DISCRETE DUALITY FINITE VOLUME SCHEMES FOR LERAY-LIONS TYPE
ELLIPTIC PROBLEMS ON GENERAL 2D MESHES

BORIS ANDREIANOV*, FRANCK BOYER'AND FLORENCE HUBERT'

Abstract. Discrete duality finite volume schemes on general meshes, introduced by Hermeline in [24] and Domelevo
& Omnes in [13] for the Laplace equation, are proposed for nonlinear diffusion problems in 2D with non homogeneous
Dirichlet boundary condition.

This approach allows the discretization of non linear fluxes in such a way that the discrete operator inherits the
key properties of the continuous one. Furthermore, it is well adapted to very general meshes including the case of
non-conformal locally refined meshes.

We show that the approximate solution exists and is unique, which is not obvious since the scheme is nonlinear. We

prove that, for general W7 I(Q) source term and W' 5P (02) boundary data, the approximate solution and its
discrete gradient converge strongly towards the exact solution and its gradient respectively in appropriate Lebesgue
spaces.

Finally, error estimates are given in the case where the solution is assumed to be in W2?(Q). Numerical examples are
given, including those on locally refined meshes.
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1. Introduction.

1.1. Nonlinear elliptic equations. In this paper, we are interested in the study of a finite volume
approximation of solutions to the nonlinear diffusion problem with non homogeneous Dirichlet boundary
conditions:

(1.1)

—div (¢(z, Vue(2))) = f(z), inQ,
ue = g, on OS2,

where ) is a given bounded polygonal domain in R?.
We first recall the usual functional framework ensuring that the problem above is well-posed. Let p €]1, 00[
and p’ = 2. The flux ¢ : Q x R? — R? in equation (1.1) is supposed to be a Caratheodory function which

is strictly monotonic with respect to ¢ € R%:

(p(2,€) —w(z,m),E —n) >0, for all £ #n, for a.e. z € Q. (Hy)

We also assume that there exist Cy,Cy > 0, by € L*(Q), by € L¥' (Q) such that

(p(2,£),&) > C1|€|P — b1(2), for all £ € R?, a.e.z € Q, (H2)

lo(2,€)] < Colé|P™! 4 by(2), for all £ € R?, a.e.z € Q. (Hs)
These assumptions ensure that v +— —div (¢(-, Vu)) is a Leray-Lions operator, and in particular
the map G € (LP())? — o(-,G(+)) € (L¥ (2))? is continuous. (1.2)

THEOREM 1.1. Under assumptions (H1),(Hz),(Hs), for any source term f € W12 (Q) and any boundary
data g € Wl_%’p(aﬁ), the problem (1.1) has a unique solution ue € WHP((Q).
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REMARK 1.1. Note that, in view of the numerical approximation of the source term, it is necessary to suppose
that f € LP (). This is not a restriction of our approach. Indeed, in order to treat the case of general source

’ / ’ 2
term f € WL (Q), it is possible to write f = fo + div fi with fo € L (Q) and f, € (L” (Q)) , So that the
problem (1.1) is equivalent to

—div (95(2, VUe)) = fO(Z)7

where @ : (2,€) — o(2,8) + f1(2). It is easily seen that, if ¢ satisfies (H1)-(Hs), so does the new flux @. It is
worth noticing that the couple (fo, f1) is not unique and each choice will lead to a different approximation of
the original equation (see [15]). As a consequence, from now on we always assume at least that f € LP (Q).

1.2. Examples. Our framework includes classical elliptic operators like the linear anisotropic Laplace
equation

—div (A(2)Vue) = f, (1.3)
A(z) being a uniformly coercive symmetric matrix-valued map, or the p-laplacian
—div (|Vue|P*Vue) = f. (1.4)

One can also encounter, for instance in the modelling of non-newtonian fluids flows in a porous medium,
equations like

—div (k:(z)|F(z) + Vue|P2(F(2) + Vm)) =f, (1.5)

where F' is a vector-valued map and k a positive scalar map bounded from below. Notice that F' is not
necessarily a gradient, so that this problem may not reduce to the p-laplacian (1.4) through a change of
variables. The models presented in [12] are even more general, since the flux ¢ depends also on the unknown
we. In [22], the authors also propose such nonlinear elliptic problem for the study of glacier flows. In this case,
the flux ¢ depends only on £ but in an implicit way.

We recall the key technical lemma which implies the monotonicity and continuity properties of the two non-
linear model problems above (see [5]).

LEMMA 1.2. For any p €]1,+oo[ and § > 0, there exists C,C > 0 such that for any n € N we have

(1EP2€ = [nlP~=>n,€ = n) = Cl& = n*TO(|E] + [n))P~>7°, V& eR™,

[[€[P72€ — In|P~2n| < Cl€ —n* 2 (1] + )P, V&, eR™

1.3. Finite volume approach. Finite elements approximation of problems like (1.1) are now quite
classical (see for instance [5, 8, 21, 26]). Nevertheless, it is also natural to consider finite volume methods
for these problems. Indeed, finite volume methods allow more flexibility on the geometry of the meshes and
ensure the local consistency of the numerical fluxes inside the domain. Furthermore, this kind of discretization
is well-adapted if one adds a convective term in the problem (1.1).

The nonlinearity and the possible anisotropy of the flux ¢ with respect to Vue makes it difficult to approximate
the problem by standard cell-centered finite volume methods (as presented, e.g., in [18]), since only the normal
component of Vue on the interface between two adjacent volumes can be easily approximated on conformal
meshes.

In the case of linear anisotropic Laplace equation, some studies are available in the literature for instance in
[10, 14, 20], with various approaches. To our knowledge, three kinds of gradient reconstruction were proposed
for the finite volume approximation of the fully non-linear equation. The one of [4] applies for the p-laplacian
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on meshes that are dual to triangular ones, moreover, the triangular meshes should be close enough to the
structured mesh. The one of [1] applies on rectangular meshes. Finally, for general grids it was recently
proposed in [17] to handle fluxes on the edges of a control volume as new unknowns, and reconstruct the
discrete gradient, constant per control volume, using these fluxes. In all cases, the crucial feature is that the
summation-by-parts procedure permits to reconstitute, starting from the one-dimensional finite differences
U — u., the whole two-dimensional discrete gradient (see [4, Lemma 8, Proposition 4] and [1, Proposition 2.5,
Lemma 2.7]). The coercivity and monotonicity properties of the continuous elliptic operator are then inherited
by its discrete finite volume counterparts. For instance, the variational structure of the p-laplacian operator
can be inherited by its discrete analogues.

We consider in this paper the class of finite volume schemes introduced by Hermeline in [24], by Domelevo,
Omnes in [13] for the Laplace equation and in [11] for other linear equations like the Stokes or the Div-Curl
system. More precisely, we show that the method can be successfully extended to the case of the nonlinear
diffusion equation (1.1) we are interested in while preserving the main features of the continuous problem. In
[11], these schemes are called “Discrete Duality Finite Volume” (DDFV for short) since the discrete gradient
and discrete divergence operators are dual one from each other (see Lemma 4.1 below). The equation is
approximated simultaneously on two interrelated meshes: the primal and the dual mesh. The number of
variables and of equations doubles compared to usual cell-centered F'V schemes, but the gradient approximation
(the one already used by Coudiére and al. [10]) becomes simple and quite efficient. Furthermore, the method
is well-suited to almost arbitrary meshes since few geometrical constraints are imposed to the primal and dual
control volumes. Indeed, non convex control volumes, non matching triangulations or locally refined meshes
can naturally be handled by this method and also fulfill the assumptions needed for the convergence analysis
given in this paper.

1.4. Outline. This paper is organized as follows. The framework of DDFV meshes, the discrete gradient
and the finite volume scheme associated with equation (1.1) are described in Section 2. In Section 3, we present
the main results of discrete functional analysis necessary for the theoretical study of the finite volume method.
These results include the discrete Poincaré inequality (Lemma 3.2), the study of the mean-value projection of
functions on the meshes (Proposition 3.5 and Corollary 3.1) and finally a discrete compactness result similar
to the Rellich theorem (Lemma 3.6).

Existence and uniqueness of a discrete solution of the scheme as well as a priori estimates are given in section 4
(Theorem 4.4). The structure properties of Leray-Lions operators being inherited in the framework of DDFV
schemes, the method we use is similar to the one for the continuous problem (1.1).

Section 5 is devoted to the proof of Theorem 5.1 which states the convergence of the approximate solution in
case of general data g € Wlf%’p(aﬂ) and f € W12 (Q) (see Remark 1.1). Notice that the strong convergence
of the discrete gradient of the approximate solution towards the gradient Vue of the exact solution is obtained
in (LP(Q))2.

In Section 6, we study the stability properties of the approximate solution with respect to the data f and g
(Proposition 6.1). Finally, in Section 7, we prove error estimates for the discrete gradient in (LP(2))? in the
case where the exact solution lies in W?2P(Q), which is a usual assumption for the error analysis (Theorem
7.1). The convergence rate obtained is size(7 )ﬁ for p > 2 and size(7)P~! for p < 2. These rates are the
same than the one obtained in [1, 26] for different schemes. As an example, this result implies the first order
convergence in the case of the anisotropic Laplace equation which Lipschitz coefficients.

Note that error estimates for general solutions of the p-laplacian equation with source term in Lp/(Q) were
obtained in [2], making use of the intrinsic Besov regularity of continuous and discrete solutions, in the case of
structured rectangular meshes. It is an open question how to generalize this Besov approach to the unstructured
DDFV schemes.

In Section 8, we provide some numerical results which show in particular that, in the truly nonlinear case, the
method behaves better than what is expected even for non conformal locally refined meshes. In the concluding
Section 9, we discuss the extension of our study to some fully practical variants of the finite volume scheme
and to even more general meshes than the ones described in Section 2.1.

2. The finite volume method.
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Fic. 2.1. Exzample of a DDFV mesh

2.1. Definition of the mesh. We call 7 a triple (9%, 91", D) of meshes on (, defined as follows. The
mesh 90T is a set of disjoint polygonal control volumes k& C Q such that Uk = . We denote by 90t the set
of edges of the control volumes in 2t included in OF2, which we consider as degenerate control volumes. We
associate to (9T, IM) a family of points .

The set P = Pint UPewr is composed of one point per control volume x € M (called x € Pype) and one point
per degenerate control volume x € 991 (called zx € Peyr):

Y‘]31'nt = {fm K€ m}v memt - {wm K€ 89}1}

Let B* denote the set of vertices of the mesh 9t. The set * can be decomposed into P* = P, UL, where

int
¥ NOQ =0 and Pr,, C IO (see Figure 2.1). The sets " and IM* are two families of “dual” control
volumes defined as follows. To any point z« € B, (resp. zc« € Pi,,) we associate the polygon £* € M™
(resp. k* € OM™) whose vertices are {z, € P/a- € K, £ € M} (resp. {ax-} U{ze € P/oer € K, K €

MWt U 9M}) sorted with respect to the clockwise order of the corresponding primal control volumes.

For all adjacent control volumes x and £, we assume that dx N Jz is a segment that we call an edge of the
mesh 9T and that we denote by ¢ = k|c. Let £ be the set of such edges. The corresponding notations
o* = k*|c* and E£* refer to the dual mesh 99T U dM*. Even though more general situations can be handled,
we concentrate in this paper to meshes satisfying the following assumption.

Main assumption. We assume either that all the primal control volumes x € I are star-shaped with
respect to x either that all the dual control volumes K* € 9™ are star-shaped with respect to Ty .
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REMARK 2.1. This hypothesis is not so restrictive and is fulfilled for instance in the case of a primal Voronoi
mesh associated to the vertices xx«, or in the dual case of a Delaunay conformal triangulation of the domain
(see [19]).

For each couple (0,0*) € &€ x £* such that 0 = k|c = (¥, 2.+) and o* = K*|£* = (2, z,), can we introduce
the quadrilateral diamond cell D, .- whose diagonals are o and ¢*, as shown in Figure 2.2. Notice that the
diamond cells are the union of two disjoint triangles and can be non convex. Furthermore, if ¢ € £ N 91, then
the quadrilateral D, ,« degenerate in a single triangle. The set of diamond cells is denoted by ® and we have

a- D
DeD
As a consequence of the main assumption above, we easily see that the interior of the diamond cells are disjoint.
For simplicity, we will also assume that the interiors of the dual control volumes are all disjoint. Nevertheless,
it is possible to cope with particular meshes with overlapping dual control volumes (see [13]) but it would be
necessary to introduce some more notations.

2.2. Notations. For any control volume k € 9%, we define

® My, the measure of k.

o &, the set of edges for £ € Mt and abusively the edge o = k for £ € 0.

¢ D ={D, o €D/o €&}

e v, the outward unit normal vector to Jk.

e d,, the diameter of «.
For any degenerate control volume x € 0901, v stands for the outward unit normal vector to 0€2. In the same
way, for a “dual” control volume x* € 9™ N IM*, we set

® M-, the measure of K*.

o &+, the set of edges for £* € M* U IM™.
¢ D ={Dyox €ED/o* € Ecx}.
e U, the outward unit normal vector to Ox*.
e di«, the diameter of £*.
o=K|L X o =K|L
Rd
- /
R4
Rd
o 2 o* = K*|c*
7/
L
X * gk |,k ~ <
K o =K*|L '\' \\\.L
\¢
\v
\v
\¢
\4
X p*

F1G. 2.2. Notations in a diamond cell Dy o+

For a diamond cell D, ,«, recall that (2, xxx, 2., z.+) are the vertices of D, 5« and note :
e m,, the length of o, m,« the length of ¢* and mp the measure of the diamond cell.
T, the unit vector parallel to o, oriented from x,+ to x,«.
v, the unit vector normal to o, oriented from x, to x..
7%, the unit vector parallel to o*, oriented from z, to z..
v*, the unit vector normal to ¢*, oriented from x,+ to x «.
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e ap, the angle between 7 and 7.

e dp, the diameter of D, ;.
It can happen that the point z, does not belong to « (if x is a triangle and z, its circumcenter for instance).
As usual in that case (see [18]) it is necessary to assume that v, points from x, towards z,, that is v, = v
with the notations above. Similarly we assume that v« = v*. In the case of a triangular mesh 9t in which
Ty is the circumcenter of «, this assumption is known as the Delaunay condition.

2.3. Unknowns and boundary data. The finite volume method associates to all primal control volumes
K € M, an unknown value u, and to all dual control volumes £* € 91", an unknown value u,+. We denote
the approximate solution on the mesh 7 by

u? = ((uic);cegn » (ufc*);c*eg)}*) . (21)

The space of all discrete functions «” in the sense of definition (2.1) is denoted by R7.
In this paper we deal with non-homogeneous Dirichlet boundary condition. We describe here the way the
boundary data will enter the scheme. Note first that

= J x= |J (Know).

Keom K*eom*

For any boundary data g € Wiowr (09Q) we introduce its discrete counterpart by defining for each x € 99,
a value g, and for each £* € 999", a value gg~. The family ((gx)ccomt, (gx )i+ com=) is denoted by g7 and
is also associated with a piecewise constant function in LP(952) as follows

1 1
g’ ~ ) Z 1 g + ) Z 1n00 9k
KEOM K*€oM*

where here and in the sequel, we denote by 15 the characteristic function of any set E.
We consider the discrete mean-value boundary data denoted by P7g = (P9, P9*"g) defined by

m

1 " 1
py = (o [owas) oy (L [ gwas) (22)
Mo Jox KoM Mocx Joys K* oM

Here
Ox = Blg, pe) NOQ, and o = B(ar, pr-) NN (2.3)
and p, and p,+ are positive numbers associated to the mesh 7 and such that
o CK, oOxx COK".
Finally, introduce numbers px and p,+ for any k£ € 9Dt (resp. £* € M™) such that
By = Bk, pc) CQ,  Ber = B(aes, per) C Q.

These balls are only introduced in order to prove the convergence of the scheme (but not to prove the error
estimates). In particular, they do not enter the definition of the scheme. Of course, some assumptions are
needed on the radii p,. and pc+ as stated in the next paragraph.

2.4. Regularity of meshes. We note size(7) the maximum of the diameters of the diamond cells in D.
The following bounds follow:

me < size(T), Yo € E; my« <size(T), Vo* € £7;

1
me < msize(T)?, Ve € M; mye- < wsize(T)?, VK* € M*; mp < §size(T)2, VD e ®D.
6



We introduce now a positive number that quantifies the regularity of a given mesh and is useful to perform
the convergence analysis of the finite volume schemes. We first define a7 to be the unique real number in
10, %] such that

. def . .
= , .
sinaz = min | sin ap| (2.4)
€

that is the minimal angle between the diagonals of the diamond cells in the mesh.
Let us introduce the number

N7 & sup #{K"st. € K@K*} +sup #{Kk s.t. z € )C/UE,C}
e z€eQ

+sup#{Dst. 1 € DUB, D €Dy, £ €M}
€N

+sup#{Dst.  €DUB., DEDy-, £* €M}, (25)
zEN

where E denotes the convex hull of any set £ C R2. In the usual case where the primal control volumes, the
dual control volumes and the diamond cells are convex and where B, C K, B C £* then N7 can be bounded
by a function of the maximal number of edges per primal and dual control volumes. Since we do not impose
any convexity assumption on the meshes, we need to control this number A7 in the convergence analysis. We
can now introduce

reg(7) < max 1 Nt maxd—D, max e max (e
ar’’ T DeD J/mp KeM /M KreD* \/Micr
d’C p’C d)c* p;c*
)cena}t%}gm (p_)c + a ’ )c*egtlgfam* Prc T diex /7’ (2.6)

T o« Fcorner

max ( - + Cp(ﬂ:c*)>7 max d_,<7 max dK*),
KX com* Cp(p)c*) dyex Kem dp’ krem* dp

@ jox =corner DeD DED jcx

where, for any s > 0, we have

Cp(s) =s,if p< 2,
Cp(s) = s%’,ifp > 2, (2.7)
Ca(s) = s|log s|.

This special treatment of the corner vertices of the mesh is a purely technical assumption which is used in the
convergence rate analysis (see Lemma 7.2).
Let us point out that reg(7) essentially measures:

e how flat the diamond cells are.

e how large is the difference between the size of a primal control volume (resp. a dual control volume)

and the size of a diamond cell as soon as they intersect.

Convention. In any estimate given in this paper, the dependence of the constants in reg(7T) is implicitly
assumed to be non-decreasing. Furthermore, the dependence of the constants on the domain is often omitted.
REMARK 2.2. For conformal finite volume meshes (see [18]), it is assumed that ap = § for any diamond
D € D, so that ar = 5. In our case, not only this orthogonality condition is relazed but also M can present
atypical edges, non convex dual control volumes and non convex diamond cells (see Figure 2.3).
REMARK 2.3. The boundedness of reg(T) imposes only local restriction on the mesh. It is easy to construct a
family of locally refined mesh such that reg(7T) is bounded independently on the level of the refinement. Figure
2.4 provides a very simple example of such a construction.

7



Atypical edge
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F1G. 2.4. Local refinement allowed by the boundedness of reg(7T)

2.5. Discrete gradient. We consider the discrete gradient introduced by Coudiere and al. in [10] and
applied by Hermeline [24] and Domelevo and Omnes [13] in the framework of DDFV schemes described above.
For a given discrete Dirichlet data g7 as defined above, the discrete gradient operator V;[T can be defined as

follows : for any u” € R7, ;TuT is the function, constant on each diamond cell Dy -, given by

§ : D
V;TUT = ngUTlp,

De®
with
Upr — Upex
(V97u7,7'> = £ *
Mo 2.8
(VDTUT,T*> _ U _U;c’ (2.8)
g M=



where D, - is noted D when no confusion can arise. The dependence on g7 only appears when D, o+ intersects
0f), in which case we replace the values of u, or uc« by ge or g+, for the points xx or x,+ located on the
boundary. Remark that V ru” can be expressed in the (v,v*) basis in the following way :

sin ap Mg* Mg

VoouT = 1 Ue 7 Ui v+ Yer = Uk v* 2.9
g

thanks to the following lemma.
LEMMA 2.1. Using the notations of Section 2.2 and Figure 2.2 (in particular the orientation conventions),
for any vector £ € R? we have

(sinap) &= (& T)v™ +(§,77)v

In the framework of DDFV schemes on general meshes, this lemma is the crucial argument which ensures
the coercivity and monotonicity properties of the finite volume approximates of Leray-Lions type operators;
compare to [4, Lemma 8] and [1, Proposition 2.5], which only work due to the particular geometry of meshes.
REMARK 2.4. Our notation for the discrete gradient can be easily handled thanks to the following property:
for any discrete boundary data g¥ and g7 and for any discrete functions u? and u3, we have

V Ul + V TU2 VngTJrgg* (U{ + Ug) . (210)
In particular, if 07 denotes the zero vector of R then
VeuT — VP = VDT_ggOT,VuT eR7.

g 93 9i

2.6. The scheme. “Discrete Duality Finite Volume” schemes are obtained, as in Hermeline [24] or in
Domelevo and Omnes [13], by integrating equation (1.1) on both control volumes £ € 9t and dual control
volumes £* € M™:

/Kf(z) dz:/ —div (p(z, Vue(2))) dz = —/E)K(@(S,VUe(s)),l/,c) ds
= > / 5, Vue(s)),vx) ds,

D, oxEDK

(2.11)
/ f(z)dz = / —div (p(z, Vue(z))) dz = 7/ ((s*, Vue(s™)), V) ds*
Kc* K* orK*
= Z / ¥ Vue(s™)), vex) ds*.
o' o* GDIC*
Let us introduce for any diamond D the spatial approximation ¢p : R? — R? of the flux ¢ defined by
1
oo = - [ pl2.0) da (212)
mp Jp

Other approximations of ¢ on each diamond are possible, we will discuss one of them in Section 9.
On each diamond D, we approximate (-, Vue()), using the discrete gradient operator Vi, introduced in

section 2.5, by SDD(VJE,? u”). Note that the choice of a constant value for the discrete flux ¢p(§) on each
diamond is necessary in the calculations using Lemma 2.1. The DDFV finite volume scheme then reads

a3 m, (@D(V%guT), u) = mefe, Vi € 9M, (2.13)
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- (u”) = — Z Mg (@D(V%guT), u*) = My~ frr, VE* € M*, (2.14)
Dy g €D o

where f (resp. fic+) denotes the mean value of the function f on x (resp. £*). It is convenient for the analysis
given below to introduce a notation for this kind of projections on the set of discrete functions.
DEFINITION 2.1. For any integrable function v on Q, we set P7v = (P™v, P™v) | where

e 1 * e 1
Py = ( / v(z) dz) and Py = / v(z)dz .
Mex J oy KEM M Jpyc e

We call P7v, the mean-value projection of v on the space R7T. We also introduce the mean-value projection

e =
on the control volumes P7v = (E?‘U,Pm”"*v) , where

Py <L/U(z)dz) , and @?vg< ! / v(z) dz> .
M Jx KeM Miex e K e

The finite volume scheme above can now be written under a compact form

a,(u?) = P7F, (2.15)

m

ag(u) %L <(T;}Ca,c(u7)) ~ (mi - (M)) K*) . (2.16)

We postpone to section 9 a discussion concerning some variants of the proposed scheme, in particular, with
respect to the choice of the discretization of the data f and g.

where

3. Discrete functions and their properties.

3.1. Sobolev spaces on the boundary of polygonal domains. We need to recall briefly the defini-
tions and main properties of the Sobolev spaces defined on 92 and related trace theorems. A complete study
of these topics can be found, for instance, in [23].

DEFINITION 3.1. Let o €]0,1[, and p € [1,400[. We define W*>P(0RQ), to be the space of functions g € LP(0R)
such that

P d\ () d\(y)
|z -y

< o0,

9(z) — g(y)
|x

g
-yl

of
”g”?/[/a,p(ag) = ”9”21)(39) +/ /
o0 JoN

where dX is the natural length measure which can be defined on the boundary 0 (see [27]).
We recall that the trace operator v is continuous from WP (Q) onto WiowP (09) and that there exists a linear
continuous lift operator R : Wlf%’p(aﬁ) — WLP(Q) such that

vor=lIdao, [R(9)Iwrr <Cligll - (3.1)

1

PP (50)’
where C' depends only on §2 and p. For any g € Wi e (092) we denote by ngp(Q) the closed subset of W1P(Q)
of all functions whose trace on 0f2 is equal to g.

Let us denote by I'y,..., I’y the sides of ). Since each I'; is a segment we can define naturally the spaces
WHHer(I;) by

Vrh(z) = Voh(y) |7 dA(z) dA(y) -
|z —yl|* |z -yl

h e WH*P(T,) & h € WHP(T}), and / /
r, Jr,
10



where V. h stands for the derivative of h in the direction of ) that we call “tangential gradient”. Since 0f2
is not smooth enough, it is not possible to define the space WT*?(9Q) but we can introduce the following
space

WiHer(9Q) = {g € W'P(09), g, € WHP(T,)},

endowed with its natural norm. We recall that the trace operator v is continuous from W?2?(Q) onto a finite

codimensional subset of W2~ (092) which can be described precisely (we do not need this description here
and we refer to [23] for further developments on this topic)

We also recall that for any p > 2 the embedding of W'~ P’p(ﬁQ) in the Holder space C®'~ (89) holds true
and that we have the following sharp estimate.
LEMMA 3.1. Let p > 2, there exists a constant C depending only on p such that, for any connected subset o

of 9 and any g € Wlf%’p(ﬁﬂ) we have

19() — 9(")] < Ol — /]I~ (//

Proof. The embedding of w's P(9Q) in the Holder space €%~ (BQ) is given by the Morrey theorem.
In particular, there exists C' > 0 such that (3.2) holds for the unit segment o =]0,1[C R and any g €

|z — y|

d)\( ) ANy )> vz, 2 € o. (3.2)

M—M“"

WiwP (]0,1[). Tt is now easy, using a linear change of the variables, to see that (3.2) holds with the same
constant C for any o. O

3.2. Basic notations and results. Whenever it is convenient, we associate to the discrete function

u” = ((ux)cem, (Uxx)c+com+) the piecewise constant function
1 «
T ~ — n ps , 33
u 5 (u™ +u™") (3.3)
where u™ = Z Lo, u™ = Z 1c-uex. As a consequence, one can define for any r € [1,4o00] the L”
reM K em*

norm of u™, u™",u”. We denote by [-,-] the inner product on R7 given by

1 1
[[’U,T’UTH = 5 Z m(lC)U,,C’UK + 5 Z m()g*)u,c*v,c*7

reEM K*em*

which stands for a discrete L?(2) inner product, whereas the usual Euclidean inner product on R7 is denoted
by ('7 ) :

= E UV + E Ujex Ve

reEM KreM™*

Let us finally state the discrete version of the Poincaré inequality. This result is classical in the case p = 2 (see
for example [13, 18]). When p # 2, it is proved in a slightly different context in [4], without any geometrical
assumptions on the mesh. In the DDFV framework, we need to assume a lower bound on a7 defined in (2.4).
To begin with, let us point out the fact that there exists C' > 0 depending only on p and reg(7) such that for

any g € Wl_%’p(aQ) we have

T R < O R Qo * » < .
Eogllrroa) < IB7gllr@0) + 1B glleon) < Cligll -1 (3.4)

where PZg, P2y and P are defined in (2.2). As a consequence, for any sequence of meshes 7,, such that

reg(7y,) is bounded and size(7,,) — 0 we have

m

Pam“g —— g, in LP(8Q), and P97y —9 in LP(09), (3.5)
11



for any g € WiwP (09). The proof of this result is not given since it is a straightforward adaptation of the
arguments used in Section 3.3 for the study of the mean-value projection operators for functions defined in the
whole domain Q. Remark that we need to take g € Wl_%’p(aQ) in (3.4) and (3.5) because of the particular
treatment of the corner points (for p > 2) in (2.2) and (2.6).
We can now state and prove the main result of this section.
LEMMA 3.2 ((Discrete Poincaré inequality)). Let T be a mesh of Q. There exists a constant C, only depending

on p, on the diameter of Q and on reg(T), such that for any u” € R and any g € Wl_%’p(aﬁ), we have

H’U,THLP < Hu‘mHLp + Hu‘m*”LP <C (V]ﬁ?guT”Lp + ‘g”Wl_Il”p(BQ)) ’ (36)

where P7g is defined in (2.2).

m,

Proof. We start as in the proof of the discrete Poincaré inequality given in [4] (see also [19]), taking into
account the boundary conditions. It follows, using (3.4),

u u
”ume[i ZmK|uK|P<C Z Mo Mg= M’—FO Z m;c',g;c|p
KeM D, on €D KoM
U — U _ _
<O Y mgmp M oy Ol
D, €D 4 W pr(o9)

Using the definition (2.6), we see that there exists C' depending on reg(7) such that
MeMeor < COmp, MeMer < Cmy, and meme < Cm,.

As a consequence, we can use the Holder inequality to get

p
—u
™| <C )" mp | =—=] +Cllgl” - b
D, .- €D (o0)
By definition of the discrete gradient, we have
U —
ng *’ Enfu T)<|VEZ’U|

so that, with (2.6) and (3.4), the estimate of the norm of u™ follows. The estimate of the contribution of u™
is estimated in the same way. O

Notice that, using the same argument than in [4], we can prove that the constant C' in (3.6) depend only on
diam(€2) and a7 in the case where all the diamond cells are convex and g = 0.

3.3. Properties of the mean-value projection operators. In the convergence analysis of our scheme
we will have to use some discrete approximation of test functions lying in W1P(Q). The natural projection
(since these test functions may not be continuous when p < 2) is the mean-value projection (see Definition 2.1).
We give below the main properties of such a projection onto the set of discrete functions in our framework.
To begin with, we give the following crucial result, which is similar to [16, Lemma 7.2], [18, Lemma 3.4],
generalized to the case of non convex control volumes and p # 2 (see also [17, Lemma 6.1]). We do not give
the proof which is a straightforward extension of the proofs that one can found in the references above.
LEMMA 3.3. For any q > 1, there exists a constant C' depending only on q such that for any bounded set
P C R? with positive measure, any segment o C R? and any v € W14(R?) we have

iam(P.)a+!
op = volt < [ [ o)~ ol dedy < PR [ gy,
oJP Po

mesmp mqemp

12



Case II

Fic. 3.1. Boundary dual control volumes and diamonds

where vp denotes the mean value of v on P, v, the mean value of v on the segment o, and 7/9(\, is the convez
hull of PUo.
LEMMA 3.4 ((Mean-value projection bounds)). Let 7 be a mesh on Q and q € [1,+00]. There exists C
depending on q and reg(7T) such that

1. for any v € L)), we have
P7v

m

|Le < P [ e < C|lv]lLa, 3.7)
IB70]| 0 < B0 Lo + [B™ 0] La < Clv]| e '

]P’mUHLq +

m

2. for any v € WH(Q) we have

V2, Bollze < ClIVoa, (3.8)

where g = y(v) is the trace of v on 0.
Proof. 1. This point is straightforward consequence of the Jensen inequality and of (2.5) and (2.6).
2. Recall that

q

7, 7, 7, 7,
P — PTo, Prues — Py~

q
T 7T, q m
”VIEZ' Bollz. <C E M ( ) :
me= mes
DeD
For interior control volumes, we have
T, 7T, T, T,
Ploc —Blu, < Ploc — v Plv. — v
< + )
Mg Mg M (3.9)
T, 7, T, T, :
]P)m’l);c* — vaﬁ* < ]va)c* — Vg* ]P)m’UL* — VUg*
Mg - Mg Mg ’

where v, = - [ v(s) ds and v, = / v(s*) ds*. Lemma 3.3 can be applied to each of the terms in the
o o*

right-hand side of (3.9). The case of boundary control volumes can also be reduced, as shown in Figure 3.1,

to estimates of differences between the mean values on the balls B, and the mean values on edges. But as for

K € Mt and £* € M, PTu,, PTu,» are mean value of the function v on some edges, we need to insert mean

values on appropriate balls.
Thanks to (2.6) we have

diam(x U By ) < C(reg(T)) de < C(reg(T)) min(me, my-),
13



diam(k* U By-) < C(reg(T)) der < C(reg(T)) min(mgy, my-),
and
mp < C(reg(7)) Mp., Mp < Clreg(7)) Mpws

so that

Wz et <o ([

DeD UBk

+/ \Vv(z)\qder//\ Vv(z)qdz>
K*UBcx £¥UB L«

<20<Z [Vu(2)|?dz + Z |Vo(z |qdz>

cemt Y KUBK i ¥ KFUB

|Vo( )\qder/ [Vu(z)|?dz
£UB,

< /\/TC/ Vo(2)[ dz,
Q

and the claim is proved.

0

PROPOSITION 3.5 ((Convergence of the mean-value projections)). Let 7 be a mesh on Q and q € [1,+00].
There exists C depending on q and reg(T) such that

P —v|pa < ||IP™ —v||za + |P™ v — v||pa < Csize(T)||Vollza, Yo € Wl’q(Q), (3.10)
P70 — v ze < [|[P™0 — v||a + |[P™ 0 — v||pa < Csize(T)|Vv|[Le, Yo € WhH(Q), (3.11)
Ve Biv — VullLe < Csize(T)||Vullwra, Vo€ W24Q), g=(v). (3.12)

We postpone the proof of this result to Section 7.1.3.
COROLLARY 3.1. Let q € [1,+00[ and (7,,)n a sequence of meshes such that size(7,) — 0 and reg(7,) is
bounded. Then, we have _ _ B

e For any v € LY(Q), all the sequences (B™"v),, (P™v),, (BP7"v),, (B™"v),, (B™w), and (BT v),

converge towards v in LI()).

e For any v e Wh(Q), the sequence (VIrBI"v), converge towards Vv in (L9(Q))2.
Proof. The two claims of the corollary can be shown in the same way. Let us give, for instance, the proof of the
second point. For any v € W14(Q2), by density of W24(Q) in W14(Q), for any ¢ > 0 there exists v° € W24(£2)
such that ||v — v¥||w1.« < e. We denote its trace by g¢ = v(v°) and its mean-value projection by g5 = P7¢g°.
Thanks to Lemma 3.4 and Proposition 3.5 we have

ViR v — Vollpa <[|[VgrBrmv — Vo2 BTt ||pa + [V BT v® — V& e
+ || Vv® — V|| Lq
<C||Vv — Vv®|| e + Csize(T,)|| Vv ||wia
<Ce + Csize(T,)||Vv®||wra.

The real number ¢ being fixed, for n large enough we have size(7,,)||Vve||w1.« < € so that we obtain

|VIrPTry — VoL < 2Ce,

gn "m

and the result follows. O
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3.4. A compactness result. As usual, in the convergence analysis of finite volume schemes (see [18]

for instance) one needs to prove a discrete compactness result, which is a discrete counterpart of the Rellich
compactness theorem.

LEMMA 3.6 ((Discrete compactness)). Consider a sequence of meshes (7)), such that size(7,,) tends to zero

and reg(7,) is bounded. Let g € Wl_%’p(aﬁ) be the boundary data and g, = P7 g its mean-value discretization
on the mesh T,,. Let uTr € R7" be a sequence satisfying the discrete ng’p bound

Vo u™|l» < C, VneN. (3.13)
Then, there exists u € ng’p(Q) such that, up to a subsequence,

uTn —u n Lp(Q)a
VTruTr —— Vu weakly in (LP(Q))2.

n—oo

Notice that we will prove in fact that, up to a subsequence, (u”n),, and (u™r),, both converge in L?(Q) but
in general their two limits can be different.

Proof 1. For any n € N, consider v = u7» — P77r(g), where = is the lift operator satisfying (3.1). By
Lemma 3.4, we know that V7 ~P7"R(g) is bounded in (L?(£2))? so that, using the bound (3.13) we deduce that

Vg v |lLe < C, VneN.

Hence, by Lemma 3.2, the sequence v”7» is bounded in L? (©). Let us now consider the sequence of discrete
functions w7 defined by

7,

wln = [P tyTn Yk € M,

T, T, p-1,7,
wet = |ver|P ol Vet € I,

and extended by 0 outside Q. This sequence of functions is of course bounded in L' (R?) and vanishes outside
a bounded subset of R2. For any z,7 € R?, and any edge o = k|c we define

%(x,n):{ 1, ifoNfz,x+n #0,

0, elsewhere.

Hence, with the notations of Section 3.2 and by Lemma 1.2, we have for any = € R?,

W™ (24 m) — w0 (@) < S ()l — wyl

o=K|L
Ve — Uk p—1 p—1
<C Z Mo P (T,7) P (Jvcl + |oeP7).
o=K|c 7

Now we remark that / Yo (x,n) dx < my|n| so that we have
R2

lw™ (- 1) = w () 12y < Creg(Ta)lnl Y mo| VG0 [(lvelP ™ + [P~
DeD

p—1

< Creg(T,)||VE 0™ || 1 (Z mp(Jve|? + |va)> :
DeD
15



The last factor in this inequality can be treated, as in [4], as follows:

D mo(jvel’ + [velP) < C Y milocl? + Creg(T,, )size(T,)?|| V5 o™ |17,
DeD KEM

Hence, there exists C' > 0 such that for all n € R? and n > 0 we have

[P (- + 1) — 0™ || L1 @2y < Clnl.

Moy

Thanks to the Kolmogorov theorem, we deduce that there exists a subsequence of (w r which converges

towards a function w € L'(R?) which vanishes outside Q. The definition of w7 reads as
v (z) = T(w™ (2)), Vo € Q,

where T is the nonlinear map defined by T'(§) = |£ | § By Lemma, 1.2, we know that T'i is L_Hélder continuous
so that we have

1
[o™ = ()]l sy < Cluw™™ — w]Z, .

which proves that (v ), converges strongly in LP(2). We can now apply the same technique to the subse-
quence (v”7x); defined on the dual meshes. We deduce, using (3.3), that there exists a function v € LP()
such that

7T,

v —— v in LP(Q).

n—oo

By Corollary 3.1, we know that P7"r(g) tends to =(g) in LP(£2), so that we finally have

u’m —— v+ R(g) = uin LP(Q). (3.14)

n—oo

2. It remains to show that u € ng’p (©) and that the discrete gradient weakly converges. Thanks to the bound
(3.13), there exists y € (LP(2)) and a subsequence which is still indexed by n such that

VInuTn —— x weakly in (LP(Q))”. (3.15)

n—

Let ¢ € (Coo(ﬁ))z. Using (3.14) and (3.15), we have

I, = / (Vrun™(2):9(2) de + | up” (2)div () de
Q

/Q (3.16)
— | (x(2),%(2)) dz—i—/ﬂu(z)divw(z) dz

n—oo Q

By definition of the discrete gradient we have

/ (Varun"(2),9(2)) dz = ZmD oun™,vp), (3.17)
0

De®

1
where p = — / 1 (2) dz. For each diamond D = D, ,- let us introduce
mp Jp

mg/w ds, 1/)0*:




and finally 7:/;17 uniquely defined by
(JD?V):(¢J7V)7 (JDaV*):(l/Ja*»V*)~

The test function 1 being smooth enough we have, using Lemma 2.1,

|Yp — ¥p| < Shor (YD = Yol + [¥D — Yo |) (3.18)

< 2reg(T, )size(To) [V

Coming back to (3.17) we deduce
| (Vi 2),002) de = Y- mo (VR i Do) + S mo (V5 i v T,
. De®D Ded

and using (3.18) and the bound (3.13), we see that the second term tends to zero as n goes to infinity. As far
as the first term is concerned, we use (2.9) to obtain

~ 1 U — U Upx — Usc* ~
D, Tn _ c K c K
> mp (Vgnun ,wp) =5 > " Mmoo —— v+ v p
DeD o

Mme=
De®
1 ~ 1 ~
- S e S (o) X w3 e (G
KeEM o€k K*em* o*EE
1 ~ 1 ~
+ ) Z Pr g Z Mo (7/117,1/&) -3 Z P7rg,cx Z M= (1/)1),1/;2*),
KEOM o€l K*EOM™ oFEE K
c*CQ

We recall here that the two boundary terms above have different forms since the elements of 99t are degenerate
control volumes whereas the elements 99t" are plain dual control volumes located near the boundary of the
domain. Thanks to the definition of ¢p we have

5" i (VR ) -

De®

Wshve)ds—3 3 we Y / ds

KEM o€ 9 K*eEM* o*EE
1 1
+3 2 BT [l -5 Y Blae 3 / ds.
KEOM K*EOM™ o*EE )

o*CQ

Let us emphasize the fact that in the last term, only the edges ¢* which are not on the boundary of the domain
are taken into account. Hence, using Stokes formula in the first two terms and in the last one, it follows

Z mp (ngnuZ;n,TZD) =— % Z u,c/ dive(z) dz — 1 u,c*/ div(z
DeD 2 S
+— > B / s—% > BTy /le’L/J()

zceasm K*€oOM™
1
+ 5 P7rgcs Z )ds
K* €M™ o €£K*
o*Con

=~ [ @aivu >dz+/ BTog (1(2), v) ds
Q o0

Brge [ dive(e)ds
.

17
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Notice that the last term tends to zero thanks to (3.4) since / divep(2) dz| < O|| V1| sesize(T,,)?. Gathering

K
all the computations above and using the property (3.5), we find that I,, (defined in (3.16)) converges towards

/ a(s) (% (s), ) ds,
o0

so that we finally proved that, for any ¢ € (C*(Q2))? we have

/Q (x(2),0(2) dz + / u(z) div(z) dz = / 9(5) ((s), ) ds.

o2

This proves that u € WP(Q) with Vu = x and that ~v(u) = g.
O

4. Properties of the scheme. In this section we show that the finite volume scheme (2.15) inherits
from the properties of the continuous problem (1.1). In particular, we show the existence and uniqueness of
a solution to this scheme. In a second paragraph we concentrate on the very important, in view of many
applications such as (1.3)-(1.5), variational case.

4.1. The general case. Let us begin with a basic lemma which express the duality, through the discrete
summation-by-parts procedure, of the discrete gradient and discrete divergence operators on DDFV meshes.
Let us recall that the nonlinear map a, defining the scheme is introduced in (2.16).

LEMMA 4.1 ((Summation by parts)). For any (u”,v7) € RZ x R, we have

[[ag(uT)7vT]] = Z mp (@D(Vﬁf{guﬂr), VOD’UT) .
DeD
Proof. Performing the summation-by-parts from the definition (2.15) of a, we deduce
1 1
Hag(u7)7vTﬂ :5 Z CLK;(UT)’UK; —+ 5 Z Qe (UT)U,C*

KEM K*em*

= _ % Z Vi Z My (@D(V%QUT),V,C>

KEM D, ox€Dx

ISl S e (o).

K*em* Dy,ox €D

Reorganizing the summation over the set of diamonds, we get using the definition (2.9) of the discrete gradient

1
lag () v T ==5 3 mo (n(VEru"),v) (v —ve)
Dy ox €D
1
-3 Z Mg (@D(V]%guT),u*) (Vgr — Vpx)
D, % ED

=3, X mome (o(TEu ) (B, (7)) ).

D(,)(-,* [S)

Thanks to Lemma 2.1, we conclude that

1 :
[[ag(uT)’ vTﬂ = D) Z MeMg* SN AD ((pp(V%guT), VODUT)

Dy ox€D
2 : D T D, T
= mp (@D(Vp;ggu ),VO v ) .
De®
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O
It is now possible to prove the coercivity of the nonlinear map a, from R7 into itself.
LEMMA 4.2 ((Coercivity)). Assume that the flux ¢ satisfies (Hz), (H3) and let T be a mesh on Q2. There exists

C > 0 depending on Cy, Co and reg(T) such that for any g € Wlf%’p(aQ), fe L (Q) and any u” € RT, we
have

[ag(w™) = BIf.u” —BTR(9)] = C1IVE,u7 I,

=0 (Ml oy I+ Ul + )

Sl

Proof By Lemma 4.1, we have for any v7 € R7

oy = B, 07 = o] = 32 o (on(VEryuT), VR (7 — 7)) = [BTfu” — 7]

DeD
> 3 o (#o(VEru"), VEut) + 3 mo (wo(VEr,u"), Vi)
DeD DeD
= B f N Lo 1™ = 0™ ([ Lo = BTl o ™ = 0™ | o
We derive thanks to assumptions (Hz),(Hs) and to the inequality (3.7)
a0 = B7f,u™ = o7] = CUIVER IR, = bl
= C (Vg™ 155" + Weall o ) 190 o = IS o (0™ = 0™ o+ 0™ = 0™ ||1).

Using the Young inequality and the discrete Poincaré inequality (Lemma 3.2 applied to u” — v” and g = 0)
we deduce

[asw™) ~Brp u” 7] > CuIVEuT B, ~ Cllbillos — Cllballs, — CIFIE, — CIVEr o™

The claim is then proved by taking v7 = P?r(g) and by using the continuity of the operator = given in (3.1)
and the estimate (3.8). O

LEMMA 4.3 ((Monotonicity)). Assume that the flux ¢ satisfies (H1). For any mesh T on Q and any distinct
elements u” and v7 of RT, we have

[ag(u”) —ay(v7),u” —ov”] > 0.

Proof. By Lemma 4.1, and using (2.10), it follows

[[Clg(uT) — Clg(’UT>, ’LLT — UTH = Z mp (L)OD(V]'P’EZ(]UT) — (p'D(ng;gUT), ngl*guﬂ[ — VD&]UT) .
De®

Thus, the claim derives from assumption (H;). O

We can now prove the main result of this section, that is the existence and uniqueness of the approximate
solution.

THEOREM 4.4. Assume that the fluz ¢ satisfies (H,), (Ha), (Hs). For any f € LP (Q) and g € Wl_%’p(aQ)
and any mesh T on Q, the finite volume scheme (2.15) admits a unique solution u” € RT. Furthermore, there
exists C > 0 depending only on C1,Co and reg(7T), such that the following estimate holds

1 1 1
IVEzgu™llpe < C{Ngll a2 + AL +10ullZe + 0217, ) - (4.1)
IE;n 1%% P L L
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Proof. The continuity of the map u” — a4(u”) follows from (1.2). Thanks to the coercivity property (Lemma
4.2) and the Poincaré inequality (Lemma 3.2) we can use one of the classical consequences of the Brouwer fixed
point theorem (see [25]) to obtain the existence of a solution of the scheme. The uniqueness of the solution
follows readily from the strict monotonicity of the map a, (Lemma 4.3).

Finally, since ag(u”) = P7f, the estimate (4.1) is a straightforward consequence of Lemma 4.2. O

4.2. The potential case. Let us pay special attention to the case where the flux ¢ derives from a convex
potential ®:

{ 0(2,8) = Ve®(z,), forall &£ € R? and ae. z € Q, (4.2)

®(z,00 = 0, forae zeQ.

For instance, the p-laplacian (1.4) derives from ®(z,§) = %|§\p7 the anisotropic laplacian (1.3) from ®(z,&) =

1 (A(2)€, ) for a symmetric matrix A and the general model (1.5) from ®(z,§) = %k(z)|§+F(z)|p. Remarking

that we have pp(§) = Ve®p(§), where ®p is naturally defined by

Pp(6) = /D B(2,€) dz,

mp

we can define on R7 the discrete energy Jg,1 associated to the scheme by:

Jgr () = Zmptbp(v]%guT) — [[uT,RT ]] = / ®(z, Vir,u”)dz — [[uT,IE,f ]] :
DeD @

PROPOSITION 4.5 ((Variational structure of the scheme)). Assume that ¢ has the form (4.2) and satisfies
(H1), (Hz2), (Hs), then Jy 1 is a strictly convex coercive functional. Furthermore, the scheme (2.15) is the
FEuler-Lagrange equation associated to the minimization problem for J, 7. More precisely, we have

(Vg r(u™),v") = [[ug(uT) — IE’HTf,UT]] . vuT, 0T eRY.
The proof is straightforward using Lemma 4.1.
COROLLARY 4.1. Under assumptions (H1),(Hz), (H3) and (4.2), the solution u” € R of the scheme (2.15)
is the unique minimizer of the functional J, 7 on the set R7.
The practical computation of the approximate solution can take advantage of the particular structure (4.2),
for instance, by using the Polak-Ribiere nonlinear conjugate gradient methods. In fact, for the computations
shown in Section 8, we used a similar saddle-point penalized formulation of the discrete problem to the one
proposed by Glowinski and Marrocco in [21] for the P1 finite element approximation of the p-laplacian. This

formulation allows the computation of the minimizer of J4 7 through a lagrangian algorithm which appears
to be much more efficient than nonlinear conjugate gradient methods.

5. Convergence of the scheme. The aim of this section is to prove the convergence of the solution of
the finite volume scheme given by Theorem 4.4 towards the solution we to the continuous problem (1.1). More
exactly, we prove the strong convergence of both “components” u™,u™" of u™ to the approximate solution in
LP(Q), the strong convergence of the discrete gradients towards Vue in (LP(€2))?2, and the strong convergence of
the discrete fluxes towards (-, Vue) in (LP'(9))2. This last convergence is crucial in the applications since the
flux ¢(+, Vue) is often an important physical quantity that one may want to compute precisely. For instance, in
the context of the modelling of non-newtonian flows in a porous medium, this flux is nothing but the velocity
of the fluid.

THEOREM 5.1. Assume that the flux ¢ satisfies (H1), (Hz2), (Hs) and consider a family of meshes T, such
that size(T,,) tends to zero and reg(T,) is bounded. For any f € LP (), g € Wl_%vp(aQ), the solution u”™™ to
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the scheme (2.15) on the mesh T,, converges towards the solution ue of the problem (1.1) as n goes to infinity.
More precisely, if we note to simplify g, = P7g, we have

uTn —— we strongly in LP(Q),
ViruTn —— Vue strongly in (LP(Q))? (5.1)

, 2

(-, Varu)  —— (-, Vue) strongly in (Lp (Q)) .
n—oo

Moreover, the two sequences (u™"),, and (u™n),, both converge towards ue in LP(S).

Proof. As usual (see for instance [6, 7, 25]) the key-point of the proof is to take advantage of the monotonicity

properties in order to pass to the limit in the nonlinear terms (this is known in the literature as the Minty-

Browder argument, see [25]).

1. Using the estimate (4.1) and thanks to assumption (H3), we see that the families of functions u”", Viru”

and z — ¢(z,V7ru""(z)) are bounded in LP(Q), (LP(Q))?, (LP (Q))? respectively. Hence by the discrete

compactness result of Lemma 3.6, there exists a function u € Wng (Q) such that up to a subsequence,

Tn

u’* —— u in LP(9),

n—oo

VInyTn —— Vu weakly in (LP(Q))°,

n—oo

, 2
and a function ¢ € (Lp (Q)) such that

, 2
(-, VInuTn) —— ¢ weakly in (Lp (Q)) . (5.2)

n—oo

Let w € C°(92) and take P7mw as a discrete test function in the scheme (2.15). By Lemma 4.1 it follows

0= [an, () - Erp B = |

(g@(z,V;:uT" (z)),VgIFff"w(z)) dz — [[}T’f"f, IPjZ"w]] .
Q

We can pass to the limit in this equality using (5.2) and Corollary 3.1. We get

/f(z)w(z)dz:/ (¢(2), Vw(z)) d=. (5.3)
Q Q

By density, we deduce that for any function v € ng’p (©), we have

/f@xwa—ww»dm:/<a@xmw»—vma>w. (5.4)
Q Q
2. Thanks to the monotonicity of the scheme (Lemma 4.3), we have

[ag, (u™) = ag, (B7"0),u™ = ET0] > 0. (5:5)

m

Let us pass to the limit as n — oo, in this inequality. First, using the definition of the scheme (2.15) and
Corollary 3.1, we find

lag, (u™), u™ ~ B0 = [B7f,u™ —BI] —— | f(2)(u(z) ~ v(z)) da.

m
n—oo Q

Using Lemma 4.1 and (2.12), we can write

gn ~m

oy, (7). a7 BT ] = [

(go(z, Vo rBImw(2)), Voru®(2) — VT"IPT”U(z)) dz.
Q
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Using Corollary 3.1 and the property (1.2), we see that the function (-, V7»P7™) converges strongly in
(L' (€))% towards the function ¢(-, V). As a consequence, from the weak convergence of ViruT towards

Vu it follows that [ag, (P7™),u”" —P7m] converges to the integral / (go(z,Vv(z)),Vu(z) - VU(Z)) dz.
Q

m

Hence, taking the limit as n goes to infinity in (5.5) gives

/Qf(Z)(U(Z) —v(z))dz - /Q (@(zv Vo(2)), Vu(z) — VU(Z)) dz >0,

for all functions v € W, ?(Q). By (5.4) it follows that

/Q (C(z) — (2 Vo(2)), Vu(z) — Vv(z)) dz > 0. (5.6)

3. Let us take in (5.6) v = u & tw with w € C°(Q) and ¢ > 0, dividing by ¢ we get

i/ﬁ (C(z) — (2, Vu £ tVw), Vw(z)) dz > 0.

When ¢ tends to zero, using (1.2) we obtain that for all w € C2°(£2)

/Q (C(Z) — (2, Vu), vw(z)) de— 0.

We conclude using (5.3) that div ¢(-, Vu) = div{ = —f. Thus u € W, ?(Q) is nothing but the unique solution
ue of the problem (1.1). Finally, the uniqueness of ue also guarantees that the convergence of u”» towards ue,
in the sense of (5.1), holds without extracting a subsequence.

4.

Let us show the strong convergence properties of the discrete gradients following the techniques developed in [7,
6]. Let us note G, (z) = VoruT(z), Hn(2) = VP rue(z) and Wy, (2) = (p(z,Gn(2)) — (2, Hn(2)), Gp(z) —
H,(z)). By assumption (H;), we know that ¥,, > 0. Furthermore, the first part of the proof above shows
that the left-hand side term in (5.5) tends to zero which reads, by Lemma 4.1, as

n—oo

/ U, (2) dz —— 0. (5.7)
Q

Hence, (¥,,), tends to 0 in L!(Q). Furthermore, by Corollary 3.1, (H,),, converges towards Vue in (LP((2))2.
Thus, there exists a set E C 2 such that Q\ F has a zero Lebesgue measure and a subsequence, always indexed
by n, such that ¥, (z) — 0 and H,(z) — Vue(z) for any z € E. We can also assume that (H;), (H2) and
(H3) hold for any 2z € E.

First of all, using (H3) and (1) we have

Un(2) 2 —[Gn(2)[" = ClHn(2)[" = b1(2) = 2b2(2) (| Hn (2)| + |Gn(2)]), Vz € E. (5.8)

For z € E fixed, the sequence (H,,(2)), is bounded and (¥,(z)), tends to 0. By (5.8), we deduce that (G, (2))n
is a bounded sequence in R?. Moreover, if G is the limit of any subsequence (G, (2))x, we have

0= lim ¥, (2) = (¢(z,G) — (2, Vue(2)), G — Vue(z)).

k—o0

Using the monotonicity assumption (1), we deduce that G = Vue(z). Thus, we deduce that for any z € E,
the whole sequence (G,(2)), converges towards Vue(z) in R2.
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In addition, (5.7) and the already established convergences imply that

/Q(‘p(Z:Gn(Z))an(z))dZ—> (p(2, Vue(2)), Vue(2)) dz.

n—oo 0

Furthermore, by (Hz), for all n € N we have (p(-,Gn()),Gn(+)) > —bi(-) € LY(Q). As in [6, Lemma
5], together with the a.e. convergence of G,, this implies the strong L'(f2) convergence of the sequence
(¢(-, Gn(+)),Gn(-)),,- The coercivity assumption (M) implies the equi-integrability of the sequence (|G, [P).,.
Since we have already proved that (G,,), weakly converges towards Vue in (LP())?, using the Vitali theorem
we deduce that the sequence (G,,), (which is in fact a subsequence of the initial sequence) strongly converges
towards Vue in (LP(Q2))2. At the present stage, we have proved that (G,,), is relatively compact in the strong
topology of (L?(£2))? and that Vue is its unique accumulation point. Thus, the whole sequence (G, ),, converges
strongly in (LP(Q))? towards Vue.

Finally, the strong convergence of the fluxes ¢(-, Gy (-)) towards (-, Vue(-)) comes from the property (1.2).
5. We now have V" (u”" =B ue) = Viru™ —V7rPTmue — 0 in (LP(Q))? as n — co. Thanks to the discrete
Poincaré inequality (Lemma 3.2) we deduce that the two sequences (u™" — P™nye), and (u™n — P™nue),
tend to zero in LP(§2). The last claim of the theorem follows by using Corollary 3.1 with v = we.

o

Note that the proof of the strong convergence of discrete gradients and fluxes can be notably simplified, if a
stronger monotonicity assumption for the flux ¢ is assumed:
o If 1 < p < 2, there exist C5 > 0 and b3 € L*(2) such that for all (£,7) € R? x R? and almost every

z €,
(9(2,8) = @(2,1), € = 1) > Csl€ — > (bs(2) + €7 + ) 7. (H1a)
o If p > 2, there exists C3 > 0 such that for all (£,7) € R? x R? and almost every z € €,
(p(2,8) — @(z,m), & —n) = C31§ —n|”. (Has)

These assumptions express some kind of Hélder continuity of the inverse [¢(z,-)]~! of the flux ; they will be
needed for our subsequent results on stability of discrete solutions and on error estimates.

Notice that most of the usual examples (like those given in Section 1.2) satisfy these stronger assumptions (see
Lemma 1.2 and [5, 8, 26]).

6. Stability with respect to the data. In this section we address the problem of the continuous
dependence of the approximate solution with respect to the data. More precisely, we show that, as for
the continuous problem (1.1), the discrete gradient of the solution to the finite volume scheme is Holder
continuous with respect to the source term f and the boundary data g uniformly with respect to the mesh.
This property is important because it ensures, for instance, that the numerical method is stable with respect
to the fully practical computation of the discretization of the data through quadrature formulae. Notice that
the computations below will also be useful in the proof of the error estimate theorem in section 7.

From now on, we need to assume some kind of Holder regularity with respect to £ for the flux ¢(z,&). More
precisely, we consider the following assumptions:
e If 1 < p < 2, there exists Cy > 0 such that for all (£,7) € R? x R? and almost every z € Q,

|0(2,€) = ¢(z,m)| < Cul€ =P~ (Haa)

o If p > 2, there exist C4y > 0 and by € Lppj(Q) such that for all (£,7) € R? x R2, and almost every
z €9,

l0(2,€) = @(z,m| < Ca (ba2) + 1772 + [nfP72) [€ = nl- (Hap)
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We want to point out that, once more, these assumptions are classical in this context and are satisfied for
the various examples given in Section 1.2 (see Lemma 1.2 and [8, 12]). Furthermore, these new assumptions
do not involve regularity of ¢ with respect to the space variable z. This allows, for instance, the presence of
spatial discontinuities in the coefficients of the problem we are studying.

PROPOSITION 6.1. Let T be a mesh on Q and f1, fo € LP (), g1,92 € Wlf%’p(aﬂ). Under assumptions

(Hz2), (H3), (H1a)-(H1b) and (Haa)-(Hap), if u] and u3 are the solutions of the scheme (2.15) corresponding
respectively to the data BZg, B f1 and BZgs, B fo, then we have

- 2-p =5
IVErg, ui = Verg,uzllr < C<M2 Pl = fallpr + M50 llgr — g2l 77

2— 1 1 .
+MTP||f1—f2||,§p/||91—92|21_11,)7 ifl<p<2,
w

_1
1927, = Vi udl < c(nfl o R -

s g -l ) i

where C' depends only on reg(T), (Cs)i1<i<a, (bi)1<i<a, and M is defined by

1 1
—1

M =C+llgll amg s+ lgall aeg s + IANL + 1517

Proof. Let us introduce v = P™R(g1) and v = P7R(g2), R being the lift operator (see (3.1)). Testing the two
schemes with u] —v] —uZ + v3, we obtain by Lemma 4.1

0 =[ag, (u]) — ag, (), uf —of —f +of] = [BIfs = BIfo,ul — o —uf +97],

=" mp (¢p(VEr,,ul) = ¢p(VEr,,ud), VE (U] = o]) = VP (uf — o))
De®

— B -Brpaul o7 —uf + 7]
Using (2.10), we obtain

> mo (en(VEr,,ul) - ¢0(VEr,u5), Vor,,uf = VEr, u7)
De®

_ D T D T D T D T
= Z mp (@D(Vﬂ,ﬁglul ) — @p(VE&D u3 ), Virg, vf — Vpr,,v3 )
DeD

+ B = Brud = of —uf +03] . (61)
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Case 1 < p < 2. Assumption (Hy/,) gives

2" (mvﬂ%mu;) ~ @0 (VEr,,u5). Vi, uf - w)

De®
Z / (z, VE ui) — ga(z,VEL u3 ), VEquul V%Wu§> dz
De®D

= [ (6. Vi, 0T (:)) = (2. Vi, 03 (2), Vi, 0l ) = Vi, 13 (2)) d

1 £2—<
> & [ (500 + VB O + Vg uF ) 7 [V, 0] (2) = Vg3 () d
By the Holder inequality, we get
/|vﬁfng ui — Virg,us [P dz

Virg, ui = Virg,uzl? 22r
:/ b g1 o g2 — (b3(2)+\V[§TQIU1T|p+|V]§ggZU§\p) > 1
Q —z m
(b + 1V uT 1P+ [VEr, w3 |?)

< ([ 95T = e P (o + IV P+ 19317) 7 )

D

([ 00 + 95 TP+ VT 05 )

Hence, we have
V20,07 = Vil < C (Il + 195 T 1557 + 195,03 155"
(X o (VB 0) = 0(VE D). VB ] = VB ) ). (02
DeD
Thanks to assumption (Hy,), (6.1) gives

> mo(en(Vir,,ul) = op(Vir,us), Ve, ui — Vir,u)
DeD

< C||VE;”
+C (01" —v3" e + IIU”"* —v3"

||vu¢n v}y; UQT”LP
= wd e + ui = w3 o) 11 = fall por -

Combining the last two inequalities and using the Poincaré inequality, we get the result.
Case p > 2. Using assumption (Hj+4), we have

Z mp <‘PD(VT§{91U17) - @D(VE{QQ uz); ng{g VIP’792U2>

De®

Z / (z V]E'ﬂ' uj) — (z,V%gQuQT),V[%glulT - Vﬁanu;) dz
DeD

p
> &S m | VB, uf — VB ] 4= SIVE, - Vig,ed e (63)
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Denote by b? the mean value of by on D. By (Hy) and the Young inequality, (6.1) implies

1
Envﬂ?{fgluﬂl{ N éﬁgzugllip < Z mD|VI€Zg1u{ N V]%g?ugﬂvggglvf N V%%vzq
De®

x (b7 + VB, ul 72 + |V By, uf |"2)
~|[Brn - Brsa ul = o7 — uf + 03] |
< Vg ud — Virg,ud | 1o VEry 0] — Virg, 03 |o
—2 —2
x (bl 2y + 19z, wT 1552 + Vi, w3 1)

+C (lu —u3"llee + Jui™ —u3™ o) 11 = foll Lo

+C (o = v3"|e + [l — 03" o) L1 = f2ll -

The discrete Poincaré inequality and (3.8) then lead to
||V§Eglu{ - l%-ggzu;—HLp S
1

=1 -2 —2\»-1
C(||91 - 92||§V11_%,p (||b4\|Lp%2 + I Verg uilI7:” + I Verg,us T, )p
1

+lgr = g2l o, + 11— f2||£p’l)~

The claim follows thanks to the estimate (4.1) applied to u] and u3.
O

7. Error estimates for W?2P? solutions. We conclude the study of the convergence of the solution to
the finite volume scheme (2.15) by providing an error estimate in the case where the exact solution of the
problem (1.1) lies in the space W%P(Q) and the flux ¢ is smooth enough with respect to the spatial variable
z. More precisely, we consider in this section the following additional assumptions on ¢

o If 1 < p < 2, there exist C5 > 0 and b5 € (V[/l’p(ﬂ))2 such that for all £ € R? and almost every
(2,2') € Q2,

(2, €) = (2, )] < C5(1+ €7 )]z = #/P + [bs(2) — b ()" (Hsa)
e If p > 2, there exist C5 > 0 and bg € L?' () such that for all £ € R? and almost every z € Q,

2 (e.6) < o o)+ le ). (H)

REMARK 7.1. In the following result we will assume that ue lies in W2P(Q) so that Vue € (WHP(2))2. Hence,
using the previous assumptions, we see that the map

z — o(z, Vue(z)),

lies in (WP (Q)2 if p > 2, and in (WP=12(Q))2 if p €]1,2[. These reqularity properties will justify all the
computations in the following proof.

In particular, assumptions (Hsq)-(Hsy) do not allow to consider non reqular data f € W2 () through the
manipulation of Remark 1.1.

Let us comment on these assumptions in the case of the examples given in section 1.2. For the anisotropic
Laplace equation (1.3), assumption (Hs,) is fulfilled as soon as the map A is Lipschitz. In the nonlinear
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example (1.5), the assumptions above are satisfied if the map k is Lipschitz and if the vector-field F' lies in
(WhP(Q))2.

Our main result is the following.

THEOREM 7.1. Assume that the flux ¢ satisfies not only (Hs), (Hs), but also (Hia)-(H1p), (Haa)-(Hap),
(Hsa)-(Hsp). Let f € LY (Q) and assume that the solution ue to (1.1) belongs to W2P(Q), which implies that
g€ W2 5P(00).

Let T be a mesh on Q. There exists C' > 0 depending on ||ue| w2.», on reg(T), on the norms of the functions
£, g, (bi)i<i<e,@=1,...,6 in their natural spaces and on (C;)1<i<s, such that

{ llue — u™||Lp + ||ue — u™ ||1r + ||Vue — VﬁquuTHLp < Csize(T)P™, if1<p<2, 1)
' 7.1

lue — u™|| Lo + |Jue — u™ || Lo + || Ve — Vergu” e < Csize(T)7 T, ifp> 2.

Recall that J.W. Barrett and W.B. Liu proved in [5], in the particular case of the p-laplacian on a convex
domain €, that if f € L (Q) and if 1 < p < 2, then we belongs to H2(£2) and then to W?2P(Q), so that the
assumption in the previous theorem is fulfilled. On the other hand, when p > 2, there exist solutions of (1.1)

’ I+, . :
with f € LP () which are not in W2P() but in Besov space BO:”_l p(Q). In this last case, optimal error
estimates were obtained in [2], in the framework of cartesian meshes.

7.1. Center-value projection of continuous functions. In the proof of the convergence result (The-
orems 5.1) we have shown that the difference of the discrete gradient of the approximate solution and the
discrete gradient of the mean-value projection of the exact solution P”ue tends to 0. Using the properties
of the mean-value projection of any function in W?(Q2) (Corollary 3.1), we were able to conclude to the
convergence of the discrete gradient towards the exact gradient Vue.

We are now in the case where we is assumed to be in W2P(Q), in particular, ue is Holder continuous. Hence,
it is possible to define a more natural projection of this function on R7 by simply taking the values of the
function at the control points () and (z,+). This choice appears to be well adapted to the computations
below. Let us state some of the properties of this new projection operator.

DEFINITION 7.1 ((Center-value projection on the mesh T)). For any continuous function v on €2, set

P7y = ((U(zfc))neﬁn , (v(:r,c*)),c*egﬁ*) )

We call P” the center-value projection of v on the space R7 of discrete functions.

In the same way, any g € W2 5P (09) is Holder continuous and we can consider its central-value discretization
on the boundary P7g = ((g«), (gi=)) to be defined by

Ic = g(xx), VK €0M, gir = g(xix), VK € O™, (7.2)

7.1.1. Discrete boundary data. As stated before, we use P7ue to compute the consistency error of
our scheme. Hence, since the boundary data g enters the scheme through its mean-value projection P7g,
it is needed to evaluate the contribution in the error of the difference P7g — P7g between the two possible
discretizations of the boundary data.

LEMMA 7.2. Let T be a mesh on €.
1. For any p > 2, there exists C' depending on p and reg(7T) such that for any g € Wl_%’p(ﬁﬂ) we have

1982, 57,07 2o < Cllgll - (73)

1 .
b7 (09)
2. For any p > 1, there exists C depending on p and reg(T) such that for any g € WQ*%J’(aQ) we have

IVEry p7g07 e < Csize(T)|g]l o (7.4)

57 (00)
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Proof. We want to estimate G? < V _PTy 07 for any diamond cell D near the boundary of {2 since in the

other cases this term is zero. Using the deﬁnltlon of P7g given in (2.2), (2.3) and the one of P7g given in (7.2),
we see that we have two kinds of terms to estimate in each diamond cell:

Term along the direction of 7*. If £ C 9Mt N D (case I in Figure 3.1), we have

(@.5) = = (9600 = = [ stas) (75)

whereas in the case I in Figure 3.1, this term is zero.

Term along the direction of 7. Two situations may occur a shown in Figure 3.1. In the case II, we have

(6P 7) = —— (g(xm) - ml /w g(S)ds) : (7.6)

Mo _—

and in the case I,

(GP,7) = mia ([g(x,@) - mjm /UK* g(s) ds] - {g(:cm) - miy /UL* g(s) ds] ) (7.7)

1. The first point is a consequence of the embedding of W'~ 7? (09Q) in the Holder class C%'~ (89) Indeed,
each of the terms in (7.5)-(7.7) can be treated in the same way. For instance, by Lemma 3.1, the term (7.5)
is bounded as follows

mp (G2, 7)) < =2 sup |g(z) — g()|?

o* z,2'€Eox

m

mpmp 2 / /
oK

Clres(T / /
oK

Summing over the boundary diamond cells, we get the estimate (7.3).

lg(z) = g(y)l

1,,

dA(z) dA(y)

yl
lg(z) —g(y)|

dX(z) dA(y).

|z —yll‘

2. Let us prove the second point.

e We consider here the terms of the form (7.5). Let us suppose that o =] —hy, hc[x{0} and zx = (0,0)
(recall that oy is defined in (2.3) and is chosen in such a way that x, is located at the middle of the
edge o). We can write

D 1 © 1 1 1 thic
my+ (G7,7%) = — / Vrg(tx xdmdt:/ —/ Vrg(s)sdsdt.
( ) 2he J e Jo rg(t) 0 2t%hic J_iny ~9e)

a a

Now since Vrg(y)sds = VTg(y)/ sds =0 for any a > 0, integrating in y € [—thy,th,]| we get

—a —a

thic thi thic
g(s)sds = / / —Vrg(y))sdsdy
2t h‘ / T 4t3h’2 thic th)c " ( ))

/”“C /”“C Vrg(s) = Vo) gy,
t3h‘ thi thic |S_y|




It follows that

()
' the IVTg — Varg(y)| '
g/ / / s —yllsldsdy | dt
0 (tma 2th)c thic J —thx .l
- / / / Vrg(s ,ng(y) b
—Jo (tma 2th1< thic J —thx

‘ |s — y|P|s|P ds dy dt

P

—
thi thi
<C’/ \the|P~ 2/ / Vig(s ng(y) ds dy dt
thi th)c |S - y‘
}L)c _ p
0 |57 ez s =yl
Finally we have
p
— dsd
ZmD |(GD,T* < Csize(T (/ / Tg( ) ‘ s_y|>
DeD keam \” oK |5 - y| sTY
P
. —Varg(y)| dsdy
< Csize(T Z/ / |s— |177 P

< Csize(T)? HgHNPP(aQ)

e Provided that neither z.« nor - are corners of ), we have as previously, in the case (7.6),

p
dsd
mp |(GP,7)[" < Csize(T V(s ng( )| dsdy
s —y| s =yl
and in the case (7.7),
p
5) =V dsd
mp [(GP,7)|” < Csize(T / / 9(s) e Tg(y) _y .
oxxUopx JoxUopx* |3_ y| |S y|

If x.«, for instance, is a corner of the domain {2, say the corner between the edges I'; and I'y, we
estimate separately the contributions of 0.~ NI'; and 0.« NT'y. More precisely, for p < 2 we use the

embedding of W2~ »?(T;) in €>2(1=3)(T;) for i € {4, k}, to find that
3" mp |(GP, )| < COsize(T)? ||g||~2” .

DeD (09)

In the case p > 2, we recall that, thanks to (2.6) and (2.7), 0.~ NI'; and .- NIy, are of size Csize(T)z_%.
We use the embedding of Wz_%’p(Fi) in C%Y(T;) to conclude.
Finally, in the case p = 2 we use the embedding of H 3 (T';) in the set of Log-Lipschitz functions and
the definition (2.6) of reg(7") with (2.7).

d

7.1.2. Properties of the center-value projection. We sum up in this section the properties of the
center-value projection operator which are used in the estimate of the consistency error of our finite volume
scheme.

LEMMA 7.3 ((Center-value projection estimates)). Let 7 be a mesh on 2. There exists a constant C > 0,
depending only on p and reg(7T), such that for any function v in W1P(Q), denoting by g = v(v) its trace, we
have
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1. Forp > 2,
IVer PIvl o < ClIVo| Lr;
2. If, in addition, v € W2P(Q),
IV = Viz,BTvl|le < Csize(T)||Vollwis, forp>1, (7.8)

IVir Pl e < C (VUL + size(T) | Vollwe), forl<p<2. (7.9)
Proof.

e Let D be a diamond cell, we use the notations of Figure 2.2. For a smooth function v and for all z € D we
get by first-order Taylor expansion of v,

(v(zz) —v(wk))
- (/ Vo((1— )z + tae) (we — =) dt —/ Vo((1 =)z + o) (@ — 2) dt) (7.10)
0 0
and
(V(T o) — V(T ))
_ (/ Vo((1— 8)2 4+ twee)(@er — 2) dt—/ Vo((1 — 1)z + tae) (e — 2) dt) 7
0 0
Using (2.9) and Lemma 2.1, we get

sin ap VngIP’fv

- ml; (/01 Vo((1 = t)z + tw.)(x, — z)dt — /01 Vo((1—t)z +tze)(ze — 2) dt>
+ 7’7’% (/01 Vo((1 =)z + twp) (v — 2) dt — /01 Vo((1 = 1)z + tae ) (T — 2) dt) . (7.12)

Let us define the quantity I ,+ (and, by appropriate permutations of the subscripts, I o+, Ic+ o, Lo+ o) a8

def 1
ot L
mp D

Averaging (7.12) over D and using (2.6), we obtain

1

Mo

/01 Vo((1 —t)z + txe) (e — 2) dt‘ dz.

\V%gIP’CTM < Clreg(7)) (IK’U* +lior + 1o+ 1 U)

Using the change of variables z — 2z’ = (1 — t)z + tax, we can now bound each of the four terms in this
inequality. For instance, we have

1
mpme=

1
i/ /|Vv((1—t)z+tx;c)| dzdt
mp Jo Jp

c [t o1
<— | —= V(2| d2’ dt,
<o |z [ 9
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/ /1 [Vo((1 —t)z +teg) (e — 2)| dtdz,
D Jo
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(1 — t)l'g + tl‘}c
Tk

T

iy

Fic. 7.1. The rescaled diamond Dy

where D, is the rescaled diamond as shown in Figure 7.1. Notice that D; is included in D. We have mp, =
(1 — t)?mp; since p > 2, by Holder inequalities we obtain

I or < i/1 1 (/ |V dz’)émpp1 dt
©7 T mp Jo (1-1)2 \Jp, P

B s .
< Gmp (/ IVo(z)[? dz> / (1—1)" dt
mp D 0

< Cmp” (/A [Vo(2)|” dz) "
D

With similar calculations for I, 5+, I« &, I+ », we deduce that

mp|VE, PP < C / V()P de.
¢ D
We conclude by summing this estimate over the diamonds set that
Ve, Pl = > mo|VEr, PP <C /A |Vol? dz < C”/ |Vo|P dz,
DeD pen /P Q

using the fact that the number N7 defined in (2.5) is bounded by reg(7).
e Assume that v € C2(2), the claim will follow by density. Let D be a diamond cell; the Taylor expansions
(7.10),(7.11) can be replaced by the to second-order ones, so that

(vl — v(a)) = (To(a). )
+ ml / (1—t) (D*0((1 — )z + tw) (e — 2), (2. — 2)) dt
o* JO
1
- / (1—1) (D*0((1 — t)z + toe) (2 — 2), (T — 2)) dt,
o* 0
o (v(aee) — vl )) = (To(2),7)
+ mi/ (1—t) (D*0((1 — )z + twes ) (zor — 2), (2o — 2)) dt
o Jo
1

1
- _/0 (1—1) (D*0((1 — t)z 4tz ) (Ter — 2), (Tox — 2)) dt,
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for any point z € D. Using (2.9) and Lemma 2.1, we get
sin aD(VD?¢gIPL_Tv — Vo(z))

= ml; /0 (1—t) (D*0((1 = )z + tze) (ze — 2), (2 — 2)) dt
_ ml; /0 (1-1) (D%((l —tz+te)(x, — 2), (x, — z)) dt (713
+ m* / (1 — 1) (D®((1 — t)z + tre- ) (Ter — 2), (Trr — 2)) dt
o Jo
_ 717/10_ /O (1 — t) (DQ’U((l — t)Z—f—tl’L*)(.’L‘L* — Z), (l‘L* _ Z)) dt.

As in the proof of the first point, we take the average of (7.13) over D. It follows that it is sufficient to control
by means of /A \D2v|p the four similar quantities Il o+, Il o=, I+ o, 1.« » where, for instance,
D

P

1
I o+ dif/ ‘L/ (1—1) (D*0((1 — t)z + toe) (2 — 2), (zc — 2)) dt| dz,

m

< / / )P [D*0((1 — t)z + tay ) (ze — 2), (2 —z)|p dt dz.

The Jacobian determinant of the change of variables z +— 2’ = (1 — t)z + tx, equals (1 —t)2. Hence,

dz
I oo < =2 </ )P~ 2dt>/ |D?v(z
M

Since p — 2 > —1, using (2.6), we find

1 dax
Heo < —— 92 [ 1D20(2) P dz, < Clreg(T))d / | D20(2)[P do.
’ p—1my. Jp D
With similar calculations for II, ;«, IIc+ », and Il .- ,, we have
/ \V]}?TgIP’CT (z) — Vu(2)|P dz < Cl(reg(T))d%, / |D?v(2)|P dz, (7.14)
D c

and the claim is proved by summing (7.14) over the diamonds set.
e The estimate (7.9) is a straightforward consequence of (7.8). O
COROLLARY 7.1. Let T be a mesh on Q). There exists a constant C > 0, depending only on p and reg(7T),
such that
1. For any p > 2 and any v € WHP(Q), denoting by g = v(v) its trace, we have

IVEzBlvllpe < Cllollwir and [[Ver,Blvll 1o < Clloflwra.

2. For any p > 1 and any v € W?P(Q), denoting by g = v(v) its trace, we have

IVer Bl o < ClIVvl|Le + Csize(T)[[Volwro,
HVPT 2Ty 1o < CO||V||Le + Csize(T)||Vo|lwie, (7.15)
HVEngIP,’n — Vi, P Tollr < Csize(T)||Voullwre.
Proof. By (2.10), we have
Vs, BTo = Vi PTo + Vir, pr 07

Using the results of Lemmas 7.2 and 7.3, we deduce the first estimate of the first point. The other estimates
are proved in the same way, using Proposition 3.5. O
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7.1.3. Convergence of the mean-value projection. In this section, we return to the proof of Propo-

sition 3.5.
e Let us prove (3.10). The case ¢ = 400 is straightforward so that we only treat the case of finite values of q.

We first remark that

/ |v(x) — P™v(z)|?dx < C < Z [v(z) — PTu.|? dz) .

kem K

Furthermore, using Jensen’s inequality we get,

/|v( PTuc|?dr < // y)|? dx dy
K mB;c
< / / ([0(z) — 0|7 + [0 — v()]) dady,
mB;C K J By

Si//\v(x)—v(s)\qudx—k Cmc / /|v(x)—v(s)|qudx,
Mg KJo mUmB;c BiJo

1
where o € & and v, = —/ v(s)ds. Thanks to Lemma 3.3 and to (2.6), we get
/ |v(x (2)|?dx < CdL / [Vou(z)|? dz.
KUBx

Hence, (3.10) follows since the the number N7 defined in (2.5) is bounded by reg(7). The same argument let

us show (3.11)

e Let us now sketch the proof of (3.12). We follow the same lines as that of (7.8) in Lemma 7.3. Note that it
is crucial that the mean-value projection operator P7 averages v over balls centered at x, and z=.

Assume first that v € C?(Q). Let y; € By, y2 € B, and z € D and use the second-order Taylor expansion, we

have
(v(y2) —v(y1)) = (Vu(2),y2 —y1) + /0 (1 =) (D*0((1 = t)z + ty2)(y2 — 2), (y2 — 2)) dt

1
- / (1— ) (D%((1 — 1)z + ty) (91 — 2), (31 — 2)) d.

Take the average of this relation with respect to y; € By and y» € B, and integrate in z € D. In particular,
we point out that

/ / (Vo(2),y2 —y1) dy1 dy2 = (Vu(2), 2. — 7c) = me= (Vv(z), 7).

mB)C mBL

Proceeding as for the estimate of Il ,+ in the proof of Lemma 7.3, we find out that

/D mlg* (mi}C /B’C v(y2) dy2 — mLL /BL U(Z/l)dy1> — (Vo(z2),v%)

q
dz

1 q
< / (1 =) (D*0((1 = )z + ty2) (Y2 — 2), (wx — 2)) dt| dzdy,
mB / (1=1) (D*0((1 =)z +ty1)(y1 — 2), (wx — 2)) dt| dzdys
< (C(reg(T)) size(T))* /B/ﬁ) |D?v|?dz + (C(reg(T)) size(T))’ /B/U\D |D?v|?dz.

We conclude using (2.5) and (2.6). The general case of v € W29(Q2) follows by density. Finally, the case
v € W2>2(Q) follows from the limit ¢ — +oc0. O
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7.2. Consistency error of the scheme. As usual, for the error analysis of finite volume methods (see
e.g. [18]), the consistency error which has to be studied is the error on the numerical fluxes across each of the
edges and dual edges in the mesh. We first give the precise definition of these terms, then we state the various
estimates needed to prove Theorem 7.1 in section 7.3.
DEFINITION 7.2 ((Pointwise consistency error)). For any diamond cell D € ®, we define the pointwise
consistency error in D by

Rp(z) = @D(Vl%g]?fu@) —¢(z,Vue(z)), Vzel.

The pointwise consistency error Rp can be split into three different contributions R ad - Rbound anq R%.
They originate, respectively, from the errors due to the approximation of the gradient, to the discretization of
the boundary data, and to the approximation with respect to the spatial variable of the flux (-, Vue(+)):

Rp(z) = RE*™ + RY™ 1 R%(2), (7.16)
where
RYmd — o (ngchTUe> — oD (VIECTQPCTUS) ,

1
RE“ = gp (VB Bue) = o [ o T
c mp Jp

R%(z) = %D /D o (2',Vue(2")) dz' — ¢ (2, Vue(2)).

Recall that ¢ and o* are the diagonals of D = D, ,-. Let us introduce the following consistency errors on the
numerical fluxes:
1 def

Rox= Ry, = — [ (Rp(s),v) ds, Ry, = |Rox|=|Ro.| (7.17)

g Jao

. v 1 .
RU’?’C*d:f —Ro = / (RD(S*>7V*) ds*, R~ = |Ra*,lc*
o*

meg=*

= |Rosze]-

(7.18)

Notice that these integrals make sense since the map Rp is smooth enough to give a sense to its traces on
edges (see Remark 7.1).

In order to control R, and R+, let us estimate separately the different terms in the right-hand side of (7.16).
PROPOSITION 7.4 ((Error due to the discrete gradient)). Assume that ¢ satisfies (Haa)-(Hap) and that
ue € W2P(Q). For any mesh T on Q, there exists a constant C > 0, depending only on p, Cy and reg(T),
such that

e in the case 1 < p < 2,

3" mp|RE T < Osize(T)? || D2ues,
De®

e in the case p > 2,

> mo|RE|FT < C <size<:r>P||DZueip
DeD

. _p_ 72T (2 2 1PeT
+ size(T) 7T ”b“”szz + | Vue| 5 D uell 7" |-
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Proof. Let e(z) < VH?TgIP)CTUe — Vue(z) be the error of approximation of the gradient.
Case p < 2. Using the definition (2.12) of pp, by assumption (Hy,) and the Jensen inequality we have

1 1 =
Rorad <O—/€Z pldz<0(—/5z pdz)
g sc [ Erta <o (- [l

Using the estimate of € given in (7.14), we get
mp | RE9[7 < Od?, /A | D2ue(2) [P d,

and the claim is proved by summing this inequality over the diamonds set and using (2.5) and (2.6).
Case p > 2. We use (2.12) and the assumption (Hyp) to obtain

ra. C - -
RE™| < m—D/D (ba(2) + [ Vue(2) =2 + [VEr, PTuc =2 ) ()] d

IN

mip /D (b4<z) + |VUe(z>|p_2 + ‘5<Z)|P—2) |€(z>| dz.

Using the embedding of W1?(2) into L>°() and the Holder inequality, we deduce

1 . 2
|R%”dsc<(m—D/D O I = )( [ let: |pdz)

c (mip/pk(z)'p dz) -

d) -2 .
97%% =1 over the diamonds, we conclude the proof.

Using once more (7.14) to estimate €, and summing mp|R3
a
PROPOSITION 7.5 ((Error due to the boundary data)). Assume that ¢ satisfies (Haa)-(Hap) and that g €

AW/27%7P(8Q). For any mesh T on Q, there exists a constant C > 0, depending only on p, Cy and reg(7T), such
that
e in the case 1 < p < 2,

Zm Rbound|p < Csize(T )H9H~2_7p

)
DeD (o)

e in the case p > 2,

_p
3" mp| R |75 < Csize(T) 77 ||gl| 7]

DeD
p

_ . _ _9\ o1
x (Iball, ey + I 9uells® + size(T)P 2| D2uel| %)
Proof. We just have to use assumptions (H4,) and (Hap) and the estimates (7.4) and (7.15). O
We define R% and RY. to be the respective contributions of R%(z) to R, and R+, that is

1

1
R =|— | (RZ(s),v)ds|, and R?. = 7.19
(<4 m D o

- [ (Bp(s)wyas .

PROPOSITION 7.6 ((Error due to the approximate flux)). Assume that ¢ satisfies (Haa)-(Hap) and (Hsa)-
(Hsp). For any mesh T on Q, there exists a constant C > 0, depending only on p, Cy, Cs and reg(T), such
that
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e in the case 1 <p <2

> mp|REFT + Y mp|RE. 7T < Csize(T)? (1+ | Vuel%y, + [ V05]12,) 5
DeD DeD
e in the case p > 2

> mp|RZ|7T + Y mp|RE.

De® De®

D
p—1

_p_
—1

p=1 P
< Csine(T) 7 (IFuelfydy + 104152, + ol )

Proof. Let us give the proof for the terms involving the edges o; the terms involving the dual edges o* are
estimated in the same way. First, by definition of R (z), for each z € D we have

1
RS ()| < — / lo(/, Vue(z')) — oz, Vue(2))| d
mp D
1 1
<L / o(, Vue(')) — oz, Vel )| d' + —— / oz, Vue(2')) — (2 Vue(2))] d.
mp Jp mp Jp
o If 1 < p <2, assumptions (Hy,) and (Hs,) yield
1
RS ()] < — / 1bs(2') — bs(2)]P ! d2’
mp D
i n|p—1 _ Jp—1 / Q AN p—1 /
+ (14 |Vue(z")|P7H)|z = 2P~ d2" + |Vue(z") — Vue(2) [P~ d2’.
mp D mp D

Averaging this inequality over the edge ¢ and summing over the diamonds set give

_p_ 1
ZmD‘Rﬂp’l < C(Zmpmpmg /D/U\%(Z) = bs(s)[" dsdz

De® De®

+d% Z /D(l + |Vue(2)|P) dz + Z mDlema /D/U |Vue(2) — Vue(s)|P ds dz).

De® De®

Applying Lemma 3.3 to b5 and Vue, we obtain

> mp|REIFT < Csize(T)P (1+ | Vbs|, + [[Vue|7, + [ D?uell7,) -
DeD

o If p > 2, thanks to assumptions (H4p) and (Hsp), we see by the chain rule that the map v : z — ¢(z, Vue(2))
belongs to (WP (£2))? and that

-1 = -1
90l < 0 (ID%ull + ol 3, + loslr + 90l )

Applying the notations and the result of Lemma 3.3 to the function v, we deduce that

L
o7

Pl = — L ' )
B2 = 100~ ol < Cp (o [ [vut az) "

and the claim follows by summing mD\Rfﬂp/ over the diamond cells. O
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7.3. Proof of Theorem 7.1. We are now in the position to prove the error estimate (7.1) stated in
Theorem 7.1. First of all, we have

||VUe - v];;’z*gUTHLp S HVUE - V;P:CTQPC ||Lp + HVEng ]P’ZgOT”Lp + vaynger - V%{guT”LP' (720)

Thanks to Lemma 7.3, the first term is controlled by Csize(7)||Vue|lw1.» and thanks to Lemma 7.2, the

second term is controlled by C'size(7T)|| g||w2, L o)’ Therefore, in order to prove Theorem 7.1 it is sufficient
1
to estimate the last term in (7.20). To this end, let us prove the following inequalities: Case 1 < p < 2.

V2, BTue — iz u” 1o < Csize(T)P ! (1 + uellBd, + [ Vbs |2y )

2—p 2-p 2-p 2-p
X (IIUeII%V«fp +If 5+l + b2l + sl L7 ); (7.21)
Case p > 2.
_1
||V%ggIP’CTue — V JU e < C’mze(T); (||ue||W2 »+ ||b4|\” 25 + ||b6| > . (7.22)

For p > 2, taking u] = P7ue, uZ = u” and g1 = g2 = ¢ in formula (6.3), we obtain
IVEr,Plue — Vir u” |7, < Clag(PTue) — ag(u”), Plue — u”].

Similarly, for 1 < p < 2 we use (6.2) to obtain

2—
IVer Plue — Ver, TLP<C<||b3||L1 + VT I 72" + | Vi Plue| 7,

)

X [ag(P7ue) — ag(u”),Pue —u?].

def

Set I = [ag(P7ue) — ag(u”),PTue — u”]. Let us express I through the consistency errors Ry and Ry« c-.
Integrating equation (1.1) over the control volumes k and the dual control volumes x£* leads to (2.11), which
is the exact counterpart of the finite volume scheme (2.13)-(2.14). This computation is valid since z +—
©(z, Vue(z)) is smooth enough as seen in Remark 7.1.

Subtraction of these equations, together with the definitions (7.16), (7.17) and (7.18), yield

ax(uh) — ax (Plue) = Z MeRoc, VK €M,
'Dm(,* EDx

e (u7) = ags (PTue) = Y mgeRoups, VK* € M.
DG,U*G:DJC*

Therefore,

1= Z Z Mo Ro i (Ue(xx) — ux) Z Z Mex Roser (Ue(Tien) — Uex) -

KEMD, ,+ED K*eM*D o0 EDcx

Let us rewrite I using the conservativity property of the fluxes in (7.17) and (7.18), the definitions (2.8) and
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(2.9) of the discrete gradient, and the summation-by-parts Lemma 4.1. We get

I= Z Mo Ro e (Ue(T) — ux — ve(x) + upr)

ocel
o=Klc
+ Z Mo Rorer (Ue(Tier ) — Uier — Ue(Tx ) + Upr)
e
= Z MgMg* (RU,,C (VOD(PCTue —u7), T*) + Rouper (VOD(]P’CTue — uT),T))
Dy ox€D
p=1 1
1 ’ P P
<- > mp|Re|7T > mp|VE (Blue —u”)P
sin ovr
'D(,Y(,.*ED 'Da.)axEQ
p=1 1
1 P P
, > mp|Ry |7 > mp|VE (PTue — u”)[P
SN
D, <€D Dy o= €D
p=1 p=1
1 p P
< ([ ot ] [ mln
sinar D, €D D, + €D

x ([Vgz Blue = Viryu|| e
Hence, we have for 1 < p <2,
2—7])
”vﬁﬂ%“v@ﬂqmgc(wﬂﬁ«+V&£ﬁ$§”HW&MWEﬂ

p—1 p—1

x (ZmD|RJ|%> ' +<ZmD|RU* T) ' . (7.23)

DeD De®

and for p > 2,

||V]F§3—91P)CTU6 - V@zguTHLp <C Z mp|R,|77 | +C Z mp| Ry
Dy g €D Dy g €D

=
=

=2 (7.24)

where C' depends only on reg(7) and the other quantities allowed in the statement of Theorem 7.1. Combining
(7.16), (7.17), (7.18) and (7.19) with the estimates shown in Propositions 7.4, 7.5 and 7.6, we deduce (7.21)
and (7.22) from (7.23) and (7.24) respectively. This ends the proof of Theorem 7.1.

8. Numerical results. In this section, we illustrate our theoretical study by showing the results of some
numerical experiments. We suppose that €2 is the square ] — 1,1[2. We will consider two kinds of analytic
radial solutions for which the corresponding boundary data and source term are computed explicitly in order
to test the accuracy of the method. For any real parameter o € R, we define

ul(2) = |21, @wzm{—g)

We compare the results obtained on two kinds of meshes. The mesh 1 is a family of rectangular locally refined
meshes obtained by successive global refinements of the original mesh shown in Figure 8.1. The mesh 2 is a
family of standard unstructured triangulations of ).
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Fic. 8.1. Picture of the mesh 1 and the mesh 2

||UE - ’U/THL:D

In all the figures below, we plot in a logarithmic scale the L? relative error defined by el and the
Ue|| Lp
Ve — T u” Lp
WP error defined by | v 5|7|T | as functions of the size of the mesh size(7) (top plot) but also as a
Uel|lp

function of the number of unknowns for the discrete problem N (bottom plot).
Let us point out that for the locally refined mesh 1, the size of the control volumes in the refined zone equals
0.5size(T).

8.1. Anisotropic Laplace operator. We consider here the anisotropic Laplace operator (1.3) with a

diffusion tensor
1 224222 —z129
A(2) = — 1
() | 2|2 ( —2129 22% + Z% ’

which is diagonalisable in a rotating frame around the origin with eigenvalues 1 and 2.

For smooth solutions, we observed the first order convergence in the H*! norm (given by Theorem 7.1 for p = 2)
and the second order convergence in the L2 norm (this superconvergence is proved for the Laplace equation in
[13]). We only present here the results obtained for the radial function uj 5 which is not in H?(Q2) but only in
H2%¢(Q) for any ¢ > 0. We find here a convergence rate of 0.4 in the H' norm and 0.5 in the L? norm. This
convergence rate is the one expected, at least for the usual Laplace operator and cell-centered finite volume
schemes on admissible meshes (see [16]).

8.2. Fully non-linear operators. First, we consider the model (1.5) for p = 3.0, k(z) = 1 and F(z) =
(22, —21) for any z = (21, 22) € Q. Notice that F' is not a gradient field. The exact solution we used is u} 45.
The coeflicient o = 1.35 is chosen just greater than % to ensure that u} ;- is not much more smooth than
W2P(Q).

First of all, we observe an order of 1.73 in L? norm and an order of 0.98 in W13 for both kinds of meshes.
Thus, the theoretical convergence order given by Theorem 7.1 is pessimistic just like for many other studies
in this field (see [1, 5, 26, 8]). To our knowledge, very few optimal error estimates for nonlinear diffusion
problems are available in the literature. Some of them can be found, with in [26] for the P1 finite element
approximation of the p-laplacian and in [3] for the FV approach on cartesian meshes.

Nevertheless, an important feature is that the convergence rate is not sensitive to the presence of non conform-
ing control volumes in the mesh 1. Furthermore, in the second plot, we observe that, a number of unknowns
being fixed, the mesh 1 (that is the one refined near the singularity) gives better results than the non refined
triangular mesh 2. This means that the finite volume scheme presented in this paper for nonlinear equations,
can be successfully used in conjunction with local refinement methods in order to save some CPU time without
loss of precision. Of course, the analysis of possible a posteriori error indicators and adaptative refinement
techniques would be of great interest in this framework.

We finally collected in table 8.1 the numerical convergence orders obtained for various values of p on the exact
solution u 55 on the triangular mesh 2. We observe that the convergence order decreases as p increases. Notice
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—®— mesh 1: L2 err
18 ]| —*mesh 1: H! err
® mesh2: L2 err
* mesh2: HL err
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o
>

e = = = o= o=
® o v » o
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o
=)

22 2.4 26 2.8 3.0 3.2 3.4 3.6 3.8 4.0 4.2 4.4 loglo N

Fi1c. 8.2. Test case 1 : Anisotropic laplace equation (1.3) for the exact solution u(l)_5

5.0 3
~—® mesh1: L* err

—*%—mesh1: W13 err
-® mesh2: L3 err
- % mesh2: W3 err

4.5
4.0
35

3.0
25
2.0
15

10 ; ; ; ; ; ‘ .
06 08 1.0 12 1.4 16 18 — logyq size(7T)

238 3.0 32 3.4 36 38 4.0 42 4.4 4 log10 N

F1G. 8.3. Comparison between the meshes 1 and 2 for the model (1.5) and the ezact solution u%‘35

that, of course, for high values of p this exact solution does not lie in the space W 2P,

TABLE 8.1
Convergence orders for the model (1.5) and the exzact solution u%'35 on mesh 2

Value of p | 3.0 4.0 5.0 6.0
Numerical order in LP 1.73 1.83 1.73 1.65
Numerical order in WP 0.98 0.84 0.74 0.65

9. Extensions and conclusions.

9.1. Remarks on the discrete data. In the scheme studied above, one takes into account the boundary
data through its mean-value projection. This choice permits to cope with the general situation with possibly
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discontinuous boundary data. In the case where g is a more regular (say, Holder continuous) function, it is
natural to consider a slightly different scheme by replacing the operator V7, BTg by VPT in the definition of the
scheme, that is in the choice of the discrete gradient appearing in (2.13) and (2. 14) Similarly, for a smooth
enough data f, one can replace P7f by P7f in the source terms of the scheme (that is in (2.15)).

For such smooth enough data, it is easily seen that our analysis also holds. In particular Lemmas 4.2 and
4.3 can be easily adapted to any discrete source data f7 and any discrete boundary condition g7, and then
Theorem 4.4 also holds for any discrete data.

In the same spirit, if ¢ is smooth enough with respect to the spatial variable z, one can replace the integral
definition (2.12) of ¢p by a pointwise definition pp(€) = @(2zp,§), where zp is a particular point in the
diamond cell D.

2. Remarks on the meshes. The mesh 7 can be constructed in a more general way, starting from
the diamond cells ®. Indeed, let ® = (D) be a family of disjoint quadrilaterals such that
e UD = Q,
o If (D1,D,) € ©?% and if d; and dy denote respectively an edge of D; and an edge of Ds, then either
the two edges coincide or they have at most one common point.

Fic. 9.1. Construction of T from the diamond set ©

We note (y, Tix, Zo, o) the vertices of a diamond D as shown in Figure 2.2. A diamond can degenerate
in a triangle, that is three of the points (x,,Zc+,x.,x.+) can be aligned. One can prove by induction in
card(®) that the set of the diagonals of this set of quadrilaterals is made of two connected subsets S and
S*. The meshes Mt or WM™ can be associated to S and S*, respectively. Indeed, the set S of edges partition
= Py U P1, where Py is unbounded and P; is a finite union of disjoints polygons. These polygons are the

control volumes of M: P; = Uicconk. The set of vertices of S (resp. §*) is noted P* (resp. P), P (resp. LP*)
can be split into parts PBine (resp. Pi,) and Pea: (vesp. Pr,,) corresponding to the interior points and to the
points on the boundary. The mesh 99t* is obtained in the same way from S*. Note that

e in each control volume x € 91, there is a unique point of P*, and conversely;

e on the boundary, the points of P.,; and B}, interleave, as shown on Figure 9.1.
It is then easy to see that ® is the diamond set associated to the meshes 99t and 99t*.

9.3. Possible extensions. Let us mention here some of the possible extensions of the present work to
more general situations.

e It is possible, in a quite straightforward way, to extend the finite volume method to Neumann boundary
conditions on a part I';y of 9€2. To this end, it is necessary to assume that g, for £ € 91 such that
kNTx # 0 and ge- for £* € 9™ such that dc* NT'y # () are new unknowns for the problem. New
equations for these supplementary unknowns are obtained by integrating the equation (1.1) over the
corresponding non-degenerate boundary dual control volumes k£* € 99t" and by imposing the value
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of vp( gTTuT) - v on each of the corresponding degenerate boundary control volumes © € 99%. This
is possible thanks to the coercivity and monotonicity of the map ¢p for each diamond D.

e In this paper, we did not allow the flux ¢ to depend on we. Such a study can be carried out, within
the framework of pseudomonotone Leray-Lions type operators —div (¢(z, -,V -)), see e.g. [17] for a
study of another kind of finite volume approximation for such nonlinear problems.

e Finally, the extension to the DDFV approach to the 3D case is possible under some additional ge-
ometrical conditions on the meshes. At least for linear equations, this extension was proposed and
studied in [9, 28].

9.4. Conclusions. We proposed in this paper to use the framework of DDFV schemes for the numerical
approximation of fully nonlinear elliptic problems of Leray-Lions kind. This method is well-adapted to general
2D meshes, even locally refined ones, and ensures that the discrete problem has the same properties than the
continuous one. In particular, if the problem (1.1) derives from a potential so does the discrete equations.
This feature is very useful to provide a fully practical algorithm to compute the approximate solution.

We proved that, under very general assumptions including possibly source terms in VV_L”,(Q)7 the scheme
converges. More precisely, the approximate solution, its discrete gradient and the corresponding discrete fluxes
converge towards ue, Vue and (-, Vue), respectively, strongly in the appropriate Lebesgue spaces. We proved
that the discrete solution is stable with respect to the data and provided an error analysis as soon as the exact
solution lies in W2P(Q).

Finally, we have shown numerical evidences that the method behaves better, even for locally refined meshes,
than the theoretical convergence order.
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