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1. THE MONGE-KANTOROVICH PROBLEM

1.1. The Monge problem. The theory of optimal transport goes back to the work of Monge
(Mémoire sur la théorie des déblais et des remblais, 1781). The basic idea is to determine
the most efficient way to move one distribution of mass onto another while minimizing a cost
function that measures the "effort” of transportation. Imagine that you have a sandpile and a
hole at a distance away. The question is:

How can you move the sand to fill the hole while doing the least amount of work?

T: X =Y

e M) \/\/

veMi(Y)
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Each grain of sand can be moved from where it is to a new position, but moving it farther costs
more effort. The problem asks for a map 7T that tells every grain of sand where to go. Your
plan is then to minimise the total transportation cost.

In modern terms, the sandpile is represented by some probability measure u € M;(X), and the
hole by another probability measure v € M;(Y'). Here and throughout, X and Y are assumed
to be Polish spaces.

Definition 1.1. Let p € M;(X) and v € M;(Y). A measurable map 7: X — Y is called a
transport map from u to v if

v="Typu,
i.e. if v is the pushforward of u by 7.
The cost of transportation is then given by some function ¢: X x Y — R U {400}, which is
typically assumed to be lower semicontinuous (see appendix A for definition and basic properties
of lower semicontinuity). For instance on R?, the cost can be given by the Euclidean distance
c(z,y) = |x — y|, for x,y € RY The quantity c(z, T'(x)) represents the cost of moving one unit
of mass x to T'(x). The total cost of the transport map T is thus [c(z,T(x))u(dz), and we
seek to minimize this quantity among all transport maps.

The Monge’s problem formulation is then:

M (p,v) .= inf /Xc(x,T(x)),u(dx).

T|Tyup=v

Monge’s formulation is an optimization problem with nonlinear constraints. As such, it is in
general a hard problem. Moreover, it might exist no transport map between p and v. For
instance, if y = d,, for some x € X, what can be v = Tyu? For any Borel set A € B(Y'), we
thus have

Typ(A) =6, (T7'(A))
)1, ifxeTH(A)
~ )0, if not,
= 01(x)(A).
Thus, if v is not a single Dirac mass, then there exists no transport map between x and v.
1.2. The Kantorovich relaxation. In [On the Translocation of Masses, 1942], Kantorovich

proposed a relaxation of Monge’s problem. The key idea is to allow "mass splitting”, in contrast
to Monge’s formulation, where each point z is sent to a single destination 7'(x).

Definition 1.2. Let p € M;(X) and v € M;(Y). A transport plan between p and v is a
probability measure on X x Y whose first marginal is equal to pu and second marginal equal to
v. We denote by II(u, ) the set of transport plans between p and v, that is:

M(1,v) = {7 € Mi(X x V) | (px)ym = p and (py)ym = v},

where px and py are the canonical projections onto X and Y respectively.

In probabilistic terms, the set of transport plans between p and v is the set of distributions of
random vectors (X, Y), such that X ~ pand Y ~ v. Any such pair (X,Y) is called a coupling
of X and Y.

Note that the set of transport plans is never empty, since we always have
pevell(p,v),
which corresponds to the independent coupling (X, Y) where X and Y are independent.

The Kantorovich problem formulation is then

Ke(p,v) = inf c(x,y)m(dz, dy).

mell(p,v) JX XY
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In terms of random variables, we have
Ke(p,v) = inf E[e(X,Y)].
Xrop
Y~v

Unlike the Monge problem, the Kantorovich problem is a linear optimization problem over a
convex set of measures, which makes it much more tractable

Now assume that 7T is a transport map between p and v. Define

r(de, dy) = p(de)or@)(dy),
ie.
r = d X T)yp,
where Id x T': X — X X Y is the map = — (x,T(z)). Then,

VA € B(X), 7r(AxY) /Axy ()70 (dy)

p(dx (A),

>\

and

VB € B(Y), 10(X x B) = [ u(dz)dre(dy)

_/ dx(/éT(w)dy>

Lp— 1(3)( z)
= (T <B>) = Typ(B) = v(B).

Thus, vy is a transport plan between p and v. Moreover,
/ c(z,y)yr(dz, dy) = / c(@, y)pu(dz)dr ) (dy)
XxY XxY

- /X c(w, T(x))u(dz).
Therefore,
Kelpov) < [ e, T()u(da).
and optimizing over transport maps, one obtains that we always have:
Ke(p,v) < Me(p,v).

Moreover, assume that 7 is optimal in the Kantorovich problem (i.e. the infimum is attained at
7), and that 7 can be written m = 7, for some T'. Then T is optimal for the Monge’s problem
and both problems coincide:

Kelpov) = [ clayhnde,dy) = [ elw, T(@)u(de) > Me(p.v),

so in that case,
Ke(p,v) = M (1, v).

In the next subsection, we illustrate when this equality occurs with a discrete example.
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1.3. Discrete example. Let X = {z1,...,2,} and Y = {y1, ..., y,} two finite discrete spaces.
Consider

1
/L:—Z(SIZEM
nl:l
1
l/:gz yJEM

The measures p and v can be identified with row vectors in R". Now a transport plan 7w €
II(p, v) between p and v takes the form

1
m = *7Tz'j .
n 1<i,j<n

Then, the first marginal of 7 being p implies that
Vie{l,...,n}, > —mj=p;=—, hence » m;=1
on n —
Likewise, the second marginal of 7 being v implies that
VjE {1,...,n}, Z*?TUZVJ’:*, hence Z?Tij =1.
=11 n i=1

We thus have that (7;;) is a doubly stochastic matrix. Let

1<i,j<n
B, = {n x n doubly stochastic matrices},

which is called the Birkhoff polytope. It is compact (as a closed subset of M, ([0,1]) ~ [0, 1]™)
and convex. Then, the Kantorovich problem takes the form:

ICC(M? V) = inf C(I7 y)’ﬂ'(dl’, dy)
well(p,v) JX XY

1

It is well known that we have:

Theorem 1.1 (Birkhoff-von Neumann theorem (1946)). The n x n permutation matrices con-
stitue the extreme points of B,,. Moreover, B,, is the convex hull of the set of n X n permutation
matrices.

We recall that if K is a convex set, the extreme points of K are the points x € K such that for
all a,b € K, for all A € [0, 1],

r=Xa+(1—=XNb = a=bor e {0,1}.

FIGURE 1. A convex set K and its extreme points (thick lines).

Now, a linear form on a compact convex subset K of a Euclidean space attains its minimum
on an extreme point of K (this is known as Choquet’s theorem).
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Hence, we get
1 n

— = TR PN
Ke(p,v) = min — ’EJ :1 (@i, Y) Lo(i)=;

—min - )

= min > (@i, Yo).

=1

In this example, one has that the Monge problem coincides with the Kantorovich problem.
Now as an example, take the cost to be the square of the Euclidean distance, c(x,y) = |z — y|?
on R x R, so our problem consists of finding

One can see that the minimum is attained when the two sequences (z;)1<i<, and (y;)1<i<n are
monotone ordering, i.e.

rp<---<wm, and Yy < - < Yp.

To see this, one may assume that the sequence (z;)1<i<y is increasing. Now, if there is some i
such that y; > y;11, then

(33@‘ - yi)2 + ($i+1 - yi+1)2 = (z; — yi+1)2 + (i1 — ?Jz')2 + 2(wi41 — a:z)(yl — Yit1)
> (zi — Yir1)® + (g1 — wi)*

Hence, one can reorder the sequence of (y;)1<;<n using successive transpositions while keeping
the total cost smaller. Thus, we get that

min Z %5 — Yo (i) Z |Ti — Yooy |2

oc€Sn
where o and v are the permutations defined by

Tap(1) < e K Tap(n) and Yo (1) < e K Yo(n)-

Here, the solution of Monge problem is unique and the optimal transport map is 7: X — Y
given by T': ; = Ygop—1(:; for i € {1,...,n}.

The above discrete optimization problem is an example of a linear programming, or linear
optimization. The standard formulation of a linear programming consists of, given ¢ € RY,
beRM and a M x N matrix A,

minimize (¢, ) subject to the

constraints Ax = b, z > 0.

This is known as the primal problem. The dual problem is then to

maximize (b,y) subject to the
constraints ATy < c.

Intuitively, the "constraints become the variables” and the "variables become the constraints”.
Indeed, if x € R™ is a solution of the primal problem subject to the constraints

Vie{l,...,M}, (Ax);="b;,

then multiplying each constraint by a scaling factor y; € R and summing over all the constraints
give that

M M
Z yi(Az); = Z Yibi,
i=1 i=1

i.e.

(ATy,z) = (b, y).
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Thus, if we can find y € RM such that ATy < ¢, then since z > 0, we get that
(b,y) = (ATy,2) < (c,z).

Thus, each y € R such that ATy < ¢ gives a possible lower bound for (¢, z). As we seek for
the best lower bound, we have to maximize over such y, giving the dual problem formulation.
Moreover, under some mild conditions, we have the duality

min {(c,z) | Ax = b,x > 0} = max {(b,y) | ATy < c¢}.

Our initial problem of transporting the discrete measure p = (i;)1<i<n to the measure v =
(Vj)lgjgm with cost ¢ = (Cij)lgign,lgjgm) with Cij = c(xi, yj)a is

minimize Z CijTij

over 7 subject to the constraints
m n
DT = iy YT =V, Ty > 0.
j=1 i=1

This is translated into a primal linear program by putting N = nm, M = n+m, and "vectorize”
w, ¢, bas

N
™= (71'11,...,7T1m,7T21,...,7T2m,...)T eR
— N
Cc = (Cll,...,Clm,Cgl,...,CQm,...)T eR

b= (f1,. .\ s V1, V)T € R,

and define the (n +m) x nm matrix A by

AN =
1 0 0
0 1 0
A — O
€1 e1 . e €1
em em ... em
where, in the first n rows, 1 is the row vector 1 = (1,...,1) € R™, and the m last rows are
given by n times the ith basis row vector e; = (0,...,1,...,0) of R™.

Now, letting y = (©1,..., O, ¥1,...,¥m) € RM and using the explicit form of the matrix A,
the dual problem writes:

n m
maximize Z Vilt; + Z Yiv;
i=1 j=1

over (p,1) subject to the constraints
©i+1; <¢j, foralli=1,...,nandj=1,...,m.

Note that from a computational point of view, exploring the set of n x m matrices (;;) is much
more demanding than exploring the set of vectors (¢,1) € R™ x R™. Hence, an algorithmic
resolution should prefer the dual problem!

In fact, there is a general dual formulation for the Kantorovich problem.
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1.4. Kantorovich dual formulation. Let X and Y be Polish spaces. Let p € M;(X) and
ve M(Y). Let ¢: X xY — [0,400] be a measurable function. We assume that ¢ is lower
semicontinuous (see appendix A).

Let m € TI(u, v) be a transport plan between p and v and define:

I(m) := /XXY c(x,y)m(dz, dy).
For (p,v) € L*(n) x LY(v), define:
J(p,9) r=/)(90du+/ywdv.

Denote
b, = {(p,¥) € L' (1) x L'(v) | () + ¥(y) < c(x,y)
for p-almost all z € X and v-almost all y € Y}.

We denote by ®.N C}, the same set than above with L'(u) x L' (v) replaced by Cy(X) x Cy(Y).
Note that &. N Cy, C P,.

Theorem 1.2 (Kantorovich duality). We have
inf I(m)= sup J(p,9)= sup J(p,¥).

mell(p,v) (o). (0,1h)€®NCy
We will prove later the Kantorovich duality but only for the quadratic cost ¢(x,y) = 3|z — y[?
on R? x RY. We refer to [2] for a proof in the general case.
We now turn to a closer analysis of the Kantorovich formulation, focusing on the existence and
structure of optimal transport plans.

2. ANALYSIS OF THE KANTOROVICH FORMULATION

2.1. Existence of minimizers. First we prove that the infimum of I over transport plans is
attained.

Theorem 2.1. There exists 7 € II(p,v), such that
I(r*) = inf I(m).

mell(p,v)
We say that 7* is an optimal transport plan. Note that in general, it is not unique.

Proof. We first prove that the set of transport plans IT(u, ) is compact for the weak topology.

It is easily seen to be closed: let (m,), C II(p, ) such that m, MY . Then for all bounded

continuous function f on X x Y,

/ fdm, —s fdr.
XXY

n—oo XxY

Then, for all g € Cy(X), we have

/ gdp = / gdm, —> gdm,
X XxY

n—oo JxXxY

/gdu=/ gdm,
X XxY

which implies that (px)gm = p. Similarly, we have (py)gxm = v. Hence, 7 € II(u,v), so II(p, v)
is closed.

Now we prove that II(u, v) is relatively compact, which is equivalent to IT(u, ) being tight by
Prokhorov’s theorem. Since X and Y are Polish spaces, u and v are tight, hence, for all £ > 0,
there exists a compact set Ky C X, a compact set Ky C Y such that

p(KS) <e/2 and v(Ky) <e/2.

hence
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Put K := Kx x Ky. Then K is compact as a product of compact spaces, and for all = € II(u, v),

™ (K°)

((Kx x Ky)°)

(K xY)U (X x KY))
(

(K

K xY)+m(X x Ky)
%) + v (KY)
/2+¢/2

A
= 3 3 3

IN
™ M

Hence, II(u, v) is relatively compact, and thus compact.

Now we prove that I is lower semicontinuous, that is for all sequence (7,,),, € M1(X xY) such

Kl
that m, — 7,

n—oo

I(m) <liminf I(7,).

n

By assumption, ¢ is a lower semicontinuous function, hence (see appendix A) there exists a
nondecreasing sequence of bounded uniformly continuous functions (¢) such that ¢, 7 ¢ as
k — oo. Hence, we have,

/deﬂ' = lim /deﬂ'n = lim inf/ckdﬂn < lim inf/cdﬁn.
n—oo n n
But using monotone convergence theorem, we also have

hm cpdm = /Cd?T,

k—o00

hence we get
/ cdm < liIIln inf / cdm,,.

To conclude, we known (see appendix A) that a lower semicontinuous function on a compact
set attains its infimum, hence there exists 7 € II(, v), such that I(7*) = infrcry,) (7). O

Exercise 1. On R? x R?, consider the cost function c(z,y) = |z — y|?, where |- | denotes the
Buclidean norm. Let

Ty = <O7O)7 Ty = (17 1)7 U1 = (170)7 Yo = (07 1)7
and consider the probability measures

1 1 1 1
= 55951 + 55951 and v = §5y1 + §6y1.
Show that
1 1
H(N? V) - {ﬂ—a = &5(9017211) + (2 - Oé) O“S(l’l,yz) + a6(9027y2) + (2 - a) 5(902,141) | o€ [07 2:| } )

and show that
1
/ cdr, =1, forall ac [0,}
R2 xR2 2
In particular, there is no unicity in general for the minimizer of the functional 1.

Having established the existence of optimal transport plans, our next goal is to investigate the
geometric conditions characterizing optimality, through the notion of c-cyclical monotonicity.
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2.2. Cyclical monotonicity.
Definition 2.1. Let p € M;(X). The support of u is the (closed) set
suppp = {x € X | Ve >0, u(B(z,e)) > 0}.

Hence, the support of p is the largest closed subset of X for which every open neighbourhood
of every point of the set has positive measure. For instance, the support of Lebesgue measure
on R is R, and the support of d, is {x}.

We will now characterize the support of an optimal transport plan.

Recall that in the problem of transporting the discrete measure pu = % 1 0y, to the measure
v= ' 1 0y,, we have found that for the quadratic cost, the minimum of

n Yi»
n
Y i — yo |
i=1
over o € §, is attained when the two supports of p and v satisfy
r<---<xz, and y <---<Yp.

Hence, locally, any "reshuffling” of indices will increase the cost. For instance, for three points,
we have

3 3
Sz —yil? <7 |z — il
i=1 i=1

with the convention that x4 = z;.

This motivates the following definition.

Definition 2.2. A subset I' C X x Y is said to be c-cyclically monotone if for any finite
sequence of points (z;,v;)i=1, » in I', we have

n n

> (@i, yi) <0 clmi, yi),

i=1 i=1

with the convention that z,; = x;.
We have then the following.

Theorem 2.2. Consider a continuous cost ¢ and let m € II(u,v) be an optimal transport plan.
Then, supp 7 is c-cyclically monotone.

Proof. By contradiction, suppose that supp 7 is not c-cyclically monotone. Then, there exists
e > 0 and n points (x1,41), ..., (Tn, ys) in supp 7 such that

n
ZC xz,yz > Z Iz-i-layz
=1 =1

By continuity of ¢, for all i € {1,...,n}, there exists an open neighbourhood U; of x; and an

open neighbourhood V; of y; such that
€

elay) = elony)| < 1 Vay) €U x Vi

and
£
‘C(:U7y) - C<xi+l7yi)’ S %7 V(.CE,y) € Ui+l X V;

Let oy = w(U; x V;). Since (z;,y;) belongs to suppn, we have o; > 0 for all i. Let a =
min(ay, ..., q,) and define 7; the probability measure on X x Y defined by

mi(A) = 1 (AN (U x Vy)),

a;
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for all Borel set A C X x Y, that ; is the restriction of w to U; x V;. Define also p; = (px )4 €
My (X) and v; = (py)pm € My(Y). Finally, define

a a
/
™ ZW—ﬁZWH-*ZMH@Vi-

=1 i=1

Then 7’ is a probability measure: it is a measure as a sum of measures, and we have
)
n
Qo
/
T >m— — Z v
TL A
Z [ Z ‘UixV,-

i—1 Qi

2T 7Z7T|Ui><vi
n <
=1
1 n
>r——> 7=0,
ni

so 7' is a nonnegative measure. The mass of n’ is clearly 1. Moreover, it is easy to see that
7' € II(p, v) by linearity.
We have, as ;1 @ v; € Mq(Uip1 X V;),

/ cd(piv1 ® v;) :/ d(priz1 @ v;)
XxY +1><V

g
1415 Y1 d 7 )
/UZHXV( $+1y)+4n) (i1 © i)

(i1, 1) +
C\Ti+1,Y; .
+1,Y An

IN

As m; € My (U; x V;), we also have

/ cdm; :/ cdm;
XxXY U; xV;

£
> i Yi) — ) dm
o ‘/Ui+l><‘/i (C(ZL’ y) 4”) T

€
= C(l'zﬁyi) - E

Finally, we get

an
i [ i =25 ([ ctn— [ cdgunon)
/X><YC i X><Yc 4 n; X><YC g X><YC (M+1®V)

o & €
> o) — ) I
- n;(dxuyz) C(xl+17yl) 2”)
>a Qe

76_77
—n n?2
_ac
T n2
> 0,

where we have use our assumption that supp 7 is not c-cyclically monotone. Thus [cdn’ <
[ c¢dm, which contradicts the optimality of . O

For the quadratic cost ¢(z,y) = ;|x y|? on RY x R%, the c-cyclical monotonicity of a subset
I' C R4 x R? is equivalent to (using |z — y|> = |2|? + [y?| — 2(x,y))

n

Z(yi,%H —x;) <0,

=1
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for any finite sequence (z;,y;)i=1,..» C I'. We will say in that case that I is cyclically monotone

(i.e. we drop the c).

-----

Before giving a characterization of cyclically monotone sets in R? x RY, we collect a few results
on convex functions defined on R?.

Let ¢: R — R U {400} be a proper convex function. We recall that ¢ proper means that
¢ # 400, so the domain of ¢, i.e. D, = {x | p(x) < oo}, is non-empty. Recall that ¢ is convex
if for all z,y € R?, for all t € [0, 1],

p(tr + (1 —t)y) < tp(x) + (1 = t)e(y),
and that a subset C' C FE is called convez if for all x,y € C, the line segment [z, y] is included
in C, i.e.
Ve,y € OVt € [0,1], tx+ (1—t)yeC.

Note that the domain D, of a convex function is then a convex set (it can be open, closed
or neither), and thus A(0D,) = 0, where A denotes Lebesgue measure on R? by the following
lemma:

Lemma 2.1. Let C C R? be a convex set. Then, A\(9C) = 0.

Proof. 1f C=0 , then C' lies in an affine subspace of dimension strictly less than d, and thus
has zero Lebesgue measure.
Suppose that C' # @. By invariance by translation of Lebesgue measure, one can suppose that
0 € C. Moreover, by intersecting with the ball centered at 0 with radius R and letting R T +oo,
one can suppose that C' is bounded. Let ¢ € (0,1). We claim that
1.
oC C ;C’.
Indeed, since 0 € é’, there exists r > 0 such that B(0,r) C C. By convexity of C, for all g € C,
for all t € (0,1), for all z € B(0,7),
tg+(1—t)x € C,
ie.
B(tq, (1 —t)r) C C.
Now let p € OC and let (p,), C C such that p, — p. Hence, for all n, we have
B(tpn, (1 —t)r) C C.
As p, — p, for n large enough, we have that tp € B(tp,, (1 —t)r/2) and thus
B(tp, (1 —t)r/2) C B(tpy, (1 —1)r).
Hence, B(tp, (1 —t)r/2) C C,sotp € C, that is 9C C %C, which proves the claim.

Note that by convexity of C' (exercise), we also have that Cc %C , since for all ¢ € (0,1), and
allge C tg+(1—t)0=tqge C.
Since the interior and the boundary of any set are disjoint, we get that

1 o o
oC c G\ C,
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and thus
A@C)gA(ié\é)
1 ° o
-2(30) -2 ()
1 °
=€) =2(¢)
Letting ¢t 1 1 gives that A(0C) = 0. O

A proper convex function ¢ is continuous and locally Lipschitz on bw hence by Rademacher’s
theorem, ¢ is differentiable A-almost everywhere.
If ¢ is differentiable at z, then, for all z € R,

p(2) 2 ¢(z) + (Vep(r), 2 — 2),
where V() is the gradient of ¢ at x. It says that the graph of ¢ lies above its tangent at

x. When ¢ is not differentiable, we can generalize this idea by introducing the subdifferential
Jp(z) at z, which is the set:

do(x) = {y ERY | p(2) > ¢(x) + (y,z — ), forall z € Rd} .

Thus, dp: x — Op(z) is a set-valued function, and when ¢ is differentiable at z, one has
dp(z) = {Vp(x)}. One can compare the two convex functions |z| and z? to understand the
difference (for p(z) = |x|, one has dp(0) = [—1, 1]).

2 24
y Y

9 -1 1 2 -2 -1 1 2

(A) y= || (B)y=ux

We also define the subdifferential of ¢ as the following subset of R? x R¢:
Op = |J {z} x 9p(x).
z€R4

The Legendre transform (or convex conjugate) of a proper function ¢ is:
o (y) = sulé) ((a;, y) — go(x)), for all y € R%
TER™

From a geometric interpretation, the Legendre transform ¢* describes the family of all affine
functions that lie below ¢. For a given slope y € R? the best affine function of slope y
that lies below ¢ is @ — (y,z) — ¢*(y). For example, the Legendre transform of z — 127 is
y — 3y?, while the Legendre transform of  ~— |z| is the convex indicator function of [—1,1],
i.e. OO']l[_lyl]c.

Note that obviously, for all z,y € R?, one has

(z,y) < o(@) +¢"(y).
Note also that the Legendre transform of a proper convex function is a proper convex lower
semicontinuous function (as the supremum of a family of affine functions).

We now give a characterization for a point to be in the subdifferential of a convex function.
Lemma 2.2. Let ¢ be a proper convex function on R?. Then, for all z,y € R,

(z,y) = p(z) +¢"(y) & y € Ip(z).
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Proof. We already know that for all z,y € RY, (x,y) < p(x) + ¢*(y). Hence,

(,
(,y) = ¢(z) + ¢"(y) & (z,y) = p(x) + ¢ (y)
& (2,y) > p(x) + (z,9) — (2),Vz € R?
& o(z) > () + (y,z — z),Vz € R?
&y € 0p(x). O

We have then the following characterization of cyclically monotone subsets of R? x R<.

Theorem 2.3. A set I' C R? x R? 4s cyclically monotone if and only if there exists a proper
convex lower semicontinuous function ¢: RY — R U {400} such that T’ C dep.

Proof. (<) Suppose that I' C d¢ for some convex function ¢. Let (x;,v;)i=1,.» C I'. Then, for
alli e {1,...,n}, y; € 0p(x;), therefore,

In particular, for z = x;,1,

o(wiy1) > () + (Ui, Tiv1 — xi).

Summing these inequalities over 7 gives that

n

ZSO(CU@H) > i p(zi) + i(yia Tiy1 — Ti).

i=1 i=1 i=1
But the first two sums being equal, one obtains that

n

> (s, i1 — ;) <0,

i=1
i.e. I' is cyclically monotone.
(=) Assume I is cyclically monotone. We will construct ¢ explicitly. Suppose that we have
some convex function ¢ with I' C dp. Let (zg,y0) € T', and suppose that ¢(xy) = 0. By
induction, for all (z;,y;)i=1, » C I', we have that for all z € R?,

QO(QT) Z <yn7 Tr— :En> + <yn—1a Tp — xn—l) + -+ <y07$1 - :BO>-
Indeed, (zo,y0) € Op, hence for all z,

p(x) = (o) + (Yo, — To) = (Yo, — o),

since ¢(x9) = 0, so the base case is proven. Suppose that for all (x;,v;)i=1,..,» C I', we have
that for all z € R?,

QO('I) Z <yn7 T — xn> + <yn—17 Ty — xn—l) + -+ <y0,ZE1 — l’o).
Let (241, Yns1) € I C dp. Then, for all z € R?,

() 2 p(Tni1) + (Yny1, T — Tnga)-

Applying the induction hypothesis to z = x,,,1 gives the result.

Hence, we define, for all z € RY,

p(r) = Slilf {<yn7 T —Tn) + (Yn-1,Tn — Tn—1) + -+ + (Yo, T1 — Io>}.
(@i9i)i=1,...,nCT

Then we have that ¢ is a convex lower semicontinuous function as a supremum of affine (and
thus convex) functions. Choosing n = 1 and (z1,y1) = (2o, yo) yield that

SO(ZL’) Z <y07517 - $0>7
for all z, hence (o) > 0. Moreover, by cyclic monotonicity, for all (z;,y;)i=1..» C I, we have

<yn7'r0 - xn) + <yn—17 Tp — xn—1> + -+ <y07 xry — IO> S 07
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hence ¢(x¢) < 0. Finally p(zg) = 0, so ¢ is a proper function. It remains to prove that I" C de.
Let (2/,y') € I' and let a < ¢(2’). Hence, there exists n and (x;,y;)i=1._» C I' such that

o< <yn7~rl_xn>+"'+<y0,$1 —J]0>.

Now consider the sequence (x;,y;)i=1.. n+1 C I with (2,11, Yns1) = (2/,y'). We get that, for all

z € R4,

.....

SO(Z) Z <yn+17 Z — anrl) + <yn7$n+1 — mn> + -+ <y0, r1 — $0>
Z <y/7 2 xn—l—l) + a.

Letting o 1 (') gives that for all z € R,

()0(2) > 90(1‘/) + <y,7 Z = $n+1>a
ie. y € dp(a'), hence (2',y') € . O

3. THE CASE OF THE QUADRATIC COST

3.1. Kantorovich duality for the quadratic cost. In this section, we prove the Kantorovich
duality in the case of a quadratic cost ¢(x,y) = 1|z —y[* defined on R? x R?, where |- | denotes
the Euclidean norm on RY. Let x4 and v be probability measures on R¢ with finite second
moments:

/ |z|*u(dz) < oo and / |lz|?v(dz) < .
R4 Rd
Define

M=o [ ePuldr) + 5 [ lyPr(dy) < oo

T2 Jpa A 2 Jra ¥ Y '

Since |z — y|? = |2]* + |y|? — 2(x,y), we have
1
2 Jrax

Note that an optimal transport plan 7* is then also optimal for the cost —(z,y), i.e. if

) 1 1 .
min [ Cle—yPdr(ey) = [ Sle—yPde (o)

mell(p,v) JREXRI 2 RdxRe 2

I(r) T = yPr(de, dy) = M~ (@, y)(dz, dy).

R xR4

then
max [ (@y)dr(ey) = [ (e (@),

mell(p,v) R4 x R4
Now let (¢,%) € L*(u) x L*(v), such that for p-almost all x € R? and v-almost all y € R?,

(@) +9(y) < oz -y

Define, for almost all =,y € R?,

Pa) = ool ~ ¢lz)
0) = Il — v(y).

Since p and v have finite second moment, we have (@, 1) € L'(u) x L'(v), and for almost all
x? y7

B(a) + 5(y) = glal? + gyl — o) — w(1)

1 1 1
> 5’1’|2 + §|y!2 - 5\55 —y> = (z,y).
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Redefining ¢ and 7,5 to be 400 on p-negligible and v-negligible sets respectively, we can assume
that the above inequality holds true for all z,y € R? without changing the values of the integrals
of @ and 1. Moreover, we have

Hence, Kantorovich duality takes the following form:

Theorem 3.1. Let i and v be two probability measures on R with finite second moments. We
have,

mac [ (ry)dn(ey) = it J(p0),
R4xR

el (p,v) o(z)+¢(y)>(z,y)
Moreover, the above infimum is attained at a pair (p,*), where ¢ is a proper convex function.
Any pair at which the infimum is attained is called a pair of optimal Kantorovich potentials.

Proof. Let (p,1) € L*(u) x L'(v) such that
p(x) +9(y) = (z,y),

for all 2,y € RY. Integrating over 7 gives that
L, ewdr@y < [ e@dr@y)+ [ o))
Rd xR

xR Rd x R4

- o

Taking the maximum over transport plans and the infimum over (¢, ¥) gives the inequality
max x,y)ydm(x,y) < inf J(p, ).
mEl(p,v) /Rded< ydn(z,y) p(x)+(y)>(z,y) (,9)
Now let m be an optimal transport plan, i.e.
max x,y)dy(z, :/ x,y)ydm(x,y).
| nax /Rded< yydyy) = | (& ydr(e,y)
The support of 7 is then cyclically monotone, hence there exists a proper convex function ¢
such that
supp T C 0.
Thus, by the subdifferential characterization lemma, we get that for m-almost all z, ¥,

(z,y) = p(z) + ¢"(y).

Integrating over 7 (¢ and ¢* being proper convex functions, they are bounded below by some
affine functions, hence their integrals are well defined), one gets that,

/RdXRd(:v,y)dﬂ(x,y) /d (90( )+ w*(y))dﬁ(x,y)

- oot [
Hence, the infimum is attained at the pair (¢, ¢*), which proves the theorem. U

Remark 3.1. The idea of the proof is based on the so-called "double convexification trick”. If
(,1) are such that

p(x) +1(y) > (z,y), Vo,yeR?
then Vy, ¥(y) > (x,y) — p(z), for all z, hence ¥ > ¢* and thus

/gpd,u+/@/)dl/2/gpd,u+/<p*dy.

We can thus reduce the functional .J by replacing ¥ by ¢*. Moreover, since p(z) > (z,y)—¢*(y),
Vz,y, we have ¢ > ¢**, so we can further reduce the functional by replacing ¢ by ¢**

/@du—i-/wdu > /cpdu—l—/go*du > /cp**du+/g0*dl/.
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There’s no point in repeating this process because of Legendre duality (see Appendix B): f is
a proper convex and lower semicontinuous function if and only if f** = f.

Hence, the pair of optimal Kantorovich potentials (¢, 1) can be taken to be a pair of proper
convex and lower semicontinuous functions which are convex conjugates to each other, i.e.

o =" and ¢ = ",
3.2. Brenier’s theorem. We now prove Brenier’s theorem which is at the core of the theory

of optimal transport.

Theorem 3.2 (Brenier theorem). Let u and v be two probability measures on RY with finite
second moments. We consider the Monge-Kantorovich problem associated with the quadratic
cost c(x,y) = %|x —yl?, for x,y € RY. Assume that u is absolutely continuous with respect
to Lebesque measure. Then, there exists a unique optimal transport plan m € (u, v) which is
given by

T =(Idx Vp)upn,

where Vi is the unique (i.e. uniquely determined p-almost everywhere) gradient of a convex
function ¢ which pushes p forward to v, i.e. Voupu = v. In particular, the Monge problem
admits a unique solution.

Proof. Let m be an optimal transport plan and let (¢, ¢*) be optimal Kantorovich convex
potentials, so that

/ (l’,yﬁ(dl‘,dy):/ sodu+/ @ dv
Rd xR4 R4 Rn

= (e(x) + ¢ () m(de, dy).

Rax R4

Hence, we have
“(y) - dz, dy) = 0.
/Rded (Sp(x) +¢' () <x’y>)7"( z, dy)
But since ¢(x) + ¢*(y) > (z,y), for all x,y, the integrand is nonnegative, hence we get that
o(x) + o*(y) = (z,y), for m-almost all 2,y € R?.

In particular, ¢ and ¢* are finite m-almost everywhere, hence p(D,) = 1. Moreover, since ¢ is
convex, we have (1(0D,,) = 0 since p is absolutely continuous with respect to Lebesgue measure.
Hence, we get

n(Dy) =1.

In particular, l°)<p is non-empty. Moreover, on IO)W © is differentiable almost everywhere, hence
@ is p-almost everywhere differentiable.
Now by the characterization of subdifferential lemma, we have that

y € Op(x), for m-almost all z,y € R%
But since ¢ is p-almost everywhere differentiable, we have that
Jp(x) ={Vep(z)}, p-almost everywhere.

Since a property that is true p-almost everywhere is also true m-almost everywhere, we finally
obtain that for m-almost all z,y € R, y € dp(z) = {Vp(z)}, i.e.

y=Vo(z), for m-almost all z,y € R%.

This implies that
7= (Idx V)upu,
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or equivalently that m(dx, dy) = p(dr)dvee)(dy). Indeed, for any A, B Borel sets, we have
T(Ax B) =7 ({(z,y) |z € A,y € B})
=7 ({(z,y) |z € A,y e B}n{y=T(x)})
=m({(z,T(z)) |z € A, T(z) € By n{y =T(x)})
— W(ANT(B))
= ({dx Vp)upu(A x B),
where we have denoted T' = V.
It remains to prove unicity. Let m; and 75 be two optimal transport plans for the Kantorovich

problem. Define 7 = %m + %7@. Then 7 is also an optimal solution (easy). By the above, there
exists o1, (g, ¢ three convex functions such that

(i) m = (Id X V1) pp, ie. (z,y) = (x, Vi (x)) m-a.e.
(H) T2 = (Id X V(pQ)#/lﬂ Le. (‘ray) = (l’, V§02(5€)) m2-a.e.
(iii) m = (Id x V) gp, ie. (z,y) = (z,Ve(z)) ma.e.
But then (iii) holds also m;-almost everywhere. Therefore we get that

(x,Vi(z)) = (2, Ve(x)) m-ae.,

hence

Vo =V p-ae.
The same holds for V. Finally, V is unique p-a.e.
Finally, we have seen that if 7 is an optimal transport plan that can be written 7 = (Id X T)xp
for some T, then T is optimal in Monge’s problem and both problems coincide, thus we have
that

: 1 2 _ 1 2
it [ Sl = T(@)Palde) = [ Sle = V() Pa(dr),

and Ve is the (u-almost surely) unique solution of Monge’s problem. 0
4. WASSERSTEIN DISTANCES

Let p € [1,400). Define P,(X) the set of probability measures which admit a pth moment:
Py(X) = {,u € My(X)| /X d(z, xo)Pdp(z) < oo, for some zy € X} :
Note that by the triangle inequality,
d(z,y) < d(z,x0) + d(z0,y),
so if p € Py(X), then for all y € X,
/X d(z,y)Pdu(z) < oo.
For the particular cost ¢(z,y) = d(x,y)? we define:

Definition 4.1. For p and v in P,(X), the Wasserstein p-distance between p and v is defined
by,
1/p
Wolmv) = it ([ deype(do.dy))
XxX

mell(p,v)

One can proved that W), is indeed a metric (for p > 1, the triangle inequality is not completely
trivial to prove).
We are interested in the following dual formulation for the case p = 1. Define

_ |f(x) — f(y)]
[ fllLip = %g( )

so that f is 1-Lipschitz if and only if || f||rip < 1.
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Proposition 4.1. For all pp and v in Py(X), one has
Watu,v) = sup | [ fau— [ fav] |17y < 1}

Note that it ressembles the Rubinstein distance without the bounded condition on functions.

Proof. Let m € II(p, v). First remark that

/ d(z,y)r(dz,dy) < oo,
XxX

by the triangle inequality since u, v € P1(X). Now let f be a 1-Lipschitz function on X. Then,
[ g [ rav] = | [ ($() = £(9)m(do. dy)
< [1(@) = 1) w(da, dy)

< /d(:p, y)(dz, dy),

since || f||Lip < 1. Taking the infimum over transport plans and the supremum over 1-Lipschitz
sup

functions gives the inequality
[ s~ [ yav
1 fllLip<1

For the converse inequality, we will use the Kantorovich duality. Let € > 0. Then, there exists
(p,1) € L*(u) x L*(v) such that p(x) + ¥(y) < d(x,y), for p-almost all z € X and v-almost
all y € X, and such that

< Wl(:uv V)

/god,u+ /@Ddu > Wi(p,v) —e.
Now define, for all z € X,
v(w) = sup (V(y) — d(z,y)).

yeX
Then, for all z, 2" in X, using the triangle inequality d(2’,y) < d(2’,z) + d(z,y), we have

V() < sup (¢(y) — d(@',y) +d(z', 2))

= sup (¥(y) — d(a',y)) + d(a', )

yeX
= ¢(2) +d(a', v),

hence 1? is 1-Lipschitz. Note also that ¢?(z) > 1(z) (taking y = z in the definition of %),
and from the inequality o(x) + 1 (y) < d(z,y), we also have ¢¢(x) < —¢(z). Thus, one obtains

sup /fd,u—/fdz/ > —/wddu—i-/wddy
[1fllLip<1
> / pdy + / Ydv
> Wi(p,v) —e.
Letting € — 0 concludes the proof. 0

One can prove:
Theorem 4.1. Let (), and p be probability measures in Py(X). Then,
Wo(pin, 1) — 0

eakly

if and only if py, :_}—go poand [y d(x,xo)Pdpu, () — [d(x,x0)Pdu(z), for some xy € X.

We refer for instance to [2] for a proof.
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APPENDIX A. LOWER SEMICONTINUITY
Let (X, d) be a metric space.

Definition A.1. A function f: X — R U {400} is said to be lower semicontinuous at v € X
if for every sequence x,, — x in X, we have:

f(z) < liminf f(x,).
n
We say that f is lower semicontinuous on X if f is lower semicontinuous at every point z € X.

Equivalently, f is lower semicontinuous at z € X if
Ve > 0,30 > 0 such that if d(x,y) < 0 then f(z) < f(y) +e.

Y

FIGURE 3. The characteristic function 1(_; 1) of the open set (—1,1) is a lower
semicontinuous function.

Example A.1. Let A C X. Then 14 is lower semicontinuous if and only if A is open.

Proposition A.1 (Level set characterization). A function f: X — RU{+oo} is lower semi-
continuous if and only if for all a € R, the sublevel set {x € X | f(x) < a} is closed.

Proof. Let a € R. Let (2,), C {f < a} such that z,, — x. Hence, for all n, f(z,) < «, so
lim inf f (z,) < a.
Since f is lower semicontinuous, we get:
f(x) < limin f(z,) < a.

so x € {f < a}. Hence, {f < a} is closed.

Now, suppose that for all o, {f < «} is closed, or equivalently that {f > «} is open. Let (z,),
such that x,, — x.

Suppose that f(z) < oco. Let £ > 0, and consider the open set {f > f(z) —e}. Then obviously,
x € {f > f(x)— e}, hence there exists ng such that for all n > ng, x,, € {f > f(x) — ¢}, that is

Ino, Vn = no, f(z,) > fz) —e.
Hence,
sup Igf flzy) > f(z) — e,
and letting € — 0, we get, liminf,, f(z,) > f(x).
If now f(x) = 400, then for all M > 0, {f > M} is open and contains z, so again we get that
limninf flz,) > M, forall M,
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hence liminf, f(z,) = +oo = f(z). O

Proposition A.2. Let f: X — R U {+o0} be a lower semicontinuous function and suppose
that X is compact. Then:

(i) f is bounded below,
(i) f attains its infimum on X, i.e., Jxg € X such that f(xo) = inf.cx f(z).

Proof. (i) By contradiction, suppose that f is not bounded below. Then there exists a sequence
(Zy)n € X such that f(x,) — —oo. Since X is compact, up to extracting a subsequence, we
can suppose that (x,), converges to some x € X. Since f is lower semicontinuous, we have,

f(2) < liminf f(z,) = —oc,

which is a contradiction since f takes values in R U {+o0}.

(2) Let m = inf,cx f(x). Let (x,), C X be a minimizing sequence such that f(x,) — m.
Again, since X is compact, up to extracting a subsequence, we can suppose that (z,), converges
to some z € X, and by lower semicontinuity:

flz) < limninff(xn) =m.
But since m < f(z) by definition, we get that f(x) = m, and the infimum is attained. O

Proposition A.3. (i) Let (fi)ier be a family of lower semicontinuous functions on X.
Then, [ :=sup;c; fi s lower semicontinuous.
(i5) If f: X — RU {400} is lower semicontinuous and bounded below, then there erists a
nondecreasing sequence (fy), of bounded, uniformly continuous functions (even Lips-
chitz) such that f = sup,, fn.

Proof. (i) For any a € R, we have,
{f<a}={swfi<a}={fi<a}
i€l icl
But for all i € I, {f; < a} is closed since f; is lower semicontinuous, hence {f < a} is closed
as an intersection of closed sets.

(ii) If f = 400, then f, = n works. So suppose that there exists z such that f(zo) < oc.
Define for each n € N:

fn(x) := inf <f(y) + nd(x,y)), for all z € X.

yeX

Then:
e It is clear that for all z € X, f,(z) < fh41(x), so the sequence is nondecreasing,.
e From the previous point, we get that for all n, f, > fy, = inf,cx f(y). Since f is lower

bounded, so is f,.
o Vz € X, fu(x) < f(x). Indeed, by definition,

folx) < fly) + nd(z,y), forallye X,

in particular for y = z, we get f,(z) < f(x).
o Vz € X, fu(x) < co. Indeed,

(@) < f(zo) + nd(x, z0) < 0.
e Each f,, is n-Lipschitz: let z,2’ € X. Then,

fo(x) = Inf (f() + nd(z,y))
< inf (f(v) + nd(z,2) + nd(2',y))
= inf (f(y) +nd(',y)) + nd(x,2")
= fu(2') + nd(z,2").
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Exchanging the roles of x and 2/, we get that

() = ful2')] < nd(x,27),
that is f,, is n-Lipschitz (and in particular uniformly continuous on X).

e Now we prove that f,(z) — f(z) for all . By definition, for all € > 0, there exists y € X,
such that

fy) +nd(z,y) < fulz) + <.
Hence, there exists a sequence (y,), such that

f(yn) +nd(z,yn) < fulz) + jl

Suppose that f(z) < co. Let m be a lower bound of f. Hence,
1 1
() < fu(e) 4 < ) 4
so nd(x,y,) is bounded from above. It implies that d(y,,z) — 0, so y,, — =. Using
1 1
f(yn) < f(yn) + nd(xayn) < fn(x> + g < f(:)j) + Ev
and taking the liminf, we get that
liminf f(y,) < liminf f,(z) < f(2).

But since f is lower semicontinuous, and y, — x, we also have f(z) < liminf, f(y,).
Hence, liminf, f,(z) = f(x). But since the sequence (f,,(z)), is increasing, we have that

lim f,(2) = f(z).

Now if f(x) = +o0, suppose by contradiction that (f,(x)), is bounded from above by
some M. We still have that y,, — x, so

M > liminf f(y,) = +oc,

which is a contradiction. Hence (f,(x)), is not bounded from above, and since it is
increasing, one has f,(x) — +oc.
Finally, replacing f,, by f, An, one obtains an increasing sequence ( f,,),, of bounded, uniformly
continuous functions such that f = sup, f,. O

APPENDIX B. LEGENDRE DUALITY

Theorem B.1 (Legendre duality). Let p: R? — RU{+o00} be a proper function. The following
assertions are equivalent:
(i) ¢ is convex and lower semicontinuous,

(ii) ¢ = ¥* for some proper function 1,

(iii) o™ = ¢.
Proof. (iii)=-(ii) is obvious.
(ii)=(i) is easy.
It remains to show that (i)=-(iii). So let ¢ be a convex and lower semicontinuous function. By
definition of the Legendre transform, one has

©*(y) > (z,y) —p(z), Va,y
hence,
p(x) > (r,y) — 9" (x), Va,y
and thus
() = sup ((w.9) — (@), Va

=™ (z), V.
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Hence, it remains to prove that p** > ¢. Assume first that D, = R%. Then, for all z, dp(z) # @
by convexity of ¢. So let yy € dp(x). By the subdifferential characterization lemma,

p(z) + ¢*(yo) = (,%0)-
Hence,
p(z) = (z,90) — ¥ (Y0)
< sup ((2.9) = ¢ (1)) =" (@),

Hence, p** > ¢ if D, = R%. Now if D, C R", introduce the “infimal convolution”
. 1 ) 1
pe(w) = nf (p(x —y) + _|y]) = wf (p(y) + _|z —y).
for all z. Since ¢ is proper, there exists o such that ¢(z¢) < 0o, hence, for all x,
1
92(@) < wlw0) + | = o] < o0,

ie. D, =R

Moreover, ¢, is easily seen to be convex (exercise). Now we prove that ¢. is lower semicontin-
uous. Let us show that for all & € R, the sublevel set {¢. < a} is closed. So let z,, € {¢. < a}
with z,, — x. By definition, for all n, there exists 1, such that

1 1
n> n | T Yn| T -
Pe(@n) 2 @(an) + —lon = yal =

Now, since,
1
@e(zn) < (o) + g|$n — Tl

and since z,, — z, then for n large enough, the right-hand side is bounded by some constant
M > 0. Combining the two above inequalities gives that

1 1
n EZ nSM -
Plan) + Zl@n =l +

for n large enough. Hence, the sequence (y, ), is bounded (if not, this imposes that ¢(z,) — —oo
which is not possible since ¢ is lower semicontinuous), so one can extract a convergent subse-
quence y,, — y, for some y. Thus, one obtains, using the fact that ¢ is lower semicontinuous,
that

1 1 1
Zly— 2l < limi - _ _
p(a) + Iy — o] < timin (ip(w,) + Zlo, = | = =)
< hmkinf Sae(xnk)
< a.

Hence, one obtains that ¢ () < «, so x € {p. < a}, hence the sublevel set {¢. < a} is closed.
Finally, . is lower semicontinuous.

Thus we get that ¢, is a convex and lower semicontinuous function with domain equal to the
whole of RY, so ¢** = ¢.. Moreover (exercise), for all x

hran_)lglf () > o(x).
Finally, using that ¢. < ¢, we get that
7 (x) = sup ((w.9) — () = sup inf (.2 = 2) + #(2))
> supinf ((y, = — 2) + ¢.())
y z

= ¢ (2)
= 905(33)-
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Taking the liminf as ¢ — 0, gives that p** > ¢.
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