ANALYSIS OF A HIGH ORDER FINITE VOLUME SCHEME FOR THE
VLASOV-POISSON SYSTEM
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ABSTRACT. We propose a second order finite volume scheme to discretize the one-dimensional
Vlasov-Poisson system with boundary conditions. For this problem, a rather general initial and
boundary data lead to a unique solution with bounded variations but such a solution becomes dis-
continuous when the external voltage is large enough. We prove that the numerical approximation
converges to the weak solution and show the efficiency of the scheme to simulate beam propagation
with several particle species.
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1. INTRODUCTION

The Vlasov-Poisson system is a model for the motion of a collisionless plasma and describes the
evolution of the distribution function of particles, solution of the Vlasov equation, under the effects
of free transport and self-consistent electric fields given by the Poisson equation. Here, we consider
a dilute electron gas emitted at position x = 0 and absorbed at x = L. It gives rise to a nonlinear
system of equations with boundary conditions. Under an external voltage, the dynamics of such a
problem is modeled by the following system [15, 17]

(Of of of _
B + G + E(t,a:)% =0, t>0, (z,v) € Q;
2
(1) —%(t,x) — p(tz), BEtz) = —%(t,x); £>0, 2 € Q;

f(O,.%’,’U) = fO(xvv)a (.I‘,’U) € Q;
1
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where Q := Q x R with Q := (0,L). We define the macroscopic charged density p(t,z) and the
related current density j(t a:) by

(2) p(t, ) / f(t,z,v) j(t,x):/oo vf(t,z,v)dv, (t,z) € RT x Q.
Here, the boundary conditions for the electron distribution f(¢,x,v) > 0 are given at x =0
(3) f(£,0,v) = g(t,v) 20, v > 0;

and at ¢ = L

(4) ft,L,v) =0, v < 0;

and external voltages are given at x =0 and z = L:

(5) o(t,0) =0, o, L) = —=\t) <0, t>0.

Mathematical study of such nonlinear boundary value problem was initiated in the pioneering
work of C. Greengard and P.-A. Raviart [15], in which stationary solutions are constructed. A
higher dimensional generalization was given in [19] and [8]. On the other hand, for the dynamical
problem of plane diode (1)-(5), weak solutions can be constructed as in [7]. Finally, recently Y.
Guo et al. give a complete existence and uniqueness proof for the present model (1)-(5) [17] and
for the Vlasov-Maxwell system [14].

The aim of this paper is to propose a high order finite volume scheme for the one-dimensional
Vlasov-Poisson equation over an interval and to analyze its convergence. In one or two dimension,
the numerical resolution of the Vlasov equation is often performed using eulerian methods. These
methods are strongly inspired by the discretization of conservation laws in fluid mechanics [4,
23]. They consist in a discretization of the phase space (z,v), which is done by following the
characteristic curves at each time step and interpolating the value at the origin of the characteristics
by polynomial [12, 13]. This interpolation method works well for simple geometries of the physical
space but does not seem to be well suited to more complex geometries. We refer to [13, 1] for a
review of the literature on this topic and notice that more recently, J.A Carrillo et al [5] propose
new schemes based on WENO reconstructions, which are particularly well suited and efficient for
the study of discontinuities propagation.

Another type of schemes for the Vlasov equation is the finite volume type method (or flux
balance method), where the discrete unknowns are averages of the distribution function on volumes
paving the phase space. These unknowns are updated by considering incoming and outgoing fluxes
leading to mass conservation. A high order scheme of this type was introduced by J.P. Boris and
D.L. Book [4] for transport equations and later F. Filbet et al. proposed an improved version of
this scheme, called the Positive and Flux Conservative method (PFC) [12, 13], which is not only
conservative, but also preserves the positivity and the maximum value of the distribution function.
The scheme was implemented up to third order accuracy. Let us also mention related papers where
the convergence of a numerical scheme for the Vlasov-Poisson system is investigated. On the one
hand, J. Schaeffer [20] proves the convergence of a finite difference scheme for the Vlasov-Poisson-
Fokker-Planck system : transport terms are approximated by a characteristic method whereas
diffusive term are treated by a classical finite difference operator. On the other hand, N. Besse
studies the convergence of semi-lagrangian methods for smooth solutions to the Vlasov-Poisson
[2] but it seems difficult to adapt this methodology for discontinuous solutions. Thus, F. Filbet
performs a convergence analysis and gets error estimates on a finite volume scheme [10, 11] for
weak BV solutions allowing discontinuities to occur, but this scheme is only first order and is not
enough accurate to get a good approximation of the distribution function. Here, we extend the
analysis to second order finite volume schemes and investigate the case where the solution may be
discontinuous. More precisely, the purpose of this work is to prove the convergence of a second order
finite volume scheme for the dynamic of plane diode model problem in plasma physics, namely,
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the one-dimensional Vlasov-Poisson system with boundary conditions with respect to the space
variable.

We first present a second order upwind finite volume scheme computing the fluxes on the
boundary of each cell of the mesh. Thus, from an L°° estimate on the velocity moments of f}, we
obtain a bound on the discrete electric field in W1, We next give a weak BV inequality which
will be useful for the convergence of the approximation to the weak solution to the Vlasov-Poisson
System.

2. NUMERICAL SCHEME AND MAIN RESULTS

In order to compute a numerical approximation of the solution of the Vlasov-Poisson system,
let us define a Cartesian mesh of the phase space M}, consisting of cells, denoted by C; ;, i € I =
{0,...,n, — 1}, where n, is the number of subcells of (0, L) and j € Z. The mesh My, is given by
an increasing sequence (z;_; /2)2-6 {0,....,ng} Of the interval (0, L) and by a second increasing sequence
(Uj_l/Q)jeZ of R for the velocity space.

Let Az; = x;41/2 — x;_1/2 be the physical space step and Av; = v;4;/5 — vj_1/2 be the velocity
space step. The parameter h indicates

h = n}z}x{A:ci, Avj}.
We assume the mesh satisfies the following condition : there exists a € (0, 1) such that for all A > 0
and (i,7) € I X Z,
(6) ah<Az; <h, and ah<Av; <h.
Finally, we obtain a Cartesian mesh of the phase space constituted of control volumes
Cij = (Ti—1/2,Tig172) X (Vj_1/2,Vj41y2) fori €l and j € Z.

In order to work with a bounded domain, we will truncate at |v| = v (vp sufficiently large
which will go to +00 as h — 0) and we denote by J the following set

J={jeZ, v <w}.
Let At be the time step and t" = n At and z; (resp. v;) represents the middle of [z;_; /9, 741 /]
(resp. [vj_1/2,vj41/2]). We set the discrete initial datum as
1
0
L dxdv.
fz,] sz A'U] /C"iyj f0<m’ v) e

For n > 0, we define a sequence ( fz";r 1)i,j7 which is assumed to approximate the average of the

Vlasov equation solution (1)-(5) on the control volume Cj ;. It is given by
At At
1
(7) =1 - Az (Fiv1/2.5 — Fic1/25] — Av; Gij+172 — Gij—1/2),
with
_ ot -
Fivrjag = V5 Fipigey = 95 Fliayey
(®) + gl
- mn—
gz}j+l/2 = E fi,j+1/2 - E; i?:j+1/2’

l r . . .
where f; /2.j and f] 1) Are second order reconstructions with respect to the space variable

x € (0, L) of the distribution function

l
fivrjog = Fi5 + oivayzg [fiay — £i5]
(9)

12 = fivg = Oivaag [fley — figls
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with the slope 0;, 1/ ; given by the minmod limiter

0, if (fla,; — 1) (Y — fita,) <0,
[fiy = fal A g Mo = fagl g = 1
(10) Oit+1/2,5 = | fZ}l—l,j — f;}]| Ax; + Ax;—q Ax; +Ax;_1 — Ax; + AQZZ'_H’
—_— else.
L Az + Axiyq’

7

space v € R for the flux G; ;112

Also f .ZJ. +1/2 and fl’;] 41/ A€ built using the same type of reconstruction with respect to the velocity

l
fiivrp = 15 + oy [l — f5)
(11)

f{+1/2,j = fiT,Lj+1 — 0i,j+3/2 [fz'rfj+2 o fitljJrl] )

with the slope o; ;1 1/o given by the minmod limiter

0, if (ff0 = J) (= fi-1) <0,
[ = Tl Ay o M = Il 1 — £
(12) Oij4+1/2 = ’fiT,Lj—l-l — fﬁj‘ Av; 4+ Avj_q Avj + Avj_1 — Avjyr + A’Uj’
A?)j
— = Ise.
Avj + Avjqy e

Let us notice that in this paper, we only consider the case of minmod limiters but we can easily
apply the present analysis to classical limiters as superbee, etc. These conditions are sufficent to
compute some approximations but we add some limiters useful to prove an error estimate result :
there exist K1, Ky > 0 and 3 € (1,2) such that

(13) Tip1)2,5(fi5 — fin—l,j)2 + o5 j12(fi — fiT,Lj—l)Q < KR, V(i,j) € I x Z.

This conditions are used in section 3.3 only, for the consistency result.

The value E}" is an approximation of the electric field on [x; 4 /25 Tig1 /2] given below by computing
an approximate solution of the Poisson equation. To complete the scheme for the approximation of
the Vlasov equation, we impose boundary conditions on . To do this, we define two approximations
fIy; and fi ; on “virtual cells”, given by

[y = g) = g(t",v), ifv;>0,4 €l
(14)
noo=0, if?)j<0,j€<]7

Ng,J

and to define slope limiters in the neighborhood of the boundary we also impose zero slope condition,
that is, f_2; = f-1,; and fr,41,; = fn,,;- We also set

gi’j_’_l/g = 0, for (’L,j) e Ix Z\J

Thus, we are able to define the numerical solution approximating the solution of the Vlasov
equation on Qp := Qp X R by
s if (ta,v) € [t ¢ x C;; and (i,5) € I x J,
fu(t,z,v) =
0, if |v| > vp,.
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Computing moments in v of the distribution function f;, we define the discrete charge and current
densities for (t, ZII) S [tn, tn+1) X [%’—1/27 $i+1/2)1

Ph(t,x) = / fh(t’xvv)dv = ZAUJ fZ?] = p??
R ez
intia) = [0t vdo = Y Aoy iy = 3
R ,
JEZ
Now, to complete the scheme we apply a finite volume scheme to the electric field’s equation.
Let us denote E' an approximation of the electric field in (z;_; /2, ¥;11/2) given by

(15) i — Bl =Axpf, for i=0,...,n,—2,

and is supplemented by the following condition, which comes from the discrete potential
Ng—1

(16) > Aw B} = A(t") — 0= A(t"),
i=0

We compute a continuous approximation of the discrete field such that

Ep(t", x;) = EY,
(17)
Ep € Qu([t™, t" ) X [m;-1/2, Tiv1/2]),

where Q1 ([t", t" 1] x [x;_, /2: Tiy1/2]) represents the space of polynomial of degree one in [t", ] x
[Ti—1/2, Tit1/2] such that Ej € W (Qr) and E), is a piecewise constant approximation given by

Ep(t,x) = B, for (t,x) € [t", ") x [2;_1/2, Tit1)2)-
We introduce the space
BV(Q) = {ue LNQ), TVy(u) < o}

where
TVo(u) = sup{ [ ute0) dvgpte, dedn, 9 €CE@) ot )l <1, v<x,v>e@}.
Q

We shall now prove the following theorem of convergence for the numerical approximation.

Theorem 2.1. Assume for some p > 2, fo(x,v) and g(t,v) satisfy: for allT >0

T
(18) TVo(fy) + /0 / [+ olg(s,o)dods + ol folls + o gl < .

Let My, be a Cartesian mesh of the phase space and At be the time step satisfying the CFL condition
: there exists £ € (0,1) such that
3AtL < v C

<1 .
5 Ami+Avj>_1 & Y(i,j) el xJ,

(19)

with

All e g
a:””Lm(HfOHD [ vgh@vv)dvdf)-
L 0 Ju>0

We consider the numerical solution given by the scheme (7)-(12), denoted by fy(t,x,v), and the
discrete self-consistent field Ey(t,x) given by (15)-(17). Then we have

fa(t,z,v) —  f(t,z,v) weak-* in L>(Qr) ash — 0,
En(t,z) — E(t,z)in C(Qr) ash— 0,
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where (f, E) is the unique solution to the Vlasov-Poisson system (1)-(5), that is for all test functions
which belong to

T = {p e Cl[0,00) x (0,L) xR), (t,0,v) = @(t,L,—v) =0, Vv <0},
we have

dp

ov

o) |5 + 0 5 0) + B(ta)

5t (t,z,v) | dedodt +

Qr
T
fo(z,v)e(0,z,v) dvdx + / / v [g(t,v)e(t,0,v)] dvdt = 0
Qrpr 0 v>0

and for the electric field
oF

dx
supplemented with boundary conditions.

=p(t,z), V(t,x) € [0,T] x Q,

3. A PRIORI ESTIMATES

In this section, we will give some properties satisfied by the numerical approximation as well
as by the solution of the continuous problem. We will first prove some properties on the discrete
distribution function f,. From these estimates, we will also give an L estimate on the electric
field E}. Then, in Proposition 3.2, we will obtain a uniform bound on |v|P f; in order to obtain an
L™ estimate on the moments in velocity of f;, and finally a W1 estimate on the discrete electric
field Ey,.

3.1. Basic estimates.

Proposition 3.1. Assume that fo(x,v) >0 and g(t,v) > 0 satisfy : for all T >0

T
/0 / [olg(s,o)dods + | olli= -+ gl + 1oll < +oc.
v>

Let My, be a Cartesian mesh of the phase space and At be the time step satisfying the CFL condition:
there exists £ € (0,1) such that for all k € {0,...,n}

At k .
Then, we have

(i) the discrete distribution function at time t"!

(21) 0 < £ < max (|| follze, lgllze);  V(i,4) € I x Z;

satisties the following maximum principle

(ii) the discrete density function p(t"*1) satisfies

(22) 0 <> Azipf™ < 0%+ DD AtAv;vf gF

i€l k=0 jEZ
(7i1) the discrete electric field is bounded
A" 0 - + ok
T+2 Ilf ||L1+ZZAtAvjvj 95 |
k=0 jEZ

(iv) the CFL condition (20) at iteration n + 1 is satisfied.

1
(23) B <
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Proof:  We start from the scheme (9)-(10) and first introduce the following limiters : for (i, j) €
IxJ

!
fi+1/27j = sz,LJ + Oi+1/2,5 [fz'nJrl,j - z??j]v
= [+ six125 [ — fit1 ],

with
0, if (= 1) (f — fitay) <0,
‘ i+1,5 z Ax; | i+1,5 7j| ‘f — Ji— 1]‘
(24) Sit1/25 =\ 7 — Ii- 1j| Az 4+ Aziqg Amz + Azip1 ACE'L + Az’
T else
Az + Aziq’
and
z'r+1/2,j = fﬁrl,j — 0i43/2,j [fin+2,j - fin+1,j]7
= [y = sivag iy — figl
Also, f D12 and f7 {41/ CAN be re-written in a similar way
1
fi,j+1/2 = f[}] t Sijt1/2 [f;l] - f;}j—l]»
[l = fijer — sigrsye [fije — fi),
with
(O, if (fj1 = Fig) (5 = filj-1) <0,
| ,j+1 zg Avj | i,j+1 z |f ,] 1|
(25) Sig+i/2 =\ 7 — il Avi+ Avjg ’ AUJ + AUJH A“J + AUJ 1
AUJ'
_ else
A’Uj + Avj,l ’ ’

where we observe that 0 < s; j.1/2, Siy1/2,; < 1. Using the scheme (7)-(12), we explicitly write
the value of the numerical solution at iteration n + 1, in terms of the values at time ¢" in a better
way,

n+1 n vj—'i_ At n n
fogt =0 = g M sivgeg —oicayag] (B = flbay)
K
vy At . .
+ N [1- Si+3/2,5 + Ui+1/2,j] (fik1; — fi%)
(A
EM At

T Ay, (14 sij41/2 = 0igo12] (fil = filj-1)

+ = [ sigeae +0igege] (e = fl).
Uy

Under the stability condition (20), the discrete distribution function fz"f ! could be written as a

convex combination of fi';, fi'y ;. fihq ;, fij_1, fi'j41; it yields the nonnegativity of f”Jrl for all
(i,7) € I x Z. Thus we get the result

< fi7 < max (|| follzoe, llgllze)
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Now, we give an estimate of total mass evolution : for & € {0,...,n} we multiply (7)-(12) by
Ax; Avj and sum over (i,5) € I x Z. It gives,

> AxAvy fET 4 ALY A, [v; flijoy+of ffzx+1/2,j}

(1,J)EIXZ JEZ
= Az; Av; fF+ At Avi | vF fTy 0+ o7 f .
t/RI g J |75 I=1/2 J Ing+1/2,j
(4,§)€IXZ =/

Then, using boundary conditions (14), it yields

Do Ay £+ ACYD Aoy [o S+l ]

(4,7)EIXZ JEL
= Z Ax; Av; ffj + AtZAvj U;r gé-“
(4,§)EIXZ JEZ
and summing over k € {0,...,n} we get
Z Az Avj f] "H + ZZAtAUJ { f0]+v+ o 17]}
(4,4)EIXZ k=0 jeZ
n
= D AwAvfiy+ Y3 AtAy v g,
(4,§)€IXZ k=0 jeZ

which gives the result

ZAm,an 170 1 —i—ZZAtAv] v; g]

il k=0 jEZ

Now, let us prove that the discrete electric field is bounded at iteration n + 1. The argument
is the same as in the continuous case: using the scheme (15)-(16), we have Ej™' = C"*! and for

i={1,...,ny — 1}
i—1
B = oY At
k=0

< C"T 10+ ZZAtAv] v; g],
k=0 j€Z
where C™F! is such that the relation (16) is satisfied at iteration n + 1, so that
A + ZAUCz‘(L —zi_1y2) i

el
Cn+1 — ?
L )

which proves (23)

)\(tn+l) 0
—7 +2 1) + g E AtAUJU] gJ
k=0 j€Z

+1
BT <

Finally, from this latter bound we check that the CFL condition (19) is satistied at time n + 1.
O
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3.2. Estimates on the electric field. Now, let us give a uniform bound on |v[? f;, for p > 2,
which will lead to a uniform bound on the and an estimate on first moments p;, and j, throughout
an energy estimate.

Proposition 3.2. Assume that for p > 2 and for all (t,x,v) € Qr
[lP fo(z,v) + [v]P g(t,v) < o0
and ||[N||yyi.00 < 00. Then, there exists Cp > 0, ony depending on fo, g, A and «, such that

(20) 0 < max{lvj 12" £13} < Cr.

Moreover, there exists Cp > 0, for all (n,i) € {0,...,Np} x I,

EM — pr ’” EM

9 i+1
e

< .
Aaci CT

Proof:  For p > 2, we multiply the scheme (7)-(12) by [v;_;/9|” and using the reconstruction
proposed in (24)-(25), we have

[vj—1/2[” f;}fl = |vj_1p2” fi}

+
vy At 14+ s - : A Py p
Az [ + Sit1/2,5 0@—1/2,]] (|U]—1/2| fi,j |Ug—1/2\ fi—l,j)
1
+ vﬂ'At[l_ . NI .](|. P e — v, P F)
Az Si4+3/2, T Tit+1/2,5] UVj—1/21" Jit1,j — IVj—1/21" Jij
7

EM At
No (L sigize = oigoay] (vl Sl = 1ol fil-1)
J

El-ni At P N P £n
+ Av. [1 — Sij+3/2 T ai,j+1/2] ([vjq1y2l? fl41 — vj—1p2l” 7))
J

EM At
= TAg LHsignge = o] (sl = loiapl) i
J

Er At » o e
+ Av. [1 = Sij+3/2 T Uz’,j+1/2] (Jvj—1y2l? = vjq1/2l?) £l
J

Then, using that HUJ-H/Q P — |vj_1/2|p| < p(1+|vj_1/2P) Av; and from the CFL condition (20),
we get

n;z;x{‘vj_l/z‘pff;_l < Hll?}x{‘vj—l/ﬂp f;?J}

3p || Enl| s
t=—g — (maxllvipl” 5} + Il )

It finally yields using a discrete version of Gronwall’s lemma and taking into account boundary
conditions

+ A

3p || Enllr~
w1l 253 < (mcllog-10? [+ 20+ 1Ol + onle ) exp (2217 0.

We remind that in Proposition 3.1, we have already seen that Fj is bounded in L*°. On the one
hand from the latter estimate, we can prove a uniform upper bound on the discrete density

n n n n Av;
pi = ZAUJ‘ fit < @)z + H%gxﬂvj—l/ﬂpfi,j} Z L < Cr.

, vi_q1/2/P T
JEL |Uj71/2|21| =1/ |
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Therefore, from the finite volume scheme for E* we get

By, — B} n
——| = pi < C7.
Ax; pi =~T
On the other hand, we give a uniform upper bound on the jump
1
Byt - By
At '
Using the finite volume scheme for E* (15)-(16) and the scheme for the distribution function f;
(7)-(12), we get a new formulation
1 i +1
EZTH- _Ein _ Cn—H Cn+z n _pk
At
Cn+1 " ‘ ‘
= —xp Jine T
with
Jz+1/2 = ZAUJ 'fz+1/2] - v ir+1/2,j]7
JEZL
or
EMt — EP A =A@ 1 ,
: Al == N - J?+1/2 - EZ Amkjl?Jrl/Z'
kel
It remains to get an upper bound of Jin1 /20 which can be done from (26). We have for h <1
el < ZAU] ; z+1/2] + v fi1)0,0
JEL
< 4 Av (T+fvapl) 1y < C
JEZL
Thus under the assumption A € W°°(0,T), it yields
EMt — Er
.
‘ At T
O

3.3. Weak BV estimate for fj. The following lemma will be useful to obtain the convergence
of (En, fr) to the Vlasov equation solution.

Lemma 3.3. Under the stability condition (20) on the time step and the condition on the mesh
(6), assume the initial data belong to L' (Q) N L>®(Q). Consider R >0 and T > 0 with h < R and
At < T. Let jo,j1 € Z and Ny € N be such that —R € (vjo_1/2,Vjo41/2), R € (Vj,_1/2,Vj,41/2),
and T € ((Np — 1)At, Ny At). We define

Nt J1
EFu = Aty > > Awy Avj |of [f15 = floy |+ o5 [ = fiay

n=0 il j=jo

(28) +E £ = fial + B — il
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and

(29) EFy, = At Z > Z Az; Avj| f!

n=0 i€l j=jo

1

Then, there exists C' > 0 depending only on T, R, fo, a, & such that
(30) EFy, < ChY? and EFy, < CAtY2
Proof:  Multiplying the scheme (7)-(12) by Az; Av; fi'; and summing over i € {0,...,np — 1},
je {jo, e ,jl}, and n € {0, .. .,NT}, it follows that
By + By =0,

where

=) Az A [ = 1A

n ’L,j

By = At Z Avj [Fir125 — Fic1y2,51 iy + A% (G jr2 — Gij—1/2) 1

n7i7j
Noting that

1 1 1
Y = STy = =S U = A0 = SO + S U2,

then
- ZA:@A% L = 1 ZA:@A% ZA@A% (frh2.
n,i,J
By scheme (7)-(12), we have
ZszAUJ n+1 _ Zn ]2

n727]
At?
ZA Avj vl j (L4 sip1/25 — 0icy25) (15— flhay) +

x; Av;
n7l7j

Avj vy (1= sivgjn g +0iv1ja ) (fy = fiv) +

Az EM (1 + 8550172 — 0ijo1y2) (ff5 — f21) +
2

Awi B (1= sijyp2 + 0igiaye) (fiy = file)

Using the Cauchy-Schwarz inequality and the stability condition (20), there exists Cy > 0, only
depending on fp, such that

At

By > —7<1—§) Z AUJ Ji (1+Sl+1/2]_al 1/2,3) (ffj—fﬁl,j)z

n,i,j
+ Avj vy (1= sit3/2 + 0it1/2,5) (fij — fﬁi—l,j)Q
+Az B! (14 855412 — 04 j-1/2) (F1 — fiiljfl)z

+ Az BPT (1= 85432 + 0ijq1y2) (Fl — fiT,LjJrl)z — Co.



12 ROLAND DUCLOUS, BRUNO DUBROCA AND FRANCIS FILBET

Now, we study the term By, which may be rewritten as Bo = Baj+ Bog where B is the contribution
of the first order approximation

At —rn n
By = -5 Av U;'r Lfi%; —fﬁl,jp + Avj vy [ _fi+1,j]2 +
n,i,J
Az E2n+ [fz,lj - z] 1] + Aw; En_ [fl?] B ’;Lj+1]2]
b BEST A B (57507 — ()] + A BP ()% — (F500)?
9 ‘ 4,J1 1,50—1 [t ,J0 1,71+1

F 3y
and Byy the contrlbutlon of the second order term

By = At Z Av; [U [Siv1/25 — oic1y2llfiy — fila;] + 05 [Sivsyes — oivye] [fi,; — fﬁjﬂ fiij +

n,%,J

Avj v i 1y ]) — ( %—1,]‘)2] + Avjo; [(f%,,j)Q —( ﬁ+1,j)2]]

Azi (BT [s; 5012 — 0512l [T — F1a) + B [sijrage — igaryo) Uy — 5] 175

On the one hand, from the estimates on velocity moments in Proposition 3.2, we get that there
exists a constant C > 0, only depending on T and fy, such that

At
> =
- 2

TL?Z?J

Bay A"Uj”;'r (£ — fit 13] + Avjv; [fi — in+1,j]2 +

Ax; B ([ = flal* + D B [ = iyl

i - (.

On the other hand, using that
3i+1/2,j(fi7fj - fﬁLj) = Ui+1/2,j(fin+1,j - fiT,Lj)v

and
sigr12(fiy — fij21) = 0igrre(fij41 — 1)
we prove that there exists a constant Cy, only depending on 71" and fy, such that

By > —Atz

%]

A’Uj (U;r 0i—1/2,5 [fi,J fz ] + U Si+3/2,j [fz,] fiT—Ll-l,j]2> +

Awi (BT oy ap [ = fl5-a + B sijrap [ — flial?) | — Co.

Then, since By + Ba1 + Bos = 0 the following inequality holds:

¢ At
5 2

n’Zh]

Avjvf (£ = Fily g2 + Ay of [ — P

+ Az; En+ [flj ZJ 1} + Az B [ﬂ?] - Z?j+1]2]

< At Z Av; (0| [si41/2,5 + 0i1y2) LT — i1 )® + Az [EP|[si5412 + 0ij1p2l T — 5]
n7i7j

4+ Cy + C1 + Cs.
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Therefore, using hypothesis on the limiters (13), there exists a constant C' > 0, only depending on
fo, T, R and &, such that

g
2

n7l7]

[A%’vf [ = a1+ Ao [ = fla ) +

Ai BP [ = fl5 ) + Dai BT [f7 = flyal? |
C
< = A=1Y.
- <1 + Kh )

Finally, the previous inequality and the Cauchy—Schwarz inequality lead to

EFy, < ALLZAUJ'U]-+ [fil — fir 1j] + Avj vy [ff — 1‘711,;‘]2
n,.,j
1/2
+szEn+ [f f@j 1] + Am’bEn_ [f’Lr,Lj_ £j+1]2]
1/2
x| ALY Az?(Avj |vj| + Az [EP)|
n,%,7
1/2 1/2
< pY2 (g (1+Khﬁ—1)> 2TLR(1—§)] .

Now, we prove the second estimate on EFyy, using the scheme (7)-(12):

EFy, = AtZAmzAvj f"“— i
n727.]
2
< AP Avj ol IS = f il Aoy £ = Rl
n7i7j

+ Az EPY S — 1]+ Az EX ST — fﬁj+1|] .

As in the previous case, we use the Cauchy—Schwarz inequality and the stability condition (20).
We also recall that the discrete electric field is uniformly bounded:

1/2
EthSAt1/2 2TLR(1§)§ (1+Khﬁ_1>] '

4. PROOF OF THEOREM 2.1

In a first part, we prove that there are subsequences which converge to a limit (f, E) and in a
second step we identify this limit as the unique solution to the Vlasov-Poisson system (1)-(5).
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4.1. Compactness of the sequence (f5, E). We consider a sequence of a mesh of the phase
space defined as in the beginning of the paper satisfying the condition (6), and we define a time
step At such that the stability condition (20) is true. This sequence is denoted by (Mp)p>0-

For a given mesh, we are able to construct, by the finite volume scheme (7)-(12), a unique pair
(fn, Ep). Thus, we set

A= {Eh c Wh®(Qr); Ej given by (17) for a mesh ./\/lh}.

On the one hand, in Proposition 3.1 and Proposition 3.2 we have proved there exists a constant
independent on the mesh M), such that
OF
Ot || oo
Moreover, from the same estimates, we also have
|En — Epll < Cr (b + At)

On the other hand, using the fact that the injection from Wl’OO(QTl to CY(Qr) is compact, there
exists a subsequence of (Ej)p~0 and a function E belonging to CY(Qr) such that

E, — FE in L*°(Qr) weak-* as h — 0,

< Cr.

OO

| EnllLee + ‘

H OE}

and
E, — E in C°(Qr) strong as h — 0;
En — E in C°(Qg) strong as h — 0.

Moreover, we also know by Proposition 3.1 that the discrete distribution function f3 is bounded
in L>*(Qr). Therefore, there exists a subsequence and a function f € L*(Qr) such that

fu(t,z,v) = f(t,z,v) in L®(Qr) weak-x as h — 0.

The discrete charge py is bounded in L*°(Q7); then up to the extraction of a subsequence, we
also have

pr(t,x) = p(t,x) in L>®(Qr) weak-*x as h — 0.

4.2. Convergence to the weak solution of the Vlasov equation. Let ¢ € C(Qr), R > 0,
and jo, j1 € Z be such that

Supp (go(t, x, .)> C [-R,R]

and
—R € (vj,_1/2,Vjo41/2) and R € (v, 12,05 41/2)-
Moreover ¢(t,0,v) = 0 for all v < 0 and ¢(t, L,v) = 0 for all v > 0.

We set ¢;'; such that

tn+1

Pi; = At Ax Ao Ax, Av, /t / (t,z,v)dxdvdt

and multiply the finite volume scheme (7)-(12) by Pr > sum over i € {O, - nx—l}, je {jg, ... ,jl},
and n € {0,...,Np = £},
Ey + Ey + E3 = 0,
with
By =Y (f = 1) A Avj o,

n7z7]
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Ey = )

n7l7j

Av “;'r (fi; = fita ) + Avjo; (fY — [, + A EMt (fi = fii=1)

+ Az B (f — fih41)

At Lpzj

and

ES:Z

n7l’]

Av U;'r [Si+1/2,j - Uz’—l/Q,j] (fffj - fin—l,j)

+ Avj vy [Oiv1/2,5 — Sitayog] (F15 — flay)
+ Az BT [s5401/0 — 04j-1/2) (fif = fi5-1)

+ Az B} [Ji,j—i-l/Q - 3i,j+3/2] (fiY = filhe1) | Aty

Moreover, we denote E1 9 and Ea o by

Eio= fh(t,x,v)a—(p(t,x,v)dtd:cdv + /fo(a:,v)gp(o,x,v)dxdv
C Jar ot Q
and
Eyy = fh(t x,0) {v Op (t,z,v) + En(t,z) &p(t,x,v)} dxdvdt
’ ox ov

/ / [gn (£, 0, v)p(t,0,v)] dvdt.

In the sequel we will compare Fy with F o and Ey with Fs g to establish that Fq o + F2 goes to
zero as h — 0. We first treat the terms Fy and E7 o and remark that E g can be rewritten as

Z fznj/ [<p (" 2, v) — go(t",x,v)} dx dv + / fo(z,v) p(0,2,v) dz dv.
n,i,j J Q
By a discrete integration by parts, it follows that

= — Z <f”+1 " ) / o(t" Tz, v)dxdy
Ci

n,i,j J
_ /Q (fh(O,:n,v)—fo(:c,v)>g0(0,x,v)dmdv.

Thus,
tn+1

dtdxdv

Dy
E(t’ x,v)

|Ey + E1p] < Z’fnﬂ— i /

n7l7.]

+ / | fr(0,2,v) — fo(z,v)| |©(0,z,v)|dzdv,
Q

with the discrete initial data defined, for example, by

fr(0, z,v) / fo(z,v)dxdv Y(z,v) € C;;.
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Using the assumption on the initial data fo € L'(Q) N L*(Q), we then have
ti [ 172(0,2,0) = fo(e 0] [£(0..0)dodo .
—JQ

Moreover, from the inequality on the term EFy;, given by (30) in Lemma 3.3, we have

tn+1
St [
Then,

n,3,5
(31) |E1 + E1,0| —0 ash—0.

t x,v)| dtdzdv < CH—HL AtY/2,

Now we deal with the terms Ey and FEp (. Therefore, we first introduce the notation

v
E271 = Z (fl,] fl 1, / / QO t y Lj_ 1/2, )d’l}dt

n,%,] Vj—1/2

et j4+1/2
(fz,j f1+1,j / / t y Lit1/2,V )dvdt

Uj—1/2

tn+1

+En+ (fz,j fz,j 1 /

On the one hand, we compare Fy and Es ;:

> [ (Fy=10) | 55 [,

n77/7j

+Uj_ (fzrfj 7,+17j |:sz/,5
EM
+ (fzg ,] 1 |:A’UJ /t

_|_En (fzj fl,j+1 |:A’U [ / t x, ’U QO(t L, v; 1/2)dl‘dt:|] ‘

Using the inequality on EFyj, given by (30) in Lemma 3.3, there exists ¢ > 0 depending only on T,
R, L, fo, o, £ such that the following inequality holds:

(32) |Ey — B < c||Vigwyellie h2

On the other hand, we estimate |E20 + Ej3 1|, rewriting the term FEj; and using the boundary
conditions, it yields the following (we remind that ¢ is compactly supported in velocity):

:_Zf/

n,e,)

Tit1/2
/ o(t,w,vj_1/9)dxdt
i—1/2

i+1/2
/ t ZL‘,Uj+1/2)dZL‘d7f .

i—1/2

tn+1

tn+1

|Ey — Eoq| = / (t,z,v) — (t, :z:il/2,v)dvdt}

tn+1

/ (t,2,v) — (b, Tit1/25 v)dvdt}

tn+l

/ (t,z,v) — p(t, I’,Uj_l/g)dl’dt:|

tn+1

tn+1

Dy Dy
Read g%
/C.’j Vi B (t,x,v) + 5 (t x,v)dvdxdt

tn+1

+1/2
v] 9; / / ©(t,0,v)dvdt.
20 Vj_1/2
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Therefore,
tn+1 8
|Eoo+ E21| < me !/ / ‘v—vj’ ‘3 txv|+}Eht$ Ha ta:,v)’d:cdvdt
n,1,j Cij
< |IVelipe > At Az Av; £ [Avj + sup |Ey(t, z) — E}]
n,%,J
and there exists C' > 0, only depending on T', R, L, fy, a, &, such that
(33) [E20 + Ea1| < Cl[VellL=h

It remains to estimate the last term Ej3. Using the definition of s;1/5 ; and s; j,1/2 and performing
a discrete integration by part, we get

Es = At ZAUj [Uj oic1y25 (fily — fitiy) — vj oivaye (fi — ﬁru)} (i1 — ¢ii] +

,

n7i7j
Awi [EM 045 1p0 (F5 = 1) = BY oignge (FF = fli)] 0821 — o).
However, we know that

n Al‘i_l + Aﬂ?z
|S0’L'71,j 901,]| = ” ”L f .
and using the estimate on EFg in Lemma 3.3, it yields there exists a constant C' > 0 such that
(34) B3] < OV paylli h/2

Finally, recalling that £y + E» + E3 = 0, we obtain

e(At,h) = / In < —I—vg— + En(t,x) gf) dtdxdv ~|—/Qfo(x,v)cp(0,3:,v)d:ndv
Evo+ E2
= Fio+ E1 + Ey + Eo1 — By + Ey + Es,

and from the previous estimates, we proved there exists a constant C' depending only on ¢, fo, L,
T, a, & such that

|E1o + E1] < C(l|fo — fr(0)|lr + AtY/?),
|Bag — Eo| < ChHY?
|Eoo + Eaq] < Ch.

B3] < ChY2

Then, e(At,h) — 0 as h — 0.
As we know
fu(t,z,v) = f(t,xz,v) in L>=(Qr) weak-*
and
En(t,z) — E(t,z) in C°(Qr),
we have shown that the limit pair (f, F) of a subsequence (f, Fr)n>o is a solution of the Vlasov
equation (1). To conclude, we have to prove that this couple is also a solution of the Poisson
equation.

Remark 4.1. In practical calculation, we use a large but finite bound M for the velocity space.
In this paper, we assume that as h — 0, the support of the velocity space goes to infinity, and the
stability condition (20) imposes on us that
Je € (0,1) ! d At~ h? hite.
v 2 — an o~ ~
b ) h he’ hl € + h
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4.3. Convergence to the solution of the Poisson equation. We have already proved that
there exists a subsequence of (Ep)p>o and E € C%(Qr) such that Ej, converges to E and ||E), —
EhH Lo goes to zero when h goes to zero. Hence, we know that up to a sub-sequence E), converges
to E. Now let us prove that F is solution to the Poisson equation.

On the one hand, for all test functions which belong to C}([0,7) x (0, L)), we set ¢ such that

i+1/2 d d
noa.= o(t, t
vi Amx, /t / z)de

Ti—1/2
and multiply the finite volume scheme (15) by At Aw; ', sum over i € {O,...,nx — 1} and
ne{0,...,Np =4}, it gives Ty + T = 0 with

T = AtZAmiE” e — o)

z+1/2
Z/ / o(t, z)dzdt.
tn

Ti—1/2

gt

tn+1

We also set 179 and T

~ a(p
T = Ey(t —(2 dxdt
1,0 1 h( ,17) aZC( 717) 4y

Too = [ pnlta)oltoa) did.
Qr

and observe that T3 = T o and

tn+1

Z Az; E} / [0} = p(t, wig12) — i1 + Pt i) di
- m

Ty — T 0|

Cr H HL°° h.

The weak formulation infers that the solution of the Vlasov-Poisson system belongs to C°([0, T'[; D),
but observing the electric field E is bounded in W1 (Q7) and the initial data are continuous, we
see that the distribution function f is also continuous in (z,v). Let us recall that under our hy-
pothesis, the solution of the Vlasov-Poisson system (1)-(5) is unique; then any subsequence that
we considered converges to the same limit and the sequence (fp, Ep)p~0 converges to the unique
solution.

5. NUMERICAL SIMULATIONS

In this section, we consider the two component Vlasov-Poisson system. Let f, be the distribution
function of species « € {e,i}; it satisfies the Vlasov equation

0fa | Ofa | da Ofa
(35) ot + v p +maE( )67) =0
coupled with the Poisson equation
2
_ ooy L
(36) E(t’ :E) - qub(t, 'I)a 0$2 (t’ ) €0 ’
where
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and
Pa = qa / fa(t,z,v)dv, « € {e,i}.
R

In the previous analysis we presented for clarity reasons the single component Vlasov-Poisson
system, but the result remains true for the multi-component case. We assume here that g. = —¢q; =
1 and ¢¢ = 1 and m./m; = 0.001, which means that ions are more heavy than electrons. We
perform numerical simulations for this model with a zero initial datum fo =0, A(¢) = 1 and

glt,v) = % exp(~2/2).

In order to improve time discretization accuracy, the procedure is achieved by a second order
Runge-Kutta scheme. We performed numerical simulations for different meshes and only report
the results of a simulation using a number of cells n, = 128 in the z-direction, and n, = 128 in the
v-direction with v, = 6, and the time step At = 0.01 for the conservative finite volume scheme.
For these configurations, numerical results are no more sensitive to the mesh and are comparable in
term of accuracy. The evolution obtained by the finite volume scheme clearly appears to give a good
approximation with 128 x 128 points. Here, nonlinear effects are so important that it is necessary
to control spurious oscillation; the second order scheme is conservative and also preseves positivity
of the numerical solution. Moreover, the use of slope correctors in the finite volume scheme allows
to damp spurious osccillations. For the distribution function in the (x,v) space, some filaments
become smaller than the phase space grid size. Nevertheless, this smooth approximation seems
to give a good description of macroscopic values (physics quantities obtained by the integration
of moments of the distribution function with respect to v). Indeed, the evolution of the electric
energy is still accurate using the second order accuracy.

The processes that are at stake here are highly nonlinear and present discontinuities in phase
space. They consist in the excitation of a plasma wave by injected electrons. As the beam progresses
in plasma, the amplitude of the plasma wave grows and more electrons are trapped in this wave as
shown in Fig. 1. At the same time, the plasma electron are ejected through the right side of the
simulation box to neutralize the injected charge with electron beam. In Fig. 2, the modulations
of electron density are the result of large plasma frequency oscillations. An increase of either the
external potential or the simulation time would have resulted in another regime, related to breaking
of the plasma wave, where droplets of accelerated particles are generated in phase space.
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