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Abstra
t. In this paper we 
ompute numeri
al solutions to the Vlasov equation 
oupled

with the Fokker-Plan
k-Landau 
ollision operator using a phase spa
e grid. On the one

hand, the algorithm is based on the 
onservation of the 
ux of parti
les, and the distri-

bution fun
tion is re
onstru
ted to preserve energy and to 
ontrol numeri
al os
illations.

On the other hand, the method preserves the main properties of the 
ollision operators.

Some results are presented in one dimension in spa
e and three dimensions in velo
ity.

1. Introdu
tion

The aim of this paper is to 
ompute the evolution of a 
ollisional plasma 
on-

stituted of di�erent spe
ies of 
harged parti
les (ions, ele
trons...). The Landau

or Fokker-Plan
k-Landau equation is a 
ommon kineti
 model in plasma physi
s

([3, 4, 9℄). It des
ribes binary 
ollisions between 
harged parti
les with long-range

Coulomb intera
tion. The evolution of ele
trons is given by the distribution fun
-

tion f(t; x; v) whi
h depends on time t, position x 2 
 � IR

3

and velo
ity v 2 IR

3

.

This distribution fun
tion is solution to the s
aled Fokker-Plan
k-Landau equation

�f

�t

+ v � r

x

f +E � r

v

f = �

i

Q

i

(f) + �

e

Q

e

(f; f); (1.1)

where E = E(t; x) is the ele
tri
 �eld whi
h 
an evolve through the Poisson equa-

tion

r

x

� E(t; x) =

Z

IR

3

f(v)dv � �

i

; E(t; x) = �r

x

�(t; x); (1.2)

where �

i

is the ion density. Moreover, �

i

is related to the 
ollision frequen
y

and Q

i

(f) des
ribes 
ollisions between two di�erent kinds of parti
les as ions and

ele
trons

Q

i

(f) = r

v

� (�(v)r

v

f) : (1.3)
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Finally, �

e

is related to the ele
tron-ele
tron 
ollision frequen
y and Q

e

(f; f) is

Q

e

(f; f) = r

v

�

�

Z

IR

3

�(v � v

0

)(r

v

f(v)f(v

0

)�r

v

0

f(v

0

)f(v))dv

0

�

; (1.4)

where �(v) is the 3� 3 matrix

�(v) =

1

jvj

3

�

jvj

2

I

3

� v 
 v

�

: (1.5)

The main goal of this note is to des
ribe a s
heme in the x depending 
ase and

in the whole 3D velo
ity spa
e. The �rst step 
onsists in the approximation of

the Vlasov equation, whi
h is the left hand side of (1.1). We use a method whi
h

dis
retizes it on a phase spa
e grid (see [5, 6, 8℄). This kind of approa
h allows

to get an a

urate approximation of the distribution fun
tion in the phase spa
e,

but the non 
onservation of the energy due to the proje
tion of the interpolation

on the grid 
an be an in
onvenient for the long time behaviour of the solution. In

this paper, we propose a new s
heme whi
h over
omes to these in
onvenient: spa
e

and velo
ity derivatives are approximated by a 
entered �nite volume method and

an adapted approximation of the ele
tri
 �eld E allows us to obtain a numeri
al

s
heme that 
onserves the total energy. As this kind of dis
retization does not

ensure the positivity of the unknown, we introdu
e slope 
orre
tors. The distri-

bution fun
tion is re
onstru
ted following the PFC method ([5, 6℄) of order two.

When the slope 
orre
tors a
t, the total energy is not 
onserved any more; nev-

ertheless, the variations are not very important 
ompared to others methods su
h

as semi-Lagrangian method.

Finally, we 
onsider 
ollision operators derived from (1.4). We propose 
onser-

vative s
hemes based on the ideas of [3℄ to approximate this di�erent operators.

Even if these s
hemes give interesting properties (
onservations, de
ay of the en-

tropy, positivity of the distribution fun
tion), their dire
t implementation is very

expensive in high dimensions. Thus, we adopt the multigrid method used in [1℄ to

redu
e the 
omputational 
ost.

The rest of the paper is organized as follows. In the next se
tion, we draw

up the main properties of the solution to the system (1.1)-(1.2)-(1.4) and formally

derive the operator intended to model 
ollisions between di�erent spe
ies. We then

present in se
tion 3 a �nite volume s
heme for the dis
retization of the Vlasov-

Poisson equation. Finally, some numeri
al results are presented in se
tion 4 to

illustrate the eÆ
ien
y of the method.

2. Des
ription of the kineti
 model

In this se
tion, we brie
y re
all some 
lassi
al estimates on the system (1.1)-(1.2)-

(1.4). First, the Vlasov-Poisson system (1.1)-(1.2) without 
ollision, preserves
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mass, momentum and total energy. It also 
onserves the kineti
 entropy

H(t) =

Z

IR

3

�IR

3

f(t) log(f(t))dxdv = H(0):

Next, let us re
all the expression of the Fokker-Plan
k-Landau (FPL) operator

whi
h des
ribes 
ollisions between two ele
trons

Q

e

(f; f) = r

v

�

�

Z

IR

3

�(v � v

0

)(r

v

f(v)f(v

0

)�r

v

0

f(v

0

)f(v))dv

0

�

; (2.6)

where �(v) is the 3� 3 matrix (1.5). The algebrai
 stru
ture of the FPL operator

leads to physi
al properties su
h as the 
onservations of mass, momentum and

energy and the de
ay of the entropy H(t). Moreover, the equilibrium states of the

FPL operator, i.e. the distribution fun
tions f whi
h satisfy Q

e

(f; f) = 0; are

given by the Maxwellians (see [3, 9℄ for more details).

Finally, the operator Q

i

des
ribes 
ollisions between two di�erent spe
ies (for

instan
e ele
trons and ions), and 
an be derived from the two spe
ies form of

the full Landau operator (1.4). If we assume that the temperature of ions T

i

is

negligeable 
ompared to the temperature of ele
trons T , we may 
onsider that the

distribution fun
tion of ions is given by a Dira
 measure in velo
ity

f

i

(t; x; v) = �

i

(t; x) Æ

0

(v � u

i

(t; x)); (2.7)

where the density �

i

and the mean velo
ity u

i

are given or satisfy hydrodynami


equations. The so-obtained operator then reads

Q

i

(f) = �

i

r

v

� (�(v � u

i

)r

v

f) ; (2.8)

where �(v) is the 3� 3 matrix given by (1.5). The linear 
ollision operator (2.8)

satis�es the 
onservations of mass and energy.

The equilibrium states are given by the isotropi
 fun
tions

�

f(jv � u

i

j

2

)

	

, and

ea
h 
onvex fun
tion 	 of f is an entropy for Q

i

(see [2℄ for more details).

3. The numeri
al method

For the approximation of the linear operator, we adopt a 
onservative and en-

tropi
 s
heme based on the ideas of [3℄ (see [2℄ for details). The FPL operator is

dis
retized following the method introdu
ed in [3℄ whi
h respe
ts the properties of

the operator; the multigrid method is employed to redu
e the 
omputational 
ost

(see [1℄).

In this subse
tion, we introdu
e a new s
heme for the dis
retization of the

Vlasov-Poisson equation. Thanks to a dis
retization based on a �nite volume

method, joint with an adapted approximation of the ele
tri
 �eld, we will prove

that this s
heme preserves the total energy. We 
onsider a 
artesian grid in one

dimension in spa
e and velo
ity for the sake of simpli
ity.
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We introdu
e the mesh points (x

i+1=2

)

i2I

; (v

j+1=2

)

j2ZZ

of the 
omputational do-

main [x

min

; x

max

℄�IR. We will denote by �x = x

i+1=2

�x

i�1=2

and �v = v

j+1=2

�

v

j�1=2

the spa
e and velo
ity step, and by C

i;j

= [x

i�1=2

; x

i+1=2

℄� [v

j�1=2

; v

j+1=2

℄

the 
ontrol volume. Finally, t

n

= n�t is the time dis
retization, n 2 IN.

We assume that f

n

i;j

is an average approximation of f on the 
ontrol volume

C

i;j

at time t

n

f

n

i;j

=

1

�x�v

Z

C

i;j

f(t

n

; x; v)dxdv:

Then, we approximate the average of f at the time t

n+1

by integrating the Vlasov

equation on a 
ontrol volume and using a ba
kward Euler s
heme in time

f

n+1

i;j

= f

n

i;j

�

�t

�x�v

Z

v

j+1=2

v

j�1=2

v

�

f

n

(x

i+1=2

; v)� f

n

(x

i�1=2

; v)

�

dv

�

�t

�x�v

Z

x

i+1=2

x

i�1=2

~

E

n

(x)

�

f

n

(x; v

j+1=2

)� f

n

(x; v

j�1=2

)

�

dx; (3.9)

where

~

E

n

(x) is an approximation of the ele
tri
 �eld obtained by the Poisson

equation (1.2).

The main step to get an a

urate solution is to re
onstru
t the distribution fun
-

tion in ea
h dire
tion. For that purpose, we �x the velo
ity v 2 [v

j�1=2

; v

j+1=2

),

whi
h we assume positive, and 
onsider the fun
tion f

h

(x; v); x 2 [x

i�1=2

; x

i+1=2

)

as an approximation of the distribution fun
tion f(t

n

; x; v); x 2 [x

i�1=2

; x

i+1=2

).

Thus, the high order approximation f

h

(x; v) is obtained via a re
onstru
tion by a

primitive F

h

(x; v); x 2 [x

i�1=2

; x

i+1=2

) su
h that

F

h

(x

i+1=2

; v) =

Z

x

i+1=2

0

f

h

(x; v)dx; F

h

(x

i+1=2

; v)� F

h

(x

i�1=2

; v) = �xf

n

i;j

:

We �rst build an approximation of F

h

using the sten
il

�

x

i�1=2

; x

i+1=2

; x

i+3=2

	

.

Then we get

F

h

(x; v) = F

h

(x

i�1=2

; v)+(x�x

i�1=2

)f

n

i;j

+

(x� x

i�1=2

)(x� x

i+1=2

)

2�x

(f

n

i+1;j

�f

n

i;j

):

By di�erentiation, we obtain a se
ond order a

urate approximation of the distri-

bution fun
tion on the interval [x

i�1=2

; x

i+1=2

℄

f

h

(x; v) =

�F

h

�x

(x; v) = f

n

i;j

+

(x� x

i

)

�x

(f

n

i+1;j

� f

n

i;j

):

As this kind of approximation 
an generate spurious os
illations, we introdu
e a

slope 
orre
tor, ensuring the positivity of the distribution fun
tion on the interval

(x

i�1=2

; x

i+1=2

)

�

+

i

= min

�

1; 2f

n

i;j

=(f

n

i+1;j

� f

n

i;j

)

�

; if (f

n

i+1;j

� f

n

i;j

) > 0: (3.10)
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Now, we pro
eed in the same manner to re
onstru
t f

h

in the x dire
tion when

v < 0 using the sten
il

�

x

i�3=2

; x

i�1=2

; x

i+1=2

	

and in the v dire
tion depending

on the sign of

~

E

n

(x).

When the slope 
orre
tors do not o

ur in the approximation of the velo
ity

derivative (it is the 
ase when the distribution fun
tion is suÆ
iently smooth as a

fun
tion of v) we obtain a 
lassi
al 
entered s
heme. With an adapted approxima-

tion of the ele
tri
 �eld,

~

E

n

i

= (E

n+1

i

+ E

n

i

)=2, the so-obtained s
heme preserves

the total energy. On the other hand, the ele
tri
 �eld at time t

n

is determined

through the following approximation to the Poisson equation

�D

?

x

E

n

i

= �

n

i

� �

i

; E

n

i

= �D

x

�

n

i

; (3.11)

where D

x

is a dis
rete �nite di�eren
e operator whereas D

?

x

stands for its formal

adjoint, whi
h represents an approximation of ��

x

(for example, we 
an 
onsider

D

x

as the usual un
entered dis
rete operator). Finally, E

n+1

i

is a predi
tion of the

ele
tri
 �eld at time t

n+1

obtained from the dis
retization to the Poisson equation

(3.11) and to the 
ontinuity equation

�

n+1

= �

n

i

+�tD

?

x

J

n

i

; (3.12)

where J

n

i

and �

n

i

are respe
tively an approximation of the 
urrent density j(t; x)

and of the 
harge density �(t; x)

J

n

i

= �v

X

j2ZZ

v

j

f

n

i;j

; �

n

i

= �v

X

j2ZZ

f

n

i;j

: (3.13)

The approximation of the Vlasov-Poisson equation obtained from this algorithm

satis�es the 
onservation of mass and total energy (see [2℄ for the proof).

4. Numeri
al simulations

4.1. Linear Landau damping

In this se
tion, we investigate the Landau damping in the linear 
ontext. To that

purpose, we apply the above approximation to dis
retize the full system (1.1)-

(1.2)-(1.4) where the 
ollision operators are given by (2.6) and (2.8) with �

i

= 1

and u

i

= 0. Besides, the 
ollision parameters are 
hosen as follows: �

e

= �=Z

and �

i

= �, where Z is the number of 
harge. The initial 
ondition is 
hosen as a

periodi
 perturbation of the global equilibrium

f

0

(x; v) =

1

(2�)

3=2

exp

�

�jvj

2

=2

�

(1 +A 
os(kx)); x 2 [0; 2�=k℄; v 2 IR

3

; (4.14)

where A is the amplitude of the perturbation, and k denotes the wave number. In

this subse
tion we only 
onsider linear regimes and A is taken equal to A = 10

�5

.
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To 
apture the Landau damping, the size of the velo
ity domain must be 
hosen

greater than the phase velo
ity v

�

= !=k (with !

2

� 1 + 3 k

2

). Then, we set

v

max

= 5:75 where the velo
ity grid extends from �v

max

to v

max

. We use N

v

= 32

grid points in ea
h dire
tion for the velo
ity grid whereas the number of spatial

grid points is N

x

= 50. The boundary 
onditions for the distribution fun
tion

are periodi
 in x whereas the distribution fun
tion is trun
ated to zero for large

velo
ities.

We are interested in the evolution of the square root of the ele
tri
 energy

approximated by

E

h

(t) =

 

X

i

�xE

2

i

(t)

!

1=2

: (4.15)

On Fig. 1, we plot (4.15) in log s
ale and its asso
iated damping line (whi
h

is determined numeri
ally) as a fun
tion of time. We study the in
uen
e of the


ollisions and 
onsider values of � equal to � = 0, 0:01 and 0:05 whereas k = 0:3

and Z = 1. The value of � = 0 
orresponds to the Vlasov-Poisson equation. The

amplitude of the ele
tri
 �eld is damped exponentially in time behaviour and we

observe the in
uen
e of the 
ollisions on the ele
tri
 energy: the damping rate

be
omes stronger when the 
ollisions are more important, i.e. when � is bigger.

On Fig. 2, we study the in
uen
e of Z (with � = 0:01) on the damping of

(4.15). We observe that the damping rate is not very sensible to Z. We re
over

the fa
t that e-i 
ollisions play a more important role than e-e ones in the damping

of ele
troni
 plasma waves.

The results of these tests 
ase 
an be 
ompared to estimated results. In fa
t,

when the amplitude perturbation A is small enough, we 
an linearize the initial

model. The solution of the so-obtained linearized model is a plasma wave the

frequen
y and damping of whi
h 
an be 
omputed. For the damping rate, one

�nds 
 = 


L

+ 


C

, where 


L


omes from the Landau damping and 


C

from


ollisional e�e
ts




L

= �

r

�

8

1

k

3

exp(�1=(2k

2

)� 3=2� 3k

2

); 


C

= �

1

3

r

2

�

�

 

1 +

5

2

k

2

+

4

p

2

5Z

k

2

!

:

(4.16)

One notes that our numeri
al results are in very good agreement with formulas

(4.16), even for subtle phenomenas su
h as the variation of Z.

4.2. Ion a
ousti
 waves

The aim of this subse
tion is the study of the ion a
ousti
 waves (see [4, 7℄. To that

purpose, we only 
onsider the Vlasov equation 
oupled with the Fokker-Plan
k-

Landau operator (1.4) whi
h modelizes the ion-ion 
ollisions. The initial 
ondition

is the same as (4.14).
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Figure 1: Study of the in
uen
e of �. k = 0:3 and � = 0; 0:01; 0:05.
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Figure 2: Study of the in
uen
e of Z. k = 0:3, � = 0:01 and Z = 1; 5.
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As the ioni
 mean free path is bigger than the ele
tron one, we 
an 
on-

sider a 
onstant ele
tron temperature; in this 
ase, the ele
tri
 �eld is written

E = �T

e

=T

i

r

x

(log �), where T

e

and T

i

are respe
tively the ele
tron and ion tem-

perature, and � the ion density (see [7℄). We will take the ratio T

e

=T

i

equal to 4,

� = Z = 1 and k varies from 0:05 to 3.

As in the previous subse
tion, we only 
onsider linear regimes and take A =

10

�3

. The size of the velo
ity domain extends from �v

max

to v

max

= 6 and use

N

v

= 16 grid points in ea
h dire
tion for the velo
ity grid whereas the number

of spatial grid points is N

x

= 50. Let us remark that the algorithm presented in

se
tion 3 
an not be applied in this 
ase. For the sake of simpli
ity, the ele
tri


�eld E at time t

n

at x

i

is approximated by E

n

i

= �T

e

=T

i

D




(log �

n

)

i

where D




is

the usual dis
rete 
entered operator.

We are interested in the evolution of (4.15). Its amplitude is expe
ted to

be exponentially and periodi
ally de
reasing. Then, we 
ompute numeri
ally the

damping rate 
 and the frequen
y ! and 
ompare our results to the results obtained

in [7℄.

On Fig. 3, the quantities j
j=k and !=k are plotted as a fun
tions of k. One

should note that the behavior of our 
urves is similar to [7℄. Indeed, for small k,

j
j=k is proportional to k, and for large values of k, j
j=k be
omes stabilized and

de
reases slowly. Con
erning the frequen
y, we observe that !=k slowly in
reases

before be
oming nearly 
onstant for large k, as in [7℄. From a quantitative point

of view, our results for the damping rate are in very good agreement with the

values presented in [7℄, espe
ially for large k (the 
ollisionless limit (k ! +1) is

well rea
hed). However, we note that our numeri
al values of !=k are not in good

agreement with [7℄. The quantities 
=k and !=k are reported on 1 and 2.
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Figure 3: Study of the in
uen
e of k on the frequen
y ! and the damping 
.
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k=0.025 k=0.05 k=0.1 k=0.2 k=0.3 k=0.5 k=0.7 k=1

Num. 0.16 0.18 0.26 0.325 0.33 0.342 0.3371 0.33

[7℄ 0.093 0.165 0.258 0.331 0.344 0.342 0.337 0.33

Table 1: Comparison of 
=k with [7℄

k=0.025 k=0.05 k=0.1 k=0.2 k=0.3 k=0.5 k=0.7 k=1

Num. 2.39 2.428 2.435 2.448 2.49 2.53 2.57 2.618

[7℄ 2.38 2.39 2.42 2.59 2.66 2.73 2.76 2.78

Table 2: Comparison of !=k with [7℄

5. Con
lusion

We have developped a new numeri
al simulation 
ode for realisti
 and 
ollisional

plasmas in one dimension in the physi
al spa
e and in three dimensions in velo
ity

spa
e. This 
ode takes into a

ount two di�erent spe
ies of parti
les (e.g. ele
trons

and ions). A new dis
retization of the Vlasov-Poisson equation, from whi
h we

proved the important properties of 
onservation (mass and total energy) has been

written. In the appli
ations to Landau damping, our results are in good agreement

with the estimations. On the other hand, we a

urately re
over the results of [7℄

in the appli
ations of ion a
ousti
 waves.
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