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Abstract. We study the stabilization of solutions to a 2d fluid—structure system by a feedback control law
acting on the acceleration of the structure. The structure is described by a finite number of parameters. The
modelling of this system and the existence of strong solutions has been previously studied in [11]. We consider
an unstable stationary solution to the problem. We assume a unique continuation property for the eigenvectors
of the adjoint system. Under this assumption, the nonlinear feedback control that we propose stabilizes the
whole fluid—structure system around the stationary solution at any chosen exponential decay rate for small
enough initial perturbations. Our method reposes on the analysis of the linearized system and the feedback
operator is given by a Riccati equation of small dimension.

MSC numbers. 35Q30, 74F10, 76D55, 93D15

1 Introduction

The goal of this study is to stabilize a 2d fluid—structure interaction problem. The fluid is modelled by the
incompressible Navier—Stokes equations and the structure, immersed in the fluid, is governed by a finite number
of parameters. Such a kind of structure can be found for instance in aeronautics [19]. Our goal is to design a
finite dimensional feedback controller which stabilizes locally the system around a given stationary state at any
prescribed exponential decay rate.

In order to simplify the study, we consider that the structure is described by only two parameters 6; and
0>. However, all the results that we present in the sequel can be easily extended to the case of a structure
depending on N (> 1) parameters (see Remark 1.1).

1.1 Modelling of the problem

The fluid-structure configuration considered in this paper has already been investigated in [11] where existence
of strong solutions has been proven. We consider a bounded domain © = (0, L) x (0, 1) (see Fig.1). The volume
occupied by the structure depends on two parameters denoted (61, 63), it is a closed subset of Q that we denote
S(61,62) C Q. The volume filled by the fluid is denoted % (01, 62) = Q\S (61, 62).

The boundary 99 can be decomposed into 9 = T; UT, UTx, where T; = {0} x (0,1), T'y, = (0,L) x {0,1}
and I'y = {L} x (0,1). We also denote I'n = T; UT, the part of 9 where Dirichlet conditions are imposed.
We now introduce the equations modelling this system.

1.1.1 The equations of the fluid

The velocity of the fluid is assumed to fulfil the incompressible Navier—Stokes equations
Ou

g(t,x)—ﬁ—(u(t,x)~V)u(t,X)—div or(u(t,x),p(t,x)) =fz(t,x), te€(0,00), xe.F(0:1(t),02(¢)),

div u(¢,x) =0, te (0,00), xe&F(0:1(t),02()),

u(t,x) = u'(t,x), te(0,00), x€Tly,

u(t,x) =0, te(0,00), xely, (1.1)
or(u(t,x),p(t,x))n(x) =0, te (0,0), xelk,

u(t,x) = vs(t, x), t € (0,00), xe€0S(0:(t),02(t)),

u(O,x) = uo(x R X € ﬁ(GLO, 9270),

where u(t,x) and p(t,x) are the velocity and the pressure of the fluid at point x and time ¢,
or(u,p) = v(Vu+ (Vu)") —pl,

is the Cauchy stress tensor of the fluid and v > 0 is the kinematic viscosity. The term fz(¢,x) in (1.1), is a
force per unit mass exerted on the fluid, u*(¢,x) is a nonhomogeneous boundary datum on T, vs(¢,x) denotes
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Figure 1: The geometrical configuration.
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Figure 2: Correspondence between real and reference configurations.

the velocity of the structure and n(x) is the outward unitary normal to . Dirichlet boundary conditions are
imposed on I'p and Neumann type (free output) boundary conditions are imposed on I'y. We also consider an
initial datum wup(x) for the fluid velocity.

1.1.2 Equations of the structure

We consider that the couple of parameters (0;,62) lies in an admissible domain Dg which is an open connected
subset of R? containing (0,0). We consider a function X defined on Dg x S(0,0) that computes the position of a
point of the structure according to its reference position in S(0,0) and the value of the parameters (61, 62) € De.

Let us list below the assumptions that we make
Modelling Assumptions.

e For every y € 5(0,0), X(0,0,y) =y. (1.2)
e For every (61,02) € Do, X(01,62,5(0,0)) = S(1,6) C Q. (1.3)
e For every (61,02) € Do, X(04,02,.) is a € diffeomorphism from S(0,0) to its image S(61,602). (1.4)
e The function X is > on Dg x S(0,0). (1.5)

e The functions 9y, X (61,02, .) and 0p,X (61,02, .) form
a free family in L2(95(0,0)) for every (61,6;) in Dg.

e No friction and no elastic energy are considered in the structure. (1.7)

More information about these assumptions can be found in [11]. The inverse diffeomorphism of X (61,62, .),
whose existence is guaranteed by (1.4), is denoted Y (61, 62,.) and we have

V(01,02) € Do, Vy € S(0,0), Y(01,02,X(01,02,y)) =y. (1.8)

The diffeomorphisms X(61,02,.) and Y (61,02, .) are illustrated in Fig. 2.
In the sequel, we denote §; and 6; the first and second time derivatives of §;. The equations that are satisfied
by the structure read on a matricial form



P o
Mo, 0, ( 9-; ) = M (0, 02,01,02) + M (61,02, —0r(u,p)ng 4,) +fs+h  on (0,7), (1.9)

where f5 is a source term, h a control function,
Mo, . = (09,X(01,02,.),00.X(61,05,.))s (00 X(01,02,.)509,X(61,02,.))5 | _ pax2

12 (09, X(01,02,.)400,X(01,02,.))s (00, X(01,02,.),09,X(01,02,.))s ’

My (61, 0, 01, 62) = < —(6300,0,X (61,02, .)+2610209,0,X (61, 02, .) +0309.0,X (61,2, .)
e —(9%39191)((91, 0, .)+2919289192X(91, 0, .)—|—9%69292X(91, 0, )

(1.10)

9 601X(917927 ))S > c RQ
5 00,X(01,02,.))s ’

(1.11)
where (.,.)s is the scalar product
(@, 0)s = [ o) ¥y) dy. (112)
5(0,0)
with p > 0 the mass per unit volume of the structure and
_UF(uvp)nel,92 (IYI) : 891X(017 027Y(917 927 ’Yz)) d’ym
Ma (01,02, —or(u,p)ng, o,) = 25(61,62) eR? (1.13)
_OF(u7p)n01;92 (’YLE) ) aezx(elﬂ 627Y(917 92a ’Yw)) dryw
85(61,62)

where ny, g, is the outward unitary normal to % (6, 02) on 9S(01,0s).
Moreover the velocity of the structure can be written

V€ [0,00), Vo€ SO1(1),0:(1)), vi(t,x) =S 0u(t)36,X(01(2), 02(t), Y (01 (1), 02(2), X))
k=1

More information about the derivation of these equations can be found in [11].

Note that the matrix My, g, in (1.10) is the Gram matrix of the family (0p,X(61,02), 09,X(01,602)) with
respect to the scalar product (.,.)s. It is thus invertible due to Assumption (1.6) (if two €">° functions are not
colinear in L?(9S5(0,0)) then they are not colinear in L%(S(0,0))).

Remark 1.1. The proposed framework can be used to model other problems. For instance, in the case of a rigid
solid whose center of mass is given by (a1, as) and corresponds to (0,0) in the reference configuration and whose
angle of rotation is given by 0 (so that three parameters are considered), the diffeomorphism X now depends
on three parameters and is given by

X(ai,az2,0,y) = are; + azez + Ryy,

cos(f) —sin(0)

sin(f)  cos(6) £e

(
m 0
Mal,a2,9 = 0 m 0 P MI(Gl,GQ,@,dl,dg,H) = 07 MA(a'17a'2797f) = / f- €2 dX7
0 T dS(a1,a2,0) fR9+%y

>. Moreover, we have

where m = / p dy denotes the mass of the solid and I = / py? dy its moment of inertia. Hence
5(0,0,0) 5(0,0,0)
the equation (1.9) corresponds to the usual Newton’s law.

1.1.3 The complete set of equations

The final system that we consider is given by the following set of equations

ou

a(ta X) + (u(t,x) ! V)u(t, X) —div UF(u(tv X)vp(ta X)) = fﬁ’(ta X)v te (Ov OO), ng(al(t)v 02(t))7

div u(t,x) :0, tG(0,00), XE?(Ql(t),eg(t)),

u(t,x) = Zéj(t)agjxwl(t),02(t),Y(91(t),02(t),x)), te(0,00), x€9S(01(t),02(t)),

u(t,x) = i;Zt?X), te(0,00), xely,

u(t,x) =0, te(0,00), x€Tly, (1.14)
or(u(t,x),p(t,x))n(x) =0, te(0,00), xely,

u((),x) :..llo(x), Xeﬁ(ﬂm, 0270),

Mo, 0, Z; =My (61, 02,01,02)+Ma(01, 05, —0(u, p)rg,g,)+fs+h, te(0,00),

01(0) =610,  02(0) = b2,

91 (0) = wlyo, 02(0) = UJQ_’O.

Note that the fluid domain .#(01(t),02(t)) changes over the time. The control h can be understood as a force
acting on the structure. The data (61,0, 62,0) and (w10, w2,0) respectively describe the initial position and velocity
of the structure.



1.2 Statement of the main result

Existence of strong solutions to (1.14) locally in time has been proven in [11]. The goal of the present study is
to prove that, given a stationary state, we can choose h under a feedback form such that a solution to (1.14)
stabilizes exponentially around that stationary state when ¢ tends to the infinity. In this section we present our
stabilization result.

The stationary state. Let (w,pw,71,72) be a stationary state of (1.14) associated to stationary source
terms fz, fs and boundary datum u’, i.e.

(w(x) - VIw(x) — div op(W(x), pw(x)) = £2(x), X E€F(m,n2),

div w(x) =0, x€Z(n1,m2),

w(x) =0, x€9S(n,n2),

w(x) = u'(x), xely, (1.15)
w(x) =0, xely,

UF(W(X)’pW<X))n = 07 XGFN7

0 ZMI(7717 72, 0, O)+MA(7717 7727_0-F(W’pw)n771,772)+f5'

Note that Mj(n1,72,0,0) = 0 and it can thus be withdrawn from (1.15).

In the sequel, we take (11,72) = (0,0) to simplify the notations. This choice is not restrictive as a change of
variables can bring the stationary parameters to (0,0). We denote respectively %, and S the fluid and solid
domains associated to the stationary solution,

Fy= 70,00 and S, =8(0,0).

Rewriting (1.15), we consider nonhomogeneous terms fz, u’, fy and a velocitypressure profile (W, py) €
H3/2(Z,) x H'/2(.Z,) fulfilling the equations

—div op(W,pw) = —(w-V)w + g in Zs,
divw =0 in %y,
w=0 on 05,
w=1u on I,
w =20 on I'y, (1.16)
op(W,pw)n =0 on I'y,
(1= [ (v (0y) - 0X(0.0%) dy,
where ng is the outward unitary normal to %4 on 05,
1/4 i 2

. ' ut e H3/2(Fi) | u\iari =0, M dys < 400,

fzr e WH°(Q) and u’' €U’ = 0, 2 ui?{é’ )P . (117)

/ y2 U2\Y2 dys < +00
3/ 1=y

More information about stationary solutions can be found in [24, Appendix].

Remark 1.2. The regularity of the source term fz € W1>°(Q) is used for the estimation of some nonlinear
terms in Appendix C.

The diffeomorphism ®. A classical difficulty in fluid—structure problems is that the fluid domain changes
over time. The classical way of getting rid of this difficulty is to use a change of variables on u and p in order
to bring the study back into a fixed domain. This procedure uses a diffeomorphism that we have to define
properly.

When the state of the structure depends only on a finite number of parameters, it is convenient to construct
this diffeomorphism as an extension of the deformation of the structure into the fluid domain. The diffeomor-
phism used is defined as an extension of the diffeomorphism X given for the structure. For that reason, we use
the following extension operator.

Lemma 1.3. There exists a linear extension operator £ : W3°°(Ss) — W32 (Q) N H{(Q) such that for every
14 € WS’OO(SS)’
(1) E(p) =pin S,
(#3)  E(p) has support within Q. = {x € Q | d(z,09Q) > €} for some e > 0
such that d(S(61,62),0%) > 2¢ for all (01, 62) € Deg,
(ii1)  |lellws.e @) < Cllellws.ee(s,), for some C' > 0.

Proof. Extension results are classical, we can for instance find an extension result for smooth domains in [20,
Lemma 12.2]. We can get the present result by multiplying the extension function of [20, Lemma 12.2] by a
cut—off function in D(S.). O



Let us denote Id the identity function, we then define the following function

®(01,05,y) =y +5(X(91,02, ) — Id) (y), ¥(01,02) € Do, Vy €. (1.18)

We have V®(0,0,y) = I, the identity matrix in R?*2, for every y € €, hence det(V®(0,0,y)) = 1. Then,
we can restrict Do such that for every (6,602) € Dg, the function ®(61,60s,.) is a diffeomorphism close to the
identity function. We denote ¥ (61, 05, .) the inverse diffeomorphism of ®(6y, 02, .)

v(91592) S ]D@7 Vy S Q7 ‘I’(917925 @(61792aY)) =Y. (119)

If needed, we can once more reduce Dg to prove that ® and ¥ belong to €°°(Dg, W3>°(£2)). These diffeo-
morphisms are represented in Fig. 2.
The properties of £ imply that

for every (61,02) € Dg, ®(61,02,55) = S(01,02) and Vy e Q\Q., P®(01,02,y)=Yy. (1.20)

The stabilization problem. In order to prove a stabilization result on the nonlinear problem, we first
study the linearized problem around (w, py, 0,0) and prove its stabilizability. It requires the technical hypothesis
(H), that is presented hereafter.

In the sequel, v can be thought of as the difference between the state u and the stationary state w of the
problem (see (3.1) for its precise definition). The linearized term in v in the fluid equation is the usual Oseen
term (v-V)w+ (w-V)v. The linearized term in (61, 62,61, 65) in the fluid equation is denoted Lg. In the same
way, we denote Lg the linearized term in (61, 62) in the structure equation. Then we have

Ly (61,02,01,02,y) = Li(y)01 + La(y)02 + L3 ()01 + La(y)02, Vy € Z, (1.21)

and
Ls(01,02) = L5ty + Leb2, (1.22)

where the exact expressions of the coefficients Ly — Lg are given in Appendix A. The coefficients L; — Ly are
functions and Ls — Lg are constant vectors of R2. They all depend on the non-null stationary state (w,py )
which is solution of (1.16), on the diffeomorphism ® and on its derivatives taken in (61, 65) = (0,0).

Let § > 0 be a prescribed exponential decay rate in time for the difference between the solution and the
stationary state. In order to prove the main result of the study, we need the following assumption that depends
on ¢ and corresponds to a Hautus test.

Hypothesis (#); (A unique continuation property). Every eigenvector (v,gq,0:,02,wi,ws) € H(Z,) x
L2(Z,) x R* of the adjoint problem associated to the eigenvalue A with Re(\) > —4, i.e. every solution
of

divop(v,q) — (VW) Tv + (w-V)v =Av in Zs,
divv =0 in Z,,
vV = w189111>(0, 0, ) + w2892<1>(0, 0, ) on JS;,
v=0 onI'p,
op(v,gn+ (w-n)v=0 on I'y,

!
LR s\ oy ()

[ (0 Yoo [ (v de0n ) (8 (),

that belongs to the kernel of the adjoint of the control operator, i.e. that satisfies

wy =0,
(UQ:O,

is necessarily null, i.e. (v,q, 61,602, w1,ws) = (0,0,0,0,0,0).

<

< <

This hypothesis is a unique continuation property for the adjoint system. Such a property is proven for
some problems, in particular for the Stokes problem with localized observation [12]. However, in our case of
study, the observation is nonlocal, and to our knowledge the corresponding unique continuation property is not
available in the literature. In order to lead the study of the stabilization of our problem, we assume this unique
continuation property to be valid. Although we do not know how to prove it, we can reasonably think that it
is generically valid. Besides, it can be checked numerically on each particular instance.



Remark 1.4. The hypothesis (#); is independent from the choice of the extension operator £ used in Lemma
1.3 to construct the diffeomorphism ®, see Appendix B.

In the sequel, Jg(61,02,.) denotes the Jacobian matrix of ®(6;,0s,.) and cof(Js(01,02,.)) its cofactor
matrix. The goal of the study is to prove the following theorem.

Theorem 1.5 (A stabilization result). Let § > 0 and assume that (H)4 is fulfilled. Let £z € Wh>(Q),
u' € U, f, € R?, and (w,pyw) € HY?(ZF,) x HY2(Z,) fulfilling (1.16). Then, there exists ¢ > 0 such that for
every (ug, 01,0,02.0,w1.0,w2,0) € HY(F(01,0,020)) x Do x R? satisfying the compatibility conditions

div Upg = 0 in ﬁ(ﬁm, 9270),
2
ug(.) = ij,oaejx(al,o, 02,0, Y (61,0, 02,0, -)) on 95(61,0,02,0), (1.23)
j=1 )

ug = ui on Fi,

uy =0 on I'y,
and

[ug(®(61,0,02,0,-)) — W() a1 (z,) + 01,0] + [02,0] + w10l + |wao| <,
there exists a control h given under the feedback form
h(t) = KCs ([cof (T (81 (1), B2(1), ) "ult, ®(01(8), 02(1), ) = W], 01(1). 6:(0). 61 (1), 6o(1) ), (1.24)

for some linear operator K5 € L(L%(F,) x R* R?) such that a solution (u,p,0,,05) to problem (1.14) fulfils for
all t in (0, 00)

[u(t, ®(01(1), 02(1). ) = w( w2, + 161(0)] + 02(0)] + [61(8)] + |62(t)| < Ce,
for some C > 0 depending on the geometry, on § and on the initial and nonhomogeneous data.

Theorem 1.5 is proven in Sections 2 and 3.

Remark 1.6. The feedback law proposed in (1.24) does not depend linearly on the state (u, p, 61, 62).

1.3 The functional framework

In this section we present the functional setting used in the sequel.

We denote by ¢°([0,00); X) the set of functions that are continuous on [0, o) and valued in X.

Sobolev spaces. We denote H"(%;) the usual Sobolev space of order r > 0. We identify L?(%;) with
HY(Z,). We will denote L?(.Z,) = (L?(.%;))?, H"(Z;) = (H"(Z5))? and so on.

Corners issues. The domain considered for the fluid has four corners of angle /2. The ones that are
located between Dirichlet and Neumann boundary conditions induce singularities, we denote them A = (L, 1)
and B = (L, 0) (see Fig. 1). We also denote #;, = {A, B} the set of these corners and we define the distance
of a point x from these corners

forje Zqn, andforxeQ, rj(x)=d(x,j). (1.25)

Note that corners between two Dirichlet boundary conditions do not induce singularities as soon as suitable
compatibility conditions are satisfied. We report to [21, Chapter 9] for more details.

‘Weighted Sobolev spaces. The solution to the Stokes problem in the domain with corners A and B and
with a source term in L2(.%,) belongs to a classical Sobolev space of lower order than the one we usually have
in smooth domains. In order to get the usual gain of regularity between solutions and source terms, we have
to study the solution in adapted Sobolev spaces that are suitably weighted near the corners A and B. The
weighted Sobolev spaces are then defined for 8 > 0 by

H3(7,) = {u with [[u]pz(z,) < +o0}, Hy(Fs) = {p with [|p|luy(z,) < +o0},

where the norms ||||H%(g) and ||-HH}3(9‘5) are given by

Nl = 3 [ | T 20| 0w ay. (1.26)

laj=0 i=1 7%= \je a4
and

1
sy = > [ | TI w0 | 107n)f ay. (1.27)

la|=0 JE Fam



Here the sum is on all multi-index « of length || < 2 for (1.26), |a| < 1 for (1.27) and r; is defined in (1.25).
Steady Stokes problem with corners. The following lemma from [24] explains how and why the spaces

H%(ﬁs) and H};(ﬁzs) appear in the presence of corners. It gives the expected result for the steady Stokes

problem in %, with weigthed Sobolev spaces and the regularity obtained in the classical Sobolev spaces.

Lemma 1.7. [2/, Theorem 2.5.] Let us assume that f7 € L?(Z,). The unique solution (u,p) to the Stokes
problem
—div op(u,p) =fz in F,

divu=0 in %,
u=20 onI'p UJS,, (1.28)
or(u,p)n=20 on I'y,

belongs to H3(7,) x Hy(F) for some B € (0,1/2) and to H3/2%e0(Z,) x HY/?120(.Z,) for some ¢ € (0,1/2).
Moreover, we have the following estimate

[l (7,)nmz/220 (2, + 1Pl (2, 2ve0 (2,) < CllEzllz2,)- (1.29)

Remark 1.8. A consequence of Lemma 1.7 is that the solution (w,pw) of (1.16)(1.17) belongs to H3 (%) x
H};(,?S) This is the regularity that we will use for (w,py) in the sequel. A proof of this statement can be
achieved by lifting the datum u’, which is done in [11, Lemma 2.8].

Keep in mind that n; is the outward unitary normal to .%,. Note that, according to the regularity proven in
Lemma 1.7, the traces pjp#, and dn, ujgz, are well defined, which gives a meaning to all integrations by parts.

Also note that according to [18, Theorem 1.4.3.1], there exists a continuous extension operator from H?(.%)
to H*(R?) for every s > 0. This implies that all the classical Sobolev embeddings and interpolations are valid
despite the presence of corners.

1.4 Scientific context

There are several works providing stabilization results in the context of Navier—Stokes equations. For instance,
the stabilization of a viscous fluid is treated for the wake of a cylinder in [14, 16, 17, 24] and for a cavity in [22].
A first strategy used in [16, 17, 22] reposes on the Proper Orthogonal Decomposition (POD) approach. Another
approach consists in constructing a feedback operator by means of a Riccati equation making the closed—loop
system stable [24, 26, 27]. If needed, it is possible to use dynamical controllers to meet compatibility conditions
between the fluid initial datum and the initial control value, the control is then computed as the solution of an
ODE [1, 2].

When we consider fluid-structure interaction problems the same strategies can be used. The reader can
refer for instance to [29] for a stabilization by a POD approach of a fluid around an airfoil. It is also possible
to build a stabilizing feedback control that uses only the state of the structure, see [7] for a 1D and [31] for a
2D fluid-solid interaction problems.

In the present study, we use a stabilizing control that is given under a feedback form and uses the state of
the fluid and the structure. The feedback operator is computed via the solution of a finite dimensional Riccati
equation. This is helpful when treating numerical simulations which are not the point of the current paper
and are a work currently in progress. The same strategy has already been used to prove stabilization of strong
solutions, which is what we aim for, and more recently stabilization of weak solutions to a fluid-beam interaction
problem [5]. In the literature, the feedback control can be a Dirichlet datum imposed to the fluid on some part
of the boundary [3, 23], it can be a change in the shape of the structure [8, 9] or a force acting on the structure
[23, 28].

Although the control that we use in the current study acts on the structure, the study [3] is the closest one
from what we want to prove. It treats the stabilization of a fluid-rigid body system by a feedback control law
acting on the boundary of the fluid domain. In the current study, we follow its framework and account for the
deformability of the structure and the control acting on the acceleration of the structure. Additional difficulties
are induced by the corners on 92, more information about them can be found in [21, 24].

1.5 Outline of the paper

In Section 2, we prove the existence of a feedback control law that stabilizes the solution of the linearized
system in the fixed domain #, around the stationary state (w, pw,0,0). The proof relies on the analysis of the
properties of the linearized system. In Section 3, we extend successively the previous result to the full nonlinear
system in the fixed domain and in the moving domain. The former is proven via a fixed point argument and
the latter uses a change of variables. The linearized terms are summed up in Appendix A. An idea of the proof
of Remark 1.4 is given in Appendix B. The proof of the technical estimates of the nonlinear terms can be found
in Appendix C.
Acknowledgement: The author wants to thank Mehdi Badra for fruitful discussions.



2 Stabilization of the linearized problem

In the whole Section 2 we consider stationary nonhomogeneous terms (fz,u’, fs) € W1>°(Q) x U’ x R? and
a stationary state (W, pyw) € H%(ﬂ;) X H/IB(?S) that fulfil (1.16). Our goal is to find a control law h under a
feedback form that stabilizes the linearized problem with a given exponential decay ¢ in time.

2.1 The linearized problem

We study the linearized system associated to (1.14). The variables (v, q) correspond roughly to the difference
between (u,p) written in the fixed domain .%; and (w, py ). A proper definition of these variables can be found
in (3.1). Here is the linearized system around (w, py, 0, 0)

(Z% +(w-V)v+ (v-V)W — Lg(61,0,01,02,y) — vAv + Vg =f in (0,00) X s,
divv=0 in (0,00) X s,
v = 60105,®(0,0,.) + 6205,8(0,0,.) + g on (0,00) x 9Ss,
v=0 on (0,00) x I'p,
op(v,qn=20 on (0,00) x I'n,
v(0,.) =vo in 7,

(2.1)
i / [q1 — v (Vv + (VV)T)]HS - 09,9(0,0,7,) dvy
Moo ( ! ) = 25

/ lal — (Vv + (Vv)D)n, - 96,8(0,0,7,) dv,
S,

+Lg(61,62) +s+h on (0, 00),
01(0) = 61,0,  02(0) = b2,
01(0) = w10, 62(0) =way,

where (f,g,s) are nonhomogeneous terms and vg an initial datum for v. Here, Ly € L?(Z;, £(R* R?)) and
Ls € £(R? R?) depend on the stationary state (w,pw) and on the diffeomorphism @, they are given by

Lg(01,02,01,05,y) = L1(y)01 + La(y)02 + La(y)61 + La(y)2, Vy € s, (2.2)
Lg(61,02) = L5601 + L,

where the coefficients L;—Lg are properly defined in Appendix A ((A.1)—-(A.6)).
For any fixed 6 > 0 such that (), holds, we use the following spaces

U = {v with e’'v e L*(0,00;H}(Z,)) N €°([0, 00); H' (F,)) NH'(0, 00; L*(F)) }, (2.4)
P = {q with g e L?(0, 00; Hg(F))) }, (2.5)
0 = { (01,60, with €(hy,60y) € H2(0,00; R?) }, (2.6)
FP = {f with ¢’'f € L%(0,00;L3(%)) }, (2.7)
€ = {g with g e HY(0,00; HY2(8S,)) }, (2.8)
$° = {s with e's € L2(0,00;R?) }. (2.9)

All these spaces are equipped with their natural norms, e.g. for ©5°,

1061, 62)loze = 11(1, 62)€”" |[12 (0,00m2)-
The goal of Section 2 is to prove the following result.

Proposition 2.1. Let§ > 0 and assume that (H) is fulfilled. There exists a feedback operator K5 € L(L*(.F5)x
R* R?), such that for every (vo,01 0,020, w1,0,w20) € H (Fs) xRY, £ € F, g € G and s € $° fulfilling the
compatibility conditions

divvyg =0 in Z,
2
vo =Y w;005,8(0,0,.) +g(0) on s, (2.10)
j=1
vo=0 on I'p,

problem (2.1) with the control taken as h = K5(v,01,05,01,05) admits a unique solution (v,q,61,02) € UP x
P§° x ©%° with the following estimate,

[Viluge +llgllpse +11(01,02) oz < C(llvollmr(#.) +101,01+102,0[+ w1 o] +[wa,0l+ [ lree + I llaze +Islsse), (2-11)

where C does not depend on the initial conditions and on the source terms.
A consequence is that for every t € (0,00),

IV ()l (2,) +102(8) [ +162(8) |+ 161 (8) | + 162 (1)] < C(IIVon(ﬁ;) +101,0/+162,0+[w10[+|w2 0

(2.12)
ez +ligllaz +lslsz e,



We first work on the homogeneous system associated to (2.1). In Section 2.2 we develop the functional
framework used to write the homogeneous system under a semigroup formulation. In Section 2.3 we study the
adjoint operator. In Section 2.4 we exhibit a feedback operator s that stabilizes the homogeneous problem.
We then prove Proposition 2.1 in Section 2.5.

2.2 Functional framework for the semigroup formulation

In this section, the linear problem considered in Section 2.1 is rewritten under a semigroup formulation and
closely follows [11]. This enables us to use the classical strategy to derive a feedback operator Ks stabilizing the
system (2.1) (see [6, Part V] and [10, Section 5.2] for a full presentation of this method). We use the spaces

(v,01,02,w1,ws) € L2(F,) xR*, divv=0in.%,, v-n=0onIp,
H= v-n, =Y w;d,®(0,0,.) - n, on O, (2.13)
J
and
(v,01,0z,w1,ws) € HY(F,) x R*, divv=0in.%,, v=0onlIp,
V= v =Y w;9,8(0,0,.) on AS, (2.14)
J

The spaces H and V are respectively endowed with the scalar products (.,.), of L?(.#,) x R* and (.,.), of
H!(.Z,) x R* defined by

V(V 6{36%7(‘)17(*)2) € L2( ) X ]R4
b
(v, 09,05, wi, wg), (v 91,92,w1,w2))0 —/ vev dy+29“9” (wf wg)/\/loﬁ()( w}) ),
Fs wa

and
V(VJ glaaévwlao‘)Z) € Hl( ) X R4

b
(v, 01,05, 0t ws), (v*, 07,05, wi, wh)) | _/ (vivP 4+ Vv Vv') dy +Zea9b (wi w3) Moo ( Zé )a

s J

where MO,Q is defined in (1.10) for 91 = 92 =0.
In the sequel, for a better readability, we use the notation

(fi)j=12 = ( jct; ) :

Lemma 2.2. The orthogonal space to H with respect to the scalar product ('7')0 18

(H)* = { <Vp,0,0, —M&(l) (/ png - 99, ®(0,0,7y) dfyy) ) with p e H(Z,), p=0on FN} )
a5s, j=1,2

Proof. See [11, Lemma 2.4]. O
We adapt Rellich’s compact embedding Theorem to our functional framework.

Lemma 2.3. The embedding from V into H is compact.

Proof. The proof is an easy consequence of Rellich’s compact embedding Theorem [18, Theorem 1.4.3.2.]. O
We define the operator (A, D(A)) on H by

D(A) = (v,0,,05,w,,wy) €V, v e HY?t0(Z,), g € H/?F50(Z,) such that (2.15)
a div op(v,q) € L?(%,) and op(v,gn=00onTy |’ '
v div op(v,q) + Lp(0;, 05, wi,wy,y) — (V- V)W — (W - V)v
0, Wy
Al 6, | =1y | @ . (2.16)
Zl ./\/10’7(1) <</ —op(v,q)n, - 99,2(0,0,7,) d’yy> + LS(91,92)>
2 S, j=1,2

where &g is introduced in Lemma 1.7 and IIyy denotes the orthogonal projection of L2 (Fs) % R* onto H. The
next lemmas state some properties of (A4, D(A)).

Remark 2.4. The use of ¢ in the definition of (A, D(A)) is useful to guarantee that div op(v,q) belongs to
L?(.%,) and then that the application of Il in the right hand-side of (2.16) makes sense.



Lemma 2.5. The operator A is uniquely defined.

Proof. A similar proof is presented in [11, Lemma 2.5], we need to slightly adapt it in order to take into account
the terms coming from the linearization around a stationary solution.

Let (v,01,6,w1,ws) € D(A) and consider two functions p, ¢ € HY/2+%0(.Z,) satisfying the conditions
appearing into the definition of D(A). Then, div ox(0,p — q) = —V(p — q) € L*(.%,) implies p — ¢ € H'(Zy),
and or(0,p — ¢)n = 0 on I'y implies p — ¢ = 0 on I'y.

Now,
divop(v,p)+Lg (6,05, wy,ws,y)— (v V)W—(W-V)v diveop(v,q)+Lr(0;,05,w;,ws, y)— (v V)W—(W-V)v
w1 w1
(095) _| w2
M(I(l) <</ —OF (Vap)ns aQJ(I’(Ov Q'Yy)d%;) +LS (01, 92)) Ma[l) <(/ —O0F (V7 Q)ns aGJ‘I)(Ov Q'Yy)d’)/y> +LS (01, 92))
98, j=1,2 05, j=1,2
Vip—q)
0
=10 ,
05 ([ - o 20,050, )
a8 j=1,2
which belongs to H* according to Lemma, 2.2. Therefore A is uniquely defined. O

Before going further, let us point out that D(A) can be characterized as follows.

Lemma 2.6. We have

D(A) = (v,0,00,w;,wy) €V, v e HR(F,), Jq € Hé(ﬁs) such that
n div op(v,q) € L?*(Z;) and op(v,q)n =0on 'y

Proof. Assume that (v,6,,60,,w;,w,) belongs to D(A) given by (2.15). Then (v, q) satisfies

div op(v,q) € L%(Z,),
divv =0 in %,
v=0 on I'p,
or(v,gn=0 on I'y,

v =) w,;0p,®(0,0,.) on3ISs.
J

According to [24, Theorem 2.16], there exists v; € H?(Z;) such that

div op(vs,0) =0 in .Z,
divv, =0 in %,
vs =0 on I'p,
or(vs,0)n =0 on I'y,

Vs = w,;0p,®(0,0,.) onISs.
J

Let f = —div op(v,q) € L%(Z;). Then (v — v, q) satisfies

—divop(v —vsq)=f in Z,

div(v—vs)=0 in 7,
v—vy=0 onI'p UJS,,
op(v—veqn=0 on I'y.

According to Lemma 1.7, v —v, € H3(%,) NH3/2te0(Z,), ¢ € H(F 5(Z, o) NHY/2te0(Z,). This ends the proof. [

We define the bilinear form a; on V x V for every (v, 0,605, w;,w,) and (v?, 62,605 wh W) in V by

a1 (v, 01,05, w;,wy), (V205,05 Wb wh)) = B /(Vv + Vv (Vv + (VDT dy
s (2.17)
+ [ (v - V)w+ (w-V)v) v dy.
Fs

We define the operator (A;, D(A;)) on H by
D(A;) ={z € V with z — a;(z,2z) is H—continuous },
and

Vz € D(Ay), VZz €V, (Alz,i)o = —a4(2,2).

10



Lemma 2.7. We have D(A;) = D(A) and

v divop(v,q) — (v-V)w — (w-V)v
0, 0
o B I
o Moo (/ —or(v,q)ns - 95,%(0,0,7y) dfyy)
2 . j=1,2

Proof. The inclusion D(A) C D(A;) comes easily. Moreover, for every z = (v,601,02,w1,ws) € D(A), an
integration by parts yields
divop(v,q) — (v -V)w — (w-V)v

0
VeV, (Aza),=|]| 0 2
Moo (/ —or(v,q)ns - 95,2(0,0,7y) dfyy)
o5, i1 .

Let us now prove the reverse inclusion D(A;) C D(A). Let z € D(A;). According to Riesz representation
theorem, there exists f € H such that
VzeV, ai(zz)=(fz),.
We write f = (fy,fy,,f9,,f.,,f.,). For v € Dy, = {u € (¢°(%;))? with div u = 0}, we know that
(v,0,0,0,0) belongs to V, and an integration by parts yields

a1(z, (v,0,0,0,0)) = /? (=divop(v,0)+ (v - V)w+ (w-V)v) -vdy = /? f, - vdy.

Then, according to [30, Lemma 2.2.2], there exists g € L2(.%) such that
—divop(v,q)+ (v-V)w+ (w-V)v =1£, in .Z,, (2.18)
and thus div o (v, q) belongs to L%(%;), which gives a meaning to or(v,)ns on 0.%,.

Now, let us prove that op(v,g)n is constant along I'y. Let g € (4>°(I'x))? fulfilling / g -ndy, =0
I'n
According to [15, Theorem IV.1.1], there exists vy € H' (%) satisfying
div vg = 01in %,
vg =0onI'pUJds,,
vg =gonly.

We know that (vg,0,0,0,0) belongs to V. An integration by parts yields
a1(z, (vg,0,0,0,0)) = / (=divop(v,q)+(v-V)W+(w-V)v)-vg dy+/

O—F(Vaa\)n'g d'Yy = / fV 'Vg dy7
.g’.s 1—‘N ys

and with (2.18) we get
[ ortvam g, o
I'n

The previous equality holds for every g € (¢>°(I'x))? fulfilling / g -ndy, =0, then there exists a constant ¢
I';
such that op(v,¢)n = cnon I'y.
Let ¢ = ¢ — ¢ € L3(%,), we have div or(v,q) = div 0r(v,q) and or(v,q¢)n = 0 on I'y. Moreover, (v, q)
satisfies

div op(v,q) € L2(Z,),
divv =0 in g,
v=0 on I'p,

v = ijagfb(o, 0,.) ondSs,

JF(V,Jq)n =0 onI'y.
We finish this proof with a lifting of the boundary datum on 0S; and Lemma 1.7, like in the proof of Lemma
2.6. We get D(A;) C D(A), thus concluding the proof of Lemma 2.7. O
Lemma 2.8. The operator A generates an analytic semigroup on H and has compact resolvent.
Proof. According to [24, p.3015], there exists a constant ¢ > 0 such that for A > 0 large enough, we have
Vz eV, a1(z,2z) + \|z|% > c|z|%. (2.19)

Moreover, according to [6, Theorem 2.12, p. 115], the estimate (2.19) implies that the operator A; generates an
analytic semigroup on H.

Now, as A — A; € L(H), according to [25, Corollary 2.2], A generates an analytic semigroup on H.

We have D(A) C V and, according to Lemma 2.3, the embedding from V into H is compact. The operator
A then has compact resolvent. This ends this proof. O
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2.3 Study of the adjoint operator
In order to simplify the notations, in the sequel we do not write dy or dv, anymore in the integrals.

Lemma 2.9. The adjoint operator A} of Ay with respect to the scalar product ('7')0 is given by

D(A}) = (v,0,,05,wy,wy) €V, v eH3?t0(Z,), 3Iq € H/?*0(.Z,) such that
v divop(v,q) € L3(Z,) and op(v,q)n+(w-n)v =0 on I'y
and
v divop(v,q) — (Vw)Tv + (w-V)v
0, 0
“1 ./\/lojé (/ —op(v,q)n; - 89;1’(0,0,%))
Wa a8 j=1,2

Proof. The adjoint A} of A; is defined by
D(A})={z €V with z+— ay(z,z) is H-continuous },
and
Vz eV, Vze D(AY), (Z,A’fi)o = —a1(z,2).

Let us denote

po) (Vi00s0,0) €V, ve H3/2t20(Z,), 3Jq € H/?+50(Z,) such that
N div op(v,q) € L?(Z;) and op(v,q)n+(w-n)v =0 on I'y

For every z = (v, 01, 52,&1,&2) € E, we have

div op(V,q) — (VW)'V + (w - V)¥
0
VZ S V, _al(Z’i) = 0 7Z
M(;(l) (/ _UF(G»(DHS ) 89].@(0’ O,’yy)>
a8, i—12 .
Then, we have E C D(AY).

To prove the reverse inclusion, the same arguments as in the proof of Lemma 2.7 lead to the existence of
q € L*(Z;) such that

div op(v,q) € L3(%,),
divv=0 in %,
v=0 on FD,

v =) w;0y,®(0,0,.) on 95,

j
or(V,)n+ (w-n)v=0 only.

Then o (V,7)n belongs to H'/?(Ty), this implies that (V,q) belongs to H3/2%e0(Z,) x H'/2+20(Z,). This
regularity is a consequence of [21, Theorem 9.4.5] and the arguments used in the proof of [24, Theorem 2.5].
This ends the proof. O

Lemma 2.10. The adjoint of A with respect to (‘7‘)0 s given by

D(A") = D(47),

and
v divop(v,q) + (w-V)v — (Vw)Tv
| ] () (e (22))
A* 0, | =1n Z, ( Lo-v e W k=1,2
wy ML / L;-v _/ or(v,q)n, - 09, ®(0,0,,) n 0,
Wo 0,0 Z. Ly-v aS. oF (V, q)ns : 892{)(07 0, ’Yy) 92
Proof. We have A — A; € L(H), then A* — A} € L(H) and D(A*) = D(A%).
A computation of (AZ,Z)O for z € D(A) and z € D(A*) gives the explicit expression of A*. O
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2.4 Construction of a feedback operator

We define the control operator B € £(R?,H) by
Bh =1Ig(0,0,0, Mg gh). (2.20)

The linear system (2.1) with no source terms (f =0, g =0, s = 0) can be rewritten under the form

{ Z'(t) :iz(t) + Bh(t), t>0, (2.21)

z(0) =

where z = (v, 01,602,061, 0) and zo = (vo,61,0,02,0,w1,0,w2,0)-

We want to exhibit a control h under a feedback form that stabilizes problem (2.21). In order to guarantee
a decay rate 6 > 0 of the solution to this problem, we consider the stabilization of z; = €'z, solution to the
problem

)

{ z(t) = (A+0D)z;5(t) + Bhs(t), t>0, (2.22)

z5(0) = 2o,
where
hs(t) = e’*h(t), t>0.

Our goal is to find a control h providing the stabilization of (2.22).

Lemma 2.11. The adjoint operator of B with respect to (.,.)0 is bounded, B € L(H,R?), and is given by

* w
B (V791792aw17w2): ( w; )

Proof. The operator B is bounded, this is then a straightforward computation. O

We define the unstable space associated to the operator A+ ¢1. Let J,, be the set of eigenvalues A; of A such
that Re(\j) > —d. The set J, is exactly the set of all A € C such that A+ 4 is an unstable eigenvalue of A+ 41
According to Lemmas 2.10 and 2.11, Hypothesis (#); can be rewritten as the following unique continuation
property:

For every \ € J, and all ¢ € V that obey (A* — A\)¢ =0 and B*¢ =0, we have ¢ = 0, (2.23)

where )\ denotes the conjugate of \.
The goal of this section is to construct a feedback control operator which uses only a finite number of scalar
data to determine a control law that stabilizes problem (2.22), i.e.

Proposition 2.12. Let 6 > 0 such that hypothesis (H)s is fulfilled. There exists Ks € L(L?(%5) x R* R?)
such that the operator A 4+ 01 + BKs generates a stable analytic semigroup on H.

Lemma 2.8 implies that the spectrum of the operator A consists of isolated eigenvalues with finite algebraic
multiplicities, moreover it has no finite cluster point. In addition, the operator A generates an analytic semi-
group, the control operator B belongs to £(R?,H) and we assume (2.23). Proposition 2.12 is then a consequence
of the Fattorini criterion [4, Theorem 1.6].

In order to make the strategy clear, we provide a proof of Proposition 2.12.

Proof. We denote G()\;) the generalized eigenspace of A associated to the eigenvalue )\; and we define the
unstable space for A + JI by
Z. = P G).

AEJy

As A + 01 generates an analytic semigroup on H and has compact resolvent (see Lemma 2.8), J,, is finite
and every G(J;) is finite dimensional. Then the space Z, is finite dimensional and we denote d,, = dim(Z,,).

Besides, we can construct in the same way a space Z, that contains all the stable eigenvectors of A + 41,
that is invariant under (e!”);>¢ and such that

]H:Zu@zs.

We denote II,, the projection of H onto Z, along Z and Il the projection of H onto Z, along Z,. In the
same way, we denote Z (respectively Z%) the direct sum of the generalized eigenspaces of A* associated to an
eigenvalue belonging (respectively not belonging) to J,,.
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According to [13, Lemma 6.2], there exist respectively two biorthogonal families (z;) = (v, 61,4, 02,4, w1, wa2,4)
and (z;) = (v;,01,02;,01,5, w02 ;) of Z, and Z, satisfying the condition

(2i,2;), = 0ij. (2.24)

du .
and II,(v,01,02,wi,w2) = > ((V,91,927w1,w2),(‘7i,91,i,92,i,@1,i,@2,i))0 (i, 01,4, 02,5, w1,i,w2;). We can also
i=1
choose z; and z; to be respectively generalized eigenvectors of A and A*.

The adjoint II? of II, is the projection of H onto Z, along Z} as a straightforward calculation gives

dy
Va e H, Iz = (2i,2),%:

i=1

Denoting z, = I1,z for every z € H, the projection of (2.22) onto Z,, reads

{ Z;(t) = Auzy(t) + 02, (t) + Byhy(t) ¢ >0, (2.25)

(0) = HuZO,

where A, = I, A, B, = I, B and h, = hs. Note that this formulation uses A, ((I — II,)z) = 0, which holds
since Zg is stable under A + 61.
At this point, we use the following lemma that is proven just after the end of the current proof.

Lemma 2.13. Under hypothesis (H);, the problem (2.25) is controllable on Z,.
Lemma 2.13 implies that the problem (2.25) is stabilizable. Then the feedback control law

h, = _B:Rézuv

stabilizes problem (2.25), where Rs € L(H) is the unique positive self-adjoint solution in £(IH) to the Riccati
equation
Rs(Ay + 1) + (Al + SD)Rs + 1 — RsB,BiRs = 0,

(for more information see [10, Section 6.2]).
Now we can construct a feedback law

Ks(z5) = hy, = —B}Rs11,2s,

that stabilizes problem (2.22). The feedback operator K5 belongs to £(IH, R?) and can be extended to an element
Ks of L(L2(F,) x R, R?),

Kszs = KsTuzs = — BRI, Myzs, for all zs € L?(.%,) x R, (2.26)

The operator A, + 01 + B, K5 generates an analytic stable semigroup on Z,.
Finally, let us prove that the operator A + 01 + BKs generates an analytic stable semigroup on H. We can
use the decomposition zs = I1,zs + I1,z5, where I1,zs and Il zs fulfil

I,z = (A, + 01),zs + B,KsIl,zs ¢ >0,
Huzé(o) = HuZ07

HSZ% = (As + 5I)HSZ5 + B,Ksll,zs t>0,
HSZ(S(O) = Iz,

where A, = II,A, B, = II,B and where we have used II;AIl, = II, AIl, = 0.

As the operator A, +01+ BKs generates an analytic stable semigroup on Z,,, we have ||11,z5|1.2(0,00;1) < C'
Moreover, according to the definition of J,, the operator A, + I generates an analytic stable semigroup on Zs,
then according to [6, Theorem 3.1.(i), p. 143|, we have |[ILzs||12(0,00;1) < C. Hence A+ 614 BKs generates an
analytic stable semigroup on H. O

Proof of Lemma 2.13. According to the Hautus test (see for instance [32, Proposition 1.5.1]), this result is
equivalent to Ker(AZ +8I-A[)NKer(B;) = {0} for every eigenvalue X of A,+41, i.e. Ker(A:—A)NKer(B}) = {0}
for every eigenvalue A of A,.

The definition of Z, implies that this space is stable under A. Hence, for every z, € Z.,, Ayz, = Az,.
Then, the eigenvalues of A, are the elements of J,.

Now, we need to compute A} and B}, the adjoint operators of A, and B, with respect to H. Let z}, € Z,
and z € H, we have

(AZZZ,Z)O = (ZZ,HUAZ)O = (A*zz,z)o,
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and
(B;‘ Zy 47 )0 = (ZZ,HUBZ)O = (B*zz,z)
then Vz} € 7}, we have A} z) = A*z; and B;z; = B*z.
Let us now prove the Hautus test on (A%, BY). Let A € C be an eigenvalue of A, then A € J,,. Let z € Z
and assume that z! € Ker(A? — Al) N Ker(B;). We have (A* — \)z! = 0 and B*z} = 0. Thus, z! € D(A*)
and the property (2.23) implies that z! = 0 and this ends the proof. O

0’

A consequence of Proposition 2.12 is the following lemma.

Lemma 2.14. Let zo € V and F € {f with e’f € 1L2(0,00;H)}. The solution z to the closed—loop problem

(2.27)

z' = Az + BKsz + F t>0,
z(0) = 2z,

belongs to {z with €%z € 1L2(0,00; D(A)) N H (0, 00; H) N €°([0,00); V)}. Moreover, we have the estimate

€% L2 (0,50: DAY A (0,000 (0,00):v) < Cll|Z0llv + € F |2 (0,00m))- (2.28)

Proof. We have 61+ BKs € L(H) , then D(A+ 01+ BK;s) = D(A) and by interpolation for A > 0 large enough,
D((M— A — 01— BK;5)'/?) = D((\I— A)Y/2) =V, for the definition of these spaces see (2.14)—(2.15). Moreover,
e'F € 12(0, oo; H).

In addition, according to Proposition 2.12, A + §I + BKs generates an analytic semigroup that is stable on
H, hence according to [6, Theorem 3.1.(i), p. 143], there exists zs € H(0, +-00; H) N L2(0, +00; D(A)) satisfying

zs5(0) = zp.

By interpolation, zs also belongs to ([0, 00); V). Now, z = e~%z; belongs to {z with 'z € L?(0,00; D(A))N
H(0, 00; H) N €°([0,00); V)} and is solution to (2.27). Moreover, we have the estimate (2.28) as a consequence
of [6, Theorem 3.1.(i), p. 143]. O

{ 25 = (A+ 01+ BKs)zs + 'F >0,

2.5 Stabilization of the linear system (2.1)

In this section we prove that the feedback operator K5 stabilizes the linear problem (2.1). The velocity is
decomposed as v = V + v where vg is a lifting of g. We first prove this result for distributed source terms
only (i.e. on V) and then for boundary source terms (i.e. for v 4 vg). The first part is a consequence of the
study of the semigroup.

2.5.1 Stabilization of the problem with nonhomogeneous distributed source terms

In this section we prove a stabilization result for the following system that corresponds to (2.1) with g =0,

%: 4 (W-V)V+ (V- V)W — Lp(8y,09,01,00,y) — vAV + V=T in (0,00) x Zs,
divv=0 _ in (0,00) x Zs,
V =0,0,®(0,0,.) + 0205,®(0,0,.) on (0,00) x 9S,,
v=0 on (0,00) x I'p,
or(V, (j)ns =0 on (0,00) x ',
v(0,.) = v in Zs,
(2.29)

: [ @ o9+ () i, 002(0.0,,)

M ( : > .
0,0
/ —v(VV + (VV)T)|ng - 9,8(0,0,7,) dv,
a8, .

_ +Lg(f1,62) +s+h on (0, c0),
01(0) = 61,0, 92(0) =0,
01(0) = w10, 02(0) = wap.

Proposition 2.15. Let § > 0 and let (#H)s be fulfilled. For every (Vo,61,0,02.0,w1,0,w2,0) € H!(Z,) x R?,
fulfilling the compatibility conditions

divvy =0 in .7,
Vo= w;005,®(0,0,.) on IS, (2.30)
Vo=0 onI'p,
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and every source terms fe F$° and's € S5° problem (2.29) with the control taken as h = Kg(v7§1,§2,§1752)
admits a unique solution (V,q,01,02) € Us® x P x O5° with the following estimate

[Fllwse + 1@llps + 1161, 02)lloge < CUIVolle (2. + 101,0] + 02,0

+ |wio| + |wo,0| + [[flleee + [[Sls), (2.31)
where C' does not depend on the initial data and on the source terms.

Proof. The initial data (vg, 01,0, 602,0,w1,0,w2,0) fulfil the compatibility conditions (2.30), that is why zo =
(Vo,01,0,02,0,w1,0,wa,0) belongs to V. Moreover, as f € F3° and s € $5°,

_1~
./\/l070s

belongs to {f with e%f € L2(0,00;H)}. Then, according to Lemma 2.14, the solution to (2.27) belongs to
{z with ez € L2(0, 00; D(A)) N H (0, 00; H) N €°([0,00); V)}.

Now, we use the identity z = (?,51, 52,(31,(52). According to Lemmas 2.2 and 2.6, v € US°, (51, 52) € O5°
and there exists ¢ € P§° such that problem (2.27) reads

div op(v,q) + LF(517§2,@1,532’Y) - (V- V)w—(w-V)v +f

M Wi
a| 2 e
dt gz /—UF(V,®n5~891<I’(O,O,'yy) o o ’
oy Moo | | 77 +Ls(01,02) + Ks(V, 01, 02,81, 32) +3
2

—op(V,q)n, - 09,2(0,0,vy)

s

where Ly and Lg are defined in (2.2)~(2.3). Then, (¥,q, 0y, 65) is solution to (2.29).
Finally, the estimate (2.31) is a consequence of (2.28). O

2.5.2 A first stabilization result for the problem with a nonhomogeneous boundary datum

In the sequel, for g € G$° we consider vg € {v with e’*v € H'(0,00; H2(.%;))} that satisfies

Vg =g on (0,00) x 9Ss,
divvg =0 in (0,00) x %,
vg =0 on (0,00) x I'p, (2.32)
(Vvg + (Vvg)T)ng =0  on (0,00) x I'y,
and
[vee 1 0,00m2(7.)) < Cllglles (2.33)

see [24, Theorem 2.16] for a proof of the existence of vg.
The following proposition enables a stabilization of the problem (2.1) with g # 0. However, contrary to
Proposition 2.1, the feedback control is ICs(v — vg, 61,02, 61, 62) instead of KCs(v, 61,02, 01,65).

Proposition 2.16. Let § > 0 and let (H)z be fulfilled. For every (vo,01,0,02,0,w1,0,w2,0) € H' (F) x RY,
f e FP, g € G and s € S fulfilling the compatibility conditions (2.10), problem (2.1) with the control

h = Ks(v — Vg,91792,91792) admits a unique solution (v,q,01,02) € U x P x ©F° with the following
estimate,

[Vllwge + llgllpee + [1(01,02)lez < C(llvoller(#.)+101,0l+[02,0(+]wi 0l +|wa,0l+ £ llree +[g8llaze +s]lsze), (2.34)
where C' does not depend on the initial conditions and the source terms.

Proof. Let (v, q,61,02) be the solution to (2.1) with h = ICs(v—vg, 61, 02, 01, 92) We now counsider (v, g, 51, 52) =
(v —vg,q,01,02), it is solution to problem (2.29) where

Vo = vo — vg(0),

f=f—0vg — (W-V)vg — (vg - V)W + vAvyg,

sS=s-— (/ v(Vvg + va)ns ~89j'1>(0,0,'yy))
98,

7j=1,2
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The initial data (Vo, 61,0, 62,0, w1,0,wa2,0) fulfil (2.30), then all the terms have the good regularity and we have
the estimate (2.31). We now use (2.33) and get

[£llese < [If]lw + Cllgllag
[8llsze < lIsllsze + Cliglleg-

All these estimates prove the estimate (2.34). O

2.5.3 Proof of Proposition 2.1

Proof. In Proposition 2.16, we have proven that the control h = Ks(v — v, 61,02, 61, 0,) stabilizes the problem
(2.1). We now want to prove that the control h = KC5(v, 01, 05, 01, 92) also stabilizes the same problem.

Let (v,q,61,02) be the solution to (2.1) with h = K5(v — vg, 61,02, 91,92). According to Proposition 2.16,
we have the estimate (2.34).

Let (v,q, 51, 12)\2) be the solution to (2.1) with h = Ks(V, 51,52, 51752). We now consider
(¥.3.01,62) = (v.4.01,62) — (.3, 61, 62),

it is solution to (2.29) with f =0, vg =0,s = —IC(;(vg,0,0,0,0), 91,0 =0, 9270 =0, wi,o=0,wyo=0 and

h = IC(;(V,gl, 52,51, 52) The initial data (0,0,0,0,0) fulfil the compatibility conditions (2.30), hence we have
the estimate (2.31). When combining the estimates (2.31) and (2.34), we get

IVlluge + 11gllege + (61, 02)lleze < [VIuge + [IVluge + llallpse + llgllpg + (161, 62) lloge + [1(61,02)[log
< C[lvoller (#.) +101,0l 41020+ w0l + w2 o[+ | lrse +lgllage +Isllsge)-

This ends the proof of Proposition 2.1. O

3 Stabilization of the nonlinear closed loop system

The proof of Theorem 1.5 will be developed in this section. As in Section 2 we consider (f&, u’, f5) € Wh(Q) x
U’ x R? and a stationary state (w, pw) € H3(Z,) x Hy(.F,) that fulfil (1.16) (see Remark 1.8).

3.1 The nonlinear problem in a fixed domain

In this section, we are interested in writing the equations fulfilled by the difference between the solution to
(1.14) and the stationary state. In order to do so, we consider the change of variables

V(ta y) = COf(jfb(el (t)a 02(t)a y) Tu(t’ i)(01 (t)v 92@)7 Y)) - W(Y)a
vy € Fyy VEE (0,00), { 4(t.y) = p(t. B(B:(£), 02(1). y)) — puely), B

where ® is the diffeomorphism defined in (1.18) fulfilling (1.20), moreover Jg(61,02,y) = Vy,®(61,02,y) and
cof(Js) is the cofactor matrix of J. This change of variables has been chosen in order to have a divergence
free velocity v in the fixed domain.

One can show that under the feedback control h = KCs(v, 61, 62, 6, 02) defined in Proposition 2.1, (v, ¢, 01, 62)
is solution to the closed loop system

aa—: +(W-V)V+ (v-V)W —Lg(0;,05,0,,0,,y) —vAv+Vg=1f  in (0,00) x .Z,,
div v = 0 ) in (0, 00) x Z,
v = 6,09,2(0,0,vy) + 0,00,2(0,0,7,) + g on (0,00) x 9Ss,
v=0 on (0,00) x I'p,
or(v,gn=0 on (0,00) x ',
v(0,y) = vo(y) = cof (T (01,0,02,0,y)) uo(®(61,0,02,0,y)) — w(y) in g, (3.2)

; | -ortvam. 0,20,0.5,)

1 .
o (5 ) 6

2 _UF(V> q)ns . 892‘}(()’ 0) rY’l/)

+Ls(0y,0,) +s + Ks(v,0y,0,,0,,0,) on (0, 00),

9_1(0) = ‘9170, ‘?2(0) = 92,0»
01(0) =wy g, 05(0) = wy,
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where the linear terms are

Ly (61,02,01,02,y) = Li(y)01 + La(y)f2 + Ls(y)01 + La(y)f, Vy € F,
Lg(61,02) = L5t + Lgbs,

and the coefficients L;—Lg are defined in Appendix A. Moreover Ks is the feedback operator given in (2.26)
and the source terms are given by the nonlinear (at least quadratic) terms

f = fNL(91a927v7q)7
g =g""(0,,0,), (3.3)
s = SNL<01702aVaQ)a

defined below

fNL(alv 92,V7Q):F(917 027W+v7pw+q)+(wV)W+(WV)V+(VV)W_LF(017027 0-179.27 )
'i'fy(i’(917 92; ))_fya

. 3.4
gVh(01,02) = G(01,02,61,62), (34
NE(01,02,v,q) = S(01,02, W + v, pw + q) — Ls(61,62),
where F, G and S are defined as follows
F(ela 027 v, q) = F1(017 927 V) + F2(917 827 V) + Fg(ela 027 V) + F4(017 927 V) + F5(917 027 q)a
0
FL(0y,05,v) = (1 — cof (T (61, 0o, @))T)a%,
F2(01,00,v) = —cof(01 V09, ¥ (01,02, ®) + 05V 00,9 (01,62, ®)) v
—cof (Jg (01,05, ®))T (Vyv) (91891 (01,05, ®) + 0299,9 (61, 0, @)),
8 Vg 8‘1’13 8\11771
F3(01,65,v)i= v Y cof(Jw(b1,02,®))k: = (01,02, @) —— (01,02, ®)
7,k,4m a @aaym ng a(t]’ (35)
v OV
+2uj§kacof<amjjq,<al,oz,<I>>>m o e 5(91,92,@
vy, %0
) cof (Ju (01,02 )iy, — ; (01,65, ®)
7.k,
v Z cof (92, Tw (01,02, ®))rivk — VAyvi(ta Y);
.k
26(1)1' 81}7-
F4(61,05,v)i=— Y _cof (T (61, 02,®));cof (O, T (01, 02, ®))riviv, — _det(Tw (61,62,9)) L
J.k,r k,r r
F5(017 023 Q) = (I - \7‘1’(017 923 Q))Tqua
G(eh 927 Wi, WQ) = Z Wi (COf(jQ(ela 62))T89j(}(917 92) y) - 893'(}(05 07 Y)> )
j=l1 .
i ..
S(01,02,v,q9)= —(Ma, 0, — Mo,) ( é; ) + My (01, 02,01, 02)
/ T (01,02,7,)ts| [qT—1(G(01,02,v)+G(01,02,v)")|ng, o,(®)- 06, @ (61, 02,7,)
4| Jos. (3.6)
/ Ja(01,02,7,)ts] [ql—l/(g(eh927V)+g(91>927V)Tﬂn91,92(‘1’)'592‘1’(91,927%,)
as,
/ (g1 — v(Vv + (Vv)T)]n, - 95,8(0,0,7,)
S,
(g1 — v(Vv + (Vv)T)]n, - 95,%(0,0,7,)
85,
where My and My, o, are defined in (1.10), (1.11) and
G(01,02,v)ij = > cof [0y, Ju(61,02,.)) 0 B, vi + Y cof (T (01,02, B)) i Ouvi OV (01,05, ). (3.7)
s V2, 1) Z;j s V2, s V2, 7 a 6 s V2,

k k.l

For the sake of intelligibility, we have used the notation ® = ®(6;,6s,.).
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3.2 Proof of the stabilization result in the fixed domain

In this section, we develop the fixed point argument used to prove the stabilization result of the nonlinear
problem (1.14) in the fixed domain .% (i.e. the stabilization result for (3.2)—(3.3)).

Proposition 3.1. Let § > 0 and let (H); be fulfilled. There exists € > 0, such that for every (vo, 010,620, w1,0,w2,0) €
H!(Z,) x Do x R? satisfying the compatibility conditions

divvy =0 in %,
2
_ T
Vo = ij,ocof(jé(el,oﬁz,o’ ) 891(1)(91,0’92,0’ .) ondS, (3.8)
=1
VO = 0 on FD7
and
[Volla (#.,) + 01,0 + 02,0 + [wi,0] + |w20] <€, (3.9)

problem (3.2)—(3.3) admits a solution (v,q, 61, 02) that tends to zero with exponential decay rate §. For allt > 0,
we have

1V (&)lle1 () + 101()] + 02(8)] + |wr (8)] + wa(8)] < Ce". (3.10)

Proof. Let (vg,0; ¢, 05 0,w; 0,ws0) in H'(F) x De x R? fulfilling the compatibility conditions (3.8) and (3.9)
for some ¢ > 0. We consider the space

N© — (v,q,0,,05) € Ug® x P x ©F° with (91,02,91,92)(0) = (91,0792,0,001707“2,0)’ (3.11)
g for every ¢ in (0,00), (6,(t),05(¢)) € Dg |’
equipped with the natural norm of U§® x P§° x O5°
(v, 4,01, 05) luge xpexor = [[Vllug + llgllpg + [[(6:,05)]les,
where all the spaces used are defined in (2.4)—(2.9). o o
We define the application A> on IN$® as follows. For (¥,q,01,02) € IN$°, (v,q,0;,0,) = A®(V,q,01,02) €
US° x P§° x ©5° is the solution to problem (3.2) where the source terms are f = f¥L(6,,0,,v,9), g = gVl (01, 05)

and s = sVL(01,02,v,7) (defined in (3.4)). Note that A depends on the initial conditions.

The boundary conditions (3.8) correspond to (2.10) with g(0) = G(0, g, 05 ,w; o,ws ) and the conditions
in (3.11) impose that gV*(61,02,¥,7)(0) = G(0, ¢, 05,0, w; g,ws ). Moreover, we prove later in (3.12) that, for
every (01,02,v,q) € N$°, we have fVE(01,02,v,q) € T, gVE(01,02) € G$° and sVE(6;,02,¥,7) € $5°. Hence,
according to Proposition 2.1, A is well defined.

The domain Dg is open and (0,0) € Dg, then there exists Ry > 0 such that B((0,0), Ry) C Dg. The
application A*> will be studied on a ball of radius R < Ry

3)?,0 = {(VvQ791v02) € ]Ngo with ||(VaQ791a02)||lU§°><]P§°><@§° S R}
We also consider the space
BY = {(v.q,0,,0,) € U x P x O with [|(v,q,0;,0,)|uxxprxex < R, Vt € (0,00), (6;,0,)(t) € Do},

in which the initial value for (61, 65, 91, 02) is free. The following lemma will be used.

Lemma 3.2. There ezists a constant C' = C'(Ry), such that for every R € (0, Ry), every (v®, q%,0¢,05%) and
(v, qb, 68,05 BY, the following estimates hold

[EVE (07,05, v, q) — EVE (07,05, v", ") [ree < C'R([v* = v'|luz + [lg® — ¢"llpg + 110 — 0°[loz),
g™ (01, 05) — gV (67,03)|lay < C'R[|6% — 0°[|log,
s (01,05, v, q%) — sNE(07, 03, v", ") sz < C'R(IIv = v*[luge + lla® = "llpge + (102 = 0°[lege)-
This lemma is proven in Appendix C.2. We use the spaces H3(.7,) and Hy(.%;) in this proof.
We now denote C' the constant in (2.11) and C” the one in Lemma 3.2.
At this point, we use Lemma 3.2 with (v?,¢® 6%,605) = (0,0,0,0), we thus get for every R > 0 and for every
(v,q,0,,0,) in B,

1750y, 03, v, @) ez + 8™ (01,05)lleze + 18" (01, 02, v, ) s < 3C"R. (3.12)
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Let R = min (Ry,1/(6CC")) and ¢ = R/(2C), hence 3CC'R? < R/2.
We can build (61, 62) as the solution to

{ 0;(t) +200,(t) +25°0,(t) = 0, t>0,
gj (0) = 0]"0, 0](0) = Wj,0-

For ¢ small enough and |w;o| + [0;,0] < €, (0,0,6;,62) belongs to B . Thus, taking ¢ > 0 smaller if necessary,
we can assume that B # (). In the sequel, we choose such a e.
According to Proposition 2.1, we have for every (v, g, 6;,0,) in B,

[A°(v,q,01,05)||uze xprexor < C(HVOHHl(ﬂs)+|91,0|+|92,0|+‘W1,0|]4\;£W2,0|+||fNL(917?vzivaq)Hng‘J
Hlg (91792)HG§°+||5 (91792=V7Q)HS§°)7

we combine this result with (3.12). Then, by using (3.9), ¢ = R/(2C) and 3CC'R? < R/2, we have
A (v, q,01,05)|uze xpexor < R.

Hence, if we write (V,,01,0;) = A>(0,05,v,q), then we have ||(§1,92)HL00(0’OO) < [[A%(01,05,v,q)|Inge <
R < Ry. Then, (1, 65) belongs to De. This proves that A : B¥ — B%.

For (v¢,q%,0%,0%) and (v®, g%, 6%, 605) in B, A (v, ¢, 0%,0%)—A>(v?, ¢°, 0%, 65) solves problem (3.2) where
the source terms are fNE(0¢, 0%, v®, q*) — VL (05,05, vP, ¢%), gVl (0¢,09) — g™Vl (0Y,05), sNE(6%,0%, v, q%) —
sNE(9%,05,vP, ¢°) and the initial data are null. Then, according to Proposition 2.1 and Lemma 3.2, we have

||AOO(V&7qave(ll’9;)_Aoo(vb>qb7911)’9}2))||U§°><1P§°><@§° < 3CC/R(||9a_9bH@§°+Hva_vb||U§°+||qa_qb||IP§°)' (313)

As R < 1/(6CC"), the estimate (3.13) yields that A is a contraction on B%. Hence, according to the
Picard fixed point theorem, there exists a unique fixed point (v, ¢,61,602) to A> in B%. This fixed point solves
the closed-loop nonlinear problem (3.2)—(3.3).

Estimate (3.10) is then a consequence of the fact that (v, g,61,602) € B¥:

Ve o o,00)E1 (#2)) + 10€° |1 (0,006 + 1107 |Lo0 (0,005m2) < R < Ro.

3.3 Proof of Theorem 1.5

Proof. The last step towards proving Theorem 1.5 is to use the change of variables (3.1) to prove the result on
(u,p) as a consequence of Proposition 3.1 that states properties of (v,q). The only difficulty is to handle the
nonlinear term cof(Jg)? that is present in this change of variable. This nonlinearity creates some difficulties
for using the smallness assumption and compatibility conditions on the initial data.

Let 6 > 0, we consider that (H), is fulfilled and that the initial data satisfy the compatibility conditions
(1.23). Moreover, we consider that for some £; > 0 we have

lao(®(01,0,02,0,.)) — W()|lur (2, + |01,0] + |02,0] + |wi,0] + |w2,0] < 1.
Since vo(y) = cof (J&(61,0,02.0,y)) up 0 ®(01,0,02,0,y) — w(y), we have (3.8) and

[vollai(z,) < llcof(Tw (01,0, 02,0, ®))" (ug 0 @ — w)lla1(2,) + llcof (T (01,0, 02,0, @) — )" w|[m1(2,)
< Kei + KHW||H%(95)517
where K is the constant in (C.18). In order to fulfil (3.9), we choose

3
K+ K| wlluz(z,)’

g1 =

where £ > 0 is the bound in Proposition 3.1, we have (3.9). Then, according to Proposition 3.1, the feedback
h = IC5<V,91792791,92) stabilizes problem (3.2)—(3.3) at decay rate §. We denote (v, q,6;,05) the solution to
(3.2)-(3.3).

We use the identity

vt € (0,00), Vx € F(60:(t),0
{ u(t, x) = cof (Ju (61(1), 62(1), %)) T (V(E, W (011, 02(), %)) + w((8:(1), 62(1), %)) ),
p(t,X) = Q(t7q’(91(t)762(t 7X)) Pw © ‘I’<91( ) 02( ) )



The quadruplet (u,p,0;,62) is solution to (1.14) where

h=IKs (cof(jq>(91(t), 02(t), ) u(t, ®(01(t),02(t),.)) — w(.), 01(t),02(t), 01 (1), ég(t)).
Moreover, for € small enough and for every ¢ > 0, we have the estimate

u(t, ®(0:(1),02(t),.)) — Wl (#.) < llcof (Tw(01(t),02(t),.)) — Ulm2(z)IV(E) + Wl (2, + V() a1 (2.,
< K(|(01(2), 02(0)| + v [m2(2.))-

Hence the estimate (3.10) implies that
Ve >0, Ju(t, ®(0:(1),02(t),.)) = w()llm (2., + [01(6)] + [02(8)] + (61 (2)] + 162(8)] < Ce™".
This concludes the proof of Theorem 1.5. O
Appendix
A The linearized terms

In what follows we give the explicit expression of the functions L;—L4 and of the constants Ls—Lg. We denote

ts = n = (—(ny)2, (n,)1) a unitary tangent vector to 9S;. We have
Li(y)i = (vLrs(y) +Lra(y) + Les (y)); + (VEz (y)06,2(0,0,y)) (A.1)
Lo(y)i = (vLps(y) + Lpa(y) + Lrs(y)) ,, + (VEz (y)95,2(0,0,y)) (A.2)
Ls(y)i = (Lr2(y)),, (A.3)
Li(y)i = (Lr2(y)),,, (A.4)
(Ls)i = s (—or (W, pw)ns) - 95,0,2(0,0,7) = > 0w (W, pw)er(Lny, o )k196.22(0,0,7,)
s kb
_(Vy891¢’(0a 0, 'Yy)ts ‘ts)or (W7 pw)ns -8gi<I>(0, 0, ’yy) (A5)
1Y (Lg)ker+(Lg)er1) (0459624 (0,0,7,) dvy,
k¢
(LG)z = / (_UF(Wapw)ns) ' 80291:(1)(07 0, PYy) - Z O'F(vaw)lk(Lnglygz)k280i(1)€(07 O,Vy)
95, k¢
—(Vy0p,@(0,0,7y)tsts)op (W, pw)ns-0p,2(0,0,7,) (A.6)
> ((Lg)kez + (Lg) ex2) () £0p, 22 (0,0,7,) dry,
k¢

where the terms used are defined in (A.7)—(A.12). In the previous paragraph, we denoted by (LFk)ij for

3 < k < 5, the linearization of (F¥); (defined in (3.6)) around the stationary state (W, pw,0,0) solution of
(1.16) with respect to the parameter 6; and (LFz)ij is the linearization of (F?); with respect to 6. These terms
are given below

(L (¥))is = ((90,8(0,0.) - Vy)w + cof(V, 3,2(0,0.)) W) . (A7)
(Lps(y))ij = —2Vy00,2(0,0,y) : VZwi(y )_(COf(Vé%;(I)(OvOvY))TAW(Y))i
+2200f( V x0p, ¥ (0,0,y)))ki TW(Y)
> L) (00, (0.0.9)) (A.8)

(v 30, %(0,0, y))) we(y),

ki

—|—Zcof (882

m

(L (y))s; = Zcof( (Vb ¥0.0.9)) wnly)ery)

li

. (A.9)
37 (2T 00, 2(0,0,3)00 — (T3 0,(0,0,3))iew(y) 5 £ (v)
k.l
and
(Lo ()i = ((Vy00,2(0.0.5) T Vypu () (A.10)
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We also define the linearization of ng, g, (the unitary outward normal to % (61, 02)) and G (defined in (3.7))
with respect to 6; by

(Ling, o, ())sin = (cof (Vy9p,2(0,0,7y))ns); — (cof (Vy g, ®(0, 0, 7)) - n5) (ns);, (A.11)

and

(Lot = S wntay)eof (5 (T <o,o,wy>>)
9w ki 9w (A.12)
_Zcof (Vy o, 8(0,0,7,) ) ki 5— ay () +Zv 99, ® (0, o,yy),wa (1)

B Independence of the hypothesis (H); with respect to the diffeo-
morphism &

Let ®%(6,,02,y) and ®°(;, 02, y) be two diffeomorphisms from .7, to .Z (61, 6) that are extensions of X (61, 62,y)
into the fluid domain. We also assume that ®¢(0,0,y) = ®°(0,0,y) =y, Vy € .%,. Let us denote ¥%(6,, 65, .)
and W°(6,,0,,.) the inverse diffeomorphisms of, respectively, ®%(6;,6,,.) and ®°(6;,605,.). We also denote
JT4(01,04,y), TE(01,02,y), T&(61,00,%x) and J& (61, 04,%) the corresponding Jacobian matrices.

We define the difference between the velocity at time ¢ in .%¢ and the stationary velocity for each of these
diffeomorphisms

vﬂ((t,y)> E)(:IZ((& o) )gw,y))(ﬂ;( “(0(),02(1), y)) — w(y),

q*(t,y) = 1,02,¥)) — pw(y),

W E T VEE0:20) 4 Jn(p y) = cof (TL (61 (1), Balt), y)) T u(t, B(61 (1), 6(2), y)) — w(y),
(1) = p(t, B (81,02, )) - pu(y).

We have the relations

Vb(t, y) = cof(Jg,(Hl, 02, y))Tcof(j,‘f,(Gl, 92, <I>b(91, 02, y)))T (Va (t, \I!“(Ol, 02, q)b(gl’ 92, y)))
w0 (201,05, B(01,05,¥)) ) — w(y),
Q(t.y) = q°(t, © (01,02, @°(01,02,))) + pw (L (01, 02, B°(01,02,Y))) — Pw(¥)-
Of course, (v?,¢%, 61, 02) satisfies the nonlinear system (3.2)—(3.3) corresponding to the diffeomorphisms ®% (61, 62, .)

and W?(fy,0y,.). Similarly, (v®, ¢°, 0;,6,) fulfils (3.2)-(3.3) given by ®°(0;,0,.) and ¥*(0;,0,,.).
We are interested in the following system

agtL (W-V)v 4 (v} - V)w — Lg(01, 62, él,ég,y) —VvAV}E +Vqf =0 in (0,00) X Zs,
divvg =0 . in (0,00) X Fy,
v} = 0109,9(0,0,.) + 6200,2%(0,0, .) on (0,00) x 08,
vi =0 on (0,00) x I'p, (B.1)
O'F(V%,q%)l’l =0 on (0,00) x ',

0 (e} « «
My 0( 1) = (/ (q%l —v(Vvi+ (VVL')T))HS - 0p,8%(0,0,7) dfyy)

b2 dS. =12

+Lg(01,02) on (0, 00),

where o = a or b, and Lg and Lg are given respectively by (2.2) and (2.3) corresponding to the choice of
diffeomorphism @(91, 92, ) = @“(917 92, )
We can then show that (v§,q¢%) fulfils the linear system (B.1) with a = @ if and only if

vi(ty) =vi(ty)+ Z 0; (Cof(aej J2(0,0,y)) w(y) +cof (9, 74(0,0,y)) " w(y)

+Vw x (39J. \Il“(0,0,y) + 86]-@17(0307}’)))7 (B2)

& (ty) =i (t.y)+ Y 0;VDw - (95,2°(0,0,y) — 95,®°(0,0,y)),
J

fulfils the linear system (B.1) with a = b.
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The proof is a direct computation, for instance

ovh .0
%ngelngog = VL +Zo (cof (99, T2(0,0,5)— s, T&(0,0,y)) W+ Vwx (95,8°(0,0,y) — ag_jéa(o,o,y)))
) —~L46, — L6,
AVA . .
= atL — Lgel —_ LZGQ.

Moreover by using div w = 0, cof(9g, J&(0,0,y))T : Vw = 95, T2 (0,0,y) : Vw = —0, J&(0,0,y) : Vw and
the Piola identity, we get
div v} = div v¢ = 0.

This implies that the solution (v4,q%,601,62) to the system (B.1) written with the diffcomorphism ®° can be
derived from the solution to the system (B.1) written with the diffeomorphism ®® via the relation (B.2). Then
the stabilizability of (2.1) is independent with respect to the choice of the diffeomorphism ®. As the Hautus
test (H)4 is equivalent to the stabilizability of (2.1), the hypothesis (#) is independent from the choice of ®.

C Proof of Lemma 3.2
We first prove some technical lemmas that are used later to decompose the intricate terms of Lemma 3.2.

C.1 Technical lemmas

Lemma C.1. Let Ry > 0 be small enough, then there exists a constant K, such that for every R < Ry and
every (.,.,01,03) in BY, the following estimates hold

e (ter.o5) @t 08) — 305 by e00.0,

n

a b

< KR[6“—6"lox,  (C.2)

He& (Jé( ¢,0%)— Ja (6}, 93)_;(93_92)%&%@( )Hmo o1 H(2))

|2 (Tw(67,08) 0 @ (0%, 03) ~ T (63, 65) 0 (6%, 63)

a a C3
+Z(9j—f)?)Vy@ej@(O,Ow))HLW(OmHz(Q)) KR[6°— 0", (©3)
J
Heat(aﬂjq,( @ 02) 0 B(0F,09)— By, T (02, 05) o B(6Y, 08)
" a C4
He‘”@iﬂ@( ¢,03) 0 ®(09,03)—02 Ju(6%,05) 0 2(6%,065)
(C.5)

= (62—65)02 Vx5, %(0,0,

n

. < KR||6°—6°) o,
)>HL<><>(0,O<>;L2(Q)) - I ”@5

ot b pbyy . _ a__pb .
e (.o (008051, 208 )= 320 =00) e o) | . o

< KR||0—0"||og,

e ( R

+Z Y\ Tr(Vy 0p, B0, KR[0°—0"|ox,

)HLM(OooLoo(Q))

ot 0%, 09)t | — 02, 00)ts|— ) (09—0°)V,0p,8(0,0, . )ts - ts
e (172 (65, 03¢ |- | T (6%, 68| D600V 002(0.0,) Moot o5 o
< KR[|0*—60"| o,
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where Ly, , is defined in (A.11) and
e (0w (07,09)) 0 @ (67, 05) — (0,2 (6%, 08)) o (6}.03)
+;<9?—9§>ae;1>< )] S = S S
| (007w (61.03)) 0 ® (67, 08) — 01 (T (61 68)) o (6% 03)
+§jj<9'§—9§>vyaa;1>< )] IS = S S
and

ot
e (Mgg,gg fMgg,gg)

< K]0 —6°]| g
Lo (000 = | los,

Hegt<agj<1»(9g,9§,.)—ag (63,05, = (05 — 03)05,0,2(0,
k
He (891970@(9(11’0(21")_89j9k¢(0117703"))HLoo(O 00:H2(Q)) < KHoa—ebH@go’

(0. Tw(0,09)-0nTa (00, 08)| < K9 =6ox.
L2 (0,00;H?(Q))

. < K67 —6%|| o=
0, ))HLw(o,oo;m(Q)) < Kl log=»

Moreover for every (v7,.,607,60%) in BY, we have

(Vv -g(og,05,v) I + G (61, 05,3 |

< KR(||0%—0°|| g a_ bl
LZ(O,OO;LZ((?SS)) - (H ||®(5 + HV A% HIU(; )7

[ (o008, w11y =608 05, w)is = 5000 (L))

n

where Lg is defined in (A.12) and G is defined in (3.7).

< KRJ|6*—6%||ox,
L2(0,400;L2(8S,)) I ”@5

A direct application of Lemma C.1 obtained by taking (6%,65) = (0,0) is the following lemma.

(C.11)

(C.12)

(C.13)

(C.14)

(C.15)

(C.16)

Lemma C.2. Let Ry > 0 be small enough, then there exists K > 0 such that for every R < Ry and for every

(,-,01,0,) € BY, the following estimates hold

Je (7000 = 1) ey < K

‘e‘st (j\p(euew (61, 6>)) I)’ L0 (0,00;H2(Q2)) = A

H <8x]jqf(91792 °© ®(0,,06,) )’LOO(O,OO;HI(Q)) -

‘ e’ (3§j«7\11(91,02) o ®(6,, 02)) }Lw(O,oo;LZ(Q)) T
| (Moo = Moo, < KR

‘e‘;t (nal,a (@(6,,6,)) — ) ‘LOO(OooLoo(as N ’

Heét(|jq,(91,02)ts| - 1)H < KR,

L°(0,00;L>(8S5))

Heét (aej@(el, 0,,.) — 05, ®(0,0, .)) HLW(OW;HW)) < KR,
and
1”0, T (6, 02) Lo (0,00;12()) < KR,
1€”(0e® (6;,05)) © (6, 0) | L (0,005 Le@) < KR,
1€” (0. T (6;,65)) o ( 1502) Lo (0,00 (@) < KR,
and

”e‘st (VW - G(o,, OQ,W))

< KR,
L2(0,00;L2(8S.))

where G is defined in (3.7).
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(C.17)
(C.18)
(C.19)
(C.20)
(C.21)
(C.22)
(C.23)

(C.24)

(C.25)
(C.26)
(C.27)

(C.28)



Proof of Lemma C.1. Let X be some Banach space. All functions in Lemma C.1 can be written as a =
a(f,05,0,,0,) valued in X. The proof of estimates (C.11)—(C.14) uses the mean value theorem,

[ (et o5.01.05) — et st o) |
< sup [Vawa(0r. Oy, fumome) (169000 = 09) fmqo + 1580 = 0910
(6,,05)€Do
|wil+|w2|<R
<20 sup ||v9,wa(01’ 927w17w2)||L°°(0,oo;X)”9a - ebH@f;’o'
(01762)611)(’)
|wi|+|w2|[<R

To prove the other estimates (C.1)—(C.10) and (C.16), we do a Taylor expansion of order 2 and use the mean
value theorem. We get

2
et (a( a g2 0% 03) — (60, 68, Zag a(0,0,0,0)(0% — 62) — " 8,,,a(0,0,0,0)(6% - 9'3))
J=1 J=1 ] ) L0 (0,00;X)
< sup VR a(by, 0, w1, w2) Lo 0,00 RUI7(07 = 6°)[1oc (0,00) + [1€7(0% = 6°) [l (0,00) )-
(91792)EID6
|wi]+|wz| <R
The estimate (C.15) is proven by using the previous estimates. O

C.2 Detailed proof of Lemma 3.2

Proof. The weights in time e of the nonlinear terms can be easily handled. All the difficulties then come
from space regularity issues, which can be handled as in [11, Appendix A] for the terms F(0%,0%,v®, q*) —
F(02,05,v, q°), G(0%,0%,0%,09) — G(62,65,6%,65) and S(6%,0%,v*, q%) — S(6%,65,v", ¢°) using the estimates of
Lammas C.1 and C.2:

IF (67,05, v",q) = F(67,05,v", ")l < KR(IV* = v'[luge + lla" = ¢"llpge + 07 = 6°lloz),

HG( %7957 "11’9.%) - G(ezl)7912j>9z1)7912)>”@§° < KRHQQ - 9b||@§°7
and
IS0, 65, v, q%) = S(67,65,v",¢") sz < KR(|[v* = V°[luge + [lg® — ¢"llege + (6% — 6°[|oge),

where the terms F, G and S are defined in (3.5)—(3.6).
Now, it remains to prove

||F(0%7957W+Va7pw+qa) _F(elf7912)7w+vb7pw+qb) (0%7927 uq )+F(011)7912)7 7q )
HW-V) (v =v?)+((v* = ") - V)w—Lp(0f - 07, 05— 05, 07 0%, 05— 03) +£5 (2(07,05)) — £ (B (63, 0)) | 5=
< CR(|Iv* = v|lug + 6% — 9b||@g°)

(C.29)
and
1S(65.05. w + v, pw +q%) — S(67,03, W + v*, pw + . ) S(67,05, v, q%) +S(67,65,v", ¢") (C.30)
~Ls(0f — 07,05 — 03)|ls, < CR[|0" - 0"|ley,
and then the proof will be complete.
The estimate (C.29) is a consequence of the following relations
F1(09,02, w4 v*) — FL(6°, 05, w + vP) — F1(09,02,v*) + F1(6°,05,v®) =0, (C.31)
HF?(eg,eg,erva) — F2(60, 65, w + V) — F2(6%, 63, v*) + F2(6%, 64, v)
—Z — 0)((00,8(0,0,) - Ty )w + cof (V2 B(0,0,3) w) | _< KRJ6° — 0"]lo-. (C.32)
s
F3(07,0%, w 4+ v®)—F3(0%, 05, w + v0) —F3(07, 0%, v*) + F3(6?, i—v Yy (09—0%)(L
(F2(01, 03 ) (61,65 ) (01.05,v7) ( Z F3) (C.33)

L
< KR||0* - 0°|leg,
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| (B (67, 05, w-ve) ~F*(67, 03, v0)~ F (68,08, w + v*) + F4 (6,65, v)) +((v* = v*) - V)w

. . . C.34
Hw V) (v )= S0 -8 Lo | < KROV vl 16"~ o), (&Y

| F5(62, 03wt a®) ~F°(65, 03, 4*) ~F°(68%, 04, purt o)+ F° (83, 64, ¢")
a a C.35
(00 (VD0 B(0,0,9) Vypu]|_< KR — 0o, ()

j s
and
£ (@(67.05)) — £ (@ (67, 08)) = 307 — 0) V4 £500,2(0,0,.) | < K[| |waoe oy R0 — 0" oz (C:36)
)

k

In the sequel, we use the compact notations J¢ = Jg (04,04, ®(0%,02,y)) and J& = Ja (0%, 05, 8(6%,05,y)),
and similarly for other functions. We now prove the estimates (C.30)—(C.36). We keep (C.30) for the end.

e Identity (C.31): the proof is immediate.

e Estimate (C.32): we use the decomposition

F2(0¢,09, w +v) — F2(0%,05, w + v®) — F2(0¢,0%,v*) + F2(6%,05,v")
72 (62 — 6% ( &(0,0,y) - Vy)w +C0f(vy89]§)(0,0,y))TW)
T
= —cof (9,(Tw (05,08)) 0 ®(67,63,y) — O1(Ta (6}, 68)) 0 B (6}, 68, y) Z 260V, 00,8(0,0,y)) w

T
—cof (Tg = T4 ) Vyw(@®(67.65,.)) 0 B(65,04.¥)
—cof (T4)TVyw (D1 (W (02, 03,.))0B(05,03,y) — O (W (6%, 05, )o@ (0}, 68, y)+ > (65 —01)0,@(0,0,y))

J

+Z —6) cof(j.l, — I) Vywdp,®(0,0,),

and the estimates (C.18), (C.26), (C.3), (C.9) and (C.10) yield (C.32).
e Estimate (C.33): we use the decomposition

<F3(9%,9§,w +ve) —F3(0%, 05, w + vb) — F3(0¢,09,ve) + F3(68, Hg,vb)) - VZ(@? - 92)(141?3)1‘]‘
_ (F3(9‘f,0‘2’,w) —F3(60, 08, w ) fuz D) (Ls )i

=A;+ A+ Az + Aay,

where
owe owe, owb owb,
- VZ (COf j‘I’)k’L o x; axj (j\P)k‘La axj
7,k lm
a b 82wk
+Z(9n_9n) (ayj 09, 2¢(0,0,y)0ki0m;j+0y; 06, Pm(0,0,y)d:d¢;+cof (0y, Ta (0,0, Y))ki5mj54j>> YmOYe’
ovy ol o b Owy,
Agi = ZZ;(cof a%jq,),ﬂa—fc £(0n; Ta ki~ . zn:(en — O )cof (9,9, T2 (0,0 y))hé@) e
0% 02 \Ifg b 02 awk
Agz_u]zk:e(cof o T* ol (T i = D08 = 00)i 5200 0e(0,0 SF
and
62 a 62 b a b 8
A4,i = I/Z cof @j\p — cof @jq, — Z(Gn -0 )8 286 \7‘1’(0 0 y)
7,k J ki J ki n
The term Ay ; is of the form Y aijem(y) X Owr h
e term Ay ; is of the form j,Mma”kem y By e’ where
B oy 0V ovy (’Nlb 8\I'b
azgkém(y) - (COf(j\p)kz afﬂj 8!17]‘ (jlll)lﬂ al’j (9117]

3 (05—04)(91,00,90(0,0, %) 04305+ Dy, 00, P (0, 0, Y)dide; +c0f (Do, T (0, 0,3))ridmgde; ) ).

n
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Moreover, according to (1.20), (61, 62,y) =y in Q\, then a;jrem = 0 in Q\Q. (€ is defined in Lemma 1.3).
We then estimate A, ; as

32wk

OYmOye

Q4 k@m a2wk 1
< J H 7‘? < aijremllLe () 3
L2(Z,) H 7“ 8ymay€ i€ Fan ) H T
JE€EHLan Lo (Z,) ' L2(Z5) JEHLan Loo (Q\Q.)

Qijkem ¥ [Wllez (.)-

Moreover, we get the estimate |ajrem||L~(o) < KR[[0% — QbH@go by using three times the estimate (C.3). We
then use estimates (C.3), (C.4) and (C.19) for As; and As; and estimate (C.5) for A4 ;. We obtain (C.33).
e Estimate (C.34): we have the decomposition
(F4( l117 9(217 W+ Va) - F4( (11) 0l217 Va) - F4(0l1;7 03, W+ Vb) + F4(01177 037 Vb) + ((Va - Vb) ' V)W
(W V)V =) =70 = 05) (L)

= By;+ Ba; + B3y + By + Bs; + Be s,

where

Bii=-Y (cof(j,;)kjcof(&cj T80 — ot (TY )0t (De, T )es — (0% — 05)cof (9., 09, T (0,0, y))giakj)wkwe,

Jikt n
By = — Z (cof(J“f,)kjcof(azj J&)ei — cof(jfl’,)kjcof(azj jff,)h—) (wpvg + viwe),
ok b
Bs;=—Y_ cof(Jg)rjcof (0a, Tg )i (wi (vf — v}) + (v — v})we),
Jok ot
0P
Bii == (det(Tg)* 5" — det(T4)? + Z ) (2Tx(0s, T (0,0, ¥))ie — o, T (0,0, ¥)ie) g
kL ('“)ye 8y;€
o0d¢ 3wg oy
Bs;=— det(J§)* =L — det(J. o+ =Lw
5 %z: ( (J%) Oye det( 'I') Yy ) ( dye T Ay k)
and
ool Oowy e ovb
Bsi=— det(Jg)? = — 04 ) [ o— (v —v2) + (£ — —H)wy ).
5 ;( (8)7 5,0~ ) (G, =)+ (50 = 5 D)
Now, we use
e estimates (C.3), (C.4), (C.18) and (C.19) for By 4,
o estimates (C.3), (C.4) for B,
e estimates (C.18) and (C.19) for B,
e estimates (C.2), (C.7), (C.17) and (C.18) for B4, and Bs;,
e estimates (C.17) and (C.18) for Bg ;.
We get (C.34).
e Estimate (C.35): we have
F5( %aegva+qa)_F5( (1179(217(](1)_]5‘5(9[1)79 Pw“"q )+F5 911)39 Z v 89 (O7O7y))Tvpr

= F5(9l1179(217pw) - F5(911),912),pw) - Z(eg*en)(vya&m (Oa an)) vypw

n

= (78 - T+ 00V 2(0.0.y)) Vypu.

and estimate (C.3) gives (C.35).
e Estimate (C.36): it is a consequence of (C.1).
e Estimate (C.30): we have

(S( il’eng'i_va’pw_‘_qa)_s( 31,9‘217va’qa)—S(ell’)Hg’w+vb’pw+qb)+8(9ll’,912” ,Q) (9 9 9%—93))
J
= D1+ Daj+ D3+ Daj,
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where

Dy, = /a (1341 = 1T581) (o = (" + (G)7)) (5, , 0 #°) - 008"
30— o) / ((Vy00,8(0,0, 7))t - )0 (w. pw)s - 95, 8(0,0,7,),
0S8
D2 = ”’/ | Tg ] (G+ (G°) 7= G"— (G")T) (nf , 0 %) - 5, 2"
0S8,

vy (08 —05) / (Lg)ken + (Lg)ekn) (ns)19,24(0,0,7y),
k.t 95,

Ds; = /8 TRl = (@ + (GN))) (1, 0 B — ), 0 B)- 018"

+ (05— 60%) / or (W, pw)ek(Ling o, )kn09,2e(0,0,7),
kyton 0Ss
and

Dy, = / |Tats|(pwl — v(G° +(G9)7)) (15, o, 0 B°) - (95,2 — 0p,®")
S

3 e -t / 0 (W, Py - 9o,0,B(0,0,7,).
- S,

We use

e estimates (C.8), (C.28), (C.22) and (C.24) for D, ;,
e estimates (C.23), (C.16), (C.22) and (C.24) for D, ;,
e estimates (C.23), (C.28), (C.6) and (C.24) for Ds ;,

(

e estimates (C.23), (C.28), (C.22) and (C.12) for Dy ;.

Combining these estimates yields (C.30). O
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