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We consider finite volume schemes on rectangular meshes for the p-Laplacian with Dirichlet boundary
conditions. In Andreianov et al. (2004a), we constructed a family of schemes and proved discrete 17/ 1P
error estimates in the case of W2 solutions of the homogeneous problem. Here we improve these
estimates in the case of W*! solutions on uniform meshes for p > 3, using symmetry properties of the
schemes. The proof also works for the Laplace equation, giving an h? convergence rate for a family of
nine point finite volume schemes.

With the same ideas, using the improved coercivity inequalities of Barrett and Liu, we obtain even better
whp, Wt and L°° convergence rates for special classes of regular solutions to the inhomogeneous
problem - in particular, for solutions without critical points in 2, for all p € (1, co).

Numerical examples are given. In particular, they suggest the optimality of the L°° estimates of order
h?, obtained for solutions without critical points.
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1. Introduction

In this paper, we continue the study of finite volume numerical approximation of solutions to the p-
Laplacian, 1 < p < 400, with homogeneous Dirichlet boundary conditions on a rectangular domain (2
in R2:

1.1)

—div (|ValP~?Va) = f, on {2,
=0, onof2.

The schemes we consider derive from minimization of a discrete functional approaching the energy
functional

J:EEWOLP(Q)HE/ |Vﬂ|pdz—/ fudsz,
PJao 0

see section 2.4 and Andreianov et al. (2004a) for details. Therefore, these non-linear schemes are easy to
implement thanks to conjugate gradient kind methods. For these schemes on rectangular non-uniform,
but somewhat regular meshes, a discrete WP error estimate of order hp_il, as p > 2, was obtained
assuming that the exact solution  belongs to W?2:?(2). Note that as f € Lp/(Q), u actually belongs

1
to W1-P(£2) and even to the Besov space Bij’” ' (£2) (see Simon (1978)); but as p > 2, no condition
on the right-hand side f is known to ensure that w € W2 (£2) (see for instance Ebmeyer et al. (2005)

where the W+52((2) regularity of @ is proved for any s < % and smooth enough data).



Then in Andreianov et al. (2005), error estimates were derived for all f € LP'(Q) (without any
additional restriction on the exact solution @), using the aforementioned Besov regularity and its finite
volume counterpart.

In this paper, we go in the opposite direction, looking for a proof of higher order convergence, al-
ready observed for finite element approximations of the p-Laplacian (see, e.g., Barrett & Liu (1993)).
We study solutions as regular as needed in order to obtain such a better convergence rate. The appro-
priate regularity assumptions are that = € W#1(£2) and that p > 3 (or p = 2). Moreover, the mesh
is required to be uniform: in this case the schemes possess symmetries that lead to cancellations in the
error terms.

We obtain in Theorem 3.1 a discrete WL error estimate of order h7-1 with m = 2 if p > 4and
m = p—2if3 < p < 4, provided that f vanishes on the boundary. For general f, an additional error
term of order h# T# 1 arises from the boundary. In section 3.4 we propose a slightly modified finite
volume scheme which enjoys an error estimate of order k-1 even if f does not vanish on 82. Thanks
to the Poincaré inequality (Lemma 2.1) and the discrete embedding in L*>° (Lemma 2.2), LP and L

error estimates of the same order follow.

In section 3.5, we study finite volume approximations of regular solutions of the inhomogeneous
Dirichlet problem for the p-Laplacian (3.29), focusing our attention on solutions without critical points
(called “nondegenerate™) and solutions @ such that |Va|~" € L(£2) (called “v-weakly degenerate”).
This study is inspired by the quasi-norm approach developed in Barrett & Liu (1993) and adapted here
to the finite volume framework. The results are collected in Theorem 3.3 (see also Remarks 3.2, 3.5,
3.6, 3.7 and Corollary 3.1, where regularity and degeneracy assumptions are discussed). For p > 3, the
convergence order in the discrete T » norm varies, according to the values of v, from h7=1 for v = 0
(i.e., when no integrability of |[Va| ! is assumed), to hv forv = +oo (i.e., in the case of nondegenerate
solutions). Better estimates can be obtained in discrete W19 norms for 1 < ¢ < 2; in particular, for
nondegenerate solutions we get the optimal order k2 for all ¢ < 2. The L> convergence order varies
from h7-1 for v = 0 to h2 for v = co. For 1 < p < 2 we obtain, in the case of sufficiently regular

nondegenerate solutions, the orders A2 in the discrete W? norm and K5 in the L norm. We want
to stress on the fact that our results, in contrast with others in the literature, may provide convergence
rates higher than 1 (up to second order) for the very simple nine-point finite volume scheme under study.

Note that the error analysis for finite element schemes for the p-Laplacian has been previously car-
ried out e.g. in Glowinski & Marrocco (1975); Chow (1989); Barrett & Liu (1993). To our knowledge,
for p > 2 the best error estimate in the W'-» norm for P! elements, is the Chow’s R rate as soon as
u € W2P(£2) and without any other assumption on the data f. First-order estimates in quasi-norms and
classical W9 norms with ¢ < p have been derived, under suitable assumptions on the source term f,
in Barrett & Liu (1993) and in Ebmeyer & Liu (2005). Higher degree finite elements were for instance
considered in Ainsworth & Kay (2000).

In section 4, we compare the theoretical convergence orders proved in this paper to numerical ex-
periments but also to some of the results obtained in the finite element framework in Barrett & Liu
(1993).

Let us discuss the very particular case of the Laplace equation (p = 2). Our results concern a one
parameter family of nine point finite volume schemes, which includes the classical five point finite dif-
ference scheme (see Eymard et al. (2000) for the finite volume point of view) for an appropriate choice
of the parameter. For this classical scheme, the 22 convergence rate is well known - see e.g. Samarskii



& Andréev (1978) and (Eymard et al., 2000, Remark 3.1). In Theorem 3.1(ii) and Theorem 3.3(ii)
(see also Remarks 3.2, 3.6), we generalize this h? convergence rate to our nine point schemes on the
rectangular domain (2, for solutions w € J,., W**(£2). This regularity is achieved, for instance, for
classical solutions @ € C?(£2) with source terms lying in | .., W?2*(£2) (see Remark 3.2).

Finally, we point out the fact that most of our analysis is valid for more general non-linear elliptic
problems like

s>1

—div(k(|Va|)Va) = f,

as long as the map s — sk(s) has suitable monotonicity properties (see Chow (1989) for instance), and
is smooth enough.

2. Thefinite volume schemes
2.1 Notations

Let {2 be a rectangular bounded domain of R?; without loss of generality we assume that 2 =0, L,[x]0, L, .
We consider a uniform mesh 7, i.e. a set of disjoint control volumes x € 7 isometric to a given refer-

ence rectangular volume | — 2 2[x] — £ X[ such that 2 = Ucc7k. We consider a family of meshes
with A tending to zero which satisfy the following assumption:
k 1
de; > 0, suchthat ¢; < 7 < —. (2.1)
1l

Let us recall some notations introduced in Andreianov et al. (2004a). We denote by z . the centre
of the control volume x. In order to take into account the boundary conditions, we introduce artificial
points constructed by symmetry with respect to the boundaries of {2 (see Figure 2.1).
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FiG. 2.1. Notations

The dual mesh 7* of 7 is defined to be the set of dual rectangular control volumes whose vertices
are the points x . and the artificial points.
Given a dual control volume x*, we define (see Figure 2.1):

X")i=1,2,3.4 the vertices of the dual control volume c* numbered counterclockwise starting
from the lower-left-hand corner.

o (af



. (ch* )i=1,2,3,4 the corresponding control volumes with centres (xf*)i:172,374.

e [X" the distance between ¥~ and 2, ; ; in this paper, since the meshes are assumed to be uniform,
wehave I =15 =handly =15 =k.

e o the half-edge between k¥ and k¥, ; located in c*.

In the sequel, we drop the subscripts k£* when the notation is not confusing. Conventionally, in a given
dual control volume, the indices ¢ € Z are understood modulo 4.

The finite volume method associates to each control volume x an unknown value u,. We denote
the set (ux).c € R7 by u”. The discrete function u? is called the approximate solution on the mesh
7. For any continuous function v on £2, the discrete function v? = (Vi) e With ve = v(,), will be
called the projection of v on the space R” of discrete functions. For a given discrete functionu? € R7,
the boundary conditions are taken into account by using the ghost-cell method (see Figure 2.1),which
means that we extend the values of u” to artificial points outside of 2 by odd symmetry with respect to
the corresponding boundaries.

Given a dual control volume x*, we define the projection operator T~ which associates to each
u? € R7 its values Ty (u”?) = (u] .-, uf ., uf ., u] .) in the four control volumes (k¥ ); that
intersect x*. Note that for boundary dual control volumes, ghost cells are used in order to give sense
to the definition of T,.~. For instance, if x* is located at the right-hand boundary of (2, we have by
definition

T _ T T _ T T _ T _
U jor = —Ug e ANA U3 oo = —Ug o, WHETE UG oo = U jous U jor = Uy o

2.2 Discrete semi-norms and Sobolev embeddings

Denote by 1, the characteristic function of the control volume x. Each discrete function u” € R7 is
identified with the bounded function u” = 3", uc 1, so that for r € [1,+oc] the norms ||u” || .-
are naturally defined. Let us define a discrete Sobolev semi-norm for the elements of R7. For any
u? € R7,and any c* € T*, we define the difference quotients

— uiﬂlx*—ufn* ,
5 (uT) = Lt T o gy 22)

Ir”
DEFINITION 2.1 Consider v € R7. For any «<*, we define
1 4 2 z
T o T
e = (53000 67)
to be an approximation of | V@|, so that the discrete WOL‘Z semi-norm of u7 is defined by

1
q
l gz = ( S m(en rz>|u7|i,c*) ,

K*eT*

for 1 < ¢ < +oc. We denote by W17 the space R” equiped with then norm || - ||1.4.7-



Below, discrete versions of standard embedding and interpolation inequalities for Sobolev spaces
are presented. Note that in Lemmas 2.1, 2.2 and 2.3, the zero boundary condition is taken into account
by using the ghost-cell method. These results remain true for the “all-uniform” schemes considered in
sections 3.4 and 3.5.

LEMMA 2.1 (DISCRETE POINCARE INEQUALITY) Let7 be a mesh of the rectangle 2. There exists a
constant C' which only depends on p such that for any u” € R7, we have

||u7||Lp < Cdiam(9)||u7|

1,p,7 -
The proof is an adaptation of the one given in Andreianov et al. (2004b).

LEMMA 2.2 (DISCRETE (QUASI-)EMBEDDINGS OF WP INTO L>) Let 7 be a uniform mesh of the
rectangle {2 satisfying (2.1). There exists a constant C, depending only on 2,p and ¢; (except for the
case (i)(b) below) such that for any v € R7,

(i) (@ asp>2, [u” || Lo < Cllu” |1 7
(b) asp=2, ||uTHU <Cr ||uTH1’27T forall r < oo;
) asl<p<?2 |u”lltr <ClluT|y, s foralr< 22,

_(2-p T
Ch™ 7 |lu” [l p -

(i) (a) asp=2, lu” | < Clnh| u” ||y 5 73
(b) ast<p<2 [u”|r~<

The proof for general admissible finite volume meshes is given, for instance, in Coudiére et al.
(2001). We only give below a sketch of the proof in the simplest case of cartesian meshes.
Proof. (i) For a given cartesian mesh 7" of (2, consider the set of rectangles «* N §2, with c* € 7*. Split
each rectangle into two triangles; we denote by 7 the resulting triangular mesh of (2. For u? € R7,
denote by @ the piecewise affine interpolant over the triangles of 7 of the values u, at the vertices x
and of zero values at the vertices located on £2. Note that @ € W, ”(£2). By the Sobolev embedding
theorem, as p > 2, there exists a constant C such that |[u”? ||p~ = iz~ < C||ﬁ||W01,p. It is easily

seen that ||12||W01,p < C||u7||17p77, which proves (a). In the same way, (b) and (c) follow.

(ii)(a) Using (i)(b) for all r < 400, we find

1 T
T _ _ 2 r1/r T T
7z = ma | = G (W)Y < e € Sl oz @3)
Searching for the optimal value of r, we find » = 2| In h| and deduce the result.
(b) Asin (2.3), we find [|u” [| = < 727 [[u” || - it suffices to take r = 52 in (i)(c). O

REMARK 2.1 Incase (ii)(a), reproducing the proof of the embedding theorem in the discrete framework,
one finds a bit sharper estimate ||u” || < C|Inh[*2[[u” ]|, 5 7.

LEMMA 2.3 (DISCRETE INTERPOLATION INEQUALITIES)
Let 7 be a uniform mesh of the rectangle {2 satisfying (2.1). Let 1<¢< t<p,and 0 = 4=t There

t(p—q)
exists a constant C, depending only on £2,p,c1, ¢, and ¢ such that [|u” [|1,.7 < Cllu”[|{ , 7llu” I}’
-0
Ast =2, [[u” |~ < Clu” |9, Ilu |1, also holds.

Proof. The results follow by the corresponding inequalities for Sobolev spaces, upon replacing v” by
its piecewise affine interpolant, as in the proof of Lemma 2.2(i). d



2.3 Construction of the schemes

In Andreianov et al. (2004a), we derived the general form of symmetric finite volume schemes on
cartesian meshes that are consistent with piecewise affine functions and that satisfy a W1 discrete
estimate.

In the particular case of uniform meshes, the schemes can be written as a system of the following
equations:

a(u?) = (ac(@?)) o7 = D mE" N Q)T 0 ag o Ti- (uT) = (m(K) fie) cer (2.4)
K*eT*

where (ux)cer are the unknowns and f. denotes the mean value of the function f on the control
volume «. Here,

ap(v) = (Bv,v)%Bv Yo € RY, (2.5
where B is a4 x 4 matrix defined by the choice of a parameter £ as follows:
+5+2  —4E-% 4¢ 46—
:L _45_% 45"'%"’% _45_% A (2.6)
2hk 4¢ —AE-L Agy R 4k '
—4¢-h 4¢ —4E—E g4 R4

This choice ensures the consistency, and the symmetry of the scheme.

In Andreianov et al. (2004a), more general schemes were studied, where the parameter £ and con-
sequently the matrix B and the map a¢ may depend on x<*. The fact that £ does not depend on x* is
fundamental in the present paper, since we need the symmetry properties of the scheme on each control
volume.

DEFINITION 2.2 We say that a scheme defined by (2.4), (2.5), (2.6) is admissible, if
E h

For any control volume x, the numerical flux a, is naturally decomposed into the contributions of
the half-edges o C 0k N oK™ :

ax(u?) = Z ax.o(ul)

ocCOKNIK*
where for k = K;?* and o = af ax.o is defined by
o (u”) = mogo (57 (u7),05 (w7),65 (), 65 (u7))
with )
po [ 70— 26301 +0s), W5 =1,3,
90(51762763764) = [q(61762763764)] 2 (27)
—6; — 28K (65+64), ifj =24,
and
1< h , k )
_ 2
901,02, 03,01) = 5 ;ai +¢ (E(zsl +03)% + 5 (52 + 04) ) .
Note that ¢(5t " (u”), 85" (u7), 85" (u”), 85 (uT)) = [ B2 Tes (uT) 2.
Let us recall the following property (see Andreianov et al. (2004a)):



LEMMA 2.4 Let~y > 0 be such that

h

1 k
§<; and8£+E+E>7. (2.8)

Then there exist 31, 32 > 0, depending only on ~ and on ¢; in (2.1) such that
BiluT |- < BT (uT)| < BaluT |1 - VK* € T*, VuT € R7. (2.9)

2.4 Discrete energy

We call discrete energy of the scheme the following functional .7 acting on discrete functions u”? € R7:

Zm ) frctte = — Zm K* N 2)|B2Tpex (uT) P —Z m(K) ficte.

xkeT )c eT* KkeT

Jr(u?) =

’BI>—‘

This functional is strictly convex and coercive, and its unique minimizing point is the unique solution
of the set of discrete equations (2.4). In practice, we compute the approximate solution by minimizing
Jr through standard iterative algorithms. The functional J7 inherits the well-known properties of
the functional J : u € Wy?(2) — Jo %|Vu|P — fu associated with the continuous problem (see
Andreianov et al. (2004a)):

LEMMA 2.5 If p > 2, there exists a constant C' > 0 such that for any u”,v7 € R7,

(VIr(wT) = VIr@w?), o7 —u?) > CO|lu? - THl T (2.10)

2.5 Previously obtained error estimates

We recall the error estimates obtained in our previous works.

e For W2P(£2) solutions

For p > 2 and non-uniform rectangular meshes, the following estimate is obtained in Andreianov
et al. (2004a):

3p—d (p—2)2

< Chlfulw2» + Cho=T ll\ullé’é’é Rl (2.11)

[a” — 7,

provided that the solution % of the p-Laplacian (1.1) belongs to W27 (£2).

0, T

e For general solutions
For uniform meshes and all f € Lp/(Q), it is proved in Andreianov et al. (2005) that

1-2 .
l? ~ 7|y 7 < ChTT- ”HfII‘”(p V@l sy, ifp>3

1 i 2 .
[ =3 ||y, < ChE|fII7 [l if2<p<3.

In these estimates, the constant C' > 0 depends only on ¢; in (2.1) and v in (2.8).



3. Higher-order error estimates
3.1 Principle of the proof

In order to prove the error estimates (2.11), we used the fact that

(VIr@”) = VJr@”),a” —u”) = > Y Rox(ux —Tx)

Ke€T o€k (31)
= > Ro((we — ) = (we — w2)).
o=K|L
Here R, . is the so-called local consistency error defined by
Rox = axeo(u?) — (— / |Va|P~2Va - v, ds) , (3.2)
and R, = R, = —R, .. Now for any ¢ and «, the local consistency error R, . is, in general, of

order h? if W is smooth enough (say in C2(£2)). This yields the estimate (2.11). We will show that
cancellations due to symmetries of the scheme imply that the term . = R, « is of order h* (at least
if x is an interior control volume; see also section 3.4) provided that @ is regular enough (roughly
speaking, if it is in C4(12)) and g, is of class C3. According to (2.7), we thus need to control ¢“=" .
Therefore our result is restricted to the cases p > 4 and p = 2. For the case 3 < p < 4, in the same way
we exhibit an intermediate consistency order h2(P=2), Another possibility is to assume that | V| does
not vanish, which yields the consistency order h* for all p > 1.

The key-point s to treat the right-hand side of (3.1) in a different manner, bringing together the terms
which originate from all the eight half-edges which delimit a control volume x € 7. Let us rewrite (3.1)
in the form

(VIr@®) - Vir@”),a” —u”) =Y ( > R(m) (U — Tx). (3.3)

keT ‘o€

DerINITION 3.1 For a given volume x € 7, we call mean consistency error R, the sum of the local
consistency errors associated with all the half-edges surrounding the control volume «:

Re= Y Rox.

o€k

Theorem 3.1 relies upon the estimate of this mean consistency error, which is quite technical. But
the principle of its proof already transpires in the case of interior volumes, and if the reader assumes that
u belongs to C*.

3.2 Estimate of the mean consistency error

Denote by 3 the multi-index (3., 3,) € (Z*)? of order |3| = B, + 3,, and by D” the correspond-
18]

aﬁzxaﬁyy
derivatives of the function w on (2.

In the sequel, we denote by C' any constant that depends on ||@||y.1, 2, p, ¢1 (appearing in (2.1))
and ~y (appearing in (2.8)). Finally, we use the Landau symbol O(1) to denote any bounded function
with respect to the mesh size h, the norm of @ in W+ (£2) and, perhaps, other variables.

ing derivative . Whenever it simplifies the notation, we may also write w,,w,, . .. for the



The goal of this section is to state and prove Proposition 3.1 which provides an estimate of the mean
consistency error R, for any control volume x € 7. To this end, let us introduce some notations and
give some preliminary results.

Without loss of generality, assume that x =] — &, &[x] — &, &[and let o9 = {4} x [0, £] be one
of its four vertical half-edges. Denote by ,, 7, the reflexions of R? in the coordinate axes, namely
7, (z,y) = (—z,y) and 7, (z,y) = (x, —y) for all (z,y) € R2. For any smooth function w on &, we
define

(w?), 65 (w”?), 65" (w”), 05 (w”)),

5w(8) = (ww(%78)7wy(%75)7 _ww(%75)7_wy(%78)) Vs € [07 %]7

the (65* ); being defined in (2.2) and x* being the unique dual control volume containing . Let us state
some properties of the function g,,, defined in (2.7) (for j = 1 in this particular case). For convenience,
we now drop the subscript og.

Notations : For any multi-index o = (ay, oo, a3, a4) € (Z1)* of order |a| = a3 + as + a3 + ay,
we denote by D¢ the corresponding derivative of the function g(-,-,-,-). We will also write D, for
D1.0.0.0) " D, for D(O:1.0.0) Dy, for D(2:0.0.0) Dy, for D(1:1.0:0) and so on.
LEMMA 3.1 Let w be a regular enough function on x.

(i) Forany 8 = (8., 3y) € (Z*)?, we have

Df(worm,)=(-1)*[Dw]or,,  DP(worm,)=(-1)"[Dw]om,
(i) Forany a € (Z*)*, we have, for all s € [0, £],
D®g(8uor, (5)) = (1) T+ [DY (b0 (5))] 0 72,
Dg(buor, (5)) = (=1)* T [Dg(0u(s))] o T,
(iii) We have, for all s € [0, 5],
Dig(0u(s)) = —D2g(0u(s)), D219(du(s)) = —Darg(du(s)),
D239(du(s)) = —Dasg(0w(s)), andalso Dzg(du(s)) = Daag(du(s))-

Proof. The first point is a direct consequence of the chain rule. In order to prove the second point for
w o T, we just have to see that for any § € R*, by (2.7), we have

g(_517 527 _537 54) = _9(615 527 537 54)7
so that for any a € (ZT)%,
Dag(_alv 523 _537 54) = (_1)a1+a3+1Dag(517 527 533 54)

The result follows if we apply this identity to §,, = (w,, wy, —w,, —w,) and use the first point. The
result concerning w o T, is shown in the same manner.



As to the third point, using (2.7) we easily compute

—2 p—4 h k
Dyg(61,02,03,04) = _pT (6) = <51 + 2@5(51 + 53)) <52 + 2E€(62 + 54)) ,

—2 p—4 h k
D4g(61,02,03,04) = _pT (6) = <51 + 2@5(51 + 53)) <54 + 2E€(62 + 54)) :

Hence, as § = d,,(s), we obtain

-2 —4
Dig(0u(s)) = Daglwg. wy, —wg, —wy) = —F=(w] +w)) "= wyw,,

p—2 Pt
Dug(0uw(s)) = Dag(we, wy, —wg, —wy) = —T(wi +wy) T we(—wy) = —Dag(du(s)),

which is the first claim of (i). The other claims are shown by similar computations.
]
Let us note that, calculating ¢, on x* by the Taylor expansion of @ at a point x € k* € 7*, we
readily obtain the following result.

LEMMA 3.2 Letu € W?2°°((2). Assume that the mesh 7 satisfies (2.1) and (2.8). Then there exists a
constant C, depending only on ¢y, v and ||@||y2. such that for all «* € T*, for all z € * one has
| [@” |1+ — [VU(z)| | < Ch.

The main result of this section is the following.

PROPOSITION 3.1 Assume thatw € W*41(£2) N W, ?(£2). Then for any k£ € 7, we can write R, =
R. + R?, so that R% = 0 whenever 9x N 942 = (), and the following estimates hold.

o|R.| gOhQ/ 3 |Dﬂﬂ|ds+ch/ Y D% dz+Ch/ flds, OrP>3.
oxno2 |4 <|6|=2,3 OxN0$2 orp=2

) forp >4
i 2 — —12 —3 p=z .
. |R,C| < Ch E / Q{ E |DP7|+ E |D|? + E | D7 +1] dz, orp—2 (3.4)
eV KN L g 1=y 18]=3 |B8|=2

furthermore this estimate also holds for all p > 1 in case |Vu| > p > 0 on « and h is small enough;

> / [Z D%+ (D4 |Dﬁa|3+1} dz
K*N§2

.|| < Chp‘z{

*eVj =4 =3 =2
K*eVk 18l 18] 18] (3.5)
+h/ > |Dﬁﬂ|ﬁds}, for3 < p < 4.
% |51=2

REMARK 3.1 Note that for 3 < p < 4, a similar estimate can be obtained if we require that w €
Cc3r=3(0).

Proof. We only consider the contributions of the set £ of vertical half-edges of «, as the proof for
the set £ of horizontal half-edges of x can be obtained in the same way. Like in the beginning of
this section we can assume without loss of generality that « =] — &, 2[x] — &, £[ and we denote by
oo = {%} x [0, ] one of its vertical half-edges.



Let us rewrite (3.2) for each of the four vertical half-edges of x. We use 7., 7, and 7. o 7, as changes
of variables to express each term as an integral upon the half-edge 0. We obtain

> o=

2
oe& 0

>

[Tﬂ(s)—FTEOT”(S)—FTHOTy(S)—‘y—THOT'yOT’(S)} dS, (36)

where, for s € [0, £] and for a given function w on «, we define

1(5) = gory (0) = Gorg (s (5)) - 3.7)

We shall write a Taylor expansion of each of the terms in (3.6) using (3.7). For this reason, let us
denote by £¥(s) the vector (e¥(s),e¥(s),e¥(s),e¥(s)) = 00 — dw(s). Furthermore, let us define
X €]0, 1] to be the order of Hdlder continuity of the second derivatives of g. We easily find y = 1 for
p>4,and x = p— 3 for3 < p < 4. Infact, when p > 4, the function g is at least in C3(IR*).

We can now use the Taylor expansion of g around ¢,,(s) in order to write r*(s) as follows:

4 4
r(s) = ZDig(%(S))ﬁl“(S) + % Y Dig(8u(s)e (s)ef (s) + | (s)FXO(D).

ij=1

We remark now that, thanks to Lemma 3.1, one can rewrite this expansion as:

r(s) = D Dig(6u(s))el’ (s) + D2g(du(s)) (e (s) €4 (5)

i€{1,3}
41 > Dijg(u(s)el (s)e (s) + Y Daig(du(s))(eh (s)—e¥ (s))el (s)
2,0 ie{1.3} (3.8)
+ %Dzzg(lsw(s))(fgj(s)—62”(8))2 + [D229(5w(8)) + D249(6w(s)) |€3'(s)eq (3)

+e”(s)7O(1).

Let us compute precisely each of the terms in (3.8).
» If xisaninterior control volume: By interior control volume, we mean a volume x € 7 such that
dx N 082 = (. Denote by zo(s) the point (4,s) € op. The points 1 = (0,0),z2 = (h,0),23 =
(h, k), z4 = (0, k) are the vertices of the dual control volume «* containing o,. Note that, as « is an
interior control volume, the points (x;);=1.... .4 are located in 0.

Using the Taylor formula for w to estimate ¢* (), we have, for any s € [0, £]:

w 2 82
ey (s) = — swyy + o Wawa + ?Uimy
Lot Y / (=12 3 [DPuw(t; +(1—t)o(s))dt,
j=1,270 |8]=4 (3.9)
ey (s)=—(k—s)w —h—2w —Mw
3 Ty 24 TxxT 2 TYy

Lomrt Y /O (1=t)> S [DPw(t; +(1—t)o(s))dt,

j=34 18=4



h 1 h2 h(k — 2s) k2 — 3ks + 352

e (s) =5 Way + 5(/6 — 28)Wyy + mey + — 1 Wayy + fwyyy
oMk Y / (1= 3 D w(ta;+ (1—t)wo(s))dt,
1= o= (3.10)
4E) zéw — l(k — 28)Wyy — h—2w + hik —2s) 28)10 — —kQ — Sks 382w
Lot S / (112 S [DPuw(t; +(1—t)wo(s))dt,
j=1,4"0 |8|=4

where all the derivatives of w in the main terms of the expansion are taken at the point zo(s). In
particular, we have

w w h? k% — 3ks + 3s2
€5 (s) — ey (s) =(k — 28)wyy + wawy + f“}uw

1
romp Y /0(1—t)3z|Dﬁw(txj+(1—t)xo(s))|dt.

7=1,2,3.4 |8|=4
Note that the same expansions can be truncated at orders one or two; in this case the remainder terms take
4
the form O(1) Z/ (1=t)""" Y [DPw(tz;+(1—t)ao(s))| dt with n = 2 or n = 3, respectively.
j=1"0 |B]|=n

Moreover, the second derivatives of w € W*1(£2)NW, *(£2) are uniformly bounded due to the Sobolev
embeddings. Hence we also have

(2 () = (10?08~ 20022
4 1
+ O(1)h? (1—)2UPI= D DB (ta; 4+ (1—t)zo(s))|* dt ).
[z oPe

Substituting the expressions for % (s) into formula (3.8), we can see that each of the terms of order
one with respect to & in r*(s) can be expressed as

a(s)Do‘g(éw(s))Dﬂw(%,s)7 with |a(s)| < Ch, |a|=1, |8] =2,

: . (3.11)
where a1 + a3 + [, isevenand s + a4 + 5, is odd.
Similarly, each of the terms of order two in r*(s) can be written either as
b(s)D"g(8u(s)) D"w(4,5) Wit [b(s)| < Ch*, o] =1, |8 =3, a1
where a; + as + 3, is even, '
oras
b(s)D°g(5()) DPw (4, $)DMw(y ), with [b(s)| < OB, o] =2 (3.13)
18] = |y| =2, where aj + a3+ B + 7. iseven. '

o Assume first that p > 4. Due to the properties stated in Lemma 3.1, we see that each of the terms
of order two is of the following general form:

b(s)¥® (4, s), with [b(s)| < Ch? and ¥ : & +— R suchthat ¢*°T> = — o1,



From (3.12) and (3.13), ¥ has an explicit form so that we can easily compute a%wﬂ for each term.
Using that ¢ € C3(R) (since p > 4) and that @ is supposed to be in W#1(£2) and hence is also in
W3:2(02),W23(£2) and W1°°(£2), by the Young inequality we get

Yp® e Whi(k) and
/ “ldz < C {Z D7+ (D4 |Dﬁu|3+1} dz. (3.14)
K

9 u
i
xz K
3]=4 18]1=3 1B1=2
Therefore, the total contribution to (3.6) from ' and 1)*°7= is estimated by:

k

/ " b(s) (W7 (5, ) + 7T (4, 5)) ds

0
<Ch2//
o Jon

< ChQ/ [Z D%+ DA+ |Dﬂﬂ|3+1} dz,
K

|B|=4 |B|=3 181=2

%wﬂ(x, s)| dxds (3.15)

and the same estimate holds if we replace @ on the left-hand side by @ o T,,.
The contribution to (3.6) from any first order term in (3.8) can be written in the following form:

a(s)¢® (%,s), with [a(s)] < Ch, and ¢ :x—R
such that ¢“°%* = —¢* o 1,,and $*°Tv = —¢“ o 7,.

Using (3.11), the Young inequality and Sobolev embeddings for @, we can estimate the derivatives of
¢¥ as follows:

¢* € W2l(k), and

82
I

dz< C
0xdy ‘
Collecting the contributions to (3.6) from ¢%, ¢%°T= ¢%°Tv " TvoT= we get

(bﬂ

K

S0t Y Dt S |D%|3+1] dz. (3.16)

|Bl=4 |B8]=3 |B|=2

‘/05 a(s) (¢E(%7S)+¢EOTL(%’S)+¢HoTy(%’s)_;'_(bﬂoTyOTz(%’S)) ds

/0 T a(s) (67(2.5) — (=5, 8) — OT(5,—5) + (%, —s)) ds

BEoe 92 o
< U
) Ch/o /—%/—s‘axay(b (z,y)| dydzds

< ch2/ [Z D7+ (D4 |Dﬁﬂ|3+1}dz.
K

|B8]=4 18]=3 1Bl=2

(VB
(VB

(3.17)

By (3.6), the contributions to the first and second order terms in deg% R, « is estimated by the right-
hand side of (3.4).



e If 3 < p < 4, we cannot obtain (3.14) and (3.16) since a%D‘lg(vm can be unbounded for
|a| = 2. Inthis case, D*g is only Holder continuous of order x = p — 3. Therefore we have to estimate
in a different manner the terms of the form

1=/ o) [D"‘g(W(ﬁ))Dﬁﬂ(é)D”ﬂ(f) D (vm@)D%(s)m(s)L_(%75)} ds

k
2

with || = 2, || = |y| = 2 and |c(s)| < Ch2. Let us denote by %, the product D%z D 7. We remark
that |77 < O30 5, |D"al* € L%(dx) forall ¢ < +oc, and \g | < O 51205 DUl Let us
estimate I by

| <Ch2/k |Dg(Vu(—4, )| [7%(%,5) — 7" (—4,5)| ds
2 (3.18)

+Ch2/,ﬁ|Da( a(3,5) = Dg(Va(—t, )| |7(3,5)] ds

The first part in the right-hand side of (3.18) is estimated by ChQ/ > |5=2,3 [P |*dz. Using the
K

Young inequality ab < hX~'a'/X 4+ hXpY/(1=X) " Va, b € RT, we can bound the second one by

Ch? /

|D5 a(z, s)| do '|7ﬁ(g,s)|ds

h

2Npl=2""72

< Ch? [hx—l/ > |D%|dz+h></ > |Dfa|Tx xds]
K

181=2 oK | 51=2

As we have x = p — 3, we see that 1 is estimated by the right-hand side of (3.5).

k
2
e Now consider the terms in r*(s) ds corresponding to the contribution of the remainders in

0
the Taylor expansions of €¥(s). Suppose that w = @ (estimates with w =@ o 7,,wo T,,u o T, o T, are
similar). Using the Young inequality and the bounds on the second derivatives of @, we can estimate all
of them by

h2+X+h3/Z/ 1— t[Zwﬁ ©O1+>_ I aE))> +)  |D%u(¢ |3+1}dtds (3.19)

Bl=4 |B|=3 181=2

where the integrand is evaluated at { = tz;+(1—t)xo(s). Changing variables (¢, s) to the cartesian
variables on x, we see that the remainder terms in deg% R,  are also controlled by the right-hand
side of (3.4) and of (3.5).

e The case p = 2 can be treated in the same way as the case p > 4, with the understanding that the
linearity of the Laplace equation considerably simplifies the calculations.

e Thecase p > 1, |Vu| > p > 0, can be treated as that of p > 4 if we show that (3.8) remains
valid with x = 1. Since W*1(£2) c W2°°(£2), it follows by Lemma 3.2 that [a” |, - = 3(67 + 63 +
83 + 6%) > p/2 for all h small enough. Since the function g, in (2.7) is of class C* when restricted to
the set {(81, 82,03, 04) € R* |67 + 63 + 62 + 63 > u}, the expansion (3.8) holds true, with y = 1 and
O(1) that depends on .



» If x isa boundary control volume: The previous computations are only valid for interior control
volumes. Now, we have to deal with boundary control volumes. Again, it is sufficient to estimate
Z Ry.». As we are concerned with the half-edge oo = {&} x [0, £], there are in fact only two
gely

new)csituations to study: if x is located on the upper boundary of {2 or if x is located on the right-hand
boundary of (2. The other configurations can easily be treated in a similar way.

o If  is located on the upper boundary of 2, the computation of £%(s) is the same as that in the
interior case. Thanks to the conventional treatment of the boundary (see Figure 2.1), we easily see that
e¥(s) = ey (s) + 2ws(%,s). We will use the following expressions only for w = worw = wo T,
which both satisfy the Dirichlet boundary condition w = 0 on 9£2. As we are concerned here with the
top boundary of (2, we also have w, = 0 on 92 N dk. Let us introduce the points y; = 1, yo2 = x2,
and y3 = (h7 %)v Ya = (Ov %)

The Taylor expansions of w, between x((s) and ys and between z((s) and y,4 give

2

2ws (%, 5) = —(k = 28)Wny + T Wars + (5 = 5) Wayy

Lot S /O (1=t 3 |DPwity; + (1 — t)ao(s))dk.

j=34 18=4

Finally, we obtain

w 7h? k , 82
2§ (6) =~ = ey + G+ (G =92+ 5 ) w

1
+omn* Y /0 (=) 3 1D%w(ty; + (1 - t)ao(s))]dt.

i=1.2 16]=4

Furthermore, using one more time that w = 0 on 92, we find that

o | h? h k2 — 6ks + 126
£y (s) = 5 Way + Z(lf —ds)wyy + g Wazy + g(k — 48)Wayy + — o1 Y
1
oMk Y / (=) 3 D% w(ty; + (1 — t)ao(s))]dt,
7=2,370 |6]=4
) | h? h k2 — 6ks + 1267
ey (s) = §wzy - Z(lf — 4s)wy, — ?wzzy + g(k — 48 wayy — Twyyy
1
+omp Y / (=) 3 |DPw(ty; + (1 — t)ao(s))]dt.
j=1470 16]=4

As in the case of interior volumes, we will also use the lower order Taylor expansions of ;. Bringing
together the four first order terms in (3.6), arising from ¢%, ¢™°7=, ¢%°Tv and ¢“°T=°Tv, we have to
estimate

I= / T a1(9)67(5,5) + a1 ()67 (5.5) + aa(s)7 T (1,5) + aa(s)0 T (1, 5] |
0




where a; and a9 are two distinct functions such that
la1(s)| < Ch, |az(s)|] < Ch,

and ¢ is such that ¢»°T= = —¢" o T}, and ¢“°Tv = —¢* o T},.
Hence (3.17) becomes, in this case,

/05 ai(s) [¢"(%,s) — d"(—2%,5)] + az(s) [o"(—%, —s) — ¢" (4, —s)] ds

/0 *(aa(s) — a1(5)) [67(~ 2, —5) — 67(4,—5)] ds| = [ + I,

The first term I; can be treated in the same way as (3.17). Using the expression of ¢%, we can estimate
the second term by

Ch//%

Thus we obtain the estimate for the first-order terms. Furthermore, the second-order terms in (3.8) are
estimated as in the case of interior control volumes, since in (3.15) we only bring together the terms
associated to w and w o 7T,

8¢“

IS

drds < C’h/ (Z D7) + |D5u|> dz. (3.20)

181=2 181=3

o If x is located near the right-hand boundary of 2, notice that the half-edge oy is a part of the
boundary of (2. Consequently, the computation of €{’(s) is again given by (3.9)-(3.10). Furthermore,
we have €3 (s) = e} (s) + 2wy (%, s) = €}(s) since w = w, = 0 on oo, which is a part of the vertical
boundary of (2.

Using that w = wy, = wyy, = wyyy = 00n oo, we deduce that

w h h2 hs 82
€1 (S) = _Zw$$ — SWyy + ﬂwzzz + Zwmmy + ?U}xyy

+0)h? /1(1—t)3 Z |DPw(tay + (1 — t)zo(s))|dt,
0 |61=4
and

() = B — (k= sy — bt + hk—s), (& - Qi
+O(1)h? /1(1—t)3 > [DPw(tws + (1 — t)wo(s))|dt.
0

|B|=4

Hence £} and €%’ have the same form as the corresponding ones in (3.9)-(3.10), except for the terms

i%wm and i%wrm which do not possess the good symmetry properties of the other terms. We
remark that the estimates of the terms that have the same form as in (3.9)-(3.10) remains true. Let us
now concentrate on the two new terms.



The contribution in (3.6) to the second order term i’;—iwm can be easily controlled without sym-
metry considerations by

el

Cn? / (D19l + 1D3g]) Tzl + (0 T, )anal)ds < CH2 / D% ds.
0 oxNos2

Unfortunately, the contribution to the first order term i%wm is not so well controlled. This contribu-
tion, denoted by I3, can be written as

b= [T (D0 (6) = Daglu(s)ose(s.5) ds

and since on oo we have w,, = 0, this yields

k
h 2
I3 = Z/ (Dlg(wzvoa —wz,O) - D3g(w$703 _wzao))wff(%a S) ds
0

= %/Og (,%(g(wr,(), —wr,O)) ds.

Using (2.7), we find that g(w,, 0, —w,, 0) = —|w,|[P~2w,, o that
9
ox

As wy = 0 on og, we deduce that

(g(ww,o, —wm,O)) = —(p—1)|ws|P 2wy

0 p—2 p—2 p—4
— (|wz + w§|p2 wm) = |w? + w§|p2 W + (p — 2)|w? + wfl|p2 (WeWez + WyWay )Wy

ox

_ 0
= (p_ 1)‘wr|p Qwrr = —%(g(wz,o, —wz,O))

on oy; using the fact that [w?2 + w?| pT_wa = 0 identically on oq, we finally get

k
h 2 (9 p—2 8 p—2
I ) _( - Y ’ 1) _< : y ’ )d ’
3 /0 . |wy, +wy| 2wy | + a9 |wy 4wy, | = wy ) ds

Hence as w = w or w = @ o T, using equation (1.1), we find in each case

|I3] < Ch |f| ds. (3.21)
oKNoN

Let us note that the trace of f on 012 is well defined because f is continuous over £2. Indeed, the second
derivatives of @ are in W21 (£2) which is embedded in C°(£2). This ends the proof of the estimate for
the case of volumes adjacent to the right-hand boundary of (2.

o The estimate of the mean consistency error for the volumes adjacent to the lower and the left-hand
boundaries of (2 follows by a symmetry argument. Note that the terms corresponding to the four corner
control volumes can be easily treated using only the estimates of the local consistency error given in
Andreianov et al. (2004a).

Collecting estimates (3.15), (3.17), (3.20), (3.21) and (3.19) we obtain the claim of the proposition.
O



3.3 WP error estimates for the homogeneous problem

Setm =2incasep >4orp=2,andm = p— 2incase 3 < p < 4. From Proposition 3.1 we deduce
the following error estimate:

1

[T =7 iz < Ol b0 e (supf1) " b+, (3.22)

Here the a priori regularity = € E is assumed (we require in most cases, £ = W%*1(2); see also
Remark 3.1). More precisely, we have the following result.

THEOREM 3.1 Let@ € W, " (£2) be a solution of (1.1), and let u7 be the solution of the corresponding
admissible finite volume scheme, in the sense of Definition 2.2, on a uniform mesh 7 which satisfies
(2.1) and (2.8).

There exist constants C, ¢ that only depend on {2, p, ¢; and ~ such that:

(i) foru e E=W*1(£2) and p > 3, (3.22) holds;

(i) forp=2,andw ¢ E = W*4(£2) with some ¢ > 1, (3.22) holds with m = 2.
Whenu € E = W41(02), (3.22) holds with 12 replaced by h?|In k.

Note that m > 1 in each case, so that the convergence order obtained here is improved compared to
the order h# T obtained in (Andreianov et al., 2004a, Theorem 3.1), for the finite volume approximation
of less regular solutions. Under specific assumptions on the integrability of |Va| =7, for some v > 0 the
results above will be further improved in section 3.5.

REMARK 3.2 Letp = 2, f € Uss1 W25(£2), and let @ be a classical solution of (1.1) on the rectan-
gle £2. Then, the regularity assumption @ € Uy~ W*#(§2) is automatically fulfilled, so the result of
Theorem 3.1(ii) applies.

For the sake of completeness, let us give a proof relying on (Grisvard, 1985, Theorem 4.4.4.13).

Proof.  Denote the corners of the rectangle {2 by Sy = Sy = (0,0), S1 = (L4,0), S2 = (L, Ly),
S3=(0,L,),and the edges of 2 by I'; = [S;_1,5;], j = 1,...,4. Let f € W25 () with 1 < s¢ < 2.
We start with u € C2(£2), the solution of the Poisson problem (1.1), p = 2; note that f(S;) = 0,
j=1,...,4. The function u, € H'(2) solves the problem

—A(ug) = fr Inf2
Uy =0 0nF1UF3,
(%(ux):—f—uyy:—f on Iy, g—n(um):f—kuyyzf onIy.

Note that the right-hand side of the equation is in L5 (§2), s; = 250 ; furthermore, the boundary
conditions on I;, j = 1,...,4 are regular, and the compatibility condltlons at the corners S; are
fulfilled, since f(Sj) =0.By Th 4.4.4.13 cited above, we deduce that u,, € W21, The same argument
applies for u,,. Now, the function u,, € H'(2) solves

Auzz) = fox In$2
=0 onlyUlIs, (3.23)
uw:—f—uyy:—f onlyUIy.



The compatibility conditions are fulfilled at the corners, and we still have a regular enough source term
and boundary data to conclude that u., € W2 (2), by Th.4.4.4.13 cited above. The same reasoning
holds for w,,. This is sufficient to conclude that all third and fourth derivatives of « are integrable at
least to the power sg.

U
Proof of Theorem 3.1. Using Lemma 2.5 and (3.3), we have
Clu” =a” |}, 7 < (VIr(u”) = VIr@"),u” —a") =Y (D Rox)(ux —Tx)
. k€T o€k (324)
= ZR}C(u +ZRb x —Ux) = By + Es.

KeT KeT

e Case p > 4: Thanks to Proposition 3.1, the first term E; in the right-hand side of (3.24) can be
estimated by

|Ex | SC’h?HuT_ﬂTHLm/ [Z |Dﬂu|—|—z |D5u|2—|—z |Dﬂu|3+1}

|B|=4 |B|=3 |B|=2

The term Es is in fact a sum over the boundary control volumes only, so that

Bl < On T o ([ 57 i)

181=3
( / > |D5a|2dz) [ue — | (3.25)
K@)Cﬁc’)!?;é@ K|8|=2,3

+CR(swplfl) D Jux — T =T+ To + T,
of2 K,0KND QD

+ Ch?

The term T3 is estimated by | F |, using the Sobolev embedding theorem. By the Holder inequality, the
term T5 is estimated by

1 o2 L
2 B—2 : U — Uk :
< Ch (/ > D%l dz) ( Z m(x) | = )
|8]=2,3 K,0KNONAD
Ch2 Dﬂ 2 d % U — ﬂ}C P % pT_pQ
Z |DPT|* dz Z m(K) - Z m(K) .
\ﬁ| 2,3 K,0kNON2F#D K<, 0NANFAD
However, thanks to the boundary conditions (see Figure 2.1), we know that
e )| _ (0 =)=l =8|

where k* € Vi is such that i* N 942 # 0. Hence

To < OR0'% [u? =7 |y, 7



In the same way, the term T3 in (3.25) can be estimated by
Ts < C(supgg [FDh 2k oxnonzs m(K) ‘@‘ )
< C(supyg |f|)h<zn,aman¢m mx) | e p) ' (Z;c,amarz;em m(’C)>
< Clsupgg |F)RT [uT =77,

Finally, collecting the previous results, we get

L
Iy

1,p, T

T _ 47 +L w7 _T T -7 T =T
lu® =@, 7 < (Sglg|f|)h 7 —u ||y 7+ CRP(Juh =3 || pe + [0 =TT ||, 1),

so that using Lemma 2.2(i)(a) we deduce that

_1
[T = < o (supl 1) 4 o,

with the constant C; depending only on p, {2, v, and ¢, and C depending also on ||@||yy.1.

e Case 3 < p < 4: In this case, the new term
(h”XZ | ¥ ot pds)m — 7 | e,
|B]=2
appears in (3.24) with xy = p — 3. This term can be rewritten as
Ch*™ (Z | X e vds) Ju” = a7 |1,
|B]=2

where the sum on I is taken over all the horizontal and vertical lines in £2 composed of the boundaries
of the control volumes. We have at most % such I'’s, and for a given I', the integral is estimated using

the Sobolev embedding W41 (£2) ¢ W25 (I'"). Note that the constant in the embedding is the same
for all I"’s. Hence, the new term is finally estimated by

Coh™™X||u? — a7 || pee.
Other terms are estimated as in the case p > 4, with k2 replaced by A tX,

e At this point, we have obtained, for p > 4 and 3 < p < 4, an estimate of the form

" =7l < G500 )T A 4 con,
where C5 depends on |||/ 4.1 (). Since both the equation (1.1) and the discrete schemes are homoge-
neous in w, it follows by a scaling argument that in fact the constant C5 depends linearly on ||@||y1.4,

as claimed in the theorem.

e Casep = 2: The claim for w € W*(£2) follows in exactly the same way as in the case p > 4,
using Lemma 2.2(ii)(a) in order to estimate ||u? — @7 ||y .



Whenu € W44(02), ¢ > 1, note that @ is estimated by |||+« in W324(§2) and in W?2:34(02).
Thus we can apply the Holder inequality in order to estimate the terms E; and 77 (the estimates of T3
and T remain unchanged). We find |77| < C|E4| and

¢ N7
|B1| < CRPJlu” = ||| o (/ {Z D%+ (DaP+ |D5U|3+1] dz) :
2

|B8]=4 18]1=3 181=2

The claim follows by using Lemma 2.2(i)(b) and the scaling argument above.
U

REMARK 3.3 Using the W77 estimate of Theorem 3.1, one deduces, among others, error estimates
in L?,L> and W17 ¢ < p; also, an estimate of |.J(w) — J7(u” )| can be obtained.

In the two following sections, we improve the above error estimates in two ways.

3.4  Error estimate for ““all-uniform™ schemes

First, let us slightly change the definition of the mesh. Let us define the volumes of the mesh to be of
the form xc =(i — $)h, (i + DA[x](G — D)k, (G + Dk[withi =1, Z= —1,5=1,... . 5 —1.In
this case (2 is not covered by | J,c., K, but we have 2 = | J,.. ... £*. In other words, we now consider
a vertex-centered method and not a cell-centered method. The boundary condition is taken into account
by assigning the value zero to all vertices of dual control volumes located on the boundary 942. Discrete
gradients are reconstructed in each dual volume x* in the same way as for the previously considered
schemes. With the zero boundary condition imposed this way, Lemmas 2.1, 2.2 still hold. Then, the

scheme

ar(u?) = m(K) fi Vk e T, (3.26)
is equivalent to the problem of minimizing the functional
1 1
Jru” = = Y m(e)| B2 (T (7)) [P = > mlk) et (3.27)
K*eT* kel

This functional is strictly convex and coercive on R7, so there exists a unique solution to the modified
scheme. In the sequel, this scheme will be called “all-uniform”. Indeed, even if uniform meshes are
chosen in the previously considered schemes, some symmetries are broken for the boundary control
volumes; thus the lower-order term depending on sup,,, | f| appears in the error estimate. For the all-
uniform scheme, all volumes are covered by four isometric dual control volumes lying in (2, so the
symmetry is never broken. We have the following result.

THEOREM 3.2 Let 7 satisfy the assumptions of Theorem 3.1, and let u” be the solution of an all-uniform
scheme satisfying (2.1) and (2.8). Then the estimate (3.22) holds with ¢ = 0, in each of the cases (i),

(ii).

The proof is the same as for the “interior volume” case of Theorem 3.1.

3.5 Error estimates for weakly degenerate solutions of the inhomogeneous problem

Improved W47 error estimates for 1 < ¢ < p can be derived if we assume that either | f| is positive,
or | £~ with some > 0 is integrable on £2. In turn, interpolating ||u? — @7 ||~ between W'»7 and
W7 norms with ¢ < 2, we improve the TW-P-7 estimate of Theorem 3.1.



The key argument is the inequality of (Barrett & Liu, 1993, Lemma 2.1) for &, € R?,

(1€[P=2¢ = [nP=2n,6 =) = Clp, )| —nl* (€] + [n])* " asp>1,¢> 2.

Proceeding as in the proof of Lemma 2.5 (cf. Andreianov et al. (2004a)) and using (2.9), we can
therefore replace the inequality (2.10) by an error estimate in a quasi-norm:

_ _ —t
Y om(c" N Q)uT =T (JuT e + [0 1)
}C*

(3.28)
<C(VIr(w”) = Vir@),u” —u’) =Y ( > RM) (ux — ).

KeT “o€&x

If for some v € (0, 0o, one has )~ . m(x* N Q)|ﬂ7|1‘7;* < C uniformly in A, using the inverse Holder
inequality and Proposition 3.1, one gets W17 estimates for sufficiently small g. This motivates the
following definition.

DEFINITION 3.2 For v > 0, we say that u is v-weakly degenerate, if |[Va| ™ € L1(£2). We say that u
is nondegenerate, if |V@| > p > 0on £2.

REMARK 3.4 Since we are interested in v-weakly degenerate solutions @ which belong, in particular,
to W2:°°(£2), either we have v < 2, or @ is nondegenerate.

Indeed, if Vu(zo) = 0, then |Vau(z)| < C|z — zo|. Thus the integrability of |V@|~” implies that
|z — 20|~ in integrable in a neighborhood of =y € R?, which implies that v < 2.

A sufficient condition of weak degeneracy and nondegeneracy of solutions of the p-laplacian was
given in (Barrett & Liu, 1993, Lemma 4.2), which in our case reads as follows.

LEMMA 3.3 Letp > 2, w € W*(£2), and —div(|Vu[P~2Va) = f on 2. Then |Vu| > p > 0 if
|f|~ € L®(0), and |[Va|-7P=2) ¢ LY(Q)if |f|~7 € L' (2), v > 0.

Note that the case of nondegenerate solutions, which can be natural in a wide range of physical
situations, is interesting since it yields the consistency estimate (3.4) valid not only for 3 < p < 4
(where it improves (3.5)), but for all p > 2 and evenfor 1 < p < 2.

A positive bound from below for |Va| being incompatible with homogeneous Dirichlet boundary
conditions, let us apply (3.28), Proposition 3.1 and interpolation techniques to study finite volume ap-
proximations of weakly degenerate solutions of the problem

{ —div (|ValP~*Vau) = f, on £, (3.29)

u =g, onaf

with (at least) f € LP'(Q) and g € Wl‘%"f’(a(z). Actually, we consider solutions @ that are at least
W41, in particular, it follows that ¢ can be defined pointwise on 942.

For the sake of simplicity, let us consider only all-uniform schemes for (3.29) (see section 3.4). The
inhomogeneous Dirichlet boundary condition is taken into account by assigning the values taken by
the function g at the vertices of dual control volumes located on the boundary 9£2. Discrete gradients
are reconstructed in each dual volume x* in the same way as for the previously considered schemes.



Note that Lemmas 2.1, 2.2, 2.3 hold for all u” € R7 supplemented with the zero boundary condition
in the above sense. Then the scheme, still written in the form (3.26), is equivalent to the problem of
minimizing the functional (3.27) on R7, so that it possesses a unique solution. Also the consistency
estimates (3.4), (3.5) of Proposition 3.1 remain valid (recall that the error R® is zero in the case of
all-uniform schemes).

The error estimates for p < 2 use the W 1?7 estimates on @’ and «7 stated below.

LEMMA 3.4 Letw € W2 be a solution of (3.29) and «7 the solution of the scheme (3.26) on a
uniform mesh 7 satisfying (2.1) and (2.8). There exists a constant C' that only depends on {2,p,c1,y and
||| 2. such that ||a” |1, 7 < C and ||u? 1,7 < C.

Proof. The first estimate follows directly from Lemma 3.2. The second estimate follows from the first
one, if one multiplies (3.26) by (u,C _ﬂ’C)KGT and uses (2.4), (2.5), (2.9), as in the proof of (Andreianov
et al., 2004a, Lemma 3.3).

O

In the following theorem, W-»-7 and L error estimates are collected for the all-uniform scheme
for the inhomogeneous problem.

THEOREM 3.3 Let @ € WP(£2) be a solution of (3.29), and u” the solution of the corresponding
admissible all-uniform finite volume scheme, in the sense of Definition 2.2, on a mesh 7 which satisfies
(2.1) and (2.8). We denote e” = «” — @”. Under the a priori regularity assumptions @ € E, in the
cases (i)-(iv) below we have the following error estimates.

(i) For p > 2, assume that @ is nondegenerate. Assume also thatw € E = W*1(2). Then,
le7 1l 2.7 < Ch2|mhl, 7|y, 7 < CR|[InhfF, (7]~ < CR? A (3.30)

(i) Forp=2,assumethatw € E = W4(£2). Then,
€7 1,07 < CH* Al (€7 ||L~ < Ch*|[Inhf>, (3.31)
In each of the cases (i), (i), if u € E = W45(£2) for some s > 1, then the factors with | In k| in the
estimates (3.30), (3.31), respectively, can be omitted.
(iii) For1 < p < 2, assume that u is nondegenerate and @ € E = W*1(£2). Then,

3p—2 4(p—1)

le” | 1p7 SCh el <Ch™ 7. (3.32)
If wis nondegenerateandz € E = W (£2), then
el pr < Ch2, [Tl < Ch™F (3.33)

(iv) For p > 3, assume that @ is v-weakly degenerate, 0 < v < 2, andw € E = W41(02).

2v
p—2+4v"

a) For3<p<dandv >p—2,setqy = Setm = p — 2. One has

( ) 2m(p+v) ( )
le7 1 gr < CREE7, 7|y < ChoG 200 [T || < ChE350 . (3.34)




b) Forv < p—2,setm =2withp > 4,and m = p — 2 for 3 < p < 4. One has

2m(p+v) m(2+4v)
1o S Ch7Es || || < O3 3. (3.35)

2m(14v)
le7ll1,1,7 < Ch2=2 ||e7|

In each of the cases (i)-(iv), the constant C' depends on ||@|| £, p, £2, ¢1, v, and on . (resp., on [, [Va|~")
for the cases of nondegenerate (resp., v-weakly degenerate) solutions.

Applying Lemma 3.3, one can ensure the nondegeneracy or the v-weak degeneracy.

COROLLARY 3.1 Ifp > 2,1 € E = W4L(2) (orw € W5(£2) for some s > 1) and |f|~* € L>(£2),
then the corresponding conclusions of Theorem 3.3(i) hold.

Ifp>3,ucE=WH(02)and |f|~7 € L'(£2), v > 0, then the conclusions of Theorem 3.3(iv)
hold with v = v(p — 2).

Further, proceeding as in the proof of Remark 3.2, in the case p = 2 one can weaken the a priori
regularity assumptions on @ in Theorem 3.3.

REMARK 3.5 Let p = 2, and assume that % is a classical solution of (1.1) on the rectangle 2. Let
(I'j)j=1,...,a be the partition of 02, as introduced in the proof of Remark 3.2. If @ corresponds to data
(f,9) such that g is continuous on 842, and for some s > 1, f € W25(2) and g € W2 5:5(I}),j =
1,...,4. Thenw € W*5(£2), and the conclusion of Theorem 3.3(ii) holds.

REMARK 3.6 We suspect that for nondegenerate solutions of the p-Laplacian, regularity results similar
to Remark 3.5 hold, at least for smooth domains (2. Indeed, @ solves in this case a nondegenerate
elliptic equation —div (a(z)Vu) = f with a = |Va|P~2, and one can bootstrap the corresponding
regularity results. For instance, if V& is assumed to be periodic and nondegenerate (this assumption
can be relevant in the case when @ is the pressure field in a nonlinear porous medium), then the above
argument applies.

Finally, note that if no integrability of | V@] =" is assumed, we formally set » = 0 in (3.35) and the
proof of Theorem 3.3(i) still applies, providing the generalization of Theorem 3.2 to the nonhomoge-
neous case.

3.6 Proof of Theorem 3.3

In each of the cases (i)-(iv), we apply (3.28) and then various Hélder, embedding or interpolation in-
equalities in order to estimate ||e7 |1 4,.7 With suitable chosen values of ¢ and go. The estimates of
lleZ |1,z and |7 || are recovered by interpolation.

Note that within our method of proof, one could perform the same calculations with all admissible
choices of ¢ and ¢ (that is, 1 < ¢ < 2 < t). Let us point out that the convergence orders we obtain
with the special choices of ¢, go below are the best ones.

Let us denote by C' a generic constant with dependencies allowed in Theorem 3.3.
First, note that by Lemma 3.2, one has
\Va(z)| < [a” |1 + Ch (3.36)
forall z € x* € T* and all h small enough. Take ¢ € [2, p] in (3.28); with (3.36), we get
/ vaPte’ | o de < CY (Y Rm) (ux —Tx) + Chp—f/ le” [} . da.
2 2

xeT <o€5;c



Here and in the sequel, we write |Va|P~t|e7 |} .~ for the function given a.e. on {2 by
z— |Va(z)[P~'|e” i .., wherex* € T* is the dual control volume that contains x.

Asu € W41($2), by Proposition 3.1 adapted to all-uniform schemes (in which case the term R%
disappears), proceeding as in the proof of Theorem 3.1 we deduce that

/ Va7t . de < Ch™|eT [ + ChP €T, 1. (3.37)
(9]

Here m = 2, except for the case 3 < p < 4 in (iv) where m = p — 2. Whenu € W45(2) with s > 1,
proceeding as in the proof of Theorem 3.1 (case p = 2) we can replace (3.37) by

/ |Vﬂ|p*t|eT|’i’,€* dz < Ch™|e
e

+ €T} 1 (3.38)

Finally, we saw in the proof of Theorem 3.1 that, in the limiting case where ¢ = p, the two inequalities
(3.37) and (3.38) reduce respectively to

/ e} v dz < Ch™|le” || -, (3.39)

/ €71} e do < CR™ [T |, =, (3.40)

since the extra term due to (3.36) is no longer needed.

» case (i): nondegenerate solutions, p > 2
In the case where w € W*1(2), we start with (3.37) with ¢ = 2. The nondegeneracy of u and
Lemma 2.2(ii)(a) yield
€713 2,7 < Ch*|Inhl,

as stated in (3.30). The L°° estimate follows by another application of Lemma 2.2(ii)(a). Further, the
Whp.T estimate follows from (3.39). Finally, the LP estimate follows by Lemma 2.2(i)(b).

In the case where uw € W*(§2) for some s > 1, we start with (3.38) with ¢ = 2. Using the
nondegeneracy of 7 and applying Lemma 2.2(i)(b) with r = =+, we get the W27 estimate without

the | In | factor. The W17 and L>° estimates follow from (3.40) and Lemma 2.2.

» case(ii): p =2
The proof is a simplification of the previous one, with t = p = 2.

» case (iii): nondegenerate solutions, 1 < p < 2
Here we use (3.28) with ¢t = 2 > p, and apply the Holder inequality to obtain

(55 ) (S 1)

keT ‘o€l

2-p

2

T
lle” 117

We deduce, using Lemma 3.4, Proposition 3.1 and Lemma 2.2(ii)(b),

P — P
2

_2-p
e 117, 7 < C(h*lle” =) * < C(A*h™ 7" |leT 1 p.7) %,



which yields the W17 estimate in (3.32). The L estimate follows by Lemma 2.2(ii)(b). The L?
estimate is obtained by Lemma 2.1.

If 7 € W72 (£2), by the Holder inequality, we estimate Yower (Xocer Rox)(ux — Tx) with
Ch2|\ﬂ||w4,3_2iLz |\e7||L2_2_&, as in the proof of Theorem 3.1 (case p = 2). Using Lemma 2.2(i)(c), we
deduce the W27 estimate in (3.33). By Lemma 2.2(ii)(b), the L>° estimate follows.

» case (iv): v-weakly degenerate solutions, p > 3
We start with (3.39). For all g9 € [1, 2], by Lemma 2.3 we have

T T T o7
77 .7 < Ch™[leT | < CR™ €711 g 7lle” 1507
where 6 = qul(f’ qZ; Using once more the interpolation inequalities for [|e” || ., we get the estimates
0
7 g7 < CHFH [ TITTE, Tl < ORFST T T2 (3.41)

ecae(ivi(a): v >p—2
In this case, we necessarily have 3 < p < 4 by Remark 3.4, hence m = p — 2. Now let us take
¢ =21in (3.37), and choose qo = -3

—2
_’10%0 = —v, we deduce

‘170 23q
T (% T\q —(p=2)1.T |2 —1— o £ > °
e = e Ldr < Vu e « dT /Vu 20 dx
I = [ 17 et < ([ 01T R eae) ([ fom o)
< Ch

g0 (p—2)
B |eT || 2 + Ch ™

e (13,7

Interpolating |le”||1,2,7 by Lemma 2.3 and using (3.41), we get

a(p—1)46

le7 a7 < €715 gz e I35 < CR#=57 ||eT ||, 2 5 (3.43)
witha =6 = g‘(’p” q2§ Substituting (3.41), (3.43) into (3.42), we obtain
m(1—8) 0(p—1)+6
€7 l[1.q0,7 < CRTT 15 [T || 77 27 T 4 on' RS [ P
By the Young inequality, we deduce
leT ooz < Cheo=itn=ss 4 Cp ST +3r. (3.44)

Note that for h small enough, the second term in (3.44) is controlled by the first one. Indeed, since
m = p— 2, itis sufficientto set z = 1 — 6 € (0, 1) and show the inequality

+z
P S 1) (3.45)
which amounts to p?(1 — z) + z(1 + 2)(p — 1+Z) 0. Since 1+Z < 1 < p, (3.45) holds true.
From (3.44), using the valuesof m = p — 2, q¢o = P 2+U and 0 = p” qig = +V, we get

(r— 2)(P+V)

1,40, T ChQ(p 1+e) p0 = C'h™ 2p—2F

le” ]



as stated in (3.34). The W'»7 and L estimates in (3.34) follow by (3.41).
ecae(iV)(b): v <p—2

Now we take t = tg = p*” in (3.37), and choose ¢p = 1. As in (3.42), we deduce

11,7 < htOHfﬁTll +onw" He 1,0, 7

le” |

Interpolating |7 ||1,¢,,7 between |le7 |1 1,7 and ||e? ||1 .7 and using (3.41), we get in the same way as
in the case (iv)(a),
(p—tg)(p—1+6) oy

htolr— 1+9) 0 + Ch top-D(I-a)

with = 22 o = 2=t — Substituting 6 and «, after cancellations we find
p 1) to(p—1) p+u
2m(14v) + m(14v) um(qu%)_’_l
||€ Hl 1,7 < < Chz—2F 4+ Ch 2(1u 1) o1 < Ch?™ +3 L Oh™ 2D p-T, (346)
since m < 2. Setting z = p — 1, we have

1+v V(Z*%) 1 v(e=3) _ vlz—3) _ v(z—3)2-2—%) <0,

z+% 2z z — z(2+%) 2z - 22(2+%)
since z = p—1 > 2and v > 0. Thus the second term on the right-hand side of (3.46) is controlled

by the first one, for 4 small enough. This proves the W17 estimate in (3.35); the W»7 and L™
estimates follow by (3.41). O

REMARK 3.7 In the statement of Theorem 3.3, we assume that we control a priori the degeneracy of the
exact solution w. We saw in Lemma 3.3, due to Barrett & Liu (1993), that for p > 2 it is possible to
provide a priori a control on the degeneracy of w if the source term f does not vanish too quickly.

We note that, in fact, we can also replace the degeneracy restrictions on @ by degeneracy restrictions
on the approximate solution «” which can be easily computed for any 1 < p < +o0. Indeed, one can
replace the nondegeneracy assumption on @ by the condition

3C >0, [uT| - = C VK&, (3.47)

the constant C being independent of the mesh size. In the same way, one can replace the v-weak
degeneracy assumption by the condition

3C >0, Zm T |1 %. < C. (3.48)

The principle of the proof is exactly the same: we start with (3.28) and use Proposition 3.1, replacing
the inequality (3.37) by the inequality

T \p
/|u e

Using now either assumption (3.47) or assumption (3.48), we can conclude the proof in the same way
using Holder and interpolation inequalities.

7|t e dz < Ch™|[e” || oe.




4. Numerical results

In this final section, we present some numerical results obtained using the finite volume scheme de-
scribed above. The aim of this section is to investigate the sharpness of our theoretical results.

We begin with an example of a nondegenerate solution whose analytical expression is given by
u(z,y) = exp(xz + my). For p = 4, the results are collected in Table 1. In that case, estimates (3.30) of
Theorem 3.3 hold without the logarithmic factor since @ is smooth enough. It appears that second-order
convergence is achieved in all norms considered. Hence, the second-order error estimates in the 17 1,2
and L°° norms stated in Theorem 3.3 are sharp whereas the W 1:? estimate does not seem to be sharp.

TaBLE 1 Nondegenerate case, p = 4

Wh2err, Whp err. L err

Theoretical order 2 1 2
Numerical order 2.0 2.0 2.0

In the case p = 1.5, estimates (3.33) in Theorem 3.3 hold. In that case, numerical results reported in
Table 2 show that the second order W -7 estimate is sharp whereas the g convergence order in the L™
norm is not sharp.

TABLE 2 Nondegenerate case, p = 1.5

Whp err, Lrerr. L err
Theoretical order 2 2 5~ 1.66
Numerical order 2.0 2.0 2.0

Our next example is a degenerate solution defined by @(z, y) = sin(37z) sin(37y). This solution
is v-degenerate with v = 2 — ¢ forany e > 0. We present in Table 3 the results obtained for p = 4
so that estimate (3.35) in Theorem 3.3 applies. We see that the numerical convergence rates are better
than the theoretical predictions in any norm. Nevertheless, the error estimate in the W ! norm is not
too far from being optimal. Furthermore, to our knowledge, no other result in the literature is able to
predict convergence orders greater than one in any Sobolev norm for finite volume or P! finite element
schemes for the p-Laplacian.

TABLE 3 Sinusoidalcase,p=4,v =2 —¢

Whp err, Wwhierr, L?err. L err
Theoretical order 3 e~ 0.75 3_e~15 5 _e~1.25 1
Numerical order 1.15 1.8 1.8 15

Our last example is one of the test cases studied in Barrett & Liu (1993). The analytical radial
solution we consider is u(z,y) = 7, where r is the distance to the center of the domain. This
solution has exactly one critical point and is v-degenerate with v = %. We present in Table 4 the
results obtained with p = 4 and ¢ = 7. We can see that, as in Barrett & Liu (1993), the theoretical
error estimates given by Theorem 3.3 are pessimistic. Nevertheless, our result ensures a theoretical
convergence rate greater than 1 in the W '-! norm whereas the results in Barrett & Liu (1993) only give



a theoretical 111;3 rate. Our resuts in the W 1-» and L> norms are also sharper than the one in Barrett &

Liu (1993) since they obtain, in this reference, the convergence rates of % —eand 1% — e respectively.

TABLE 4 Radial case,c =7,p=4,v =3

WP err. whlerr, L7 err. L err
Theoretical order 32 ~ 0.70 2 ~1.04 2 ~0.93 2 ~0.81
Numerical order 2.0 2.0

Notice finally that the comparison between our results with the all-uniform finite volume method
and the finite element schemes used in Barrett & Liu (1993) is relevant. Indeed, up to the choice of
discretisation of the source term, the finite element scheme studied in the reference above coincides
with a slight modification of our all-uniform finite volume scheme, where the discrete gradients are
reconstructed by affine interpolation in triangles obtained by bisection of our dual control volumes x*.
Moreover, if all the bisections are performed in the same direction, as it is the case for the numerical
results presented in Barrett & Liu (1993), it can be shown that these schemes also possess the higher-
order consistency properties of Proposition 3.1. Hence, the proof of Theorem 3.3 can be easily adapted
to the finite element method and we expect the two schemes to have the same behavior on uniform grids.

5. Conclusions

We presented in this paper the convergence analysis of a family of nine-point finite volume schemes for
sufficiently smooth solutions to the p-Laplace equation on uniform cartesian meshes. By taking advan-
tage of the symmetries of the scheme we are able to improve the error estimates in the energy space
WP obtained previously for the same schemes. Moreover, adapting to the finite volume scheme the
quasi-norm estimate method introduced in Barrett & Liu (1993), we give further improved convergence
rates under the assumption that the exact solution is either nondegenerate or weakly degenerate. In par-
ticular, for nondegenerate smooth solutions we obtain, in the case p > 2, a sharp second order estimate
in the L> norm. Finally, numerical examples are presented which show that our results are sharp in
some but not all situations. We also provide comparisons with previously published convergence results
for P! finite element schemes closely related to our finite volume schemes.
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