Chapter 2

Transport equations

Transport equations form the mathematical foundation of kinetic theory. Their solutions are
propagated along characteristic curves determined by an underlying velocity field. Understand-
ing these characteristic trajectories provides both an intuitive interpretation of the dynamics
and a powerful analytical tool. In this chapter we introduce the method of characteristics and
derive several fundamental properties that will be repeatedly used later.

2.1 The free transport equation

We begin with the simplest transport model, corresponding to particles moving freely without

external forces. Although elementary, this equation already contains the essential geometric

ideas of transport theory and serves as a useful prototype for more general kinetic equations.
Consider the Cauchy problem

Wf +v-Vof =0,

with initial datum f(0,2,v) = f"(x,v). The characteristic curve of this equation passing
through the point y € R™ at time ¢ = 0 is the straight line y(¢) = y + tv, and the solution is
constant along each characteristic:

d

af(t,’}/(t)ﬂ)) = 0.

Theorem 2.1.1. For f* € €1(R™ x R"), the Cauchy problem
Of+v-Vif =0,
{ f(0,2,0) = f(z,v)
has a unique solution f € €1 (R, x R?™) given by
f(t,z,v) = f™(x —tv, v). (2.1)
Proof. We first prove uniqueness, and then verify that the formula defines a solution.
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14 CHAPTER 2. TRANSPORT EQUATIONS

Uniqueness. Let f be a ¢! solution and fix y,v € R™. Along the characteristic v(t) = y + tv,

%f(t,y+tv, v) = Of+v-Vif = 0.
Hence '
ft y+tv,v) = f(0,y,v) = f"(y,v).

With the change of variable z = y + tv, this gives f(t,z,v) = f(x — tv,v), hence the solution
is uniquely determined by f.

FExistence. Define _
flt,z,v) = f(x — to,v).

Clearly f(0,z,v) = f"(z,v), and a direct computation gives
Ohf +v-Vof = —v- (Vof ™ (x —tv,v) +v- (Vof ™) (z —tv,v) =0. O

The formula (2.1) says that the distribution function at time ¢ is obtained by shifting each
velocity class v by tv: particles with velocity v started at position x — tv and arrived at position
x.

An example of phase mixing. Phase mixing is a damping mechanism due to shearing in
the phase space T x R by the free-transport dynamics [24, 25],

Of +v-Vof =0,

leading to fast decay to equilibrium of macroscopic quantities such as the charged density n,
momentum nu and kinetic energy e

n(t,z) = /f(t,x,v) dv,
R
nu(t,x) = /va(t,x,v) dv,
1 2
elt.o) = 5 [ IoPs (a0 do

Indeed, the transport dynamics or shearing of each elementary mode ¢, for k € Z \ {0},
creates fast oscillation e~ in v, which leads to rapid decay of macroscopic quantities, thanks
to velocity averaging. We now make this mechanism precise.

We first identify T = R/27Z and, for g € L!(T), write its Fourier coefficients as
1 2 ”
0, = — x)e "rdx, keZ
9k o A g( ) ’
so that formally _
g(:t) _ ng ezkx'

keZ

Applying this to f(-,v) for each fixed v and using the explicit solution (2.1),
f(t,:L‘,i)) — fm(l' — tv, 1)) _ Z f]zn(,u) eik(z—tv);
k
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so that the Fourier coefficients of f(t,-,v) are
ft,v) = fir(w)ye ™t keZ (2.2)

Therefore, for k # 0, the factor e~ oscillates in v at a frequency |k|t growing linearly in
time: this is precisely the “fast oscillation” created by shearing. Consequently, the k-th Fourier
coefficient of a macroscopic (velocity-averaged) quantity

my(t,x) = /}Rga(v)f(t,x,v)dv, p) € {1, v, %02},

is given by
it = [ o(o) fir(v) e do, (23)

that is, the Fourier transform in v of ¢ f,i” evaluated at the frequency kt. Now we observe that
since k # 0 is fixed while t — 400, this is an oscillatory integral at diverging frequency, and
velocity averaging — integration against the fast oscillation e " — is exactly what drives its
decay. The mode k = 0 is not affected:

ieal®) = [ @)@

is constant in time, consistently with the conservation of the spatial average of any velocity
moment along the free flow.

Theorem 2.1.2 (Phase mixing: decay of macroscopic quantities). Let f™ € L'(T x R) and let

f(ta z, ’U) = fln(x - tv, U)
be the corresponding solution of the free transport equation.

(i) Qualitative decay. For every p(v) = v™, m € {0,1,2}, such that ¢ fi* € L'(R) for
every k # 0, one has

T k(1) P 0 for every k € Z\ {0}.

(ii) Quantitative, exponential decay. Suppose in addition that f™ satisfies the following
uniform analyticity assumption: there exist o > 0 and Cy > 0 such that, for every k € Z,
the function v — f,ﬁ"(v), v € R, extends to a holomorphic function on the strip S, := {z €
C:|Imz| < o}, continuous on S,, satisfying

N C,
i) < ¢ : YueR, [y <o, ke (2.4)

1+ u?)?’

Then there exists C1 = C1(Cy,0) > 0, independent of k and t, such that for all m €
{0,1,2},

I k(t)] < Cre ™ot VEeZ\ {0}, Yt >0, Vo(v) =v™. (2.5)
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Proof. We start to prove (i) by considering
ign(t) = [ (o fir) ) e 007 do,
R

which is, for fixed k # 0, the Fourier transform on R of the L! function ¢ f,i", evaluated at the
frequency kt. Since k # 0 is fixed and ¢ — 400, the frequency kt — +oo, and the Riemann—
Lebesgue lemma gives 1, ;(t) — 0.

Let us now prove the second item (ii). First let us observe that on the real axis, |[e~ | = 1
for every v € R: the oscillating factor never decays in modulus, it only rotates in C. Hence,
the decay obtained in (i) comes entirely from a fine cancellation inside the integral, about
which Riemann—Lebesgue says nothing quantitative. To obtain an explicit rate, we exploit
the analyticity of f,é" to deform the contour of integration off the real axis. Indeed, writing
z=u—1m € C withn >0,

efikzt — e*ik(ufin)t — efikut . eflcnt7
and the new factor e ¥ is real and exponentially decaying in t for k,7n,t > 0 — it appears only
because the integration variable has been given an imaginary part. This is a consequence of
the Cauchy’s theorem, which guarantees that this deformation does not change the value of the
integral, as long as the path stays within the strip of holomorphy S, and no singularity is crossed
(Figure 2.1). In short: analyticity converts a purely oscillatory integral into one carrying an
explicit exponential prefactor, without ever changing its value — this is the same mechanism, in
its most elementary form, that underlies the contour-deformation arguments used to establish
Landau damping for the Vlasov—Poisson system [24, 25].

More precisely, we fix k£ > 0 and ¢t > 0 (the case k < 0 follows by the symmetric argument,
shifting the contour upwards instead of downwards). Since ¢(z) = 2™ is a polynomial and f,i”
is holomorphic on S,, the function

z — gi(2) = @(2) f,ﬁ"(z) ekt

is holomorphic on S, and continuous on S,. For z = w + in with n € [—0,0] and m < 2,
p(2)] = [2|™ < (u? + 0%)™/? < Co(1 4 u?), 50 by (2.4),

) G —ik(u+i
gr(u+in)| < Co (14 u?) - s - |e~hlutin)]

(14 u?)
CO-C() ekﬁt

ZISh ke [-o0],

Since k > 0 and t > 0, the factor e** is bounded by 1 for i € [~0,0]: this is the direction we
shift into. On the strip n € [—0, 0], the latter bound therefore reads
CsCo

14 u?’

9w+ in)] < (2.6)
uniformly in 1, by an L'(du) function.

Let I'p be the boundary of the rectangle with vertices —71, T, T —io, —1T — io, traversed in
this cyclic order (top edge left to right, right edge downward, bottom edge right to left, left edge
upward), as illustrated in Figure 2.1.
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So (holomorphic)

—_—
—

=T initial contour T
-T —io shifted contour T —io
~<—
on Sz = —0 - e—zkzt — e—zkut . e—ko‘t

Figure 2.1: The rectangular contour I'r used in the proof, for k > 0. The top edge (red), on the
real axis, carries the original integral 7, 1 (t); the bottom edge (teal), on Sz = —o, carries the
shifted integral which produces the decay factor e **. The two vertical edges (dashed) vanish
as T — +oo, and only serve to close the contour so that Cauchy’s theorem can be applied.

The bottom edge {Sz = —o} lies on the boundary of the open strip S,, so we first apply
Cauchy’s theorem to the slightly smaller rectangle R3, := [T, T] x [—oc+¢, 0], which is compactly
contained in S, for every € € (0,0): since g is holomorphic there,

f gr(2)dz = 0.
OR:,

Letting € — 0, the bound (2.6) uniformly with respect to 1) and the continuity of g; on S,
allow us to pass to the limit by dominated convergence, giving

ﬁT gr(z)dz = 0.

Summing the four edges parametrized as above, with dz = du on the horizontal edges and
dz = idn on the vertical ones, it gives

T T 0 0
/ gk (u)du — / gk(u —io)du — z/ g(T +in)dn + z/ g (=T +in)dn = 0.
T -T —0o —0

By (2.6) with n € [—0,0], we show that the two vertical contributions are bounded as

C,Co
14772

0 0
’/ gk (T + in) dn‘ + ’/ gk (=T + in) dn‘ <20 — 0, as T — +oo.
—0 —0

Letting T' — 400, it yields
[awdu = [ gi(u=io)du
R R

the left-hand side being exactly 1i, & (£) by (2.3). On the right-hand side, e~#(u=i0)t = gikut g=kot
s0

mek(t) = eikgt/ o(u—io) fi*(u—ic) e *u du.
R
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Using again (2.6) at 7 = —o, the remaining integral is bounded by

CO' C10

/ o(u —io) fi*(u—ic) e kUt du’ < / du = 1CyCy =: Cy
R r1

+ u?

where Cy > 0 is independent of k£ and t. Hence, for & > 0 we have

[k (t)| < C1 ekt — ¢y e~ Iklot,

For k < 0, the same argument with the contour shifted to Sz = 4o instead (where now
|e7h#t| = eknt = e~lkint < 1 for 1) € [0, ], since k < 0) gives |1y k()] < C1 e *17t as well. This
proves (2.5). O

Corollary 2.1.3 (Exponential relaxation to the homogeneous state). Suppose f"(x,v) =
Z\kISK f,ﬁ"(v) e s a trigonometric polynomial in x of finite degree K > 1 satisfying the an-
alyticity assumption (2.4) of Theorem 2.1.2 for every |k| < K. Then, for every o(v) = v™,
m € {0,1,2},
[mp(t,) = 1p0(0) [| ooy < 2K Cre™™" V>0,

where M 0(0) = 5= 02” my(0, ) dx is the (conserved) spatial average of my. In particular, the
density n = my, momentum nu = m, and kinetic energy e = m,z2 5 converge, uniformly in x,
to their spatially homogeneous equilibrium values exponentially fast, at the rate o given by the
width of analyticity of the initial datum in v.

Proof. Since f™ has only finitely many nonzero Fourier modes |k| < K, so does f(t,-,v) by (2.2),
and

my(t, ) — e oe(t) = Z mw,k(t)eik$~
1<[k|<K

Since My 0(t) = 1p,0(0) is constant in time (the £ = 0 mode of (2.2) does not depend on ¢),
Theorem 2.1.2(ii) gives, for every x € T,

me(t,@) = mhgo(0)) < D0 )] < D Cre™t < 2K Cre,
1<|k|<K 1<|k|<K

using |k| > 1 for every term in the sum. Taking the supremum over x € T gives the claim. [

Remark 2.1.4. The Mazwellian fo(v) = \/%6_1’2/2 is entire and satisfies |fo(u + in)| =

\/%7@’72/267“2/2 < %67“2/2 for |n| < o, which decays faster than any polynomial in u and
so satisfies (2.4) for every o > 0 (with Co = Cy(0)). Hence a single-mode perturbation of a
Mazuwellian, f™(x,v) = fo(v)(1 + ecosx) — a typical choice for the numerical illustration be-
low — satisfies the hypotheses of Corollary 2.1.3 for every o > 0: the corresponding decay rate
can be taken arbitrarily large, only limited in practice by the constant C1(o) — 00 as 0 — o0,
reflecting the fact that faster decay requires resolving finer filamentation in v (consistently with

the filamentation observed in Figures 2.2-2.3).
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Consider now, as a concrete illustration of Corollary 2.1.3, an initial datum f** such that

1
1 v mn —
M/T/R w f (x,U)dUdZ’—
2

N =D =

ie., 7p(0) =1, (@)O(O) =0, é9(0) = % in the notation (2.3). By the conservation of the k = 0
mode noted above, these are exactly the (time-independent) equilibrium values 72, 0(0) appear-
ing in Corollary 2.1.3: the macroscopic quantities are therefore guaranteed to converge to this
space homogeneous state exponentially fast, as soon as f*" satisfies the analyticity assumption
of the Corollary (e.g. for the Maxwellian-based data of the Remark above).

In the following figure we explore numerically the time evolution of the distribution function
and the trend to equilibrium of macroscopic quantities n, nu and energy e.

This is the simplest example of phase mixing where macroscopic quantities converge to equi-
librium exponentially fast while the distribution function is a solution of a reversible equation.

2.2 Non-conservative equation

We now consider a more general transport equation in which the transported quantity is not
necessarily conserved along the flow. Such equations naturally appear after changes of variables,
linearization procedures, or when source terms are incorporated into the dynamics.

Setting z = (x,v) € R? and letting V (¢, z) € R? be a time-dependent vector field, we consider
the Cauchy problem

{ Ohf+VI(tz) Vf=0,
£0,2) = f"(2).

We impose the following assumptions on the velocity field:
(H1) V € €(]0,T] x R RY).

(H2) V.V € €([0,T] x RY;RI*9),

(H3) Linear growth: there exists x > 0 such that

IVt 2l < w(L+l2ll),  ¥(t2) € [0,T] x RY.

Definition 2.2.1 (Characteristic curves). Given (t,z) € [0,T] x R?, the characteristic curve of
the vector field V issued from z at time t is the solution s — y(s) of

D) = Vi),
~v(t) = z.

We denote this solution by Z(s,t,z) := y(s).
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Figure 2.2: Phase mixing. Left: difference between the distribution function f(¢,z,v) and
feq(v) in the (x,v)-plane at time ¢ = 0.1, 5.7 and 7.7, showing the characteristic fine-scale
filamentation produced by phase mixing. Right: time evolution of the difference between the
density n, momentum J and energy e and their equilibrium values 1, 0 and 1/2.
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Figure 2.3: Phase mixing. Left: difference between the distribution function f(¢,z,v) and feq(v)
in the (z,v)-plane at time 9.7, 12.2 and 15.7, showing the characteristic fine-scale filamentation
produced by phase mixing. Right: time evolution of the difference between the density n,
momentum J and energy e and their equilibrium values 1, 0 and 1/2.
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Theorem 2.2.2 (Cauchy—Lipschitz for characteristics). Under assumptions (H1)—(H3), for each
(t,2) € [0,T] x R? there exists a unique global solution

s Z(s,t,2) € €10, T);RY).
Moreover, Z € €1([0,T]? x R%:; RY).

Proof. The velocity field V satisfies assumptions (H1)—(H2), so by the Cauchy—Lipschitz theorem
there exists a unique maximal %! solution defined on some interval I(¢,z) C [0,7]. For any
s € I(t, z), integrating the ODE gives

Zst,2) — 2 — / V(r Z(r,1,2)) dr,
t

hence s
22| < [+ [ IV Z(nt2)] dr.
t

Applying assumption (H3) yields
S
22| < el 40 [ (1+1Z(nt2)) dr
t

Gronwall’s lemma then gives the global bound
|Z(s,t,2)| < (lz] + KT)e T,

which shows that the solution cannot blow up, so I(¢, z) = [0,T]. Continuous and differentiable
dependence on the parameters (¢, z) follows from another application of the Gronwall inequality
to the variational equation. O

The flow map satisfies the following additional structural properties.
Theorem 2.2.3. The flow Z(s,t,z) satisfies:
(i) Flow (semigroup) property: for allty, to, t3 € [0,T] and z € R, we have
Z(ts,to, Z(to, t1,2)) = Z(ts,t1,2).
(ii) Diffeomorphism: Z(s,t,-) is a €"-diffeomorphism of R? with inverse
Z(s,t,)" = Z(t,s,).

(iii) Jacobian: the determinant J(s,t,z) = det(D,Z(s,t,z)) satisfies
OsJ = (V.- V)(s,Z(s,t,2))J, J(t,t z) =1,

which integrates to

T(s,t,2) = exp( /t (V. V) Z(mt, 2) dT) .
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Proof. Let us start with the semigroup property for fixed ¢, t2 € [0,7] and z € R?, we know
that both maps
t3 > Z(ts, t2, Z(t2, 11, 2))

and
t3 — Z(tg,tl, Z)

are integral curves of the vector field V. At ¢35 = t9 the first curve takes the value Z(to, ta, Z (t2,t1, 2)) =

Z(ta,t1,z), while the second takes the value Z(ts, 11, z) as well.

Therefore, both integral curves pass through the same point Z(te,t1,2) at time t2, and by
uniqueness for the ODE of Definition 2.2.1, they coincide for all t3 € [0, T]. This is exactly the
semigroup identity.

Let us now prove that Z(s,t,.) is a diffeomorphism. Setting t3 = ¢; in () yields that
Z(t1,ta, Z(te, t1,2)) = Z(t1,t1, Z) =z.
Hence z + Z(to,t1,2) is invertible with inverse Z(t,ts,-), which belongs to € (R?) by Theo-
rem 2.2.2.

Finally, let us define J(s,t,2) = det(D,Z(s,t,2)). Using that Z € €*([0,7]? x R?), we
can differentiate with respect to the last variable and take the determinant, which commute

smoothly. Then, we use the Jacobi identity for the differential of the determinant (Jacobi
formula): for A € GL4(R),

B+ (Ddet A) - B = det(A) tr(A™'B).

Differentiating J with respect to s and using 9s(D,Z) = D,(0:Z) = D.(V (s, Z(s,t,z2))), we
obtain

0sJ(s,t,2) = tr( Ys,t,2) V.V (s, Z(s,t,2)) DZZ(s,t,z))

J(s
J( ,2) tr(D: ( Z(s,t,2)))
J(s,t,2) (V2 - V)(s,Z(s,t, 2)),

where we used the cyclic property of the trace tr(AB) = tr(BA) for any A, B € My4(C). The
initial condition J(¢,t,z) = 1 follows from D,Z(t,t,z) = I4. O

Remark 2.2.4. The Jacobian J(s,t,z) = det(D,Z(s,t, z)) measures the local volume distortion
of the flow. When V.-V = 0 we have J = 1: the flow is incompressible and the non-conservative
equation coincides with the conservative form

{ hf+V.-(V(t2)f) =0,
f(oa Z) = fm(z)v
which implies conservation of total mass:

[ 1 = /Rd Finde.

When J #£ 1 the flow is compressible and mass is not preserved.
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We now use the flow to construct the solution of the non-conservative equation.

Theorem 2.2.5. Under assumptions (H1)-(H2), the unique € solution of the non-conservative
transport equation s

f(t’ z) = fm(Z(Oa t, z)) )
and satisfies || f(t)| Lo = || /™| Lo
Proof. We follow the same strategy as in the free transport case.

Uniqueness. Let f(t,z) be a €' solution. For any (¢,2) € R x RY,

d

af(u Z(t,0,2))

(80F +052(5,0,2)| _, - V- ) (1, Z(£,0,2))
= (Of + V- Vaf) (£ 4(2,0,2) =0,

since f is a solution. Hence f(t,Z(t,0,2)) = f(0,2) = f"(z). Setting y = Z(t,0,z) and
inverting via z = Z(0,¢,y) yields

f(t.y) = f"(2(0,t,y)),
which proves uniqueness.

Existence. The formula f(t,z) = f™(Z(0,t,2)) defines a €' function. We verify that it solves
the PDE by differentiating and using the identity

0Z(s,t,z) + (V(t,z)- V) Z(s,t,z) = 0.
To establish this identity, we differentiate the flow property provided in Theorem 2.2.3 (i), as
Z(ts, to, Z(te, t1,2)) = Z(ts, t1, 2)
with respect to to:
(0 + Vte, Z(te,t1,2)) - V) Z(ts,te, Z(te, t1,2)) = 0.

Setting to = t; =t and t3 = s yields the claimed identity. O

2.3 Conservative equation

Conservative formulations play a central role in applications because they directly express the
conservation of mass or probability. They are particularly well adapted to weak formulations
and numerical discretizations based on conservation principles.

Let V(t,z2) € R? be a time-dependent vector field and consider the Cauchy problem

{ Op+V,-(V(t,z)p) =0,
1(0,2) = " (2).

When £ is only a positive Radon measure or an Ll(Rd) function, we resort to a notion of weak
solution. In the context of kinetic theory, it is natural to work with measure-valued solutions,
since the distribution functions of particle systems are nonnegative by definition.
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Definition 2.3.1 (Weak solution). A weak solution of the Cauchy problem for the conservative
transport equation is an element p € €([0,T); w-M(R?)) that satisfies the initial condition
w(0) = p™ and, for every test function p € €1((0,T) x RY),

/OT /Rd (Orp+ V(t,2) - Vo) (1, 2) ult, dz) dt = 0.

Definition 2.3.2 (Push-forward of measures). Let p be a positive Radon measure on R? and
let ® : R — R? be a measurable map. The push-forward of pu by ® is the measure O defined

by
(P4u)(B) = u(®'(B))

for every Borel set B C R, Equivalently, for any bounded measurable function 1,

| v @)y = [ (@) u(da)
R Rd
Theorem 2.3.3 (Measure solution via push-forward). Let V =V (¢, z) satisfy (H1)-(H2), and

let ™™ € My (R?) be a positive Radon measure on R?. Then the unique weak solution in the
sense of Definition 2.3.1 is

M(t) = Z(t’ 07 ')# /’L/Ln7
that is, for every test function ¢ € € (R?),

Pl nltdz) = [ o(Z(0,)) p" (dy).
Rd Rd

Proof. Exzistence. Set u(t) = Z(t,0,)xu™. Since Z(t,0,) is a measurable map, pu(t) € M (R9).
If 41 has finite total mass, then

[outede) = [ iz,

R4 R4

by the definition of push-forward. Now let ¢ € €}((0,T) x R?) and define
I(t)= [ ¢(t. 2(,0,9) 1" (dy)

Differentiating under the integral sign (justified by the compact support of ¢):

%(t) = /Rd(é’twﬂLV Vi) (1, Z(8,0,y)) 1™ (dy)
= [ (@pt.2) + V(E.2) - Vot 2) e, de).

Since ¢ is compactly supported in time, integrating over [0, T gives

0=1(1)-10) = [ [ (0 +V Ve) (02) ultsa2)

so p is a weak solution.



26 CHAPTER 2. TRANSPORT EQUATIONS

Uniqueness. Let p be any weak solution and define

v(t) = Z(07t7')# pu(t).

Fix ¢ € €}(R?). For any x € €>°(0,T

t)
)
/ (/ (@ tdw) —/OTx’(t) (/Rdw(Z(O,t,y))u(t,dy)) dt.

Using the key identity

, we compute

(Or+V(t,z) V)(Z(0,t,2)) =0

obtained from Theorem 2.2.5, and the fact that u is a weak solution, one obtains
T / Y(x)v(t,de) =0 in D'(0,T).

Hence v(t) = v(0) = p™™, which gives u(t) = Z(t,0,-)xu
To justify the differentiation and the integration by parts, we need the support of (t,y) —
¥(Z(0,t,y)) to be compact. This follows from the linear growth bound (H3): for all s,¢ € [0, T]
and y € RY,
Z(s,t.y)| < (lyl + KT) "™

which ensures that the support remains bounded. O
We finally characterise smooth solutions when the initial datum is a function.

Theorem 2.3.4 (Classical solution of the conservative equation). Let V' satisfy (H1)-(H3) and
let fi" € €Y (R?). Then the conservative transport equation

{ Of + V.- (V(t,2) f) =0,
fl_o = Fin
has a unique €' solution given by
f(t,2) = f"(Z(0,t,2)) J(0,,2),

where J(s,t,2) = det(D,Z(s,t,2)) is the Jacobian of the flow.
Proof. Uniqueness. Let g be a solution with zero initial datum and set u(t) = g(t, Z(¢,0,y)).
Differentiating and using the transport equation in conservative form gives

u'(t) = —u(t) (div, V)(t, Z(t,0,y)), with «(0)=0.
This is a linear ODE with a damping/amplifying coefficient and zero initial datum, so u(t) =0
for all ¢, hence g = 0.

Ezxistence. Setting .

ft,2) = f"(Z(0,t,2)) J(0,t, 2)
and differentiating with respect to t and z, it shows that f satisfies the PDE using the evolution
equation for J from Theorem 2.2.3 (it). O



