
X G(p), (p ∈]0,1[)

Z

E(Z) =
∑

k≥1

P(Z ≥ k).

k ≥ 1

P(X ≥ k) =
∑

j≥k

(1 − p)pj−1 = (1 − p)
∑

j≥k

pj−1 = (1 − p)pk−1
∑

j≥0

pj = pk−11 − p

1 − p
= pk−1.

E(X) =
∑

k≥1

P(X ≥ k) =
∑

k≥1

pk−1 =
1

1 − p
.

X |t| < 1/p

GX(t) = E
(
tX

)
=

∑

k≥1

P(X = k)tk = (1 − p)t
∑

k≥1

(pt)k−1 =
(1 − p)t

1 − pt
.

|t| < 1/p

G′
X(t) =

(1 − p)(1 − pt) + pt(1 − p)

(1 − pt)2
=

1 − p

(1 − pt)2

G′′
X(t) =

2(1 − p)p

(1 − pt)3
.

E(X) = G′
X(1) =

1 − p

(1 − p)2
=

1

1 − p
,

(X) = G′′
X(1) + G′

X(1) − [G′
X(1)]2

=
2p

(1 − p)2
+

1

1 − p
− 1

(1 − p)2

=
p

(1 − p)2
.

n N N1

N2 = N − N1 X n

P (X = k) (0 ≤ k ≤ n) X

n N → ∞ N1
N → p (0 < p < 1)

n,N,N1 → ∞ nN1
N → λ (λ > 0)



n ≤ min(N1,N2)

n N = N1 + N2 Cn
N k

n k
Ck

N1
Cn−k

N2
k N1 n− k N2

X

P (X = k) =
Ck

N1
Cn−k

N2

Cn
N

.

X

{1,2, . . . ,n} X

X =
n∑

i=1

Yi Yi = 1 i Yi = 0 (i = 1,2, . . . ,n).

(Yi)i=1,...,n

i,j ∈
{1, . . . ,n} i '= j

E(Y 2
i ) = E(Yi) = P (Yi = 1) =

N1

N
,

E(YiYj) = P (Yi = 1,Yj = 1) =
C2

N1
C0

N2

C2
N

=
N1(N1 − 1)

N(N − 1)
.

E(X) = E(
n∑

i=1

Yi) =
n∑

i=1

E(Yi) =
nN1

N
,

E(X2) = E




(

n∑

i=1

Yi

)2


 =
n∑

i=1

E(Yi) + 2
∑

1≤i<j≤n

E(YiYj) =
nN1

N
+

n(n − 1)N1(N1 − 1)

N(N − 1)
.

X = E(X2) − (E(X))2 =
nN1

N
+

n(n − 1)N1(N1 − 1)

N(N − 1)
−

(
nN1

N

)2

=
nN1N2(N − n)

N2(N − 1)
.

n,N1 ≥ 1

E(X) =
n∑

k=0

kP (X = k) =
n∑

k=0

k
Ck

N1
Cn−k

N2

Cn
N

=
nN1

N

n−1∑

j=0

Cj
N1−1C

n−1−j
N2

Cn−1
N−1

=
nN1

N
.

∑n−1
j=0

Cj
N1−1Cn−1−j

N2

Cn−1
N−1

= 1

N1−1,N2,n−1
n,N1 ≥ 2

E[X(X − 1)] =
n∑

k=0

k(k − 1)P (X = k) =
n∑

k=0

k(k − 1)
Ck

N1
Cn−k

N2

Cn
N

=
nN1(n − 1)(N1 − 1)

N(N − 1)

n−2∑

j=0

Cj
N1−2C

n−2−j
N2

Cn−2
N−2

=
nN1(n − 1)(N1 − 1)

N(N − 1)
.



X = E[X(X − 1)] + E(X)[1 − E(X)] =
nN1(n − 1)(N1 − 1)

N(N − 1)
+

nN1

N

(
1 − nN1

N

)

=
nN1N2(N − n)

N2(N − 1)
.

n N → ∞ N1
N → p (0 < p < 1)

k ∈ {0, . . . ,n}

P (X = k) =
Ck

N1
Cn−k

N2

Cn
N

= Ck
n

N1(N1 − 1) · · · (N1 − k + 1)N2(N2 − 1) · · · (N2 − n + k + 1)

N(N − 1) · · · (N − n + 1)

= Ck
n

(
N1

N

)k (
N2

N

)n−k (1 − 1
N1

) · · · (1 − k−1
N1

)(1 − 1
N2

) · · · (1 − n−k−1
N2

)

(1 − 1
N ) · · · (1 − n−1

N )
.

lim
N→∞

P (X = k) = Ck
npk(1 − p)n−k.

n,p

n,N,N1 → ∞ nN1
N → λ (λ > 0)

P (X = 0) =
C0

N1
Cn

N2

Cn
N

=
(N − N1)(N − 1 − N1) · · · (N − n + 1 − N1)

N(N − 1) . . . (N − n + 1)

=

(
1 − N1

N

) (
1 − N1

N − 1

)
· · ·

(
1 − N1

N − n + 1

)
.

(
1 − N1

N

)n

≥ P (X = 0) ≥
(

1 − N1

N − n + 1

)n

.

limN→∞ P (X = 0) = exp(−λ)
k ∈ N

P (X = k + 1)

P (X = k)
=

(n − k)(N1 − k)

(k + 1)(N2 − n + k + 1)
=

(
nN1

N

) (
1

k + 1

)
(
1 − k

N1

) (
1 − k

n

)

1 − N1+n−k−1
N

.

lim
N→∞

P (X = k + 1)

P (X = k)
=

λ

k + 1
.

lim
N→∞

P (X = k) = exp(−λ)
λk

k!
,

λ


