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1. Introduction

If you commute by bus to come to the university, you can do a bit of statistics while
waiting for the bus: knowing that the buses on your route come on average every 10
minutes, what is your average waiting time? The naive answer you might give is that
if buses are coming on average every 10 minutes and you arrive at a random time, your
average waiting time will be about 5 minutes. So, it is just that you are so unlucky that,
most of the time you wait something like 10 minutes for the bus to arrive?

Not really... The naive answer would be true if the buses arrived exactly every 10
minutes. But things don’t go that way, and buses do not arrive exactly on schedule due
to random complications, traffic, strike, demonstrations, etc... If you arrive at a random
time, the probability that you arrive in a long interval between the arrival of two buses is
greater than the probability that you arrive in a shorter interval, and your waiting time
will be on average longer than expected.

This phenomenon is known as the waiting time paradox and can be modeled by a
counting process such as the Poisson process. This is the basic process for modeling
queueing systems.

Let us start with an example of a counting process in discrete time. A heads or tails
game is modelized by the Bernoulli process. Let (g,,)n,>1 be i.i.d. random variables with
Bernoulli distribution pd; + (1 — p)dp and define Sy = 0, and for all n > 1,

Sp,=¢e1+ - +ep.

The Bernoulli process thus counts the number of successes up to time n and of course, S,
has a Binomial distribution with parameters n and p. The success times are defined by
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2 INTRODUCTION TO POISSON PROCESSES
Ty =0 and
T, = inf{k > T, 1| S, =n},

and correspond to the jump times of (S,),>0. It is a standard exercice in probability
theory to show that the random variables Ty, Ty — Ty, ..., T, — T,,_1, ... are independent
and identically distributed with geometric distribution with parameter p. One recovers
the process S, from its jump times by

Sy =sup{k > 0|1 <n}.

Hence, {S, > k} = {Tx < n} so {S, =k} = {Tx < n, Ty > n}, and a straightforward
computation shows that if the increments are i.i.d. with geometric distribution, we have
Sy ~ B(n,p)

In applications, modeling by a discrete time process is not always appropiate, and we
will see that the Poisson process is a continuous time analogue of the Bernoulli process.

2. Definition as a counting process

We need to consider stochastic processes indexed not only by integers but also by
continuous time. The generalization is straightforward.

DEFINITION 2.1. A stochastic process (in continuous time) is a family of random
variables (Xi)i>0, indezed by t € Ry, defined on some probability space (2, F,P). A
filtration on (Q, F,P) is a non-decreasing family of sub-o-algebras (Fi)i>o-

DEFINITION 2.2. A point process on [0,+00| is an increasing sequence of random
variables (Ty,)n>0 with values in [0, +oo[ such that T,, — 400 a.s. The counting process
(Ny)i>0 associated to the sequence (T,,)n>0 is the process defined by

+00
Ny = Z Ljoq(T,) = sup{n > 1|7, < t},
n=1

fort e Ry.

Immediate properties are: almost surely, ¢t — N, is non-decreasing, cadlag (”continue
a droite avec limites a gauche”, french for right-continuous with left limits), meaning that,
for all t > 0,

lim Ny, =N, and lim N, = N,- exists.
SN\t st
Moreover, observe that
{Th <t} ={Ny = n}
and that the point process is recovered from (Ny)i>o by
T, = inf{t > 0| Ny > n}.
We now give a first and simple definition of a Poisson process.

DEFINITION 2.3. Let (Z,)n>1 be a sequence of independent exponentially distributed
random variables with parameter \. Define, Ty = 0 and for alln > 1,

T, =Y Z.
k=1

Then (T),)n>0 is a point process on [0, +oo[ and the associated counting process (Ni)i>o is
called a Poisson process with rate \.
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FIGURE 1. A example of a typical trajectory of a Poisson process.

The sequence (T,),>0 has to be understood as times of occurrences of some events, for
instance, arrivals of clients in some queue. The random variables T,, will be called arrival
times and the increments T, — T,,_1 inter-arrival times. A typical trajectory of a Poisson
process is given by Figure 1.

Recall that a random variable X is exponentially distributed with parameter A > 0,
if it has density

)\eiAt]l(o’_,_oo) (t)

with respect to Lebesgue measure. We denote this distribution by £(A). Equivalently,
the survival probability of X is given by

P(X >t)=e™ t>0.
The exponential distribution is characterized by the following memoryless property:

PROPOSITION 2.1. A continuous random variable X with values in R is exponentially
distributed if and only if for allt,s > 0,

PX >t+s|X >t)=P(X > s).
ProOOF. If X ~ £(A), then
P(X >t+s)
P(X >t)

Conversely, define f by f(t) = logIP(X > t). Then f is right continuous, f(0) = 0 and
satisfies the equation f(t+s) = f(t) + f(s), for all ¢,s > 0. One deduces that f is linear,
that is there exists A > 0 such that f(t) = —A¢, thus X is exponentially distributed. [

PX>t+s|X>t)= =e M =P(X >t).

In terms of conditional distribution, it says that if X is exponentially distributed, the
conditional distribution of X — ¢ given {X > t} is still an exponential distribution with
same parameter. This is an essential fact behind the definition of a Poisson process.

Recall that a random variable X has Gamma distribution I'(«, 3) with parameter
shape o > 0 and rate # > 0, if it has the density with respect to Lebesgue measure given
by

B it s
e P x
F(a) (OH‘OO)( )7
where ['(a) = [;F* 2% te~"dx is the Gamma function. When a = n is an integer, it is
the so-called Erlang’s distribution, with denisty
/Bn

n—1_—pBx
7(71 — 1)!x e " L (0,400) ().
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When « = 1, it is the exponential distribution £(3).

PROPOSITION 2.2. Let X and Y be independent random wvariables with distribution
U(an, B) and T'(aq, B) respectively. Then, X +Y has distribution I'(cq + aw, 3).

PROOF. Exercise (use the change of variables formula). U
An immediate consequence is:

COROLLARY 2.1. Let Xy,..., X, be independent random wvariables with exponential
distribution E(c). Then, Xi + - -+ X,, has Gamma distribution I'(n, \).

We can now state the following properties for a Poisson process:

PROPOSITION 2.3. Let (T,,)n>0 be the point process associated to a Poisson process
(Nt)e>o with rate . Let n > 1. We have:

(i) the random variable T, is distributed according to the I'(n, \) distribution;
(ii) for allt >0, Ny has a Poisson distribution with parameter At;
(iii) given {N, = n}, the random vector (11,...,T,) is distributed as the order statis-
tics (Uny, ..., Uwy) of n i.i.d. random variables uniformly distributed on [0,t].

PROOF. Item (i): This is the above corollary.
Item (ii): Since,
(N, >0} = {T, <1}
we have,
{N; =n} =AT, <t < Ty}
Hence, using that T,, ~ I'(n, \), T,x1 = T,, + Z,+1 and the independence of T,, and Z,, 1,
we have, for all n > 0,
P(N, = n) = P(T) < t, T + Zy1 > 1)

)\n - — AT —AZ
= /ﬂ{0<x<t}]1{a:+z>t}(n_1)|$n =2 Ne M dadz

An - - Tz
= /1{0<w<t}(n_1)!96" ! (/ Lippasn e MoT )dz) de
)\n

e _ 1>‘6_)\t/]1{0<$<t}xn_1d$

(n
00"

n!

Item (iii): Let Uj,...,U, be n iid. random variables, uniformly distributed on
[0,]. Recall that the order statistics (Upy,...,Un)) are defined by sorting the values
of Uy,...,U, in increasing order. Hence, Uy is the minimum of Uy, ..., U,, Uy is the
2th smallest value, etc...

First we compute the distribution of (U, ...,Un)). Let ¢ be a bounded measurable
function. Then,

E[o(Un), - Uw)| = E [¢(Ua), -+ Un) Lgoesa, Uy <--<toi}]
= Z E [SO(UU(IM tr UU(”))1{U0(1)<"'<U"(")}}

O’ES’n
=nlE [o(Us, -, Un) L <cncvi ]
since Uy, ...,U, are i.i.d., hence exchangeable. So we get,

n!
E [@(Uu),---,U(n))} = /1{o<x1<..-<$n<t}t7dx1-~~d56n,
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which gives that the density of (Upy,...,Up)) is

n!
(Ula .- Un) — 71{0<u1<u2<---<un<t}7

tn
with respect to Lebesgue measure on R”. Now, we compute the distribution of (71, ...,T,)
conditionally on {N; = n}. We have

E [@(Th e ,Tn)ﬂ{m:n}]
=E [gp(Tl, e ,Tn>l{Tn§t<Tn+1}:|

n+1

= il o(z1,. .21+ + zn)IL{zl+“.+zn<t<zl+...+zn+1}/\”+le’\(21+"'+2"+1) 11 dz.
sool” i=1
since T}, is the sum k independent and exponentially distributed random variables. Using
the change of variables 1 = z,...,Tpi1 = 21 + ... + 241 from (0, +00)" " to {0 < 7y <
- < Tpy1}, with Jacobian equal to one, we get

n+1

E [SO(Tla oIy H{Nt n} /90 1’1, sy X IL{0<az:1< <acn<t<:cn+1})\n—i_1 ~Ant H dx;

=1
- /QO Liyeey T I]-{0<x1< <xn<t})\ € M deza
=1
where we perform the integration with respect to the last variable in the last equality.
Since Ny ~ P(At), we obtain

n!
E [QO(TD s JTn) | Nt = n] = /Sp(xla s 7xn)ﬂ-{0<$1<-~~<xn<t}t7ndxl e dxnv

hence the result. U

REMARK 2.1. The last item of the proposition thus says that if we known that n
clients have arrived at time ¢, their arrival times are uniformly distributed on [0, ¢].

A fundamental result is the following. We will see a converse to the statement in the
next section.

THEOREM 2.1. Let (Ny)i>o be a Poisson process with rate X\. Then, (Ny)i>o has inde-
pendent and stationary increments, that is:

(i) for alln > 1, and all0 =ty < t; < --- < t,, the random variables
Nt17Nt2 - th s 7Ntn - Ntn—l

are independent;
(i) for allt > s, Ny — Ny has the same distribution than N;_.

PROOF. Let (N):>0 be a Poisson process with rate A. By definition,

+oo
Nt - Z ]]-[O,t](Tn>7 t € R+,

where (T, — T,—1)n>1 is a sequence of independent and exponentially distributed random
variables with parameter \.

We have to prove that for all n > 1, for all 0 = t; < t; < --- < t,, the random
variables Ny, Ny, — Ny, ..., Ny, — Ny, _, are independent. We restrict ourselves to the
case n = 2, the proof for any n can be done in the same way, but notations become a bit
cumbersome. (Exercise: prove the general case).
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So let us prove that for all ¢, s > 0, for all £, > 0, the random variables N, — N, and
N are independent. We can restrict to [ > 1, since the probabilities sum to one. We
have, using the relation {N; =n} ={T, <t < T,1},

]P)(NS =k N, — N, = l) = ]P)(NS = k,Nt =k+ l) = ]P)(Tk <s < Tk+17Tk+l <it< Tk+l+1)-

Hence, since the increments AT, = T, — T)_1 are independent and exponentially dis-
tributed,

P(N, = k,N, — N, =)

k+I1+1

_/]]‘{Zl+"'+2k<5<zl+"'+zk+172’1+“‘+2k+l<t<21+"'+2k+l+1})\ e +i+1 H le
=1

k+1+1

_ k+l+1 7)\1‘k+l+1 .
*/]1{$k<5<$k+17$k+1<t<$k+l+1}1{0<$1<"'<$k+l+1})\ € H dxl
=1
k+1
_ k+1 —At
- /1{0<x1<---<xk<s<xk+1<-~-<:1:k+l<t}/\ € HdI%

i=1

performing the integration with respect to the variable zj,;,1. Since,

k Sk
/]1{0<x1<---<2k<s} H dzr; = y
i=1 :

and likewise,

k+1 (t _ S)Z
/:H'{S<Ik+1<"'<xk+l<t} H dl‘l = l' 9

i=k+1

we get

P(Ns =k, Ny — Ny = l) = Z'( llS) Aot p—At

()\S)kefxs (A(t - S))lef)\(tfs)
k! !

Hence, N and N; — N; are independent, with distributions P(As) and P(A(t — s)) respec-

tively. Moreover, N; — N, has the same distribution than N;_, hence the stationarity of

the increments. 0

EXAMPLE 2.1 (Inspection paradox). We return to the example of the introduction
concerning the average waiting time between the arrival of two buses. Suppose that buses
arrive at your station according to a Poisson process with rate A equal to 0.1 (i.e. on
average one bus every 10 minutes). That is, the arrivals of buses are given by the point
process (7},),>1 such that the increments are independent and exponentially distributed
with parameter A. The counting process (IV;);>¢ therefore counts the number of bus stops
at the station. A commuter arrives at time ¢ to the station. The waiting time of the
commuter is thus R; = Tn,41 — t. Moreover, let S; = t — Ty, be the amount of time
elapsed since the previous arrival. Then, R, and S; are independent : let » > 0 and
0 < s <t then

P(S; > s, Ry >r)=P(Ty, <t—8,Tn1>1+1)

(
=P
(
(

no arrivals between ¢ — s and r + t)
Nr+t - Nt—s = 0)
Nr—i—s = 0)

P
P
P
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by the stationarity of the increments. Hence,
P(S; > 5, R, > 1) = e NHs) = g7AspgAs

Thus, R; and S; are independent, R; is exponentially distributed with parameter A, and
P(S; > s) = e for 0 < s < t, that is S; has distribution min(E,t) where E ~ £()).
Hence, since Sy + Ry = Tn,+1 — T,, we get that
l—e™ 1 1

In average, the interval [T,, Ty, +1] of arrival times between a fixed deterministic time is
greater than the average time between two arrivals. This is the inspection paradox: the
average intertime between the last passage of the bus before ¢t and the next passage of the
bus after t is greater than the average passage time of the buses!

3. Processes with independent and stationary increments

It may be natural to model arrivals of clients in a queue by a counting process which
enjoys the following properties: the number of clients who arrive in the interval [s, ] is
independent of the number of clients arrived before time s, and such that the distribution
of the number of clients in [s, ] is the same than the distribution of the number of clients
in [0,¢ — s|. The last theorem shows that the Poisson process enjoys these two properties.
We will see than in fact, this is the only counting process with these two properties.

DEFINITION 3.1. We say that a stochastic process (Xy)i>o s a process with independent
and stationary increments if Xo =0 and

(i) the map t — X, is right-continuous;
(ii) For allm > 1, for all0 =ty < t; < --- < t,, the random variables X, , Xy, —
Xiyy ooy Xy, — Xy, , are independent;
(iii) For all s,t >0, X, s — X, has the same distribution than X.

REMARK 3.1. If we replace right-continuous by cadlag in the definition, the process
(Xt)e>0 is called a Lévy process.

REMARK 3.2. Note that condition that the increments are independent, i.e. item (ii)
is equivalent to: for all s,¢ > 0,

Xi1s — X is independent of o(X,,0 < u < s),
which is, by Dynkin’s theorem, equivalent to: for all 0 < t; < --- < t,
Xi, — Xy, is independent of o(Xy,, X4y, ..., Xp ).

We first need to generalize the notion of stopping times to the context of continuous
time processes.

DEFINITION 3.2. A stopping time T (relative to a filtration (Fi)i>0) is a random
variable T': 0 — [0, +o0] such that for all t € [0, 4+o00],

{T <t} eF.

The o-algebra Fp of T-past is defined as the collection of sets A € F such that for all
t € 10,400/,
An{T <t} € F.

EXERCISE 3.1. Show that Fr is indeed a o-algebra.
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REMARK 3.3. Let (N)i>o be a counting process associated to the point process
(T},)n>0. From the relation

{T <t} ={N, = n},

we see that for all n > 0, T), is a stopping time relative to the natural filtration of (IV;):>o.

LEMMA 3.1. Any stopping time T is a non-increasing limit of a sequence of stopping

times (1y,)n, where T, is valued in {2%, k> O} U {+o0}.

Proor. It suffices to take

k+1
T, = Z on ]1{2%§T<%} + (+OO)IL{T=+OO}’
k>0
details are left as an exercise. O

Contrary to discrete time, measurability questions are much more difficult in contin-
uous time. But for instance we have the following:

LEMMA 3.2. Let (X;)i>0 be a stochastic process which is right-continuous. Then, for
all a.s. finite stopping time 7, X, is F,-measurable.

PRrROOF. By the previous lemma, there exists a non-increasing sequence 7,, with values
in the dyadic numbers such that 7,, \ 7. Writing,

Xine, = Z Xpo—n Lromha—ny + Xeli7, 54,
k>0
k27" <t

we see that Xya., is Fr-measurable. As X;\, = lim,,_,o(}) X, by right-continuity, we
have that X;,, is F,-measurable. Eventually, for all measurable set A, we have

{X, e Ayn{r <t} ={Xinr € A} 0 {7 < t},
hence X, is F,-measurable. O

DEFINITION 3.3. We say that two stochastic processes (X¢)i>o and (Y;)i>o have the
same distribution if they have the same finite-dimensional distributions: for alln > 1 and
all t; < --- < t,, we have

d
(Xt17Xt27"‘7th) (:) (1/;17}/;27"'71/;%)7

d
where @ denotes equality in distribution.
Processes with independent and stationary increments enjoy the following Markov
property:

THEOREM 3.1. Let (X;)i>o be a process with independent and stationary increments,
then, for all s > 0, the process (Xiis — Xs)i>0 s independent of Fs and has the same
distribution than (Xi)i>o-

This is more or less obvious from the definition, but we provide the proof as it offers
useful insight for the proof of the strong Markov property, which we will see next.

PROOF. Denote YV; = Xy, s — X, forall s. Let 0 =ty <ty <--- <t,, and f1,..., fu
bounded measurable functions. Then, since the increments of (X;):>o are independent,
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we have

E (Y)Y = Yi) -+ fuYe, = Vi)
=E [f1(Xt1+s = X)) fo(Xigts — Xiys) - fu(Kis — th_1+s)}

= ﬁ E |:fi(Xti+3 - Xti—1+5)i|
=1

= f{E [fl<Ytz - }/;i—l):| )

proving that the increments of (Y;)¢>o are also independent. Moreover,

d
Ki - nifl = Xtﬂrs - Xt¢71+8 (:) Xti*tiﬂ

by the stationarity of the increments of (X;);>0. Hence, the increments of (Y;);>o are
independent and stationary, and the processes (Y;);>o and (X;);>o have the same distri-
bution. n

Now we extend the Markov property to stopping times.

THEOREM 3.2. Let (Xi)i>0 be a process with independent and stationary increments
and let T be finite stopping time. Then, the process (Xir — X1)i>0 @5 independent of Fr
and has the same distribution than (X;)i>o-

Proor. Let Yr = X, v — Xr. By proposition 3.1, T can be approximate by a non-
increasing sequence (7,),>1 of stopping times with values in the set of dyadic numbers.
Then, using the fact that the trajectories are right-continuous, we can write, for fi,..., f,
bounded measurable functions,

E[fi(Y) (Yo = Vi) fa(Yen = Vi, )]
= T}l}r&E {fl (Xt1+7n - XTn)fQ(th-i-Tn - Xt1+m) e fn(th-i-Tn - th—1+Tn)i|
= lim > E [ﬂ{rnzkz—n}fl (Xt k2 — Xpon) fo(Xip oz — Xy 1h2n)

k>0

o fn(thJrkZ—” - th_1+k2—")}7

where we use the dominated convergence theorem to exchange expectation and limit.
Since 7, is a stopping time, we have {7, = k27"} € Fpo-n, and by the previous theorem,
the process (X;ipo-n — Xpo-n)i>0 is independent of Fipe-» and has the same distribution
than (X;):>0. Hence, we get

E | fi(Y)fo(Ya = Ya) -+ fulYe, = Vi)
= lim S B |12 B A(Xephen — Xiz-) oK rz-n — Xy ko)
k>0

o (X ke — th_1+k2—")}
- nhﬁnolo Z E [B{Tn:l&*"}} E {fl (Xt1)f2<Xt2 - Xt1) T fn(th - thfl)}

k>0
= H E [fi(XtiJrs - Xti71+8)] )
=1

since T' < 0o a.s. The theorem follows. O

We now state the fundamental result:
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THEOREM 3.3. Let (T,,)n>0 be a point process on [0, +oo] and (Ny)i>o the counting
process associated to (T),)n>0. Suppose that (Ni)i>o is a process with independent and
stationary increments. Then (Ny)i>o is a Poisson process (with some parameter X).

PROOF. We have to prove that the increments (7}, — Tj—_1)r>1 are i.i.d. and exponen-
tially distributed with parameter some \. First we show that 77 ~ £()\). We have,
P(Ty >t +s) =P(Ny s =0) = P(Nyys — Ny =0, Ny = 0).
Since the increments of (/V;);>o are independent and stationary, we have
P(Ty > t+s) = P(Nyys— Ny = 0) P(Ny = 0) = P(IV, = 0) P(N, = 0) = P(T} > t) P(T} > s).
Hence, the distribution of 77 has the memoryless property, and thus is the exponential
distribution with parameter A = —log P(T} > 1). Now we use the strong Markov property:

since T}, is a stopping time, the process (Y;);>¢ defined by Y; = Ny, 4+ — Nr,, has the same
distribution than (NV;);>o and is independent of Fr,. Hence, define

T, =if{t >0|Y; =1}.
Then, 7] has the same distribution than 7}, thus is exponentially distributed with pa-
rameter A, and is independent of Fr,. But since Ny, = k by definition of T}, we have
T, = inf{t > 0| Np, 4+ — N, = 1}
=inf{t > 0| Np 4+ =k + 1}
=inf{s > 0| N, =k+ 1} — 1T}
= Tiy1 — Ty

Hence, T}+1 — T} is exponentially distributed with parameter A and is independent of Fr, ,
hence independent of the increments 1}, — Ty_1,..., 1o — 11, T7. O
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