UPS TOULOUSE III Le 16/05/2007
MAGISTERE 1-2007

EXAMEN
STATISTIQUE

Durée 8 heures

1 Biére

On a mesuré les temps de courses en secondes de 7 athlétes avant et aprés consomma-
tion d’un verre de biére. les résultats sont les suivants :
Avant | 10.21 | 9.82 | 10 | 10.53 | 11.39 | 10.33 | 9.62
Aprés | 10.34 | 9.97 | 9.98 | 10.35 | 11.42 | 10.75 | 9.75

Tester la consommation de biére coupe les jambes.

2 Test
Soit Xi,..., X, un n-échantillon de densité f par rapport & la mesure de Lebesgue
sur [0, 1]. On veut tester
1
On pose pour j =1,...,n,

v = =
log 2

Exprimer a partir des variables (Y;) la procédure de test optimale. Application numérique :
pour n = 100 et une erreur de premiére espéce de 'ordre de 5%, que décide t’on si la
moyenne empirique observée des (Y;) est 1,157

3 Loi de Laplace
Soit Xj ... X9,41 un 2n + 1 échantillon de densité
f(a) = Cexp(— |2 —6"|), z€R,

ou 0* est un paramétre réel.

3.1 Estimation empirique

a) Calculer C, F(X;) et VarXj.
b) Pour estimer #* on propose 'estimateur empirique

1 2n+1
Xope1 = X,
an+l 2n—|—1; J

Cet estimateur est-il biaisé ? est-il consistant ?
¢) Construire, pour n grand, un intervalle de confiance de 6* de risque 5%. Application

. —obs
numérique : pour n = 100, on a X, =2, 1.



3.2 Vraisemblance

Cette partie sur la vraisemblance est la plus difficile du probléme. Vous
pouvez traiter la partie 3.3 sans avoir traiter la partie 3.2.

On se propose maintenant de construire un estimateur de 6* par la méthode du maximum
de vraisemblance.

a) Calculer la log-vraisemblance associée aux observations X ... Xo,11.

b) Soit & < ... < &pe1 des nombres réels. On pose pour u € R,

2n+1

o) =Y 1&—ul.

Calculer sur les intervalles |£;, §1[, j = 1,...,2n, | —00,& | et |Ean 41, +00[ la dérivée
de g. En déduire que g est minimum en &,.
¢) Soit o la permutation aléatoire de {1,...,2n + 1} telle que

Xo) < Xo2) <+ < Xo@2nt1)-

En utilisant les questions a) et b), calculer estimateur du maximum de vraisem-
blance de 6*. On appelle 0 cet estimateur.

3.3 Exponential

On considére maintenant les variables Y; =| X; — 6* | +0*, j=1...n.
a) Calculer la log-vraisemblance associée aux observations Yi ...Y,.
b) Calculer pour ce modéle Pestimateur du maximum de vraisemblance de 6*. On

appelle f cet estimateur.

¢) Trouver la densité de 0 et déduire la loi de n(g— 0%).
d) En utilisant la question précédente, construire un intervalle de confiance pour 6*.

Application numérique : n = 100, (minjzl.,_loo Yj)ObS = 3.6.

e) On veut tester Hy 60* = —1 contre H; 60* = 1. Quelle est la procédure de test
optimale? Que se passe-t-il si au moins une observation tombe dans l'intervalle
| —1,1[7



xr
1
Fonction de répartition de la loi N(0,1) : ¢(z) = /

—oo V2T
x | 0.00 | 0.01 [ 002 | 008 | 0.04 | 0.05 | 0.06 | 0.07 | 0.08 | 0.09
0.0 | 0.5000 | 0.5040 | 0.5080 | 0.5120 | 0.5160 | 0.5199 | 0.5239 | 0.5279 | 0.5319 | 0.5359
0.1 | 0.5398 | 05438 | 0.5478 | 0.5517 | 0.5557 | 0.5596 | 0.5636 | 0.5675 | 0.5714 | 0.5753
0.2 | 0.5793 | 05832 | 0.5871 | 0.5910 | 0.5948 | 0.5987 | 0.6026 | 0.6064 | 0.6103 | 0.6141
0.3 | 0.6179 | 0.6217 | 0.6255 | 0.6293 | 0.6331 | 0.6368 | 0.6406 | 0.6443 | 0.6480 | 0.6517
0.4 | 0.6554 | 0.6591 | 0.6628 | 0.6664 | 0.6700 | 0.6736 | 0.6772 | 0.6808 | 0.6844 | 0.6879
0.5 | 0.6915 | 0.6950 | 0.6985 | 0.7019 | 0.7054 | 0.7088 | 0.7123 | 0.7157 | 0.7190 | 0.7224
0.6 | 0.7257 | 0.7291 | 0.7324 | 0.7357 | 0.7389 | 0.7422 | 0.7454 | 0.7486 | 0.7517 | 0.7549
0.7 | 0.7580 | 0.7611 | 0.7642 | 0.7673 | 0.7704 | 0.7734 | 0.7764 | 0.7794 | 0.7823 | 0.7852
0.8 | 0.7881 | 0.7910 | 0.7939 | 0.7967 | 0.7995 | 0.8023 | 0.8051 | 0.8078 | 0.8106 | 0.8133
0.9 | 0.8159 | 0.8186 | 0.8212 | 0.8238 | 0.8264 | 0.8289 | 0.8315 | 0.8340 | 0.8365 | 0.8389
1.0 | 0.8413 | 0.8438 | 0.8461 | 0.8485 | 0.8508 | 0.8531 | 0.8554 | 0.8577 | 0.8599 | 0.8621
1.1 | 0.8643 | 0.8665 | 0.8686 | 0.8708 | 0.8729 | 0.8749 | 0.8770 | 0.8790 | 0.8810 | 0.8830
1.2 | 0.8849 | 0.8869 | 0.8888 | 0.8907 | 0.8925 | 0.8944 | 0.8962 | 0.8980 | 0.8997 | 0.9015
1.3 | 0.9032 | 0.9049 | 0.9066 | 0.9082 | 0.9099 | 0.9115 | 0.9131 | 0.9147 | 0.9162 | 0.9177
1.4 | 09192 | 0.9207 | 0.9222 | 0.9236 | 0.9251 | 0.9265 | 0.9279 | 0.9292 | 0.9306 | 0.9319
1.5 | 0.0332 | 0.9345 | 0.9357 | 0.9370 | 0.0382 | 0.9394 | 0.9406 | 0.9418 | 0.9429 | 0.9441
1.6 | 0.9452 | 0.9463 | 0.9474 | 0.9484 | 0.9495 | 0.9505 | 0.9515 | 0.9525 | 0.9535 | 0.9545
1.7 | 0.9554 | 0.9564 | 0.9573 | 0.9582 | 0.9591 | 0.9599 | 0.9608 | 0.9616 | 0.9625 | 0.9633
1.8 | 0.9641 | 0.9649 | 0.9656 | 0.9664 | 0.9671 | 0.9678 | 0.9686 | 0.9693 | 0.9699 | 0.9706
1.9 | 0.9713 | 0.9719 | 0.9726 | 0.9732 | 0.9738 | 0.9744 | 0.9750 | 0.9756 | 0.9761 | 0.9767
2.0 | 0.9772 | 0.0778 | 0.9783 | 0.9788 | 0.9793 | 0.9798 | 0.9803 | 0.9808 | 0.9812 | 0.9817
2.1 | 0.9821 | 0.9826 | 0.9830 | 0.9834 | 0.9838 | 0.9842 | 0.9846 | 0.9850 | 0.9854 | 0.9857
2.2 | 0.9861 | 0.9864 | 0.9868 | 0.9871 | 0.9875 | 0.9878 | 0.9881 | 0.9884 | 0.9887 | 0.9890
2.3 | 0.9893 | 0.9896 | 0.9898 | 0.9901 | 0.9904 | 0.9906 | 0.9909 | 0.9911 | 0.9913 | 0.9916
2.4 | 0.9918 | 0.9920 | 0.9922 | 0.9925 | 0.9927 | 0.9929 | 0.9931 | 0.9932 | 0.9934 | 0.9936
2.5 | 0.9938 | 0.9940 | 0.9941 | 0.9943 | 0.9945 | 0.9946 | 0.9948 | 0.9949 | 0.9951 | 0.9952
2.6 | 0.9953 | 0.9955 | 0.9956 | 0.9957 | 0.9959 | 0.9960 | 0.9961 | 0.9962 | 0.9963 | 0.9964
2.7 | 0.9965 | 0.9966 | 0.9967 | 0.9968 | 0.9969 | 0.9970 | 0.9971 | 0.9972 | 0.9973 | 0.9974
2.8 | 0.9974 | 0.9975 | 0.9976 | 0.9977 | 0.9977 | 0.9978 | 0.9979 | 0.9979 | 0.9980 | 0.9981
2.9 | 0.9981 | 0.9982 | 0.9982 | 0.9983 | 0.9984 | 0.9984 | 0.9985 | 0.9985 | 0.9986 | 0.9986
3.0 | 0.9987 | 0.9987 | 0.9987 | 0.9988 | 0.9988 | 0.9989 | 0.9989 | 0.9989 | 0.9990 | 0.9990
3.1 | 0.9990 | 0.9991 | 0.9991 | 0.9991 | 0.9992 | 0.9992 | 0.9992 | 0.9992 | 0.9993 | 0.9993
3.2 | 0.9993 | 0.9993 | 0.9994 | 0.9994 | 0.9994 | 0.9994 | 0.9994 | 0.9995 | 0.9995 | 0.9995
3.3 | 0.9995 | 0.9995 | 0.9995 | 0.9996 | 0.9996 | 0.9996 | 0.9996 | 0.9996 | 0.9996 | 0.9997
3.4 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9998
3.5 | 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9998
3.6 | 0.9998 | 0.9998 | 0.9999 | 0.9999 | 0.9999 [ 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999
3.7 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999
3.8 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 [ 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999
3.9 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000




Quantiles de la loi de Student

mpg 0.60 | 0.70 | 0.80 | 0.90 | 0.95 [ 0.9750 | 0.9900 | 0.9950 | 0.9990 | 0.9995
1 0.325 | 0.727 | 1.376 | 3.078 | 6.314 | 12.706 | 31.821 | 63.657 | 318.309 | 636.619
2 0.289 | 0.617 | 1.061 | 1.886 | 2.920 4.303 6.965 9.925 22.327 31.599
3 0.277 | 0.584 | 0.978 | 1.638 | 2.353 3.182 4.541 5.841 10.215 12.924
4 0.271 | 0.569 | 0.941 | 1.533 | 2.132 2.776 3.747 4.604 7.173 8.610
5 0.267 | 0.559 | 0.920 | 1.476 | 2.015 2.571 3.365 4.032 5.893 6.869
6 0.265 | 0.553 | 0.906 | 1.440 | 1.943 2.447 3.143 3.707 5.208 5.959
7 0.263 | 0.549 | 0.896 | 1.415 | 1.895 2.365 2.998 3.499 4.785 5.408
8 0.262 | 0.546 | 0.889 | 1.397 | 1.860 2.306 2.896 3.355 4.501 5.041
9 0.261 | 0.543 | 0.883 | 1.383 | 1.833 2.262 2.821 3.250 4.297 4.781
10 | 0.260 | 0.542 | 0.879 | 1.372 | 1.812 2.228 2.764 3.169 4.144 4.587
11 | 0.260 | 0.540 | 0.876 | 1.363 | 1.796 2.201 2.718 3.106 4.025 4.437
12 | 0.259 | 0.539 | 0.873 | 1.356 | 1.782 2.179 2.681 3.055 3.930 4.318
13 | 0.259 | 0.538 | 0.870 | 1.350 | 1.771 2.160 2.650 3.012 3.852 4.221
14 | 0.258 | 0.537 | 0.868 | 1.345 | 1.761 2.145 2.624 2.977 3.787 4.140
15 | 0.258 | 0.536 | 0.866 | 1.341 | 1.753 2.131 2.602 2.947 3.733 4.073
16 | 0.258 | 0.535 | 0.865 | 1.337 | 1.746 2.120 2.583 2.921 3.686 4.015
17 | 0.257 | 0.534 | 0.863 | 1.333 | 1.740 2.110 2.567 2.898 3.646 3.965
18 | 0.257 | 0.534 | 0.862 | 1.330 | 1.734 2.101 2.552 2.878 3.610 3.922
19 | 0.257 | 0.533 | 0.861 | 1.328 | 1.729 2.093 2.539 2.861 3.579 3.883
20 | 0.257 | 0.533 | 0.860 | 1.325 | 1.725 2.086 2.528 2.845 3.552 3.850
21 | 0.257 | 0.532 | 0.859 | 1.323 | 1.721 2.080 2.518 2.831 3.527 3.819
22 | 0.256 | 0.532 | 0.858 | 1.321 | 1.717 2.074 2.508 2.819 3.505 3.792
23 | 0.256 | 0.532 | 0.858 | 1.319 | 1.714 2.069 2.500 2.807 3.485 3.768
24 | 0.256 | 0.531 | 0.857 | 1.318 | 1.711 2.064 2.492 2.797 3.467 3.745
25 | 0.256 | 0.531 | 0.856 | 1.316 | 1.708 2.060 2.485 2.787 3.450 3.725
26 | 0.256 | 0.531 | 0.856 | 1.315 | 1.706 2.056 2.479 2.779 3.435 3.707
27 | 0.256 | 0.531 | 0.855 | 1.314 | 1.703 2.052 2.473 2.771 3.421 3.690
28 | 0.256 | 0.530 | 0.855 | 1.313 | 1.701 2.048 2.467 2.763 3.408 3.674
29 | 0.256 | 0.530 | 0.854 | 1.311 | 1.699 2.045 2.462 2.756 3.396 3.659
30 | 0.256 | 0.530 | 0.854 | 1.310 | 1.697 2.042 2.457 2.750 3.385 3.646
31 | 0.256 | 0.530 | 0.853 | 1.309 | 1.696 2.040 2.453 2.744 3.375 3.633
32 | 0.255 | 0.530 | 0.853 | 1.309 | 1.694 2.037 2.449 2.738 3.365 3.622
33 | 0.255 | 0.530 | 0.853 | 1.308 | 1.692 2.035 2.445 2.733 3.356 3.611
34 | 0.255 | 0.529 | 0.852 | 1.307 | 1.691 2.032 2.441 2.728 3.348 3.601
35 | 0.255 | 0.529 | 0.852 | 1.306 | 1.690 2.030 2.438 2.724 3.340 3.591
36 | 0.255 | 0.529 | 0.852 | 1.306 | 1.688 2.028 2.434 2.719 3.333 3.582
37 | 0.255 | 0.529 | 0.851 | 1.305 | 1.687 2.026 2.431 2.715 3.326 3.574
38 | 0.255 | 0.529 | 0.851 | 1.304 | 1.686 2.024 2.429 2.712 3.319 3.566
39 | 0.255 | 0.529 | 0.851 | 1.304 | 1.685 2.023 2.426 2.708 3.313 3.558
40 | 0.255 | 0.529 | 0.851 | 1.303 | 1.684 2.021 2.423 2.704 3.307 3.551
41 | 0.255 | 0.529 | 0.850 | 1.303 | 1.683 2.020 2.421 2.701 3.301 3.544
42 | 0.255 | 0.528 | 0.850 | 1.302 | 1.682 2.018 2.418 2.698 3.296 3.538
43 | 0.255 | 0.528 | 0.850 | 1.302 | 1.681 2.017 2.416 2.695 3.291 3.532
44 | 0.255 | 0.528 | 0.850 | 1.301 | 1.680 2.015 2.414 2.692 3.286 3.526
45 | 0.255 | 0.528 | 0.850 | 1.301 | 1.679 2.014 2.412 2.690 3.281 3.520
46 | 0.255 | 0.528 | 0.850 | 1.300 | 1.679 2.013 2.410 2.687 3.277 3.515
47 | 0.255 | 0.528 | 0.849 | 1.300 | 1.678 2.012 2.408 2.685 3.273 3.510
48 | 0.255 | 0.528 | 0.849 | 1.299 | 1.677 2.011 2.407 2.682 3.269 3.505
49 | 0.255 | 0.528 | 0.849 | 1.299 | 1.677 2.010 2.405 2.680 3.265 3.500
50 | 0.255 | 0.528 | 0.849 | 1.299 | 1.676 2.009 2.403 2.678 3.261 3.496




