OUTFLOW BOUNDARY CONDITIONS FOR THE
INCOMPRESSIBLE NON-HOMOGENEOUS NAVIER-STOKES
EQUATIONS

FRANCK BOYER AND PIERRE FABRIE

ABsTRACT. In this paper we propose the analysis of the incompressible non-
homogeneous Navier-Stokes equations with nonlinear outflow boundary con-
dition. This kind of boundary condition appears to be, in some situations, a
useful way to perform numerical computations of the solution to the unsteady
Navier-Stokes equations when the Dirichlet data are not given explicitly by
the physical context on a part of the boundary of the computational domain.

The boundary condition we propose, following previous works in the ho-
mogeneous case, is a relationship between the normal component of the stress
and the outflow momentum flux taking into account inertial effects. We prove
the global existence of a weak solution to this model both in 2D and 3D. In
particular, we show that the nonlinear boundary condition under study holds
for such a solution in a weak sense, even though the normal component of the
stress and the density may not have traces in the usual sense.

1. INTRODUCTION

1.1. Statement of the problem. We are given a smooth and bounded (say C?)
domain © in R? (d = 2 or d = 3) and we denote by v the outward unit normal on
the boundary I' = 99Q2. For any real number x we define its positive and negative
part respectively by ¥ = max(x,0) and = = max(0, —x).
This work is concerned with the study of the non-homogeneous Navier-Stokes

equations :

Orp + div (pv) =0,

dive =0,

d(pv) + div (pv @ v) —div (o) = pf,

p(O) = Po> U(O) = Vo,
where the stress tensor, with density-dependent viscosity, is defined by

o =2u(p)D(v) —pld,
p and p being respectively the density and the pressure of the fluid and D(v) =
%(Vv +tVv) the symmetric part of the gradient of the velocity field v. This system
models the flow of an incompressible non-homogeneous viscous fluid.

It is necessary to prescribe boundary conditions for problem (1) on 9Q. One
part of the boundary of Q2 (denoted by T’ in the sequel) is said to be the inflow
boundary (see Figure 1). On this part the Dirichlet data p,, and vi, are supposed
to be given. Then, on the remaining part of boundary of 2 (denoted by Tyyt in
the sequel), we assume that no physical boundary data is available. This typically
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UV = Vin I_‘ou‘c
P = P Outflow B.C.

Fin
FiGure 1. Inflow and outflow parts of the boundary of 2

happens when, for computational reasons, the domain €2 is strictly included in the
physical domain so that some part of the boundary is purely artificial. We are
interested here in the analysis of a nonlinear outflow boundary condition model on
1—‘out given by

p=pi, onlD where (v-v) <0,

U = Vi, on [y, 2)
1 .
OV = Oyef .V — Epin(v V)T (U —ver), on Loyt

Here, v and o,.¢.v are given reference boundary data for the velocity field and the

normal component of the stress tensor such that / Uref * de—|—/ Vin - vdw = 0 at,
r

Tout in

any time t. This nonlinear term will let us obtain an energy inequality for system
(1) preventing finite time blow up of the solution. Notice that, even though T,
and T'y¢ are respectively called inflow and outflow part of the boundary, it is not
assumed in the following analysis that vy, - v < 0 on T'y, and of course it can occur
than v-v < 0 even on Ty (it is the situation where the nonlinear term has a role
to play). In particular, the Dirichlet condition on the density takes place on the
whole part of the boundary I' where v - v < 0.

The analysis of such a model is motivated by previous studies of similar boundary
conditions for homogeneous fluids. Indeed, in that case, it is shown in [7, 8] that
such a model is well-posed and can be successfully used to compute flows in artificial
domains without too much vortexes reflexions on I'oy and good agreement with
the expected solution.

Of course, the numerical efficiency of this approach highly depends on the choice
of the reference boundary data v, and oper.. To our knowledge there is no uni-
versal strategy to make such a choice. Nevertheless in many cases the physical
intuition of the behavior of the flow may help us to do so. As an example, for the
classical computation of a flow past obstacles in an open channel, the Poiseuille
reference flow is used in [6, 7, 8] and gives results that do not depend too much on
the distance between the obstacles and the artificial open boundary of the compu-
tational domain. Furthermore, in the same references, numerical comparisons with
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the usual imposed normal stress condition are given showing that, for high Reynolds
numbers, the nonlinear term in (2) is crucial to avoid non physical reflexions and
blows up of the solution. Unfortunately, no rigorous results are available yet to
give a precise justification of the method and to understand the influence of the
reference flow on the solution.

Remark 1. Let us notice that the outflow boundary condition we propose is con-
sistent with the Navier-Stokes equations in the physical domain in the following
sense.

Indeed, consider the 2D homogeneous case (p = cst = 1), which is the only one
for which uniqueness of weak solutions is known and for which the present remark
can be made rigorous. Suppose that the physical domain 1y contains 2 and that
Tin = 9Q N Oppys, 50 that Toug C Qpnys \ 2. Let us consider now an initial data
vg for the NS equation on €y and Dirichlet boundary data vhound on 9€pnys-
Denote by (vphys, Pphys) the unique solution to the incompressible homogeneous NS
equations associated to those data and by opnys the corresponding stress tensor.
Assume finally that (vphys, Pphys) 1S smooth enough, that is for instance a so-called
strong solution (see [22]).

Let (vyef, 0rer) given and consider now (v, p) the unique solution to problem (1)-
(2) with p = 1 (see [8]), the initial data vy restricted to €2 and the inflow data
Vin = Ubound ON L'jn. Then, the following estimate can be shown

[[v = pnys|| Lo o, 7], £2(2)) + [[v = Vpnys| L2 o, 71, 11 (2))

S C(HO’ref.V — O'phys.VHLz(]O’T[’H*%(Fout))

10 1) oo 1ot — vphys||m<]o,mm,t>),

the constant C' depending only on the data T, vy, and vpoung- This result shows
in particular that, if we are able to choose vief and oyef close enough to vphys and
Ophys (wWhich of course we do not know exactly) then the solution v computed in
Q with our outflow boundary condition will be close to the exact physical solution
Uphys-

Such an estimate is not achievable in the present non-homogeneous framework
due to the lack of regularity of the density p (that is the same difficulty which
prevents us to prove uniqueness of weak solutions).

In the last years, many authors have considered the problem of outflow (or
artificial) boundary conditions for various kinds of equations. In the particular
framework of fluid mechanics, the case of Oseen equations were considered for
instance in [14] while the case of stationnary homogeneous Navier-Stokes equations
is treated e.g. in [12, 17, 18] (see also the references therein). In each of these works
the original physical domain is supposed to have a particular shape (typically an
exterior domain or an half space). This is used in a fundamental way by the
authors to derive their method and to prove convergence results. On the contrary,
our boundary condition (2) does not rely on particular geometric assumptions on
the domain, provided that suitable reference flow can be chosen.

Boundary conditions only involving the pressure were considered for instance
in [2, 9, 15] where well-posedness results are given but no convergence results. In
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these references, the validity of the chosen approach is discussed through numerical
simulations. Some other authors have proposed to build artificial boundary con-
ditions in the velocity-vorticity formulation (see for instance [3]). Unfortunately,
this formulation is not available for non-homogeneous flows and in that case we are
needed to work with the primitive variables: density, velocity and pressure. To our
knowledge, artificial boundary conditions in this particular framework were only
studied for compressible viscous or inviscid flows (see [19, 23, 24]).

1.2. Outline. The present analysis is devoted to the proof of existence of weak
solutions for the above problem, that is the transient non-homogeneous incom-
pressible Navier-Stokes equation (1) with boundary conditions (2). As usual in the
theory of weak solutions of the incompressible Navier-Stokes equations (see e.g.
[22]), uniqueness of such solutions is only established for homogeneous fluids (that
is when the density p is a constant) in the two dimension case (see [8, 5]). In
comparison with the homogeneous situation, many new difficulties appear in this
analysis.

e We need to give a precise sense to the Cauchy/Dirichlet problem for the
transport equation with non tangential and non smooth vector field v. Most
of this material is already available from a previous work by the first author
[4] and is recalled in Section 2. Nevertheless, we needed in the present paper
to complete this framework with a stability result of the solution p as a
function of v (see Theorem 4), which is an important result by itself. This
result will let us pass to the limit in an approximate problem, in particular
in boundary and viscosity terms.

e Suitable weak formulations of the problem, with divergence free test func-
tions, formally obtained by integrating by parts the equation an using (2)
are discussed in Section 3. Our main results are then stated in Section 4.

e In Section 5, we introduce (in the same spirit than [16, 21]) an approximate
problem for the weak formulation under study (equations (21) and (26)) and
we show that it admits a global solution, through a fixed point procedure.
Then, in Section 6, we provide estimates on the approximate solution and
we perform the limit in the approximate problem. This concludes the proof
of Theorem 5.

e Section 7 is devoted to the proof of Theorem 6 which states that the non-
linear boundary condition under study is satisfied, in a weak sense, by the
solution to the weak formulation of the problem. This is done using once
more the fine properties of the traces of solutions to the transport equation
obtained in [4]. Finally, we conclude the paper by studying in Section 8 a
slight modification of our outflow boundary condition which let us prove
the same results under weaker assumptions on the data.

1.3. Notations and assumptions. We suppose that I' = T';, U oy where Iy,
and ',y are disjoint open sets in I with positive measures. We introduce the space

V={ve (€>=(Q))4, s.t. divo =0, and v =0 on Tin},
and let H (resp. V) be the closure of V in (L2(Q))? (resp. (H'(Q))%). We also

define the space Hl (Q) of functions in H'(Q) whose trace vanishes on T, and
1
HE

in

(T') the space of functions in H2 (') which vanishes on T'j,.



OUTFLOW BCS FOR THE NON-HOMOGENEOUS NAVIER-STOKES EQUATIONS 5

Let T' > 0 be fixed. We assume that p, € L>(Q2), p, > 0and p;, € L>°(]0, T[xTI),
Pin = 0. In this paper, excepted in Section 8, we assume that there exists o > 0
such that

1 1
o € L), (3)
% € L'(j0,T[, LM(T)). (4)

n

These conditions allow the given initial and inflow boundary densities to vanish
on zero measure sets. They are obviously satisfied if we assume that inf p; > 0
and inf p,, > 0. Notice that, condition (3) was considered in [16, 21] in order to
improve some of the results concerning the problem (1) with homogeneous Dirichlet
of periodic boundary conditions. In Section 8 we will study a slightly modified
boundary condition (see (56)) for which we are able to perform the analysis under
the weaker assumptions that p, and p,, are positive almost everywhere.

Notice that the boundary condition (2) only depends on the value of the reference
flow v on the outflow boundary I'gy:. Nevertheless, in order to perform the
analysis, we need to consider a divergence free extension of this boundary data and
of vy, still denoted by wvyer in the sequel and satisfying

vrer € L(J0, T[, (L*(Q))") N L (10, T[, (H*(2))%),
withr=2ifd=2and r=4if d = 3,
div vy = 0, (5)
Ayvrer € L2(10,T[, (L2())4),
Uref = Vin, ON Lijy.
We also suppose given oy¢ such that
ovet-v € L2(J0, T[, (H™%(T))%). (6)

We take vg € H and f € L2(]0, T, (L*(Q))?). Finally, the viscosity p is supposed
to be a continuous function such that there exists fimin, ftmax € R satisfying

0 < fimin < 41(8) < fmax, Vs €R. (7)

2. THE TRANSPORT EQUATION

2.1. Notations. For any = € Q we denote by d(x,T") the distance between x and
the compact set I'. For any £ > 0, we define the following two open sets

O, ={r e, dz,T ) <&}, and Q. ={z € Q, d(z,T) > ¢}

Since ) is bounded and regular, there exists o > 0 such that the maps d(-,T")
(distance to I') and Pr (projection on I') are well defined and smooth in Og,,.

As a consequence it is possible to use (d(z,T), Pr(x)) € [0,&q] X I as a coordinate
system in O, (see for instance [4, 5]). For any function F :]0,T[xQ, — R we will
use the notation:

F(t,{,w) = F(t,w — &v(w)), Y(t,&w) €]0,T[x[0,&] x T.

Notice that for any w € T', we have F(t,0,w) = F(t,w). The reverse formula
obviously reads

F(t,z) = F(t,d(z,T), Pr(z)), for almost every (¢,z) €]0,T[xOk,.
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FiGURE 2. Notations near the boundary of Q

We can now introduce the space CY([0,&q], L9(]0, T[xI")) of measurable functions
F(t,x) such that & — F(-,&, ) is continuous with respect to ¢ with values in
L1(]0, T[xT) in the variables (¢,w).

For any ¢ € [0,¢q[, we note Iy = {x € Q, d(x,T') = ¢}. Notice that for any

¢ €[0,&q] we have
00, =T'uUTl,, 0Q,=T,.

For any 0 < & < &g, the manifolds I and I', are isomorphic through the parallel
transport with respect to the vector field —{v. Let J¢(w),w € I" be the Jacobian
determinant of the isomorphism between the manifolds I' and I'.. For any G €
LY(T,), we have

Gw')dw' = / Gw—&v(w))Je(w) dw = / G(& w)Je(w) dw.

re r r

Therefore, for any F € L*(]0,T[xO¢,) the following change of variables formula
holds:

/OT/O,, F(t’x)dtdx:/OT/On/l,F(t’f’w)Jg(w)dtdng vn €]0,&a]. (8)

Notice that Jy(w) = 1 for any w € I'. Furthermore, we choose £, small enough so
that (&, w) — Je(w) is smooth and satisfy 3 < Je(w) < 3 for any (¢,0) € [0,&a] xT.

Finally, notice that there exists a smooth function d: Q0 — Rsuch that d = d(-,T)
into O, so that we can define for any € Q, the vector field v(z) = —Vd(z) which
is regular bounded and which coincides with the outward normal vector field near
the boundary of the domain. More precisely, we have

v(z) =v(Pr(x)), for any z € Og,.

2.2. Trace theorem - Initial and boundary value problem. We recall here
some of the results proved by the first author in [4] concerning the transport equa-
tion for non tangential vector field with Sobolev regularity. These results are among
the main tools in the study of our problem. The proofs of these results use, in par-
ticular, the fundamental concept of renormalized solutions as introduced in [13]
for the study of the transport equation for velocity fields tangent to the boundary



OUTFLOW BCS FOR THE NON-HOMOGENEOUS NAVIER-STOKES EQUATIONS 7

of the domain. This concept was used to study problem (1) with usual boundary
conditions (periodic or homogeneous Dirichlet) in [10, 11, 16] for instance.

Theorem 1 (Trace theorem). Let v € LY(]0,T[, (WH1(Q))?) such that dive = 0
and (v-v) € L°(|0,T[xT) for some § > 1. Then, any weak solution (in the
distribution sense) p € L*°(]0,T[xQ) of the transport equation

Op+v-Vp=0, (9)

lies in C°([0,T),L9(Q)) for any q € [1,+o00[. Furthermore, there evists a unique
v(p) in L>(]0,T[xT,|v - v|dtdw) (called the trace of p) such that for any ¢ €
CY([0,T] x Q) and any [t1,ts] C [0,T] we have

/,:2/Qp(a"'(p+”'V‘P)dtdx+/ﬂp(tl)%0(tl)d$—/Qp(tg)np(tg)dx

S R

Theorem 2 (Initial and boundary value problem). Let v € L(]0,T[, (W'1(2))%)
such that dive = 0 and (v-v) € LY(]0, T[xT) for some § > 1. For any initial data
po € L>(Q) and any inflow data p,, € L>(]0,T[xT, (v-v)” dtdw) there exists a
unique couple (p, poue) € L]0, T[xQ) x L>(]0, T[xT, (v-v)T dt dw) such that:

e p is a weak solution to the transport equation (9) with p(0) = po.
o The trace of p is characterized by v(p)(v-v) = pou(v-v)T —p (v-v)".
Furthermore, we have the renormalization property:

For any 3 € CY(R), the couple (B(p), B(pout)) is the unique weak solution
to the transport equation with initial data B(po) and inflow boundary data

ﬂ(pin)‘

Notice that the initial condition p(0) = py makes sense since, by Theorem 1, we
know that any weak solution of the transport equation is continuous in time with
values in any L1(Q2), ¢ € [1, +o0].

Theorem 3 (L estimate). Using the notations of Theorem 2, we introduce

min — i inf ) inf in | » 10

P min (H& por. inf o ) (10)

Pmax = Max { sup po, Sup pi, |, (11)
Q 10,T[xT

where the infimum and supremum of p;, on 10, T[XT are taken with respect to the
measure (v-v)~ dtdw. Then, we have

Pmin < p(t,2) < pmax, VE € [0,T], for a.e. x €,

and
Pmin < Pout (W) < pmax, for a.e. (t,w) €]0,T[xT,

with respect to the measure (v-v)" dt dw.
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2.3. Stability with respect to the velocity field. Using the results recalled
above concerning the initial and boundary value problem for the transport equation,
we can prove the stability of the solution with respect to the data v, py and p;,. Since
this result is interesting for itself we give here a quite general statement applying
to more general situations than the particular one addressed in this paper.

Theorem 4 (Stability with respect to v). For anyk > 1, let vy € L*(]0, T[, (W(Q))4)
such that divuy = 0 and (vg - v) € L°(]0, T[xT) for some 6 > 1. We suppose
gwen, for any k > 1, an initial data p, ) € L (), and an inflow boundary data
Pin € L(]0,T[xT). We denote by
(pkvpout,k) € LOO(]OvT[XQ) X LOO(]OvT[er (Uk ’ V)Jr dt dw)v
the unique solution to the problem
Orpy, + v - Vp =0,
Pk(o) = L0,k (12)
Y(pr) = Ping>, where (vg-v) <0.
We assume that
® (pg )k is bounded in L>°(SY) and strongly converges towards p, € L>(9)
for the L1 (Q) topology.
® (pin i)k is bounded in L>°(]0,T[xI') and strongly converges towards p;, €
L>(]0,T[xT) for the L*(]0,T[xT) topology.
e (v)r converges towards v in L*(J0,T[, (L' (2))9), where v is supposed to
belong to L'(]0, T[, (W1 (Q))9).
e (v - V)i strongly converges towards v - v in L°(]0, T[xT).

Then, if we denote by (p, poy;) the solution to the transport problem associated to
the vector field v, the initial data p, and the boundary data p,,,, we have

o (p.)i strongly converges towards p in all the spaces LI(]0,T[xQ), ¢ €
[1,4+o00[. And more precisely we have

pi(t) PR p(t), in LI(QY), Yt €[0,T],Yq € [1, +o0]. (13)

o (v(py) (v - V))k strongly converges towards y(p)(v - v) in L2(]0, T[xT).

Remark 2. Notice that we do not need the strong convergence of v, towards v in
the space L*(]0,T[, (W(Q))?) but only in L'(]0, T[, (L(2))?) supplemented by
the strong convergence of the normal traces (v, - v).

In sections 5 and 6 we will use this stability result in the case where (vg)g
converges towards v weakly in L2(]0, T'[, (H(2))¢) and strongly in (L7 (]0, T[x2))?
for some 7 €]1,2[. These convergences imply in particular the strong convergence
of the traces (v, - V), in some space L°(]0, T[xT") as required in the assumptions of
the theorem.

Proof. Let us assume that pg, and p;, ; are non-negative for any k. This is not
restrictive since it is always possible to add a constant to all the data without
changing the convergence properties in the statement of the Theorem.
e We first recall that p,, , is uniquely determined only on the part of the
boundary where v - v > 0. Hence, for simplicity, we impose in the sequel
Pout,r = 0 on the part of |0, T'[xT" where vy - v < 0.
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The sequences (pg ;)i and (p;, ;)x being bounded in L* we know by
Theorem 3 that (p;)x is bounded in L*°(]0,T[xQ) and that (pg, x)k is
bounded in L*°(]0, T[xT"). Therefore, we can extract subsequences, always
denoted by (p;)r and (p,,;)k Which x-weakly converge respectively in
L>(]0,T[xQ) and L>(]0, T[xT).

Using these weak convergences and the assumptions concerning the con-
vergence of the sequences (p, )k, (pi, x)k and (vg)y we see that for any
test function ¢ € C1([0,T] x Q) we can perform the limit in the weak for-
mulation of the problem (12). We find that the weak limits of (p,)r and
(poumk)k satisfy the weak formulation for the transport problem associated
to the velocity field v, the initial data p, and the inflow boundary data p,,.
By Theorem 2, (p, p,u) is the unique couple satisfying this formulation.
Hence, we proved that

P —— p, in L°(]0, T[xQ) *-weak,, (14)
k—+o00
Pout k 57 Pouts in L>=(]0, T[xT, (v-v)Tdt dw) *weak. (15)

Since p is unique, the convergence (14) holds in fact for the whole sequence
(pi.)r and not only for a subsequence. As far as the outflow boundary term
is concerned the situation is slightly different since p,,, is only uniquely
defined on the set where v - v > 0. Nevertheless, we obtain that the whole
sequence of the traces (v(p,))r satisfies the weak convergence
Y(pr) (vr - v) m Y(p)(v-v), in L°(J0, T[xT) weak. (16)
Finally, performing the limit in the weak formulation satisfied by p,, it is
easily seen that
pi(t) ﬁ p(t), in L°(Q) weak, for any t € [0, T]. (17)
— 100
e Qur goal is now to prove that the above convergences hold in fact for the
strong topologies.

We use here the renormalization property given by Theorem 2. Tt im-
plies in particular that, for any k, (p¢, pgut_k) is the unique solution to the
transport problem (12) with initial data pg’k and inflow boundary data
pfn,k. Using the convergence assumptions on the data, we easily see that
the sequences (pg’k)k and (p?n,k)k are bounded in L and converge strongly
towards p in L'(Q) and towards p in L'(]0, T[xT) respectively.

Furthermore, using once more the renormalization property, we know
that the solution to the transport problem associated to the limit vector
field v and to the data p$ and pg, is unique and given by (p?, p3.,). Hence,
we can apply the argument of the first point of the proof to obtain the weak
convergences

0 PR P, in L=(]0, T[xQ) +-wealk,, (18)
V(o) (k- v) ———~(p)’(v-v), in L°(J0,T[xT) weak. (19)

k—-+o0
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The convergence (18) imply in particular that

T
”pkH%E(]O,T[XQ):/ /Pidtd%

o [ [ = 1ot

and we deduce that the convergence of (p, )i towards p is strong in the space
L°(]0,T[xQ). Using (14) it follows that this strong convergence holds in
fact in any L(]0,T[xQ), g € [1, +oo.

By assumption, (vg- ) strongly converges towards v-v in L°(]0, T[xT).
It follows that

o v* 2 (op v) s o v w), i LET(0.T(<T). (20)

Hence, using (19) and (20), we have

T
[l (ppe) (v - 1/)||‘5La(]07T[XF) = / /’Y(,Ok)é(vk V) (|vk P2 (v, - u)) dt dw

koo / / <|U v’ 2(@-!!)) dt dw

= [[v(p)(v- V)”Lé(]o,T[xF)'

Therefore, we have shown the convergence of the L? norm of (y(p,,)(vi V)
towards the one of y(p)(v - v) which, using the weak convergence (16),
implies the strong convergence announced.

e It remains to prove (13). Let ¢t € [0,T] be fixed. Using the renormalization
property with 3(s) = s for any k and taking ¢ = 1 as a test function in
the weak formulation we get

[~ [ dar— [ t [0 ) e

By using the strong convergences proved above, we can perform the limit
in the right-hand side and we get that

/pi(t)dx—> podx—/ / (v-v) dtdw—/p‘s(t)dx.
Q k—4o0 Q

Notice that the last equality comes from the renormalization property ap-
plied to the limit transport problem satisfied by p. Hence, this proves
that |[p,(t)]|1s(q) converges towards ||p(t)|| sy and then, using the weak
convergence (17) the claim is proved.

O

3. WEAK FORMULATIONS OF THE NAVIER-STOKES PROBLEM

We describe here the weak formulations of the problem (1)-(2) we deal with in
this paper. In this section we only give formal computations that will be justified
in Section 5 on the approximate problem.
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3.1. The continuity equation. Following Theorem 2 (see the details in [4]), the
natural weak formulation of the transport equation is

T
/ /p(8t<p+v-V<p)dtdx+/poga(O,.)dx
o Jao

/ /PouMU V+dtdw+/ /pm<pv v)  dtdw =0, (21)

for any p € CL([0,T[, H (2

3.2. The momentum balance equation. As usual it is possible, at least at a
formal level, to consider the equivalent non-conservative or conservative weak for-
mulation for the momentum balance equation. In this section we present these two
formulations but also a third one, called intermediate. As we will see later, the
non-conservative formulation is useful to express the problem (more precisely the
approximate problem that we will introduce) as a finite dimensional ordinary dif-
ferential equation. The intermediate one is used to obtain the energy estimate and
the conservative formulation is the one which does not involve the time derivative
of the velocity, so that it will be easier to perform the limit in the approximate
problem.

3.2.1. Non-conservative formulation. Let us introduce v = v — vr. The non-
conservative formulation reads

[ o0+ (D) vde+ [ o)D) D o~ (o)
+3 [ @ 0w do= [ ofvdn e Tl (22)

for any ¢ € V which does not depend on ¢, with the initial data ©v(0) = vy =
Vo — Ure (0).

3.2.2. Intermediate formulation. Consider v € CL([0,T[,V) and let us take ¢ =
1(0-1) in (21). We get

/ / ( 07+ 5 .atw+%(v.v)(a.¢)) dtdx+%/ﬂpoao.¢(0)dx

30 /Fpout@-w(v ot} [ [ n@ e v aas=o. @

We now take 1) depending on ¢ in (22) and we integrate with respect to ¢, then we
subtract (23) and we get:

[, fo(Gomeo g5 >’ﬁ>-¢—§<<v~v>w>-5)dtdx

__/Povo ¥(0 dx+/ /QM (Wdtdm—/OT <O'ref.1/,'(/}>H_%7H% dt

+§/0 /Fpout(i-w)(v-l/ﬁdtdw:/o Ap(f—atvref—((v-V)vref)> St dr.

(24)
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This formulation will be useful to obtain the energy estimate (formally by taking
1) = v) since the first term is antisymmetric and vanishes when ¢ = v.

3.2.3. Conservative formulation. We can now obtain a third weak formulation of
the momentum balance equation which is the “conservative” form of the problem,
and which is in fact the one that will be solved. For any v € C1([0,7],V) we take
v = (v-1)in (21) to obtain

/ / O+ v O+ (v- V) (v - 1)) dtdx+/ pavo - (0) d

—/ /pout(v- (v- V+dtdw+/ /pm (v-v)” dtdw=0. (25)
o Jr

We integrate (22) on the time interval [0, 7] and we subtract (25). It follows

-/ ' [ (atw((v-vm) dtda — [ o000 da
/ /2u (w)dtd:v—/T (Oref- IJ,'(/J>H 3y dt
/ /pm (v-v) dtdw+/ / (v-v)dtdw
:/0 /pr-wdtdx. (26)

The main results of this paper are described in this section. First of all, we show
the existence of the density p and velocity v satisfying the conservative formulation
of the problem introduced above.

4. MAIN RESULTS

Theorem 5. Under the assumptions stated in Section 1.3, there exists a density p
in L>=(]0,T[xQ), and a velocity field v in L*(]0,T[, (H'(Q))?) such that diveo = 0
and v = vrer on Uiy and satisfying (21) and (26).

Then, we deduce the existence of the pressure term wvia the de Rham theorem.
We obtain a triple (p, v, p) satisfying the Navier-Stokes equation in the distribution
sense.

Then, we are able to prove that the outflow boundary condition on gy in (2)
is satisfied. This is not obvious since p is not smooth and does not have traces in
the usual Sobolev sense. The precise result is given by Theorem 7 in Section 7 but
at this point we only state the following formal result. We use here the notations
of Section 2.1.

Theorem 6. Let p and v given by Theorem 5. There exists a unique pressure field
p € W=1(]0,T[, L3(Q)) such that the total stress tensor o = 2u(p)D(v) — pld
satisfies

O (pv) + div (pv @ v) — div (o) = pf,
in the distribution sense, and such that furthermore the outflow boundary condition
in (2) is satisfied in the sense

1 [
—/ o(, &, ) vdE —— Orer.V —
0 n—0

n pin(U-V)_(v—vref), on Lous.

2
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That is to say that the mean values along the normal coordinate of the normal
component of the stress o.v near the boundary converges towards the imposed stress
Oref -V — %pin(v V)7 (v — vrer) 0n Doyt in a suitable weak topology.

5. APPROXIMATE PROBLEM

5.1. Definition. For any integer k£ > 1, let V}, be a k-dimensional Galerkin ap-
proximation space in V' and (n)r a smooth approximation of the identity in the
time variable. We introduce approximations of the data defined by:

1 1
Pin,k = Pin * Mk + 7 Pok = Po + 7 (27)
Uref,k = Uref * Nk, Ovef,k = Oref X Tk, fk = f * k-

Hence, Pin k> Uref k> Oref k and fi are continuous in time and furthermore Po.k and
Pinx are bounded from below by %, since p, and p,, are non-negative.
Let us consider the following approximate problem :
Find o, € CY([0,T], Vi), p, € CO([0,T], L} () N L>(0,T[xQ) and p, , €
L>(]0,T[xI') such that if we introduce vy = Vet i + U:
(1) The couple (p,,vx) is solution to (21) for any ¢ € CL([0,7], H'(Q2)) with
initial data p, ; and inflow boundary condition p;, ;.
(2) The couple (py,, vy) is solution to (22) with regularized data for any ¢ € V.
If (p;,,vk) is such an approximate solution then, it also satisfies the equivalent for-
mulations (24) and (26) for any ¢ € C'([0,T], V%), with regularized data. Indeed,
the formal computations of Section 3 are now justified since the approximate solu-
tions are smooth enough.
Notice that the approximate density p, does not lie in a finite dimension space
and then the resolution of the approximate problem is not a straightforward con-
sequence of the ordinary differential equations theory.

5.2. Resolution of the approximate problem. The resolution of the approxi-
mate problem is performed using a fixed point method (see for instance [5, 16]).

Let wy, € vyer,x +C°([0, T, Vi) be given and consider the equations (21)-(22) with
regularized data and where the advection field is taken to be wy instead of v, that
is

T
[ [ oo wvoydeds+ [ poue0.ds = [ pu(0e(r)ds
0 Q Q Q
T T
[ [ posstwn vyt atdo s [ [ petwn vy dedo =0, (28)
0 I 0 I
for any p € C1([0,T], H*(Q)) and
[ o0+ - D) - wdo + [ 2u(p)D(w) s D) do
Q Q

1 ~ _

—(oret k-, ), 3 H%+§/Pin,k(vk-¢)(wk'1/) dw = / prfr-dr, VO <t <T,
: r 0

(29)

for any ¢ € Vi, and with the initial data vy (0) = Py, 09 = Py, (vo — Uret), Py, being
the orthogonal projector in H onto V.
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The vector field wy being fixed in veer s, + CO([0, T), Vi) € L2(J0, T, (H*(2))%),
we know by Theorem 2 that (28) has a unique weak solution

(Prs Poei) € L0, T[x€) x L(10, T[T, (wy - v)* dit dw).

Furthermore, this solution enjoys the renormalization property and, in particular,
p,. is continuous with respect to ¢ and with values in L(Q2) for any ¢ € [1,+oo].
Even though p, , is only uniquely defined on the part of boundary where (wy-v) >
0, it is convenient for the analysis to extend it to the whole boundary by letting
Pout,r = 0 where (wy, - v) <0.

By using Theorem 3 we deduce the first useful estimate on (py, Py 1.)-

Lemma 1. We define pmin and pmax by (10)-(11). For any k we have

1 1
Pmin + Z < pr(t, ) < pmax + o for a.e. (t,z) €]0,T[xQ,

and

1
< pout,k(tvw) < Pmax T T fOT a.e. (t,w) 6]0, T[XP,

Pmin ka

k
with respect to the measure (wy, - V)T dt dw.

In particular, for any k, p, > % > 0 and then, (p,, p,. ) being fixed, the equa-
tion (29) for vy is now a classical finite dimensional ordinary differential equation
since the regularized data are continuous with respect to the time variable. Further-
more, the advection velocity field wj, being fixed, the system is linear. Using the
Cauchy theorem, there exists a unique (global) solution vy € vyer r + C*([0,T7], Vi)
to this problem for the given approximate initial data. We denote this solution by

x = Or(wg). We are now going to show that the map © has a fixed point in a
suitable space.

Before this, let us observe that, the solutions p, , vj, of (28) and (29) being smooth
enough, we can justify the algebraic manipulations of section 3 so that we have for
any > € C1([0, 77, Vi)

T 1. 1 1 _ 1 _
/ / Pk (Eatvk = E&sw “vg + 5((101@ -V)ug) - — 5((wk -V)) 'Uk) dt dz
0 Q
1 1 _ T
5 [ @) 0Ty de =5 [ i w0 do = [ lraerri, g
T
/ [ 20000 : D@y dtdr 5 [ [ g T -v)* e

:/o /ka(fk - &vreﬁk — ((wk . V)Uref,k)) o dt da.
(30)
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dt

- / : / e (atw (- vw)) dt do /Q povok - ¥(0) da + /Q p(T)0n(T) - $(T) da
/ /2u (pr)D(vg) D(d})dtdaﬁ—/T (Oret k- IJ,?/J>H 3
/ /pmk (U - ) (wy - V) dtdw+/ / Y(pi) (Vg - ) (wy, - v) dt dw
- [ [ osevarae

By taking ¢ = (¢-vref 1) as a test function in (28) we also get the following equation
satisfied by vy

+ / ou(T)(T) - $(T)) di — /Q p(0) o - $(0)) de

1
H?2

)

(31)

T
/ /2,u pr)D(vg) : D(W) dtdx—/ (Ovef k- V,¢>H 3 d dt (32)
——/ /pmkvk V) (wg, - v) dtdw—i—/ /Poutk”k ) (wy, - v)T dt dw
= / / o (fr = Opvret ke — (W - V)ret ) - di da.
o Jo

This equation will be useful to obtain time translation estimates in the sequel.

5.2.1. Energy estimate. Consider wy € ver, + C°([0,T], Vi) and v, = O (wy) as
defined previously. Let us choose 1) = U, = v, — Uref 1, as a test function in (30), it
follows

1 ~ T N e .
5 [ @t [ ] o)D@R dtds 5 [ [ pou sl -v)* it

/p0k|v0k| dm—/ /2,u pi)D(U) + D(vret i) dt dz
+/ <O'refkl/ Uk>H %H% dt—/ /pk wk V)'Urefk) U dt dx

/ /pkatvrefk v dt dx—!—/ / Pt vk dt dx.
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Using the L*° bound on p, given by Lemma 1, assumption (7) and Hélder and
Young’s inequalities, we classically deduce the estimate

T T
[ oo [ [ 2up)D@)Pdedss [ [ po i ) ded
Q 0 Q 0 I

< Clpo, vo, ps lvvetl|p2 s [ fllzzczays Nowetll o -4 )0 [1Ovret [ 2(22))

1

T T 2
+ C(pmaz, 1) (/O ||Uref,k||%[1(g)||mwk”%2 dt) (/O /Q |vwk|2dt dx) )

where we emphasize that the constants C' above do not depend on k. Hence, since
Vg = Uret,k + U and using (5) we deduce

1
2

T T
[ oD@ dos [ [ utp D@0 dtdos [ [ po il Planew) deds
Q 0 Q 0 T

< Clpo, vo, ps lvvet [ p2 ey, [ fllzzczays Nowetll o -4 )0 [1Ovret [ 22(22))

1 1
2 2

T T
+ C(pmaz» 1) (/O ||Uref,/€||zllLJfl(Q)H\/p_kwk”%2 dt) (/O /Q |vwk|2dt dx) )
(33)

We now use the fact that, k being fixed, vrer s belongs to L]0, T[, (H'(2))%).
Furthermore on the finite dimensional space Vi, the H(£2) norm is equivalent to
the L?(Q) norm so that it follows from (33)

T
loe(T) 22 < i+ Dy / ok (8)|22 dt,
0

where the constants C} and Dy depend on k.
The above estimate applies for any final time 7" > 0 so that we have in fact

t
0Ol < Cu+ Dy [ lwn(o)lfeds. Ve [0.7]. (34)
0
Let us introduce
My, (t) = CrePxt, vt > 0.

Suppose that we have

wr(®)]|72 < My(t), Vte[0,T],
then, using (34) we deduce

ok (]2 < Mg(t), Vte[0,T].

Hence, we proved that ©; maps the convex set
Ko = {v € Vet + CH([0,T), Vi), such that ||u(t)||32 < My(t), Vt € [O,T]},

into itself. Notice in particular that the elements of Ky are uniformly bounded in
L>(]0, T, (L?*(22))¢) by a constant depending only on k, on the data and on the
final time 7. Moreover, since V}, is a finite dimensional subspace of (H'(2))?, the
L?-norm and the H'-norm are equivalent on V}, and then the set Ky is also bounded
in L°(]0, T[, (H*(Q))?) since veer r, € L]0, T[, (H1(2))%).
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5.2.2. Compactness. Let w, € Ko and vy, = O (wg). We take p = 9,vy in (29).
Since all the norms in Vj, are equivalent and using the fact that Ovyer s lies in
L?(]0,T[xQ), we easily get a bound

sup ”875:5]6”‘/1« < Cllca
0<i<T

where C), depends only on 7', k and on the data. Of course, we used here that the
approximate density p, is bounded from below by %
As a consequence, the convex set

Ki= {v € Ko, sup [0y, < C,’C},
0<t<T

is invariant through the map ©y. Using the Ascoli theorem, we know that the set
Ky is relatively compact in vper + C°([0, 7], V). In order to apply the Schauder
fixed point theorem to the map ©j on the compact convex set K;, it remains to
show that Oy is continuous for the topology of vper x + C([0,T], V). In fact it is
enough to show that Oy is sequentially continuous.

5.2.3. Continuity of Oy. Recall that k is a fixed integer. Let (w}}),, we a sequence
in Uper i + CO([O,T], Vi) which converges towards wy, in this space. For any n let
(Pk.ns Pout,k.n) De the solution to the transport problem (28) with wy = wy and let
(Pks Pout i) the solution to (28) for the limit velocity field wy.

Since Vj, is embedded in (H!(9))?, the sequence (w}), strongly converges in
CO([0, T, (HY(Q))?). In particular, the traces (w} -v),, converge towards (wy, - ) in
L?(J0, T[xT). Hence, by the stability Theorem 4 we deduce that (Ph.n)n strongly
converges towards p, in all the spaces L?(]0,T[x€) and that (p,; ., (W - V)T )
strongly converges towards p,,; ;. (wg - )T in L*(]0, T[xT).

Finally, since p is a bounded continuous function, we deduce that (u(py, ,,))n
converges towards p(p, ) in all the spaces L9(]0,T[x€), ¢ < +oc.

Let us now consider the solution v} to (29) for the advection vector field w} and
the density p,,,, constructed above. Since (w}),, is bounded in cO([0, 17, (H*(Q))%),
the energy estimate (33) leads to

vE oo, 2 @)y) < Cky ¥R >0,
and we also easily get that
10w lleoro,11, L2y < Chy V1 > 0.

Using the Ascoli theorem, there exists a subsequence always denoted by (v})n
which strongly converges towards a limit vj, in the space vref g +C0([0, T], Vi), and in
particular strongly in C°([0, T, (H'(£2))?). Furthermore, up to another extraction
of a subsequence, (9v}!),, *-weakly converges towards dyvy in L>°(]0,T'[, V).

Thanks to the convergences obtained above, we can perform the limit in the
equation satisfied by vjl. We obtain that p, vi, wy and p,, , satisfy (29) and also
(31). Since the solution to (31) is unique as soon as py,, Poux and wy are fixed
we deduce that the whole sequence (v}),, converges in C°([0, T, (H*(2))¢) towards
VE = @k(wk).

This concludes the proof of the continuity of the map ©y.
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5.2.4. Conclusion. We just proved that ©j is a continuous map from v +
C°([0,T],V4) into itself and that the convex compact set K is invariant by ©j.
Thanks to the Schauder fixed point theorem, we find that there exists at least one
fixed point vy, of Oy, into K.

Hence, there exists at least one solution to the approximate problem under study.
Furthermore, this solution (p,,vi) being continuous in time, it also satisfies all the
equivalent weak formulations of the momentum balance equation.

In the following section, we are going to provide uniform estimates with respect
to k for this approximate solution which let us perform the limit when & goes to
infinity.

6. ESTIMATES FOR THE APPROXIMATE SOLUTION AND PROOF OF THEOREM 5

6.1. Energy estimate. Since we have vy = O(vy), the inequality (33) provides
a first useful inequality which implies, using the Gronwall lemma and assumption
(5), the estimate

T
||\/PkUkHQLoo(]o,T[,L?)+||Uk||%2(]o,T[,H1)+/0 /Fpout,k|vk|2(”k"/)+ dt dw < Co, (35)

where Cy depends only on the data and the final time 7', and in particular is uniform
with respect to k. Notice that we used here the Korn inequality which says that
there exists C' > 0 such that

IVullz2() < CIID(u)l|z20), Vu € (Hy, ()%, divu=0.

6.2. Additional estimates on p, and v;. Since p, may vanish we do not have
a classical L>(]0, T, (L?(2))?) estimate on the velocity field vy, from the energy
estimate (35). Nevertheless, using (3) and (4), we can obtain estimates on v and
on its trace in spaces with time integrability index greater than 2 which will be
very useful in the sequel.

Lemma 2. Under the assumptions (3)-(4), there exist Cy > 0, (1,2 €]2,+00],
such that for any k

1
sup / =——dx < (. (36)
tefo, 7] Ja P2 (t)
lvkllLor o, L1 @)y < O, (37)
vkl Ls2 qo,7p,L2 )y < C1- (38)

Proof. Let k being fixed.

e Using Lemma 1 we know that py is bounded from below by % Let 3 €
C'(R) such that B(s) = s~ % for any s > 1. Using the renormalization
property given in Lemma 2 we know that (54 (p,), Bk (pout ) s solution to
the transport equation with initial data Sy (p, ;) and inflow data (Pink)-

It follows that for any ¢ € [0, 7]

[ ot [ [ o don-0)* dva
:/Qﬂk(Po,k)dx—|—/Ot/rﬁk(pin’k)(vk.,/)— dt duw,
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and then we have

]. o
/—gdx / dm—l—/ / Pin * M)~ 2 (v -v)” dt dw
o pr(t)? 0 Poi?
a 39
<lplf [ o .
Q Po

+1(pim * )™ 2 | 2207, 2ol (Ve - )~ | L2071, L2(r)) -

Since (vg)x is bounded in L2(]0, T[, (H'(Q2))?), we know that (v - v)~ is
bounded in L2(]0, T, L?(I")). Furthermore, since s — s~ % is convex on
R*, Jensen’s inequality gives

—a
2

(Pin %)™ 2 < (P %) * k-

Then, by assumptions (3) and (4) and using Young’s inequality, we see that
the right-hand side of (39) is bounded. This proves the first point of the
lemma.

e We first assume that o > 2, then we write |vy| = (\/_|vk|) . Using (35),

the first factor is bounded in L>°(]0,T[, L?(£2)) and using (36) the second
factor is bounded in L°°(]0,T[, L*(Q2)). By using Hdlder’s inequality, we
find that (37) holds with $; = +o0 in that case.

e We assume now that o < 2 and let § = €]0,1[. We write

2a+6
8 _ _B
o] = (p,x |vk|ﬁ) ol P 4 (40)

Using (35), one can see that the first factor is bounded in L*°(]0, T7, L%( 2))
and that (vy)y is bounded in L2(]0, T[, (H'(€2))? )) c L2()0,T[, (L%(2))9).
Hence, the factor |vg|'=? in (40) is bounded in LT7 (|0, T[, LT7 ()). Fi-
nally, using (36), we see that the third factor in (40) is bounded in the
space L>(]0,T[, L% (2)). Hence, we find that (37) holds with 3, = 3(g+j§
in that case.

e We recall that there exists C' > 0 such that

1 1
ull 2y < C||u||z2(9)||u||12{1(9)7 Vu e H' ().
Using interpolation properties between Lebesgue spaces on bounded do-
mains and the embedding of H!(Q) into L°(Q) as soon as d < 3, we have
1 4
lullzary < Cllullfs o lullf gy, Yu € H(Q). (41)

From (35) and (37) we know that (v;)y is bounded in L2(]0, T[, (H'(£2))%)
and in LA ()0, T, (LY(Q))? ) Hence, applying (41) with u = vy, we obtain
the bound (38) with 8y = > 2.

25 )
|

6.3. Time translations estimates. In order to perform the limit in the approxi-
mate problem, it is necessary to prove some compactness property for the sequence
(vk)k- As in [21] for instance, this compactness property will follow from fractional
time derivatives and more precisely from time translations estimates.
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Let us denote by 7, h > 0, the time translation operator defined for any Banach
space X and any u € L}, (]0,T[, X) by

Thu(t) =u(t+h), Vt€]0,T — hl.

Lemma 3. There exist 6 > 0 and Cy > 0 depending only on the data and the final
time T, such that for any k > 0 and any h > 0, we have

/TP (Th Bk = Okl L2 o,7—np, (220 < Cah’. (42)
Proof. Let us first write the following identity

ThPr(ThOk — Uk) - (ThUk — Uk) =(Th (PrVk) — prVk) - (ThTK — k)

- ((Thpk - pk)"l;k) (ThUp — ) = A+ B. (43)

e Estimate of the term A :

Consider ¥(t,z) € C*([0,T], V&) and let us introduce ¢(t,z) = 1js 45 (£)¥(s, ).
We use 9(t,z) as a test function in the conservative formulation (32) where we
recall that wy = vg. This computation is allowed since p, and v are continuous

with respect to the time variable. We get
| 1030 = i) - 9 da
s+h s+h
- / / po((vn - V)U(s)) - By dt da —/ / 20(p) D(vy) : D(W(s)) dt dz
s Q s Q

s+h 1 s+h
+/ (Oret kv, W(s)) -1 1 db+ 5/ /Pin,k(ik"I’(S))(vk'V)_ dt dw
s s r

)

s+h
- / /Fpout,k(ak : \I’(S))(Uk : V)Jr dt dw

s+h
+ / /Q o (e — Ot s — (0 - V)rer ) - U (s) dt do.

Using the bounds on p,, given by Lemma 1, we get

\ [ o (e) = (s - 0 s

s+h
<C (/ IvPevrll s (/P vkl s + ||eref,k||L2)dt> [V¥(s)] L
s+h s+h
+C </ Vgl 22 dt) IVU(s)r>+C (/ llovet -Vl -1 dt) RO

+

s+h
/ / P (T - W (3)) (v - 1) dt doo

/:M / Do (T - W (5)) (v - ) dt doo

L1
2

s+h
+C (/ [ fell> + | Orvret il L2 dt) IVE(s)]| 2.

Using the energy estimate (35) and assumptions (5)-(6) we can easily bound all the
interior terms by Ch?||VW¥(s)|/z2 (see [5, 21]). It remains to bound the boundary

terms.
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To this end we use the trace estimate (38), where we recall that 5 > 2. Hence,

using the Holder inequality, the two boundary terms above can be bounded by
By —2

Ch™2Pz |[V¥(s)|| 2. Hence, for § > 0 small enough, we finally proved the following
estimate

< CR|VU(s)] e

/Q (rn(PRT)(S) — peBir(s)) - T(s) da

Now let us take W(s) = 75, (vy)(s) — Uk(s). It follows

< CRO || 70 ()= (8)| -

/Q(Th(pkik)(S) — Pk0k(8)) - (T (0x)(s) — Uk(s)) d

By integrating this inequality with respect to s and using (35), we get

T—h
/0 / (mh () (5) — 04Tk (3)) - (70 (T (5) — T (5)) ds dx

< CRo||Ok || p2o.m—n iy < Kb, (44)

This is the estimate of the term A in (43).
e Estimate for the term B :

Consider a given time s €]0,7 — h[, and choose a time-independent function
¢ € H'(Q). We take (t,z) — 1, o1p)(t)@(2x) as a test function in (28) (this is
possible since p,, is continuous in time), it follows

/Q (rhoa(5.2) — pa(s, 2))ip(x) de =

/Q (/:*h PrVk dt) -Vo(z)dx + /:Jrh/rry(pk)(p(vk V) dt dw.

Let 1 € C°([0,T], (HY(Q))%). We choose ¢(x) = Ux(s,x) - 1(s,z) in the above
identity. It follows, using Sobolev embeddings, trace theorems and Lemma 1 that :

/Q (rhop(5) — pa(8))Tr(s) - (s) de

s+h
SC(/ ”Uk(t)HHldt) 5k (3) | 710 1(8) s (45)

1 ~
< ChZ vkl 2o, o) 10k ()| 9 (5) | 121

We now take 1(s) = 1,0k (s) — Uk(s) in (45), so that integrating with respect to s
we get

T—h
/ /(Thpk — Pp)0k - (ThUp — Ug) ds dx
0 Q

L ~ 1
< Ch= vkl L2 qo.rp. e )y 1Ok 172 o 7y, 1 )y < K1h2. (46)

Combining estimates (44) and (46) gives the claim thanks to (43). O
Since p,, is not necessarily bounded from below away from 0 uniformly with

respect to k, it is needed to use the estimates of Lemma 2 in order to deduce
translation estimates on v from the previous Lemma.
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Lemma 4. For any v < 2, there exists 6 > 0 such that for any € > 0 there exists
C: > 0 satisfying

|1 7h 0k — Tkl v Qo7 —nixa) < €+ Ceh®, Vk >0, Yh > 0.

Proof. For any 1 > 0 we have

T—h
/ / | 700k — k|7 dt dx Sn% // | 700k — k| dt dx
0 Q {mhp,<n}

—|—// |Thpk|%|7'h5k—’17k|7dtdir.
{Thp,>n}

Tt follows by using the Holder inequality that

T—h
/ / |Th5k—5k|7dtdx§
0 Q

w2

Ui

2—~
2
{mhpr, < Tl}‘ | Th vk — 5k||z2(]o,:r—h[xn)

2

Q)= SO
77% I\/Trpy (Thor — Uk)”z?(](),T_h[xQ)’

where |A] denotes the Lebesgue measure of any measurable sett A C]0, T[x €. Using

Poincaré’s inequality we deduce from (35) a bound in L2(]0, T, (L?(2))4) for vy,
which let us bound the first term above. We use (42) to treat the second term. Tt

follows
T—h
/ /|Th’ﬁk—5k|7dtdx§0
0 Q

The claim will be proved if we show that for any € > 0 there exists > 0 such that

+

2

{Thpr, < n}

1
+C—ho.
775

{Thp < n}‘ < e for any k and any h. To this end, we use (36) which gives

T
o 1 (o3
{mhpr < 77}‘ <n2 / / = dtdx < n2TCy,
0 JQ Pi?2

and the claim is proved. Il

6.4. Performing the limit in the equations. From Lemma 3 and the com-
pactness results by J. Simon (see [20]) we deduce that the sequences (Uy)x and
(vk = Uk + Vet &)k are relatively compact in (L7(]0, T[x))¢ for any v < 2. Since
(vi)r is bounded in L2(]0, T[, (H'(€2))?) thanks to (35), we can extract a subse-
quence always denoted by (vy), which converges weakly in L2(]0, T[, (H'(£2))%)
and strongly in all the intermediate spaces L7(]0,T[, (H'7¢(Q2))9) for any v < 2
and any € > 0. In particular, the normal traces (vj - v) converge towards (v - v)
in L7(]0, T[xT") for any v < 2.

Hence, we can apply the stability Theorem 4 which gives us the strong conver-
gence of (p,)r towards p in all the spaces L9(]0,T[xQ), ¢ < 4o00. Since p is a
bounded continuous function we get the convergence of (1(p,))r towards p(p) is
the same spaces. Furthermore, the stability theorem also gives the convergence of
the traces, that is

Y(pp) (v - v) —— v(p)(v - v), in L7(]0, T[xT), for any v < 2. (47)

k— 400
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All the convergences above (and the convergence properties of the regularized
data defined in (27)) let us perform the limit in all the interior terms in (31) (with
wy, replaced by v) without any difficulties.

Let us now treat the boundary terms. We proved that (vy)s strongly con-
verges towards v in L7(]0, T[, (H'=¢(Q))%), for any v < 2 and € > 0. We deduce,
in particular, that the trace of vy strongly converges towards the trace of v in
L7(]0, T, (L3(T))9) for instance. Thanks to the estimate (38) (recall that By > 2)
and to a classical interpolation argument, we deduce that there exists 8 > 2 such
that the trace of vy strongly converges in LA(]0, T[, (L?(I"))?). Since we also have
(47), it is now straightforward to perform the limit in all the boundary terms in
(31).

This concludes the proof of Theorem 5 since the limits p and v obtained above
have been proved to satisfy the weak formulations (21) and (26).

7. INTERPRETATION OF THE OUTFLOW BOUNDARY CONDITION

Let us now prove that the artificial nonlinear outflow boundary condition that
we proposed in (2) is satisfied in a suitable weak sense by the solution (p,v) of (21)
and (26) that we obtained in the previous section.

First of all, if we restrict (26) to test functions ¢ € Wy '(]0,T[, (HL(Q))%)
such that divy) = 0 then we can use the classical de Rham argument (see for
instance [21]) to get the existence of the pressure. More precisely, there exists p €
W=12°(]0, T[, L3(£2)) such that, introducing the stress tensor o = 2u(p)D(v) —pld,
we have

de(pv) + div (pv ® v) — div (o) = pf, (48)
in the distribution sense on 0,7 [x. Notice that all the terms in this equation
belong to W=1(]0, T[, (H~*(2))%) so that any element of W, (|0, T[, (HL(2))%)
can be chosen as a test function in (48).

From now on, we denote by (-, ) wit the duality bracket between the
o

Wfl,oo
spaces W =110, T'[) and W' (]0, T).

Let us first prove that, even though the term pv ® v is not smooth enough, we
can give a weak sense to its normal trace on the boundary of the domain by using
the fact that p is the solution of the transport equation associated to the velocity
field v. The precise result is the following.

Lemma 5. For any ¢ € C°([0,T], (H*(Q))?) and any o € L>(]0,T[), we have

T T
¢ [ a [ oto-vievidtde — [ a) [0 )0 v)dtdo,
€ Jo O¢ =0 Jo r
Proof. We refer to Section 2.1 for the definition of {2¢.
First of all, since v € L2(]0,T[, (H'(Q))9), the claim follows from the results in
Section 7 of [4] in the case where ¢ is assumed to be smooth enough.
Then, since v € L2(]0,T[, (H*(Q))%), ¥ € C°([0,7T], (H(R2))%) and d < 3, we
easily see that (v-1)(v-v) € L1(]0, T[, WH(Q)) and that

(v )@ - w)rwray < CllolLa g ll¥lleogr).-
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We deduce that (v -)(v - v) lies in C°([0,&q], L' (]0, T[xT)) and its norm in this
space is controlled by ||'U||%2(H1)||d}||co(H1). Hence, using (8), for any £ € [0, &q] we
have

1

g/oTa(“/Os plv-0)(v - v)dt d

The claim follows by density of smooth functions in C°([0, T, (H())%). O

< Cllallz<llpllz= o7z ¥ lleo .-

We now prove that, against a test function vanishing on I'; the mean-value along
the normal direction of the normal component of the stress tensor tends to zero
when approaching the boundary. This result is very natural but important since
it implies that, for any 1 € Wy (|0, T[, (H'(Q))%) the limit (if it exists !) when
& — 0 of the quantity

1
€ Jo,
only depends on the trace of 1) on the boundary I".

Lemma 6. For any ¢ € Wy (10, T[, (HZ ())%) we have
1

<J.V, 1/J>W_1,OQ’W$,1 dm,

<O'.V,'()ZJ>W_1,OQ,WC},1 dm gTO) 0
Proof. Notice first that the claim makes sense since o = 2u(p)D(v) + pId belongs
to W=120(]0, T, (L?(2))4).

For any ¢ € [0,&q], we introduce the function ¢ defined by 6 = 1 on . and

0 = 420 on O. Hence, 0 € WH>(Q) and Vg = 0 in Q, Ve = —1v in O.
Consider now ¢ € Wy (J0, T, (H{(€2))?) and, for ¢ small enough, let us take

B¢y as a test function in (48). We get
T T
—/ /ngv-(atw—i—(v-V)z/J) dtdm+/ 1/ plv-Y)(v-v)dtde
0o Jo o §Jo.

T
+A€E <0,D(¢)>W_1,&,W5,1 d{E—‘/0 /Q@gpf'wdtdx

1
= g O{ <0-.I/,’¢>W_1,OQ’WS,1 da: (49)
By Lemma 5, the second term tends to zero as & — 0 because 1 vanishes on the
boundary. Since ¢ — 1 when { — 0 we can perform the limit in the other terms
of the left-hand side. It follows

T
1 (O, ) 100 it dT —— —/ / pv - (O + (v - V)) dt dx
5 O¢ o =0 0 Q

+/Q<U,D(w>>w_1,oow;,1 dﬂf—/OT/pr-wdtdx-

One can finally see that this limit is zero by taking ¢ as a test function in (48). O

We are now able to express the limit of the mean-value along the normal direction
of the normal component of the stress tested against any smooth divergence free
test function vanishing on T'y,.
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Lemma 7. For any ¢ € Wy (]0,T[, V) we have

1
£

<J.V, ¢>W*1100,W01'1 dx

T T
1 . _
— | v, sy =g [ o) s,
Proof. Notice first that for any £ > 0 small enough, the equality (49) also holds for
any ¢ € Wol’l(]O, T[,V) since f¢1) is a suitable test function for (48). Furthermore,
for this particular choice of v, we have

T
/995 <U’D(w)>wfl~w,wg*1 dx :/0 /92u(p)05D(v) : D(v) dt dex,

since divey) = 0 and then the pressure term (which is the only one which is not
integrable in time) is cancelled. Using Lemma 5 we can perform the limit in the
second term in (49). It follows that

T
1 [ ow e //pv-(atw—i—(v-V)w)dtdx

§—0

/ / (v-v)(v-1)) dtdw+/ /2u D(w)dtdx—/OT/prdtdx.

Using now the weak formulation (26) satisfied by p and v, the claim follows. O

The nonlinear boundary condition under consideration in this paper is a condi-
tion on the normal component of the stress tensor at the boundary. In this kind
of situations, the pressure is uniquely determined (see [5]), contrarily to the case of
Dirichlet, boundary conditions where the pressure is only defined modulo a space in-
dependent term (this degree of freedom is often fixed by imposing a zero mean-value
condition on p).

Since the trace of the test functions v allowed in Lemma 7 are constraint to
satisfy [.(¢ - v)dw = 0, we will determine uniquely the pressure by removing this
constraint. To this end we will need the following result.

Lemma 8. For any ® € (H'(Q))¢ there exists go € W=1°(]0,T[) such that, for
any a € Wy' (10, T[) we have

1
¢ (ov, a®)y, o Wt dx ? (o, >W_1,007W01,1 :
Proof. We take 1) = 0:a(t)® as a test function in (48). It follows

- /()T(ata) (/Q Ocpv - @dm) dt — /OT a(t) </Q Oepv - ((v-V)P) dx) dt
+ /OT a(t) (% /(95 plv-®@)(v-v) dx) dt + /Q O (o, aD(@))W,Lw’WOm dx

T
1
—/0 a(t) (/Q Ocpf - @dm) dt = E/O& <U.V,OZ(P>W_1,@Q7W01,1 dx.
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By Lemma 5 we can perform the limit in the third term. The other terms in the
left-hand side are treated by using the Lebesgue theorem. It follows

1 T
- (ov,a®) 1w i1 dv —— — [ (Oz) </ U - @dm) dt
5 O¢ o =0 0 Q

—/OTa(t) (/va-((v-vmdx> dt+/0Ta(t) </F'y(p)(v-<1>)(v-l/)dw> dt
+ </Qa : D(®) dx,a>wmo,wol*1 - /OT a(t) (/Q pf - ‘de) dt.

Since L(]0,T]) ¢ W=1°°(]0, T'[), the limit obtained above can clearly be expressed
as a duality bracket <9¢aa>wfl~w,wc}*1= with g € W=1°°(]0, 7). O

We can now prove Theorem 6 which gives existence and uniqueness of the pres-
sure and the interpretation of the outflow boundary condition. More precisely, we
prove the following result.

Theorem 7. Let p and v given by Theorem 5. There exists a unique pressure field
p € W=5(]0,T[, L3(Q)) such that the total stress tensor o = 2u(p)D(v) — pld
satisfies

O (pv) + div (pv @ v) — div (o) = pf,
in the distribution sense, and such that furthermore the outflow boundary condition
is satisfied on oyt in the following sense:

For any ¢ € W, (]0,T], (Hi%(F))d), we have

1 n
<_/ 0(57')"/d£790> 1 1 —
Jo Wtos (H™3), Wt (HE) 170

T T
1
ef Vs @) 11 db— = (V) (T ) dtdw. (50
/0<‘7fV<P>H§7H§ 2/0 /Fp (v-v)"(0-p)dtdw. (50)

Notice that, since ¢ vanishes on Ty, formula (50) gives a sense to the outflow
boundary condition only on 'y, as expected.

Proof. We know that the trace operator from H' () onto H2(T') admits a con-
tinuous right inverse denoted by R. Furthermore, the divergence operator ad-
mits a continuous right inverse from L2(Q) into (H{(2))? denoted by II. For any
© e Wl(0,1], (Hii(f‘))d) we define its spatial mean-value m(p-v)(t) = [ ¢-vdw,
for any t € [0,T7.

For any ¢ such that m(p - v)(t) = 0 for any ¢, the function G(y) defined by

G(p) = R(p) = I(div (R(¢))),

lies in W,'(]0,T[,V) and its trace on I is ¢. Consider now the map F(¢) defined
by

t
F(e)t6w) = A2 v o, 71, vE € 0,0l Vi € T,
Je(w)
and extended in a regular way to the whole domain €. In this formula, we recall
that J¢(w) is the smooth Jacobian determinant appearing in (8). By definition, we
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have

1/" > 1
= | owdé e = —/ (o, F(@))py-1.00 11 dw. (51)
<77 0 w-tee(H 2 wWhi(HE) Jo Wb W

n

Furthermore, by construction the trace of F(¢) on I' is 1. Hence, the difference
F(p) — G(p) lies in W' (]0, T[, (HL(2))?) and then, by Lemma 6 we get

1
i [ (0w F () = Gl g d (52)

Hence, applying Lemma 7 to ¢ = G(¢), and using (51)-(52) we find

1 n
lim <—/ a.vd£,<p>
=0T Jo W tee (H3), Wl (HE)
T 1 T
= [ o gy =g [ )@ as. 63

Hence, we proved (53) for any ¢ such that m(¢ - v) =0 for any ¢t € [0,7T]. Let
us now choose ®y € (H{ (Q))?, independent of ¢, such that m(®y -v) = 1. This
is possible since we assume that I',y has a positive measure. For any ¢ like in
the statement of the theorem we introduce @ = ¢ — m(p - v)®o. By construction,
m(¢-v) =0 and then (53) holds with ¢ replaced by . Let us now write by using
formula (51)

1
<—/ J.Vd£,<p>
nJo Wtee (H3), Wl (aF)
1
:<—/ J.Vdf,g'5>
nJo W Leo (H™3), Wil (HY)
1
+<—/ O’.I/df,m((p-l/)q)o>
nJo W-lee(H™2),Wh (H?)

1 [ _
= <—/ J.Vdf,ga> ) .
T Jo Wl (H™2), W (H?)

+ %/O,, (ov,m(p- V)F((I)O)>W*1.QO7WOI,1 dx. (54)

The first term in the right-hand side converges when 7 — 0 as we have seen in
(53). By Lemma 8, the second one converges towards (gr(a,), m(¢ - ) I
o

since m(gp - v) € W' (]0,T]). We remark that gr(a,) depends only on the time
variable so that we can also write this term as follows

1 n
(gF(@g)-m(p- V)>W71,oo_W01,1 = <5/ IF (o) Id-Vd§,<P>
’ 0

W—leo(H™3),Wh ' (H?)
(55)
It is then natural to introduce the new stress tensor ¢ = o0 — gp(a,) Id, which
amounts to add a term depending only on the time variable to the pressure. Of
course, (48) is also satisfied when we replace o by . Furthermore, from (53), (54)
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and (55) it follows that

L[
<—/ U.Vd§,<p> ) )
Jo Wt (H™2), Wyl (H2)

T T
_ 1 e~
o Jy e e 5/0 /Fﬂin(U'V) (V- @) dtdw.

By definition, we have ¢ = ¢ — m(p - v)®q so that we get

1 (7
<—/ J.Vdf,gp> ) )
Jo WLeo (H™2), Wyl (H?)

T T
1 .
— [ vy =g [ oo

n—0 0 5

T
_/ m(cp-v) <Uref-V; (I)O>H_% H% dt
0 ,

T
3 [ o) [ puto-v) @00 dta.

If we add to the pressure the quantity

1

T(0) = = (ot} g3+ 5 [ pnlo-0) (5 B0) dw € W(0.T)),

that is letting

G =5 —n(t)1d =0 — (gr@,) (1) + (1)) 1d = 2u(p) D(v) = (p+7(t) + gr(a) (1)) Id,

and replacing the pressure p by p + 7(t) + gp(a,)(t), the claim is proved. O

8. A POSSIBLE VARIANT FOR THE OUTFLOW BOUNDARY CONDITION

In this section we propose to prove that similar results than the one of Theorems
5 and 7 still hold in the case where the initial density p, and the inflow data p;,
are only supposed to be non-negative almost everywhere provided that we consider
a slightly modified outflow boundary condition. Hence, in this section we do not
assume that (3) and (4) hold.

We propose to consider here the following outflow boundary condition

OV = Opes.V — Op;, (V- )7 (U — Uret), (56)

instead of the one in (2), where 6 is any real number such that 6 > %. This choice
corresponds, roughly speaking, to add a small dissipation at the outflow boundary
for our problem.

Theorem 8. We only assume that py > 0 and p,, > 0 almost everywhere instead
of (3) and (4).

Then, the results of Theorems & and 7 hold if we replace the last boundary con-
dition in (2) by (56) with 6 > § (and replacing the coefficient 1 by 6 in (50)).

Proof. The main lines of the proof of Theorem 5 are the same, we only give the
details of the points that need a particular attention.
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We introduce in the same way an approximate problem for which existence of a

solution is proved with the same fixed point technique. It is now easy to see that
the energy estimate (35) now becomes

I/PeokllT o g0, 12y + 10kl 20,77, £0)

T T
1
+/ / pout.k|vk|2<vk-v>*dtdw+(9‘ _) / / Pinelvn|? (v 1)~ dt dw < Co,
0o JU ’ 2 0 JU ’

which imply a bound, uniform with respect to k

T
[ [l vidias <,
0 r

from which we deduce an L3(]0, T[xI") estimate which reads

T
/ / (Voo - V)P dt dw < C. (57)
0 I

Since we do not assume that (3) and (4) hold, we clearly see that estimates
(36)-(38) are not valid anymore. Nevertheless we are going to show that Lemmas 3
and 4 are still valid. Indeed, in the proof of Lemma 3 the only thing which change
is the estimate of the boundary term since we do not have (38). Let us now bound
these boundary terms by using (57):

T o) ) - () it
s I

<

s+h
/ / (i) 0k ) (@ - U(s)) dit o

1 ~
< Ch||[v(pg) (vk - V)| s o, i<y 10k | L2 o, 7, ) 1Y (8) | 20
< C'hE |0 1.

This estimate let us conclude the proof of Lemma 3 as before.

Let us now turn to Lemma 4. Here again most of the proof still holds. We just
have to provide an alternative argument for the last point. More precisely we are
going to show, without using (36), that for any € > 0, there exists n > 0 and ko > 0,
such that

{rnpr <n}l <e, Vk>ky, Yh>O0. (58)

To this end, let us show
{x € Qp(t,z) <n}t <e, Vk>koy Vtel0,T], (59)

which imply (58) by integration with respect to the time variable.
Let 8 € CY(R) be a non-negative non-increasing function such that 3(s) = 1 for
s

any s < 1 and §(s) = 0 for any s > 2. For any > 0, we let (3,(s) = -

We now use the renormalization property for (28) (with wy = vy) applied to the
function (3, and we finally take ¢ = 1 as a test function in the equation satisfied by
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Bn(pr)- Tt follows that for any t € [0,T] we have

/Qﬁn(Pk(t))dx < /Qﬂn(/)o,k)dx+/OT/F@7(pin7k)(Uk V)" dt dw

T
< / By (po) dz + el 2 go.rixr) ( / / ﬂsmn,k)dtdw)
. :
< [ Bulow)de+c ( | [ A dtdw>
T
e ( / / 182 (o) — 52 ()| dw)

Since 3, (s) = 0 as soon as s > 27 the first two terms above are bounded respectively

by [{po < 2n}| and by C|{p,, < 2n}|2. The last term, called S, can be controlled
as follows

N|=

1
2

1
S < OBy (pin) — ﬁn(Pin,k)Hzl(]o,T[xr)
1 1
< C—llpin = Piniell fr o, 7w
7’]2

Since, by construction, 3, (s) = 1 any for s < 7, we finally proved for any ¢ € [0, 77,
and any k£ > 0

1 1 1
[{oe(®) <n}| < [{po < 20} + Cl{pw < 20}|* + Cn—%llpin = Pin el 2o,y

Since p, and p,, are positive almost everywhere, there exists n > 0 small enough
such that each of the first two terms are smaller than €. This 7 being fixed, we can
now find kg such that the last term is smaller than e as soon as k > kg. This proves
(59) and then (58).

Finally, following the proof of Lemma 4, we proved that, for any v < 2, there
exists 6 > 0 such that for any € > 0, there exists C. > 0 and k. such that

1700k — Ukl L2 o, —hix) < €+ Ceh®, Wk > k., Vh > 0.

This translation estimate is sufficient to apply the compactness results in [20] and
we deduce in that case the same compactness properties than in Section 6.4.

Finally, it remains to perform the limit in the approximate problem. As far as
the transport equation is concerned the proof is the same than in Section 6.4 by
using the weak-« convergence of p, and p_, , in L* and the strong convergence
of v; obtained above. In the same way we can prove the strong convergence of p,
towards p in all the spaces L1(]0, T[x Q) with ¢ < +o0.

Remark now that (y(pg)(vg - v))r weakly converges towards v(p)(v - v) in the
space L7(]0,T[, L*(I")) for any v < 2. But, from (57) we know that (v(p,)(vs -
V)i is bounded in L3(]0,T[xT). Hence, up to a subsequence, we deduce that
(v(py,) (v - v))k weakly converges in L3(]0, T[xT) towards v(p)(v - v). Since the
trace of vy, strongly converges in L7(]0, 7T, (L3(T))?) we can now perform the limit
in the boundary terms in (31) (with wj, = vg, ¥(T) = 0 and ¢ instead of ).
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Finally, existence and uniqueness of the pressure satisfying (48) and the weak
convergence (50) with @ instead of % are proved in exactly the same way than in
Theorem 7. U

9. CONCLUSIONS

In this paper, we perform the analysis of the non-homogeneous incompressible
Navier-Stokes equations with non standard nonlinear outflow boundary conditions.
In the homogeneous case, this boundary condition has already been shown to lead
to a well-posed problem and to be efficient, provided a suitable reference flow can
be chosen.

In the present work we establish an existence result of weak solutions for this
model in the non-homogeneous framework. Particular attention is paid to the
interpretation of the outflow boundary condition for weak solutions. This point
is not obvious and relies upon the analysis of the properties of the traces of weak
solutions of the Cauchy /Dirichlet problem for the transport equation.

Many questions remain open like the problems of regularity and uniqueness of
solutions. It would also be interesting to have a better understanding of how the
solution depend on the reference data v.er and o..f and how to choose those data
depending on the physics of the flow we are interested in.

Acknowledgments. We want to thank the referee for its comments and remarks and
Pr. Temam for the attention he paid to this work.
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