (1= x@p (@) age. 0] ag < e Ju. k)

where 6 > 0 is a positive constant which depends only on €. Then, using Parseval’s
inequality, one obtains

2

L2(®)’

HSél(t)uHB(Rn) Se HU||L2(Rn) )

from which one can deduce H*(R")-estimates.
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Proposition 4. The linear operator Sg(t) satisfies the decay estimate
ISE @l gy S €l sy

As a conclusion, combining Proposition 3 and 4, we arrive at the linear estimate
for semigroup Sg(t) of L. For u € H¥(R"), we have

_n=1 —
ISc®)ull ey S (L) T [lullpr@ny + e flull rgan)- (39)
As a consequence of our analysis, we also have
1QSc(t)ull ey S (1 + )75 Y Juf paggny + e el x @nys (40)
and
V2 - Sc)ull grgny S (1+1)7 o lull 1@y + 1~ et Yullgrgny- (41)

4. Nonlinear stability in dimension 2 and 3. In this section, we prove Theorem
1.2 for the remaining dimensions 2 and 3.

4.1. Some nonlinear estimates. We first give estimates on the nonlinear terms
that appear in our system (24). More precisely, we will prove the following lemma.

Lemma 4.1. Let k > [®H]. There exists a § > 0 such that for any v € H*(R™)
and p € H* L (R™™1) with, ||v]| grgny < 6, ol ge@e-1) < 0 and |V pl| g gn-1) < 6
we have

IR @)1 gy IR @) ey < C ol gy (42a)

NP 3 gy« INL (O gy < C IV g eny (42b)

||N2(P7U)||L1(Rn) ) HN‘2(P,U)||H1C Re) S ¢ ||PHHk Rn—1 ||U||Hk(1Rn) (42¢)
IR (p, v)HLl(]R") R (e, U)”Hk(Rn

2
<C (HU”Hk(Rn) + ol g =1y 101 e ny + V2 'p”Hk(R”*l)) :
(42d)

Proof. Throughout the proof we will use that from Sobolev embedding we have
[uv] g gny < Cllll gogny 0l e @ny and flull poo gny < C'llull e gny -

Note that in order to obtain the nonlinear estimates (42), we will only use the above
Sobolev embedding and Taylor’s theorem together with the fact that both f and ¢
are smooth with the a priori bounds on v and p. As the proofs of each estimate are
almost similar, we will present only the key points.

e For H(v). We use Taylor’s formula to write

1
Hw) = flo+0) = f(0) = el = [ Q=9 (ptsuds. ()
0
As ¢ and v are both bounded, we have
H%(U)HLl(R") <C ||U||§1k(uv) and ||H(”U)||L2(Rn) < C||”H§1k(Rn)-

In order to obtain the H*(R™) bound, we take the successive derivatives of
H(v) with respect to x. To illustrate the computations, we present only the
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computations for the derivative with respect to £. Taking the partial derivative
of (43) yields
1

1
OeH(v) =2v3§v/0 (1—38)f"(p+ sv)ds + 1)3/0 s(1—8)f" (¢ + sv)ds

1
+ v2<,b/ (1—s)f" (¢ + sv)ds.
0
Now, since ¢ is bounded, we have
2 3
196H(0) 2 gy < € (I0rmgany + 0 3re ) -

Finally, as f and ¢ are both smooth and as ¢*) is bounded for all k, we can
continue the above procedure for as many spatial derivatives as necessary and

thus obtain the desired estimate.
e For Ni(p). From the definition of A in (22), we have that

Ni(p)(x,1)
= an ,C(X - X/) (p(Z, t) - p(zlvt))Q (/O (1 - 5)80 (51 +s (p(z7t) - p(Z,,t))) dS) dé-/dz,a
from which we further note that

1
pla.t) = ple ) = (2~ ) [ Vapla'+ 72~ ), 0)dr.
0
As a consequence,
1. .
NP ey < B0 IV ey [ 20060,

2
SOV pllgrgn-1y -

Here we have used the fact ¢ is a smooth function and that ¢(¢) — 0 as
& — £00 to conclude that ¢ € L* and that

1
| =5+ s (o(m ) = ) s
e For Ny(p,v). From the definition of A5 in (23), we have that
N2(pa U)(Xv t)
1
= | Kx=x)(p(z,1) — p(,1)) /O O¢v(§ + 5 (p(z,t) — p(z',1)) . 2, t)dE'dz’.

Rn
Using Cauchy-Schwarz inequality directly yields

< Ligl
=5 Pl Lo (R)-

IN2(p )l 1 @ny < Clloll g @n—1y 0l i gny »

and the other estimates follow easily.
e For R(p,v). For the last estimates on R(p,v), we project equation (20) along

1) so that we obtain
—<A’U7’¢> = atp (1 + <a§,u’¢>) - <A(P<P)7¢> + <H(U) +N(Pav)7¢>~

Provided that [[v]| g7 gn) is small enough we can write

1 .
Op = T+ 00, ) (—(Av, ¥) + (A(pp), ¥) — (H(v) + N(p,v),9)) . (44)
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Then, multiplying the above equation by O¢v and integrating over R", one
obtains the desired estimate
2 2
IR0, V)l 1 ny S N0l gre ey + 00 g o=y 10l e gy + 1V - ol gn—1y -
O
Remark 1. Note that the evolution equation (44) that we obtained for p is equiva-

lent to equation (24b) that was previously derived, provided that ||v|| (R 1S small
enough.

4.2. Proof of Theorem 1.2. We can now turn to the proof of our main Theorem
1.2. We first augment the system (24) with an additional equation for w := V, - p,
so that we have the system of equations

v(t) = @8, (t)vo — QS(t)(pop)

/ QSc(t — ) (H(v(s)) + N(p(s),v(s)) + R(p(s), v(s))) ds, (45a)
p(t) = (Sc(t)(pop = vo),¥)

—/O (Sc(t—s) (H(v(s)) + N(p(s),v(s)) + R(p(s),v(s))) ,1)ds, (45b)
w(t) = (Sc(t)(wop — Vz - v0), 1)

/ Ve (St =) (H(v(s)) +N(p(s),v(s)) + R(p(s),v(s))) , 1h)ds. (45¢)
In the above equation, we used the fact that V,-Sc () f = S (t)Vy- f and set wg :=
V. - po- We now define the Banach space X := H*(R") x H¥(R"~1) x HFR"1).
Using standard semigroup theory, we obtain the following existence result for the
system (45).

Lemma 4.2. Suppose that the initial condition for (45) satisfies (vo, po,wy) € X
for k> [”TH] Then, there exists T > 0 such that there exists a unique solution to
(45) with (v(t), p(t),w(t)) € X for allt €[0,T).

Let T, > 0 be the maximal time of existence of a solution (v, p,w) € X with
initial condition vy € H*(R™) N WHL(R"), and p,wy € H*(R*~1) N LY(R*~1). For
t € [0,Tx) we define

n—1
@u(t) = sup (14 5)"T o(s) 101 ey

n—1
Bp(t) = sup (1+5)"T o(s) | e an ).

0<s<t

ntl
D (t) == Os<ugt(1 +8) % w(s) | ae@n-)

and
&o = llvollwr1@ny + [lvoll ar@ny + llpollwra@n—1) + |lpoll grr+1 mr-1y-

Estimate for the v component. We apply our semigroup estimates to the first equa-
tion of system (45) to obtain

10 ()] % (mmy
<L+ 7lE + e g,

~
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e 1805 + o). (60) + RAp(). () oy

+ /0 (L4t =) T [ H(u(s)) + N(p(s), v(5)) + R(p(5),0(5)) | 1 oy ds
+1)7IT L + et

e (o) gy + 1008 |y 10(3) ]y ) ds
(®") ) (

n—1_

t
_0(t—s 2 — 2
0 (o) oy s [ (148 = )75 (o)
t

+

_|_

(1+t— 8)7”7_1*1 (HP(S)HHk(Rn—l) [o()] i (gemy + ||w(s)||§1k(Rn_1)) ds.
We can now use the definition of ®,, ®, and ®,, to obtain the inequality
o a5 reny
S+ 07T e + B2(1) /Ot e0U=5)(1 4 g)= "7 24

t t
FBLOD,(0) [ 14T s @2(0) [0 ) s
0 0

t
+¢>§(t)/ (L4+t—s) "5 L1+s)"" 2ds
0
t n—1 n+1
+<I>i(t)/ (1+t—s5)""7 1+s)" 2 ds
0

t

L 0,0B,(0) [[(1+0-9 7T 149 T s

0

We can now use the estimates of the Lemma A.1 to rewrite the above inequalities
as

[0 ()]s )

S (7T e e + B+ )T T+ B (02, ()(1+0) 7T
_n—1_

F B2 (1+ 1) 4 B (L + 1) T 4 By (), (1) (1 + )T !
F O (14 ) T L

As a consequence, there exists a constant C,, > 0 such that for all ¢t € [0,T%) we
have

D, (t) < Oy (Eo + PA(t) + o ()P, () + P (1)) - (46)

Estimate for the p component. We repeat the procedure of the previous paragraph
for the p component of system (45) to obtain

o) || i 1y,
<A+ "T & +e g

t
+/0 e 0(t=s) (”'U(S)H?L]k(]Rn) + HP(S)HHk(R'"*l) HU(S)HH"(R")) ds
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t t
—f(t—s 2 _n—1 2
+Ae“tWMmmmwwu+Au+rw)4Hwﬂmm@®

t
+AO+FM“TQWMmmwﬂMﬂmmm+w®ﬁmwQ®
S(L+6) " &+ e M+ D2)(1+ )7 2 4 B, ()D,(t)(1 + )" "7 !
t
FR2(E)(1 1) + @i(t)/ (1+t—s)"" T (1+s)" 7 2ds
0

_n

+ Py (1)@, (1) /Ot(l Ft—s) T (L) T s

t
+ @i(t)/ (I4+t—s) "7 (1+s)" "2 ds
0

S0 T & +e M+ B2()(1+ 1) T 2 4 &, (1), (t)(1 + )~ "z
FOLO1+0)7F + RO+ 07T + 0, (08,01 +0)7F
FR2(E)(14+1) T,

As a consequence, there exists a constant C, > 0 such that for all ¢ € [0,T}) we
have

D,(t) < C, (Eg+ P2(t) + D, (1) D, (1) + B2 (1)) - (47)

Estimate for the w component. Finally, for the w component, we obtain using the
same technique

2@ e 1)

_n+1 1 _ t 1 _9(t—s
SA+t) T &+t 2e 9t50+/ (t—s)" ze o )||p(s)HHk(R"—1)HU(S)”H’“(R")dS
0
t
-1 _9(t—s
= e (s + o) ) s

¢ _ntl
[ = (s ey + 1oy 960 oy + 6 s ) dis
A+ T &+t 2e e+ B2 (1 +1) T 2T 4 b ()D, (1) (1 + 1) T 3
n+1 _ntl _ntl ntl

PR+ T T E L 2L t) T B ()R, () (L4 t) T (L)

As a consequence, there exists a constant C,, > 0 such that for all ¢t € [0,T%) we
have

D, (t) < Cu (Eo + () + Do (1) D, () + B2 (1)) - (48)

Conclusion of the proof of Theorem 1.2. We can now define
O(t) == D, (t) + @, (1) + Do (2).

From inequalities (46), (47) and (48), we have that there exists a constant C' > 0
such that for all ¢ € [0,T,) we have

®(t) < C (& + *(1)),

from which it can be deduced that if & is small enough, then ®(t) < C& for all
t € [0, T). This implies that the maximal time of existence T, = +o0o and that the
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solution (v, p,w) of system (45) satisfies:

sup (1+6) T o) ey < Co,
t>0

n—1
sup (1+4)" [lp() e gn—r) < Co,
t=>

ntl
sup (1+8) =+ {lw(®)ll e @) < Co-
t=>

5. Extension to the Bates and Chen model. In this section, we modify our
method to prove the multidimensional stability of traveling front solution for the
Bates and Chen’s model discussed in the introduction. In this case, the traveling
wave @ is solution of (4) with Ko = J. One of the key feature in that case is the
fact that the projection P now commutes with linearized operator Ly,

Lpe: HYR"™) — L*R")

n
u — —u—i—J*gu—}—cd%—i—f’(go)u—i—Z
j=2

(—u +J ko u) . (49)

As a consequence, with our Ansatz of form

U(X7t) = 90(6 - p(Z,t)) + U(g - p(Z,f),Z,t)
where p : R - R € HY(R"!) and v : R* — R € HY(R") with Pv = 0, we
obtain the equation
—0upg + 0w = Loev — pAn_1p + H(0) + N(p,v) + R(p,v),

where H and R were defined in the previous section and

n

Ap_1v = Z (_U +J *x U) )

Jj=2

j\v/(p’v) :ﬁl(p) —‘y—./\~f2(p,’l))7

with
Ni(p)(z,1)
= :2 (/R T (W)€ + p(z,t) — plaz, - xi —y, - 7xn7t))dy)
+¢(£)_an </R Tplan, - vz — - wmt)dy> |
Na( ,v{{x,a

) syt s — Yyttt dng d .
+;(/Rg7(y)v(£ T,y Ti =Yyt T, ) y)

Using the projection P, we obtain the system
0w = Lpev + Q (H(v) + N(p,v) + R(p,v)) : (50a)
(1 + (9ev,¥))dep = Ap-1p — (H(v) + N (p,v), ). (50b)
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Note that L. = Lo + A, —1 with

d
Lov=—u+ T *¢u+ cd—g + f'(¢)u,

and that ¢ € H(R) is such that £ = 0 and fR P(EY(€)de = 1, L being the
adjoint of Lg.

As long as [|v|| g+ (rn) remains small, we can rewrite the second equation of system
(50) as
v
1+ (Ogv, )
= Ap—1p+ M(p,v).

Oup = Aurp - (v, Auwrp o+ (H(w) + N (p.0), ) -

Setting w := V, - p, we finally obtain the initial value problem

0w = Laev + Q (H(v) + N (p,v) + Rip,v) ), (51a)
Op = Ap_1p+ M(p,v), (51b)
Ohw = Ap—1w + V5 - M(p,v), (51c)
v(0) =wvo, p(0)=po, w(0)=wp. (51d)

5.1. Linear and nonlinear estimates. In this section, we derive linear estimates
for the semigroups generated by the linear operators L. and A,,_; together with
estimates for the nonlinear terms.

5.1.1. Study of S¢,,(t). We consider the initial value problem
Ou = Lyeu, u(-,0) =ug € HY(R™), (52)

which has the solution u(¢,2,t) = Sg,. (t)uo(§,2). Taking the Fourier transform in
z on both side of (52) yields

n—1
0ui(E K1) = Loi(€, k) + 3 (-1 + T(By)) il ), k= (buoo Fua).
j=1
(53)
Setting Sg, (t) to represent the semigroup generated by Lo, the solution of (52) are
given by

1

u(x,t) = W

/ eiEzSz:O (t)ezg‘;l(_1+5(E¢))tﬂ0<§, E, t)dE.
Rn—1

By Lemma 1.1, there exists 7y > 0 such that
1S, (8) Qull L2 ®ny S €| Quil| p2(gny.

Note that the linear problem (52) is homogeneous in z so that Sg,_(t) can be differ-
entiated with respect to x;, j = 2...n. Estimates for the £ derivative follow from
the regularity of solution (53). As a consequence, we have obtained the following
Lemma.

Lemma 5.1. The semigroup generated by the linear operator Ly. satisfies the decay
estimate

1Sz, (8) Qull iy < €77 | Qul| v (sem-
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5.1.2. Study of Sa,_,(t). The study of semigroup generated by A, _; has already
been done in [1, 4] and we only quote their results.

Lemma 5.2. The semigroup generated by the linear operator A,_1 satisfies the
decay estimate

_n—1 _
1S40y Dull gr@n—y S A+ [ullprgn-1) + e flull gr@n-r),
_n—1_1

S
n—1_ 1 _1 _
1V - Sty Dullrreen—1y S U407 2 fullprgn—1y + 7 2e” |l gr@nry.-

5.2. Nonlinear estimates. One can easily check that similar estimates as the one
presented in Lemma 4.1 hold for the nonlinear terms ANj(p) and Na(p,v). More
precisely, we have the following Lemma.

Lemma 5.3. Let k > ["7“] There exists a 6 > 0 such that for any v € H*(R")
and p € H* 1 (R™™1) with, ||v]| gr@ny < 6, ol gr@n—1y < 6 and ||Vy-pll g -1y < 0
we have

\ \ < ol
W20, gy [ 920 gy S 19l (54a)
W20, o[ N2 00|y gy S Wiy My (54D)
[M(p, U)HLl(]R"*I) ) HM(Pav)”Hh’(Rnfl) < HU”?{’C(R") + Ve 'P||2Hk(RH)
+ Vs 'pH;k(R"*l) : (54c)

Proof.  Most of the proof is similar to that of Lemma 4.1 and is thus omitted.
We only present, part of the computations for the estimate of the nonlinear term

Ni(p). For each element of the sum in N (p), we use Taylor’s formula and obtain

with 7;3 -p(z,t) = p(z2,,2; — y,-,zn). Now, we note that

1
pla,t) =T pla.t) =y | 0., pla’ +ry)ir
0

As a consequence,

el
Ve Ol gy < 57 19l sy [ #2T

2
< C|Va - pllgegn-1y -

Here we have used the fact that ¢ is exponentially localized which is a direct con-
sequence of the fact that 7 € W (R) [7]. O

5.3. Proof of Theorem 1.3. We can now conclude the proof of Theorem 1.3. By
the variation of constants formula, the solution to (51) can be written as
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olt) = Sep (000 + [ Seu (1= 5)Q (H0(6) + N (p(s).0(5) + R(os). () s

(55a)
plt) = Sa, (oo + / Sy (t — $)M(p(s), v(s))ds, (55b)
w(t)=8a,_,(t)wo + Vi 8Sa,_ ,(t—s)M(p(s),v(s))ds. (55c¢)

In the last component“df the above system, we used the fact that V,-Sa, ,(¢)f =
Sa,_,(t)Vy4 - f. Once again, using standard semigroup theory, we obtain the local
existence of solutions for the system (55) for initial condition (v, po,wp) € X. Thus,
let T, > 0 be the maximal time of existence of a solution (v, p,w) € X with initial
condition v € H¥(R")N LY (R"), and p,wp € H¥(R""1)NLY(R"1). Fort € [0, T*)
we define

ntl
@u(t) == sup (145) "5 [o(s) s oy,

n—1
Dp(t) = Oiulzt(l +8) T ()| e gn-1y,

O, (1) = sup (14 )T [lw(s) || regn-1)
0<s<t
and B
o = [lvollLrwn) + llvoll mr rny + [lPollwra@n=1) + [l poll 1 (mn-1y-

Only the estimates for the v component will significantly changed and thus we only
present the details of the computations in that case and let the p and w estimates to
the reader. Note that in that case, we obtain similar estimates as the one presented
by Kapitula in the local setting [13]. By applying the semigroup estimates derived
in the previous section, we obtain

v ()| e ()
t
< e tg, +/ e~ Yo(t—s)
0

SeE

t
[ (o) sy + 1006 sy 1066 sy + o) sy ) s

¢
Se 1 + R2(1) / e 009 (1 4 5)~(nH) (g
0

Q ((v(s)) + N (p(s). (0) + Rlpe) oo, ) s

t t
+<I>v(t)<1>p(t)/ e*%“*s)(l+s)*%ds+q>g(t)/ e*W*S)(Hs)f"T“dS
0 0

S e+ B2(t)(1+£)" D) L D ()R, () (1 +1) T +BE()(1+)" "

As a consequence, reproducing similar computations for p and w, one can find three
constants C, > 0, C, > 0 and C,, > 0 such that for all ¢ € [0,7) we have

@U(t)gcv(EOJr@i(tH@v(t) (t) + B (t )
).

Do(t) < Cu (& + B2(E) + @ (OB, (1) + 2 (1)) .

®,(t) < C, (50 + DB2(t) + B, () D, (£) + B2t
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Using similar arguments to that of Theorem 1.2, we conclude that the maximal
time of existence Ty = 400 and that the solution (v, p,w) of system (55) satisfies:

ntl 5
S‘;Ig 1+ 2 [[v@®) |l gr@ny < Céo,
t>

n—1 ~
sup A+ T [lpl gr@n-—1y < C&o,

nt1 ~
igg (1+t) 7 |lw®)| gr@n-—1y < C&.

6. Discussion.

Summary of main results. In this paper, we have proved the multidimensional
stability of planar traveling waves for scalar nonlocal Allen-Cahn equation (1) using
semigroup estimates. More precisely, we have shown that if the traveling wave is
spectrally stable in one space dimension, then it is stable in n-space dimension,
n > 2, with perturbations of the wave decaying like t~(*~1/% as t — 400 in H*(R")
for k > [”T'H] We have also obtained similar results by applying our method to
a model proposed by Bates and Chen [1] generalizing to dimensions 2 and 3 their
results.

Beyond smooth and small perturbations. One interesting avenue of future work is
to investigate the multidimensional stability of planar traveling waves for equation
(1) under weaker assumptions for the perturbations. For example, in the local
case, Matano et al. have recently shown that [15] the multidimensional stability of
planar traveling waves with possibly large initial perturbations that only decay at
space infinity. It would be interesting to see if their techniques can adapted to our
nonlocal setting.

Generalization to other Kernel. One of our key technical assumption for the
kernel K is the Taylor expansion of its Fourier transform close to the origin. Namely,
we have supposed

KX) =1—do|k|®> + o(|k||?), ask— 0.

A natural extension would be to study kernels with different Taylor expansion such
as for example

K(k) =1 —do|[k||* + o(|k[|*), ask —0,

with possibly 0 < s < 2. Then one could conjecture that if the traveling wave
is spectrally stable in one space dimension, then it is stable in n-space dimension,
n > 2, with perturbations of the wave decaying like ¢t~("~1/(2%) a5 t — 400 in
H*(R™) for k > [25L]. We let this question as an open problem.

Generalization to other nonlocal problems. Recently, Miller and Zeng [16]
have shown similar results in dimension n > 4 for an integrodifference equation of
the form

Ujy1 = K %« g(Uj>, Jj e N, (56)
with a Gaussian kernel K and a smooth nonlinearity. This type of equation belongs
to the class of problems where the convolution term appears into the equation in
a nonlinear fashion as it is often the case in physical or biological models. Within
this class of problems, let for example mention the continuum neuronal model [9]

Opu = —u 4 K x5 S(u) (57)
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where the smooth nonlinear function S is such that —u—+ S(u) is of bistable type, or
the continuum limit of an interacting particle system with Glauber dynamics and
Kac potential [§]

Oyu = —u + tanh (BK *x u + h), (58)

where 8 > 1 and h > 0. For both of these last two models (57) and (58), one
can prove the existence and spectral stability of a traveling wave solution for the
one dimensional problem [9; 8, 2]. As a consequence, under the same Hypothesis
(H2) for the kernel, it should be straightforward to adapt our proof of Theorem
1.2 to show that if equations (56), (57) and (58) admit a traveling wave that is
spectrally stable in one space dimension, then it is stable in n-space dimension,
n > 2, with perturbations of the wave decaying like t~("~1/4 as ¢ — 400 in
H*R") for k > [”T“}

Appendix A. Some estimates. The following lemma can be proved by direct
computations, see [18].

Lemma A.1. Suppose a, B, v > 0, then

L fPA+t—s) P14 ds SO+ ifa<B a<f+y—1,v#1or
ifa<ﬁ,a§6+7—l,7=1;

2. ff/z(1+t—s)*’3(1+s)*”ds§(1+t)*”‘, ifa<y, a<B+y—1,8%#1or
ifa<7;a§6+7_17521:'

3. [7e P14 5)"7ds S (1+1)77.
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