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SHORT OUTLINE

© INTRODUCTION

© 1D FINITE VOLUME METHOD FOR THE POISSON PROBLEM

© THE BasiC FV SCHEME FOR THE 2D LAPLACE PROBLEM

@ TuE DDFV METHOD

© A REVIEW OF SOME OTHER MODERN METHODS

© COMPARISONS : BENCHMARK FROM THE FVCA 5 CONFERENCE

THE MAIN POINTS THAT I WILL NOT DISCUSS
o The 3D case : many things can be done ... with some efforts.
o Parabolic equation.

o Non-linear problems.
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OUTLINE

© INTRODUCTION
o Complex flows in porous media
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EXAMPLES OF DARCY OR DARCY-LIKE MODELS

FLOW OF AN INCOMPRESSIBLE FLUID IN A POROUS MEDIUM

dive = f, mass conservation, f represents sinks/wells,
v = —p(z,Vp), filtration velocity constitutive law.

LINEAR REGIME

o Darcy law :

the tensor K (x) is the permeability, p the viscosity.
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EXAMPLES OF DARCY OR DARCY-LIKE MODELS

FLOW OF AN INCOMPRESSIBLE FLUID IN A POROUS MEDIUM

dive = f, mass conservation, f represents sinks/wells,
v = —p(z,Vp), filtration velocity constitutive law.
NON-LINEAR REGIMES
e Darcy-Forchheimer law : in case of high pressure gradients

—2kVp

14 /1+48k2[Vp|

1
—Vp = EU+B|’U‘U, = v=

e Power law : Non-newtonian effects

lo|" v = —kVp, <= v —\kVp\%fl(kVp).

MONOTONICITY ’

Observe that in each case, Vp — v = —¢(x, Vp) is monotone.
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REAL FLOWS IN POROUS MEDIA

HETEROGENEITIES, DISCONTINUITIES, ANISOTROPY

Example of the underground structure

Each color represents a different medium
—div (¢(z, Vp)) = f.

@ o(x,-) can be linear in some areas.
@ ¢(x,-) can be non-linear in other areas.
@ Some rocks are very permeable, other are almost impermeable.

@ Some rocks have an isotropic structure, other are very anisotropic due
to the particular structure at the pore scale.

TRANSMISSION CONDITIONS
o Pressure is continuous at interfaces.
e Mass flux ¢(z, Vp) - v is continuous across interfaces.
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OTHER MODELS IN POROUS MEDIA

MULTIPHASE (WATER/OIL) FLOWS
o Coupling of a Darcy-like equation (~ velocity) with an hyperbolic

problem (~ oil concentration=saturation).
o In practice, a time splitting scheme can be used :
1) We solve a Darcy problem whose permeability is a function of saturation

—div (K(u™")Vp) = f, + B.C.

2) We solve the nonlinear conservation law by using the previously
computed velocity v = —K (u™)Vp
2] n+1 _ Ou)"™
O OO i (o) =0,
REMARKS
@ In this course, I will only concentrate on the first step but it is worth
mentioning that FV methods have been initially introduced in the
hyperbolic framework.
© We need a good approximation of the mass fluxes (v - v) at interfaces
of the mesh in the second step, with explicit formulas if possible.

ADDITIONAL EQUATION FOR A POLLUTANT

0 (0c) + div (cv) — div (D(c,v)Ve) =0,
here D(c,v) is a diffusion/dispersion full tensor depending on the
concentration and the Darcy velocity v, typically through the tensor

product v ® v. 6/ 137
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OTHER MODELS

ELECTROCARDIOLOGY
(Coudiére—Pierre—Turpault *09)
U= U — Ue,

C(Ou+ f(u)) = —div (GeVue), in the heart,

div ((Gi + Ge)Vue) = —div (G;Vu), in the heart,
div (GrVur) =0, in the torso,

(GiVue) v =—(GiVu) - v, at the interface heart/torso,

(GeVue) - v =—(GrVur) - v, at the interface heart/torso.

DRIFT-DIFFUSION MODELS FOR SEMI-CONDUCTORS

MAXWELL, STOKES,

(Chainais—Hillairet - Peng ’03,’04)
N —div(VN — NVy) =0,
P —div (VP + PVvy) =0,
MNAY=N-P.
EvLAsTICITY ...
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OUTLINE

© INTRODUCTION

@ Very short battle : FV / FE /FD
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A 1 SLIDE COMPARISON BETWEEN THREE FAMILIES OF METHODS

FINITE DIFFERENCES METHODS
o Mostly based on Taylor expansions of (smooth) solutions.
o Cartesian geometry only (at least without any additional tools).
o “Replace” derivatives by differential quotients
6u Ui4+1 — Ug 82u Ui+1 — 2ui 4+ Ui—1
— e "
ox Az 0x? Ax?
GALERKIN METHODS

o Based on a variational formulation of the PDE.
@ Solve the formulation on a suitable finite dimensional subspace of the
energy space
o Piecewise polynomials : Finite Elements
e Fourier-like basis : Spectral Methods
FINITE VOLUME METHODS

o Based on the conservation form of the PDE :
div (something) = source.

o Integrate the balance equation on each cell £ and apply Stokes formula

/ source = Z Outward flux of something across the edge
K

edges of K

e Approximate each flux and write the discrete balance equation

obtained from this approximation.
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THE QUEST OF AN IDEAL SCHEME

GEOMETRY : FE: v, FV : v/, FD : %

WEAK CONSTRAINTS ON THE MESHES FE : v//%, FV : ¢/, FD : %
o Non conforming meshes.
o Local refinement.
o Very stretched cells.
EXPECTED PROPERTIES OF THE SCHEME
@ Local mass conservativity, and mass flux consistency.
FE: %, FV . v
o Preservation of basic properties of the PDEs (well-posedness,...).
FE:v,FV:v
e Preservation of physical bounds on solutions.
FE: %/V,FV :R8/v
@ Accuracy on coarse meshes with high anisotropies and heterogeneities.
FE: % FV :%/v
HERE, WE RESTRICT OURSELVES TO LOW ORDER SCHEMES

For higher order methods ~~ Discontinuous Galerkin
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OUTLINE

© 1D FINITE VOLUME METHOD FOR THE POISSON PROBLEM
@ Notations. Construction
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NOTATIONS

THE PDE UNDER STUDY

{az(k(;z:)(‘iru) = f(x), inQ=]0,1],
u(0) = u(1) = 0.

e f is an integrable function (let say continuous ...).
o k is bounded, smooth, and inf k > 0.
A FV MEsH T oF |0, 1]

o Control volumes : Compact (~ disjoint) intervals (x;)1<i<n that

cover [0,1] = Q
Ki = [$i71/27$i+1/2]7

x; hi+1/2 Tit1
—Q o ® —— & ®
Ti—1/2 Ki Lit1/2 Kit1 Li+3/2
o Centers : A set of points x; € ki, Vi. Not necessarily mass centers

o Boundary : To ease presentation, we set o =0 and xn4+1 = 1.
o We set h; = |Ki| = #1172 — T;_1/2 the measure (=length) of «;.
e We set h;1/2 = Ti+1 — x; the distance between neighboring centers.
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CONSTRUCTION OF THE FINITE VOLUME SCHEME

CELL-CENTERED FINITE VOLUME PHILOSOPHY
A cell-centered scheme

e Concerns one single unknown wu; per control volume, supposed to be an
approximation of the exact solution at the center x;.

o Consists in writing a (discrete) flux balance equation on each control
volume.

ASSUME THE SOLUTION IS SMOOTH

/ aw(—ké)‘,u)dxz/ fx)dx, VYi=1,...,N.
Jr; Ki
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CONSTRUCTION OF THE FINITE VOLUME SCHEME

CELL-CENTERED FINITE VOLUME PHILOSOPHY
A cell-centered scheme

e Concerns one single unknown wu; per control volume, supposed to be an
approximation of the exact solution at the center x;.

o Consists in writing a (discrete) flux balance equation on each control
volume.

ASSUME THE SOLUTION IS SMOOTH

- (k;e-)_,,,u)(;z;,,wz)} - {7 (/fa,u,)(.«l,-z,w)} :/C f(z)dz, Vi=1,..,N.

i
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CONSTRUCTION OF THE FINITE VOLUME SCHEME

CELL-CENTERED FINITE VOLUME PHILOSOPHY
A cell-centered scheme

e Concerns one single unknown wu; per control volume, supposed to be an
approximation of the exact solution at the center x;.

o Consists in writing a (discrete) flux balance equation on each control
volume.

ASSUME THE SOLUTION IS SMOOTH
— (k:(“);,;u)(:l;,,Jr]/z)} — {f (k‘f),r'u)(:zfz,]m)} = / flx)dz, Vi=1,..,N.
Kq
FLUX APPROXIMATION

—(kDou) (i41,2)(R) — k(mHl/Q)wv

hiy1/2
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CONSTRUCTION OF THE FINITE VOLUME SCHEME

CELL-CENTERED FINITE VOLUME PHILOSOPHY
A cell-centered scheme

e Concerns one single unknown wu; per control volume, supposed to be an
approximation of the exact solution at the center x;.

o Consists in writing a (discrete) flux balance equation on each control
volume.

ASSUME THE SOLUTION IS SMOOTH

—k(iy1/2)

w(Tiv1) — u(%‘i)] _ {_k(xi_m)u(%) - u(l‘i—l)}

hiyi/2 hi—1/2
Ki

where f; is the mean-value of f on «;.
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CONSTRUCTION OF THE FINITE VOLUME

THE FV SCHEME - VERSION #1
We look for u” = (u;)1<i<n € R” satisfying

Us — Uq 7 — WUqi— °
_ki+1/2L+ki71/2w:hi.ﬁv VZG{l,...,N},
hiti/2 hi—1/2

with ugp = un+1 = 0 (homogeneous Dirichlet BC).
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CONSTRUCTION OF THE FINITE VOLUME

THE FV SCHEME - VERSION #1
We look for u” = (u;)1<i<n € R” satisfying

_km/zw +ki71/2w =hifi;, Vie{l,...,N},
hiti/2 hi—1/2

with uo = un+1 = 0 (homogeneous Dirichlet BC).
THE FV SCHEME - VERSION #2
We look for u” = (u;)1<i<n € R” satisfying

(Fi12(w”) = Fiipo(u”) = hafs, Vie{l,...,N}

with
e Ui U;
Fi+1/2(uT) d:f _k1+1/2 ;1 1217 7N_17
i+1/2
def uy — 0
Fl/z(u ) = —k1/2 A 5
1/
()—UN
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OUTLINE

© 1D FINITE VOLUME METHOD FOR THE POISSON PROBLEM

o Analysis of the scheme in the FD spirit
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FIRST STEP OF THE ANALYSIS

Matrix form of the scheme Au” = B with
u” = (ui)i<i<n, B = (hifi)i<i<n,
where A is tridiagonal and given by

kiy1/2 I ki—1/27 P _ki+1/2 ki71/2'
hi1/2

ii—1 =

Qi =

hivi2  hiciye hz‘+1/27
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FIRST STEP OF THE ANALYSIS

Matrix form of the scheme Au” = B with
u” = (ui)i<i<n, B = (hifi)i<i<n,
where A is tridiagonal and given by

kiy1/2 I ki_1/2 - _ki+1/2 _ki71/2'
hi1/2

ii—1 =

Qi =

hivi2  hiciye hz‘+1/27

e Observe that A is symmetric and positive definite

(AUTJJT) = Z( +1/2(U ifl/z(UT))vi

N-—1
= — Fiya(u”)o1 + Fypipo)on + D Fiyrpo(u”)(vi —vigr)
i=1
N
= =D  Fip@) (vig1 — i)
=0
N Ui41 Ujg
Zkz+1/27(”2+1 vi)
i=0 ’L+1/

N
Uikl — Uj Vit1 — Vi
:Zh¢+1/2k¢+1/2< = Z) ( = Z)

= hiy1/2 hit1/2

B orts ~
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FIRST STEP OF THE ANALYSIS

Matrix form of the scheme Au” = B with

u” = (wi)i<i<n, B=(hifi)i<i<n,

where A is tridiagonal and given by

k; ki_ k; ki_
+1/2 I 1/27 P +1/2 1/2

ii—1 =

Qi =

hz‘+1/27 hi71/2'

“VARIATIONNAL” FORMULATION OF THE F'V SCHEME
To find w7 € R” such that

N N

U4 — U; Vi — U
E hiyi2kivay2 ( 1 ) < 1 ) = E hi fivs, voT e R7.
P im1

hivi2  hiciye

hi+1/2 hi+1/2
——
sum (in the interfaces sum on the control volumes
z/ k Oru Ozv dx z/ fvdzx
0 0

COMMENTS

o Matrix assembly for FV schemes is done by interfaces/edges.
e Variationnal formulation is useful in the analysis.
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STABILITY

MAXIMUM PRINCIPLE.
Let u” be the solution to
T .
Au’ = (hifi)1<i<n.

THEOREM (DISCRETE MAXIMUM PRINCIPLE)

(fz- > O,Vi) = (ui > o,w).

THEOREM (L°°-STABILITY)

There ezists C > 0 depending only on k such that
" floo < Clfllco-
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STABILITE

DISCRETE POINCARE INEQUALITY.

LEMMA (DISCRETE POINCARE INEQUALITY)

For any u” € R”, we have

1
2

N
|z < th <" floo < { D Rty
1=0

discrete Hé norm

N
=

Ui+1 — Us

hiy1/2

PRrROOF : Telescoping summation + Cauchy-Schwarz

u; = (U — ui—1) + (Ui—1 — ui—2) + -+ + (w1 — 0).
THEOREM (L>-STABILITY)
For any u” € R7 solution of Au™ = (hifi)1<i<n, we have the estimate

i < Wl
el < 5o

In fact, we have a much better estimate : a discrete H! estimate.

F. Boyer FV for elliptic problems
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COMPARISON WITH FINITE DIFFERENCES

FIRST CASE : UNIFORM MESH

We assume k(z) = 1; the PDE is then —0%u = f.
We choose mass centers x; = %
o Inside the domain :

—Uit1 + 2u; — U,

—1
FV & FD & = = fi

the schemes are identical (except possibly the source term
discretisation).
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COMPARISON WITH FINITE DIFFERENCES

FIRST CASE : UNIFORM MESH

We assume k(z) = 1; the PDE is then —0%u = f.
We choose mass centers x; = %
o Inside the domain :

—Uit1 + 2u; — U,

—1
FV & FD & = = fi

the schemes are identical (except possibly the source term
discretisation).
@ On the boundary :

U2 — U1 ’U,1—07

FV@T— hz = hfi.
ug;ul_u}}/;O
FD& ———F—— = f1.
3h/4 f

Here the two schemes are not exactly the same.
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COMPARISON WITH FINITE DIFFERENCES

SECOND CASE : GENERAL MESH

The FV scheme inside the domain writes

Ui41—Ug Ui —Uj—1
h; T Thy_ 1
_ Pivaye vz _ (_ / (—02u) dx = —02u(x;) + O(h)) )
hi hi K;
IS THE SCHEME CONSISTENT IN THE USUAL FD SENSE 7
Let u € C?
u(@ipr)—u(z;)  u(z)—u(z;—1)
h; hy_
agu(xl) _ i+1/2 i—1/2
hi
}L,j, < +hz <
= <1 - M) d2u(xs) + O(h)
2h;
hi—1/2 hi+1/2 hi+3/2
Example :

——H—0 0 —H—0 10—

h; hit1

[We find that : r; = 1/4,0r r; = —1/2.]

The FV scheme is not consistent in the FD sense

... however the scheme is L stable and convergent !21
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COMPARISON WITH FINITE DIFFERENCES

SECOND CASE : GENERAL MES

The FV scheme inside the domain reads

Uip1 U Ui U1

h; h; <
i+1/2 i—1/2
- = fi.
hi

AN ALTERNATE CONSISTENCY PROPERTY
Assume that u € C3. We set

2
@ = () + %8510(.%) = u(z:) + O(h®).

We find that

Uit1—Usg Ui —Uj—1

8fu(zz)— hita/2 - hi—1/2 —O(h)

= This proves (in a quite non-natural way) the first order convergence of
the scheme

[sup |u(wi) — ;| < suplu(z;) — @i +sup |@; — us| < Ch.]
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OUTLINE

© 1D FINITE VOLUME METHOD FOR THE POISSON PROBLEM

o Analysis of the scheme in the FV spirit
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SUMMARY OF THE DIFFERENCES FV / FD

@ The flux notion is crucial in the Finite Volume framework but it does
not enter the game in the previous proof.

o Consistency in the FD sense is not adapted to FV.

e The previous convergence proof is not natural and does not have a
simple generalisation to more complex problems.

CONCLUSION

We need new tools and proofs.
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FLUX CONSISTENCY

RECALL THE SCHEME UNDER FLUX BALANCE FORM :
F; Y~ F TY=hifi, Vie{l N}
z+1/2(u ) 1—1/2(11/ )— zf’u Ze{ P )

Uq — Us
Fip1)2(u’”) = —ki+1/2h+17 0=1,...,N.
i+1/2

25/ 137
F. Boyer FV for elliptic problems



FLUX CONSISTENCY

RECALL THE SCHEME UNDER FLUX BALANCE FORM :
T Ty _ .
Fi+1/2(u )—Fi_l/z(’u )—hlf“ Vze{l,‘..,N},

T Uitl — Uj
Fit1/2(u”) = —ki+1/2h7 0=1,...,N.

i+1/2
THE EXACT SOLUTION u SATISFIES :

FZ'+1/2(’U,) — Fi_l/Q(U) = hlfl, Vi S {1, . .7]\7}7

where the exact fluxes are defined by

Fi+1/2(u) = *ki+1/2(3zu)($i+1/2)~
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FLUX CONSISTENCY

RECALL THE SCHEME UNDER FLUX BALANCE FORM :
F, Y- F ™Y=hifi, Vie{l N
i+1/2(u ) — 7;—1/2(“ )=hifi, Yie{l,...,N},

U4 — Uq
Fiprjp(u”) = —kiyrjp—t—", 0=1,...,N.

hivi2
THE EXACT SOLUTION u SATISFIES :

FZ'+1/2(’U,) — Fi_l/z(u) = hlfl, Vi S {1, . .7]\7}7

where the exact fluxes are defined by

Fi+1/2(u) = *ki+1/2(3zu)($i+1/2)~

“PROJECTION” OF THE EXACT SOLUTION ON T :

P"u = (u(z:)i1<i<y € R7.

FLUX CONSISTENCY ERROR TERMS

Rit1/2(w) def (_kiﬂ/zw) - ( - ki+1/2(axu)(xi+l/2)) .
i+1/2

=Fiy1/2(PTw) =F;41/2(u)

25/ 137
F. Boyer FV for elliptic problems



FV ERROR ESTIMATE

We define the error e” = u” — P7 .

RECALL
Fi+1/2(’LLT) — Fifl/g(’U,T) = hzfl, Vi € {1, .- .,N}, (1)
fﬂ_l/z(u)—Fi_lp(u) :hlf“ Vle {1,7]\[}7 (2)
Ri+1/2(u) = Fi+1/2(]P)TU) - Fi+1/2(u), Vi € {07 e 7N} (3)
26/ 137
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FV ERROR ESTIMATE

We define the error e” = u” — P7 .

RECALL
Fi+1/2(’LLT) — Fifl/g(’U,T) = hzfl, VZ S {1, .. .,N}, (1)
le/Q(u)—Fi_lp(u) :hlf“ VZG {1,7]\7}7 (2)
Riy172(u) = Fip1/2(P7u) — Fiy1/a(u), Vie{0,...,N}. 3)

THE FINITE VOLUME COMPUTATION
e We subtract (1) and (2), and we use (3)

Fi+1/2(uT —P7u) — Fi,l/g(uT —Pu) = —Rit1/2(u) + Ri_1/2(u).
o We multiply the equations by e; and make the sum
N 2 N
;hi+l/2ki+1/2 (ez;—/:i) = ;hi+1/2Ri+1/2(u) (eihi-il_/;i) ‘
o We use Cauchy-Schwarz inequality

1
2 N
€; — € 1 .
||€THoo >~ (Z hz+1/2 (L) > S 5 <Z hi+l/le+l/2(u)z>

hivi/2 i=0

=
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FINITE VOLUME ERROR ESTIMATE

THE FINAL ESTIMATE

IT REMAINS TO ESTIMATE THE TERMS R;i1/2(u)
Assume that u € C?, then Taylor formulas lead to

|[Ris12(u)| = ‘(*kwmw) - (* k¢+1/2(3IU)($¢+1/2)) ‘

hivi/2
< 1Kl oo |0 ul| oo -

We conclude

[Su_pluz‘ —u(@:)| = lle” [loo < Hkl\oo\laﬁullooh]

27/ 137
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FINITE VOLUME ERROR ESTIMATE

IT REMAINS TO ESTIMATE THE TERMS R;i1/2(u)
Assume that u € C?, then Taylor formulas lead to

|[Ris12(u)| = ‘(*kwmw) - (* k¢+1/2(3IU)($¢+1/2)) ‘

hivi/2
< 1Kl oo |0 ul| oo -

We conclude

[Su_pluz‘ —u(@:)| = lle” [loo < Hkl\oo\laiwlooh]

REMARKS :

o If we have x;11/2 = W%, then the scheme is second order.

However, in general, this is not true, since we have more naturally

Ti—1/2 T Tit1/2
—

Ty =

@ Observe that, if there one single interface such that
R;11/2(u) = O(1), then the scheme is only of order 1/2.
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OUTLINE

© 1D FINITE VOLUME METHOD FOR THE POISSON PROBLEM

o Extensions
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DISCONTINUOUS COEFFICIENTS

DEFINITION OF THE

ASSUMPTION : the diffusion coefficient k is piecewise constant and the mesh
is assumed to be compatible with the jumps of k (i.e. k is constant on each
control volume).

29/ 137
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DISCONTINUOUS COEFFICIENTS

DEFINITION OF THE SCHEME

ASSUMPTION : the diffusion coefficient k is piecewise constant and the mesh
is assumed to be compatible with the jumps of k (i.e. k is constant on each
control volume).

REMARKS

o The diffusion coefficient k;11/2 = k(x;11/2) is not defined anymore.

e The solution u has no chance to be C?! Indeed, if f is C°, we only have
k(8.u) € C'.

o Therefore, it is the total flux which is smooth

Exact total flux :  F11/2(u) = — (k(azu)) (Tig1/2)-
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DISCONTINUOUS COEFFICIENTS

DEFINITION OF THE

ASSUMPTION : the diffusion coefficient k is piecewise constant and the mesh
is assumed to be compatible with the jumps of k (i.e. k is constant on each
control volume).

REMARKS

o The diffusion coefficient k;11/2 = k(x;11/2) is not defined anymore.

e The solution u has no chance to be C?! Indeed, if f is C°, we only have
k(8.u) € C'.

o Therefore, it is the total flux which is smooth

Exact total flux :  F11/2(u) = — (k(azu)) (Tig1/2)-

DEFINITION OF THE NUMERICAL FLUX

We still consider the two-point formula
Ui+l — U
Fi+1/2(UT) = *ki+1/27]j
i+1/2

but how do we choose the diffusion coefficient k; /27

kivij2 =ki? kip1o = kit1? Kiv1yo = (ki + kip1)/27

29/ 137
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DISCONTINUOUS COEFFICIENTS

DEFINITION OF THE NUMERICA

IN THE CONTROL VOLUME K;
e z — k(x) is a constant = k; thus u € C? in ;.
- w(iy1/2) — u(z:)
Tit1/2 — Ti
IN THE CONTROL VOLUME K;41
e z — k(x) is a constant = ki1 thus u € C%in Kiq1.
w(Tiy1) — w(Tit1/2)

( )( +1/2) + Tit1 — Tip1)2
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DISCONTINUOUS COEFFICIENTS

DEFINITION OF THE NUMERICA

IN THE CONTROL VOLUME K;
e z — k(x) is a constant = k; thus u € C? in ;.

_ U($i+1/2) - U(Iz)
Tit1/2 — Ti
IN THE CONTROL VOLUME K;41
e z — k(x) is a constant = ki1 thus u € C%in Kiq1.
w(@is1) = ul@irr2)
+ - Q i+1/2
= (kazu)(wi+1/2) ~ ki1 .
Tit1 — Tiq1/2
WE WRITE THE TOTAL FLUX CONTINUITY AT ;{12

FiJrl/Z(“) = *(kazu)(x;lp) = *(kazu)(mi;uz)-
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DISCONTINUOUS COEFFICIENTS

DEFINITION OF THE NUMERICA

IN THE CONTROL VOLUME K;
e z — k(x) is a constant = k; thus u € C? in ;.
- u(wit1/2) — u(®i)
= (kOyu)(x; ~ki—r.
(a2 b

IN THE CONTROL VOLUME K;41

o x+— k(z) is a constant = k; 41 thus u € C? in Kit1.

w(Ziv1) — w(@iy1/2)
Tit1 — Tiq1/2

WE WRITE THE TOTAL FLUX CONTINUITY AT ;{12

_ N _
Fipi/2(u) = 7(kazu)('xi+l/2) = *(kaﬂﬂu)(mi-um)-
WE TRY TO ELIMINATE THE INTERFACE VALUE

DL B2 (Rpu) () + ST (ku) (¢
— kg i+1/2 k;
Fi+1/2(u) — i+1 /

= (kOsu)(x z+1/2) ~ ki1

1+1/2)

Tit1—Ti41/2 + Tit1/2—Ti
ki1 ki
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DISCONTINUOUS COEFFICIEN

DEFINITION OF THE NUMERICA

IN THE CONTROL VOLUME K;
e z — k(x) is a constant = k; thus u € C? in ;.

- w(Tiy1/2) — u(w:)
= (kOeu)(@;11)0) = ki .
Tit1/2 — Ti
IN THE CONTROL VOLUME K;41
o x+— k(z) is a constant = k; 41 thus u € C? in Kit1.

w(xit1) — u($i+1/2)
= (kdyu)(z] ~ ki '
( )( z+1/2) +1 Tit1 — Tiq1/2

WE WRITE THE TOTAL FLUX CONTINUITY AT ;{12

_ N _
Fipi/2(u) = 7(kazu)('xi+l/2) = *(kaﬂﬂu)(mi-um)-
WE TRY TO ELIMINATE THE INTERFACE VALUE

= N u(@it1) — u(@i)
Fit12(u) = — Pty | iy
ki1 ki

30/ 137
F. Boyer FV for elliptic problems



DISCONTINUOUS COEFFICIEN

DEFINITION OF THE NUMERICA

IN THE CONTROL VOLUME K;
e z — k(x) is a constant = k; thus u € C? in ;.

- w(Tiy1/2) — u(w:)
= (kOeu)(@;11)0) = ki .
Tit1/2 — Ti
IN THE CONTROL VOLUME K;41
o x+— k(z) is a constant = k; 41 thus u € C? in Kit1.

w(xit1) — u($i+1/2)
= (kdyu)(z] ~ ki '
( )( z+1/2) +1 Tit1 — Tiq1/2

WE WRITE THE TOTAL FLUX CONTINUITY AT ;{12

_ N _
Fipi/2(u) = 7(kazu)('xi+l/2) = *(kaﬂﬂu)(mi-um)-
WE TRY TO ELIMINATE THE INTERFACE VALUE

= hivi/2 w(wit1) — u(wi)
Fiaja(u) = — Tiki®ign/2 y Tig1/2T v Riti/2
kit kg

defy, I i
= 1+1/2, narmonic mean
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DISCONTINUOUS COEFFICIENTS

SUMMARY AND

The FV scheme is thus the following : To find u” € R7 such that

Fivio(u”) = Fi_1po(u”) = hifi, V1<i<N,

with
U4 — Uq
Fi+1/2(UT) = *k'z‘+1/2h+177
i+1/2
hiyi1/2kikita

k; = .
/2 (Tit1 — Tig1/2)ki + (@ig1/2 — Ti)kiga

THEORETICAL RESULTS
o Existence and uniqueness of the solution.
o L and L? stability.
o First order H'-convergence for any source term in f € L*(Q).

o We observe (without proof) a second order convergence in L°°.

The other choices of ;11,2 lead to a poor convergence rate.
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ONTINUOUS COEFFICIEN

2.5-1072 : :
—— Exact solution
{ —e— Harmonic mean
2.107% \ —e— Arithmetic mean [
1.5-1072 |- 1
1-1072F \ .
\
\\
5-107% | \ N
\
0 | | | |
0.2 0.4 0.6 0.8

@ k;i1/2 = arithmetic mean ~ convergence rate %

@ k;1/2 = harmonic mean ~~» convergence rate 1.
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OUTLINE

© THE BasIC FV SCHEME FOR THE 2D LAPLACE PROBLEM
e Notations. Construction
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ADMISSIBLE ORTHOGONAL MESHES

(Eymard, Gallouét, Herbin, 00— ’09)

DEFINITION IN 2D

o Q a connected bounded polygonal domain in R2.

o An admissible orthogonal mesh 7 is made of
o a finite set of non empty compact convex polygonal subdomains of 2
refered to as K, called control volumes such that

o If Kk # , then & N 2 = 0.
e Q= UICET K.

o A set of points, called centers, (zx)ce7 such that
° Forany?CET,m)ce)%.
@ For any K, € T, £ # £ such that £ N £ is a segment, then it is an edge

of k£ and an edge of £ is denoted x|z and satisfies the orthogonality
condition

[z, zc] L k|c.

NOTATIONS

Mesh size : size(T) = maxxe7 (diam(x)).
Set of edges : &, Ecat, Eint, Ex

Unit normals : vi, Vo, Vir
Volumes/Areas/Measures : |k|, |o]

Distances : dxo, dro, dir, do

34
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THE Two-POINT FLUX APPROXIMATION SCHEME (TPFA)

NOTATIONS. GENERALITIES.

Consider the following problem

—Au=f, inQ
u =0, on If.
and an admissible orthogonal mesh 7
\\ [ ]
P N T
g
, oc=xlc \ o
, \\
\
‘ \

FLUX BALANCE EQUATION ON THE CONTROL VOLUME K

|| fic dif/f / Au— /Vu Vio

df
=Fk,0(u)

UESK
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THE Two-POINT FLUX APPROXIMATION SCHEME (TPFA)

NOTATIONS. GENERALITIES.

\\ [ ]
\
\
\ ’
X /
e '\ Tk Lre X _
ol = R o elfic = > Frew ().
/’/ o = IC|£ \\ L4 o€k
, v
\
. \

\
LOCAL CONSERVATIVITY PROPERTY FOR THE INITIAL PROBLEM

Frou)=—Fro(u), foro=cx|c.
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SCHEME (TPFA)

NOTATIONS. GENERALITIES.

\\ [ ]
\
\
\ ’
X /
e '\ Tk Lre X _
ol = R o elfic = > Frew ().
/’/ o = IC|£ \\ L4 o€k
, v
\
. \

\
LOCAL CONSERVATIVITY PROPERTY FOR THE INITIAL PROBLEM
Frou)=—Fro(u), foro=cx|c.

CELL-CENTERED UNKNOWNS We are looking for ux ~ u(zx)
Notation : u” = (ux)cer € R”.
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THE Two-POINT FLUX APPROXIMATION SCHEME (TPFA)

NOTATIONS. GENERALITIES.

\\ ®
\
\
\ ’
X /
e '\ Tk Lre X _
ol = R o elfic = > Frew ().
/’/ o = IC|£ \\ L4 o€k
, v
\
. \

\
LOCAL CONSERVATIVITY PROPERTY FOR THE INITIAL PROBLEM
Frou)=—Fro(u), foro=cx|c.

CELL-CENTERED UNKNOWNS We are looking for ux ~ u(zx)
Notation : u” = (ux)cer € R”.

NUMERICAL FLUXES

[A family of maps u” — Fi,(u”) in order to approximate F,c,g(u)]

NUMERICAL SCHEME

We look for u” € R” such that |x|fic = Z Fi,o(u”) for any x € T.
gEfk
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THE Two-POINT FLUX APPROXIMATION SCHEME (TPFA)

CONSTRUCTION OF NUMERICAL FLU

CASE OF AN INTERIOR EDGE 0 € Eint, 0 = K|L.
Tp — Tk = dicVic.

u(xze) — u(xx)

Forz € o, (Vu(z)) vie = yi
KL

+ O(size(T))

ulze) =ul@e) | o(sige(T)?)

= Fro(u) = —|o] s
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THE Two-POINT FLUX APPROXIMATION SCHEME (TPFA)

CONSTRUCTION OF NUMERICAL FLU

CASE OF AN INTERIOR EDGE 0 € Eint, 0 = K|L.
Tp — Tk = dicVic.

u(ze) — u(zx)

Forz € o, (Vu(z)) vie = yi
KL

+ O(size(T))

s T (u) = —|o| 42 =@ | e (7))

dxec
Thus, we define

d)CL

[F,C,UM) E ol j

REMARK AND DEFINITION

The scheme is built so as to be conservative
Feow)=—Feo(u”)

We set
def

FIC,L(UT) = F)C,U(UT) = _FL,O(UT)‘
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THE Two-POINT FLUX APPROXIMATION SCHEME (TPFA)

CONSTRUCTION OF NUMERICAL FLU

CASE OF A BOUNDARY EDGE 0 € Eext-
Lo — T = d)Co'VICo'-

u(zs) — u(zx) _ 0 — u(zx)
d;cg- dlCo'

(Vu(z)) - vio ~ < Boundary data

= Fro(u) = —\a\% + Osize(T)?)

Thus we define
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THE Two-POINT FLUX APPROXIMATION SCHEME (TPFA)

CONSTRUCTION OF THE SCHEME.

DEFINITION OF THE TPFA SCHEME

We look for u” = (ux)cer € R” such that

> Feo@”) =[xl fx, Ve eT,
gEEK
Fr o) = —|a|“5d; Ue " for o = k|c € Eint, (TPFA)
FK,U(UT) = —|o] ;u,c7 for o € Ecut.
Ko

o It is a linear system of N equations with N unknowns (N=nb of
control volumes in 7).

@ The scheme is also known as VF4/FV4 : 4-point stencil for a triangle
2D mesh.

@ On a 2D uniform Cartesian mesh : we recover the usual 5-point scheme.
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THE Two-POINT FLUX APPROXIMATION SCHEME (TPFA)

CONSTRUCTION OF THE SCHEME.

DEFINITION OF THE TPFA SCHEME

We look for u” = (ux)cer € R” such that

> Feo@”) =[xl fx, Ve eT,
gEEK
Fr o) = —|a|'“cd; Ue " for o = k|c € Eint, (TPFA)
FK,U(UT) = —|o] ;u,c7 for o € Ecut.
Ko

NOTATIONS - PIECEWISE CONSTANT APPROXIMATION

e We define fT = (f)c);ceT (S RT
e With each set of unknowns v” € R, we associate the piecewise

constant function
v (x) = Z vk le(x).

KeT

Bl=

o Natural norms ||v” ||pe = sup |ug|, |Jv7 L2 = Z x| vk |2
KeT KeT

FV methods are non-conforming methods a0/ 137
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OUTLINE

© THE BasIC FV SCHEME FOR THE 2D LAPLACE PROBLEM

@ Analysis of the TPFA scheme

40/ 137
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ANALYSIS OF THE TPFA SCHEME

NOTATIONS : Oriented difference quotients

e For any couple of neighboring control volumes (k, c) we set

Ty def U — Uk
D;CE(U ) = —— V.
dic

o For any interior edge o € &t we set
Do(u”) Y Dicr(u”) = Dex(u”).

def O—ux
= Vko-

e For any exterior edge o € Eext We set Dy (u”) e

LEMMA (DISCRETE INTEGRATION BY PARTS)

Let u” € R” be a solution of (TPFA) if it exists, then for any v € R”

Y dololDo(u”) - Do(v") = D Icfvcfc = (07, f7) 2.

oc€eE KeT

C T W)y 7

~» Local conservativity of the scheme is crucial here.
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ANALYSIS OF THE TPFA SCHEME

EXISTENCE. UNIQUENESS. STABILITY

LEMMA (DISCRETE INTEGRATION BY PARTS)

Let u” € R” be a solution of (TPFA) if it exists, then for any v € R”

Y dololDo(u”) - Do(v") = D Icfocfc = (07, f7) 2.

c€EE KeT

LT W)y 7

~~ Local conservativity of the scheme is crucial here.
PRroOPOSITION
The bilinear form
(w”,v7) e R” xR” — w0 )T,

is an inner product in R”7 that we call discrete H{ inner product.
The associated norm || - ||1,7 is called discrete Hi norm.
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ANALYSIS OF THE TPFA SCHEME

EXISTENCE. UNIQUENESS. STABILITY

THEOREM

For any source term f € L*(Q), the scheme (TPFA) has a unique solution
u” € R” and we have

a1, < la" N2 17 ee < lu” 2]l £l ze-
In order to get a useful discrete-H! estimate, we need

THEOREM (DISCRETE POINCARE INEQUALITY)

For any orthogonal admissible mesh T, we have

o7 |lz2 < diam(Q) |07 |l 7, Vo7 € R”.
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ANALYSIS OF THE TPFA SCHEME

QIL—\],I'I‘A'I‘]\'I-] PROPERTIES. DISCRETE MAXIMUM PRINCIPLE

MATRIX OF THE SYSTEM :

e A is symmetric definite positive (See : Discrete integration by parts).

@ A is a M-matrix = Discrete maximum principle
ffT>0=4u" >0.

Indeed, the line of the system Au’ = f7 corresponding to the control

volume x reads
Z TKL (’LL)( — ’LLL) = |K|f}c.

LEVK >0
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ANALYSIS OF THE TPFA SCHEME

DISCRETE GRADIENT.

DIAMOND CELLS

@
[ J
DISCRETE GRADIENT For any v7 € R7, and any » € D, we set
MV)CL = dDJ(uT), for o € Eint,
7D' T déf OdELu
dT}CV;Cg = dDa(uT), for o € Eeut,
KL
VT ST 1,957 € (LH(Q)%
DeD

LINK WITH THE DISCRETE H} NORM

I

1
Ly = IV
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ANALYSIS OF THE TPFA SCHEME

DISCRETE GRADIENT. COMPACTNESS. CONVE

THEOREM (WEAK COMPACTNESS)

Let (Tn)n be a sequence of admissible orthogonal meshes such that

size(Tn) — 0 and (u™™ )y, a familly of discrete functions defined on each of
these meshes and such that

(sup lu”" 1,7, < +oo.}
n

Then

o There exists a function u € L*(Q) and a subsequence (u”¢™), that
strongly converges towards u in L*(£2).
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ANALYSIS OF THE TPFA SCHEME

DISCRETE GRADIENT. COMPACTNESS. CONVE

THEOREM (WEAK COMPACTNESS)

Let (Tn)n be a sequence of admissible orthogonal meshes such that
size(Tn) — 0 and (u™™ )y, a familly of discrete functions defined on each of
these meshes and such that

{sup lu”" 1,7, < +oo}
n

Then

o There exists a function u € L*(Q) and a subsequence (u”¢™), that
strongly converges towards u in L*(£2).

Moreover,
o The function u belongs to Hy(Q).

o The sequence of discrete gradients (V7 ¢muTe(), weakly converges
towards Vu in (L*())%.

F. Boyer FV for elliptic problems
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ANALYSIS OF THE TPFA SCHEME

DISCRETE GRADIENT. COMPACTNESS. CONVER

THEOREM (CONVERGENCE OF THE TPFA SCHEME)

Let f € L*(Q) and u € H}(Q) be the unique solution to the PDE.

Let (Tn)n be a family of admissible orthogonal meshes such that
size(Tn) — 0.

For any n, let u™™ € R™" be the unique solution of the TPFA scheme on
the mesh T, associated with the source term f.
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ANALYSIS OF THE TPFA SCHEME

DISCRETE GRADIENT. COMPACTNESS. CONVERGENCE

THEOREM (CONVERGENCE OF THE TPFA SCHEME)

Let f € L*(Q) and u € H}(Q) be the unique solution to the PDE.

Let (Tn)n be a family of admissible orthogonal meshes such that
size(Tn) — 0.

For any n, let u™™ € R™" be the unique solution of the TPFA scheme on
the mesh T, associated with the source term f.

Then, we have
@ The sequence (u' ™), strongly converges towards u in L*(£2).
© The sequence (V7 mu"™), weakly converges towards Vu in (L?(Q2))%.

@ Strong convergence of the gradients DOES NOT HOLD (excepted
for f=u=0).
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ANALYSIS OF THE TPFA SCHEME

ERROR ES

FIRST REMARKS

@ Convergence of the scheme : no need of any regularity assumption on w.

o For error estimates we will assume that u € H?(f).
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ANALYSIS OF THE TPFA SCHEME

ERROR ES

FIRST REMARKS
@ Convergence of the scheme : no need of any regularity assumption on w.
o For error estimates we will assume that u € H?(f).

PRINCIPLE OF THE ANALYSIS

e We want to compare u” with the projection P"u = (u(wx))x of the
exact solution on the mesh. The error is thus defined by

T def T T
e =P u—u'.
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ANALYSIS OF THE TPFA SCHEME

ERROR ES

FIRST REMARKS

@ Convergence of the scheme : no need of any regularity assumption on w.

o For error estimates we will assume that u € H?(f).
PRINCIPLE OF THE ANALYSIS

e We want to compare u” with the projection P"u = (u(wx))x of the
exact solution on the mesh. The error is thus defined by
T LPTu—u.

o We compare the numerical fluxes computed on P7u with exact fluxes
0| Rec,o () = Fe,o (PTw) = Fie,o (),
that is

Rr.o(u) = w /Vu Viedx, Yo € Eint.

d/cc |O'|

47
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ANALYSIS OF THE TPFA SCHEME

ERROR ESTIMATE

def

|o|Ric.o (1) = F o (P7u) — Fr,o(u).
e We subtract the exact fluxes balance equation (that is the PDE
integrated on «)

Kl = 3 Fro= 3 Feo®u) = 3 lofRia(u),
oc€EK 4SS o€
and the numerical scheme
lklfc = D Freo(u”).
ocefx
We get
> Feole’)= Y |o|Re,o(u), VceT. (%)

ocE&K ocEEK
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ANALYSIS OF THE TPFA SCHEME

ERROR ESTIMATE

|o|Ric.o (1) & Fe.o(PTu) — Fre.o(u).
o We get
> Feo(e’)= Y lo|Rco(u), VceT. (%)

o€l o€l

48/ 137
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ANALYSIS OF THE TPFA SCHEME

ERROR ESTIMATE

def

|o| Rk, (u) = FK;,U(IP’Tu) — Fr,o(u).

o We get
ST Feole”) = 3 |o|Reo(u), VxeT. ()
c€€k 4SS

e We multiply (x) by ex and we sum over .

We Notice that the flux consistency error terms are conservative
Ri,o(u) = —R.,o(u), thus we get

el =[e"e"h7 = dolo|Do(e”)* = dolo|Ro(u)Do(e).
ocef occ&

o We use the Cauchy-Schwarz inequality

1

e ll,7 < <ZdU|U|RU(u)|2> .

oe&
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ANALYSIS OF THE TPFA SCHEME

ERROR ESTIMATE

RECALL

lle”

T < (Z daamo(u)?) .

oc€eE

|Rs(w)| = Mfi/Vu-u,@dx , Vo € Eing.
de lo] Jo

THEOREM (ERROR ESTIMATE - Version 1)

Assume u € C*(Q), there exists C' > 0 depending only on Q s.t.
(IP7w —u"| 2 =) lle” |22 < diam(Q)[le” |1, < Csize(T)|| D*ul|zo<,
lu—u”||p2 < Csize(T)||D*ul| L.

MAIN TOOL : CONSISTENCY ERROR TERMS ESTIMATE
For u € C*(Q), |Rs(u)| < C||D*ul|cosize(T).

F. Boyer FV for elliptic problems
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ANALYSIS OF THE TPFA SCHEME

ERROR ESTIMATE

RECALL

lle”

T < (Z daamo(u)?) .

oc€eE

|Rs(w)| = Mfi/Vu-u,@dx , Vo € Eing.
de lo] Jo

THEOREM (ERROR ESTIMATE - Version 2)
Assume u € H?(), there exists C > 0 depending only on Q and reg(T) s.t.

(P u—u"llp2 =) lle”llz2 < diam(Q)lle” 1,7 < Csize(T) | D*ull 2,

lu—u" |2 < C’size(T)||D2uHL2,
MAIN TOOL : CONSISTENCY ERROR TERMS ESTIMATE

1
For u € H3(Q), |Ro(u)| < Csize(T) (%‘/ |D2u|2d:r) °
D

where C' > 0 only depends on reg(7) < sup lo|/dko + |o|/dco
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ANALYSIS OF THE TPFA s

5 AND OPEN PRC

e In practice, we observe a super-convergence phenomenon
T . 2
||e ||L2(Q) ~ OSIZG(T) 3

the same as for P! finite element approximation (Aubin-Nitschze trick).

~~ Still an open problem up to now.
@ DISCRETE FUNCTIONAL ANALYSIS

o Discrete Poincaré inequalities (Eymard-Gallouét-Herbin, ’00)
(Omnes-Le, '13)

o Discrete Gagliardo-Nirenberg-Sobolev embeddings
(Bessemoulin—Chatard - Chainais—Hillairet - Filbet, ’12)
o Discrete Besov estimates (Andreianov -B. - Hubert,’07)
o Discrete Aubin—Lions—Simon lemma (Gallouét-Latché, ’12)
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IMPLEMENTATION

We need to build the linear system Au” = b to be solved.
GENERAL PHILOSOPHY : LOOP OVER EDGES
ef ‘U‘

o If 0 = x|z is an interior edge, we define the transmissivity T, = A’
and we assemble the contributions of the flux
Frr(u”) = —|o| 2228 = 7 (ue — uz).
d?CC
( ]
]
o ml 1 Dro S - wci lo| Ak, k) 1 Ak, £) + 7o,
. “~,\£__‘,1-‘ SO | Ak, ) <+ Ak, £) — 7o,
drcc ” Az, ) 1 Alze, 2) + 7o,
¢ ° Az, k) = Az, k) — To.
REQUIRED DATA STRUCTURE :
o Connectivity informations for each edge
e Positions of centers and vertices of the mesh.
51/ 137
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IMPLEMENTATION

We need to build the linear system Au” = b to be solved.
GENERAL PHILOSOPHY : LOOP OVER EDGES

o If 0 = k| is an interior edge, we define the transmissivity 7» = d‘(’i ,
and we assemble the contributions of the flux
Fee(u”) = 7\0\“‘([7“‘ = 7o (ux — ug).
KL

[ ]

L b(x) < b(k) —|—/ f(z)dx,
o .: Do ~-;_:. w‘i o] b(c) < b(c) + /DE f(x)dz.

PN L N : ’
\r' dc e or any quadrature approximation, e.g.
* . b() 4 b(K) + 0| (),
{ b(e) <= b(2) + Dol f(z2).

REQUIRED DATA STRUCTURE :

o Connectivity informations for each edge
@ Positions of centers and vertices of the mesh.
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OUTLINE

© THE BasIC FV SCHEME FOR THE 2D LAPLACE PROBLEM

o Extensions of the TPFA scheme

52/ 137
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TPFA FOR HETEROGENEOUS ISOTROPIC DIFFUSION

THE PROBLEM UNDER STUDY

u =20, on 9.

with k € L*=°(Q,R) and info k > 0.
TPFA SCHEME
General structure unchanged

{—div (k(z)Vu) = f, in Q,

VkEeT, |klfc= Y Feolu”),

oE€

but we need to adapt the numerical flux definitions

TN Ue — U
K,o — o5 -
Freo(u”) = [o]k
d)C[,

QUESTION ’

How to choose the coefficient k. ?
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TPFA FOR HETEROGENEOUS ISOTROPIC DIFFUSION

ERROR ES

SAME STRATEGY AS IN 1D
e The solution u is “continuous” (in the trace sense on edges).
@ The gradient of u is not continuous.

e However, the total flux k(z)Vu(z) - v is (weakly) continuous across
edges.

e We introduce an artificial unknown on each edge u,.

o We define the fluxes across o coming from x and from 2

Feo(”) = |olke 22— Fp (") = |o]k, 2o — 22
’ d)Ca ’ dﬁa

e We impose local conservativity (= total flux continuity)

F,Cyg(uT) = fFC,U(uT).
@ We deduce the value of u, and then the formula for the numerical flux

)chd
:>U(y:—7
+

dlCa d[ln

- F)CL(UT) = ‘0“ < drce > Ue — Ux

dKeo 4 chr dicr
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A SLIGHTLY MORE COMPLEX PROBLEM

MODELING FRACTURES AND BARRIERS IN A DARCY

(Jaffré - Roberts, '05) (Angot - B. - Hubert, ’09)
FRAMEWORK
e A 2D porous matrix (constant, isotropic permeability k = 1).
o Small thickness (= b) fractures/barriers inside the domain for which
permeability is very different from the one in the ambient medium.
THE MODEL
e We “replace” the fractures/barriers by hypersurfaces, neglecting their
thickness b.

o We account for the flow inside fractures through an asymptotic model

e Assumption 1 : The flow is mostly transverse to the fracture/barrier
direction.

o Assumption 2 : Pressure is essentially linear in the transverse
direction.

e We arrive to the following transmission conditions

[Vu-n] =0,

Vu-n= —%[[u]].
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A SLIGHTLY MORE COMPLEX PROBLEM

DARCY FLOW IN A FRACTURED POROUS MEDIUM
[Vu-n] =0,

(S)
Vu-n = —k@.
RECALL THE FLUX DEFINITIONS

F)C,o‘ def ‘U‘U/cﬁo - UIC’
d}Ca
Fg,a def ‘O_‘UL,O' - uc.

dco

Conditions (S) lead to Fi . def Fxo=—-Fro= —|U|ku£’a —

We can then eliminate ux,» and u.,», and finally obtain

F _ _|0| “Bd,)cc Ue — U
e 1+ Bdece  dic

U)C,U

with = &,

56/ 137
F. Boyer FV for elliptic problems



A SLIGHTLY MORE COMPLEX PROBLEM

DARCY FLOW IN A FRACTURED POROUS MEDIUM

NUMERICAL RESULTS :
Dirichlet BC (given pressure) on top and bottom sides.
Neumann BC (impermeable walls) elsewhere.

B=0 B=1 B = +oo

Impermeable barriers Intermediate properties No fracture/barrier limit
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OUTLINE

© THE BasIC FV SCHEME FOR THE 2D LAPLACE PROBLEM

e TPFA drawbacks
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TPFA DRAWBAC

How TO FIND ORTH

o Cartesian meshes : Control volumes are rectangular parallelepipeds
thus choosing zx as the mass center is OK
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TPFA DRAWBACKS

HOW TO FIND ORTHOGONAL ADMISSIBLE M

e Cartesian meshes :

o Conforming triangular meshes :
We take xx =circumcenter ; BUT :
o It is not guaranteed that xx € K (even zx € Q is not sure).

o We can have zx = . for K # £ = dxz = 0!
o However, the scheme still works if

(xz —xx) - vke >0 < Delaunay condition

o For almost any point distribution in €2, there exists a unique
corresponding Delaunay triangulation.
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TPFA DRAWBACKS

How TO FIND ORTHC

@ Dual construction :
Voronol diagram of a set of point.

o There exists efficient algorithms for Delaunay triangulation and
Voronoi diagrams.
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TPFA DRAWBACKS

IN MANY CA

o For a non conforming triangle mesh : orthogonality condition is
impossible to fulfill.

o For a non Cartesian quadrangle mesh : orthogonality condition is
impossible to fulfill.
@ The homogeneous anisotropic case :
—div(AVu) = f,
the admissibility condition becomes A-orthogonality
Tr — Tk //Al/}cg < Ail([EL - 23}{) 1o
~> thus the mesh needs to be adapted to the PDE under study.
o The heterogeneous anisotropic case :
—div(A(z)Vu) = f,
the orthogonality condition will depend on x ...
@ Nonlinear problems :
—div(p(z, Vu)) = f,

it is impossible to approximate fluxes by using only two points since a
complete gradient approximation is necessary.
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TPFA DRAWBACKS

GRADIENT RECONSTRUC

THE DISCRETE GRADIENT GIVEN BY TPFA IS NOT USEFUL

o It is only an approximation of the gradient in the normal direction at
each edge.

o Gradient convergence is always weak.

SUMMARY
o We need more than 2 unknowns to build suitable flux approximations.

o Approximation of the gradient of the solution in all directions is
necessary.

o Cells-centered schemes : We use unknowns in the neighboring control
volumes.

e Primal/dual schemes : We use new unknowns on vertices (dual mesh).

e Mimetic/hybrid/mixed schemes : We use new unknowns on
edges/faces.
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OUTLINE

@ Tue DDFV METHOD

@ Derivation of the scheme
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FRAMEWORK

(Hermeline ’00) (Domelevo-Omnes ’05) (Andreianov-Boyer-Hubert '07)

@ SCALAR ELLIPTIC PROBLEM
—div(A(z)Vu) = f, in Q,

with homogeneous Dirichlet boundary conditions and
x +— A(x) € M2(R) be a bounded, uniformly coercive matrix-valued
function.
o GENERAL MESHES
e Possibly non conforming meshes
o Without the orthogonality condition

e BASIC IDEAS
o To consider unknowns at the center of each control volume but also on
vertices.
o To add new discrete balance equations associated with each vertex.
o It is more expensive than TPFA # unknowns (& x2) but much more
robust and efficient.
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THE DDFV MESHES AND UNKNOWNS
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THE DDFV MESHES AND UNKNOWNS

NOTATION

B Primal unknown w,

(QPrimal control vol. x € 9

® Dual unknown =

~
v JDual control vol. £* € Mt*

i *Diamond cells D € ©

APPROXIMATE SOLUTION : u” = ((u;c),c, (u,c*),@) €R” =R™ x R™
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THE DDFV MESHES AND UNKNOWNS

(QPrimal control vol. x € 9

® Dual unknown =

APPROXIMATE SOLUTION : u” = ((u@m (u,c*),@) €R” =R™ x R™
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THE DDFV MESHES AND UNKNOWNS

APPROXIMATE SOLUTION : u” = ((u,c),c, (u,c*),@) €R” =R™ x R™

F. Boyer

65/ 13
FV for elliptic problems
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THE DDFV MESHES AND UNKNOWNS

A NON CONFORMING EXAMPLE
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THE DDFV MESHES AND UNKNOWNS

1 1
T T
. e ¢ A 1 .' ‘. 1 .' ‘.
. . . ! ! \
SR i b
‘s TS, BN W .
R IS RS R m Primal unknown u
N DR 2 R IS
B S~ ., . >, ! SN 3
AT N Jx Ba (Primal control vol. x € Mt
» - 1 - N N e
\. .I , \. '~ : .S '~ : .S '~
'.; :\ : '.x\. 1 .'l\. 1 RARX
» - - 1 1 Ry
SR i b
RS IR A N Rep X R4
‘~¥~j,— PR [P BN (8 ® Dual unknown =
~< | -~
AR RN IS RNPO N " Dual control vol. x* € 9t*
MR A S
'~ ’” ! “~ B . B . R4
. . 1 . ’ ~ , . ’
T
1

.
~
—

rd
A I
‘.

-~
—

rd
[
‘.

-~

rd
.

i Diamond cells D € D
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THE DDFV MESHES AND UNKNOWNS

A NON CONFORMING EXAMPLE

(Primal control vol. k € 9t

® Dual unknown =
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THE DDFV MESHES AND UNKNOWNS

A NON CONFORMING E

1 1 1
1 1 1
1 1 1
1 1 1
R CEET SEEY
______ - ! ! B Primal unknown w.
S S 1
1 ~o 1
~ _ 1
! T -------
: . .
1 1
: ) |
1 1
o CEE SRRE
- 1
1 - 1
______ l‘\s ! : ~ * *
! s | v_.Dual control vol. * € It
! m---.----
: 1 1
1 1
: 1 1
1 1
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THE DDFV MESHES AND UNKNOWNS

A NON CONFORMING AMPLE

~ o’ ‘s BAR BAR K
‘Nt ‘WL S’ S’
0' ‘0 0' \. .I \. .'. \.

K¢ ‘.‘ '.' S .~ \

K . KEAN REAN R
PN . sle sle
KN ., .l. ’\. ." .,

4 R, .~ ~, \

. .

'~ " N RN RN Re
o2 IR sle sle
0' ‘0 0' \. .I \. .I’ \.

K¢ ‘.‘ '.' S ~, \

K . KEAN REAN R
s’ . sle sle
KA. S, RS ." ’\.

K4 S, . \le R

. S

'~ .’ S 2 RN Re
LR L’ sle sle
0' ‘0 0' \. .I \. .I’ \.

A' ‘A A' . 2 . 2 )

i Diamond cells D € D
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NOTATIONS IN EACH DIAMOND CELL

.
N
*
1%
=
|
s
MESH REGULARITY MEASUREMENT
sinar %< min | sin ap|,
DeD
reg(7) < max L ax diam(x) max diam(x")
a7’ kKem diam(p)’ krem* diam(p) )’
Dedy DeD o
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NOTATIONS IN EACH DIAMOND CELL

k— |o| = dixcr —

DISCRETE GRADIENT

def 1 Ue — Uk Ucx — Urc*
VIu" = ( v+ u*) .

sin ap |o*| lo|

T. T
Vou' - (xe — k) = ur — uk,
COMES FROM ;o
VIuT - (zex — Te) = e — e
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NOTATIONS IN EACH DIAMOND CELL

&L p*
B E R PPN RRRRE —
T  _aememrmtT RS T
.51—-- * "‘ *
a2 T . b
. See S L
R S T T~ v ‘.‘ T
: s, y- N,
S SENN -
R
~ L=t

/ . ‘o~ ; ~

v /QQI Tpc* 3

Ko ;

DISCRETE GRADIENT

VTUT def 1 Ur — UICV + Ucx — Urc* e
P sin ap |o*| lo| '

1

EQUIVALENT DEFINITION Viu’ = 30| (|a|(u£—u,<)u+|a*|(u£*—u,c*)u*),
D
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NOTATIONS IN EACH DIAMOND CELL

DISCRETE GRADIENT

V;quéf '1 UE_UICV+UL*_UIC*V* )
sin ap |o*| lo|

STILL ANOTHER DEFINITION V7iu’ =V (Ilpu”), with IIpu” affine in ]
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NOTATIONS IN EACH DIAMOND CELL

&L p*
______ @,
LT aememrTt .
T N
N S
s, T~ T -
N. ~
~ * ~ % .
ST R .
> =
\. \\\ S.
. =
~ \\\ "
~ ~
2 e [
‘s -
's._.- -
&L *

DISCRETE GRADIENT

T, T
Vou' = sin a |o*|
D

def 1 U — Uk
= v

DDFV FLUXES

Across the primal edge o : Fir (uT) =

Across the dual edge o*

F. Boyer

—|o| (ADVguT, V),

t B (u”) = —|o™|(ApVu” %),

FV for elliptic problems
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DDFV SCHEME FOR —div(A(z)Vu) = f

FINITE VOLUME FORMULATION : Find v7 € R7 = R™ x R™" such that

— Z |O'| (ADV;UT,V)C) = ‘)C‘f)c, Vi € 931,
o€l
= > o' (AoViuT vs) = |c*|ficr, VE* € M,
o*EE =

with Ap = ﬁ Jp Alz) da.

(DDFV)
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DDFV SCHEME FOR —div(A(z)Vu) =

FINITE VOLUME FORMULATION : Find v7 € R7 = R™ x R™" such that

— Z |O'| ADVDU V)C) = ‘)C‘f)c, Vk € 931,
o€l
= > o' (AoViuT vs) = |c*|ficr, VE* € M,
o*EE =
with Ap = ﬁ Jp Alz) da.

(DDFV)

DISCRETE DIVERGENCE OPERATOR

Given a discrete vector field {’D = (£%)pen € (R*)®, we set

div<e® & Z lo| (§7,vk), Vi e M,

UEEK

. 1

div< e® = e Y. 1o (€%ver), VT em,
o*CEcx

which defines an operator

T 62 € (RH)® = (divee®)cem, (divS %) gvem=) € RT.
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DDFV SCHEME FOR —div(A(z)Vu) = f

FINITE VOLUME FORMULATION : Find v7 € R7 = R™ x R™" such that

— Z |O'| (ADV;UT,V)C) = ‘)C‘f)c, Vi € 931,
o€l
= > o' (AoViuT vs) = |c*|ficr, VE* € M,
o*EE =

with Ap = ﬁ Jp Alz) da.

(DDFV)

[(DDFV) <= Find u” € R” such that — div” (A°V®47) = ff}
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DDFV SCHEME FOR —div(A(z)Vu) = f

FINITE VOLUME FORMULATION : Find v7 € R7 = R™ x R™" such that

— Z |O'| (ADV;UT,V)C) = ‘)C‘f)c, Vi € 931,
o€l
= > o' (AoViuT vs) = |c*|ficr, VE* € M,
o*EE =

with Ap = ﬁ Jp Alz) da.

(DDFV)

((DDFV) «= Find u” € B7 such that — div” (4°V™u") = /7

PROPOSITION (DISCRETE DUALITY FORMULA / STOKES FORMULA)

For any £€° € (R?)® v” € R7, we have

> Ikldive(EP e + Y KAV (€ ok = =2 ) || (€7, V507

rem K*em* DED

EQUIVALENT FORMULATION OF DDFV
Find «” € R” such that, for any test function v” € R”, we have

2 Z Ip| (ApVLu”,Viu") = Z || freve + Z || from vien .

DED Kem K*em*
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OUTLINE

@ Tue DDFV METHOD

o Analysis of the DDFV scheme
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ANALYSIS OF DDFV

STABILITY

o Use the discrete integration by parts formula with v7 = u”

2 Z ‘D' ADV Z |1C|f]<u;< + Z ‘}C ‘f}c*U)C*.
DED KeM K*emr*

o It follows
allu” I3 7 < [z (™ |2 + ™ || L2)-

THEOREM (DISCRETE POINCARE INEQUALITY CEEED)

There exists a C > 0 depending only on Q and reg(T ) such that

[u™ 2 + u™ ||z < Clla” |hr, Vu €RT.

CONCLUSION : The approximate sol u |1, < Ol f|lL2-
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ANALYSIS OF DDFV

CONVER

THEOREM

Let (Tn)n be a family of DDF'V meshes, such that size(T,) —— 0 and
n—oo

(reg(Tn))n is bounded.
Then, the sequence of approzimate solutions u’ ™ converges towards the
exact solution in the following sense
u™r — w in LP(Q),
n— oo
un — uin L*(Q),

n—oo

VT —— Vu in (L*(Q))°.

n—o00

REMARK : We have strong convergence of the gradients.
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ANALYSIS OF DDFV

ERROR ES]]

ASSUME THAT A 1S SMOOTH WITH RESPECT TO
o Laplace equation
o First order convergence for 7 and V7 u”
(Domelevo - Omneés, 05)

o Some super-convergence results of 7 in L2
(Omnes, 10)

o General case (even for nonlinear Leray-Lions operator)
(Andreianov - B. - Hubert, ’07)

THEOREM

Assume that u € H*(Q) and z — A(zx) is Lipschitz continuous, then there
exists C(reg(T)) > 0 such that

llw —w™| p2 + |lu— u™ 2 + |IVu — V7 u || 2 < C'size(T).

STOKES PROBLEM

The DDFV method applied to the Stokes problem is (almost) inf-sup
stable and first-order convergent (in L? for the pressure, in H' for the
velocity).
(Delcourte, ’07) (Krell,’10)
(Krell-Manzini, ’12) (B.-Krell-Nabet, ’13)
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OUTLINE

@ Tue DDFV METHOD

o Implementation
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IMPLEMENTATION

o The matrix is built through a loop over primal edges (that is
diamond cells). For each such edge/diamond, we compute 4 x 4 terms.
o Stencil :

o does not depend on the permeability tensor.
e The row corresponding to the unknown ux has at most 2N + 1 non zero
entries, where N is the number of edges of k.

o The matrix is symmetric positive definite.

o In the case of an orthogonal admissible mesh,

DDFV <= TPFA on the primal mesh + TPFA on the dual mesh.

o In the nonlinear case —div(p(x, Vu)) = f, we can adapt the
decomposition-coordination method of Glowinski to obtain a suitable
nonlinear solver that can be proved to be convergent.

(B.-Hubert ’08)
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OUTLINE

@ Tue DDFV METHOD

@ The m-DDFV scheme
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THE M-DDFV SCHEME

(B. - Hubert, ’08)
GoOALS

e To take into account possible permeability discontinuities in the
problem without loss of accuracy.
o We allow (full tensor) permeability jumps across

o Primal edges.
o Dual edges.
o Both primal and dual edges.

e Same stencil as for the standard DDFV method.
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THE M-DDFV SCHEME

(B. - Hubert, ’08)
GoOALS

e To take into account possible permeability discontinuities in the
problem without loss of accuracy.

o We allow (full tensor) permeability jumps across
o Primal edges.
o Dual edges.
o Both primal and dual edges.

e Same stencil as for the standard DDFV method.

GENERAL PRINCIPLE

e We want to mimick the harmonic mean-value formula that we obtained
for TPFA.
o We need to introduce artificial edges unknowns.
o We impose local conservativity of some well-chosen numerical fluxes.

o We eliminate those additional unknowns so that we finally get suitable
numerical fluxes formulas

o The coupling between primal and dual unknowns and equations needs
a particular care.

76/ 137
F. Boyer FV for elliptic problems



STRATEGY

o We add a value 62 to the value of IIpu” at the points ©.

o With these new values at hand, we build affine functions on each
quarter diamond.

o The gradients of these new functions are used as new discrete gradients
in DDFV.

o We eventually eliminate the values 6° = (62, 6%,62+,5%-) € R* by
imposing suitable conservativity conditions.
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DERIVATION OF THE SCHEME

NEW GRADIENTS ON EACH QUARTER DIAMOND

N T def &7 T D
VQK‘K*U = Vpou —|—BQK1,C*67

with
BQ}C Jo* défi('(f)cll/*,o,‘a)c*‘l/,O).
’ |Q}<,)<*|
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WRITE LOCAL CONSERVATIVITY BETWEEN QUARTER DIAMONDS
T T Dy o ox 7T D
(AQ}C,)C* (Vpu' + Boy xud0 ), v ) = (AQ)C.L* (Vpu' + Boy .0 )7'/*)
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DERIVATION OF THE SCHEME

WRITE LOCAL CONSERVATIVITY BETWEEN QUARTER DIAMONDS
(AQ}C,)C* (VguT + Boy x» 6D)7 V*) = (AQ)\:AL* (V;uT + Boy - 6D)7 V*)
(AQ,CJC* (VguT—&—BgK,K* (SD)JJ) = (A (V;uT—i—B 5D),V)
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DERIVATION OF THE SCHEME

WRITE LOCAL CONSERVATIVITY BETWEEN QUARTER DIAMONDS
(AQ}C,)C* (VguT + BQ}C.K* 5D), V*) = (AQKZL* (V;UT + BQ,\LY 617)7 *)
(AQ’C”C* (Vou" + Boy xc» 07),v) = (A (Viu” + B ), v)

174
0 ), v
(A (Vou” + B 7)) = (A (Viu” + B §7),v")
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WRITE LOCAL CONSERVATIVITY BETWEEN QUARTER DIAMONDS

(AQIC,)C* (Vg T+BQ)C K*(SD)7V*) = (AQ)C L* (V +BQK L* D)7V )
(AQJC,)C* (V + BQ}C )c* 7 ) (A c ( + BL—? D)’ V)
(A‘J/; K (V‘gu +B>3,/: K 6D v ) (A Qr.r ( +BQ c 6D)7V )
(A‘JL zs(VguT"_B‘l 57) V) = (AQ)C £* (V‘Du + Bo, c*ép)au)
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WRITE LOCAL CONSERVATIVITY BETWEEN QUARTER DIAMONDS

(Aog o (Vpu T+BQ;< )C*(SD)7V*) = (Aox .- (V "+ Boy .07), ")
(Aox - (Vou" + Boy o 07),v) = (Ao, . (Vou" +Bo, , .67),v)
(Ao, (Vou" +Bo, .07),v") = (Ao, .. (Vou" +Bo, ..07),0")
(Ao, .. (Vou +Bo, .. 0"),v) = (Ao, .. (VDu + Bo, .07),v)

& Y |e|'Bo.Ao(Viu 4 Bod”) =
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DERIVATION OF THE SCHEME

PROPOSITION

For any u” € R”, and any diamond D, there exists a unique 6 € R*
satisfying the local flux conservativity property

S |ol'Bo-Ao(VEu" + Bad®) =0,
Q€0 p

and the map Vpu” v 62 (Vou") is linear.

REMARK : This strategy applies to the non-linear case where the
permeability-map £ — Ag.£ is now a monotone map

£eR’— po(8) e R
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DERIVATION OF THE SCHEME

THE M-DDFV SCHEME
We replace in the DDFV scheme the approximate permeability Ap with the
following new map

of 1
AN Viu Tdfﬂ > lelAo(Vou" + Bod” (Viu")),
Qe p

:VguT
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DERIVATION OF THE SCHEME

THE M-DDFV SCHEME
We replace in the DDFV scheme the approximate permeability Ap with the
following new map

of 1
AN Viu Tdfﬁ > lelAo(Vou" + Bod” (Viu")),
Qe p

:VguT

DISCRETE DUALITY FORMULATION ON DIAMOND CELLS

2 Z |D| (A’;.VEUT,ngT) = / foldx + fvsm*dx, vl eR7.
Q Q

DED

79
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DERIVATION OF THE SCHEME

THE M-DDFV SCHEME
We replace in the DDFV scheme the approximate permeability Ap with the
following new map

of 1
AN Viu Tdfﬁ > lelAo(Vou" + Bod” (Viu")),
Qe p

:VguT
DISCRETE DUALITY FORMULATION ON DIAMOND CELLS
2 Z |D| (A}\;'.VguT,ngT) = / fodz + [ fo™ dz, Yo" €R”.
DED 2 Q2
DISCRETE DUALITY FORMULATION ON QUARTER DIAMONDS
2 Z lo| (Ae.VEu", Vv /fvsmdx—k/ fo™ dx, Yo" eR7.
Q€eN

REMARKS :
@ Same stencil as DDFV.
e All the maps £ — 67 (€) can be pre-computed offline, in a parallel
fashion = almost no additional computational cost.
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EXAMPLE IN A SIMPLE CASE

Assume that x — A(z) is constant on each primal control volume, we
recover the schemes already introduced in Hermeline (03).
Explicit formulas for AY are available

(lox| +loc)(Axv, v)(Acv,v)

‘UCK‘/LCV? V) + |g)\"‘(/lﬁy~, V) ’

(Apv,v) =

(Aigl/*,ll*) _ |U£v‘(ALV , V )+ ‘O')QKA)\V ,V )
loc] + ol
_oxlloc] ((Acv,v*) = (Acv,v¥))?
lox| +loc|loc|(Axv,v) + |ox|(Acv,v)’
Ay 7 A0 A 0) ol (e Ao )

|oc|(Axv,v) + |ox|(Acv,v)
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ANALYSIS OF M-DDFV

THEOREM

The m-DDFV scheme has a unique solution u” € R7 which depends
continuously on the data.

THEOREM

Assume that © — A(z) is smooth on each quarter diamond, and that u
belongs to H? on each quarter diamond o, then we have

llu = u™[|z2 + llu =™ |lz2 + Ve = V7|2 < Ch.

81/ 137
F. Boyer FV for elliptic problems



DDFV vs M-DDFV

0 =0, U, with ©; =]0,0.5[x]0, 1] and Q5 =]0.5,1[x]0, 1]
A LINEAR EXAMPLE :

—div(A(z)Vu) = f, with A(z) =1Id in Q;, A(z) = (ég 4218) in Qo.

e DDFV : order % in the H' norm

2

e m-DDFV : order 1 in the H' norm
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DDFV vs M-DDFV

1072 = T T 117 @ I
F ] DDFV H! —e—
i | m-DDFV H'! —e—
.| | DDFV L™ =
107 1 m-DDFV L =
§ oV ] DDFV L2 ——
B & : 2
I ® 1 m-DDFV L* —+—
_4 | B
107 r A7
r 5\OQ ]
i slop® 057 il
107° E
10—6 | [ |
1072 10~1 10°
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OUTLINE

e A REVIEW OF SOME OTHER MODERN METHODS
@ General presentation
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Z0OOLOGY

LINEAR PROBLEMS —div(A(z)Vu) = f
e FULLY CELL-CENTERED SCHEMES
o MPFA (Aavatsmark et al. ’98 — ’08)
(Edwards et al. ’06,’08)
o Diamond schemes (Coudiére-Vila-Villedieu 99, ’00)

(Manzini et al ... ’04 — ’07)
e SUSHI (barycentric version) = SUCCES
(Eymard-Gallouét-Herbin ’08)

o NONLINEAR MONOTONE FINITE VOLUME

o Nonlinear diamond schemes (Bertolazzo-Manzini ’07)
o NMFV (Le Potier ’05) (Lipnikov et al ’07)

@ SCHEMES ON PRH\/IAL/DUAL MESHES
o DDFV (Hermeline ’00) (Domelevo-Omnes ’05)
(Pierre ’06) (Andreianov-B.-Hubert ’07)
o m-DDFV (Hermeline ’03) (B.-Hubert *08)

e HYBRID AND MIXED SCHEMES
o Mimetic schemes (Brezzi, Lipnikov et al ’05 — ’08)
(Manzini et al ’07-’08)
o Mixed finite volumes (Droniou-Eymard ’06)
e SUSHI (hybrid version) (Eymard-Gallouet-Herbin ’08)
RECENT REVIEW PAPER : (Droniou, ’13)
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OUTLINE

e A REVIEW OF SOME OTHER MODERN METHODS

o MPFA schemes
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MPFA SCHEMES

MULTI-POINT FLUX APPROXIM

O SCHEME (Aavatsmark et al. ’98 — ’08)

o Intermediate unknowns : u;;

e We compute a gradient on each
red triangle 75

Uiit1 — Ui, -
Viu” :%(%—1,1 — @)t
Ui—1,i — Ui - 1
- + W(mi,i-kl — ;)
U3
® ]
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MPFA SCHEMES

MuLTI-Pc " FLUX APPROXIM

O SCHEME (Aavatsmark et al. ’98 — ’08)

o Intermediate unknowns : u;;

e We compute a gradient on each

P red triangle 75
Uiit1 — Ui, -
Viu” :%(%—1,1 — @)t
Uim1,i — Ui /- 1
+ Ll m.,. 1 — €Ti
u.2 2 Tz‘ ( 7,1+ z)
® ]

e We write flux continuity at mid-edges

[Fi,i+1 = (AViuT) vii1 = (A1 Vigiu”) - viig, Vi-]

o Given the (u;);, we deduce the (@;,i41); then the semi-fluxes (F; it1);.
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MPFA SCHEMES

MuLTI-POINT FLUX APPROXIM
U SCHEME : Let us compute Fi» (Aavatsmark et al. ’98 — ’08)
L4 a o Intermediate unknowns : ;;

o We compute a gradient on each
red triangle 7}

) G T Wil — Ui L
b Viu' = = ———(Ti—1,:—7;
N 2|73 ( ’ )
N\~ Hu3 ~
U1l g 2,3 Ui—1,5 — Wi , - 1
[ +W(ii,i+l—$i)
7
| | .. .
U2 . ~» This gives birth to an affine
L4 function on each control volume.
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MPFA SCHEMES

MULTI-POINT FLUX APPROXIMATION
U SCHEME : Let us compute Fi» (Aavatsmark et al. ’98 — ’08)
[ ) - b o Intermediate unknowns : @;;
v 56 o We compute a gradient on each
5o . s
1 e red triangle 7}
Uug,1 x U3, 4 B
® o-__20 ° g VUT—ui’Hl_ui(i x)L
T — p—
. [3 2|T, ‘ (3 [3 [3
\‘f( Hu3 ~
U1l U g 2,3 Ui—1,4 — Ui ,~ 1L
[ +W(ii,i+l—$i)
7
| | .. .
U2 ~» This gives birth to an affine
° ° .
function on each control volume.

o We write fluxes continuity for Fiz, Fas and Fg1
[Fi,i+l = (AVaT) Vi = (A Vipau”) v, i€ {1,2,6}}

o We need two additional equations. We write :
UQ(Z‘Q) = U?,(.CL‘())7 and U1(.CL‘0) = U6(330).

o Given the (u;);, we compute the (%;,4+1); then the semi-fluxes Fis.

e We do the same for the other fluxes.
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MPFA SCHEMES

MULTI-POINT FLUX APPROXIMA'

PROPERTIES
o In general
o the final linear system is not symmetric.
e No coercivity/stability for high anisotropies/heterogeneies/mesh
distorsion.
o There exists a stabilized /symmetric version on quadrangles
(Le Potier, ’05).

@ Stencil :
o The O scheme has a much too large stencil.
e For the U scheme on conforming triangles : one flux depends on 6
unknowns.
o In general, the equation on a control volume K depends on K, its
neighbors and the neighbors of its neighbors.
o Other variants : G scheme, L scheme, ...

@ No complete gradient reconstruction.

@ No discrete maximum principle for basic methods. Some improvements
possible to achieve this goal.
o Convergence in the general case provided that a geometric condition
for coercivity holds true
(Agelas-Masson, ’08), (Agelas-DiPietro-Droniou, ’10)

(Klausen-Stephansen, ’12) (Stephansen, '12)
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OUTLINE

e A REVIEW OF SOME OTHER MODERN METHODS

@ Diamond schemes
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DIAMOND SCHEMES FOT THE LAPLACE EQUATION

BASIC VERSION ... CONSTR

(Coudiére-Vila-Villedieu, 99, ’00)
o Intermediate unknowns at vertices tixx, tUc*.

]
° o Discrete gradient on the diamond cell D :
[ ]
T T U — U ﬁg* — fLK*
[ | pU = - Vie + - Vickp*.
dir sin ap dic* o+ sin ap
[ ] | ]
T, T
Vou” (2 — k) = ue — ux,
o Lo . .
Viou” - (xpx — @px) = Upr — Uk
Up* =
| ] |
[ {
[ ] @
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DIAMOND SCHEMES FOT THE LAPLACE EQUATION

BASIC VERSION ... CONSTR

(Coudiére-Vila-Villedieu, 99, ’00)
o Intermediate unknowns at vertices tixx, tUc*.

]
° o Discrete gradient on the diamond cell D :
[ ]
T T Ur — Uk Upx — U
pU = - Vie + - Vickp*.
dir sin ap dic* o+ sin ap

Vou - (e —Tx) = s — Uk,
=N A . _
Viou” - (xpx — @px) = Upr — Uk

o Here, tix» and u,.+ are directly expressed with

U = E YM,k* U, Upx = E YM,c* U,
SN—— SN——"

M M
>0 >0

b L with Z’YM’K* = 1, Z’YM,K*-%'M = Trc*.
M M
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DIAMOND SCHEMES FOT THE LAPLACE EQUATION

BASIC VERSION ... CONSTR

(Coudiére-Vila-Villedieu, 99, ’00)
o Intermediate unknowns at vertices tixx, tUc*.

]
° o Discrete gradient on the diamond cell D :
[ ]
T T Ur — Uk Upx — U
[ | pU = - Vie + - Vickp*.
o - dir sin ap dic* o+ sin ap

Vou - (e —Tx) = s — Uk,
=N A . _
Viou” - (xpx — @px) = Upr — Uk

o Here, tix» and u,.+ are directly expressed with
U = E YM,k* U, Upx = E YM,c* U,
— 2 o —— o ——
U, >0 >0
[

L with E YM,k* = 1, E YMK*Tpm = T*.
o
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DIAMOND SCHEMES FOT THE LAPLACE EQUATION

BASIC VERSION ... CONST

(Coudiére-Vila-Villedieu, 99, ’00)

o Intermediate unknowns at vertices tixx, tUc*.

 J
° o Discrete gradient on the diamond cell D :
[ ]
T T U — U ﬁg* — fLK*
| pU = - Vie + - Vicxr*.
dir sin ap dic* o+ sin ap
[ ] |
T, T
Vou” (2 — k) = ue — ux,
o 2e _ _
Viou” - (xpx — @px) = Upr — Uk
o Here, tix» and u,.+ are directly expressed with
U = E YM,k* U, Upx = E YM,c* U,
~ MY MY
U ] >0 >0
| |
b L with E YM,k* = 1, E YMK*Tpm = T*.

@
o The numerical flux then reads (formally the same as for DDFV)

[F;CL = —\0|VguT . V)CL]
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DIAMOND SCHEMES FOR THE LAPLACE EQUATION

BASIC VERSION ... PRO

PROPERTIES

o The weights v, are computed through a least-square procedure.

o Finite volume consistance is proved.

o Coercivity/stability is not ensured excepted for meshes not too far
from Cartesian rectangle meshes.

o In the case where coercivity holds, we deduce the standard first order
error estimates for u and Vu.

@ The scheme can be written on general meshes but is not supported by
convergence analysis.

o In general, the linear system to be solved is not symmetric.
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DIAMOND SCHEMES FOR THE LAPLACE EQUATION

NONLINEAR VERSION ... CONSTR

(Manzini et al ... 04 — ’07)
@ Assume that orthogonal projection of centers belong to the edges.

o With this assumption, the authors provide an algorithm to compute
weights Yk, such that

Yrm,cx > Co >0, Vam containing yx.
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DIAMOND SCHEMES FOR THE LAPLACE EQUATION

NONLINEAR VERSION ... CONSTR

(Manzini et al ... 04 — ’07)

. .
Ui
» .,.—"‘ \ Define a discrete gradient on both half-
< . ‘-\ diamond cells and p,, from the
® "\‘\ DL;‘.\ > three values at our disposal:
3 u
. ‘__.—“. £ v ’lI,T7 V'DCUUT.
U=
° “ °
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DIAMOND SCHEMES FOR THE LAPLACE EQUATION

NONLINEAR VERSION ... CONSTR

(Manzini et al ... 04 — ’07)

. .
Ui
» .,.—"‘ \ Define a discrete gradient on both half-
< . ‘-\ diamond cells and p,, from the
[ ] N ‘ : .
.. Dco-\‘\ > three values at our disposal:
s ‘__.—“.UL v ’lI,T7 VDLUU
U=
° “ °

e We compute the corresponding fluxes

—‘O"V UT'VICLZ aﬁ( Uk + Z §4 IC_UM)7
—~— ~—
>0 MFEL S

_‘U‘ngUUT Ve = 012 (uk —uc) + Z C!JC\,, (urp —ug).
>0 M#K 2'0

We set a = min(ak, az) > 0.
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DIAMOND SCHEMES FOR THE LAPLACE EQUATION

NONLINEAR VERSION ... CONSTR

(Manzini et al ... 04 — ’07)

. .
Ui
» .,.—"‘ \ Define a discrete gradient on both half-
< . ‘-\ diamond cells and p,, from the
[ ] N ‘ : .
.. Dco-\‘\ > three values at our disposal:
3 u
. ‘__.—“. £ v ’lI,T7 V'DLUUT.
U=
° “ °

e We compute the corresponding fluxes

—|o| Vo uT vke = alux —ue) + > (05 — @dme) (ux — wm),

M
>0

def
=gk (u)

—o|Vou” Ve = alux —us) + Z (o — b i) (Um — ue).
~— —

M
>0

def
=gc(u)
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DIAMOND SCHEMES FOR THE LAPLACE EQUATION

NONLINEAR VERSION ... CONST

(Manzini et al ... 04 — ’07)

°® ]
U
» .,.—"" \ Define a discrete gradient on both half-
N S diamond cells and D, from the
[ ] h ‘ i .
. Do > three values at our disposal:
X :
. “—__.—.UL v ’U,T, VDLUUT-
° the

—0| Vot v = a(ux —uc) + ge(u’),
—o|Vo,u” vie = alue —ur) + ge(u’).
g2 (u”)]
o We set wp(u”) =
o) = ) e ()
gradient on the diamond cell
Vou” =wp(u Vo, u” +(1—wp(u"))Vo, u.

g (u)|ge(u” )+ ge(u”)gr (u”)]

and we consider now the following

st

Ty def T, _ _
= F)CE(’U/ ) = |0'|VD'LL Vicr (M('LL)C 'LLL)+ ‘ng(“TM T ‘ga(’ll,T)‘

=T
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DIAMOND SCHEMES FOR THE LAPLACE EQUATION

NONLINEAR VERSION ... CONST

(Manzini et al ... 04 — ’07)

. .
Ui
» .,.—"‘ \ Define a discrete gradient on both half-
< . ‘-\ diamond cells and p,, from the
® "\‘\ ’Dm;\‘\ > three values at our disposal:
. ‘__.—“.UL v ’lI,T7 V'DLUUT.
U=
° “ °
T T T T
(uw U + U c (2
Free — —loVau” - e — ot — ug) 4 #<I82] + 0e(u o ()]

lgic (u7)] + 1ge (uT)]

=T

- Fge(u)ge(u”) <0
T=0.
- Ifge(u”)ge(u™) >0
29 (u)ge(u”) T is a nonnegative multiple of g (u”)
T ge(uT) + ge(uT) T is a nonnegative multiple of g.(u”)
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DIAMOND SCHEMES FOR THE LAPLACE EQUATION

NONLINEAR VERSION .

.. CONST
(Manzini et al ... 04 — ’07)
. .
Ui
» .,.—"‘ \ Define a discrete gradient on both half-
< . ‘-\ diamond cells and p,, from the
[} N . : .
. 'Dco-\'\ three values at our disposal:
R mu. * T T
* ‘_—-' “ v u VDLUU .
U=
° “ °
T T T T
-(u - (u + U c(u
Fre — 1oVt - e — i — ug) 4 PI9= (] + g2 lax (7))

lgic (u7)] + 1ge (uT)]

=T

Fee=o(ux —uc)+ Ce > (% = abume) (e — um),

>0 M
F)cyg = Oé(U)( — Ug) + (7L Z(Oéf/l — a5M,<)(uM - U£).
S~~~ v
>0

F. Boyer
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DIAMOND SCHEMES FOR THE LAPLACE EQUATION

NONLINEAR VERSION ... PRO

(Manzini et al ... ’04 — ’07)
PROPERTIES
o Consistency OK.
o There exists at least one solution of the scheme.
o Quasi-uniqueness : all solutions belong to a ball of radius O(size(7)?).

@ Solving the scheme can be done by using an iterative solver which
necessitates the solution of a (unique) definite positive system.

@ The converged solution satisfies the discrete maximum principle.

o Each solver iterate does not satisfy the discrete maximum principle.

o No convergence analysis available.

o In practice, we observe standard second order for u in the L? norm.
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OUTLINE

e A REVIEW OF SOME OTHER MODERN METHODS

o Nonlinear monotone FV schemes
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NONLINEAR MONOTONE

TO SIMPLIFY A LITTLE : A(x) = A (Le Potier ’05-..) (Lipnikov et al '07-...)

Nyc*, o*

o Triangle mesh.
Ne e*
/ @ The centres zx and x, shall be
determined in the sequel.
,

o The vertex values ux+ and u
are given by

o
\ U = E Ymics Ur-
Ng px g

Mop<<a

o Basic geometry properties :
Ni c* +Ngex + Nex g+ = 0,
Ni o+ +Ng px — Ngex g+ =0,
Ng e+ + N o+ + 0 =0,

Ng e+ +Ng v —Nee =0,
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NONLINEAR MONOTONE

TO SIMPLIFY A LITTLE : A(x) = A (Le Potier ’05-..) (Lipnikov et al '07-...)

Nyc*, o* .
U o Triangle mesh.

Dy, e Np c*
@ The centres zx and x, shall be

determined in the sequel.

o The vertex values ux+ and u
are given by

o
\ U* = E YMmicx Up -
Ng px M v

0<-<1

o We define one discrete gradient for each half-diamond
v u” = O~ ( —UpNg o — Uz o + Uex (e o + nz,.)q*)),

VPL* UT = C¢+ ( —UcNi cx — UM cx + Usx (n}x.L* +ng cx ))
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NONLINEAR MONOTONE SCHEMES

TO SIMPLIFY A LITTLE : A(x) = A (Le Potier ’05-..) (Lipnikov et al '07-...)

o Triangle mesh.
@ The centres zx and x, shall be
determined in the sequel.

o The vertex values ux+ and u
are given by

Uk = E Ymrc* Up-
N~
M 0<-<1

o We define one discrete gradient for each half-diamond
Vo u” =Cxe(—usng v — uxng o + g (e s 4+ 0z c0)),
Vot =Cos(—ucne o+ —uxng o+ 4 ues (De o+ + g o+)).
@ We look for a (nonlinear) combination
Fee = —plo|(AVo, uT) ne e — (1 — p)|o|(AVp . u”) -0,
so that Fx. looks like a Two-Point flux depending only on ux and u,
pCx e A(nye jor +nz o) - e, c+(1 — p)Crrugx A(nge o« 4ng o) ne . = 0.
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NONLINEAR MONOTONE SCHEMES

TO SIMPLIFY A LITTLE : A(x) = A (Le Potier ’05-..) (Lipnikov et al '07-...)

Nyc*, o* .
U o Triangle mesh.

Dy, e Np c*
@ The centres zx and x, shall be

determined in the sequel.

o The vertex values ux+ and u
are given by

o
\ U* = E YMmicx Up -
Ng px M v

0<-<1

o We define one discrete gradient for each half-diamond
Vo,u” = Cke (= uche cr — txng e + e (D o + 0z cr)),
Vot =Cos(—ucne o+ —uxng o+ 4 ues (De o+ + g o+)).
@ We look for a (nonlinear) combination
Fee = —plo|(AVo, u”) i — (1 — p)|o|(AVo,.u”) - ne, .
so that Fi. looks like a Two-Point flux depending only on ux and u,
1O ux= — (1 — p)Crrugx = 0.
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NONLINEAR MONOTONE SCHEMES

TO SIMPLIFY A LITTLE : A(x) = A (Le Potier ’05-..) (Lipnikov et al '07-...)

Nyc*, o* .
U o Triangle mesh.

Dy, e Np c*
@ The centres zx and x, shall be

determined in the sequel.

o The vertex values ux+ and u
are given by

o
\ U* = E YMmicx Up -
Ng px M v

0<-<1

o We define one discrete gradient for each half-diamond
Vo,u” = Cke (= uche cr — txng e + e (D o + 0z cr)),
Vot =Cos(—ucne o+ —uxng o+ 4 ues (De o+ + g o+)).
@ We look for a (nonlinear) combination
Fee = —plo|(AVo, u”) i — (1 — p)|o|(AVo,.u”) - ne, .
so that Fx. looks like a Two-Point flux depending only on ux and u,

T Crrucx
wu') = .
Cirtuxx + Cr=ucx
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NONLINEAR MONOTONE SCHEMES

SUMMARY : (Le Potier ’05) (Lipnikov et al ’07)

@ The numerical flux is written as a nonlinear two point flux
Fir = 7,0 (W) ue — Te,0(u”)|o| ue,
with
T;c,a(uT) = p(u")Oxs (Ang o) npe, e + (1 — pu(u”))Cpx(Ang o+) - ng £,

’TL,U(’LLT) = —[[('lllT)C)c*An}g‘)(* ‘N, — (1 — ‘U,(UT>)CL*AHQ‘L’,* ‘N, c,
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NONLINEAR MONOTONE SCHEMES

SUMMARY : (Le Potier ’05) (Lipnikov et al ’07)
@ The numerical flux is written as a nonlinear two point flux
Fir = 7,0 (W) ue — Te,0(u”)|o| ue,
with

U (Anu}c* : n)C,L) + U (Arlz:.u* : nzc,z:)

U Oex + Upr Crx '
ue (Ang o+ - ng2) + ugs (Ang o+ - ne r)

U Crex + wpxClrx '

T;cyg-(uT) = C}c* CL*

TE,O-('LLT) = *C}c* C[,*
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NONLINEAR MONOTONE SCHEMES

SUMMARY : (Le Potier ’05) (Lipnikov et al ’07)
@ The numerical flux is written as a nonlinear two point flux
Fir = 7,0 (W) ue — Te,0(u”)|o| ue,
with

U (Anu}c* : n)C,L) + U (Arlz:.u* : nzc,z:)

U Oex + Upr Crx '
ue (Ang o+ - ng2) + ugs (Ang o+ - ne r)

U Crex + wpxClrx '

T;cyg-(uT) = C}c* CL*

TE,O-('LLT) = *C}c* C[,*

o We need now to show that, with suitable assumptions, we have

u >0= Tco(u”)>0 and 7,(u”)>0.
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NONLINEAR MONOTONE SCHEMES

SUMMARY : (Le Potier ’05) (Lipnikov et al ’07)
@ The numerical flux is written as a nonlinear two point flux
Fir = 7,0 (W) ue — Te,0(u”)|o| ue,
with

U (Anu}c* : n)C,L) + U (Arlz:.u* : nzc,z:)

U Oex + Upr Crx '
ue (Ang o+ - ng2) + ugs (Ang o+ - ne r)

U Crex + wpxClrx '

T;cyg-(uT) = C}c* CL*

TE,O-('LLT) = *C}c* C[,*

o We need now to show that, with suitable assumptions, we have
Ang ‘N o >0, Ana‘zz* ‘N, . >0,
Any i i VIV <0, Anl\'?,[’ ‘N o <0.

To this end, we show that a suitable choice of the centers zx exists,
depending only on A.
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NONLINEAR MONOTONE SCHEMES

Ny p*
Ujpc*

Anﬁ‘i\i’ ‘N c > 07 Anz,‘z,* ‘N c > 07

We require { Ang o ne e <0, Ang - -ne o <O0.
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NONLINEAR MONOTONE SCHEMES

Ang N, c >0, Ang (+ N, c >0,

We require { Ang o ne e <0, Ang - -ne o <O0.

T
N2 PROPOSITION
ng
The above inequalities hold if we set
o def Imafla @y 4 |naflazs + |[nsflazs
Z2 " [n1la + [Inzfla + [Ins||
T3

n; with
2
€lla =V AE- &, VEER
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NONLINEAR MONOTONE

PROPERTIES

o Existence of a solution of the nonlinear problem is not known.

e No convergence result because of a lack of coercitivty.

o In practice, there exists a nonlinear iterative solver that preserves
positivity of the approximations all along iterations.

@ The linearized system to be solved changes at each iteration and is not
symmetric.

o With many efforts, the principle of the scheme can be generalised to
more general polygonal meshes in the case where
e A(z) is isotropic.
o The mesh is regular and the control volumes are star-shaped.

e Extension to 3D for tetrahedral meshes.
SLIGHTLY DIFFERENT APPROACHES

@ Nonlinear corrections of general linear schemes
(Burman-Ern,’04) (Le Potier, ’10)
(Droniou-Le Potier, ’11), (Cancés-Cathala-Le Potier, 13)
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OUTLINE

e A REVIEW OF SOME OTHER MODERN METHODS

@ Mimetic schemes

100/ 137
F. Boyer FV for elliptic problems



MIMETIC SCHEMES —div(A(z)V-)

(Lipnikov et al 05 — ’08) (Manzini ’08)

“ @ A scalar unknown ux for

each control volume k € T.

e Two scalar fluxes unknowns
Fi - and F. , for each edge
oceé.

@ They are related through
conservativity relations

Feo+ Fro =0.

o Let R” (resp. R®) be the set of cell-centered (resp. edge-centered)
unknowns.

F. Boyer FV for elliptic problems



MIMETIC SCHEMES FOR —div(A(x)V-)

BAsic IDEA : Try to mimick properties of the continuous problem through
the Green formula
/ At (AcVu) - Edx +/ u(divé) de = / u(€ - v) ds.
K K oK
e For any F € R, we define a discrete
divergence operator

. 1
le’CF: m E |O'|F)C’U
o€l
&

\/change of notation

e We suppose given a “scalar product”
(,-)a-1x on the set of edge unknowns 4

supposed to approximate f:c AZ'F - Gdx.
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MIMETIC SCHEMES FOR —div(A(x)V-)

BAsic IDEA : Try to mimick properties of the continuous problem through
the Green formula

/)CA,EI(AK;Vu)~§dx+/cu(div§)dx:/a,cu(@u)ds.

e For any F € R, we define a discrete
divergence operator

K
divtF = g lo|Fi,o
O‘GS}C
@
\/change of notation

e We suppose given a “scalar product”
(,-)a-1x on the set of edge unknowns 4

supposed to approximate f:c AZ'F - Gdx.
ASSUMPTIONS

Coercivity : Cle| Y [Feol® < (F,F)s-1,c < Cle| > |Frol,

g€l gEEK

Consistency : ((AKVQD),G)A71 K +/ @ div* G dz
’ K

= Z Gk,s (/ Lp) VK, VG € RE Vo affine.

F. Boyer FV for elliptic problems
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MIMETIC SCHEMES FOR —div(A(x)V-)

GLOBAL SCALAR PRODUCTS

(F7 G)A*1 = Z(F7 G)Afl,)m

K

(u,v) = Z |Kluk v,

K

APPROXIMATE FLUX OPERATOR : ® : u € R” s ®u € R® =~ (AVu) -v
defined by duality

(G, ®u) 4-1 = —(u, divF@), YueR],VG € R®,

MFD SCHEME
Find u € R7 such that

—div® (Pu) = fr, Vk.

SUMMARY

The main point remains to find suitable scalar products (-,)a-1 x
satisfying consistency and coercivity properties.
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MIMETIC SCHEMES FOR —div(A(x)V-)

WE LOOK FOR

(F7 G)A*l’)c d:Cf t(F)C,J> ]\[K (GIC,O) )

DEFINITIONS
|Ul‘t(x01 - x/C) tVUl
Ry = , Nx = Ak, ofsize m x 2,
|om | (Za,, —2x) o,
PROPOSITION

Conistency condition is equivalent to |

M)CN)C = R)c e M)c = HR)CAgltR/C + C}C(]KitCKy
where Cx is a m X (m — 2) matriz such that 'Cx Nx =0 and Uk is any
(m — 2) X (m — 2) positive definite matriz.
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MIMETIC SCHEMES FOR —div(A(x)V-)

PROPERTIES

Control volumes needs to be star-shaped with respect to their mass
center.

Total number of unknowns is the sum of the number of control volumes
and the number of edges.

The linear system to be solved is of saddle-point kind.

Those schemes can be seen as a generalisations of mixed finite elements
with suitable quadrature formulas.

With reasonnable regularity assumptions on mesh families and on
x — A(z), one can show second order convergence in the L? norm and
first order convergence in the H' norm.

When x — A(z) is discontinuous : no complete analysis up to now.
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OUTLINE

e A REVIEW OF SOME OTHER MODERN METHODS

@ Mixed finite volume methods
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MIXED FINITE VOLUME METHODS

(Droniou-Eymard ’06) (Droniou ’07)
@ One scalar unknown ux on each control

volume « € T.

@ One vectorial unknown v on each
control volume « € T.

e Two scalar flux unknowns Fi , and
F. - on each edge o € €.

@ The flux unknowns are related through
Fr.o the local conservativity property

F}C,G+F£,o':0-
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MIXED FINITE VOLUME METHODS

(Droniou-Eymard ’06) (Droniou ’07)
@ One scalar unknown ux on each control

volume « € T.

@ One vectorial unknown v on each
control volume « € T.

e Two scalar flux unknowns Fi , and
F. - on each edge o € €.

@ The flux unknowns are related through
Fr.o the local conservativity property

F}C,G+F£,o' =0.
o Continuity of the approximation at the middle of each edge z,

Uk + Vi - (o — 2x) — v |K|Fx,o = Uue + Ve - (2o —x2) —ve|2|Fr o
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MIXED FINITE VOLUME METHODS

(Droniou-Eymard ’06) (Droniou ’07)
@ One scalar unknown ux on each control

volume « € T.

@ One vectorial unknown v on each
control volume « € T.

e Two scalar flux unknowns Fi , and
F. - on each edge o € €.

@ The flux unknowns are related through
Fr.o the local conservativity property

F}C,G+F£,o' =0.
o Continuity of the approximation at the middle of each edge z,

Uk + Vi - (o — 2x) — v |K|Fx,o = Uue + Ve - (2o —x2) —ve|2|Fr o

e A simple formula

‘}C‘f:/)cdiv<(x7m;<)®f) dm:/alc(ﬂu)(xfx,c)dx, Ve € R2.

=¢
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MIXED FINITE VOLUME METHODS

(Droniou-Eymard ’06) (Droniou ’07)
@ One scalar unknown ux on each control

volume « € T.

@ One vectorial unknown v on each
control volume « € T.

e Two scalar flux unknowns Fi , and
F. - on each edge o € €.

@ The flux unknowns are related through
Fr.o the local conservativity property
F}C,G+F£,o' =0.
o Continuity of the approximation at the middle of each edge z,

Uk + Vi - (o — 2x) — v |K|Fx,o = Uue + Ve - (2o —x2) —ve|2|Fr o

o A simple formula

kle = > Jo (€ vio) (ws —2x), VEER’

ocEEKk
Idea : Apply this to £ = AVu ...
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MIXED FINITE VOLUME METHODS

(Droniou-Eymard ’06) (Droniou ’07)
@ One scalar unknown ux on each control

volume « € T.

@ One vectorial unknown v on each
control volume « € T.

e Two scalar flux unknowns Fi , and
F. - on each edge o € €.

@ The flux unknowns are related through
Fr.o the local conservativity property
F}C,G+F£,o' =0.
o Continuity of the approximation at the middle of each edge z,

Uk + Vi - (o — 2x) — v |K|Fx,o = Uue + Ve - (2o —x2) —ve|2|Fr o

o A simple formula
|IC|A)<V)< = — Z F)C,O'(xcr — $;<).

ocE&Kk
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MIXED FINITE VOLUME METHODS

(Droniou-Eymard ’06) (Droniou ’07)
@ One scalar unknown ux on each control

volume « € T.

@ One vectorial unknown v on each
control volume « € T.

e Two scalar flux unknowns Fi , and
F. - on each edge o € €.

@ The flux unknowns are related through
Fr.o the local conservativity property

F}C,G+F£,o' =0.
o Continuity of the approximation at the middle of each edge z,

Uk + Vi - (o — 2x) — v |K|Fx,o = Uue + Ve - (2o —x2) —ve|2|Fr o

o A simple formula
|IC|A)<V)< = — Z F)C,O'(xcr — $;<).

ocE&Kk

e Flux balance equation Z Fx,o = |K|fx.
o€l
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MIXED FINITE VOLUME METHODS

PROPERTIES

We have 3 scalar unknowns by control volume and two (in fact one ...)
by edge.

For a conforming mesh made of triangles, no need of penalisation term.
In the other cases, this term is need to ensure well-posedness of the
scheme.

No particular difficulties to deal with non-linear equations

—div(p(z, Vu)) = f.

Convergence result for the solution ul = (ux)x and its gradient
v = (vk)k, for any mesh and any data.

o Poincare inequality.

o A priori estimate.

o Compactness.

o Convergence.

For smooth solutions
e On general meshes : Theoretical error estimates in O(+/size(T)).
e On conforming triangle meshes : Error estimates in O(size(7)).
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MIXED FINITE VOLUME METHODS

SOME REMARKS ON THIS APPROACH
@ The number of unknowns is very large.
o The linear system to be solved has no simple structure (in particular it
is not positive definite).
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MIXED FINITE VOLUME METHODS

SOME REMARKS ON THIS APPROACH
@ The number of unknowns is very large.
o The linear system to be solved has no simple structure (in particular it
is not positive definite).

HYBRIDISATION

Elimination of cell-centered unknowns (ux)x and (vk)x in order to
transform the system into a smaller and definite positive system.

o We define a new scalar unknown for each edge by

te L U+ vie - (T — 2o ) — VK| Fo = uz +ve - (T2 — o) —ve|c|Fe.o.

o We use 1
Vic = 7@ Z FK,UA)C (xg — x)c).
o€
o Thus (o — ux)ocex = Bx(Fi,0)ocex,
where By is positive definite and depends only on the geometry of k
and ve.
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MIXED FINITE VOLUME METHODS

SOME REMARKS ON THIS APPROACH
@ The number of unknowns is very large.
o The linear system to be solved has no simple structure (in particular it
is not positive definite).

HYBRIDISATION

Elimination of cell-centered unknowns (ux)x and (vk)x in order to
transform the system into a smaller and definite positive system.

o We define a new scalar unknown for each edge by

te L U+ vie - (T — 2o ) — VK| Fo = uz +ve - (T2 — o) —ve|c|Fe.o.

o We use 1
Vi = —— Z FK,UA)C (xg — x)c).
|’C| o€
o Thus (Fi,o)ocex = B;El(ua — Uk )ocE-
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MIXED FINITE VOLUME METHODS

SOME REMARKS ON THIS APPROACH
@ The number of unknowns is very large.
o The linear system to be solved has no simple structure (in particular it
is not positive definite).

HYBRIDISATION

Elimination of cell-centered unknowns (ux)x and (vk)x in order to
transform the system into a smaller and definite positive system.

o We define a new scalar unknown for each edge by

te L U+ vie - (T — 2o ) — VK| Fo = uz +ve - (T2 — o) —ve|c|Fe.o.

o We use 1
Vi = —— Z FK,UA)C (xg — x)c).
|’C| o€
o Thus (Fi,o)ocex = B;El(ua — Uk )ocE-

e Elimination of ux

Z Fx,o = |x|fx

o€k
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MIXED FINITE VOLUME METHODS

SOME REMARKS ON THIS APPROACH
@ The number of unknowns is very large.
o The linear system to be solved has no simple structure (in particular it
is not positive definite).

HYBRIDISATION

Elimination of cell-centered unknowns (ux)x and (vk)x in order to
transform the system into a smaller and definite positive system.

o We define a new scalar unknown for each edge by

te L U+ vie - (T — 2o ) — VK| Fo = uz +ve - (T2 — o) —ve|c|Fe.o.

o We use 1
Vi = —— Z FK,UA)C (xg — x)c).
|’C| o€
o Thus (Fi,o)ocex = B;El(ua — Uk )ocE-

e Elimination of ux
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MIXED FINITE VOLUME METHODS

SOME REMARKS ON THIS APPROACH
@ The number of unknowns is very large.
o The linear system to be solved has no simple structure (in particular it
is not positive definite).

HYBRIDISATION

Elimination of cell-centered unknowns (ux)x and (vk)x in order to
transform the system into a smaller and definite positive system.

o We define a new scalar unknown for each edge by

te L U+ vie - (T — 2o ) — VK| Fo = uz +ve - (T2 — o) —ve|c|Fe.o.

o We use 1
Vic = 7ﬁ Z FK,UA)C (xg — x)c).
Kk o€
@ Thus (F)C,J)UESK = Blgl(ua - UIC)O'EE)C~
o Elimination of ux = ux = bx + Z Cx,olUo-
oE€
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MIXED FINITE VOLUME METHODS

SOME REMARKS ON THIS APPROACH
@ The number of unknowns is very large.
o The linear system to be solved has no simple structure (in particular it
is not positive definite).

HYBRIDISATION

Elimination of cell-centered unknowns (ux)x and (vk)x in order to
transform the system into a smaller and definite positive system.

o We define a new scalar unknown for each edge by

te L U+ vie - (T — 2o ) — VK| Fo = uz +ve - (T2 — o) —ve|c|Fe.o.

o We use 1
Vic = 7ﬁ Z FK,UA)C (xg — x)c).
Kk o€
@ Thus (F)C,J)UESK = Blgl(ua - UIC)O'EE)C~
o Elimination of ux = ux = bx + Z Cx,olUo-
oE€

= (FIC,U)UES;C - C?C(ua - uo')v,o"ef)c + (GK:,O')UEE)C'
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MIXED FINITE VOLUME METHODS

SOME REMARKS ON THIS APPROACH
@ The number of unknowns is very large.
o The linear system to be solved has no simple structure (in particular it
is not positive definite).

HYBRIDISATION

Elimination of cell-centered unknowns (ux)x and (vk)x in order to
transform the system into a smaller and definite positive system.

o We define a new scalar unknown for each edge by

te L U+ vie - (T — 2o ) — VK| Fo = uz +ve - (T2 — o) —ve|c|Fe.o.

o We use 1
Vic = 7ﬁ Z FK,UA)C (xg — x)c).
Kk o€
@ Thus (F)C,J)UESK = Blgl(ua - UIC)O'EE)C~
o Elimination of ux = ux = bx + Z Cx,olUo-
oE€

= (FIC,U)UES;C - C?C(ua - uo')v,o"ef)c + (GK:,O')UEE)C'

@ Fx .+ Fro =0 = One equation for each edge satisfied by (us)s-.
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OUTLINE

e A REVIEW OF SOME OTHER MODERN METHODS

e SUCCES / SUSHI schemes
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THE SUSHI SCHEME

SCHEME USING STABILIZATION AND HYBRID INTER

(Eymard-Gallouét-Herbin ’08-..)

o Unknowns : cell-centered ux and
edge-centered us.

o The set of edges is separated into two

parts
E=EgUEN.

@ The unknowns u, corresponding to o € £p are eliminated by a

barycentric formula u, = vaéu;c.
K
@ The unknowns u, corresponding to o € £y are free.

o A “geometric” formula = definition of a discrete gradient

|K|£:/}CV(£~(I—9€;¢)> dr=3" /g(&-(m—md)un,adx

oceli

=> \a\(g-(xa—m))un,[,.

o€l
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THE SUSHI SCHEME

ION AND HYBRID INT

(Eymard-Gallouét-Herbin ’08-..)

o Unknowns : cell-centered ux and
edge-centered us.

o The set of edges is separated into two

parts
E=EgUEN.

@ The unknowns u, corresponding to o € £p are eliminated by a

barycentric formula u, = vaéu;c.
K
@ The unknowns u, corresponding to o € £y are free.

o A “geometric” formula = definition of a discrete gradient

|K|Vu =~ Z lol(u(zo) — u(zk))Vi,o-

o€
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THE SUSHI SCHEME

"ABILIZATION AND HYBRID INTE

(Eymard-Gallouét-Herbin ’08-..)

o Unknowns : cell-centered ux and
edge-centered us.

o The set of edges is separated into two

parts
E=EgUEN.

@ The unknowns u, corresponding to o € £p are eliminated by a

barycentric formula u, = vaéu;c.
K
@ The unknowns u, corresponding to o € £y are free.

o A “geometric” formula = definition of a discrete gradient

1
Veu & — Z lo|(ue — ux)Vk,o-

"C‘ oE€K
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THE SUSHI SCHEME

"ABILIZATION AND HYBRID INTE

(Eymard-Gallouét-Herbin ’08-..)

o Unknowns : cell-centered ux and
edge-centered us.

o The set of edges is separated into two

parts
E=EgUEN.

@ The unknowns u, corresponding to o € £p are eliminated by a

barycentric formula u, = vaéu;c.

K
@ The unknowns u, corresponding to o € £y are free.

o A “geometric” formula = definition of a discrete gradient

1
Veu & W E lo|(ue — ux)Vk,o-
Kk o€
o
o Consistency error R o (u”) = 7 | uo —ux - Viu - (zo — x,c))
K,o0
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THE SUSHI SCHEME

SCHEME USING STABILIZATION AND HYBRID INTE!

(Eymard-Gallouét-Herbin ’08-..)

o Unknowns : cell-centered ux and
edge-centered us.

o The set of edges is separated into two
parts
E=EUEH.

@ The unknowns u, corresponding to o € £p are eliminated by a

barycentric formula u, = vaéu;c.

K
The unknowns u, corresponding to o € £x are free.

A “geometric” formula = definition of a discrete gradient

1
Veu & — lo|(ue — ux)Vk,o-
x|

o€

. o
Consistency error Ry, (u”) = o (ud —ux — Vet - (zo — x,c))
K,o0

o On each triangle (=half-diamond) Dk . we define a stabilised discrete
gradient
V)C,UUT = V)C’U/T + RKVU(’UT)UK’O-.

F. Boyer FV for elliptic problems
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THE SUSHI

SCHEME USING STABILIZATION AND HYBRID INTE

@ The scheme is then written under variationnal form

/Q(A(x)VTuT) VT de =Y |kl fe, Vo = ((ve)k, (U0)o).
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THE SUSHI sc

SCHEME USING STABILIZATION AND HYBRID INT

@ The scheme is then written under variationnal form

/Q(A(x)VTuT) VT de =Y |kl fe, Vo = ((ve)k, (U0)o).

e However, we can write it under a more standard FV form

S Feol e —vo) = Y Iklucfe, W7 = ((we)e, (v0)o),

K o€fk

with Fi o (u”) = Z oz%’a/ (ux — uyr), and a%’a/ depends on the data.
o€k

112/ 137
F. Boyer FV for elliptic problems



THE SUSHI SCHEME

SCHEME USING STABILIZATION AND HYBRID INTE

@ The scheme is then written under variationnal form

/Q(A(x)VTuT) VT de =Y |kl fe, Vo = ((ve)k, (U0)o).

e However, we can write it under a more standard FV form

ST Feol (e —w0) = 3 Ielocfic, Vo7 = ((c)x, (v0)a),

K o€fk

with Fi o (u”) = Z oz%’a/ (ux — uyr), and a%’a/ depends on the data.
o€k
e For edges o € Ex, the unknown v, is a degree of freedom, thus

FK’U(UT) =+ FLYU(UT) =0.

o For edges o € &g, this local consistency property does not hold
anymore.
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THE SUSHI SCHEME

SCHEME USING STABILIZATION AND HYBRID INTE

@ The scheme is then written under variationnal form

/Q(A(x)VTuT) VT de =Y |kl fe, Vo = ((ve)k, (U0)o).

e However, we can write it under a more standard FV form

Z Z F)c o' U}C - 'Ua - Z |K|vlcf)€1 VvT = ((UIC))C7 (Uo)o')7
K o€k K
with Fi o (u”) = Z a%’a/ (ux — uyr), and a%’a/ depends on the data.
o€k
e For edges o € Ex, the unknown v, is a degree of freedom, thus

FK’U(UT) =+ FLYU(UT) =0.

o For edges o € &g, this local consistency property does not hold
anymore.
POSSIBLE STRATEGY TO CHOOSE BARYCENTRIC/HYBRID EDGES
o We decide that o € Ep, if the permeability tensor A is smooth near o.
o We decide that o € Eq, if A is discontinuous across ¢ in order to
ensure a good accuracy and local conservativity.
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THE SUSHI SCHEME

SCHEME USING STABILIZATION AND HYBRID INTER

PROPERTIES (Eymard-Gallouét-Herbin ’08)

e Barycentric/hybrid scheme adapted to the properties of the
permeability tensor which is intermediate between standard FV and
mixed FE methods.

o Local conservativity is only ensured on hybrid edges.
o Fully barycentric scheme :

Few unknowns / Large stencil / No local conservativity
e Fully hybrid scheme :
Many unknowns / Large stencil / Local conservativity

o In the barycentric case, the notion of local flur across edges is not
really clear.

@ The linear system to be solved is symmetric.

o Existence and uniqueness of the solution holds true without any
assumption.

o Convergence theorem in the general case.

o Error estimate in O(size(7)) for v and Vu in the case of a smooth
isotropic permeability.
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EQUIVALENCE OF THE SCHEMES

(Droniou—Eymard—Gallouét—Herbin ’09)

THEOREM (SIMPLIFIED STATEMENT)
The three approaches

o Mimetic

o Mixed F'V

o SUCCES
are algebraically equivalent (for a suitable choice of the numerical

parameters).

F. Boyer FV for elliptic problems
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OUTLINE

© COMPARISONS : BENCHMARK FROM THE FVCA 5 CONFERENCE
@ Presentation
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SHORT PRESENTATION OF THE BENCHMARK

(Herbin-Hubert, ’08)

http://www.latp.univ-mrs.fr/fvcab
Proceedings edited by Wiley
Ed. : Robert Eymard and Jean-Marc Hérard

19 contributions.

9 test cases.

e 10 different mesh families.

e Some properties/quantities to be compared :

e Number of unknowns / of non-zero entries of the matrix.
o Local conservativity or not.

o L>°/L? error for u and Vu.

e Approximation error for fluxes at interfaces.

e Monotony / Discrete maximum principle.

o Total energy balance.
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http://www.latp.univ-mrs.fr/fvca5

OUTLINE

© COMPARISONS : BENCHMARK FROM THE FVCA 5 CONFERENCE

o Test #1 : Moderate Anisotropy
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TEST #1 : MODERATE ANISOTROPY

—div(AVu) = f in Q

. (15 05 B - -
with A = ( 05 15 ) and u(z,y) = 16z(1 — z)y(1l — y).

Meshil
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—+—SUSHI

~7- CVFE
DDFV
FEP1
—+—FVHYB
—%- FVPMMD|
- FVSYM

—+—SUSHI

ON

Test 1.1, Meshl. : sqrt(nunkw)->erl2

L? ERROR ON u (SECOND

ORDER)

Test 1.1, Meshl. : sqrt(nnmat)—>erl2

Test 1.1, Mesh1. : h->erl2

10 10 10°

o .
.

X
M\ N
Oy

107
10
107
10°

10° 10' 10°

Vu (FIRST ORDER)

 Test1.1,Meshl. : sqrt(nunkw)->ergrad . Test L1, Meshl. : sqrt(nnmat)->ergrad .
10 10 10
10" 10"
10° 107
10 10 v
107 _ 10 _ 107

10° 10' 10° 10° 10' 10° 10° 10" 107 102 107 10°
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TEST #1 : MODERATE ANISOTROPY

T

T
IF SN AR SRR

2.
=7

AV
(T

T T T T T

TPV
EENENN

Mesh4_1

MINIMUM AND MAXIMUM VALUES OF THE APPROXIMATE SOLUTION

mesh 4.1 mesh 4.2
umin umax umin umax
CMPFA 9.95E-03 1.00E4-00 2.73E-03 9.99E-01
CVFE 0.00E+00 8.43E-01 0.00E400 9.14E-01
DDFV 1.33E-02 9.96E-01 3.63E-03 9.99E-01
FEQL 0.00E+00 8.61E-01 0.00E+00 9.37E-01
FVHYB 2.14E-03 9.84E-01 7.16E-04 9.93E-01
FVSYM 7.34E-03 9.59E-01 2.33E-03 9.89E-01
MFD 6.64E-03 9.71E-01 1.50E-03 9.93E-01
MFV 1.08E-02 9.42E-01 3.34E-03 9.82E-01
NMFV 1.30E-02 1.11E+4-00 3.61E-03 1.04E4-00
SUSHI 7.64E-03 8.88E-01 2.33E-03 9.61E-01
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TEST #1 : MODERATE ANISOTROPY

—div(AVu) = f in Q

with A — < o ) and u(z, y) = sin (1 — 2)(1 — y)) + (1 —2)* (1 —y)>.

Mesh3

121/ 137
F. Boyer FV for elliptic problems



CMPFA]
CVFE
DDFV
FEQ1
—4+—FVHYB
-e- MFD
—=—MFV
—+— SUSHI

-

CVFE
DDFV
FEQ1
—+—FVHYB
- MFD
—=— MFV

—

L? ERROR ON THE SOLUTION u (SECOND ORDER)

Test 1.2, Mesh3. : sqrt(nunkw)—>erl2

Test 1.2, Mesh3. : sqrt(nnmat)->erl2 Test 1.2, Mesh3. : h->erl2

—+— SUSHI

10 10
ALY
107 10°7]
10 107
\.
10 10
.
y
10° 10° ~ . 107!
10 10' 10° 10" 10' 10° 10 107 107" 10°
ON THE GRADIENT (HALF AND FIRST ORDER)
Test 1.2, Mesh3. : sqrt(nunkw)->ergrad Test 1.2, Mesh3. : sqrt(nnmat)->ergrad »
10 1 10
&
107 10| 107
10 10 107
107 10 107
10° 10' 10° 10° 10' 10° 10° 107 107 10°
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OUTLINE

© COMPARISONS : BENCHMARK FROM THE FVCA 5 CONFERENCE

@ Test #3 : Oblique flow
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TEST #3

: OBLIQUE FLOW

—div(AVu) =01in Q

1 0

withA:R9< 0 10-3 )R;1,9:40°

The boundary data « is continuous and piecewise affine

on Of) :
1 on (0,. )><{0.}U{0.}><( 2)
) 0 on (.8 1) x {L}U{L} x (.8 1.)
u(z,y) = % on ((.3,1.) x {0} U {0} x (:3,1.)
I on (0.,.7) x {L}U{1} x (0,,0.7)
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TEST #3 : OBLIQUE FLO

MINIMUM AND MAXIMUM VALUES OF THE APPROXIMATE SOLUTION

umin_i umax-i i

CMPFA 6.90E-02 9.31E-01 1
9.83E-04 9.99E-01 7

CVFE 0.00E+00 1.00E+4-00 1
0.00E+00 1.00E+00 7

DDFV -4.72E-03 1.00E400 1
-5.31E-04 1.00E400 7

FEQ1 0.00E+00 1.00E400 1
0.00E+400 1.00E4-00 7

FVHYB -1.75E-01 1.17E+400 1
-1.00E-03 1.00E+00 6

FVSYM 6.85E-02 9.32E-01 1
4.92E-04 9.99E-01 8

MFD 7.56E-02 9.24E-01 1
8.01E-04 9.99E-01 8

MFE 3.12E-02 9.69E-01 1
5.08E-04 9.99E-01 8

MFV 1.22E-02 8.78E-01 1
7.92E-04 9.99E-01 7

NMFV 1.11e-01 8.88e-01 1
1.28E-03 9.99E-01 7

SUSHI 6.03E-02 9.40E-01 1
8.52E-04 9.99E-01 7
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TEST #3 : OBLIQUE FLO

THE ENERGIES

enerl eren i

CMPFA N/A N/A

N/A N/A
CVFE 2.24E-01 8.42E-02 1
2.42E-01 3.33E-03 7
DDFV 2.14E-01 9.60E-02 1
2.42E-01 7.11E-06 7
FEQ1 2.21E-01 3.67E-01 1
2.44E-01 3.17E-02 7
FVHYB 2.13E-01 2.55E-01 1
2.42E-01 8.19E-03 6
FVSYM 2.20E-01 0.00E+4-00 1
2.42E-01 0.00E+00 8
MFD 1.91E-01 1.87E-14 1
2.42E-01 3.70E-14 8
MFE 1.25E-01 2.46E-02 1
2.41E-01 2.91E-03 8
MFV 4.85E-01 8.23E-07 1
2.42E-01 9.74E-06 7
NMFV 2.33e-01 1.45e-01 1
2.45E-01 1.94E-02 7
SUSHI 2.25E-01 3.01E-01 1
2.43E-01 1.28E-02 7

F. Boyer

Volume energy
enerl =~ / AVu - Vudez,
JQ
Boundary energy
ener2 ~ / AVu -vdx.
o0

For the continuous solution we have
erenl = eren2.

‘We compute, at the discrete level, the
error

eren = enerl — ener2.
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OUTLINE

© COMPARISONS : BENCHMARK FROM THE FVCA 5 CONFERENCE

o Test #4 : Vertical fault
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TEST #4 : VERTICAL FAULT

o —div(AVu) =01in

:>QQ u =4 on OF)
& « 102 .
e (5)=Cl% ) men
(a
‘ B

a 0 .
A—(O ﬁ),wwh

and @(z,y) =1—=z.

meshb
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TEST #4 : VERTICAL FAULT

MAXIMUM PRINCIPLE
o Satisfied by all the methods presented here.
VALUES OF THE ENERGIES

enerl eren enerl eren

meshb mesh5 mesh5_ref mesh5_ref
CVFE 45.9 1.04E-02 43.3 6.25E-04
DDFV 42.1 3.65E-02 43.2 1.27E-03
FVHYB 41.4 6.12E-02 /
MFD-BLS 33.9 7.93E-14 43.2 2.84E-12
MFD 31.4 1.16E-12 43.2 4.71E-14
MFV 49.9 4.21E-05 43.2 1.88E-05
NMFV / / 43.2 5.92E-04
SUSHI 39.1 6.67E-02 43.1 8.88E-04

129/ 137

F. Boyer for elliptic problems



TEST #4 : VERTICAL FAULT

BOUNDARY FLUXES APPROXIMATION

Flux across {x =0}: | AVu-v,

oQN{z=0}

flux0 flux0 flux1 flux1 fluy0 fluy0 fluyl

meshb mesh5_ref meshb mesh5_ref meshb mesh5_ref meshb
CMPFA -45.2 -42.1 46.1 44.4 -0.95 -2.33 4.84E-04
CVFE -46.6 -42.2 48.5 44.5 0.87 -2.25 8.02E-04
DDFV -40.0 -42.1 41.8 44.4 -1.81 -2.33 9.08E-04
FEQL / -42.2 / 44.5 / -2.16 /
FVHYB -44.3 / 46.3 / 0.49 / 1.55E-04
MFD -29.7 -42.1 34.1 44.4 -4.37 -2.33 1.01E-03
MFV -44.0 -42.1 50.3 44.4 -8.03 -2.33 1.72E400
NMFV -43.2 -42.1 44.5 44.4 -1.23 -2.33 2.32E-04
SUSHI -40.9 -42.1 43.1 44.4 -2.21 -2.33 6.94E-04

130/ 137

F. Boyer for elliptic problems



OUTLINE

© COMPARISONS : BENCHMARK FROM THE FVCA 5 CONFERENCE

o Test #b5 : Heterogeneous rotating anisotropy
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TEST #5 : HETEROGENEOUS ROTATING ANISOTROPY

—div(AVu) = f in Q

with

(22 +y?)

and u(z,y) = sin 7z sin 7y.

1 107322+ (107% = Day
(1073 — Dy 2% + 103>

mesh?2
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~v- CVFE
DDFV
FEQ1

—4—FVHYB

- % ~MFE
—=— MFV
—+—SUSHI

L? ERROR ON u (SECOND ORDER)

Test 5, Mesh2. : sqrt(nunkw)->erl2 Test 5, Mesh2. : sqrt(nnmat)->erl2 . Test 5, Mesh2. : h->erl2
10° 10° 10°
10 « 10" 3
10 10" 10°
10" 10
10 107| 107
107 10°)
107 10 10
10 107
10° — ) 10751 v 10°
10° 10' 10 10 10 10’ 10° 10 10* 10° 10°
AND ON Vu (FIRST AND SECOND ORDER)

Test 5, Mesh2. : sqrt(nunkw)->ergrad Test 5, Mesh2. : sqrt(nnmat)->ergrad §
10 10' 10
10° 10° 10°
10" 10° 107!
10 107 N 107
107 107 107

v v
10 10 107
10 10°) 107
10 107 10°
10" 10' 10° 10 10° 10' 10° 10 10" 107 102 107 10°
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TEST #5 : HETEROGENEOUS ROTATING ANISOTROPY

SOME SCHEMES DO NOT SATISFY THE DISCRETE MAXIMUM PRINCIPLE

umin umax
CMPFA -1.06E-01 1.09E+400
FEQ1 0.00E+00 1.05E+400
FVHYB -1.92E-401 5.38E-+00
FVSYM -8.67E-01 2.57TE+400
MFE -1.62E+400 1.90E+01
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OUTLINE

© COMPARISONS : BENCHMARK FROM THE FVCA 5 CONFERENCE

o Conclusion
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IS THERE ANY CONCLUSION 7

HOW TO CHOOSE A SCHEME ?
@ Do I really need to use a general mesh (non conforming, distorded, ...)?
@ Do I need to ensure monotony/nonnegativity ?

@ Do I need an accurate approximation of the gradient of u, of the
fluxes 7

@ Do I need an accurate approximation of the energies ?

o Is there any other equation that is coupled with the elliptic system
under study ?

o In this case, what are the constraints related to this coupling 7 to an
existing code ?

@ Do I really need theorems ?
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THE END

ADVERTISEMENT

The International Symposium of Finite Volumes for Complex Applications

FVCA VII, Berlin, Germany,
June 16-20, 2014

http://www.wias-berlin.de/fvca7
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PROOF OF THE 1D DISCRETE MAXIMUM PRINCIPLE

Let u” = (u;); satisfying Au” = (hifi):.

o We assume (f;); > 0, we want to show that (u;); > 0.

138/ 137
F. Boyer FV for elliptic problems



PROOF OF THE 1D DISCRETE MAXIMUM PRINCIPLE

Let u” = (u;); satisfying Au” = (hifi):.
o We assume (f;); > 0, we want to show that (u;); > 0.

e Assume that u” % 0, then we set
io =min{l <i< N, s.t. u; =minu’ }.
By assumption, we have u;, < 0 = uo so that

Uiy < Uig—1, and Uiy < Ujg41-
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PROOF OF THE 1D DISCRETE MAXIMUM PRINCIPLE

Let u” = (u;); satisfying Au” = (hifi):.
o We assume (f;); > 0, we want to show that (u;); > 0.

e Assume that u” % 0, then we set
io =min{l <i< N, s.t. u; =minu’ }.
By assumption, we have u;, < 0 = uo so that

Uiy < Uig—1, and Uiy < Ujg41-

e We look at the equation #i¢ of the system

Uig+1 — Ui Uig — Uig—1
—k’ig+1/2h_7 +kig—1/2 h = hiy fi -
io+1/2 io—1/2 ——
>0

=

= Contradiction.
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-STABILITY PROOF IN 1D

Let u” satisfying Au” = (h;fi).
o We build “explicitely” a v” such that
AUT = (hz)z
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L°°-STABILITY PROOF IN 1D

Let u” satisfying Au” = (h;fi).
o We build “explicitely” a v” such that
AUT = (hz)z

e This vector satisfies ||v7 ||oc < C and v; &~ v(x;) where v is the solution
of
—0z(k(z)0zv) =1, v(0) =v(1)=0.
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L°°-STABILITY PROOF IN 1D

Let u” satisfying Au” = (h;fi).
o We build “explicitely” a v” such that
AUT = (hz)z

e This vector satisfies ||v7 ||oc < C and v; &~ v(x;) where v is the solution
of
—0z(k(z)0zv) =1, v(0) =v(1)=0.

o By linearity, we have

Al floev”™ = ") = (ha(ll fllee = £)), > 0.
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L°°-STABILITY PROOF IN 1D

Let u” satisfying Au” = (h;fi).
o We build “explicitely” a v” such that
AUT = (hz)z

e This vector satisfies ||v7 ||oc < C and v; &~ v(x;) where v is the solution
of
—0z(k(x)0zv) =1, v(0) =v(1) =0.

o By linearity, we have

Al floev”™ = ") = (ha(ll fllee = £)), > 0.

@ By using the discrete maximum principle, we get
u” < fllscv”,

and thus
u” < C|floo-

e The same reasonning applied to —u” let us conclude.
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PROOF OF THE 2D POINCARE INEQUALITY

e For simplicity, we assume that €2 is convex.

o Let £ € R? be any unitary vector. For any z € Q let y(z) be the
projection of x onto 92 in the direction &.

o For any o € £, we set

o (1) = 1 if[z,y]No#0
XABY =0 if [z,y]No = 0.

140/ 137
F. Boyer FV for elliptic problems



PROOF OF THE 2D POINCARE INEQUALITY

e For simplicity, we assume that €2 is convex.

o Let £ € R? be any unitary vector. For any z € Q let y(z) be the
projection of x onto 92 in the direction &.

o For any o € £, we set

o (1) = 1 if[z,y]No#0
XABY =0 if [z,y]No = 0.

o Let us define the set

Q= {z €9, [z,y(z)] does not contain any vertex of the mesh

and any edge of the mesh}.

Observe that Q° has a zero Lebesgue measure in Q.
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PROOF OF THE 2D POINCARE INEQUALITY

e For simplicity, we assume that €2 is convex.

o Let £ € R? be any unitary vector. For any z € Q let y(z) be the
projection of x onto 92 in the direction &.

o For any o € £, we set

o (1) = 1 if[z,y]No#0
XABY =0 if [z,y]No = 0.

o Let us define the set

Q= {z €9, [z,y(z)] does not contain any vertex of the mesh

and any edge of the mesh}.

Observe that Q° has a zero Lebesgue measure in Q.

o Let us take k € T and z € kN Q.
By following the segment [z,y(z)] from z to y(z), we encounter a finite
number of control volumes denoted by (k;)1<i<m with £1 = £ and K,
is a boundary control volume.
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PROOF OF THE POINCARE INEQUALITY

o We write a telescoping sum
m—1

Uk = Uy = E (ur; — u}C«H—l) + Uk,
=1
m—1

‘u’C| < Z |u’C7i - u’ci+1‘ + |0 - u’Cm‘v
=1

@ Thus, we get

luc| < do| Do (u”)Ixo (2, y(2)).

gel
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PROOF OF THE POINCARE INEQUALITY

o We write a telescoping sum
m—1

Uk = Uy = E (ur; — u}C«H—l) + Uk,
=1
m—1

‘u’C| < Z |u’C7i - u’ci+1‘ + |0 - u’Cm‘v
=1

@ Thus, we get

] <Y dov/co—=|Do (u” )Xo (@, y(2))-

1
oe€ V €o

with ¢, = |V, - €| (which is non zero, since z € 2).
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PROOF OF THE POINCARE INEQUALITY

o We write a telescoping sum
m—1

Uk = Uy = E (ur; — u}C«H—l) + Uk,
=1
m—1

‘u’d < Z |u’C7i - u’ci+1‘ + |0 - u’Cm‘v
=1

@ Thus, we get

1
|ulC| S z:do\/ccria
oEE Vo

Do (u”) X0 (2, y(2))- J

o We use Cauchy-Schwarz inequality

Ju|* < (Z dacaxa@,y(x))) (Z f“|Da<uT)|2xa<x,y<x>>>.

ocE cce 7
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PROOF OF THE POINCARE INEQUALITY

fucl? < <Z dacaxo(%@/(w))) (Z fj|Da<uT>|2xa<x,y<x>>).

occ& océ
FIRST TERM ESTIMATE Let & € Eeq¢ be such that y(z) € 6.
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PROOF OF THE POINCARE INEQUALITY

fucl? < <Z dacaxo(%@/(w))) (Z fj|Da<uT>|2xa<x,y<x>>).

occ& océ
FIRST TERM ESTIMATE Let & € Eeq¢ be such that y(z) € 6.
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PROOF OF THE POINCARE INEQUALITY

fucl? < <Z dacaxo(%y(w))) (Z fj|Da<uT>|2xa<x,y<x>>).

occ& océ
FIRST TERM ESTIMATE Let & € Eeq¢ be such that y(z) € 6.

m—1
— S sy Vikis €men = dicpoticns € = (@ — 75) - &,
——

=1

do
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PROOF OF THE POINCARE INEQUALITY

fucl? < <Z dacaxo(%@/(w))) (Z fj|Da<uT>|2xa<x,y<x>>).

occ& océ
FIRST TERM ESTIMATE Let & € Eeq¢ be such that y(z) € 6.

o€eE
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PROOF OF THE POINCARE INEQUALITY

lux|*> < diam(£) (Z ?’Dg(uT)Fxg(x,y(x))) , Yk eT,Vzexni.

oce 7
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PROOF OF THE POINCARE INEQUALITY

lux|*> < diam(£) (Z ?’Dg(uT)Fxg(x,y(x))) , Yk eT,Vzexni.

ceg 7

We integrate this formula on x© N Q with respect to z, then we sum over

kKeT
2 . do TN\12
5 Iellucf® < dian(@) - 2D, [ xo(opt)as)

KeT oce 7
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PROOF OF THE POINCARE INEQUALITY

lux|*> < diam(£) (Z ?’Dg(uT)Fxg(x,y(x))) , Yk eT,Vzexni.

ceg 7

We integrate this formula on x N € with respect to z, then we sum over

kKeT
2 . do TN\12
5 Iellucf® < dian(@) - 2D, [ xo(opt)as)

KeT oce 7

ESTIMATE OF EACH INTEGRAL

/Qxa(;r,y(;r)) dz < diam(Q)]|o|ce-.
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PROOF OF THE POINCARE INEQUALITY

lux|*> < diam(£) (Z ?’Dg(uT)Fxg(x,y(x))) , Yk eT,Vzexni.

ceg 7

We integrate this formula on x N € with respect to z, then we sum over

kKeT
2 . do TN\12
5 Iellucf® < dian(@) - 2D, [ xo(opt)as)

KeT oce 7

ESTIMATE OF EACH INTEGRAL

/Qxa(;r,y(;r)) dz < diam(Q)]|o|ce-.

CONCLUSION

w122 = > Ixlluc|® < diam(Q)* D |o]de | Do (u”)[* = diam(Q)*[[u” [[F 7
KeT oce€
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PROOF OF THE COMPACTNESS THEOREM

STEP 1 : STRONG COMPACTNESS IN L
o Let u™ € L?(R?) be the extension by 0 of ™ € L*(Q).
@ In order to use the Kolmogorov theorem we need a translation estimate

(- + 1) — u™| 2 nTo> 0, unif. with respect to n.
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PROOF OF THE COMPACTNESS THEOREM

STEP 1 : STRONG COMPACTNESS IN

o Let u™ € L?(R?) be the extension by 0 of ™ € L*(Q).

@ In order to use the Kolmogorov theorem we need a translation estimate

(- + 1) — u™| 2 nTo> 0, unif. with respect to n.

o Let n € R?\ {0}. A standard computation (telescoping sum) leads to
[u” (2 +n) = u"(2)] < D do| Do (u”")|xo (2, 2 + 1),
ocf

then by the Cauchy-Schwarz inequality

[u"™(x 4+ 1) —u"(z)]* < <Z Xo (2, +n)dacg>
o€E
(Zxa 7@+ ) 1D, (u ”>|2>,

oel
with ¢ = |V - #|
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PROOF OF THE COMPACTNESS THEOREM

STEP 1 : STRONG COMPACTNES

" (@ + ) —u" (@) < (Z Yol +77)dacn>

oce€
<Y xolx 4+ 1) %D, T2
) Co )

oe&
with ¢, = |v - #\
ESTIMATE OF THE FIRST TERM

e Without loss of generalities we assume that [z, 2 + 7] C €.
o Let k,£ € T be such that x € k and x +n € £. Thus, we have

> Xo(z, 2+ n)docy =
cel

(Ic —x)c) : %‘ < |$1: —$1c|

<foe— (@ +ml +1@+n) — ol + o - o
< |n| + 2size(Tn).

o We integrate with respect to = € R?

o7 (o= < Cllnbsiae(T2)) = 22100 (7 ( [ oo+ o)

oce& 7
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PROOF OF THE COMPACTNESS THEOREM

STEP 1 : STRONG COMPACTNES

o )= (@) < Cllnsiae(T.)) 3 (oo +0) 2D (7))

palch
cel Co
o We integrate with respect to z € R?

o ()= 2 < Clal+size(T) 3 22100 (7 [ xotova+ o)

ocg 7
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PROOF OF THE COMPACTNESS THEOREM

STEP 1 : STRONG COMPACTNES

o )= (@) < Cllnsiae(T.)) 3 (oo +0) 2D (7))

palch
cel Co
o We integrate with respect to z € R?

o ()= 2 < Clal+size(T) 3 22100 (7 [ xotova+ o)

ocg 7

o Computation of the integral

/ Xo (@, + 1) dz = [n]|o]co.
RQ
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PROOF OF THE COMPACTNESS THEOREM

STEP 1 : STRONG COMPACTNES

o )= (@) < Cllnsiae(T.)) 3 (oo +0) 2D (7))

palch
ce€ Co
o We integrate with respect to z € R?

o ()= 2 < Clal+size(T) 3 22100 (7 [ xotova+ o)

ocg 7

o Computation of the integral

/ Xo (@, + 1) dz = [n]|o]co.
RQ

CONCLUSION
[w”(-+n) —u"[Z2 < Clnl(In| + size(Ta)) lu” |3 7, -

<diam(2) bounded

[Kolmogorof'f = 3 a subsequence w™ — e L? (RZ) with u = 0 outside Q}
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PROOF OF THE COMPACTNESS THEOREM

STEP 2 : u € H(l, (£2) + GRADIENT CONVE

e By assumption, we have

sup HVT"UT"HLz < 400,
n

o There exists G' € (L?(R2))? such that (up to a subsequence) we have

V7emy e — @, in L*(Q)°.

n—oo

[Wc want to show that u € Hy () and Vu = G.]
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PROOF OF THE COMPACTNESS THEOREM

STEP 2 : u € H(l, (£2) + GRADIENT CONVER(

e By assumption, we have

sup [V u" ™| L2 < 400,
n

o There exists G' € (L?(R2))? such that (up to a subsequence) we have

Ve e — G, in L*(Q)%.

n—oo

[Wc want to show that u € Hy () and Vu = G.]

o Let ® € (C°°(R?))? (we do not assume that & = 0 on 9Q)

I, ¥ / u” " (dived) de —— [ u (div®d) dz.
Q

n—00 Q
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PROOF OF THE COMPACTNESS THEOREM

STEP 2 : u € H(l, (£2) + GRADIENT CONVER(

e By assumption, we have

sup HVT"UT"HLz < 400,
n

o There exists G' € (L?(R2))? such that (up to a subsequence) we have

V7emy e — @, in L*(Q)°.

n—oo

[Wc want to show that u € Hy () and Vu = G.]

Let ® € (C>(R?))? (we do not assume that ® = 0 on 99)

I, ¥ / u” " (dived) de —— [ u (div®d) dz.
Q

n—00 Q

We also have

L= Y u} </}Cdiv'1>da:>: > ug > (/U@.umdx)

KETn KETn gef
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PROOF OF THE COMPACTNESS THEOREM

STEP 2 : u € H(l, (£2) + GRADIENT CONVE

@ We sum over the edges in the mesh

L=3 (U’éfUZ)(/g@wm)Jr > (uié—ﬂ)(/goum).

0EEint 0E€Eent
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PROOF OF THE COMPACTNESS THEOREM

STEP 2 : u € H(l, (£2) + GRADIENT CONVE

@ We sum over the edges in the mesh

L= (uzfuz)um(/ch>)+ Z (u:éf())l/;w‘(/UQ).

oEEint ocE€Eent
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PROOF OF THE COMPACTNESS THEOREM

STEP 2 : u € H(l, (£2) + GRADIENT CONVE

@ We sum over the edges in the mesh

|U\d,<£< U — Uy ) (1 / )
In: E d 14 l — b
oc€Eint d dc - |U| g
loldke [ ,ug —0 1/‘
s — D).
D e G o] /.

oc€€ent
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PROOF OF THE COMPACTNESS THEOREM

STEP 2 : u € H(l, (£2) + GRADIENT CONVE

@ We sum over the edges in the mesh

_ Tn, Tn 1
Li==>|p|V]"u A(H/g@).

oe&
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PROOF OF THE COMPACTNESS THEOREM

STEP 2 : u € H(l, (£2) + GRADIENT CONVE

@ We sum over the edges in the mesh
1
I,=-)Y |p|Vpru™- (—/@).
2 IPIvEn gy

e Since ® is C*

Vo € 5,’(%/{}) _ (%/1)(1))‘ < C||VD||csize(T).
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PROOF OF THE COMPACTNESS THEOREM

STEP 2 : u € H(l, (£2) + GRADIENT CONVEF

@ We sum over the edges in the mesh

_ Tn, Tn 1
Li==>|p|V]"u A(H/g@).

oe&

e Since ® is C*

Vo € 5,’(%/{}) _ (%/1)(1))‘ < C||VD||csize(T).

o Since (V™"u""), is bounded in L?, we have

L= |p|VEru (%‘ /Dcp) + Ou(size(T2)).

og€eE
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PROOF OF THE COMPACTNESS THEOREM

STEP 2 : u € H(l, (£2) + GRADIENT CONVEF

@ We sum over the edges in the mesh

_ Tn, Tn 1
Li==>|p|V]"u A(H/g@).

oel

e Since ® is C*

Vo € 5,’(%/{}) _ (%/1)(1))‘ < C||VD||csize(T).

o Since (V™"u""), is bounded in L?, we have

I, =— Z viruT - / ® + Og (size(Tn)).

o€l D

146/ 137
F. Boyer FV for elliptic problems



PROOF OF THE COMPACTNESS THEOREM

STEP 2 : u € H(l, (£2) + GRADIENT CONVEF

@ We sum over the edges in the mesh

_ Tn, Tn 1
Li==>|p|V]"u A(H/g@).

oel

e Since ® is C*

Vo € 5,’(%/{}) _ (%/1)(1))‘ < C||VD||csize(T).

o Since (V™"u""), is bounded in L?, we have

I, = —/ VT ®de + Os(size(Ty)).
Q
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PROOF OF THE COMPACTNESS THEOREM

STEP 2 : u € H(l, (£2) + GRADIENT CONVEF

@ We sum over the edges in the mesh

_ Tn, Tn 1
Li==>|p|V]"u A(H/g@).

oe&

e Since ® is C*

Vo € 5,’(%/{}) _ (%/1)(1))‘ < C||VD||csize(T).

Since (V7»u7"),, is bounded in L?, we have

I, = —/ VT ®de + Os(size(Ty)).
Q

e Conclusion, for any & € (C*(R?))?, we have
I, —— — | G-®dz, and I, —— [ udiv®dx.
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CONVERGENCE PROOF OF TPFA

ENERGY ESTIMATE

Vn>0, |lu" |7, < diam(Q)]|f] L.
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CONVERGENCE PROOF OF TPFA

ENERGY ESTIMATE
vn >0, fu"" 7, < diam(Q)]f] 2.
COMPACTNESS THEOREM = There exists u € Hj(Q) such that

uTe) — 5y in L*(Q),

n—>00

Ve yTe) — Yy in (L*(Q))°.

n—r00
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CONVERGENCE PROOF OF TPFA

ENERGY ESTIMATE

Vn >0, |u’m]

L7, < diam(Q)[| f] 2
COMPACTNESS THEOREM = There exists u € Hj(Q) such that

uTe) — 5y in L*(Q),

n—>00

Ve yTe) — Yy in (L*(Q))°.

n—r00

IT REMAINS TO CHECK THAT

u solves —Au = f,

that is
/vuwdx:/fsadm, Vi € C(9).
Q Q

~~ By standard uniqueness arguments, the convergence holds for the whole
sequence (u7")p.
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CONVERGENCE PROOF OF TPFA

P7o = (p(zx))cer €RT, Vo € CZ(Q).
DISCRETE INTEGRATION BY PARTS WITH v’ = P7 ¢
x — T
S dololDrc(u™) - (EELLER) ) ) S e ().
d)CL
c€Eint KETn

Remark : For n large enough, the boundary terms vanish.
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CONVERGENCE PROOF OF TPFA

P7o = (p(zx))cer €RT, Vo € CZ(Q).
DISCRETE INTEGRATION BY PARTS WITH v’ = P7 ¢
x — T
z d(;‘U‘DK;L(UTn) . (wy)c£> = Z |’C|f)CS0(-TIC)-

CE€Eint drce KETn
Remark : For n large enough, the boundary terms vanish.

DEFINITION OF THE DISCRETE GRADIENT

ds —
3 ﬂvgnum , (MV“) = > Iklfep(@).
ocE Hcé—/ dice KeT,
int n
=|D|

.
—8 L

. \‘
G \‘
. \‘
9 /
;
I’
’
(m——-- =
S
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CONVERGENCE PROOF OF TPFA

P7o = (p(zx))cer €RT, Vo € CZ(Q).
DISCRETE INTEGRATION BY PARTS WITH v’ = P7 ¢

Z da-‘O"DKJC(UTn) . (Wu){t> = Z || frep ().
oEEint KETn

Remark : For n large enough, the boundary terms vanish.
DEFINITION OF THE DISCRETE GRADIENT

Z /V;“uT” . (Muna) = Z f(@)p(zk) dz.

d
o€Eint VP e KeTn VK
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CONVERGENCE PROOF OF TPFA

P7o = (p(zx))cer €RT, Vo € CZ(Q).
DISCRETE INTEGRATION BY PARTS WITH v’ = P7 ¢
x — T
Z dG\J\DK;C(uT") . wl/nt = Z || frep ().
d)CL
CEEins KET,

Remark : For n large enough, the boundary terms vanish.
DEFINITION OF THE DISCRETE GRADIENT

> Viiu | Ve(z) + (wvm — (Vep(z) - VK?C)VM) dx

dicc
0€Eint " P

def

Ry (2)

Ry (2)
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CONVERGENCE PROOF OF TPFA

SUMMARY

/. V7 V(z) de — /Qf(x) o(z) dz

Q

__ /Q VT R (2) da + /Q F(2) RS () da.
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CONVERGENCE PROOF OF TPFA

SUMMARY
/ V7 V(z) de — / f(x) o(x) dx
Q Q
= f/ VTruTm . R (x) dx +/ f(z)R3 (z) dz.
Q Q
REMAINDERS ESTIMATES Recall that ¢ is smooth

< O D?¢l|sesize(Ts).

|RY (z)| = ‘MW@ — (Vo(x) - vir)vke

d)CL

|R2 (2)] = lp(zx) — ¢(@)] < [|Depl|oosize(Ty).
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CONVERGENCE PROOF OF TPFA

SUMMARY
/ V7 V(z) de — / f(x) o(x) dx
Q Q
= f/ VTruTm . R (x) dx +/ f(z)R3 (z) dz.
Q Q
REMAINDERS ESTIMATES Recall that ¢ is smooth

Vie — (Vo(x) Ve )ie| < C|‘D2€0||ooSize(7;b)~

d)CL

|R;L($)| _ ‘@(xﬁ) — p(zx)

|R2 (2)] = lp(zx) — ¢(@)] < [|Depl|oosize(Ty).

WE CAN PASS TO THE LIMIT

/Vu~V<pdw:/fgpdm, Vo € C°(Q). (%)
Q Q

Observe that, (%) still holds for any ¢ € Hg(Q).
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CONVERGENCE PROOF OF TPFA

STRONG CONVERGENCE OF THE GRADIENT DOES NOT HOLD
Using the discrete integration by parts, we get

S dolollDou™) = 3 Ielfieut = [ fapu (o) o
oge€ KETn Q
Since Vi u"™ = dDy(u”")v,, we deduce
1 dolo| \ o7, Tn 2_/ Tn
L o < [ @) o

O EE -~
=|D|

150/ 137
F. Boyer FV for elliptic problems



CONVERGENCE PROOF OF TPFA

STRONG CONVERGENCE OF THE GRADIENT DOES NOT HOLD
Using the discrete integration by parts, we get

S dolol[ Do) = 3 [k| feuft = / F@)yu™ () de.

oge€ KETn

Since Vi u"™ = dDy(u”")v,, we deduce

1
IV = [ e @) da.
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CONVERGENCE PROOF OF TPFA

STRONG CONVERGENCE OF THE GRADIENT DOES NOT HOLD
Using the discrete integration by parts, we get

S dolol| Do () = 37 il freut = / Fl@yuT™(

oe€ KETn

Since Vi u"™ = dDy(u”")v,, we deduce

1
IV = [ e @) da.

We pass to the limit in the right-hand side term to get

i [V 2 —d/f(a: @) da = d||Vul 2.

[w For u # 0 and d > 2, we do not have strong convergence of the gradients.]
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CONSISTENCY PROOF FOR TPFA

o Taylor formulas for u € C? and z € o

u(ze) = u(w)—&—Vu(x)-(azg—x)—i—/o (1—75)D2u(ct—|—t(ac£—x)).(acg—ac)2 dt,

u(zx) = u(m)JrVu(:L')-(a:,cfx)Jr/O (1775)D2u(x+2€(3v,¢fx)).(yc,cfrv)2 dt.
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CONSISTENCY PROOF FOR TPFA

o Taylor formulas for u € C? and z € o

u(ze) = u(w)—&—Vu(x)-(azg—x)—i—/o (1—t)D2u($+t(£l?g—$)).(iE£—‘%‘)2 dt,

u(zx) = u(m)JrVu(:L')-(a:,cfx)Jr/O (1775)D2u(x+2€(3v,¢fx)).(yc,cfrv)2 dt.

o By subtraction, and using that x; — xx = dxcVke,

u(ze)—u(ze) = d,CLVu(x)v,CL—I—/ (1—t)D*u(x+t(ze—x)).(zo—x)° dt

0

- /0 (1 —t)D*u(z + t(zx — x)).(zx — x)° dt.
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CONSISTENCY PROOF FOR TPFA

o Taylor formulas for u € C? and z € o
u(zz) = u(x)+Vu(z) (zc —ac)—i—/o (1—t)D*u(z+t(z, —x)).(x.—z)? dt,
u(zx) = u(m)JrVu(:L')-(a:,cfx)Jr/O (1775)D2u(x+2€(3v,¢fx)).(yc,cfrv)2 dt.
o Conclusion
Ry (u) = ﬁ\a\ /, /01(1 — ) D*u(x + t(ze — 2)).(ve — 2)° dide
! 1 2 —z)* dtdx
fm/c/o (1 —=t)D%u(z + t(zx — x)).(xx ) dtdx .

=T,

151/ 137
F. Boyer FV for elliptic problems



CONSISTENCY PROOF FOR TPFA

1

d)gg|0'|

T = /6/01(1 — ) D>u(z + t(zr — 2)).(z — 2)° didz.
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CONSISTENCY PROOF FOR TPFA

1

d)gg|0'|

T = /6/01(1 — ) D>u(z + t(zr — 2)).(z — 2)° didz.

JENSEN INEQUALITY

1 1
ITy|? < ——— 11— t°|D%u(zx + t(ze — 2)) |2z — z|* dida.
2
diéclol Jo Jo
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CONSISTENCY PROOF FOR TPFA

T = /6/01(1 — ) D>u(z + t(zr — 2)).(z — 2)° didz.

d)g[,|0'|

JENSEN INEQUALITY

1
T2 < 1 / / 11— t2|Du(a + t(ze — 2))|%|we — 2| dtdz.
diclol Jo Jo
CHANGE OF VARIABLES
(t,z) €[0,1]] x o y=x+t(zxe —x) € D,.
The Jacobian determinant is (1 — ¢)(z; — z) - vie = (1 — t)do.

d4

= dicdeolo]

SlZe
Ty < [ D)y < Ces(T / |D%u(y)? dy.
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CONSISTENCY PROOF OF TPFA

PIECEWISE SMOOTH C

Ro(u) = dir u(xe) — u(xx) 1

e 4 o drce lo|

k(z)Vu(z) - vic, d.

o

kic
“CONTINUITY” OF THE TOTAL FLUX

/ k(z)Vu(z) - vie do ™ kye / Ve (z)  vie de = ke / Vs (x) - Vi da.
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CONSISTENCY PROOF OF TPFA

PIECEWISE SMOOT

dx u(x,) —u(z 1
Ro(u) = = :Ldk# ( c)dm (zc) o Uk(x)vu(x) e da.
oI o

“CONTINUITY” OF THE TOTAL FLUX
/ k(z)Vu(z) - vie dz 2 ke / Ve (z)  vie de = ke / Vs (x) - Vi da.

TAYLOR FORMULAS around = € o
WARNING : u is not globally smooth but ujx and |, are smooth.

uw(zx) = u(z) + Vue () - (2 — ) + O(size(T)?),
w(ze) = u(x) + Vu(z) - (2 — ) + O(size(’T)Q).
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CONSISTENCY PROOF OF TPFA

PIECEWISE SMOOT

dx u(x,) —u(z 1
Ro(u) = = :Ldk# ( c)dm (zc) o Uk(x)vu(x) e da.
oI o

“CONTINUITY” OF THE TOTAL FLUX
/ k(z)Vu(z) - vie dz 2 ke / Ve (z)  vie de = ke / Vs (x) - Vi da.

TAYLOR FORMULAS around = € o

w(ze) = u(x) + Vue (2) - (—deoVie + 2o — ) + O(size(T)Z),
u(ze) = uw(x) + Vue(x) - (deovie + 2o — ) + O(size(T)z).
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CONSISTENCY PROOF OF TPFA

PIECEWISE SMOOTH CASE

Ro(u) = dir u(xe) — u(xx) 1

e 4 o drce lo|

k(z)Vu(z) - vic, d.

o

kic
“CONTINUITY” OF THE TOTAL FLUX

/ k(z)Vu(z) - vie do ™ kye / Ve (z)  vie de = ke / Vs (x) - Vi da.

TAYLOR FORMULAS around = € o

u(re) —u(ex) = deo Vue () - Ve + dico Vuc () - v + O(size(T)z).

153/ 137
F. Boyer

FV for elliptic problems



CONSISTENCY PROOF OF TPFA

PIECEWISE SMOOT

dx u(x,) —u(z 1
Ro(u) = = :Ldk# ( c)dm (zc) o Uk(x)vu(x) e da.
oI o

“CONTINUITY” OF THE TOTAL FLUX
/ k(z)Vu(z) - vie dz 2 ke / Ve (z)  vie de = ke / Vs (x) - Vi da.

TAYLOR FORMULAS around = € o

() —ulae) = % (k‘LVu‘C(x)-V,“) +% <k,<Vu|,<(x)-V;c,;) +O(size(T)?).
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CONSISTENCY PROOF OF TPFA

PIECEWISE SMOOT

dec _ wlze) —ulwe) 1 k(z)Vu(z) - v dz
deo 4 dio dicc lo| J,, .
ki k,
“CONTINUITY” OF THE TOTAL FLUX

/ k(z)Vu(z) - vie do ™ kye / Ve (z)  vie de = ke / Vs (x) - Vi da.

TAYLOR FORMULAS around = € o

Rs(u) =

() —ulae) = % (k‘LVu‘C(x)-V,“) +% <k,<Vu|,<(x)-V;c,;) +O(size(T)?).

WE INTEGRATE ON o

lo|(u(ze) — u(zx))

(%ﬁ + Cﬁ:}:) L k(2)Vu(a) - vice dz + O(size(T)°).
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CONSISTENCY PROOF OF TPFA

PIECEWISE SMOOT

dec _ wlze) —ulwe) 1 k(z)Vu(z) - v dz
deo 4 dio dicc lo| J,, .
ki k,
“CONTINUITY” OF THE TOTAL FLUX

/ k(z)Vu(z) - vie do ™ kye / Ve (z)  vie de = ke / Vs (x) - Vi da.

TAYLOR FORMULAS around = € o

Rs(u) =

d o d o .
u(ze)—u(zx) = —kﬁ (k‘LVu‘C(x)-u,“)—&——kK <k,<Vu|,<(x)-V;<L)+O(s1ze(T)2).
L K<
WE INTEGRATE ON o
d)gg u(fg) — U(QUC) _ 1 .
= ol k(x)Vu(z) - vice de + O(size(T)).

dee dko d
v +4 T KL
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PROOF OF THE POINCARE INEQUALITY

IN THE DDFV FRAMEWORK / WITHOUT THE ORTHOGONALITY CONDITION

(Andreianov—Gutnic—Wittbold, ’04)
@ Regularity of the mesh

1
|p| = §(sinaD)|a|d,@ = |oldxe < C(reg(T))|p|, VD eD.

o We use again the notation x.(z,y), a direction £ and y(x) the
projection of x € Q onto I along the direction &.
o Telescoping sum for |u|?
m—1
2 2 2 2 2
Jurc? = Jue, P =Y (e, [* = Jue i 2) + Jux, |,

=1
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PROOF OF THE POINCARE INEQUALITY

IN THE DDFV FRAMEWORK / WITHOUT THE ORTHOGONALITY CONDITION
(Andreianov—Gutnic—Wittbold, ’04)
@ Regularity of the mesh
1 .
|p| = §(smaD)|a|d,<£ = |oldxe < C(reg(T))|p|, VD eD.

o We use again the notation x.(z,y), a direction £ and y(x) the
projection of x € Q onto I along the direction &.
o Telescoping sum for |u|?

m—1
|u’C|2 < (Z |u’C7’, - u’Ci+1|(‘u’Ci| + |u'C7‘,+1|)> + |u’<m‘2~
i=1
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PROOF OF THE POINCARE INEQUALITY

IN THE DDFV FRAMEWORK / WITHOUT THE ORTHOGONALITY CONDITION

(Andreianov—Gutnic—Wittbold, ’04)
o Regularity of the mesh
1, .
|p| = §(smaD)|a|d,<£ = |oldxe < C(reg(T))|p|, VD eD.

o We use again the notation x.(z,y), a direction £ and y(x) the
projection of x € Q onto I along the direction &.
o Telescoping sum for |u|?

Z || Juc|? < Z lux — ue|(Juc] + |uc]) (/n Xg(x,y(m))dm) .

rem o=K|LEE

<lo|
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PROOF OF THE POINCARE INEQUALITY

IN THE DDFV FRAMEWORK / WITHOUT THE ORTHOGONALITY CONDITION

(Andreianov—Gutnic—Wittbold, ’04)
o Regularity of the mesh
1, .
|p| = §(smaD)|a|d,<£ = |oldxe < C(reg(T))|p|, VD eD.

o We use again the notation x.(z,y), a direction £ and y(x) the
projection of x € Q onto I along the direction &.
o Telescoping sum for |u|?

S Iellucl? < 3 lolde

rem oe&

U — U
d

(lusc| + Jucl)-
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PROOF OF THE POINCARE INEQUALITY

IN THE DDFV FRAMEWORK / WITHOUT THE ORTHOGONALITY CONDITION
(Andreianov—Gutnic—Wittbold, ’04)
@ Regularity of the mesh
1 .
|p| = §(smaD)|a|d,<£ = |oldxe < C(reg(T))|p|, VD eD.

o We use again the notation x.(z,y), a direction £ and y(x) the
projection of x € Q onto I along the direction &.
o Telescoping sum for |u|?

[u™]|72 < (Z |oldic.

oce€

Uk Ur

d}CL

) (Zlaldm(u;cl2+|w|2)> :

oce€
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PROOF OF THE POINCARE INEQUALITY

IN THE DDFV FRAMEWORK / WITHOUT THE ORTHOGONALITY CONDITION

(Andreianov—Gutnic—Wittbold, ’04)
o Regularity of the mesh
1, .
|p| = §(smaD)|a|d,<£ = |oldxe < C(reg(T))|p|, VD eD.

o We use again the notation x.(z,y), a direction £ and y(x) the
projection of x € Q onto I along the direction &.
o Telescoping sum for |u|?

[u™]|72 < (Z |oldic.

oe€&

[N

KL

) (Z |o|dicc (Jux|® + |Uc|2)>

oe€l

U Ue
d

@ To conclude, we need to prove that

2
U — Ug

D ol (jucl” + [ucl?) < Cllu™ |72 +C Y loldice | =
KL

oe€ oce€
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PROOF OF THE POINCARE INEQUALI

IN THE DDFV FRAMEWORK / WITHOUT THE ORTHOGONALITY CONDITION

WE WANT TO SHOW

2
U — U

Z lo|dice (luc]? + |uel®) < Cllu™| 72 + Cz |o|dxc d
KL

oef& oce€
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PROOF OF THE POINCARE INEQUALITY

IN THE DDFV FRAMEWORK / WITHOUT THE ORTHOGONALITY CONDITION

WE WANT TO SHOW

2
U — U

Z lo|dice (luc]? + |uel®) < Cllu™| 72 + Cz |o|dxc d
KL

oef& oce€

o We first write

Z |odice (Juc|? + Juc|®) = Z o] (dico + deo) (Juc|* + Jucl?)

ceé oe€

= Z ‘U‘(dIC{T‘71)\3‘2+d}CU|uC|2+d£ﬂ|u7C‘2+dL(7‘“l£ ‘2)
o€l

<O Iellucl + 3 lol(deo fux [ + dealucl?).

reM oe€

155/ 137
F. Boyer FV for elliptic problems



PROOF OF THE POINCARE INEQUALITY

IN THE DDFV FRAMEWORK / WITHOUT THE ORTHOGONALITY CONDITION

WE WANT TO SHOW

2
U — U

Z lo|dice (luc]? + |uel®) < Cllu™| 72 + Cz |o|dxc d
KL

oef& oce€

o We first write
Z loldxc(Jux)?® + [ucl*) = Z |o|(dxo + deo)(Jux|? + |uc]?)
ock& ce€

= Z ‘U‘(dIC{T‘71)\3‘2+d}CU|uC|2+d£ﬂ|u7C‘2+dL(7‘“l£ ‘2)
o€l

<O [ellul + 3 lol(deofux | + dealucl?).
reM oe€
e For the blue terms, we notice now that

224 2 f <2
deoluf? < { 2, 0eo el o for fucl < Zucl,
2%dro|us —ux|®, for |ux| > 2luc].
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DDFV CONVERGENCE PROOF

ENERGY ESTIMATES

sup [u”" 1.7, = sup [V 7" 2 < C(2, f).
COMPACTNESS
THEOREM (WEAK-L? COMPACTNESS THEOREM )

There exists u € Hy(Q) such that (up to a subsequence!)

u™ — w in LP(Q),

n—r00

uh — uin L*(Q),

n—o0

VTru T —— Vu in (L*(R))°.

—>00

Observe that ©™" and u™n converge towards the same limit.
PASSING TO THE LIMIT IN THE SCHEME ¢

STRONG CONVERGENCE OF GRADIENTS

We pass to the limit in the formula

2/(A(;L‘)VT”’LLT“,VT"UTn)dSL‘:/f(l‘)um" d$+/ f(x)uimrl dx.
Q Q Q
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