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Abstract

We restate some context elements of the manuscript “Asymptotic analysis of covariance
parameter estimation for Gaussian processes in the misspecified case”. Then, we restate
and prove technical lemmas that are used there.

1 Context elements

Condition 1.1. For all n € N*, the observation points X1, ..., X,, are random and follow inde-
pendently the uniform distribution on [0,n'/?|¢. The three variables Y, (X1,...,X,) and € are
mutually independent.

Condition 1.2. The covariance function Ko is stationary and continuous on R*. There exists

Co < 400 so that fort € RY,
Co

Ko()| < ————.
|0()‘—1+|t|d+1

Condition 1.3. For all 6 € ©, the covariance function Ky is stationary. For all fived t € R?,
Ky(t) is p+ 1 times continuously differentiable with respect to 8. For all iy,...,i, € N so that
i1+ ... +ip <p+1, there exists A, ... i, < 400 so that for allt € R, 0 €O,
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There exists a constant Ciny > 0 so that, for any 0 € ©, 69 > Cliny. Furthermore, 69 is p + 1
times continuously differentiable with respect to 6. For alli,...,1, € N so thati1+...+i, < p+1,
there exists Bi, .., <+00 so that for all 6 € ©,
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In all this supplementary material, it is assumed that Conditions 1.1, 1.2 and 1.3 hold.

Definition 1.4. Consider a fized 0 € ©. Consider two functions of n: na(n) € N* and A(n) >
0, that we write ny and A for simplicity, so that, for any n € N*, ny can be written ng = N,
with Ny € N*, and so that n = nyA. Let, fori=1,...,No—1, ¢; = [((i—1)/N2)n/?, (i/No)n'/4).
Let ¢y, = [((Ng — 1)/No)n/® n'/4). Let, for x € [0,n"/?), i(z) be the unique i € {1,...,No}

*The research leading to this paper was partly carried out when the author was affiliated to the University of
Vienna.



so that x € ¢;. Let, for t = (t1,....,tq)t € [0,nY9¢, C(t) = H?Zl cit;)- Define the non-
stationary covariance function Kg(ti,ty) = Ky(t1,t2)1c)=c(t,)- Define Ry, RM), 3.0, 751,9,
CVy similarly to Ry, Rio, 76, Ui,e, CVp but with Ky replaced by Ky. Furthermore, let us
write the no aforementioned sets of the form H;l:l ci;y for iy, ...,ig € {1,..., No}, as the sets
Cy,...,Cn,. [The specific one-to-one correspondence we use between {1,..., No}® and {1,...,;na}
is of no interest. Note that this one-to-one correspondence depends on n. The sets C1,...,Chp,
also depend of n, but we drop this dependence in the notation for simplicity.|

Let N; be the random number of observation points in C; and let X* be the random N;-tuple
obtained from X by keeping only the observation points that are in C; and by preserving the order
of the indices in X. Let y* be the column vector of size N;, composed by the components y; of
y for which X; is in C; (preserving the order of indexes). Let Ri’g and Ri,o be the covariance
matrices, under (Kg, ) and (Ko, &), of y, given X.

Finally, for 1 <i,j < na, let v; and w; be two N; x 1 and N;j x 1 vectors and M be a N; x N
matriz. Then we use the convention that, when N; = 0, |M¥| = |[|M¥|| = 0, ||v;|| = |v;| = 0 and
viMYw; = 0. Furthermore, if i = j and M*" is invertible when N; > 1, we use the convention
that v (M*)~tw; = 0 when N; = 0. [These conventions enable to write equalities or inequalities
involving matrices and vectors of size N;, Nj or N; x Nj, that hold regardless of whether N; or
N, are zero or not. As can be checked along the proofs involving Definition 1.4, these relations
boil down to trivial relations (e.g. 0 = 0) when N; = 0 or N; = 0. This way of proceeding
considerably simplifies the exposition in these proofs.|

2 Technical results

Lemma 2.1. Consider a fized number n of observation points. Consider a function fo(X,y)
that is p times continuously differentiable w.r.t 0 for any X,y and so that, for ii + ... +1i, < p,

sup (07 061)...(0% | 0027) fo (X, y)|

has finite mean value w.r.t X and y. Then, there exists a constant Csyy (depending only of ©)

so that
B(swlpcrol) <cu X[ E( )cw-

i1+ Fip<p
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Lemma 2.2. There exists a finite constant Cy,y, so that, for any a,b € R?,

/ 1 1 de < C 71
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Lemma 2.3. Let 0 < Ciny < Cayp < 00 be fized independently of n. Let s, be a function
of n so that s, € N* and Cipyn < s, < Cyypn. Consider s,, observation points )_(1,...,)_(Sn,
independent and uniformly distributed on [O,nl/d]d. Let Aq, ..., Ay be k sequences of s, X sp
random matrices so that, for I = 1,...,k, (4;);; depends only on X, and Xj and satisfies
[(Ar)iy] <1/(1+1X; — X;|4TY). Then Ex (|Ar...Ag|?) is bounded w.r.t. n.

Lemma 2.4. The supremum over n, 0 and X of the eigenvalues of R;l, Rié, diag(R;l),
diag(R;})), diag(Ry ')~ and diag(Rié)_l is smaller than a constant Cs,, < +00.

Lemma 2.5. Lemma 2.4 also holds when Ky is replaced by Ky of Definition 1.4.
Lemma 2.6. Lemma 2.4 also holds when Ry is replaced by Rkﬂ of Definition 1.4.

Lemma 2.7. Let k € N. Let Ay g, ..., Ag o be k sequences of symmetric random matrices (func-
tions of X and 0) so that, for any m € N, aq,...,am € {1, ..., k}, supyco Ex |Aa, 0. Aa,, 0| is
bounded (w.r.t n). Let Byyg,...,Brt1,0 be k+ 1 sequences of random symmetric non-negative



matrices (functions of X and 6) so that supy ||B1,sl], ..., Supg || Br+1,0|| are bounded (w.r.t n and

X ). Then

2
supEx |B1,§A1,0B2,6... Bk 0 Ak,0Br+1.0
o

o€

18 bounded w.r.t n.

Lemma 2.8. Consider a fired 8 € ©. With the notation of Definition 1.4, we have, when
ng = o(n),

~ 2
E (‘(RLQ _ Rlﬁ)?‘ ) a0,

Lemma 2.9. Let C(t) be as in Definition 1.4. Define, for T > 0, f(T) = fRd\[fT )4 1/(1+

|t|9t1)dt. Define, for x € [0,n"/?% Da(zx) = inficpa\c(a) |2 — t|. Define Da(z1, ..., 2m) =
min;—1, _m Da(z;). Then, there exists a finite constant Cyp so that, for any n, for any x1,x2 €
[O,nl/d]d,

1 1 1
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Lemma 2.10. Use the notation na, A, C(t), f(T) and Da(x1,22) of Definition 1.4 and Lemma
2.9. Then, when ny = o(n),

1 1
il d deo————f(D —n—too 0.
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Lemma 2.11. Use the notation na, A and Ch,...,Cy, of Definition 1.4. Let, fori=1,...,na,
X ,XJ‘V be the N; components of X that are in C; (so that the order of their indexes in X
is preserved). Then

i) Fori=1,...,ne, N; follows a binomial B(n,1/ng) distribution. For anyi,j =1,...,n2;1 #
J, conditionally to N; = k;, N; follows a binomial B(n — ki, 1/(ng — 1)) distribution.

ii) Conditionally to N; = k;, X2, ..., X,ii are independent and uniformly distributed on Cj;.

iii) For 1 < i # j < na, conditionally to N; = k;, N; = kj, the sets of random wvariables
(X1,..,X},) and (X{,...,X,ij) are independent, and their components are independent
and uniformly distributed on C; and C; respectively.

Consider ny real-valued functions fy, ..., fn, of X that can be written f;(X) = f(N;, X, ...,X}Qi),
and so that, for anyt € R, x1,...,xn € RY, f(N, 21 +t,....any +1) = f(N,z1,...,xn). Then

iv) The variables f1(X), ..., fny(X) have the same distribution. The couples (f;(X), f;(X)),
for 1 <i# j < ngo, have the same distribution.

Lemma 2.12. Use the notation of Lemma 2.11, and consider ny functions fi, ..., fn, that satisfy
the conditions of Lemma 2.11. Assume that there exist fived even natural numbers q,1 and a finite
constant Cyy, (independent of n and X ) so that E (f2(X)|N; = k) < Coup(1 4+ k7 + k9TH/AL).
Then, if A =, 500 +00 and A = O(n'/(24+5)),

Lemma 2.13. Let N follows the binomial distribution B(n,1/ns), with n/ng = A —, 0 +00.
Then, for any k € N, there exists a finite constant Csyyp, independent of n, so that

E (N*) < CyupAF.



Lemma 2.14. Let ny, A and Ci,...,Cy, be as in Definition 1.4. Assume that A is lower-
bounded, as a function of n. Then, there exists a finite constant Cyyy so that for any n, 1 €

{1, ...,712},

n2

Z 1 d 1 S Csup~
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Lemma 2.15. Let A be a real mq1 X mo matriz and b be a mo-dimensional real column vector.
Then

401 < mams (e 4, ) [

3 Proof of the technical results

Proof of Lemma 2.1. We use a version of the Sobolev embedding theorem on the space O,
equipped with the Lebesgue measure (Theorem 4.12, Part I, Case A in Adams and Fournier
(2003)). This result implies that, for any fixed X, y, there exists a constant Cy,, (depending
only of ©) so that

611 ip

X < Cou
sup 10X, )] < Couy o | 961, 903,

fo(X,y)|db.
i1t +ip<p
By applying the mean value w.r.t X and y to this last inequality, and by using Fubini theorem,

we prove the lemma.
O

Proof of Lemma 2.2. Let D, = {c € R%]a—c| < |b—¢|} and Dy = {c € R%|b—¢| < |a — c|}.
Note that, for ¢ € Dy, |b —¢| > |a — b|/2 and that, for ¢ € Dy, |a — ¢| > |a — b|/2. Then,

/ 1 1 de < / 1 1 d
C C
ga 1+ Ja — |1 1+ |b— c|d+! = Jp, 1+|a— ¢! - (\a—b|>d+1
3
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C
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The proof of Lemma 2.3 uses the two following lemmas.
Lemma 3.1. There exists a finite constant Cgyp so that, for any a,b,c € R,

1 1 -0 1
L+]a—cl™ 1+ ]b—cldtl = 751 4 |q — b|d+1"

Proof of Lemma 3.1. We have either |a — ¢| > |a — b|/2 or |b—¢| > |a — b|/2. The two cases are
symmetric. Assume for example |a — ¢| > |a — b|/2. Then,
1 1 B 1 < it 1 |
1+ ]a—cl@ 1+ [b—cdtt = s (|a— |>d+1 = 1+ |a— bldHT
2

Lemma 3.2. There exists a finite constant Cs,, so that, for any a,b,c € R,

1 ? 1 1 1 1
dt < Ciup .
ga \1+|a—t[T+1 ) 14 |b—t[d+1 1+ |c — t[dH+? 1+ a—bl9t1 1+ |a—¢|dt!



Proof of Lemma 3.2.

/ 1 2 1 1 0
pa \1+|a—t|&1 ) 1T4]b—t[d+1 1+ |c— ¢|d+1

<c / 1 1 1 J
= Usup iy 1+|a—t|d+1 1+|a—b|d+1 1—|—|C—t|d+1

1 1
<C.. Lemma 2.2).
= 14 la— b 1+ |a — ¢|dH! (Lemma 2.2)

t (Lemma 3.1)

O

Proof of Lemma 2.8. We can consider without loss of generality that the matrices Ay, ..., Ag
have non-negative coefficients, since this only increases the quantity Ex (|A1...Ak|2) to upper
bound. Then, note that it is enough to prove the lemma for s,, = n. Indeed, note first that for
Sn # n, it is sufficient to prove the lemma under the following condition (since n/s, is lower

and upper bounded).
1

NS
Xi=X;)
1+ ((n/sn)l/d)

(Ar)i; <

(1)

Now, if s,, # n observation points are independent and uniformly distributed on [0, n'/ 414 and
the condition on the matrices is (1), then the value of Ex (| A;...Ax|?) can be seen as an element
of the sequence of the same expression, but with n independent points uniformly distributed on
[0, n'/ 4)4and where the matrices satisfy the condition given in the lemma. This latter sequence
is bounded, so also the set of all the values of Ex (] A;...Ax|?), for all the values of s,,, is bounded.

We can hence consider s,, = n in the proof of the lemma and write, for simplicity, X7, ..., X,

as the n standard observation points Xy, ..., X,,. Let us first show the lemma for k£ = 1.

1 < 1
2
Ex(lA1]") < Ex n Z 1_|_|X._Xj|d+1
i.j=1 ’
1 1 1
< Ypin2l d / P —
- n (77, " n? [0,n1/d]d o [0,n1/d]d 1214— |.%‘1 —-’L‘2|d+1>
1 1
< - + d drg————
-n (n /[O’nl/d]d o /Rd x21 + |$2|d+1>
< Csup~

The proof of the lemma for k£ = 2 is similar to but simpler than the proof for k£ > 3, that we
now do. Thus, for the rest of the proof, we consider £ > 3. We have

Ex (|41...Ax]?)
- 2
1 n n
= ~Ex DD (A (Ao Ak)ay
i,7=1 La1=1
1 n [ n 2
= Ex Dol D (A (A2)ar6n (A3 A)as 5
’i,j:l _al,azzl
1 n [ n 2
= EEX Z Z (Al)i,al (A2)(l1,a2"'(Ak)ak—17j
i,j:l _al,ag,...,ak,lzl

n

1 n n
ﬁEX Z Z Z (Al)i-,al (A2)a17a2"'(Ak)ak—l,j(Al)i,bl (AQ)b17b2"'(Ak')bk—1yj'

1,j=1a1,az,...,a—1=1b1,ba,....b5_1=1
(2)



Define

n

Sjaak—vak—Q = Z (Akfl)ak—2,ak—1(Ak)ak—l,j(Akfl)bk—'z,bk—l(Ak)bk—lyj' (3)

ap—1,b—1=1
Then we have

Ex (JA1...Ax?) =

1 n n n
SEx Y ) >
i,j=1a1,a2,...,ax—2=1b1,ba,....bp_2=1
(Al)i,al (AQ)al,az "'(Ak72)ak—3yak72 (Al)i,bl (AQ)b17b2 "'(Ak*2)bk—37bk72 Sj;ak—27bk—2 :
We write X j a1, .an_s.b1,...bx_» aS a shorthand for the (2k — 2)-tuple of random variables
(Xiy X, Xayy s Xag_ 0 Xy ooy Xy o)

We now show that, to prove the lemma by induction on k, it is sufficient to show that there
exists a finite constant Cj,, so that, for any values of the indexes ¢,7j,a1,...,ax—2,b1,...,br_2,
and for any realization of the corresponding variable X; j o, ay 2.b1,....b6_2>

1 1
E ( |S]}ak72,bk72‘| Xi7j7a17---7ak727b1,-~~7bk~72) < Csupl + |X — X‘|d+1 1+ |Xb — X‘|d+1 . (4)
ag—2 J k—2 J

Indeed, we have

Ex (|A1...Ax|?)

1 n n n
=Ex Y. ) >

" i,j=1a1,a2,...,ar_2=1by,ba,...,.bp_2=1

(Al)i,al (A2)a1,ll2 "'(Ak*Z)akfenakfz (Al)i7b1 (AZ)bLbz "'(Akfz)bk—B,bk—2Sj7ak—2;bk—2

Lo n n
=22 X >
" 21 ar,azsean—a=1b1basbe_a=1
EX:uronainn ey [(ADiar (A2)ay an-+(Ak—2) as_s.ai_» (A1) 10y (A2)by by (Ak—2) by 504
E (Sjar_abrsz| Xisjar,san_oibrsbr_z) -

With the consideration that A, ..., A; have non-negative coefficients we have, under (4),

Ex (|A1...Ax|?)

1 & n n
< Csup—
cely oy oy
i,7=1a1,a2,...,ax—2=1b1,ba,..., br_2=1
EXi,,j,al,...,akiz‘bl ..... bl _o [(Al)i,al (Az)al-,a2"'(Ak_2)ak—37ak—2(Al)iybl (A2)b17b2~~~(Ak—2)bk,3,bk,2]
1 1
= X1+ | Xy, — XG4T

1 + |Xak—2
By defining A;_; by (/ik_l)c,d =1/(1+|X. — X4/4*1), we obtain
Ex (|A1...Ak|2)
Csup n n n
SPEX > ) >
i,j:]. al,ag,...,ak,2:1 bl,b2,4..7bk72:1
(Al)i,al (A2>a1,ll2"'(Ak—1)ak—2>j(A1)i,bl (A2)b1,b2"'(Ak—l)bkfz,j'
= CoupEx (|A1A2...Ak,1|2) from (2).

<



Thus, if (4) holds, we can prove the lemma by induction on k. Let us now prove (4). This is
done by writing

Sj7ak—27bk—2
n

= Z (Akfl)ak—’z,ak—l(Ak)ak—l’j(Akfl)bk—2’bk—1(Ak)bk—l,j

ak—1,bk—1=1

4
=3 > (A Dar s (A (A )by o by (AR)b_ s

c=1(ag_1,bp—1)€l.

where the sets of indices Iy, ..., I; are defined below and form a partition of {1,...,n}%. It is
then sufficient to show that for ¢ = 1,...,4, there exists a finite constant Cy,, so that for any
(a,b) € I,

ILIE 1 1 1 1

T+ [ Xy = Kol L4 [ X — XG4 [ X, — X1+ X — X |1

Xi,j,al,...,ak2,b1,.4.,bk2} (5)

<C L L
! + |Xak—2 - Xj|d+1 1+ ‘ka—z - Xj‘d+1 .

We define the set I; as the set of the a,b € {1,...,n} that are different, and that do not
belong to the set {i,j, a1, ..., ar_2,b1,...,bk_2}. For I, the cardinality in (5) is less than n? and
the conditional mean values in (5) are equal to

1 / 1 1 d
_ Tq
n? [0,n1/d]d 1+ ‘Xak—Q - xald-H 1+ |.Z'a - Xj|d+1

1 1
day |,
</[0,n1/d]d 1+ |ka—2 - xb‘dJrl 1+ |xb - Xj‘dJrl xb)

so that (5) holds because of Lemma 2.2. We define the set Iy as the set of the a,b € {1,...,n}
that are equal, and that do not belong to the set {i,j,a1,...,ax_2,b1,...,bp_2}. For I, the
cardinality in (5) is less than n and the conditional mean values in (5) are equal to

1 / 1 1 1 1 d
— La,
n J{o,nt/d]d 1+ |Xak—2 - ma|d+1 1+ |xa - Xj|d+1 1+ |ka—2 - $a|d+1 I+ |xa - Xj|d+1

so that (5) holds because of Lemma 3.2. We define the set I3 as the set of the a,b € {1,...,n}
that are so that one of them is in the set {4, j,a1,...,a5—2,b1,...,bp—2} and the other one is not
in the set {7, 7, a1, ...,ax—2,b1, ..., bpy—2}. For I3, the cardinality in (5) is less than Cs,,n. For the
conditional mean values in (5), by symmetry, we can assume a € {i,j,ay,...,ag—2,b1,...,bp—_2}.
Then, the conditional mean values in (5) are equal to

1 1 1 1 1
— dx
n /[o,nl/d]d 1+ [Xap o — Xal 1+ [Xg — X[ T 14X, , — 2p|TF 0 T+ [y — X[

1 1 1 1
< Coup— dx Lemma 3.1
- pn 1+ |Xvak_2 — Xj|d+1 /[O’nl/d]d 1+ |ka_2 — $b|d+1 1+ |£L’b — Xj|d+1 b ( )
1 1 1
< Coup— Lemma 2.2).
= o T X, — G 14 (X, - X0 ’

Finally, we define the set I as the set of the a,b € {1,...,n} that both belong to the
set {i,7,a1,...,ap—2,b1,....,bp_2}. For I, the cardinality in (5) is bounded (w.r.t n) and the
conditional mean values in (5) are equal to

1 1 1 1
X T X — X 4 [, — G T X, — X

141X,

ag_2



so that (5) holds because of Lemma 3.1. Thus, (4) is proved, which completes the proof of the
lemma.

O

Proof of Lemma 2.4. We show the lemma for R;l, diag(Rgl) and diag(R;l)*l, the proof for
Ry}, diag(R; ) and diag(R; ;)~! being similar. The matrix Ry is the sum of a symmetric
noﬁ—negative matrix and of 5éIn. Thus, the eigenvalues of its inverse are smaller than 1/Cj, ¢
from Condition 1.3. Then, from Lemma D.6 in Bachoc (2014), the eigenvalues of diag(R;,")
are also smaller than 1/Cj,s. Finally, from Proposition 0.1 in the supplementary material of
Bachoc (2013), (diag(Rg_l)fl)i,i = Kp(0) + 69 — T§79R1_,é7"170 < Csup, from Condition 1.3.

O
Proof of Lemma 2.5. Same as for Lemma 2.4. O
Proof of Lemma 2.6. Same as for Lemma 2.4. O

Proof of Lemma 2.7. We have, for any 6 € O,
Ex |B1,9A1.0B2g...BroAroBii1.o]> < CoupBx |A1.0Bag... Br.o Akl
1
= CyypEx ETT (A1,9B2,9...Br 0 Ak,9 Ak 0Bg...B2,g A1)

1
= CsupEX ETT (Ai@Bg}g...Bk,gAi’eBk)g...Bgy(g)

2 2
(Cauchy Schwarz:) < \/EX ‘A%,QBZ@-"Bkﬁ’ \/EX ‘Ai’eBk}g...BQﬁ‘

2 2
< csup\/]]«:x ‘AieBgﬂ...Ak_l,g‘ \/IEX ‘AiﬁBkﬂ...Aw‘
(6)

Both of the square roots in (6) are applied to a term of the form
2
Ex | B gA1 9B3,g--Bi—1,94%—1,0Bko| -

where the sequences of random matrices Bi,ea Allﬂ’ Béﬂ, e By 1 90 AL 106 B,’w satisfy the con-
ditions of the lemma. Thus, we have shown that we can reduce the problem involving k matrices
A1, ..., Ag,g to a similar problem involving £ — 1 matrices A; g, ..., Ax—1,9. On the other hand,
the result is true by assumption for £ = 1. Thus, we have proved the lemma by induction on k.

O

Proof of Lemma 2.8. Let us write F;; and C;; as shorthands for 1/(1 + |X; — X;|9*!) and
lo(x)#o(x,)- Let us also write iy # iz # ... # i when k numbers iy, ..., i are two-by-two
distinct. Then we have, from Condition 1.3,



N
||
o

ik,
1 n
< Coup Y E(CikCr;jCiaCriFipFi FiiFi )

n

1
_ 2 2 2 2
—Csupﬁz Y E(CHCRFLE)
i,j=2 k=2,...,n
kg{i,j}

1 n

+ Coup— ) ) E (CikCr,jCiaCr i Fs 1 Fy j Fiy Fj) -

ni’j:2 ki=2,...,n
k#Lik,1Z{i,5}

Hence, by distinguishing ¢ = j from i # j in each of the two double sums in the above display,
and by noting that two of the four corresponding cases are symmetric, we obtain

_ 2 1 1
E (‘(Rw _Rlﬁ)z‘ ) < Csupg Z E(Ci,kFi,k)“l‘CsupE Z E (C;,xCr ; Fi 1 Fr,j)

1
+ Cs’u.pﬁ y k; ) E (C; xCr ;Ci1C1 j F; k Fr ; Fi 1 Fl )

i£iARAL

1 1
< CsupEHQE (C12F12) + Csupgng]E (C1,3C32F1 3F59)

1
+ CsupgnﬁE (C1,3C32C1 4Cy2F1 3F39F) 4 Fy2) (by symmetry).

(7)
Let us call Ty, T, and T3 the three terms in (7). For the term 77,
o= L / d / P S
= — Xr X xT x
! n [0,n1/d]d ! [0,n1/d]d 21 + |:L‘1 - 1‘2|d+1 C(@1)#0(@2)

1

< - / dz1f(Da(z1)) (notation of Lemma 2.9).
n J{o,nt/d]d

Now, for any e > 0, there is a finite T so that f(T) < ¢, and by defining F,, = {z €
(0,19 DA (x) < T}, we have |E,| = o(n), as can be seen easily, and

2 A Patn < 50T

n
to that T —,, .0 0. For the term T5,

15

1 / d / d / d 1 1 1 1
" Jio,n1/d)d ! [0,n1/d]d 2 [0,n1/d]d 3 1+ |$1 - .Z'3|d+1 1+ ‘1‘2 — $3‘d+1 Ole1)#0(@s) ZC(w2)#C(ws)

1 1
— d deo—— = f(D L 2.9
/[Oml/d]d 1 /[O’nl/d]d T27 ¥ 1 — 2o f(Da(z1,22))  (Lemma 2.9)

IN

n

—nooo 0 (Lemma 2.10.)



For the term T3,
T3 =

1
/ dil?l/ dl‘g/ dl‘g/ dLL'4
n [0,n1/d]d [0,n1/d]d [0,n1/d]d [0,n1/d]d

1 1 1 1
1+ |JJ1 _ .’L'3|d+1 1+ ‘372 _ (L‘3‘d+1 1+ |{L‘1 _ $4|d+1 1+ |JJ2 _ .’L'4|d+1

Lo (a)#0(@s) Lo(@2) #C0(2s) 1O (21)#C0(@a) LO(22) £C (24)

2
1 1
< Clyup— d dre [ ———————— ) f(Da(z1, from L 2.9.
- "n /[O,nl/d]d o /[O,nl/d]d 2 (1 + |21 — I2|d+1> F(Daton,@)) - (from Lemma )

Now, because f(t) —+—+00 0, is continuous and positive, there exists a finite Cy,p so that
J? < Csypf. Thus, we can conclude from Lemma 2.10.

O

Proof of Lemma 2.9. Let T = Da(z1,72). Let By, = {z € R |z — 21| < T}, By, = {7 €
Re |z —xo| < T}, Ay, = {x € RY |z — 21| < |z — 22|} and A, = {z € R |z — 20| < |2 — 21}
Observe that C(x) # C(x1) implies © ¢ By, , that x € Ay, implies | — x3] > |21 — 22]/2 and
that we have the symmetric results when interchanging the roles of x; and x5. Then, we obtain

1 1
/Rd T+ 2 — 2| 1+ o — gt Lo(@)#0(1) Lo(2) #0(xz) 42

<L/ ! ! d +]/ ! ! d
X i
Aw1\Bw1 1 + |J) - xl‘d-i—l 1 —+ (leng‘)d+1 AmQ\Bl'z 1 + (4‘11712‘>d+1 1 + Ix - x2|d+1

2
1

< 2d+1
>~ 1+|x1—$2|d+1

2f(T).
O

Proof of Lemma 2.10. Let € > 0 and let T' be a constant so that f(T) <e. Let E,(T) = {x €
[0,n1/9]%; DA (x) < T}. Then,

! ! LGy g
- dx dog——— f(Da(z1,2 < 0 dt
o o /[] o (Palna) < 0 [

Also,

1 1
dx / drg—————f(Da(x1, 2
. /[O,nl/d]d\En(T) U o 82T gt /(D (on2)
1/ 1
<= dzl/ drg——————7f(0)
N J[0,n1/d)d\ E,, (T) En(T) 14|z — I2|d+1
1 1
-1-—/ dxl/ drg————————¢€
N J[0,n1/4])d\ B, (T) [0,n1/d]d\ E,, (T 1+ |{E1 — x2|d+1
(by definition of Da(z1,2z2) and E,(.))

| En(T)] 1 1 -
S Tf(o) - Wdt + € e Wdt (by Fublnl theorem)

1 1
—o(1)f(0) | ————at — i
oS )/Rd 1 [f]a+T +6/Rd 1+ [ear1

which finishes the proof. O
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Proof of Lemma 2.11. Because X1, ..., X, are independent and uniformly distributed on [0, n'/4]?,

and because % = ni, the first part of i) holds. For the second part of i), we calculate, for
i # 7,

po -y (w)() () @) ()
o ()@

-k 1 by — 2\ kil
B lj Nno — 1 no — 1 ’
which proves the second part.

For ii), consider i and a measurable function g(X{, ..., X}, ). Let, for a subset C of {1 }
X¢ be the tuple built by extracting the elements of X which indexes are in C. Also, for E C R?

and for a r-tuple v = (vy,...,v,) € (RY)", we write v € E when all the components vy, ..., v, are
in E. Then we have

E (g(X{, ..., XN )1ni=k,)
P(N; = k;)

E (Zk1<--.<kki€{1 ..... n} g(XkI""ﬂkai)lx{kl

1
= E/k, g(x1, ey g, )day . dxy, .
cri

This proves ii). For iii),

consider ¢ # j and two measurable functions g(X{,..., X}, ) and
h(X{,...,vaj). Then,

E (g(Xia aX}Vl)h(va "'7X]<Ij)1Ni:k1i ]‘Nj:li)
P(Nl = k’i;Nj = l])

=) by

ki<...<kg,€{1,...,n} Li<..<ly e{1,...,ni\{k1,....kk, }

}EC 1X{11 ,,,,, lj}ecleu ..... n}\{kl,,..,kki,ll,,.,,llj}G[O’nl/d]d\(ciucj))

(+) (”z/“‘) (%) (&) (=)™

1 1
= E/C’w g(:cl,...,xki)dxl...dxkim/Clj h(zy, ...,z )dzy...dxy; .
i J

This proves iii). Now, iv) is a consequence of i), i7) and ii).

The proof of Lemma 2.12 uses the following lemma.

Lemma 3.3. Consider two functions of n: 7(n) and a(n), that we write 7 and a for simplicity
and so that T —rp_soe 0, NT — 00 +00 and @ —p_soe +00. Let N follow the binomial distri-
bution B(n,T). Then, for any k € N, there exists a finite constant Csyyp, independent of n, so
that,
(nT)F-1

E (Nk]-NZanT) < CS“P a2

11



Proof of Lemma 3.3. For k = 0, we have, using Chebyshev’s inequality,

nr(l—r7) < 2

> <
P(N >ant) < (a—1D2(nr)? = @nr’

for n large enough. Thus, the lemma holds for kK = 0. Now, for k£ > 0, using the convention, for
teR, D)= Dict nine()s

n

. ny\ n—i
B ) = Y ()0
n—1 n 1
- 1 k - i 1 _ n—l—i_
nT Z (i+1) ( ; >T (1-7)

i=ant—1

We have (i + 1)¥ < 2i* for i large enough. Thus, with N following a B(n — 1,7) distribution,
we have -
E (N 1z anr) < n72E (N1 surt 0y, ) -
= Zn—Dr

Finally, the sequences n’ = (n — 1), 7/ = 7 and o’ = (anT — 1)/((n — 1)7) satisfy the
conditions of the lemma. Furthermore, a’ > a/2 for n large enough. Thus, we prove the lemma

by induction on k.
O

Proof of Lemma 2.12. Because of Lemma 2.11, it is enough to show that var(f1(X)) = o(ns)

and cov(f1(X), f2(X)) = o(1).
We have,

%Qvar(fl(X)) nizlE [E(fF(X)|N)]

IN

+1
< OsuanIE<1+Nq N;)
< CsupniAq (Lemma 2.13)
ot
= sup

which goes to 0 by assumption on A. Now, using Lemma 2.11

cov(f1(X), f2(X))
=E(f1(X)f2(X)) — E(f1(X))E(f2(X))

= 2. D BUACOING = k)B(f2(X)|N2 = k) {P(Ny = k1, Nz = kz) = P(Ny = k) P(N2 = k2)}
k1=0k2=0
Now,
ket a k,q%l
BUCOIN: = )| < BEZOING = ki) < Cupy| (14K + 755 | < Cup [ 1 1F +75
Hence,
Cov(fl(X>7f2(X)) (8)

a+l a+l

n q k.2 n q k.2
< L ki + = | P(Ny =k1) ¢ Y |14k + =2 | [P(N2 = k| Ny = k1) — P(Np = k)|
k1=0 A§ ko=0 A§

12



Let

q+l
n ¢ kT
Dy = 30 (ks + 20 | IP(N2 = kol Ny = ) = P(Nz = k)
ko=0
atl a+l
a Nz N =2
. N% . N
S ]ENNB(W,%) (1+N2 + A% >+]ENNB(71,,7121_1) <1+N2 + Aé

NS

S CsupA% + Csup ( z ) + Csup <nn

TLQ—]. 2—1
< CapA?t.

) ll (Lemma 2.13)
Az

Consider a fixed » > 0, to be specified later as a function of ¢. Then, by writing, as a

convention for t € R, >7)°_ () for 35, .~,(.), we have

= e qu%l q g NqTH
S |14k + = | P(Ni=k1)Dy, < CapA?Enopin, 1y | Inzar [N? + —
ki=A Az " Az

(Lemma 3.3): < C’supA2<

AL 1 A
A2(r—1) + A% A2(r—1)

= k)|

k2 + AT | POV2 = kel Ny = k)

m

m‘+

S CsupAq—2r+1-
We also have
a+l
n ¢ kQT
sup Y [ 1+kf + 2 | [P(Ny = ko Ny = k) — P(N,
ki<AT TR Az
n . k%l
< > [14E 4+ 21| P(Ny=ky) + sup 1+
o AT Az ki <AT
-
< CsupA%_2T+1 + sup ]ENNB(nfkl, 1 1N>A7 ( +N %

k1 <AT

m‘+

w\*\‘

< Csup AE—2r+l +EnoBm,2 ) |}-N>AJ (1 + N2 +

o)

a 2A 51
< OgypA2 ™21 4 Csup% (from Lemma 3.3)
2

S CSMPA%—QT-i-l .

Hence, by writing, as a convention for t € R, ZZ:O(.) for Ek:o,...,n;kgt(')’ we have

AT a+tl n q+tl
ky? 4 ky?
> 14k + P(Ny=k){ > | 1+k:+ 2
k1=0 A% ka=A Az
A" kq+l
< CyupAT 211 1+k:2 P(N, =k
D klzo A% ( 1 1)

< OsupA%72T+1 (A%) (from Lemma 2.13).
_ CsupAq—2r+1

13
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m\~

|P(Ny = ko| Ny = k1) —

(from proof of (9))

P(Ny = k1)

(10)



Hence (8), (9) and (10) we have

cov(f1(X), f2(X)) (11)
gcsupz Z 1+k2 + A, 1+k§+ﬁ |P(Ny = ki, Ny = ky) — P(Ny = k1)P(Ny = ky)|
k1=0 ka=0 2

+ CsupAq_2r+1-

Let le,kz = P(N2 = k2|N1 = kl)/P(NQ = /{2)
Then, we obtain from Lemma 2.11,

Ak ko

ka
(k)=o) [ L nkl b2
N n!(n—k‘l—k‘g). 7712 n2—1
. (n—kg)(n—kg—1)...(n—k2—k1+1) N9 n—ki—ks No n—ks
B nn—1)....n—k +1) ng — 1 n2—1 ng — 1
ks ks ks 1 \"™ 1\ 1 \"*
(1—n)(1—n_1)---(1—n_k1+1)(l+n2_1) () (e
ko —ky 2\ k2
SO0 (o) () T eas) RS
n n—1 n—=k +1 ng — 1 ng — 1 ng — 1

We now impose on r the condition A™ = o(n). Then since n,ny — +00, we have for n large
enough and kq, ke < A",

AT\A 2\" 2\2 2\ &
(12) (1) 1qu17k21§(1+> (1) —1.
n n3 n2 n2

Let us add the condition on 7 that A%"/n and A”/ny go to 0 as n — co. Note also that the
condition A = O(n'/(24+5)) implies n/n? go to 0 as n — oo. Then one sees, by first using
first-order Taylor expansions of the logarithms of the two products in the above display and
then applying the exponential function, that there is a finite constant Cl,,, independent of n,
so that

|Qk1,k2 1‘ < Csup ( n + -3 + — (12)

Hence, from (11) and (12), we have

cov(f1(X), f2(X))

AT AT a+l q+l
ky? ky? A?T n AT
< Cyu 1 k2 1 k2 P(N1 =k1)P(Ny =k — 4+ —
pE E + AL =+ A% (N1 1)P(Ny 2)<n +n§+n2>

k1=0 k=0
+ Cop AT,

g 2 2r r
< Coup (14 41) A AT L0, AT (Lemma 2.13)
n ’I’L2 Uup)

Aq+2r Ad ArJrq
gcsup< - +nn§ +— +A‘12’“+1). (13)

Now, by choosing = 2 + 2 and by using the conditions A — 400, and A = O(n(1/(2a+5)))
which implies, with a constant Cj,; > 0, ng > Cyp, pn(29749/(24+5) " we check that the four terms

of (13) converge to 0, and that the different conditions on r that we had imposed hold.
O
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Proof of Lemma 2.13. The lemma is true for kK = 0 and k = 1. Let By, ..., B, follow indepen-
dently the Bernoulli (=) distribution. Then, for k > 2

2

k-1

n k n
E Z B; =nE | B; Z B; (symmetry)
i=1 j=1
k-1
n
=—E| |1 ;
n2 * Z B;
j=2
k—1
<AP'E |1+ [ B
j=2
1 k-1
<2 A+ 2"AR | | DB
=1
This proves the lemma by induction on k. O
Proof of Lemma 2.14. Similar to the proof of Lemma D.1 in Bachoc (2014). O

Proof of Lemma 2.15. Each of the square component of Ab is the square of an inner product to
which we can apply Cauchy-Schwarz inequality. Bounding the square of the Euclidean norms
of the lines of A by mymax; ;j A7 ; then gives the lemma.

O
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