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Introduction

With deep learning, we shall understand neural networks with many hidden layers. Deep learning
methods are currently very popular for some tasks, for instance the following ones.

e regression: predicting y € R.
e classification: predicting y € {0,1} or y € {0,..., K}.
e generative modeling: generating vectors z € R? following an unknown target distribution.

Typical applications are:



e For regression: any type of input € R? and of corresponding output y € R to predict. For
instance, y can be the delay of a flight and x can gather characteristics of this flight, such as the
day, position of the airport and duration.

e For classification: 2 € R? can be an image (vector of color levels for each pixels) and y can
give the type of image, for instance cat/dog, or value of a digit.

e For generative modeling: generating images (e.g. faces) or musical pieces.

Goals of the lecture notes. The goal is to study some theoretical aspects of deep learning, and
in some cases of machine learning more broadly. There are many recent contributions and only a few
of them will be covered.

1 Generalities on regression, classification and neural networks

1.1 Regression

We consider a law £ on [0,1]¢ x R. We aim at finding a function f : [0,1]¢ — R such that, for
(X,Y)~ L,

E((f(X)-Y))
is small.
The optimal function f is then the conditional expectation, as shown in the following proposition.

Proposition 1 Let f*: [0,1]? — R be defined by
[ () =E(Y[X =),
for x € [0,1]%. Then, for any f:[0,1]¢ — R,
E((f(X) = Y)?) =E ((/*(X) = ¥)*) + E ((/(X) - F(X))*).

From the previous proposition, f* minimizes the mean square error among all possible functions,
and the closer a function f is to f*, the more it leads to a small mean square error.
Proof of Proposition 1 Let us use the law of total expectation.

E((/(xX)-v)) =E(E((£(X) - YP|X)).
Conditionally to X, we can use the equation
E ((z — a(X))>? \X) = Var(Z|X) + (B(Z|X) — a(X))?

for a random variable Z and a function a(X) (bias-variance decomposition). This gives

E ((f(X) = Y)?) =E ((B(Y]X) - £(X))* + Var(Y]X))
—E ((/*(X) = (X))?) +E (Var(Y|X))
-2 (10 - 1007) +2 & (1Y - 207 )
(law of total expectation :) =E ((f*(X) F(X)) 2) (Y EY|X))>
—E ((f(X) = F(X0))) +E((V = (X))

O

We now consider a data set of the form (Xi,Y1),...,(X,,Ys), independent and of law £. We

consider a function learned by empirical risk minimization. We let F be a set of functions from [0, 1]
to R. We consider

fn € argmin— Z Yi)2.

n
feFr i1

The next proposition enables to bound the mean square error of fn



Proposition 2 Let (X,Y) ~ L, independently from (X1,Y1),...,(Xn,Yn). Then we have
. 2
B ((4.00-v)") -2 (@) - 7?)

Z (f(X3) - Y3)?

i=1

E((f(X)-Y)") -

< 2E | su
- ( P feF

fer

) + inf E ((£(X) = /(X))°).

Remarks
e In the term )
the expectation is taken with respect to both (X1, Y1),...,(X,,Y,) and (X,Y).
e We bound )
B ((4.00-v)") -2 (@) - 7?)
which is always non-negative and is called the excess of risk.

e The first component of the bound is

2E | sup
feFr

which is called the generalization error. The larger the set F is, the larger this error is, because
the supremum is taken over a larger set.

E((7(0) = V)?) = - 30 (7(x) — Yi)?

i=1

e The second component of the bound is

inf E ((£(X) - /*(X))?)

feFr

which is called the approximation error. The smaller F is the larger this error is, because the
infimum is taken over less functions.

e Hence, we see that F should be not too small and not too large, which can be interpreted as a
bias-variance trade off.

Proof of Proposition 2

We let, for f € F,

and

We let, for € > 0, f. be such that

Then we have

2

E (( L (X) —Y)2>

(law of total expectation:) =E < < (fn(X) - Y)

X17Y17"' 7XTL’YTL>)

=E (R(fn)) )



since (X,Y) is independent from Xi,Yy,...,X,,Y, and in R(fn), the function f, is fixed, as the
expectation is taken only with respect to X and Y. Then we have

E (R(fa)) = R(F) =E (R(fa) = Bul(fa)) + E (Balfa) = Balf0)) + E (Balfe) = R(£)
+ (R0 - e r)) + (e R0 - RUY)
<E <sup IR(f) - Rn(f)|> +0+E (sup IR(f) - Rn(f)\>
feF feF

+e+ Int (R(F) = R(fY)

(Proposition 1:) =2E (?gg’R(f) — Rn(f)]> +e+ J}Iel;E ((f(X) — f*(X))Q) .

Since this inequality holds for any € > 0, we also obtain the inequality with ¢ = 0 which concludes the
proof. O

1.2 Classification

The general principle is quite similar to regression. We consider a law £ on [0,1]¢ x {0,1}. We are
looking for a function f : [0,1] — {0,1} (a classifier) such that with (X,Y) ~ L,

P(f(X) £Y)
is small. The next proposition provides the optimal function f for this.
Proposition 3 Let p* : [0,1]? — [0, 1] defined by

p(x)=P(Y =1|X =x)

for x € [0,1]¢. We let
T (@) = 1pe (0>

for x € [0,1]%. Then, for any f :[0,1]¢ — {0, 1},

=

P(f(X)#Y) =P(T*(X) #Y) +E (Lr(x)zpx) 11 = 20" (X)]) -

Hence, we see that a prediction error (that is, predicting f(X) with f(X) # T*(X)) is more
harmful when
11— 2p*(X)|

is large. This is well interpreted, because when
1—2p"(X)| =0,

we have p*(X) = 1/2, thus P(Y = 1|X) = 1/2. In this case, P(f(X) # Y|X) = 1/2, regardless of the
value of f(X).
Proof of Proposition 3 Using the law of total expectation, we have

P(f(X)#Y)=P(I*(X)#Y) =E (E (1;x)2v — 1o+ (x)2v| X))
=E(E(e(X,Y)]| X)).
Conditionally to X we have the following.
o If T*(X) =1, then
— if f(X) =1, then e(X,Y) =0,



— if f(X) =0, then
X,Y) =1 with probability P(Y = 1|X) = p*(X),
X,Y) = —1 with probability P(Y = 0|X) =1 — p*(X)

* e

* €

and thus
E(e(X,Y)| X) = Lyx)2r+(x) (0" (X) — (1 = p*(X))) = Lyx)27+(x) 11 = 2p"(X)].

o If T%(X) =0, then

— if f(X) =0, then e(X,Y) =0,
— if f(X) =1, then

* e(X,Y) =1 with probability P(Y = 0|X) =1 — p*(X),
* e(X,Y) = —1 with probability P(Y = 1|X) = p*(X)
and thus

E (e(X, V)| X) = 1s0x)2m+(x) (1= pH(X) = p"(X)) = 1p00)21(x) [1 = 2p7(X)].
Hence, eventually

P(f(X)#Y) =P(T*(X) #Y) = E (Ir(x)zsx) 11 = 20" (X)]) -

U
We now consider a data set of the form (X1,Y1),...,(Xn,Yn) independent and of law £. We

consider a function that is learned by empirical risk minimization. We consider a set F of functions
from [0, 1]¢ to {0,1} and

R 1 &
fn € argmin— 1y, 2rix))-
s angnin 1y

The next proposition enables to bound the probability of error of fn

Proposition 4 Let (X,Y) ~ L, independently from (X1,Y1),...,(Xn,Yn). Then we have

)

P (fu(X) #£Y) = P(T*(X) £Y)

<2E | sup
fer

P(f(X)#Y)— %Zlf(Xi);éYi
i—1

inf E (1 1—25(X)).
+ b B (17700 [1 = 2p"(X)1)

The proof and the interpretation are the same as for regression.

1.3 Neural networks

Neural networks define a set of functions from [0, 1]¢ to R.
Feed-forward neural networks with one hidden layer This is the simplest example. These
networks are represented as in Figure 1.
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Figure 1: Representation of a feed-forward neural network with one hidden layer.

In Figure 1, the interpretation is the following.
e The arrows mean

— that there is a multiplication by a scalar

— or that a function from R to R is applied and (possibly) a scalar is added.
e The function o : R — R is called the activation function.
e A circle (a neuron) sums all the values that are pointed to it by the arrows.
e The column with wy,...,wy is called the hidden layer.

The function corresponding to Figure 1 is

N
z € [0,1) = > vio ((wi,z) +b)
=1

6



with (-,-) the standard inner product on R%.
The neural network function is parametrized by

e 0:R — R, the activation function,

e v,...,un € R, the output weights,

o wy,...,wy € R, the weights (of the neurons of the hidden layer),
® by,...,by € R, the biases.

Examples of activation functions are, for ¢t € R,

e linear o(t) =t,

e threshold o(t) = 1;>0,

o sigmoid o(t) = e'/(1 + €t),

o ReLU o(t) = max(0,1).

For instance, when d = 1, the network of Figure 2 encodes the absolute value function with o the
ReLU function.

Figure 2: Representation of the absolute value function as a neural network.

Feed-forward neural networks with several hidden layers. This is the same type of repre-
sentation but with several layers of activation functions. These networks are represented as in Figure
3.
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Figure 3: Representation of a feed-forward neural network with several hidden layer.

The neural network function corresponding to Figure 3 is defined by

z €0, fyo0g.0gc-10---0g1(x),
where

fo: RY 5 R
Ne¢
u — Z U;V;
=1

and for i =1,...,¢, with Ny =d,
gi - RNi-1 5 RN

is defined by, for u € RNVe-1 and j =1,...,N;,
(9:(w)); = o () ) +67)

The neural network function is parametrized by



e 0:R — R, the activation function,

v € RN, the output weights,

bgc), ceey bg\iz € R, the biases of the hidden layer c,

° wgc), . ,w](\cf) € RNe=1 the weights of the hidden layer c,

c

ng), e b% € R, the biases of the hidden layer 2,
° wgz), e ,wg\?g € RM | the weights of the hidden layer 2,
° bgl), ceey bg\lh) € R, the biases of the hidden layer 1,

° wgl), . ,w](\}l) € R?, the weights of the hidden layer 1.

Classes of functions
To come back to regression, the class of functions F corresponding to neural networks is given by

e ¢, number of hidden layers,
e o, activation function,
e Ni,..., N, numbers of neurons in the hidden layers.

These parameters are called architecture parameters. Then, for a given architecture, F is a parametric
set of functions

F = {neural networks parametrized by
v,b(c), B ‘,bg\C[z’ (c) (C)’ B .,bgl), pd) M (1)}.

Wy, Wy cos by wy T wpy

For classification, for g € F, we take

to have a parametric set of classifiers.

1.4 Backpropagation for neural networks

In Section 1.4, we assume that o : R — R is differentiable with derivative function o’.
Motivation.

Here we consider the neuron network output with several hidden layers. We fix the architecture,
the activation function o and the input = € [0, 1]%. This output depends on the parameters # gathering
all the weights and biases:

c c c c 1 1 1 1
0= <v7bg)v"'>b§vsz§)7'-"w§vzv"'>bg)7"'7bgvzaw§)7"'7“]5\{1))'

We write fy(z) for the neural network output.



Our aim is to compute the gradient of fp(x) with respect to 6. This is very useful when the
parameters 6 of a neural network are optimized, for instance with least squares in regression with

n

min S (fo(X0) — Yo

0 -
=1

To compute the gradient of this function with respect to 0, it is sufficient to compute the gradients of
fo(X;) with respect to 6 fori =1,...,n.

Backpropagation algorithm.

At first sight, computing the gradient of fy(x) with respect to 6 is very challenging because of the
compositions of functions in (1). Even in the simpler case where o is the identity, if we expand (1)
into a sum of products, the number of terms in the sum will be of order Ny x --- x N, which can be
of astronomical order for deep networks.

The backpropagation algorithm presented here solves this issue by enabling to compute the gradient
with storages and operations of complexity at most NyNyi1 for k € {1,...,¢—1}.

We define the vector néc) of dimension 1 x N, equal to
ny) = (o' (g5l @)or, ..o (gx, (2)ow,)

where géc) (z) = (gé? (z),... ,géf])\,c ()) and

(c)

gp () is the vector of size N. composed by the values at layer ¢ just before the activations o.

Lemma 5 néc) is the (line) gradient of the network output with respect to the vector of values at layer

c just before the activations o.

In Lemma 5, more precisely, the output is a function of géc) (z) and v, and we take the gradient

with respect to gé(,c) (x) at géc) (x) for v fixed.

Proof of Lemma 5 The output of the network is a function of g((;;) (z) and the final weights

v1,...,0; as follows:

Ne
folw) = Y vio(gy) ().
i=1
We indeed see that the derivative with respect to gécz.) (x) is (O‘l(gécg (z))v;, fori=1,..., N,. O

Then, for k£ going from ¢ — 1 to 1 we define (by induction) the vector ne(,k) of dimension 1 x N by

k k+1 k
g =y WY Dol ()

1><Nk+1 N’ﬁLlXNk NkXNk

with
w%k—i—l)
W(k+1)

(k+1)
Nkt

in dimension Ng41 X N, where

(k)

gp () is the vector of size Ni composed by the values at layer k just before the activations o,

10



and where for a vector z = (z1,..., zg),

0 0 0/(z).
in dimension ¢q X q.

Lemma 6 Fork=1,...,c—1, nék) is the (line) gradient of the network output with respect to the
vector of values at layer k just before the activations o.

For Lemma 6, we make the same comment as stated after Lemma, 5.
Proof of Lemma 6
Assume that the values of the network at layer k just before o are gék) (x) + z for a small z =

(21,...,2n,). The corresponding output of the network, that we write fy .(x), is a function of gék) ()42
and the parameters of layers k + 1,..., ¢ as follows:

fo () = b LD (g (@) 4 2) 45040

where b(F+1) = (bgkﬂ), cee bgl\;;fl))T, where for a vector t = (t1,...,t;) we let o(t) = (o(t1),...,0(tq))
(k+1)

and where h, is the function providing the ouput of the network from the values at layer k + 1
just before the activations o. We compute a Taylor expansion as z — O:

fo.o(@) =hy ) {WEo(gf) () + 68 4+ WD D (g @)z + o(ll21) }
=y WS (g (@) + 0 L W Do (g () 4 o121
=fo(@) + 0y W ED DL (g8 ()2 + of |21
because by definition nékﬂ) is the gradient vector of hék+1)(~) with respect to the input “”.

Hence by definition of the gradient vector, the gradient of fp(x) with respect to values of the
network at layer k just before o is

I WED D, () (1))

which is the definition of nék). (I
Hence backpropagation consists in computing (in this order):

néc) —_— e — nél).

Note that we can compute before, in a forward pass (coinciding with computing the output fy(x))

5@ — - — g(@).
Proposition 7 Fori=1,..., N,
dfo(x) (©)
) — o(gf)(a) @)
Fork=1,...,candi=1,..., Ng,
Afo(x) _ (k)
PACEA ®
Fork=2,...,¢c,i=1,...,Nyand j=1,..., Ng_1,
dfg(x k— k
Do) = otafl ™ @ @)
1,3
Fori=1,...,Nyandj=1,...,d,
0 fo(x) (1)
PO TN - (5)
i\

11



Proof of Proposition 7
Proof of (2)
We can write

Ne¢
Z g@ K
(c)

and o(g, /(x)) does not depend on vy,...,vy,. Hence (2) holds.
Proof of (3)
We can write, if the scalar bl(-k)
network output,

is replaced by bgk)

for(w) = g (9§ (@) + 2e(™)) |

(k)

is the i-th base vector in RVk and where hy

+ z for a small z, defining fp .(z) as the new

(Nk)

where e; is the function that maps

the values at layer k just before the activations o

to
the output of the network.

x) is nék). Hence, by a

“w» (k)(

By Lemma 5 or Lemma 6, the gradient of hék)(-) with respect to at g,

Taylor expansion

for(@) = h? (97 @) + itz + o(l121) = fa(@) +nft) =+ o(I21)

and thus (3) holds.

Proof of (4)

We can write, if the scalar wz(?
network output,

(k )

is replaced by w;’; + z for a small z, defining fp, .(x) as the new

o () = b (5 @) + 20(gf D (@)e™)

Hence, by a similar Taylor expansion as before

for@) = b (95 @) + it o (9 @)z + o(l121) = fol) + o lgyts V@il = + o(l12I)

and thus (4) holds.

Proof of (5)

We can write, if the scalar w,Elj)
network output, 7

()

is replaced by w; / + z for a small z, defining fp.(z) as the new

fo.(x) = hél) (g(gl)(m) + zacjegNl)) .

Hence, by a similar Taylor expansion as before

foo@) =1 (g7 (@) + mfiz + oll121) = folw) + smy)= + ol|l2I)

and thus (5) holds. O
An example

We let o be the indentity function for simplicity. We consider a neural network with ¢ = 2,
Nog=d =2, N =3, Ny =2 and with parameters as follows.

12



<
iy

wlz ?13 1
w §12) -1
wé}f 0
wy)
wéll) 2
wéQ) -2
B0
BV 1
B\ -1
wfl) 1
w%) 1
w 52?2 -1
wé?l) 2
w%) 1
w% 1
BP0
B 1
1
1

V2
The input is = = (1,2). The execution of the forward pass (computing the network output) yields

xz(Q,QW@w=:i 7®W@=<EJ,1M@=4

The execution of the backward pass (retropropagation yields)

) = (@@ - G @n) = (1 w) = (1 1)

and then

1 1 -1
nél) _ néQ)W(Q)DU/(gél)(x)) — (1 1) X (2 1 > = (3 2 0).

Hence from Proposition 7 we have all the partial derivatives as follows.

13



@  corresponding partial derivative

wﬁ 3
w§12) 6
wé}f 2
wSQ) 4
wéll) 0
wég) 0
p{! 3
b\ 2
b\ 0
wﬁ) -1
w%) 3
w% -3
wé?l) -1
w%) 3
w% -3
p\? 1
b 1

U1 b

V9 -1

We conclude by computing some derivatives “by hand” in order to confirm that backpropagation
provides the correct derivative values.
We have

fol —ul{ [ 0+ 200 + 0] + 0 [0l + 20 + 00| +wl [wl] + 2083 + 6] + 6}
{ [w11+2w12+b()}+w§7){w§1)+2w§%+b(l)}+w [wéll)—i-Zw +b()]+b§2)}.

(1) (1)

Let us differentiate with respect to wg 5. The terms that depend on wy , are

23w 31 + 2wy 3w v,

Differentiating yields
2w + 20 vy = 2.(~1).1 +2.1.1 =0,

confirming the result from backpropagation.
Let us differentiate with respect to bgl). The terms that depend on bgl) are

w0, 4+ 026D,

Differentiating yields

woy +wsvs = 1.1 +2.1 =3,

confirming the result from backpropagation.

As a last example, let us differentiate with respect to w% The terms that depend on wgg are

wi) (wfl] + 20 +8") v,
Differentiating yields
(wgll) + 2w:(;2) + bgl)) vy = (24+2.(=2) = 1).1 = -3,

confirming the result from backpropagation.

14



2 Approximation with neural networks with one hidden layer

2.1 Statement of the theorem

Several theorems tackle the universality of feed-forward neural networks with one hidden layer of the
form

N
S [0, 1]d — Zvia((wi,@ +bi)
i=1
with v1,...,o8 €R, by,...,by €R, wy,...,wy € R and 6 : R — R.

We will study the first theorem of the literature, from [Cyb89].
Theorem 8 ([Cyb89]) Let o : R — R be a continuous function such that

o(t) — 0

t——o0

Then the set N1 of functions of the form
e [0,1] szl (w;, ) + b;);

NeN,vy,...,oxn €R, by,...,by €R, wy,...,wy € R? is dense in the set C([0,1]4,R) of the real-
valued continuous functions on [0,1]%, endowed with the supremum norm, ||f]leo = SUPgeo,1) | f(@)]

for f €C([0,1]4,R).
This theorem means the following.

e We have N7 C C([0,1]¢,R), which means that neural network functions are continuous.

e For all f € C([0,1]%,R), for all € > 0, there exist N € N, vy,...,v5y € R, by,...,by € R and
wi, ..., wy € R? such that

sup
z€[0,1]4

ZUZ (wi, z) +b;)| <

e Equivalently, for all f € C([0,1]¢,R), for all € > 0, there exists g € N such that ||f — g||ec < .

e Equivalently, for all f € C([0,1],R), there exists a sequence (g, )nen such that g, € Nj for
n €N and ||f — gn|loo — 0 as n — oco.

e This theorem is comforting for the approximation error

inf E ((£(X) - /*(X))?)

fer

in regression with F = Nj. Indeed, this term is equal to zero if x — f*(z) (conditional
expectation in regression) is a continuous function on [0, 1]¢.

e Furthermore, if we let, for N € N,
Nl,N:{ € [0,1] +—>Zvl (w;, +b)vl,...,UNG]R,bl,...,bNE]R,wl,...,wNERd}

(set of neural networks with N neurons), then we remark that N7 j, C M 41 for k € N. The proof
of this inclusion is left as an exercize, one can for instance construct a neural network with &£+ 1
neurons and vg1 = 0 to obtain the function of a neural network with k£ neurons. Hence, we have

15



that inf sepr v ||f = f*]|oo is decreasing with N. Hence, from Theorem 8, infreps o [|f = f*[loo — 0
as N — oo (left as an exercize). Hence, since E(g(X)?) < ||g||%, for g : [0,1]¢ — R, we obtain

inf E((f(X)—f*(X))2> =0

fENLN N—oo

Hence if we minimize the empirical risk with neural networks with N neurons (N large), the
approximation error will be small.

2.2 Sketch of the proof

The proof is by contradiction (it is non constructive). For f € C([0, 1]¢,R) we will not exhibit a neural
network that is close to f.

Step 1

We assume that there exists fy € C([0,1]%, R)\N1. Here we write N1 for the closure of A7, which
means that

f € N1 <= there exists (g5 )nen With gy € N7 for N € N such that ||gn — fol|oo N% 0.
—00

Step 2
We apply the Hahn-Banach theorem to construct a continuous linear map

L:C([0,1]%,R) - C
such that L(fo) =1 and L(f) =0 for all f € M.

e Linear means that for g1, g2 € C([0,1]%,R) and for a1, s € R, we have
L(ong1 + a2g2) = a1 L(g1) + a2 L(g2).

e Continuous means that for g € C([0,1]¢,R) and for a sequence (gn)nen with g, € C([0,1]%,R)
for n € N and such that ||g, — g||cc — 0 as n — oo, we have

L(gn) — L(g)

as n — oo.

Step 3
We then use the Riesz representation theorem. There exists a complex-valued Borel measure p on
[0,1]¢ such that
L(f) = fdp
[0,1]¢
for f € C([0,1]%,R), where the above integral is a Lebesgue integral. That y is a complex-valued Borel
measure on [0, 1] means that, with B the Borel sigma algebra (the measurable subsets of [0, 1]%), we

have
w:B—C.

Furthermore, for E' € B such that £ = U2, E; with Eq, Es,... € B, with E; N E; = @ for i # j, we
have

W(E) =3 u(E),
=1

where p(E;) € C and Y o2, |u(E;)| < oo.
Step 4
We show that f[O,l]‘i fdpu = 0 for all f € N7 implies that x = 0, which is a contradiction to

L(fo) = f[o 1) fodp = 1 and concludes the proof.

Remark 9 The steps 1, 2 and 3 could be carried out with N replaced by other function spaces F.
These steps are actually classical in approximation theory. The step 4 is on the contrary specific to
neural networks with one hidden layer.
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2.3 Complete proof

Let f € N7. Then there exist N € N, v1,...,ox € R, by,...,by € R, wy,...,wy € R? such that

N

frxe0,1]?— va((wi,@ +b;).
i=1

Since o is continuous, f is continuous as a sum and composition of continuous functions. Hence
N1 € C([0,1]4,R). Let us now assume that Ny # C([0,1]¢,R). Thus, let fo € C([0,1]¢,R)\N1. We
then apply a version of the Hahn-Banach theorem.

Theorem 10 There exists a continuous linear map
L:C([0,1]%,R) = C
such that L(fo) =1 and L(f) =0 for all f € N7.

The above theorem holds because fy ¢ N1, see for instance [Rud98][Chapters 3 and 6]. We then
apply a version of the Riesz representation theorem.

Theorem 11 There exists a complex-valued Borel measure pi on [0,1]% such that

W= s

for f € C([0,1]4,R). We have seen that pi : B — C where, for B € B, we have B C [0,1]%. Furthermore,
we can defined the total variation measure |u| defined by

ul(E) = sup > |u(Ey),
=1

E € B where the supremum is over the set of all the (E;)ien, with E; € B fori € N and E;NE; = &
fori#j and E =UX E;. Then |u|: B — [0,00) and |u| has finite mass, |u|([0,1]%) < oc.
Finally, there exists h : [0,1]* — C, measurable, such that |h(z)| =1 for x € [0,1] and

dp = hd|p|
which means that for B € B,
u(B) = [ hdlul = [ bl
B B
and we have a more classical Lebesque integral with a function h that corresponds to a density.

The above theorem is also given in [Rud98]. The theorem implies that L(f) = f[o e f (x)h(z)d|p|(z)
for f € C([0,1]4,R).

We now want to show that p = 0, which means that p(B) = 0 for B € B. Since L(f) = 0 for all
f €C([0,1]%,R), we have, for all N € N, v1,...,058 €R, by,...,by € R, wy,...,wy € RY, with

N
f = Z/Uifi7
i=1
where for i = 1,..., N, f; : [0,1]% = R is defined by, for = € [0, 1]¢,

fi(z) = o((wi, x) + bi),

we have L(f) = 0. Hence, since L is linear
N
> wuil(fi) =0.
i=1
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Specifically, we can choose v1 = 1 and vo = - -- = vy = 0 to obtain, for all w € RY, for all b € R,

with f: [0,1]? — R defined by, for = € [0, 1]¢,

f(z) = o((w, z) + b).
This gives, for all w € RY, for all b € R,

and thus

Let w € R and b,¢ € R, A > 0. Let « € [0,1]%. We let
ore(®) =0 (A ((w, z) +0) + ¢).
Then if (w,z) +b > 0, since o(t) — 1 as t — +00, we have

a()\((w,x>+b)+¢))\—> 1.

—>+00

If (w,z) +b < 0, since o(t) — 0 as t — —oo, we have

o (A ((w,2) +b) +6) — 0.

—+00
If (w,x) + b =0, then we have
o (A ((w,z) +b) + ¢) = o(¢).
Hence, we have shown that
1 if (w,z) +b>0
oxe(T) e y(x) =140 if (w,z) +b<0.
o(¢) if (w,x) +b=10

Furthermore, for 2 € [0, 1]¢,
oxe(x) = 0 (A((w,z) +b) + ¢) = 0 ((Aw, z) + Ab + @)

and thus oy 4 € N; (it is a neural network function). Hence
| ons@hi)dnlz) <o,
[0,1]¢

Furthermore,

sup sup oy ¢(z)] <supo(t) = [loffe < oo,
A>0 z€0,1]¢ teR

as o is continuous and has finite limits at +00. We recall that |h(z)| = 1 for all z € [0, 1]¢ and thus

[ sl s@ldue) < (ssplol) [ dulie) = (suploto)]) ll(0.11% < .

[0,1]¢ A>0 teR

0,1

Hence we can apply the dominated convergence theorem,

O:A;WQ¢MM@MWWﬁAzw[MW%@MQQM@)

= (1<w,x)+b>0 + U(¢)1<w,$>+b:0) h(x)d|,u|(ac)
[0,1]

18



We let
T, 5 — {xe [0,1]d:(w,x>+b:0}

)

and
Hyp = {:c €[0,1): (w,z) +b> 0}

for w € R? and b € R. We then obtain

J,

w,b

W@)dlul(@) +o(6) [ ha)dlal@) =0

Hw,b

and thus
:U'(Hw,b) + U(¢>M<Hw,b> =0.
Since o is not constant, we can take ¢1, g2 € R with o(¢1) # o(¢2) and thus

(20
1 U(¢2) M(Hw,b) 0
and the determinant of the above matrix is o(¢;) — o(¢2) # 0. Hence, for all w € R% and b € R,

( Iy p ) = u( Hyp ) =0.
~—~ ~—~

hyperplane half space

Let w € RY. We write ||w||; = Zle |w;|. For a bounded g : [—||w||1,]||w|[1]] — C (not necessarily
continuous), we let

@= ] o))

We remark that

d d
[(w,z)] = > wias| <D |wi| = |[w]]r.
=1 i=1
We observe that 1 is linear, for any bounded g1, g2 : [—||w||1, ||w||1] = C, for any a1, as € R, we have

engy +o20) = [ (01w + 02020, 2)) o)

o [ ol du) o [ ot einte)
= a1¥(g1) + a2¢(g2).

Furthermore, we have a continuity property of ¢ of the form:

[v(g1) — ¥(g2)| =

/ (91— g2) (0, 2))ds(z)
[0,1]¢

/ (91 — g2) (w0, 2)) ()] ()
[0,1]¢

§/ (91 = g2) ((w, )| |h()|d]| | ()
[0,1]¢
<l - gl [ n(@ldlala),
[0,1)¢
with Hgl — QQHOO = Supte[_Hle’Hle] ’gl(t) — gg(t)| Hence we have

[(g1) = ¥(g92) < llgr — 92||oo/[ y d|p|(z) = |lg1 — galloo 1l([0,1]%),

’ <00
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which is a Lipschitz property (stronger than continuity). Then, for § € R and g : [—||w]||1, ||w|l1] = R
defined by

g(t) = 1te[0,+oo)

for t € [—||w]||1, ||w]|]1], we have
¥(g) :/ L (w,2)€[0,+00)A4(T)
[0,1]
= / 1(w,x>7920d:u(x)
[0

:/ 1(w,x>9>0d:u(x)+/ 1(w,x>70:0du(x)
[0,1]¢ [0,1]¢

-/ RCE |

from what we have seen before. For g defined on [—||w||1, ||w||1] valued in C, defined by

9(t) = Lie(o,+o0)

for t € [—||w||1,||w||1], we also have
= / 1(w,m)—0>0dlu'(x)
[0,1]¢
- ,U/(Hw,fe)
=0.
Hence,
e with
Lig, 0] * [=llwl[1, [Jw]l1] = R

defined by, for ¢t € [—||w||1, ||w]|]1],
L6, 0] (1) = Licoy 0] = Loy<t<6s)

e with
L, .0,) : [=llwll1, [Jw[l1] — R

defined by, for t € [—||w]|1, ||w||1],
1[91,92)(t) = 1t€[91,92) = 191§t<927

e with
1o, 001 : [=llwl[1, [[w]}1] = R

defined by, for ¢t € [—||w||1, ||w]|]1],
1(91792} (t) = 1t6(91,92] = 191<t§927

we have
Y (119,,65) = Y(L[6;,400) = L(83,400))
with 1[91’_’_00) (t) = 175291 and 1(92’_’_00) (t) = 1t>62 (fOI“ t e [—Hw”b ||w||1]) Hence

Y(Lig, 00]) = V(L[ 400)) — V(L(6y,400)) =0 —=0=0,
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from what we have seen before. Also

P(Lig, 0,)) = V(L[ +00)) — Y(L[y,400)) =0 —0=0

and
w(l(el,eg]) = w(1(91,+00)) - @Z)(l(é’g,-l-oo)) =0-0=0.
Now let us write r : [—||w||1,||w||1] — C defined by
r(t) = e = cos(t) + isin(t),
with 72 = —1 and for ¢ € [~||w]||1, ||w||1]. Let us also write, for k € N and t € [—||w||1, ||w|]1],
JIW(|1
Tk(t) = e (= |wl]1) Z 1 gl <g+1>uw\|1]( )r ( HkH ) :

j=—k

Then
sup  [rg(t) — ()] < sup r(z) = r(y)|
te[—[lwll1,|lwl1] zy€l—||wl]1,]|wl]1]
‘x_ ‘SHU;JM
— 0,
k—00

since r is uniformly continuous (or even Lipschitz) on [—||w]||1,||w||1]. Hence, with the continuity

property that we have seen,

Y(r) = kli_{gow(%) =0,

since 1)(ry,) = 0 for k € N from what we have seen before. Hence, we have shown that for any w € RY,

/[01]d ei<w’x>du(x) =0.

We see the Fourier transform of the measure p. This implies that u is the zero measure (which can
be shown by technical arguments which are not specific to neural networks). Hence

L(fo) = /[O | o)) =0

which is a contradiction with L(fy) = 1 and concludes the proof of Theorem 8.
There are two main take home messages.

e The density result 'y = C([0,1]%,R).

e The non-constructive proof technique, by contradiction. The use of the Hahn-Banach theorem
to prove a density result is standard.

3 Complements on the generalization error in classification and VC-
dimension

3.1 Shattering coefficients

We consider a pair of random variables (X,Y) on [0,1]¢ x {0,1}. We consider (X1,Y1),...,(Xn, Yy)
independent, with the same distribution as (X,Y’) and independent of (X,Y). We consider a set F
of functions from [0, 1]% to {0,1}. Then, we have seen in Section 1.2 that the generalization error is

E | sup .
fer

We have seen that, intuitively, the larger F is, the larger this generalization error is. A measure of
the “size” or “complexity” of F is given by the following definition.

P(f(X)#Y) - %Zlf(Xi)yéYi
=1
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Definition 12 We call shattering coefficient of F (at n for n € N) the quantity
IIr(n) = max dcard{(f(xl),...,f(:rn));f6.7:}.

1,0t €0,
We observe that IIz(n) is increasing with respect to F and n,
o if 71 C Fo, then IIx (n) <Ig,(n),
o IIr(n) <Ilr(n+1).
Remark 13 We always have
Ir(n) < card{(i1,...,i,) € {0,1}"} =2™.

Remark 14 If F is a finite set,
IIx(n) < card(F).

Example
Let d =1 and
F={z€[0,1] = 1;54;a € R}.

Then for any 0 < x1 <--- <z, <1 and for f € F, we have
(f(z1),..., f(zn)) =(0,...,0,1,...,1),

where

e if a > x,, then there are only Os,

e if ¢ < x7 then here are only 1s,

e if 71 < a <z, then the first 1 is at position ¢ € {2,...,n} with z;_; < a and z; > a.
Hence the vectors that we can obtain are

(0,...,0),(0,...,1),(0,...,1,1),...,(1,...,1).

Hence there are n + 1 possibilities. Hence

card {(f(z1),...,f(zn)); fE€F} <n+1.

If we consider x1, . . ., z, that are not necessarily ordered, there is a bijection between {(f(z1), ..., f(zn)); f € F}
and {(f(a:(l)), el f(x(n))) i f e .7-"} where z(;y) < -+ < x(,) are obtained by ordering 1, ..., z,. Thus
we still have
Card{(f($1),,f(l‘n)),f GF} S’I’L—Fl
Hence IIx(n) < n + 1. Furthermore, with z; = 0,22 = 1/n,...,z, = (n — 1)/n,
e with f given by z — 1,;>2 we have (f(x1),..., f(zn)) =(0,...,0),
e with f given by z — 1;>_1 we have (f(z1),..., f(zn)) =(1,...,1),

e for i € {1,...,n — 1}, with f given by = +— 1,>0,14,,,)/2 We have (f(x1),...,f(z,)) =
(0,...,0,1,...,1) with ¢ Os and n — i 1s.

Hence with 1 = 0,29 = 1/n,...,2, = (n — 1)/n we have
card {(f(z1),..., f(xn)); f € F} >n+1.

Hence finally IIx(n) > n+ 1 and thus
[Ir(n)=n+1.

Example
Let d =2 and
F={zel0, 12 Liwz)>ai0 € Rjw € RZ} :

These are affine classifiers as in Figure 4.
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4 oC <ud/:>c7:q‘j'

Figure 4: An example of an affine classifier.

Then for n = 3 and for x1, 2,23 € [0,1]? that are not contained in a line, we can obtain the 8
possible classification vectors, as shown in Figure 5.
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Figure 5: Obtaining the 8 possible classification vectors with 3 points and affine classifiers.

Hence
card {(f(z1), f(22), f(x3)); f € F} = 8.
Also
card {(f(z1), f(22), f(z3)); f € F} < card {(i1,42,43) € {0,1}°} =2 = 8.

Hence we have
IIx(3) = 8.
3.2 Bounding the generalization error from the shattering coefficients

The next proposition enables to bound the generalization error from IIz(n).

Proposition 15 For any set F of functions from [0,1]% to {0,1}, we have

21log (211
E  sup < 9y 2108 rm)
fer

P(f(X)#Y)—%Zlf(Xi);AYi - :
=1

Remarks
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e The notation log stands for the Neper base e logarithm.

e We see a dependence in 1/y/n, which is classical when empirical means are compared with
expectations.
o If card(F) = 1 with F = {f} then

1 n
E [ sup [P(f(X Y)—— 1rx2y:
<f£s (F(X)#Y) nZ P2V,

o |

n 2
1
<, |E (E (Lrooer) = = :1f<xi>7éy¢>
=1

1 n
E (Lrooer) = o 2 Lrexs,
=1

1 n
= \ Var (n ; 1f<Xi>¢Yi>

1 n
— \ 3 Var (Z; 1f(X¢)7£Yi>

1
= \/ —snVar (Lp(x)y)

1
= Vv (Lroo2y)
1

< —.
NG

In the second inequality above, we have used Jensen’s inequality which implies that E(|W]) <
\/ Var(W) for a random variable W. In the second equality above we have used that (X1,Y7), ..., (Xn, Ya)
are independent and distributed as (X,Y’). The first inequality above holds because

Var (Ly00v) <E ((Lrer)’) <E(D) = 1.

On the other hand the upper bound of Proposition 15 is

5 21log(2)
n

1
—2,/21log(2) —.
g()\/ﬁ

~2.35
We obtain the same order of magnitude 1/4/n.

e In all cases, we have IIx(n) < 2" and thus the bound of Proposition 15 is smaller than

This bound based on IIx(n) < 2" is not informative because we already know that

1 n
E|sup P(f(X)#Y)—=> 1px)zv,|| <E{supl] =1
up w2 Licxs sup

€[0,1]

€[0,1]
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To summarize

e The bound of Proposition 15 agrees in terms of order of magnitudes with the two extreme cases
card(F) =1 (then IIx(n) = 1) and IIx(n) < 2™

e This bound will be particularly useful when IIx(n) is in between these two cases.

Proof of Proposition 15
The proof is based on a classical argument that is called symmetrization. Without loss of generality,
we can assume that Y € {—1,1} and F is composed of functions from [0, 1]% to {—1,1} (the choice of 0
and 1 to define the two classes is arbitrary in classification, here —1 and 1 will be more convenient). We
let (X1,Y1),...,(Xn, Yn) be pairs of random variables such that (X1,Y7),..., (X, Y5), (X1, Y1), ..., (Xp, Yy)
are independent and with the same distribution as (X,Y).
Then

P00 £ (13 ).
=1

writing E to indicate that the expectation is taken with respect to (X1, )71), (X, f/n). We let

1 n
Ap=E[sup |P(f(X)#Y) == > 1rxyzv| |-
(s DR
We have
- (1< 1 @
A,=E sup E|— 1,5 - — 1 X;)£Y;
n (fef (n — f(XJ#K) n ; f(Xi)#
(1 1 o
=K sup E|— 1 o —_ — 1 X;)£Y;
(ol (s S 3Smm)
- (11 & 1 &
<E|supE| |- 1o v —— 1rx)2y;
- 1 @& 1 @&
< EE | sup |— 1., 6\, — — Lrx)-vi| | -
( sup | ; FEOE T ; e
Let now o1, ..., 0, be independent random variables, independent from (X;, Y, Xi, ﬁ)zzln and such
that )
PJ(O'Z‘ = 1) = Po’(o'i = *1) = 5
fori =1,...,n and by writing [E, and P, the expectations and probabilities with respect to o1, ..., oy,.

We let fori=1,...,n
Yo (Xzaifz) if o; = -1

i

(Xia

and

( & Z) - (XZ,Y;) lf g; = -1 ’

{(Xi,ffi) if oy =1
Then ()_(i,ﬁ)izl,m,n, (il,ﬁ)lzln are independent and have the same distribution as (X,Y’). Let
us show this. For any bounded measurable functions g1, ..., g2, from [0,1]¢ x {—1,1} to R, we have,
using the law of total expectation,

O1y.--y O‘n> )

E ((ngxi, ») (H gnﬂ-(Xz-,m)) _ (E ( (ngxi,m) (n gnH(Xi,m)
=1 =1 =1 =1

n n n n

=E|E IT 9:(x:,v5) I #(x.v) IT 9ni(X5,75) IT 905X Y5) || o1, om
i=1 i=1 Jj=1 J=1
o;=1 o;=—1 O'j:1 0']':—1



In the above conditional expectation, the 2n variables are independent since each of the (X, Y;)i=1,... n, (Xi, Yi)i=1
appears exactly once. Their common distribution is that of (X,Y’). Furthermore, the 2n functions
Ji,- -, gon appear once each. Hence we have

n n 2n
E <<Hgi(Xi,Yi)> (HgnJri(Xi,{/i))) =E, (HE(Qi(Xa Y))

i=1 =1 i=1

2n
01,...,Jn> =[]E@(x,Y)).

=1

Hence, indeed, (X;, Yi)i=1....n, ():(Z, ﬁ)lzln are independent and have the same distribution as (X, Y).
Hence, we have

(1f(Xi)7éYi - 1(2)#2) = 0i <1f(Xi)5£Yi - 1f(5g)¢fq)

- 1 <&
A, < EEE, | sup |~ (1 o — 1, )
" 7 <fer n ; F(X)#Y; F(X)#Y:

where E, means that only o1, ...0, are random. We observe that

because

(X’L; }/7;7XZ7 Y)

i) =
o if 0 = _17 (Xh}/;aXla}:/) (X }/;)X’L)}/;)

Hence

:LG:"i (treeom = Lyceopr)

A, < EEE, sup
feF

)

i=1
< EEE, <§up Zﬂzle#Y +S“P Z‘“ F(X)# >
eF
= 2EE, | sup ailyx;)
(fef Z o )
<2 max max su oil :
- yl,,yne{fl’l} x17""1‘n€[071} U (fe‘l:})— Z Z f xZ);éyz )

For any y1,...,yn € {—1,1} and 21, ..., 2, € [0,1]% we define the set

Vr(@,y) = {(Lyitrr) - Lyntsen) s € F )
Then we have
2
A, < — max max E, sup (o, v)] | ,
N y1,yn€{-L1} z1,...,0,€[0,1]¢ veVE(2,y)

with 0 = (01,...,0n).
We observe that for all x1, ..., 2, y1,. .., yn, there is a bijection between Vr(x, y) and {(f(x1),..., f(zn)); f €
F}. Hence
max max  card(Ve(z,y)) < r(n).
Y1,-yn€{—1,1} 21,...,z, €[0,1]¢

Assume that we show

For any set V C {-1,0,1}", E, <sup |{o, U>|> < v/2nlog(2card(V)). (6)
veV

Then we would have

A < 2 /o Toa(@TTH(n)) = 2~ log(2MT(n))
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which would conclude the proof.

Let us now show (6). Let us write —V = {—v;v € V} and V# = VU —V. We have, for any s > 0,

1
Ea (sup (0011 ) = B sup (0:0) | = B, (Fhog (eoomereto) )
veV veV# S

We now apply Jensen inequality to the concave function (1/s)log. This gives

5 (supl.01) < o (s (e70cveio))

1log (EJ < sup es<”’”>>>
S veV#

IN

<110g E, Z e*(ov)
veV#
= 1log Z E, (e <U’”>)
veV#
1 n
~Liog [ 32 [T (e
veV# i=1
1 T
= —log Z H§ (65”‘ +e 5”’)
veV# i=1

We can show simply that for x > 0, ¥ + e™* < 2¢°/2. This gives, using also that v

i=1,...,nandv eV,

1 s
E, , < -1
(sup o)1) < Liog | 3 [T

vy veV# i=1

1 7L52
< —lo g e 2
=5 g

vEVH#

1 TLSQ
< 5 log <card(V#)e2>

_ log(card(V#))  ns

S +2'

We let

. \/210g(card(V#))
N n
which gives

2

i

< 1 for

E, <Su‘13 |(a,v>|> < \2\/71 log(card(V#)) + \%\/n log(card(V#)) = 2\/2 log(card(V#))

ve

= \/Qn log(card(V#)) < v/2nlog(2card(V)).

Hence (6) is proved and thus the proof of Proposition 15 is concluded.
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3.3 VC-dimension

From the previous proposition, the shattering coefficient IIx(n) is important and we would like to
quantify its growth as n grows. A tool for this is the Vapnik-Cherbonenkis dimension, that we will
call VC-dimension.

Definition 16 For a set F of functions from [0,1]% to {0,1}, we write VCdim(F) and call VC-
dimension the quantity

VCdim(F) = sup{m € N;IIz(m) = 2™}
with the convention IIx(0) = 1 so that VCdim(F) > 0. It is possible that VCdim(F) = +oo.

Interpretation

The quantity VCdim(F) is the largest number of input points that can be “shattered”, meaning
that they can be classified in all possible ways by varying the classifier in F.

Examples

e When
F = {all the functions from [0,1]% to {0,1}}
then VCdim(F) = +oo. Indeed, for any n € N, by considering z1, ..., z, two-by-two distinct,
we have IIx(n) = 2".

e When F is finite with card(F) < 20 then VCdim(F) < myg. Indeed, for m > myg, we have seen
that IIx(m) < card(F) < 2™0 < 2™, Hence

m & {m € N;Ilz(m) = 2"}

and thus
sup{m € N;IIz(m) = 2™} < my.

Remark 17 If VCdim(F)

=V < oo then fori=1,...,V, #(i) = 2°. Furthermore, if VCdim(F) =
oo then fori € N, Il£(i) = 2°.

Proof of Remark 17
Let us start by the case VCdim(F) = V < co. Since IIx(V) = 2", there exist z1,...,2y € [0,1]?
such that

card {(f(z1),..., f(zv)); f e F} =2".

This means that we obtain all the possible vectors with components in {0, 1} and thus we obtain all
the possible subvectors for the 7 first coefficients for ¢ = 1,...,V. Hence

card {(f(z1),..., f(2:)); f € F} =2

and thus Iz (i) = 2°.
The proof for the case VCdim(F) = oo is similar. t
Similarly if for ig € N, IIz(ig) = 2% then for all i = 1,..., 4o, ILz(i) = 2.
We can compute the VC-dimension in the case of linear and affine classifiers.

Proposition 18 Let d € N. Let

Fay={z € (0,11 = L g0 w € R}

and
fdﬂ = {1} S [0, 1}d — 1(w,x>+a20; w e Rd, a < R} .
Then
VCdim(}'d,l) =d
and

VCOdim(Fuq) = d + 1.
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Remark 19 The VC-dimension coincides here with the number of free parameters and thus with the
usual notion of dimension.

Proof of Proposition 18 Write

1 1 0
0

T = . , L2 = 0 y ey Ld =
0 0 1

in R%. Then for any v, ...,yq € {0,1} write
1 ify=1
Zy = .
—1 if Y; = 0

a:I—>1<

Consider
JB»Z?:1 ijj>20'
Then for k=1,...,d,

Loyt 2520 = Yanzan>0 = 120 = Yk
Hence we reach all the elements of {0, 1}d_ Hence
H]‘—d,l(d) =27
and thus
VCdim(Fq;) > d.

Assume that
VCdim(Fg;) > d+ 1.

Then, from Remark 17, Il z, , (d+1) = 24+1 Hence, there exists 21, ..., 2411 € [0,1]9 and w1, . . ., woas1 €

R% such that

T

-
Wy Td+1

for i =1,...,2%*! take all possible sign vectors (< 0 or > 0). We write

of dimension (d+ 1) x d and

of dimension d x 2¢t1. Then

1'le e $1Tw2d+1
XW = . .
xLlwl e xdTHdeH
is of dimension (d + 1) x 2¢+1. Let us show that the d 4 1 rows of X are linearly independent. Let

a of size (d+ 1) x 1, non-zero such that
a' XW =0,
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where the above display is a linear combination of the rows of XW. Then, for k € {1,...,2%1},
xlka
(a"XW)=a' Xw, =a’ :
xdT+1wk
Let k such that fori =1,...,d+ 1, a; > 0 if and only if x;rwk > 0 (k exists since we reach all the
possible sign vectors). Then

d+1 d+1
@TXW) = aiz]wp) = lai] |z wyl.
i=1 A i=1
same signs
Since a is non-zero we can assume that there is a j such that a; < 0 (up to replacing a by —a at the
beginning). Then
(a" XW) > |aj|]a:ijk] > 0,

since x;—wk < 0 and aj < 0. This is a contradiction. Hence there does no exist a of size (d + 1) x 1,

non-zero such that o' XW = 0. Hence the d + 1 lines of XW are linearly independent. Hence the
rank of XW is equal to d+ 1. But the rank of XW is smaller or equal to d because X is of dimension
(d+1) x d. Hence we have reached a contradiction and thus

VCdim(./."d’l) <d+1.

Hence
VCdim(Fg;) = d.

Let us now consider F4,. Let

1 0 0
1
0 :
T = . , o = 0 Yy eeey g = .
: . 0
0 0 1
and
0
Td4+1 = 5
0

in R%. Then, for any y1,...,yas1 € {0,1}, write for i = 1,...,d + 1,
1 ify=1
2 = .

zel0,1]?—1

Consider the function

<907Z?:1(Zj—2d+1)1’j>2—24+1 )

Then for k=1,...,d,

1<$k,2?:1(Zj—2d+1)1'j>2—2’d+1 = Lo, (e—zar o) 2 —2zan1 = Lav—zap12—2a11 = L2p>0 = Yk-

and
1(l‘d+1,2?:1(Z]'—Zd+1)$j>2—2d+1 = 102*2d+1 = 1Zd+120 = Yd+1-

Hence we reach the 29t! possible vectors and thus

VCOdim(Fuq) > d+ 1.
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Assume now that
VCdim(Fyq) > d+ 2.

Then, as seen previously,
r,, (d+2) =272

Hence there exists 21, ..., 2442 € [0,1]¢ such that for all y1, ..., y4r2 € {0, 1}, there exists w € R% and
b € R such that, for k=1,...,d+ 2,

L) +o>0 = Yk-

()

We write

of size (d+1) x 1 fori=1,...,d+2 and

of size (d+ 1) x 1. Then, for k=1,...,d + 2,
Liw,z)>0 = Liw,z)+6>0 = Yk-

Hence in R4 we have shattered d + 2 vectors Zy, ..., ZTq4o (we have obtained all the possible sign
vectors) with linear classifiers. This implies

VCdim(]:dJrLl) >d+2
which is false since we have shown above that VCdim(Fgy1,;) = d + 1. Hence we have
VCdim(Fgq) < d+ 2.

Hence
VCdim(}'d,a) =d+1.

3.4 Bounding the shattering coefficients from the VC-dimension

From the next lemma, we can bound the shattering coefficients from bounds on the VC-dimension.

Lemma 20 (Sauer lemma) Let F be a non-empty set of functions from [0,1]¢ to {0,1}. Assume
that VCdim(F) < oco. Then we have, for n € N,

VCdim(F)

Mrm) < Y (’;>g<n+1>v0dim<f>,

1=0

i 0ifi>n
Proof of Lemma 20

For any set A, with H a non-empty set of functions from A to {0,1}, we can define IIy(n) and
VCdim(H) in the same way as when A = [0, 1]%. Let us show

with

For any set A, for any set H of functions from A to R: (7)

Vi
k
(k)< (Z,),for k=1,...,n with Vi = VCdim(H).
=0

32



We will show (7) by induction on k.
Let us show it for k = 1. If Viy = 0 then Iy (1) < 2! = 2. Hence

e ()-5:()

Hence (7) is proved for k =1 and Vi = 0.

If Vg > 1 we have
1 1\ Kk
1
p— p— pu— < .
My(1)=2'=2 <0> + <1> < ?:0 <Z>

Hence eventually (7) is true for k£ = 1. Assume now that (7) is true for any k from 1 to n — 1.
If Vi = 0 then there does not exist any € A and hy, he € H such that hi(z) = 0 and he(x) =1
because for all x € A, card{h(z);h € H} < 2'. Hence for all z1,...,z, € A,

card {(h(z1),...,h(zn));h € H} = 1.

Hence

It thus remains to address the case Vg > 1.
For x1,...,x, € A, define

H(xy,...,zn) = {(h(z1),...,h(x,));h € H}.
There exist z1,...,z, € A such that
card(H (z1,...,x,)) = g(n).
The set H(z1,...,x,) only depend on the values of the functions in H on {zi,...,z,}. Hence,
replacing
e Aby A={x1,...,2,},
e H by

H={n:{z1,...,2,} — {0,1}; there exists h € H such that h'(z;) = h(z;) for i =1,...,n},

we have [Iz(n) = II5(n).

Hence in the sequel we assume that A = {z1,...,2,} and H is a set of functions from {z1,...,z,}
to {0,1}, without loss of generality.

Let us consider the set

H ={heH;h(z,) =1land ¥ =h—1g, € H},

composed of the functions that are equal to 1 at x,, and that stay in H if their value at z,, is replaced
by 0. Notice that we have written 1¢,.y @ {Z1,..., 7} — {0,1} defined by 1y, 1(7;) = 14, =4, for
1=1,...,n.

We use the notation, for a set G of functions from {zy,...,z,} to {0,1}, and {z;,,...,z;,} C
{z1,..., 20},

G(iy, - xiy) = {(9(zi,), ., 9(w3,)); 9 € G}
We have
H(z1,...,25) = H'(z1,...,2,) U(H\H')(21,...,2y)

and thus
cardH (z1,...,2,) < cardH'(x1, ..., 2,) + card(H\H') (21, . .., Zp).
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Step 1: bounding cardH'(z1,...,x,)
We observe that
cardH'(x1,...,m,) = cardH' (z1, ..., Tp_1)

because h(z,) =1 for h € H'.
If ¢ € N is such that there exists {xi;,..., 2, } C {x1,...,2,} with cardH' (s, ..., 7;,) = 27 then
Ty & {x,...,2;,} (because h(z,) = 1 for h € H'). Also, we have cardH (z;,, ..., @i, xn) = 297!
because
29+ — card ({0, 1} x {0,1}) = card {(h(zi)), ... . M(xi,), h(zn));h € H}

by definition of H'. Hence Viy > g + 1 and thus Viy > Vg + 1 (since ¢ can be taken as Vp/). Hence
Vi < Vg — 1. Hence, we have, applying (7) with k =n — 1,

, , bl n—1 Vol n—1
cardH'(z1,...,xy) = cardH (x1,...,2p—1) <gp(n—-1) < E . < E . .
i i
i=0 i=0

Step 2: bounding card(H\H')(x1,...,xy)
If h,h' € H\H' satisty h(z;) = h/(z;) for i = 1,...,n — 1, then we can not have h(z,) # h'(xy)
(otherwise h or h' takes value 1 at z,, and thus belongs to H'). Hence we have

card(H\H')(x1,...,1,) = card(H\H')(z1, ..., Tpn_1).
Also Vig\g» < Vg because H\H' C H. Hence, using (7) with & =n — 1 we have

A N/
card(H\H')(z1,...,@y_1) < M pr(n —1) < Y <” , ) < Z (" , >

[

i=0 i=0
Combining the two steps, we obtain
Va ! n—1 o n—1
. <
cardH (z1,...,x,) < ;ZO ( ; ) —i—;:o < ; )

We recall that cardH (1, ..., 2,) = Iy (n) and that we had started with any A C [0,1]¢ and any
set of functions from A to {0,1}. Hence (7) is shown by induction. Hence we have

VCdim(F)

NOERD Y

=0

34



which gives the first inequality of the lemma. For the second inequality, we have

VCdim(F) min(VCdim(F),n)

> (- = ()

min(VCdim(F),n)
n
2
1=0
m‘n(vc‘ii’(f ) i (VCdim(F)
=0 g
VCdim(F) _
- (VCdim(F)
< 1
< 3 ()

IN

IN

using the Newton binomial formula at the end, which shows the second inequality of the lemma. [J
Finally using Proposition 15 and Lemma 20, we obtain, for a set of functions F from [0, 1}‘1 to

{0,1},

1 < 21og (2117 (n))
- — < =2 JN 77
E(?ggp(f(X)?éY) nzzglf(xi);éyi) <2 -
VCdim(F)
- 2\/2log(2(n +1) )
n
B 2\/2 log(2) + 2VCdim(F) log(n + 1)
n

When VCdim(F) < oo the bound goes to zero at rate almost 1/4/n. If we use a set of functions
Fy that depends on n (more complex if there are more observations), then the rate of convergence is

almost 1/ VCdim(F,)/+/n.

4 VC-dimension of neural networks with several hidden layers

The section is based on [BHLM19].

4.1 Neural networks as directed acyclic graphs

We will use graphs. A directed graph is of the form (V, E), where V stands for vertices and E stands
for edges. The set V is a finite set, for instance V = {vy,...,v,} or V.= {1,...,n}. The set E is a
subset of V' x V that does not contain any element of the form (v,v), v € V.

If (v1,v2) € E, we say that there is a path from vy to vo. We say that vy is a predecessor of vo and
that ve is a successor of v1. A simple example is given in Figure 6.
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Figure 6: A directed graph defined by V = {1,2,3,4} and E = {(1,2),(1,3),(3,4)} with 4 vertices
and 3 edges.

We say that the directed graph (V, E) is acyclic if there does not exist any n € Nand vy,...,v, € V
such that

® VUp = V1,

L4 (U17U2)7 LERR (Unfla Un) ck.

A simple example is given in Figure 7.

<

Figure 7: The graph on the left is acyclic and the graph on the right is cyclic (not acyclic).

A directed graph which is acyclic is called a DAG (directed acyclic graph). We call path a vector
(v1,...,vy) with v1,...,v, € V and (v1,v2),..., (vp—1,v,) € E. For a DAG (V,E) and v € V we
call indegree of v the quantity card{(v',v),v" € V,(v',v) € E}. We call outdegree of v the quantity
card{(v,v"),v" € V, (v,v') € E}. A simple example is given in Figure 8.
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Figure 8: The vertex 1 has indegree 0 and outdegree 2. The vertex 4 has indegree 2 and outdegree 0.

Definition 21 (general feed-forward neural network) A feed-forward neural network is defined
by the following.

e An activation function o : R — R.

e A DAG G = (V, E) such that G has d > 1 vertices with indegree 0 and 1 vertex of outdegree 0.
We write the d vertices with indegree 0 as

SO,

o A wvector of weights
(wa; acV'U E)

where V' is the set of vertices with non-zero indegrees (there is a weight per vertex [except the d
vertices with indegree 0] and a weight per edge).

We write L for the mazimal length (number of edges) of a path of G. We have L < card(V) — 1. We
define the layers 0,1, ..., L by induction as follows.

o The layer 0 is the set {vertices with indegree 0}.

e Forf{=1,...,L,

layer £ = {vertices who have a predecessor in the layer £ — 1,

possibly other predecessors in the layers 0,1,... 0 — 2, and no other predecessors}.

Proposition 22 In the context of Definition 21, we have the following.
e The layers 0,1, ..., L are non-empty.

o The layers 0,1,..., L are disjoint sets.

Any vertex belongs to a layer.

The layer L s a singleton composed of the unique vertex of outdegree 0.

The edges are only of the form (v,v"), with v € layer i and v' € layer j with i < j.
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Proof of Proposition 22

We call the elements of the layer 0 the roots. For a vertex v, we call inverse path from v to the roots
a vector (v, vy,...,v) with vg a root and (vq,v), (ve,v1),..., (vg, vk—1) € E (hence (vg, vg—1,...,v2,0)
is a path). The length of such an inverse path is k (there are k edges in the path). By convention, if
v is a root, we say that v has an inverse path of length 0 to the roots.

Then let us show by induction that, for £ =0,..., L,

layer ¢ = { vertices which longest inverse paths to the roots have length ¢} . (8)

The property is true for the layer 0 (with our convention).

If the property is true for the layer ¢, then any vertex of the layer £ + 1 has an edge that comes
from the layer ¢, so it has an inverse path to the roots of length ¢ 4+ 1. There are no longer inverse
path because the vertex has no predecessors outside of the layers 0,1..., 7.

Consider a vertex v which longest inverse path to the roots has length £+ 1. The first predecessor
of v in this path belongs to the layer ¢, from (8) at step ¢. The only predecessors of v are in the layers
0 to £ because if there are other predecessors, the longest inverse path from v to the roots has length
W > ¢ (because this other predecessor would not belong to the layers 0 to ¢ and using (8)). Hence,
finally, v belongs to the layer ¢ + 1. Hence we have shown (8) by induction.

We remark that any vertex v has an inverse path to the roots. Indeed, we let V be the subset of S
composed of the vertices which have an inverse path to the roots. Then, is V # V, then V\V provides
a DAG with one vertex of indegree 0 which is false (in a DAG, there exists a vertex of indegree zero,
otherwise we can construct an arbitrary long inverse path and thus a cycle).

Hence, from (8), an element of the layer L has outdegree 0 (otherwise there is a path of length
L +1). Hence, the layer L is empty or is a singleton. By construction of the layers, the edges only go
from a layer ¢ to a layer j with ¢ < j. Hence, the only possible path of length L go through each of
the layers 0,1, ..., L. Since such a path exists, the layers 0,1, ..., L are non-empty.

Hence we have proved everything: the layers are non-empty, disjoint, any vertex belongs to one of
the layers and the edges go from a layer to a layer of strictly larger index. (Il

An example is given in Figure 9.
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Figure 9: An example of the DAG of a neural network. The layer 0 has 3 vertices, representing a
neural network classifier from [0,1]% to {0,1}. These vertices have indegree 0. The layer 1 has 4
vertices (neurons). The layer 2 has 3 vertices (neurons). The layer L = 3 has one (final) vertex of
outdegree 0 (output of the neural network function). The layers 1 and 2 correspond to the hidden
layers.

Remark Compared to Section 1.3,
e we do not have all the possible edges between the layers ¢ and ¢ + 1,
e we allow for edges between the layers i and ¢ + k with & > 2.

Formal definition of a general feed-forward neural network function based on a DAG
Following definition 21 and Proposition 22, it is a function characterized by

(wa; acV'U E)
where V' contains the layers 1 to L. The input space is [0, 1]d. Consider an input = = (z1,...,24) €

[0,1]¢. We define by induction on the layers 0 to L the outputs associated to each neurons of the layer

£. For the layer 0 the output of the vertex 37(;0) is x;.

For the layer £+ 1, £ =0,...,L — 2, the output of a vertex v is

o <§: w; S; + b)
=1

where

e m is the indegree of v,

e vi,...,v], are the predecessors of v: (v},v),...,(v],,v) € E,
o (Wy,...,Wwy)= (w(vxl,v), oy Wy o)), the weights associated to the edges pointing to v,
e Si,..., Sy are the outputs of vy, ..., v, which are vertices of the layers 0, . .., £ so these outputs

are indeed already defined,
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e b = w, is the weight associated to the vertex v.
For the layer L, with the same notations, the output is
Lywm ,8,4+6>0.
4.2 Bounding the VC-dimension
We will bound the VC-dimension of these neural network functions based on the following quantities.
e L: number of layers minus 1 (longest path).
e U: number of neurons. U = card(V’) where V' is the set of vertices of the layers 1 to L.
e W: number of weights. W = U + card(E).

We assume that o is piecewise polynomial: there exist Iy, ..., )41 pieces (p > 1) where Iy, ..., Ip+1
are intervals of R, that is of the form

(—00,a), (—o0,dl, (a,b),[a,b), (a,b],[a,b], (a,+00), [a, +00)

such that I;NI; = & for i # j, with R = Uf;rllfi and such that o is polynomialon I; fori =1,...,p+1
with a polynomial function of degree smaller or equal to D € N.
Examples

e Threshold function o(x) = 1,50 with p = 1, I = (—00,0), Iy = [0,4+00) and D = 0. The
polynomials are x +— 0 on I; and « — 1 on Is.

e ReLU function o(z) = max(0,z) with p = 1, [ = (—00,0), I = [0,400) and D = 1. The
polynomials are « — 0 on I; and x +— x on Is.

Theorem 23 ([BHLM19]) Let L > 1, U >3,d>1,p>1and W > U > L. We consider a
DAG G = (V, E) which longest path has length L, with d vertices with indegree 0 and one vertex with
outdegree 0. We assume that card(V') = U where V' is the set of vertices in the layers 1 to L. We
assume that U + card(E) = W.

We consider a function o : R = R, piecewise polynomial on p + 1 disjoint intervals, with degrees
smaller or equal to D.
We define the following, fori € {1,...,L}.

e If D =0, W; is the number of parameters (weights and biases) useful to the computation of all
the neurons of the layer i. We have

W; = number of edges pointing to the layer i + number of vertices in the layer i.

o If D > 1, W; is the number of parameters (weights and biases) useful to the computation of all
the neurons of the layers 1 to i. We have

W; = number of edges pointing to a layer j, j < i + number of vertices in the layers 1 to i .
We write
1 &
L= W;Wi € 1,1),

e this is equal to 1 if D =0,

e this can be close to L if D > 1 and if the neurons are concentrated on the first layers.
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We define, for i =1,...,L, k; as the number of vertices of the layer i (kp =1). We write

L
R=> k(l+(@—-1)D"") ifD>1

i=1

<ULDL-1

and

R=U iD=0.
We define F as the set of all the feed-forward neural networks defined by G = (V, E), with one weight
per vertex of the layers 1 to L and one weight per edge (the structure of the network is fized and the

weights are varying).
Then, for m > W, with e = exp(1),

L . ; w;
2emk;p(1+ (i — 1)D=H\ ™
II < 2
Aom < ]2 ( = o)
L .
< (demp(1 + (L — 1)DE-1y) == W (10)
Furthermore

VCdim(F) < L + LW log, (4epR1ogy(2epR)) . (11)

In particular we have the following.

o If D =0, VCdim(F) < L + W log, (4epU logy(2epU)) has W as a dominating term (neglecting
logarithms). This is the number of parameters of the neural network functions.

e If D > 1, VCdim(F) has LW as a dominating term (neglecting logarithms). This is more than
the number of parameters of the neural network functions. We can interpret this by the fact
that depth can increase L (recall that L € [1,L]) and thus make the family of neural network
functions more complex.

4.3 Proof of the theorem

Let us prove Theorem 23. The proof relies of the following result from algebraic geometry.

Lemma 24 Let Py, ..., Py, be polynomials functions of n < m wvariables of degree smaller or equal to
D > 1. We write
K = card {(sign(Py(z)),...,sign(Py(x)));z € R"},

with sign(t) = 1;>0. Note that K is the number of possible sign vectors. Then

n
K < <2emD) .

n

The proof of Lemma 24 can be found in [AB09].

Let us write f(z,a) for the output of the network (without the indicator function at the end) for
the input = € [0,1]¢ and the vector of parameters a € RW. Let z1,..., 2., € [0,1]%. In order to bound
IIx(m), let us bound

card { (sign(f(z1,a)), ..., sign(f(zm,a)));a € RW}

N
< card {(sign(f(z1,a)), ..., sign(f(zm,a))) ;a € P},
=1

where P, ..., Py are a partition of R" which will be chosen such that the m functions a — f(z;,a),
j=1,...,m, are polynomial on each cell P;. We can then apply Lemma 24.

The main difficulty is to construct a good partition. We will construct by induction partitions
Co,...,Cr_1, where C;,_1 will be the final partition Pi,..., Py.

The partitions Cp,...,Cr_1 will be partitions of RW such that for i € {0,...,L — 1}, C; =
{Ay,... A} with Ay U---UA, = RWY and A, U A,y = & for r # r'. We will have the following.
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(a) The partitions are nested, any C € C; is a union of one or several C' € C;1q (0<i < L —2).

(b) We have card(Co) =1 (Co = {R"'}) and for i € {1,...,L — 1},

card(C;) _, (2emhip(1+ (i—1)D'"") Wi
card(Ci—1) ~ Wi '

(c) Fori e {0,...,L —1}, for E € C;, for j € {1,...,m}, the output of a neuron of the layer i (for
the input z;) is a polynomial function of W; variables of a € E, with degree smaller or equal to
iD".

Induction

When i = 0, we have Cy = {R"'}. The output of a neuron of the layer 0 is constant with respect
to a € R and thus the property (c) holds.

Let 1 <i < L —1. Assume that we have constructed nested partitions C, ...,C;_1 satisfying (b)
and(c). Let us construct C;.

We write P, ;. p(a) the input (just before o) of the neuron i (h = 1,...,k;) of the layer i, for the
input z;, as a function of @ € £ with E € C;_1. From the induction hypothesis (c), since Py, £(a) is
of the form

Z wy (output of neuron k) + b
k

and since the partitions are nested, we have that P ;. gp(a) is polynomial on E of degree smaller of
equal to 1+ (i —1)D*~! and depends at most on W; variables (we can check that this holds also when
D =0).

Because of o, the output of the neuron h is piecewise polynomial on E. We will divide E into
subcells such that the output is polynomial on each of the subcells, for any neurons h and any input
xj. Figure 10 illustrates the current state of the proof.
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Figure 10: Illustration of the construction of the partitions.

We write t; <t < --- <t, the cuts of the pieces I1,...,Ipi1, as illustrated in Figure 11.

oo, T, o oo
o open

T / Iz l'zxs...rf

11«4-1

Figure 11: Ilustration of the cuts of the intervals for o.

We consider the polynomials

+ (Ph,ivij(a) - tr)he{l,l..,ki} )
je{1,...m}
re{l,...,p}
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where in the above display there is a + if ;41 is closed at ¢, and a — if I41 is open at t,. With this,
1:|:(Ph,a:j,E(a)_tr>20 = Sign (:l: (Phyl'ij(a) - tr))

is constant for Ph,xﬁE(a) € L.
From Lemma 24, this set of polynomials on R" reaches at most

=2 <2€(’fimp)(1 ;/(z - 1)D“)>wi

distinct vectors of signs, sign (£ (P 5, r(a) — t”))h,j,r when a € R" and thus when a € E. Indeed,
e k;mp is the number of polynomials,
e 1+ (i—1)D ! is the degree bound,
e IV, is the number of variables.

We can thus partition E into less than II subcells such that, on each of these subcells, the P ., g(a)
stay in the same interval where o is polynomial as a varies in the subcell. We remark that these II
subcells of E are the same for all the neurons h and all the inputs «; (this is important for the sequel).
Hence we obtain a new partition C; of cardinality less than Ilcard(C;—1). This enables to satisfy
the property (b).
Let us now address the property (c). For all E' € C;, the output of the neuron h € {1,...,k;},

a€E o (Pya, pla))
is a polynomial function of W; variables with degree smaller or equal to
D(1+ (i —1)D™1) <iD?,

where the factor D comes from the application of the polynomial corresponding to o. Hence the
property (c) holds.

This completes the induction and we have the nested partitions Cy, . ..,Cr_1 satisfying (b) and (c).
Use of the partition to conclude the proof
In particular, C;_; is a partition of R" such that the output of each neuron of the layers 0, ..., L—1

is polynomial of degree smaller or equal to (L — 1)D*~! on each E € C;_; (since the partitions are
nested) and for all input z1, ..., zy,.
Hence for each cell £ C Cr—1 and each input z;, the function

a€ B f(zj,a)

at the end of the network is polynomial with degree less of equal to 1 + (L — 1)D*~! where the 1
comes from the final linear combination.
Hence, from Lemma 24,

2em(1 + (L — 1)DL1) > We

card {(sign(f(x1,a)),...,sign(f(zm,a)));a € E} <2 < W

and thus

card {(sign(f(x1,a)),...,sign(f(zm,a)));a € RV} < Z card {(sign(f(x1,a)),...,sign(f(zm,a)));a € E}
EeCyr,_1

2em(1 + (L — 1)DL‘1)>WL

< card(Cr—1)2 ( W,

(12)
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Then, from the property (b),

o (Qemkip(l + (i — 1)D“)>Wi

d(Cr_1) < 2
card(Cr—1) < 11 W,
and thus, since (12) holds for any z1,..., 2, € [0,1]%,
L i . W,
2emk;p(1+ (i —1)D7H)\ ™
1I < 2
#m) < T2 ( =

i=1

and thus (9) is proved.
For the sequel, we use the inequality between arithmetic and geometric means: for yi,...,yx > 0,
for ay,...,ar > 0 such that Zle a; >0,

k iy ai
ai Y aiyi '
[ < (Sem) ™"

i=1 Zi:l a;

Then we have

. Z.L: W;
iy < 3t (21 G =D )
B EiLzl Wi
ZiLzl Wi
2
(by definition of R:) = oL (emeR> (13)
Yl Wi
L _ S W
(since L < ZW) < 4emp(1 + (L — 1)DL=1) Zz’L:1 ki 1
= - i Wi

L L
(since Z k; < Z Wz) < (4emp(1 4 (L _ 1)DL—1))21'L:1 Wi '
=1 =1

Hence (10) is proved.
To prove the bound (11) on VCdim(F) we will combine (13) and the next lemma (that we do not
prove).
Lemma 25 Let r > 16 and w >t > 0. Then, for any m >t + wlogy(2rlogy(r)) := zo, we have
2m > 2! (@)w
o)

Hence from (13) and by definition of the VC-dimension, Lemma 25 with ¢t = L, w = 25:1 W; and
r = 2epR > 2eU > 16
yields

L
VCdim(F) < L+ (Z VVZ> log, (4epR log,(2epR))

=1

which proves (11).
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