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Abstract. We study the existence of strong solutions to a 2d fluid—structure system. The fluid is modelled
by the incompressible Navier—Stokes equations. The structure represents a steering gear and is described by
a finite number of parameters and its equations are derived from a virtual work principle. The global domain
represents a wind tunnel and imposes mixed boundary conditions to the fluid velocity. Our method reposes on
the analysis of the linearized system. Under compatibility conditions on the initial conditions, we can guarantee
local existence in time of strong solutions to the fluid—structure problem.
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1 Introduction

The goal of this study is to prove the existence of a solution to a fluid—structure problem. The fluid is modelled
by the incompressible Navier—Stokes equations and the structure, immersed in the fluid, is governed by a finite
number of parameters.

For the sake of simplicity, only two parameters ; and 6 are considered. However, all results remain valid
for any finite number of parameters.

1.1 Modelling of the problem

The considered structure lies inside an open bounded domain 2 C R? and deforms itself over time. The couple of
parameters (61, 02) lies in an admissible domain Dg which is an open connected subset of R%. Let Sef, a smooth
closed connected subset of Q, be the reference configuration for the structure (for instance Spet is the volume
occupied by the structure for §; = 65 = 0). We consider a function X defined on Dg x Sy that computes
the position in the structure according to the reference position in Syer and to the value of the parameters
(61,02) € De.

The volume occupied by the structure for parameters (61, 603) € Dg is a closed bounded connected subset of
Q denoted S(61,02) = X(01, 02, Sier). We further assume that for every (61, 63) € Do, S(01,05) C Q, i.e. there
is no contact between the structure S(61,63) and the boundary of the domain 9.

1.1.1 Motivations

Structures depending only on a finite number of parameters arise in the field of aeronautics. For instance, let us
consider a steering gear structure. In a first approach, we can model this structure by two rigid solids. Solid Sy
is tied to the fixed frame by a pivoting link O and solid S5 is tied to solid S7 by a pivoting link P. The whole
model is represented in Fig. la. Note that S; can be thought of as the aerofoil of a wing and S as a steering
gear such as an aileron. For a given Syef, the function X® representing the motion of this structure with respect
to (61, 62) is given below

X(01,02,5) = x5, (¥)Ro, ¥ + X5, (¥) (Ro, Y55 + Roy0,(y — ¥5)), VY € Seet,  V(01,62) € Do,
cosf) —sinb
sinf  cos6

P in the reference configuration S;er and g is the characteristic function over a set E C R? given below

where Ry = ( > is the rotation matrix of angle 0, y'sf = (yp1,yp2)T is the coordinate of point

1 ifyekE,
wen e ={, 47 (11)

In the previous example, the domain of definition Dg of (01, 82) is chosen such that no overlaps of the structure
occur.
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Figure 1: Three different kinds of structure deformation.

Note that for 63 # 0, the function X%(64,6s,.) is not a diffeomorphism as it is discontinuous through the
interface 051 NAS2 between the two solids. In the same way, for 5 # 0, the velocity field is discontinuous inside
the structure (we denote 92 the time derivative of 63). In other words, if we keep S7 at rest and rotate Sy around
P, a discontinuity of the velocity appears through the interface between the two solids. This discontinuity can
reduce the regularity expected for the fluid velocity. Indeed, if we assume no—slip boundary conditions between
the fluid and the structure and if at time ¢ the trace of the velocity is discontinuous on 95(61(t), 02(t)), then
the best regularity in space for the velocity of the fluid is the Sobolev space L?(0,T;H(Q\S(01(t),02(t)))) 1,
while for strong solutions we usually expect the velocity in the Sobolev space L?(0, T; H2(Q\S(01(t), 62(t)))) *.

This loss of regularity would harm the estimates of the nonlinear terms (see Appendix A). That is why we
consider a smooth approximation X? of the deformation X¢.

In the sequel, y = (y1,¥2) is the Lagrangian coordinate and y* = (—yz,¥;) is normal to y. The behaviour
of the smooth structure is represented in Fig. 1b, we give X® below

X°(01,02,y) = g1(y1)er1 + g2(y1)era + yzm, Y € Sret;  (01,02) € Do, (1.2)
where g; and go are real-valued functions. We use the notations: e,; = (cosfy,sinf;)T, e.o = (cos(f; +
02),sin(6; +02))T, N(y1) = g} (y1)eo1 +g5(y1)eo2, where eg; = e} and egs = e;5. Moreover, we have |N(yy)|| =
((N1(y1))? + (N2(y1))?)'/?, where N; is the i*® coordinate of N.

The function y1 — g1(y1)er1 + g2(y1)er2 gives for (61,02) € Do the position of a reference curve. Every
fibre of matter that is normal to this curve in the reference configuration stays normal when (;,63) changes.
The normal direction to the curve for abscissa y; is given by N(y;). This model is inspired from the fish-like
model described in [17, Section 7].

To enforce smoothness of X, g; and g, are taken as € functions which are smooth approximations of
respectively yp 1 + (Y1 — YP,1)X(0,yp.] (1) a0d (Y1 — YP,1)X[yp.1 ,ymax] (1), Where X is defined in a similar way as
(1.1) for I C R. For instance, let € > 0 and consider u. a ¥ cut—off function such that

pe(y1) =1, for y1 < yp1,
pe(y1) € 10,1],  foryp1 <y1 <ypa1 +e,
M6<y1) =0, for yp1t+€ <yi-

Then, we can use
{ 91(y1) = ypa + pe(y1)(y1 — ypa),
g2(y1) = (1 — pe(y1)) (Y1 — yp1)s
in (1.2) to get a smooth deformation as in Fig. 1b. The velocity field of the structure is not any more discon-

tinuous, we can thus expect the fluid to have the usual regularity of strong solutions.

Remark 1.1. When ¢ tends to 0, these functions become

{ 91(11) = Xap[(¥1)y1 + Xp,q (Y1)yP1, (1.3)
92(3/1) = X[b,c] (91)(3/1 - yP,z)-

In this case, we recover the behaviour of a pivoting structure with two rigid solids (see Fig. 1c), corresponding
to a transformation denoted X°¢. However the two solids overlap with this definition, so that we will not use it
either in the sequel. Also let us remark that the limit X¢ of our smooth approximation X’ is not the original
model X®.

1These spaces are given here in an informal manner. They will be defined more precisely later.
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Figure 2: Correspondance between real and reference structure configurations.

Now, let us show that we can choose Dg such that for every (61,62) € Do, X?(61,6s,.) is a € diffeo-

morphism. We can compute the jacobian Jxus(61,02,.) of X%(6y,60s,.), it fulfils det(Txs(01,602,.)) = |IN]| +
le2”2 sin(02)(gYg5 — g5¢4). This shows that for a given reference configuration and for 62 small enough,

det(Jxs(01,602,.)) > 0 everywhere. Hence this proves that X°(0y,0s,.) is a ¥ diffeomorphism for 65 small
enough.

We shall therefore keep in mind only the example of X’ (see Fig. 1b) though our original motivation
was to deal with X* (see Fig. la). More generally, our approach will be applicable to many more choices of
deformations X. Let us list below the assumptions used in the sequel.

Modelling Assumptions.

Sret is a smooth simply connected closed subset of €2. (1.4)
For every (61,05) € Dg, we have X(61, 02, Siet) C Q. (1.5)
(1.6)
(1.7)

For every (01,02) € Do, X(61,02,.) is a smooth diffeomorphism from Sef to its image.
e The function X is €°° on Dg X Siet.

The modes 99, X (61,02, .) and 9p,X (61,02, .) form
a free family in L2(0S,et) for every (01,0:) in De.

Assumption (1.6) enables us to use a change of variables. This is a crucial step in our approach, as we shall
see in Section 3.1. Assumption (1.7) has been chosen to ensure continuity of the velocity field inside the structure
and on its boundary. This assumption could be weakened, as ™ would be sufficient for n large enough, but
we keep € for simplicity. In our approach, Assumption (1.8) is natural and mandatory to determine the
equations of the structure, as we shall see below in Section 1.1.2.

The inverse diffeomorphism of X (61, 0s,.) whose existence is guaranteed by (1.6) is denoted Y (61,602, .), we
have

V(91a92) 6 ]D@a vy E Sref, Y(01a927x(91)927y)) :y (19)
The diffeomorphisms X(61,6s,.) and Y (01,09, .) are illustrated in Fig. 2.

1.1.2 Dynamics of the structure

In order to simplify the equations of the structure, we consider the following assumption for the dynamics of
the structure.

Modelling Assumption.

e No friction and no elastic energy are considered in the structure. (1.10)

The equations satisfied by the structure are obtained by a virtual work principle [2, p. 14-17]. We know
that the admissible parameters of the structure are (61,62) € Deg, and that the admissible velocities satisfy

Vg € VeCt(891X(91, 02, .)7 892)((01, 92, ))



Thus, the virtual work principle can be formulated at every time ¢ € [0,7] as
Find (01(t),02(t)) € Dg, such that for every w € Vect(9p, X (61(t), 02(t), .), 09,X(01(¢), 02(¢),.)),
d2
| o ((xwl(t),ext),y)) ~ oy (1, X(01 (1), 92<t>,y>>) w(y)dy i)

di?
- fros(72) - w(Y (01(2),02(t),72))dye =0,
95(01(t),02(t))

where fy,4y is a distributed source term in the body (modelling for instance the gravity), p is a positive constant
that represents the mass per unit volume of the structure in the reference configuration S, and fr_. g is the
force exerted by the fluid on the structure along 05(61(t), 62(t)).

Note that the presence of fj,q, is compatible with Assumption (1.10), as this term represents external forces.
It does not depend on 61, 8 and their derivatives.

Remark 1.2. Assumption (1.10) has been used in (1.11) as no interior works have been considered.
Let us denote respectively 6§ and 6 the first and second time derivatives of the function . Then, the velocity
of the structure can be written as

d

ve(t,y) = aX(Ql(t),Gg(t),y) = jzz:léj(t)ang(Hl(t),92(t),y), Vvt €[0,T], Yy € Siefs (1.12)
and its acceleration as
9 2 2
Svalty) = S X(0.(0,0:(0.3)) = DA O0X (00001, + 2 650 00p X (1) 0200, ).

Now, problem (1.11) can be rewritten as follows

Find (6;,02) € Do, such that for i € {1,2}, we have,
pzéjaa,x(@h@mw - 0p X (01,02,y)dy = — PZ 0;0:09,0,X(01,02,) - 99X (01,02, y)dy
J

Sref Sref gk

+/ fbody(t7X<91a027y)) . GgiX(Gl,Gg,y)dy
S,

ref

+ fr5(72) - 09 X(01,02, Y (01, 02,7:))d e
95(01,02)
Let us denote the structure body source term
(fs)i = / fbody(tax(017027Y)) ' 891:X(91792ay)dy' (1'13)
ref
On a matrix form, the equations of the structure read

i .

Mo, 0, ( 9'; ) = M;y(61,602,61,62) + Ma (01,02, frs) +fs  on (0,7), (1.14)

where fs = ((fs)1, (fs)2)" and

(06, X(01,02),00,X(01,02))s (96, X(01,02),00,X(61,62))s ) c R2X2

Moo = ( (90X (61, 62),06,X(61,62))s (00.X(01,02),00.X(01,02)s (L15)

My (61,0, 01, 02) = < —(0309,6,X (61, 02) + 2010209,0,X (01, 02) + 0309,0,X (61, 02) ,09,X (01, 02)) 5 ) cR?,

—(0300,0,X(01,02) + 201020,6,X (01, 02) + 030,0,X (01, 02) ,00,X (01, 602)) 5

(1.16)

/ 09, X (01,02, Y (01,02,7:)) - fr-5(72)dVe
Ma (61,02, fr5) = 05(61.62) €R?, (1.17)

09X (01,02, Y (01,02,7:)) - fro5(72)dva

95(01,62)
where (.,.)s is the scalar product
(@,%)s = /S p®(y) - E(y)dy. (118)
ref
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Figure 3: The geometrical configuration.

The matrix My, g, in (1.15) is the Gram matrix of the family (099,X(61,02), 99,X(01,62)) with respect to
the scalar product (.,.)s. It is invertible due to Assumption (1.8) (if two 4> functions are colinear in L?(Syer)
then they are colinear in L%(9Ser))-

We also consider the following initial displacement and velocity for the structure

01(0) =619, 62(0) =020,
) ' ) ’ 1.19
{ 01(0) = w10, 02(0) = wap. (1.19)

1.1.3 Equations of the fluid

In our study, the global domain © = (0, L) x (0,1) represents a wind tunnel of length L > 0, see Fig. 3. Hence
its boundary is composed of four regions: an inflow region I'; = {0} x (0, 1), a bottom region I'y, = (0, L) x {0},
a top region I'y = (0, L) x {1} and an outflow region I'y = {L} x (0,1). We denote I'y, = I'y U T}, the part of
the boundary corresponding to walls and I'p = I'; UT, the part of the boundary where Dirichlet conditions are
applied.

At time ¢, the structure occupies the volume S(61(¢), 62(t)), therefore the fluid fills the domain .7 (0 (t), 02(t)) =
O\S(01(t),62(1)).

The velocity of the fluid is modelled by the incompressible Navier—Stokes equations

ou

E(t,X)—i—(u-V)u(t,X)—divaF(u(tx),p(t,x)) =fz(t,x), t€(0,T), x¢€ F(0:(t),0(t)),
divu(t,x) =0, te(0,7), xe.F(0:(t),02(t)),
u(t,x) = ui(t,x), te(0,7), xely, (1.20)
u(t,x) = te (0,7), xeTly,
or(u t,x) p(t,x))n(x) =0, te (0,7), xely,
( ,X) = ug(x), x € Z(01,0,02,0),

where u(t,x) and p(t,x) are velocity and pressure of the fluid at point x and time ¢, and
UF(uap) = V(vu + (vu)T) 7p[a

is the stress tensor of the fluid, where v > 0 is the kinematic viscosity of the fluid. The term fz(¢,x) in (1.20),
is a force per unit mass exerted on the fluid. Moreover, a nonhomogeneous Dirichlet boundary condition u® is
imposed on the inflow region I'; and we consider an initial condition ug for the fluid velocity. Of course, these
equations should be completed with suitable boundary conditions on 95(61(¢), 62(¢)) that will be made precise
in Section 1.1.4.

1.1.4 Interface between the fluid and the structure
The velocity u of the fluid fulfils an adherence condition with the boundary of the structure whose velocity is
given in (1.12),

2

u(t, X(61(), 02(1),¥)) = Y 6;()0X(61(1), 62(t),y), t€(0,T), y € Suer.

Jj=1



Note that this no—slip boundary condition corresponds to the continuity of the velocity through the interface
between the fluid and the structure and can also be rewritten as

u(t,x) = Zéj(t)&;jX(Gl(t),Hg(t),Y(é)l(t),Gg(t),x)), te (0,T), xe€dS(0:(t),02()). (1.21)

j=1
The forces exerted by the fluid on the structure are given by the stress tensor of the fluid
fros=—or(u,pmg e, t€(0,T), xedS(0:(t),0:(t)), (1.22)

where ng, ¢ (x) is the outward unitary normal to the fluid domain .7 (6 (t), 02(t)).

1.1.5 The complete set of equations

The full set of equations is given by (1.14), (1.19), (1.20), (1.21) and (1.22). Note that the coupling between
fluid and structure appears in equations (1.20) (as the fluid domain depends on 6; and 653), (1.21) and (1.22).
The final system considered is given by the following set of equations

g—?(t,x) + (u(t,x) - V)u(t,x) — divop(u(t,x),p(t,x)) = fz(t,x), t€(0,T), xe.FO:(t),0t)),
div u(t,x) = 0, te(0,T), xeZ01(t),01)),
2

u(t,x) = Zéj(t)ang(Hl(t),92(t),Y(01(t),92(t),x)), te(0,T), x€dS0(t),0:(t),
j=1

u(t,x) = u'(t, x), te(0,7), xely,

u(t,x) =0, te(0,T), xely, (1.23)

UF(u t,X),p(t,X))n(X) =0, te (Oa T)v xel'y,

u(0,x) = up(x), X €7 (01,0,02,0),
i .

Mo, 6, (9; =M;y(01,02,01,02) +Ma (01,02, —0r(u,p)ng, o, )+fs, t€(0,T),

01(0) =610,  02(0) = b2,

91 (O) = W1,0, 92 0) = W2,0-

1.2 Statement of the main result

In this section, after setting up the functional framework, we present our existence result for solutions to
problem (1.23). In the sequel, #, = F(61,0,620) denotes the initial fluid domain and Sy = S(61,0,02,0) the
initial configuration for the structure. For the sake of simplicity, the initial displacement of the structure is
taken equal to zero,

01,0 ="020=0.

This can be done without loss of generality by the change of variables
(01,02) — (01 — 010,02 — 629).

Moreover, the reference configuration for the structure S, and for the fluid .%.¢ are taken as the initial
configuration,

Sret = So = 5(0,0), Fret = Fo = .7(0,0).

1.2.1 Functional spaces

Sobolev spaces. In the sequel, H*(.%) is the usual Sobolev space of order s > 0. We identify L?(.%)
with HY(.%,). We will denote L?(%y) = (L?(%))?, H*(Fy) = (H*(%))? and so on.

Corners issues. The domain considered for the fluid has four corners of angle w/2. The ones that are
located between Dirichlet and Neumann boundary conditions induce singularities, we denote them A = (L, 1)
and B = (L,0) (see Fig. 3). We also denote #;,, = {A, B} the set of these corners and we define the distance
of a point x from these corners

forje fan, forxeQ, r;x)=d(x,j). (1.24)

Note that corners between two Dirichlet boundary conditions do not induce singularities as soon as suitable
compatibility conditions are satisfied. We report to [11] for more details.

Weighted Sobolev spaces. The strong solution to the Stokes problem in the domain with corners A and
B and with a source term in L?(.%) belongs to a classical Sobolev space of lower order than what we usually



have in smooth domains. In order to get the usual gain of regularity between solutions and source terms, we
have to study the solution in adapted Sobolev spaces. As the loss of regularity is located around corners A and
B, we can recover the usual regularity if we consider norms that are suitably weighted near these corners. The
weighted Sobolev spaces are then defined for 5 > 0 as

H3 (%) = {u: allexz (7o) < 400},

Hi(F0) = {p: Iplluy(zy) < +o0},

where the norms ||.||H%(90) and H.”Hé(yo) are given by

2 2
[l = 33 /g I ) | 1omuy)ldy, (1.25)

la|=0 i=1 € Fuanm

and

1
Py = 30 [ T ) | 1070ty Pay. (1.26)

|a|=0 JE€ FLdn

Here the sum is on all multi-index « of length |a| < 2 for (1.25) and |a| < 1 for (1.26) and r; is defined in
(1.24).

Steady Stokes problem with corners. Let us denote ng the outward unitary normal to %;. The
following lemma from [13] explains how and why the spaces H% and H é appear in the context of corners. It
gives the result expected for the steady Stokes problem in .%; with weigthed Sobolev spaces and the regularity
obtained in the classical Sobolev spaces.

Lemma 1.3. [18, Theorem 2.5.] Let us assume that f7 € L2(%y). The unique solution (u,p) to the Stokes
problem
—divop(u,p) =fz in F,

diva=0 in %,
u=20 on I'p U JSy, (1.27)
or(u,p)ng =0 on I'y,

belongs to H3(Fo) x Hi(Fo) for B = 0.42 and to H3/2t20 (F0) x HY?t20 (%) for eg = 0.08. Moreover, we
have the following estimate

gz sz + [Blay ey < ClEs Ly, (1.28)

Remark 1.4. In the sequel, we only use the fact that 5 and ¢y belong to (0,1/2).

Note that the regularity proven in Lemma 1.3 gives a meaning to all integrations by parts as pjs#, and
Onoa.7, are well defined traces for (u,p) € H¥/2+50(Fy) x HY?+e0(F).

Also note that according to [8, Theorem 1.4.3.1], there exists a continuous extension operator from H?(.%)
to H*(R?) for every s > 0. This implies that all the classical Sobolev injections and interpolations are valid
despite the presence of corners as they can be led in R2.

1.2.2 Local existence of a strong solution to the problem

The diffeomorphism ®. A classical difficulty in fluid—structure problems is that the fluid domain changes
over time. The classical way to get rid of this difficulty is to use a change of variables on u and p in order to
bring the study back into a fixed domain. This procedure uses a diffeomorphism that we have to define properly.
When the state of the structure depends only on a finite number of parameters, it is convenient to construct
this diffeomorphism as an extension of the deformation of the structure into the fluid domain.

The diffeomorphism used is defined as an extension of the diffeomorphism X given for the structure. Hence,
we need the extension operator defined below.

Lemma 1.5. There exists a linear extension operator £ : W3°°(Syep) — W3°(Q)NH(Q) such that for every
VS W?”OO(SrCf)

(1)  &(w)=w almost everywhere in Syef,

(i4)  &(w) has support within Q. = {x € Q | d(z,9Q) > £} for some e >0
such that d(S(61, 62),08) > 2¢ for all (61,62) € Do,

(iii)  [[wllwe.o (@) < Cllwllwa(s,0)-



Proof. Extension results are classical, we can for instance find an extension result for smooth domains in [10,
Lemma 12.2]. We can get the result by multiplying the extension function of [10, Lemma 12.2] by a cut—off
function in D(Q,). O

Then we define the following function

®(01,05,y) =y +8(X(01,92, )— Id) (y), V(61,05) € Do, Vye€Q, (1.29)

where Id denotes the identity function.

We have V®(0,0,y) = I for every y € Q, hence det(V®(0,0,y)) = 1. Then for every (61, 602) € Dg small
enough, the function ®(01,60s,.) is a diffeomorphism close to the identity function. We denote ¥ (01,65, .) the
inverse diffeomorphism of ®(6y, 6, .)

V(91792) GD@7 Vye Q? ‘I’(917925‘}(917027y)) =Y. (130)
We can prove that ® and ¥ belong to €°°(Dg, W3>(Q)). These diffeomorphisms are represented in Fig. 2.
The properties of £ imply the following important properties
for every (91, 92) € Dg, @(91, 92, Sref) = 5(91, 92) and Vy S Q\Qa, @(91, 92,y) =Y. (1.31)

The inflow boundary conditions. We use the following space to define the admissible boundary condi-
tions on the inflow part of the boundary I,

1/4 i 2
u e HB/Q(Fi) | uTBFi =0, / |ay2U;(y2)| dys < 400,
2 . (1.32)

0
1 ; 2
a 1
/ 10y, u5(y2) dys < +00
34 1=

U’ =

The conditions with integrals in the definition of U? are chosen to match the homogeneous boundary conditions
on I'y,. We now state the following existence theorem.

Theorem 1.6 (Local existence in time of a solution). Let Ty > 0, let u* € H(0,Ty; U?), ug € H(F) and
(w1,0,wa,0) € R? satisfying the compatibility conditions

divug =0 in Fo,
2
UO(.) = ij,oaﬁjx(0707 ) on aSO’ (1 33)
=1 |
uy = ]_17’(07 ) on Fia
up = 0 onI'y.

Let £ € L?(0,To; WH>(Q)) and fs € L?(0,Ty; R?). Then there exists a time T € (0,Tp) such that problem
(1.23) admits a unique solution (u,p, 61, 6) with the following regularity
(917 02) S 1‘12(07 T; ID@),
u(t, ®(01(¢),02(t),y)) € L*(0, T3 HE(F0)) N €°([0, T]; H' (Fo)) N H'(0,T; L*(F0)),
p(t, ®(01(t),02(t),y)) € L*(0,T; Hy(Fo)).
Moreover, we have the estimate

[a(t, (01(t), 02(t), ¥) || 20,7882 (£0)) 060 (10,71 (F0 ) H (07512 (Fo )
+||p(t7 tI)(el (t)’ 92(t)7 Y)) HLZ(O,T;Hé(go)) + ||(01a 92) HHQ(O,T;ID(—)) ]
< C(lluollm (o) + lwi0] + w20l + £ 20,1012 #0)) + 10|51 0,70:8372 0y + [1Esll 220, 70:R2))-

The proof of Theorem 1.6 mainly follows the one in [4] and is presented in Section 3.3.

1.3 Scientific context

Existence of strong solutions to fluid—structure problems is already available for several cases. For instance
the problems of a fluid coupled with rigid bodies [7, 18, 19], a plate [16] or a beam [9, 12] have already been
investigated.

Existence of a weak solution has also been proven for a fluid coupled with a plate [5].

In the current study, we focus on a deformable structure depending on a finite number of parameters. A
close situation has already been investigated for a finite dimensional approximation of a plate [4]. This makes
the modes 0y X fulfil a relation mandatory to ensure the null divergence of the fluid.

In contrast to [4], the case considered in the current paper deals with an intrinsically finite dimensional
structure. Hence, the modes dp,X do not fulfil such a relation and some parts of the proof in [4] have then to
be modified.

Additional difficulties are induced by the corners on 9, more information can be found in [11, 13].



1.4 Outline of the paper

In Section 2, we study the linearized problem in the fixed domain .%;. We prove existence of strong solutions
to this linearized problem. Then, in Section 3, we prove local existence of solutions to the nonlinear system.
We extend the previous result to the nonlinear system with a fixed point argument.

The proof of the estimates of the nonlinear terms can be found in Appendix A.

2 Existence of solution to the linearized problem

In this section we study the linearization of problem (1.23), first with only source terms f and s and then with
all source terms. These equations are written in the fixed domain .%; using a change of variables explained in
Section 3.1. In the sequel, (i, p) denotes velocity and pressure of the fluid in the fixed domain .#,. We denote
T > 0 the considered final time.

2.1 Linearized problem with nonhomogeneous source terms

Let us study the following problem

%—VAfl-i—Vﬁ:f in (0,T) x o,
diva =0 _ in (0,T) x Fy,
@ = 0,85,8(0,0,.) + 6,95,8(0,0,.) on (0, T) x ASo,
u=0 on (0,T) x Ty,
a=0 on (0,T) x Iy,
or(t, p)ng = 0 on (0,T) x Ty,
6(0,y) = uo(y) in 7, (1)

p / (BT — (Vi + (V)T )ng - 95, 8(0, 0,7, ),
Moo ( 9-1 ) = o +s on (0,7),

2 / [HI — v(Va + (Va)")ng - 95,2(0,0,,)dy,

8So

01(0) = w10, 05(0) = wap,
6,(0) =0, 6,(0) = 0,

where the unkwnows are (11, p, 0;,6,) and the source terms are (f,s) € L2(0,T;L%(%)) x L?(0,T;R?). We will
show later that this system corresponds to the linearization of the nonlinear problem (1.23) transported in the
fixed initial configuration.

Remark 2.1. The state (,p,0;,05) of problem (2.1) can be reduced to (u,p, 91, 02) Considering the velocity
of the structure instead of its position is sufficient to solve (2.1). However, we prefered to consider the full state
(a,p,0,05), as it is anyway used to deal with the nonlinear case.

In the sequel, the following spaces will be used

Ur = L*(0, T; Hj(F0)) N €°([0, T;: H (o)) N H' (0, T; L*(F)), (22)
Pr = L*(0,T; H3(F)), (2.3)
Or = H*(0,T;R?), (2.4)
Fr = L*(0,T; L?(%)), (2.5)
Gr = H'(0,T;HY2(8S))), (2.6)
Sr = L(0,T;R?). (2.7)

We endow ©p with the following norm

1061, 6)llex = 11(81, 02)ll 20,7y + 11(61, 02) |l < (0,7) + 161, 62) | o (0,1,

the other spaces are endowed with their usual norms. The norm ||.|le, has been chosen so that we have the
estimate ||(0y,05)| £ 0,1) + (6, 92)||LM(O7T) < C||(64,05)]le; where C' does not depend on T'. Note that with
the natural norm of ©p, C' would depend on T'.

Let us fix an arbitrary time Ty > 0, e.g. Ty = 1. We want to prove the following result.



Proposition 2.2. There exists a constant C > 0 such that for oll T € (0,Ty), C does not depend on T, for
all ug € HY(Fy) and (w1,0,ws2,0) € R? satisfying the compatibility conditions (1.33) (with u* = 0) and every
(f,s) € Fr x St, problem (2.1) admits a unique solution
(ﬁ,ﬁ,91,92) eUr x Pp x @T.
Moreover, the following estimate holds
[alloz + [I2ller + (161, 02)ller < C( + [Isllsz)- (2.8)

In order to prove Proposition 2.2, we will study the problem (2.1) under its semigroup formulation. Let us
define the space

(@,0,,0,,w;,wy)T € L2(Fy) xR, divi=0in.%, 1u-ng=0onlp,
H= ua- ng = Zw]‘89j§<0,0, ) +1lgp on 850 ’
J

(2.9)

where ng is the unitary outward normal to the fluid domain .%#,. This space H is endowed with the scalar
product

((Vaa9%39(217w%3w§)T7(vb79 927w17w2)T)1H :/7 a de+Zoa9b
0

+Zw agx 0,0,.),85,X(0,0,.))s,

where (.,.)s is defined in (1.18). We also define

{ (@,0;,05,wp,w))T € HY(F) xRY, diva=0in.%, @=0onlp, }
V: )

=) w;0h®(0,0,.) on Sy (2.10)
J

endowed with the scalar product

((ve, 01,03, wf,w3)"y (v*, 605,605, 0p, wh) ), = /y (v v+ Vv TV dy + 096,
0 J

+ 3w (96,X(0,0,.),86,.X(0,0,.))s.
7,k

Remark 2.3. Note that (.,.),, and (.,.)y, are also respectively scalar products on L?(.%o) x R* and H' (%) x R*.

A%

Lemma 2.4. The orthogonal space to H in L2(%y) x R* with respect to the scalar product (.,.)]H 18

T
(H)*+ = (Vp,0,0, ~Mg, (/ png '8ej<1’(070,7y)dvy> ) ‘ peH (%), p=0onTx,
dSo 1,2

Jj=
where Mo o is defined in (1.15).
Proof of Lemma 2.4. Let (v¢,0¢,0%, w w$)T € L2(F) x R* such that for every (v®, 6% 05 wb w5)T € H,
(v, 07,03, wi,ws) ", (v", 07, 03,07, 05)") = 0.
By taking v® = 0 and w? = w} = 0, we easily obtain 0 = 6% = 0. With w® = w5 = 0, we also get
/ ve.vbdy =0, Vv’ e L%(%) such that div v’ = 0in.%, and v’ - ng = 0 on I'p U Sy,
ZFo

which implies, according to [13, Lemma 2.2], v¢ = Vp, where p € H!(%,) and p = 0 on I'y. Now,

Vp-vidy + ) wiw](95,X(0,0,.),05,X(0,0,.))s = 0,
Fo ik

becomes with the divergence formula and the compatibility condition in (2.9)

> b /as png - 95, ®(0,0,7,)dy, + Y wiw)(99,X(0,0,.),06,X(0,0,.))s = 0,
; 0

ik
then
[ pno - 008(0,0.5,)d% + 3wk (00X (0,0.1,00X(0.0,))s =0,
a5, &
which yields a first inclusion. The converse inclusion is obtained via an integration by parts. O
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We define the operator (A, D(A)) on H as

D(A) = (@,0,,0,,w,,wy)T €V, 0 € HY?t20 (%), 3p € H'/?+50 (%) such that (2.11)
o div O’F(ﬁ,ﬁ) € L2(y0) and O'F<l~l,ﬁ)n0 =0onIy ’ ’
where g9 = 0.08 is introduced in Lemma 1.3, and
a div op(@,p)
0, Wy
Al 0, =1y | w , (2.12)
“ Mab | [ ~ar(apna - 00(0,0.5,)v
Wo 9S50 j=1,2

where Il is the orthogonal projector from L2(.%y) x R* onto H with respect to (.,.)]H.

Lemma 2.5. The operator A is uniquely defined.
Proof of Lemma 2.5. Let (1,60, 0y,w,,wy)” € D(A) and consider two functions p, ¢ € H'/20 (%) satisfying

the conditions appearing into the definition of D(A). Then, div or(0,p — q) = —V(p — q) € L?(%,) implies
p—q€ HY (%), and or(0,p — ¢)ng = 0 on 'y implies p — ¢ = 0 on I'y.

Now,
div o (1, p) div op(u,q)
wy w,
Woy | w,
M(;,[l) [/ _UF(ﬁvp)no . 80]"1)(07 0; ’Vy)d'Yy:| M(I(l) |:/ —O'F(fh q)no . a@jq)(()» Ov’Yy)d'Vy
90 j=1,2 850 i—12
V(p—aq)
0
=10
850 =19
which belongs to H' according to Lemma 2.4. Therefore A is uniquely defined. O

The key point of this section is the following lemma.

Lemma 2.6. The operator A generates an analytic semigroup on H. Moreover, for A € R large enough, \I — A
is positive and D((A\ — A)Y/?) = V.

Proof of Lemma 2.6. We define the operator (A;, D(4;)) on H with

D(A1) = D(4),
and
v divop(v,q)
0, 0
A1 | 6, =IIg| O
wy Mib| [ =ortvama 00,8(0.0.5,)0)
Wy Sy j=1,2

A direct adaptation of Lemma 2.5 proves that A; is uniquely defined. Now, we first prove the properties of
Lemma 2.6 on the self-adjoint operator A; and then we extend it to A with a perturbation argument. For
(v, 07,09, wi ws) € D(Ay) and (v*, 68,05 wh wh) € V,

(Al(vu7 9%5 9(2L>w?7wg)T7(vb7 Hll)a egaw?vw}é)T)]H

= / (or(v*, q")ng) - vPdy, — / op(ve,q®) : Vvbdy + Zwé’/ —or(v®, q")ng - 0p,®(0,0,v,)dy,
So Fo [ o

=— / (Vv 4+ (Vv)T) . Vvldy
F
= _al((‘?aa 0%3 05) wila wg)Ta (Vb7 9?, 912)7wl1)7w3)T)7
where

14
(907,05, )T (00 Bt w)T) = F [TV (V)T 5 (T 4 (V) Ty,

11



is a continuous bilinear form on V.

For the first equality we use (99,X(0,0,.),80,X(0,0,.))s = (Moyo);r and for the second ¢*I : Vvb =
¢®div v® = 0. The final equality shows that —A; is non-negative and self-adjoint, so we can easily conclude
that D((—A4;)"/?) =V.

Moreover, according to Korn’s inequality [6, p. 110], there exists ¢ > 0 such that

v
V(V»017927W1»W2)T ev, al((v,91762,w1,w2)T, (v,91792,w1,w2)T) + 5”"”%2(90) 2 C”"H%U(ﬁo)’
so that,

V(V,GI,GQ,UJI,WZ)T S W,

14
al((vavgtllvggawtllvwg)Tv (Vbaall)vggawlfawg)T) + max (5»6) H(V7917927w17w2)H]%{ Z C||(Va01792’wlaw2)”%/'

Hence, according to [3, Theorem 2.12, p. 115], A; generates an analytic semigroup on H.

Now, we use the fact that A — A; € L£(IH), then according to [14, Corollary 2.2.], A generates an analytic
semigroup on H.

A consequence of the previous result is that there exists A > 0 such that A\I — A is positive. Moreover,
D(M — A) = D(A;), then by interpolation, D((A — A)'/?) = D((—A;)Y/?) = V. O

We are now in position to prove Proposition 2.2.

Proof of Proposition 2.2. Let us denote F = H]H(f,O,O,./\/l(IéS)T and zg = (up,0,0,w; 0,w20)’. We have
F € L2(0,T;H) and zg € D(A'Y/?).
According to [3, Theorem 3.1, p. 143] and Lemma 2.6, the problem

/ —
z'(t) = Az(t) + F(¢), t > 0, (2.13)
Z( ) = Zo,
admits a unique solution z € L?(0,T; D(A)) N H*(0,T; H) and there exists C' > 0 such that
2]l 2 0,7; DAY nE (0,7510) < CU|F|L20,7501) + [|Z0]lv)- (2.14)
With the Sobolev embedding
L2(0,T; D(A)) N H'(0, T3 H) = °([0,T); V),
we have
2]l 2 0.17: DAY w0 (0,11 v)nE 0,78 < CUIF | 2200, 7:00) + [1Z0lW)- (2.15)

Moreover, C' is independent from T' € (0,Tp). To prove this last statement, we consider

F(t) ifte|0,T),

vt e [0,To), F(t) = { 0 if t €]T, Tp].

If Z is the solution on [0, Tp] of .
7z = Az +F,
2(0) = Zy,
then for ¢t < T, z(t) = z(t). And we have the inequality
121l 22 0,70 DAY A0 (0,701 V) 0,701 < CUIF I L2(0,70m) + 120 Iv),

where C' does not depend on 7', while

121l 20,75 D4y ne0 (0, 7)5v) nE 0,751) < N2 L2 (0,703 DAY A0 (0, 70)5v) N (0,703 1)
and 3
1¥( 220,108 = IIF | £2(0,7580) -
We get (2.15) with C independent from 7.

Now, if we write z = (1,6, 05, w;,w,)T, problem (2.13) becomes

div op(a,p) + f

u
0 Wy
d 1
dt ) =1l | “2 )

“1 M(I(l) s+ (/ —op(a,p)ng - 9y,®(0,0, ))
Wa dSo j=1..2
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where p € L?(0,T; H'/?*%0(%)). Then, Lemma 2.4 implies that there exists ¢ € L?(0,T; H*(%,)) such that
(@, p+gq,0;,0,) satisfies the linear problem (2.1). Moreover, according to (2.15), we have (6,,6,) € H?(0,T;R?),
u € H'(0,T;L2(F)) N €°([0, T); H (Fo)) N L0, T; H3/ <0 (Fy)), p = p+ q € L*(0,T; H'/?+*0 (%)) and

1l L20,7583/2 20 (20 )) 160 (0, T (Fo))nH (0,7:12(%0)) T 1PN L2 0,750 72420 (220)) + [1(01: 02) o1
< C(llwollm (o) + lwiol + w20l + Il 22(0,7512(20)) + ISllL2(0,7;R2))-

We still have to show @ € L2(0,T; H% (%)) and p € L(0,T; Hj(F0)). According to [13, Theorem 2.16], there
exists v € HY(0,T; H?(.%)) satisfying

divv=0 in (0,T) x o,

v =>0;0p,%(0,0,.) on (0,T) x 8Sy,
J

v=0 on (0,7) x I'p,

(Vv + (Vv)')ng =0 on (0,T) x I'y,

with
[Vl 0,m5m2(20)) < Cll(01,6)]l0r-

The velocity 1 — v and the pressure p satisfy for almost every ¢ in (0,7

—vA(@—v)+Vp=1f—-9du+vAv in (0,T) x %y,

div (i —v)=0 in (0,T) x Fo,
ua—v= on (O,T) X (FDUaSO),
op(—v,p)ng =0 on (0,7) x ',

then, according to Lemma 1.3, & — v € L*(0, T; H3(F0)) and p € L*(0,T; Hj(F)), where § is introduced in
Lemma 1.3. Moreover, (1.28) yields

[0 = vllz2 0,782 (50)) + 1Pl 220,713 (70)) < I = 010 + VAV 20,712 50))-
With the estimate Hﬁ||L2(0,T;H%(?g)) < ||fl — V||L2(0,T;H%(ﬂo)) + ||V||L2(0,T;H2(A?0))a we get

Hﬁ||L2(0,T;Hg(%)) + ||15||L2(0,T;Hg(9o)) = C(||f||L2(o,T;L2(%)) + Hﬁ”Hl(o,T;LZ(%)) + ||VHH1(0,T;H2(%)))
< C(||f||L2(0,T;L2(%)) + Hﬁ”Hl(o,T;LZ(ﬁ‘o)) + ||0||H2(0,T;R2))'

This concludes the proof of Proposition 2.2. O

2.2 Linearized problem with nonhomogeneous boundary data

Let us now consider two more source terms: one source term g on the boundary of the structure 95y and one
source term u’ on the inflow boundary region I';. Let Ty > 0, we study

Equu+Vﬁ*f in (0,T) x Fo,
diva = . in (0,T) x %y,
a = 6,09,2(0,0,.) + 0,09,2(0,0,.) + g on (0,7) x 95y,
a=u on (0,T) x Iy,
a =0 on (0,7) x Iy,
O'F(ﬁ,ﬁ)l’lo =0 on (O,T) ><FN7
u(0,y) = uo(y) in 7,  (216)

§ [pI — v(Va + (V) )Ing - 85,2(0,0,7,)dy,
Moo ( 9'1 > = 250 +s on (0,7,

: / (I — v(Vit + (V)7)no - 8,8(0,0,7,)d7,

, 850
01(0) = w10, 65(0) = wayp,
0,(0) =0, 0,(0) =0,

where the source terms are f € L%(0,T;L%(%)) , g € H'(0,T;H?2(dSy)), u* € HY(0,Tp; U?) and s €
L%(0, T; R?).
We have the following result:
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Proposition 2.7. There exists a constant C > 0 such that for all T € (0,Ty), for all u’* € H'(0,Ty; U?), ug €
H'(Zy) and (w1,0,w2,0) € R? satisfying the compatibility conditions (1.33) and every (f,g,s) € Fr x Gr X $r
with g(0) = 0, problem (2.16) admits a unique solution

(ﬁ,ﬁ791,92) € IUT X IPT X @T,

with

[alluy + [1Bllpr + [1(01,02)l0r < C(l[uollmr (#y) + [wi0] + w20

. 2.17
+Eler + lgler + sy + 10l omuy). 1)

Proposition 2.7 is proven at the end of the section. The proof uses the following lifting result for the new
terms g and u":

Lemma 2.8. For every g € H32(0Sy) and every u® € U?, there exists @ € H2(.%,) satisfying

diva=0 in %,

u=g on 05y,

u=u on I}, (2.18)
u=20 on 'y,

(Va+ (Va)T)ng =0 on I'y,

with ‘
[llm2(7,) < Cu'|ui + l8llas20s0))- (2.19)

Note that despite the presence of corners, we recover the expected regularity of the lifting for smooth
domains.

Remark 2.9. For the sake of readability, from this point onwards all terms dy and dv, are omitted in the
integrals.

Proof of Lemma 2.8. The lifting result has been established for the condition u’ = 0 on the inflow region in
[13, Theorem 2.16]. We first lift the input boundary condition u® # 0 in Q and then we use the aforementioned
result.

Lifting of the inflow boundary condition. Let us look for a function v defined on the entire domain € and
satisfying

divv=0 in Q,
v =u on I';,
v=0 on 'y, (2.20)

(Vv + (Vv)')ng =0 onI'y.

As v is divergence-free and € is simply connected, we look for it under the form v = V1, where 9 is a
scalar-valued function. In the geometry considered, I';, I'y, I'y, and I'y are straight lines, hence Oy, is written as
+0,, or £0,, according on which part of the boundary we consider it.

We can prove that i has to satisfy the conditions

Oy, th = —uj and 0y, ¢ = ul on I';,
0y, =0 and 0y, =0 on Iy,
0y, =0 and 0y, =0 on I'y,

0y, Oy = 0 and 0 ¢ — 9,1 =0 on I'y.
We chose to meet these conditions in the following way:

Y2

U(y2) = — /Uzl and 9y, = uj on I,
0
P =0 | and 0y, =0 on Iy, (2.21)
w:—/ uj and 0y, =0 onI'.
Ty
Vi) = () [ wh 0,0 =0 nd 05,0 = ~dn(m) [0 onT,
i Ty
where 7 is a C* function on [0, 1] satisfying
0 ity € [0,1/4),
Vyz €[0,1], nly2) = €0, if yy €]1/4,3/4], (2.22)
1 if oy, € [3/4,1).

14



The theorem [8, Theorem 1.6.1.5, p.69] with m = 3 and d = 2 gives the existence of ¢ € H3(Q) fulfilling
(2.21) under the compatibility conditions:
[t

o B2 (2.23)
/ | y2u2| < 400
1—as 1 — Y2

there exist «; and as > 0 such that

These conditions are the ones in the definition of U’ in (1.32) with a; = as = 1/4. Moreover we have the
estimate ‘
IVllEze) < clléllms@) < Cllullms2 ). (2.24)
The divergence-free field v = V11 € H2(Q) satisfies (2.20).
Lifting of the structure velocity. Now, v =0 — v|#, has to satisfy

divv =0 in %,
vV=g-vVv on 95y,
v=0 on I,
v=0 on 'y,
(V\Nf + (V\N/')T)l’lo =0 on FN.

According to [13, Theorem 2.16], such ¥ exists in H?(.%) as soon as g — v € H3/2(9S;). Moreover, we have
the estimate

[Vla2(70) < Clig — Vlasros,) < Cllgllasr@sy) + 1VIE2(@)- (2.25)

This yields the expected result since U = v + v, z,, the estimate (2.19) comes from (2.24) and (2.25). O

We can now prove Proposition 2.7 in the following way.

Proof of Proposition 2.7. Let u® € H(0,Tp; U?), ug € H (%)) and (w10, wa,0) € R? satisfying the compatibility
conditions (1.33). Let (f,g,s) € Fr x Gr x $7 with g(0) = 0.
Let u € H*(0,7;H?(.%)) be the solution to (2.18), it fulfils

19l 111 0,7512(70)) < CUN (11 0,10:0%) + 181 111 0, 7:182/2 0150 )) )- (2.26)
The lifting U also belongs to ([0, T]; H*(.%#)), and as g(0) = 0, we have
[l g0 (fo,7):12 (#20)) < CUN | ar10,10507) + &1 0,588/ (850)) ) (2.27)

where C' does not depend on T'.
Let (1,p,6,,05) be the solution to

%—?—VAﬁ—FVﬁzf—g—?—i—yAﬁ in (0,T) x Fo,
diva=0 ' in (0,7) x %,
@t = 0,05,8(0,0,.) + 0,95,8(0,0,.) on (0,T) x 9So,
a=0 on (0,T) x I,
4=0 on (0,T) x I'y,
O'F(ﬁ,ﬁ nyg=20 on (O,T) XPN,
1(0,.) = ue(.) — u(0,.) in %,

; / B — (Y (@ -+ ) + (V(@+) 7)o - 90,8(0,0,7,)
Moo ( 9-1 ) = Q5o +s on (0,7),

2 V@ + (V@) g 002(0.0.5,)

\ Jas,
91 (0) = W1,0, 92(0) = W2,0,
0,(0) =0, 62(0) =0
We have

- %‘t‘ 4 vAT € L0, T; L3(F)),

up(.) —1u(0,.) =0 on I},
Y +/ —v(Va+ (V)" )ng - 95,2(0,0,7,) € L*(0,T).
850
Then, according to Proposition 2.2, (1, p,6,,60,) € Ur x Py x O and we have (2.8) with & = a.
Now, we consider & = G+, then (Q,p,0;,0,) € Ur x Pp x Op and (2.17) is a consequence of (2.26)—(2.27)
and (2.8). O
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Note that a larger space than H' (0, Ty; U?) could be considered for u’. Indeed, we use a lifting in space only,
inducing the requirement u* € H'(0,7Ty; U?). Using a space-time lifting would be slightly more complicated
(see [15]), but would allow a larger space for the inflow boundary datum u’.

3 Local existence of solution to the full problem

In this section, we study the nonlinear problem. We recall that 61 o = 620 = 0. At first, we rewrite the equations
(1.23) in the fixed domain %, then, we prove existence of a solution to this problem.

3.1 The equations in a fixed domain

Our goal is to write the equations (1.23) in the fixed domain %;. To do so, we use the diffeomorphism defined
n (1.29). We denote Js its Jacobian matrix and cof(Js) the cofactor matrix of Jg. We use the change of
variables u(t,y) = cof(Je (61 (t),62(1), y))Tu(tv ®(01(t),02(t),y)) and p(t,y) = p(t, ®(01(1),02(t),y)) for every
t€[0,7] and y € %.

This choice is motivated by the fact that, according to [4, Lemma 3.1], we get div a = 0.

In the sequel, v; denotes the i*" component of the vector v. To compute the equations satisfied by
(a,p,0,05), we use the following explicit formula:

u(t,x) = cof (Jw (01(t), 02(t),x)) 0 (t, ¥ (6, (1), 05(t), %)),

we have . T
Opu(t, x) = cof <(1tj\p(91(t)792(t)7x)> a(t, T(01(t),02(t),x))
+cof (T (01(t), 02(¢),x)) T O, (t, ®(0:1(t), 02(t),%)) .
+eof (Fu (01(1), 0(8), %)) Vya(t, B (01(1), 0(8), x)) - ¥ (01(1), 0(8), %),
Dz, u(t,x) = cof (05, T (01(t), 02(t),x))Ta(t, ® (61 (t),02(t), %)
+eof (Tw (01(1), 02(t), X)) Vy(t, W(01(2), 02(t), X)) O, R (01(£), 02(1), %)
and

aa%ju(tvx) = COf(a%jj‘I’< 1(t), 02 (t)’x))Tﬁ(t7‘I’(91 (t)’92(t)7x>)
+2c0f (0, Ju (01(t), 02(t), %)) "V (t, U (01(t), 02(), x))0u, ¥ (01(1), 02(t), %)
+eof (Fa (01(t), 02(t), %)) " Zaykvyﬁ(tv‘l’(%( ); 02(t), %)) 0, W (01(1), 02(t), x)On; W1 (01(2), 02(t), X)
k

+eof (Tw (01(2), 02(), %)) T Vy G(t, W (01(1), 02(t), x))07, R (01(t), 02(), ).
Problem (1.23) in the fixed domain reads (2.16) where f,g,s are defined by

- F(91792’ ﬁ’ﬁ) + fy(ta Q(el(t)a 92(t)ay))7
G(ela 927 917 92) (31)
8(917923 ap) + fsa

and we can decompose F(0;,0,,1,p) = F + F2 + F? 4+ F* + F?, where F!, G and S are given below in (3.2).
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We write ®(6,,6,,.) under the simpler notation ®. The nonlinear terms are given as follows:

. ou
F1(0,,0,. @) = (I — cof(J\p(Gl,Gg,@))T)a—?,
F2 (917 027 ﬁ) = _COf(élvxa&lI’(gla 927 Q) + é2vx602‘11(917 927 (I’))Tﬁ(t> y)
—cof (T (61,02, ®))T (V1) (élael (01,63, ®) + 000,961, 02, ®)),
F3(0,,0,,1); = VJ;:mCOf Ju (01,02, ®))ri Oy Oz, —— (01,02, )8:cj (61,602, ®)
ou a\I’l
2 —cof(Je (61,0 Ptiad 01,02,
+1/J§k:l -cof (Jw (01, 02, ))kala(1a2 P)
o1, 0*V
+VZCOf(j\p((91,92,¢'))Im aUk Oz 2l (91792a )
Skl

0? - _
+v Z @COf(jqz(el, 02, ®)) kit — vAYTU;(t,y),
ik j

F4(6‘1702,ﬁ)i = — Z COf(j\I,(ehag, ))kja cof(Jq,(Qlﬁg))muku
iy L0, i (3.2)
— det(Jw (01, 02, L L
];e(\P(l 5, ®))? a0 g

F°(0,,0,,p) = (I - jq,(@l,HQ,Q))TVyﬁ,
2
G(0),0y,w1,w2) = Y w; (COf(j¢(917 02))" 06,2 (01,65, y) — 9,2(0, 07}’)),
Jj=1

Lo 6 .o
5(01792auap) :_(M91,02 - MO,O) ( ! ) +MI(91592791762)

b
/E)\S | Teto| [BI — v(G(6y,05,0) +G(0,,0,,0)")ng, 0,(®) - o, P(0, 02, 7y)

|~7‘I>t0| []3] - V(g(elv 927 ﬁ) + g(alv 6‘27 ﬁ)T)]n91,92 (q)) : 892‘1)(917 92a 'Vy)
So

+

. [pI —v(Va + (Va)")ng - 05,®(0,0,7,)
y I — v(Va + (Vi)")ng - 95,2(0,0,7,)

where tg is a unitary tangent vector to 95y, My and My, g, are defined in (1.15), (1.16) and

8uk 8\111

g(917927 ZCOf aI]J‘I’(917027')) iak +ZCOf(~7‘I’(01792’ ))kl oyl 8

k.l

(917 92’ ) (33)

We can state the following theorem.

Theorem 3.1. Let Ty > 0. Let u' € H'(0,Ty; U?). For every (ug,wr0,w20) € H (Fy) x R? satisfying the
compatibility conditions (1.33), there exists T € (0,Ty) such that for every (f#,fs) € L2(0,T; W () x
L?(0,T;R?) problem (2.16) where the source terms are given by (3.1) admits a unique solution (a,p,0,,0,) €
Uz x Py x (O N L2%(0,T;De)) satisfying the following estimate

[6l[wy +1Bller+11(81, 02)llor < Cluollmr () +lwi,ol+lwz.ol+1E5 | L2 (0,102 (20)) HI0 a1 0,700 Il 220,710
where C does not depend on T, f#, f; and u’.

This theorem is the rewriting of Theorem 1.6 in the fixed domain .%y. To prove Theorem 3.1, we use the
results of Section 2 and a fixed point argument.
3.2 Proof of Theorem 3.1

Proof. We work in the fixed fluid domain %;. Let Ty > 0.
Let u’ € H*(0,Tp; U?) and (ug, w1 ,0,w2,0) € H'(F) x R? satisfying the compatibility conditions (1.33).
We define the space
Ny = Uz x Py x (O N L2(0,T; De)),

endowed with the norm
[(@,p,01,0,)In = [[allur + 1Bller + [[(01.02)]lr- (3.4)
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We also define an application A7 on INy such that for every (W, p, 01,05) € Nz, (,p,0,,0,) = AT (1, p, 01, 05) €
Ur X Pr x Or is the solution to problem (2.16), where the nonhomogeneous terms are given by

=F(01,0,1,p) +f5(t, (01,02,y)),
g = G£91L02’ 91, 92),
s = S(917 927ﬁ7ﬁ) + f57
where F, G and S are given by (3.2). Note that A7 depends on the initial data (ug, w10, w2,0) and on the source
term u’.

We take

L2(F0) T fsllr2(0,10))

R =20(|[u'|l 1 (0,100t + w0l ()
where C' is the constant of Proposition 2.7, so that by Proposition 2.7 , we have

[AT(0,0,0,0)[In< C([[u’]] g1 0,700ty H W0 || 112 (70 Hewr 0

W2,0|+||f§’7||L2(07T0;L2(L’%))+”fs||L2(0,To)) = R/Q- (3~5)

The strategy adopted is based on the existence of 7' > 0 such that A7 is a contraction on

IBR(T) = { (ﬁ7ﬁ701702) € Np ‘ ||(ﬁ7ﬁa91>62)”11\11" <R, (91792)(0) = (070) } . (3'6)
Remark 3.2. The domain De is an open subset of R? and (0,0) € Dg, then there exists 7 > 0 such that
B((0,0),7) C De. Then for T' < r/R, if ||0;[|L>0,r) < I and 6,(0) = 0, we have
10,1l o< 0.7 < TN16; |l L 0,7y < RT <'r,

and we have for all t € (0,7), (0,(t),05(t)) € Dg. In the sequel we choose Ty > 0 such that Ty < r/R.

The solution to the nonlinear problem will be obtained as a fixed point of the application AT. We use the
estimates of the following lemma.

Lemma 3.3. For every R’ > 0, there exists a constant C' = C'(R') > 0, such that for every T € (0,Tp), and
every (0, p7,07,0%) € Br/(T) , we have

IF (67, ”f“,ﬁ“) F(91,9b 0,7l < C'TYVA(RY = @ ug + 5" = B ller+10% = 0 ler), (3.7)
IG (67,63, 67, 65) — G(6,65,67,63)lc, < C'T)I6" —6"]len (3-8)
I\S(9?»937~“7ﬁ“) S(61,65.0", p")s, < C'TYV2(|a — @ u, +1p* —"lle, +116° — °lle,), (3.9)
£ (t, @ (67,05, y) £ (t, ®(61,63,y) e, < C'T[0°~06"]e,. (3.10)

These estimates are proven in Appendix A.
For (a,p’,0,05) € Br(T), we have G(67,65,67,05)(0) = 0, hence Proposition 2.7 yields the estimate

”AT( DY, 9%’9a) AT( b7 5’ ellj’ab)”UTXIPTX@T L o
+||S(9%1ag’ 7pa) - (917027 u,p )”ST + Hfﬂ(t7 (I)(e%vegvy))_fﬂ(tv (I)(917027y))”]FT)1

and with Lemma 3.3, we have

IAT (@, 52,07, 03) — AT(@",5°,6,09) |urxprxer < KTV4([0" = @llg, + [15° = 5°[lp, + 16" _ebH@f)’ )
3.12
where K = 4CC’(R) depends on R but not on 7. Then, for T € (0,7Tp) such that

KTY4 <1/2,
the application AT is a contraction on Bg(7T'). Moreover, (3.12) and (3.5) yield
IAT(@,5,61,05) vz xprxer < [AT(0,0,0,0)|n, + KT*([lluy + [Blles +l0llo,) < R/2+ KRT'* < R.

According to Remark 3.2, we have proven that AT : BR(T) — Br(T) is a contraction. Then, according to the
Picard fixed point theorem, there exists a unique fixed point to A7 in Br(T). This fixed point is the solution
to problem (2.16) where the source terms are given by (3.1). This proves Theorem 3.1. O

Remark 3.4. Fixing the initial condition for (6;,6,) in (3.6) is necessary to get the term 7" in the estimates of
Lemma 3.3. We could also have fixed 6, (0) and 65(0) in (3.6). As it is not needed in our proof of Lemma 3.3,
we have chosen to let it free.
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3.3 Proof of the result in the moving domain, Theorem 1.6

We consider (@, p, 6,,05) in Ur x Pr x O the solution to problem (2.16) with (3.1) given by Theorem 3.1.
Let u(ta X) = COf(j‘I’ (91 (t)7 02 (t)a X))Tﬁ(ta ‘11(61 (t)a 92 (t)a X)) and p(t7 X) = ﬁ(ta \11(91 (t)’ 92 (t)v X)) Then the
quadruplet (u,p,6;,62) is solution to the problem in the moving domain. This proves Theorem 1.6.

A Proof of Lemma 3.3

This section is devoted to the proof of Lemma 3.3. We start with some intermediate lemmas that will be used
to decompose the intricate terms of Lemma 3.3 in smaller pieces.

A.1 Technical Lemmas

The following lemma contains Lipschitz estimates on several terms.

Lemma A.1. For R > 0, there exists a constant C = C(R) > 0 such that for every T € (0,Ty) and every
(.,.,01,03) € Br(T), the following estimates hold

|®(67,65) — (65, 05)|| L~ (0,751 (2)) < CT|6° — 6°]lo,, (A1)
| T8 (0F,05) — Ta (67, 05) || Low (0.7:10202)) < CT[0% = 6°[lor, (A.2)
| Tw (05,05) — Ta (63, 60%)| L 0,7:m2(0)) < CT|0% — 6°|6,, (A.3)
1(9s, T (67, 65)) 0 ®(65,03) — (9, Tw (6], 63)) 0 (67, 63) | = 0,781 () < CT0% — 6° |l (A4)
107, Tw (67,03)) 0 ®(67,03) — (97, Tw(07,603)) 0 ®(67,05)|| L~ (0,rL2()) < CT)0" = 0"l (A.5)
[ Mag.05 — Mgy gtllL<(0,7) < CT[6% — 6|l (A.6)
g oz ((07,05)) — ngr 4 (B(67,05)) || Lo (071 (950)) < CT[0* = 0°[le, (A7)
| det(Tw (07, 05)) — det( T (67, 05))|| L= (0,rie () < CT0% — 6°||on, (A.8)
16,2 (67,65, .) — 96, ®(61, 65, )| Lo (0, m5112(02)) < CTN6 — 6|, (A.9)
100,0,® (05,05, .) — D,0,@(67, 05, )| o= (0,75182 () < CT0* = 0°[l0, (A.10)
11T (07, 05)t0] — | T (67, 05)t0] || (0,1:L(a50)) < CT[0% = 6°llon, (A.11)
and
10:Tw (07,05) — 0, T2 (05, 05) || Lo« (0,7112(02)) < Cl10* — 6°|l01» (A.12)
10:(® (67, 03)) 0 ®(67,03) — 0, (% (67,65)) 0 B(67,605)|| L~ (0.7:1(2) < C0" = 0|, (A.13)
10:(Tw (07, 05)) 0 (67,05) — 8:(Tw (67,603)) 0 (67, 05) | L~ (0,70 (2)) < Cl10" = 0°[l0- (A.14)

Moreover, for every (W, ., 9{,9%) € Br(T), the following estimates hold on G defined in (3.3)

||g(9f,9§, ﬁa) - g(ell)v egvﬁb)||L2(0,T;L2(OSo)) < C(”0a - ebH@T + ||ﬁa - ﬁbHUT)7 (A15)
[V — 602,08, 5%) — V& + G(68, 0%, &)l 2o miz2cos0y < CTUI — oy + 80 — @lle,).  (A16)

In particular, as a direct application of Lemma A.1, using that (0,0,0,0) € Br(T'), we obtain the following
lemma.

Lemma A.2. For R > 0, there exists a constant C = C(R) > 0, such that for every T € (0,Tp) and every
(., 01,05) € BR(T), the following estimates hold

[T&(6:,05) — IllL(0,rm2(0)) < CT), ( )
| Tw (01,05, ®(01,05)) — I Lo (0,mim2(0)) < CT, ( )
102, Tw (67,05) 0 ®(01,0)|| L~ 0,711 (2)) < CT, ( )
IIC')ij Jw(01,05) 0 ®(61,05)| L0, 17:L2(0)) < CT, (A.20)

Ma, 0, — Mool < CT, ( )
g, 0, (®(6:,62)) — nol[Le< (0,71 (050)) < CT, ( )
| [T@tol — Lo (0,1 (050)) < CT, (A.23)
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and
10:(T2 (61, 05)) L= 0,7;112(02)) < C, (A.24)

<0, (A.25)

H W(0,,05)) o ®(0;,05)
L= (0,T;L>°(£2))

<cC. (A.26)

H (Jw(04,05)) 0 ®(0,,06,)
Lo (0,T;L° (Q))

Moreover, for every (u,.,0;,05) € Bg(T), we have the following estimate on G
[Va —G(6,,0,,a)|2200,m;12(050)) < CT- (A.27)
Proof of Lemma A.1. Three kinds of estimates have to be proven. First estimates (A.1)—(A.10) are of the type
ler(67,605) — (67, 05)l| e 0.73) < CTIN(E, 03) — (61, 65)lle
where « is a differentiable function defined on Dg and valued in X. We thus use Taylor series and get

la(65,63) — a(6,63) L 0mx) < sup [[Voa(y,605)ll0mx) 0% = ° | = (0,17)-

1,05,)€EDe
According to the definition of Bg(T) in (3.6), #2(0) = 6°(0) = (0,0), we finish with
10% = 6°|| Lo 0.7y < T)10% = 0°||or--
The second type of estimates (A.12)—(A.14) is of the form
(65, 05,67, 05) — (67, 65,63, 65) | L 0.7:x) < C|(65,05) — (67, 65)[|or
where « is now a function defined on Dg x R? with values in X. We use the same strategy and get
||O(( (1170(217 .(11,0.%) _a(ell)a037911)a9.l2;)||L°°(07T;X) . .
< sup ||V wa(ly, 0y, w1, w2) |l 0,75x) (107 — 0°] Lo 0,7y + 110 = 6°]| s (0,17))-
(91792)611:)@
|wi|+|w2| <R

Note that contrary to the first type of estimates, we do not have the decay in T because we did not enforce
62(0) = 6°(0).
Estimate (A.15) is a direct consequence of (A.16). The last estimate to prove is (A.16). We do it via the
computation
(G(67.05,a)—G(67,03,0°) — Va* + va'),;
- Z (cof (0, T (0,05,.) 0 ®) i — cof (9, Tw (05,05,.) 0 ;) i

+Zcof O, T (65, 05,.) 0 ®Y) s (a1 — @)

ou§ ov
a pa a b pb b k lipa pa a
+;C0f j‘l’ 9176‘27(1) ) J‘I’(617027(I) ))IM 8yz 833] (917927(1) )
ov oug ol
£(Jw (62,05, @)1= (07,05, 8%) — 5130 b L
+Z (CO (Tw (07,03, ®°))ki 81‘J( 15 Y2 ) = 0k ly oy, oy,
ol [0V ov
b pb b k lipa pa a Lipb pb b
+;cof (61,05, 8 Gt (01,058 - S0k, 8Y)).
and with the use of estimates (A.3), (A.4), (A.18) and (A.19) we get estimate (A.16). O
A.2 Detailed proof of Lemma 3.3
Proof. In all the estimates we use Lemmas A.1 and A.2.
e Estimate (3.7): using (A.18) and (A.3), we get
||F1( tll’og’va) _F1(0l1;7ogavb)|‘]FT b
ov*  oOv
< HI—COf(j\p( H o (Lo -
v
+ HCOf(jq,(@i’, 912))>T - COf(j‘I’(elll7 9%))THLoo(Loo) W L2

< KT()60* = 0*ller + Iv* = V*llu)-
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Now, using (A.26), (A.25), (A.14), (A.13), (A.3) and the estimate ||V || r2(0, 711 () < T2V Lo (0,711 (F0))
we obtain

720,05, v*) —F2(67,03,v") |l
< [lcof(0: Tw (63, 63) o ®(6%,03) — 9 Tw (07,03) 0 B(07,03))" || Low (1. V¥ || 2212)
+llcof (0 Tw (67, 03) 0 B (67, 03))" || e () [IV" — v 2wy
+lcof (T (67, 05) 0B (67, 03) — Tw (07, 05) 0@ (01, 03)) || el v | L2 a1 ]| O B (65, 05) © B || o)
+||C0f(«7\1’(9 Hb) © '1’(9 )) l| oo L°°)||V —Va||L2(H1)||3t‘I’( 1,08) 0 (I)||L°°(L°°)
+lcof (T (67, 03) 0@ (67, 03)) | Low (r.oo)[[ VP || L2 (x11[| 0 (R (67, 63)) 0@ — 0y (¥ (0, 03)) 0P| L (1.
< KTY2(|ve = vP|lup +116% — 6°llex)-
In the following estimate we use the Sobolev embedding : H'/?*¢0 < L* (see [1, Theorem 7.58]). We also

use the fact that Jg is the identity near the boundary, i.e. £ has support in €2, (defined in Lemma 1.5), then
Jw (0,05, ®(6,,0,,y)) —I =0 for y € Q\Q.. Hence,

oV, 0, ov, 6Y,,
f ; — 51i01i0m f . — 510150
cof (Jo )i o, (’)xj k015 Omj < cof (Jo ) ki oz, 8:cj k015 0m;j
[ : [
/ Lo (Le(Q)) / Lo (L (9.))
1
< 5 cof (T ) ki gqjl a;j — 030150 )
HTJ Lj 0% L= (L>(Q))
J LOO(QE)
We have
||F3(9%,9‘21,Va) - Fg(ell)v ogvvb)HFT
ov, ov,, ov ov,,
cof(J\p(ﬁl,@“))ma Log,03) 5 (0%,03) — cof(Jw(91,9b))kza (0%, 0%) B (63,65)
<v Y j €z €L
T kLm Hrﬁ
Lo (Le®)
cof (T (68 ob))a‘l’l (6 9b)a‘1’m (6%, 08) — S1mOpidu;
XH 82"];@1 N 1»Y2 6 1> 8xj 1»Y2 mUkiVl H 821}]% - 821}2
aylaym LQ(L%) HT’n 5y13ym 3y13ym L2(L123)
" Lo (L)
) ov ) oV
+20 Y || 5 (cof (T (0%, 03))ki) l(@%,f)g) ——(cof (T (63, 08)) ) 5— (6%, 65) V% | 2 w4y
: ox oz ox oz
gkl J o0 J Ly Loo(L4)
Hcofuw(el;,eb))kz G| v i
92U 02U
v 32 ol (a0, 05) 2 (05, 05) = cof (T8, 08) 5 (07, 0%) vz cwe.s
Jrk,l J Loo(L4)
02U
+ ||cof (Tw ) ki (6, 65) 9 gl (67,65) [ve = VPl L2(wr.a)
* Lo (L)
2 82
+v WCOf(j\I’(H‘fa@S)*~7\If(9l1’793)> _ V) L2 (Loey + Wcof(«%(@lfﬁg))m [ve = VP 2oy
3.k mj ki Lo (L2) xj L= (L2)
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Moreover,

oV OV oV oV,
cof (T (67, 05)) s 7~ (67, 03) 52 (61 65) — cof (T (97, 63) s~ (67, 63) 72 (67, 68) e

< |[cof (T (0F,05) — Tw (05, 05))kill Loo (oo | T (05, 05) || Loo (roe) | T (05, 05) || Low (L)

Hcof (T (67, 03)) || Lo (uoe) | Tw (07, 05) — T (603, 03) || oo (uoe) [| T (65, 05) | oo (1)
Hleof (T (67, 03) | o (o) | T (07, 03) [ Lo (o) [| T (05, 65) — T (67, 03) [ oo ()
< KT[0° - 6|,
and with similar estimates, we get
[F2 (65,05, v) = F*(6],605,v") e, < KT([0° —6°ler + V" = v*]luy).
The estimate on F* can be decomposed in the following way

||F4(9%7 9(217 Va) - F4(9[1)’ 937 Vb) H]FT

0 0
<X COfUW)kz‘W’ﬂ9‘21)87(»7\1%1‘(9?79%)—COf(J\If)kz‘(alfv93)87(7\1%1‘(911’793) [vgviliLz L2y
3k,r i Lj Lo (L)
0
+ COf(j\P)ki(el{a93)%(7\1’%1‘(91{793) oo — vpvpllLe(z2)
jo”!{) e oP ov?
v,
+ det(Tg (02,09))2=— (09, 03) — det(Tw (6%, 65))2 —— (63, 65) v
kz;d b2 Oy b vz 0y o2 Lo (L) kayk L2(L2)
0P ov? ovb
+ ||det(Tw (6%, 65))? 6%, 6% o b T .
et mrgronm| g -ugy|

At this point we use estimates (A.17), (A.18), (A.3), (A.2), (A.4), (A.19), (A.8) and the Sobolev embedding
H!/?t20 < L* to obtain

a 8117? b avf

v —v .

F ayk k ayk L2(L?)

IE4(07, 05, v*) — F* (67,05, v") [, < C <T||9“ —0llo, + l[vv) — vRv)ll 22 +

Hoélder inequalities yield

ov? ovb ov® e od
Ua T_Ub T < Ua—Ub T +‘Ub( o T‘)
‘ ¥ ayk F 8yk L2(L?) ( 4§ k) ayk L2(0,T;L2(Z0)) b ayk ayk LZZSO,T;L?((?O))
<T1/4( (Ug-’l}g)av? —|—"U,z (8’[}? _ avr) )
OYr Nl a0,7:22 (7)) Oy O/ llsomiLa( 7))

a
o

Ayi

T

dyx Oy

+ [[0p [l Lo (0,752.10)

o owd
1/4 b r
< CTV4||vg — vk”Loc(o,T;LlO) ‘
L4(0,T;L5/2)

L4(O,T;L5/2)>

To estimate the previous terms, we adapt the proof of [4, p. 298]. We use the Sobolev interpolation

Hav,, <CHau,. 1/2 ’61}r 1/2
Ok lerraczey 119Uk Lo () |0k llL2(zg)
and we compute
H‘%T4 :/T ou, |* dt<C4/T o, | ‘av’“z dt
Oyrllpaoramsazy  Jo 10Ukllmsazy —  Jo 1109k llmzcz) 109k L2 )
4| 0v,. 2 ‘(%r 2
- Oy L2(0,T;HY/2(Fy)) i L*(0,T;L2(%0))

The same technique can be used on the term ||vfv® — vv?||12(z2). Then the Sobolev embeddings HY/4(%;) <
L5/2(%y) and H' (%) — L'°(.%,) yield the estimate

IF4(67, 65, v) — F1(67,03,v") e, < CTVA(10% — 0oy + [V = v*|lus).
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The following estimate uses (A.18) and (A.14),
17265, 05,9%) —F>(61,03,4°)|le,
I-Jg(01,65)

*7\%(911)79127)_&7\%;( :11’93) b
Nr2gy + | —————= q® — Q|| L2
Hrf ” ”L (Hp) HTf H ”L (Hg)
J

b B ! L=
< KT([|6" = 0°ller + ll¢" — ¢"llpr)-

<

e Estimate (3.8): we use the fact that H?(.%) is an algebra and estimates (A.17), (A.2), (A.9), (A.24), (A.12)
and (A.10),

E

a (G(etllv 037 9(113 0%) - G(ell)v 93,9117, 03))

L2(0,T;H3/2(850))

2
< Z ”9? - 6?HL2(0,T) HCOf(jq’( 1s 95))T89j(1>( %7957}’) - a@j¢<0’ O’Y)HLDO(O,T;HQ(Q:O))
J=1
2

+ D 102 20,1 [[cof (T (67,05, ¥)) " 00,2 (67,05, y) — cof (T (67,05, ¥)) 00, 2(03. 05, %) . (0.1:182 (70
j=1

2
+Z 169 — 6211 20.1)

+Z HG 2207

0
]atcof(7¢< ., 09))7 00, (07, 05, )

L>(0,T;H?(F0))

0
—cof (T (63, 05,y))" 0p,®(6%,05,y)

\ cof (T (67, 02, y)) 700, B (05, 82, y) —

ot L= (0,7:H2 (7))
2
+ Z 16565 — 056711 L2 (0,7 | cof (Ta (65,05, ¥)) " 09,0, 207,05, y) || Lo (0,712 (7))
=1
] 2 . .
+ Z 1620711 L2 (0,7 lcof (T (61,65, ¥)) " 09,0, 8 (65,05, y) — cof (Ta (65,65, ¥))" 990,265, 65, ¥) || Lo (0,712 (o))
jk=1

and (0905 — 6%0%| 120, 7m) < TV/2(10908 — 0508 || L= (0, 7:m) -
G (62,08, 09,62) — G(elf,egﬁl{,eg))‘ e < KTV2)0° — 6|, . With

the same technique, we also prove ||G(6%,04,60¢,0%) — G(6°,05,6%,6 )||L2(07T;H3/2(3SO)) < KTY2||6° — 6o,
and we get estimate (3.8).

We have proven that

e Estimate (3.9): we use the following decomposition
[8(917927 7p ) 8(011)7927 baﬁb)]

04 go — go . _
- [(Ma’;,eg - Mef,eg) <éa)] + {(Mo,o - Mel;,ag) <9‘i _ gi)] + {MI(%@S,@‘{’@‘Q’) — Mi(67,63,60,60%) |
2 1 2 2 j J

+/85 (T tol [5°1 — v(G(07,05,0%) + G(07,03, %) )] (nog,e5 0 %) - (09, @ (07, 05,7,) — 0p,®(67,05,7))

+/ | Tatol [5°1 — v(G(67,05,0%) + G(67. 65, ")")] (nog.e5 0 B — gy gy 0 B°) - 9, B(67, 65, 7,)
a8

+/ —v|Tgtol [G(0%, 05, 0)+G (07,05, 0*)" —G(6%,05, @) -G (63,05, 0")" —V(a*—a") - V(a*—a")"]
9So

(n9l17,03 © éb) : 89j¢(9l1)a 912)7 ’77,/)
+ /a | |Tatal (6 = ") —v(V(a® =) + V(@ —a")")] (ng g5 0 ®°) - (35,2(07,05,7,) — 95,2(0,0,7,))

+ / | Tatol [(5* = 7")] — v(V(@* — @) + V(a* —0")")] (ng g 0 ®* — o) - 35,8(0,0,7,)

9So

+ /8 . (ITgt0] — 1) [(5* = p")I — v(V(a* — °) + V(a* —a")")] ng - 95,8(0,0,7,)

+/ (|J£t0| - |‘-7<g>t0|) [ﬁbl - V(g(eheb ~b) + g(g b Nb) ):| (n9§,9§’ © @b) ' 89]'@(91177637’}/1/)7
2S5y

and we use the estimate

M (61,65, 09,65) — M (65,65, 6%, 08) || 20,7 < K (|65 — 69)2|| La+1|(65 — 63) (65 — 63)| L2 +1/(65 — 65)2]| )
S KTY2((|0F = 0717 + (63 — 63)(05 — 65)]| = +[165 — 65]17<),

and (A.9), (A.21), (A.22), (A.6), (A.27), (A.7), (A.11), (A.23) and (A.16) to conclude and obtain (3.9).
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e Estimate (3.10): we use the Lipschitz regularity of fz and estimate (A.1),

£ (t, ®(05,05,y) — £z (t, ®(6%,05, y)| L2 0,7:12(F0))
< Otz 2 0,mswr00 () [|R(0F,05,y) — (07,05, )| Lo (0,7:1.5 (#0))
< CT||6* — 9b||@T.

References

[1] R. A. Adams. Sobolev spaces. Academic Press [A subsidiary of Harcourt Brace Jovanovich, Publishers|,
New York-London, 1975. Pure and Applied Mathematics, Vol. 65.

[2] Y. Bazilevs, K. Takizawa, and T. E. Tezduyar. Computational Fluid-Structure Interaction, Methods and
Applications. Wiley, 2013.

[3] A. Bensoussan, G. Da Prato, M. C. Delfour, and S. K. Mitter. Representation and control of infinite
dimensional systems. Systems & Control: Foundations & Applications. Birkh&user Boston, Inc., Boston,
MA, second edition, 2007.

[4] M. Boulakia, E. L. Schwindt, and T. Takahashi. Existence of strong solutions for the motion of an elastic
structure in an incompressible viscous fluid. Interfaces Free Bound., 14(3):273-306, 2012.

[5] A. Chambolle, B. Desjardins, M. J. Esteban, and C. Grandmont. Existence of weak solutions for the
unsteady interaction of a viscous fluid with an elastic plate. J. Math. Fluid Mech., 7(3):368-404, 2005.

[6] G. Duvaut and J.-L. Lions. Les inéquations en mécanique et en physique. Dunod, Paris, 1972. Travaux et
Recherches Mathématiques, No. 21.

[7] C. Grandmont and Y. Maday. Existence for an unsteady fluid-structure interaction problem. M2AN Math.
Model. Numer. Anal., 34(3):609-636, 2000.

[8] P. Grisvard. Elliptic problems in nonsmooth domains, volume 69 of Classics in Applied Mathematics.
Society for Industrial and Applied Mathematics (STAM), Philadelphia, PA, 2011.

[9] J. Lequeurre. Existence of strong solutions to a fluid-structure system. SIAM J. Math. Anal., 43(1):389-410,
2011.

[10] J.-L. Lions and E. Magenes. Probléemes aux limites non homogénes et applications. Vol. 1. Travaux et
Recherches Mathématiques, No. 17. Dunod, Paris, 1968.

[11] V. Maz’ya and J. Rossmann. Elliptic equations in polyhedral domains, volume 162 of Mathematical Surveys
and Monographs. American Mathematical Society, Providence, RI, 2010.

[12] M. Ndiaye. Stabilisation et simulation de modéles d’intéraction fluide-structure. PhD thesis, Université de
Toulouse, 2016.

[13] P. A. Nguyen and J.-P. Raymond. Boundary stabilization of the Navier-Stokes equations in the case of
mixed boundary conditions. SIAM J. Control Optim., 53(5):3006-3039, 2015.

[14] A. Pazy. Semigroups of linear operators and applications to partial differential equations, volume 44 of
Applied Mathematical Sciences. Springer-Verlag, New York, 1983.

[15] J.-P. Raymond. Stokes and Navier-Stokes equations with nonhomogeneous boundary conditions. Ann.
Inst. H. Poincaré Anal. Non Linéaire, 24(6):921-951, 2007.

[16] J.-P. Raymond and M. Vanninathan. A fluid-structure model coupling the Navier-Stokes equations and
the Lamé system. J. Math. Pures Appl. (9), 102(3):546-596, 2014.

[17] J. San Martin, J.-F. Scheid, T. Takahashi, and M. Tucsnak. An initial and boundary value problem
modeling of fish-like swimming. Arch. Ration. Mech. Anal., 188(3):429-455, 2008.

[18] T. Takahashi. Analyse des équations modélisant le mouvement des systémes couplant des solides rigides et
des fluides visqueux. PhD thesis, Université Henri Poincaré - Nancy, 2002.

[19] T. Takahashi, M. Tucsnak, and G. Weiss. Stabilization of a fluid-rigid body system. J. Differential
Equations, 259(11):6459-6493, 2015.

24



