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Introduction

» Context of code validation : Is the code in agreement with a set of
reference experiments ?

» Gaussian processes validation : Modelling of the error between the
code and the physical system.
» Goals :

> Calibration of the code
> Completion of the code by a statistical term based on a set of experiments
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Least square calibration

Gaussian processes notions

Gaussian Processes Validation Model

Calibration and prediction

Model selection

Application to the thermohydraulic code Flica IV
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Computation code and reality

A computation code, or parametric numerical model, is represented by a
function f :

f ‘RIXR™ SR

The physical system is represented by a function Y.

Yea :RY —R
X — Yreal(X)

» The inputs x are the experimental conditions.

» The inputs 3 are the calibration parameters of the computation code.

» The outputs f(x, 8) and Yez(x) are the quantity of interest.

A computation code models (gives an approximation of) a physical
phenomenon.
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Least square calibration

We dispose of a set of experimental results : x1, Yops(X1), .-, Xn, Yobs(Xn)-
Least Square calibration :

» Compute :
n
Bis € argﬁminz (f(xi, B) = Yobs(x1))?
i=1
» For new experimental condition xnew we predict the quantity of interest
by : f(Xnew, Bis)-
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(&) Least square calibration as a Maximum Likelihood
estimation

Assume that there exist 3 so thatfor1 < i <n
Yoos(Xi) = f(x;, B) + zi

With z; ~jig N'(0, 02). z's are either
» A measure error.
» A measure error and a model error
Then the maximum likelihood estimator 3 of 3 is

g € arg[rg'nax m exp (—212 (; (f(xi, B) — Yobs(xi))2>>

€ argming i (f(xi, B) = Yobs(x)))?

i=1
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Least Square calibration : Case of insufficiency

When z;’s are only measure error :

» Problem when o2 (or an upper-bound) is known and when the errors
f(xi, B) — Yops(X;) are too large. (Statistical tests available to detect).

When z;’s are model errors.
» The physical system x — f(x, 3) + z would be discontinuous

» It is reasonable to assume correlation between the model errors at two
neighboor points

— A Gaussian process model is a way to answer these issues
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Gaussian processes notions
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(&) Gaussian processes (1/3)

A random function is a function 4 A W) iy VA
x — F(x) such that F(x) is a random ] s \'\‘VV\« /,‘ “{m
variable. Alternalively a random function B // "/\\

is a function that is unknown, or that RN Wm /M/\
depends of the hasard. “/t/

Finite dimensional distributions of a random function

Let us consider n points of R? : Xy, ..., X». By definition, the vector

(Z(x1), ..., Z(xn)) is a random vector of R". Its distribution is said to be a
finite dimensional distribution of Z.

The finite dimensional distributions of Z are the set of these distributions with
netxq, ..., Xnp varying.
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(&) Gaussian variables and vectors

F | M=, @202, — |
M=, @210, —
A random variable is a Gaussian e — |
variable with mean 1 and variance o2

when its probability density function is
1) = a— oxp (— gz (x - w)?)

A ndimensional random vector is a
Gaussian vector with mean vector p
and covariance matrix R when its
multidimensional probability density
function is f(x) =

——exp (~3(x - WA~ (x — )

(2) 3 \/det(R)
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(&) Gaussian processes (1/2)

A random function Z on R? is a Gaussian process when its finite
dimensional distributions are Gaussian.

In the sequel, we only consider Gaussian processes :
» Gaussian variables : most commonly used to represent errors.
» Gaussian properties make the treatment of the problem simpler.

Mean function M : x — M(x) = E(Z(x))
Covariance function C : (X1, X2) — C(X1, X2) = cov(Z(x1),Z(x2))

» A Gaussian process is caracterized by its mean and covariance
functions.
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Ce:j Gaussian processes (2/2)

Examples of covariance functions

Nugget covariance function C(x,y) = o21x=y

i i ; _ 2 _ (x=yP
Gaussian covariance function C(x,y) = o< exp 7
c

Exponential covariance function C(x,y) = o2 exp (— 'X_”)

le

Examples of realizations with Gaussian covariance function

— Reatiaton 1
— Reatsaton 2

FiG.: Left: 0 = 0.2, I = 0.01. Right : 0 =.0.2, Io-= 0.05
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(&) Conditional distributions for Gaussian vectors

(v )~ ((m) (& %))

Then, conditionaly on X, = xo, X; is a Gaussian vector with

Theorem
Let

E(Xi|Xe = X2) = my + Ry 2R3 (X2 — mp)

and

cov(Xi|Xe = x2) = Ry — H1,2R£; Rz 1
lllustration
Let v

1 0 1 p

(v )~~((3)-() 7))

Then
E(X11X2 = x2) = pxo

and

var(Xi| Xz = xp) =1 - p?
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Gaussian Processes Validation Model

=

o
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(&)  Model error

Statistical modelling : The physical phenomenon is one realization among a
set of possible realizations. It is modeled as a realization of a random
process.

Equation of the statistical model
Yreal(w, X) = f(x, B(w)) + Z(w, X)

» Equation that holds for a specific parameters vector 3. Called "the"
parameter of the numerical code.

> No prior information case : 3 constant and unknown.
> Prior information case (Bayesian case) : 3 ~ N (Bprior; Qprior)
» Zis (a priori) a centered, stationary, Gaussian process. We denote by
Cmoqg the covariance function of Z.
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(&)  Steps of Gaussian processes code validation

» Step 1 : Estimation of the covariance function for the model error.
» Step 2 : With a given covariance function : calibration and prediction.
> Calibration : gives a "posterior mean value" for the code parameter 3 and a
"posterior variance".
> Prediction : for a new experimental condition Xpew, gives a "posterior mean
value" for Yiea(Xnew) and a "posterior variance".
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Linear code and observations : notations

Linearization of the numerical model around the reference parameter :

vx: f(x,0) = Z hi(x)B;
i=1

Observations
We observe the physical phenomenon Y,z (x) for ninputs x1, ..., Xp.
Define :

> n x m matrix of partial derivatives of the numerical model : H.
» Random vector of observations : yops.

» Random vector of measure error : e.

» Random vector of model error : z.

» Covariance matrix of z : Rmoqg-
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Matrix equation of the statistical model

The statistical model becomes, for the inputs xq, ..., Xn :

Yobs = HB + 2+ ¢

Covariance matrix of z + €
R:=cov(z+¢€) = Rmog + K
With K := cov(e). K is diagonal. Most classical case : K = 02,/.

» No prior information case
» When R = o2l, : Classical linear regression model.
» Prior information case

Yobs ~ N(H/Bpriorv R+ HQpriorHT)

» Main interest of the correlation : Efficient prediction of the phenomenon
when it does not have the same shape as the numerical code.
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Calibration and prediction
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Introduction

Assume we have fixed the covariance function Cp,,q of the model error.
» The statistical model is a linear regression model with a Gaussian
process error.

> It is the same as the Kriging Model, well known e.g in Geostatistic and
in analysis of computer experiments.

» We have closed form formulas for the calibration and the prediction.
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(&) Calibration (1/2)

Calibration problem = Statistical estimation problem

Estimation of

» An estimator of 3 is a function 3 : R" — R™.

> B( Yobs) IS the estimation of 3 according to the vector of observations
Yobs-

> B( Yobs) is @ random variable because y,ps is @ random variable.

» Quality measure of an estimator : Mean square error :

Ey e [[18 — Bobs)I2].
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Calibration (1/2)

No prior information case
The maximum likelihood estimator of 3 is

B= (HTR_1H)_1HTR_1yobs
The covariance matrix of 3 is

cov(B) = (HTR™TH)~!

» Bis unbiased : E(3) = 3
> If Yops = HB,B =7
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(&) Calibration (2/2)

Prior information case

Recall the a priori probability law of 3 is normal with mean vector By, and
covariance matrix Qpior. Conditionally to the observations yops, 3 is
Gaussian with mean vector 305t and covariance matrix Qpos;-

Bpost = Bprior + (Qp, p/’IOI’ +HR™ H)~ "HTR™! (Yobs — HBprior)-

QPOSf ( prlor + H'R™! H) !
» Best predictor according to the mean square error.
» When Qp‘”or — 0 (Uninformative prior) we find the prediction of the no

prior information case, even if Bpior 7# 0.
> When Qprior — 0 Bpost — Bprior-
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(&)  Prediction (1/4)
Goal : to complete the prediction of f(xo, 3) at a new point xq.

Notations

v

Physical phenomenon at xg : yo := Yreai(Xo)-
(pseudo) new observation at Xp : Yops,o-

» Column vector of partial derivatives of the code : hg.
Random variable of the model error : Zz;.

v

\4

» Random variable of the measure error : €.
» Column covariance vector ry : rp j := cov((z + €);, Zg + €p)-

Prediction of y,

v

A predictor of yg is a function (yp) : R" — R.

(¥o)(Yobs) is the prediction of y, according to the vector of observations
Yobs-

(¥o)(Yobs) is @ random variable because y,ps is a random variable.
Quality measure of a predicor : Mean square error :

Eyops.v0 [U’O - <YO>(YObs)‘2]-

v

\{

v
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Prediction (2/4) : No prior information case

Prediction
The unbiased predictor of yops o at Xo, linear with respect to the vector of
observations yps, Which minimizes the mean square error (the BLUP) is :

(Yobs,0) = (hO)TB + ("O)TF')?1 (Yobs — Hﬁ)
with 3 the no prior information case estimator of 3.

» We do not have access to the best predictor, because its expression
makes use of the unknown parameter 3.

» The prediction expression is decomposed into a calibration term and a
Gaussian inference term of the model error.

Predictive variance
The mean square error of the BLUP is :

&,z(ozE((Zo+€0)2)*( 73 )t( /(-)/ Ig )71( 78 )

Confidence intervals available
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Prediction (3/4) : Prior information case

Prediction
The conditional law of y,ps o according to the observations y,ps is Gaussian
with mean (yops,0), With :

(Yobs,0) = (hO)Tﬁpost + ("O)TR_1 (Yobs — HBpost)

» Best predictor.

Predictive variance
Conditionally to yops the variance of ypps o is :

—1
. o \'( -Qz! H h
#=E@+af) - () ( ror H ) (%)

» When Ql;,.l,r — 0 (uninformative prior) we find the no prior information
case.
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Prediction (4/4) : from yops 0 10 ¥o

No prior information case

The BLUP of the observation equals the BLUP of the physical phenomenon :

VAER": E ((/\t}’obs - }’obs,0)2> =E (()\IYObs - YO)Z) +E ((60)2>

Prior information case
The conditional means are the same and the conditional variances are the
same up to the measure error :

> E(¥o|Yobs) = E(Yobs,0lYobs)
> var(Yops,0lYobs) = var(¥olYobs) +E ((50)2)

In both cases, we keep the same prediction, and remove E ((¢)?) to
the predictive variance.
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lllustration of calibration (1/3)

» Observation of the physical phenomenon : Yyps(x) = x° + .
e~ N (0,024, = 0.1%)

» Numerical code : f(x, 8) = 8o + B1x.
» Model error as a realization of a Gaussian process with covariance

function : Crnoa(X — y) = o2 exp (flx%‘z) o = 0.3, Ic = 0.5 (known).
c

» Bayesian case with :

0.2 0.09 0
/Bprior = ( 1 ) :Qprior = ( 0 0.09 )

» Observations : x; = 0.2, x» = 0.4, x3 = 0.6 and x; = 0.8.
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lllustration of calibration (2/3) (unnoised case)

F1G.: Up-left : Prior distribution of the parameter 3. Down-left : Posterior distribution of
the parameter 3. Right : plot of the code response corresponding to prior and posterior
mean of the code parameter.
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lllustration of calibration (3/3) (noised case)

Fi1G.: Up-left : Prior distribution of the parameter 3. Down-left : Posterior distribution of
the parameter 3. Right : plot of the code response corresponding to prior and posterior
mean of the code parameter.
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lllustration of prediction (1/3)

» Observation of the physical phenomenon : Yops(x) = —sin( %) + e.
e~ N(0,02 = 0.12)

» Numerical code : f(x,8) = Bg + B4 X + Bax? + B3x5.

» Model error as a realization of a Gaussian process with covariance

2
function : Cioa(X — y) = o2 exp (—%) o = 0.3, Ic = 0.5 (known).

I
» No prior information case.
» 6 observations regularly sampled between —0.8 and 1.7.
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(&) lllustration of prediction (2/3) (unnoised case)

» The use of the model error improves the prediction given by the
numerical code.
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(&) lllustration of prediction (3/3) (noised case)

Ed

T
10 Nk} i 0.3 Ly [E] 10

» The measure error deteriorates the quality of the predictions.
» The confidence intervals are however still reliable.
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Model selection
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Framework

» The calibration and prediction methods presented above give good
results because we used a reasonable covariance function.

» The model selection is a statistical parameter estimation problem.

In our case, the covariance function of the measure error process e is known
for physical expertise. We want to take Cpoq in @ parametric set :

{Uzcmod,e}

with Cpnog,¢ a correlation function.

Hence, with variance matrix R, ¢ = Uzﬂmod,g + K, we have

(z+¢€) ~N(0, R, ) and we want to estimate o and 6.

We present 2 methods for model selection : Restricted Maximum Likelihood
and Leave One Out.
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Restricted Maximum Likelihood

Principle : Estimate o and 6 independently of 3 (hence, same method with or
without prior information).
Let C a (n — m x n) matrix of maximal rank such that CH = 0. Then we
have :

w := Cyops ~ N'(0,CRy4C")

We do maximum likelihood on the vector w.
The likelihood writes itself :

1

————————exp (— 1 w!(CR, C")™" w)
det(CR,C!)2 2

ng(W) X

We maximize it : )
8,0 € argmax £, o(w).
0,0

Hence we estimate o and 6 to make the vector w the most probable.
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Leave One Out (1/4)
We have seen that the prediction procedure (Bayesian or non-Bayesian
framework) leads to a simple stochastic metamodel :

X — N ((yabs’o), &)2(0). This metamodel depends on ¢ and 6.

» It is built according to the observations (= learning set).

Leave One Out
» Given a vector of hyper-parameters (o, 6).

» Forifrom1to nwe learn xp — N ((yobs,o), &A%O) with the reduced
observations vector
{(X1, Yobs, 1) s (Xi—1: Yobs,i—1)s (Xis1, Yobs,i+1)s - (Xn, Yobs,n)}

» we compute the LOO errors by :

€100,i(7,9) = Yobs,i — (Yobs,i) (Yobs, —i)-
» we compute the LOO predictive variance by :

8700,i(,0) = 8% (Vobs, i)

General utility of the Leave One Out :
» See how large the errors are.
» Check that the predictive variance are of the right size.
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Leave One Out (2/4) : closed form formulas

No prior information case

With :
Q (0,0) = (R, b — R, yH(HTR;JH) " HT R )
We have :
. g R 1
L00(0.0) = (diag(@™)) '@ yavs and 00 (:0) = 55~
N}
Prior information case
With :
Q= Ra,e + HOpriorH[
We have :
. PR . 1
eLoo(0,0) = (diag(Q~"))'Q "yops  and  67pp (0, 0) = @
1,1
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Leave One Out (3/4) : closed form formulas

» The no prior information case is the limit of the prior information case

—1
when Op,,o, — 0.

» From a computational point of view : computing the LOO errors and
predictive variance has the same order of complexity than REML and
Maximum Likelihood.

> Can be use as an alternative of Maximum Likelihood techniques.
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Leave One Out (4/4) : A model selection method

General principle, optimize a quality criterion based on €, 0o (e, 0) and the
6200, Forinstance :

» Minimize norm of LOO errors.
» Set number of valid LOO p-confidence intervals close to p.

1 €400.1(7:0)
> Set i 3200 (00) closeto 1

When the covariance matrix K of the measure error is null and no prior
information case, we have R, g = Uszod,g, hence :

> e.00(0o, ) independent of &

~2 _ 242
> 5Loo(0:0) = %67 0(0)
Hence a classical method is :

A . 1 < Eo0,(0)
f c argmin|le,oo(0)|2 and 82 = -5 L9 -
0 =1 ULoo,(e)

When K # 0 or prior information case : no classical method.
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Application to the thermohydraulic code Flica IV
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The experimental results for the friction model

The experiment consists in pressurized and possibly heated water passing
through a cylinder. We measure the pressure drop between the two ends of
the cylinder.

Quantity of interest : The part of the pressure drop due to friction : APy,
Two kinds of experimental conditions :

» System parameters : Hydraulic diameter D, Friction height H;, Channel
width e.

» Environment variables : Output pressure Ps, Flowrate Ge, Parietal heat

flux ®p, Liquid enthalpy hl, Thermodynamic title Xg, Input temperature
Te.

We dispose of 253 experimental results. 115 are in the isothermal domain

and 138 in the monophasic (non-isothermal) domain.

Important : Among the 253 experimental results, only 8 different system

parameters — Not enough to use the Gaussian processes model for

prediction for new system parameters — We predict for new environment

variables only.
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(&) The Flica IV code for the friction model

Parameterized a; and by.
Prior information (coming from previous studies) :

0.22 0.112 0
5prior = ( 0.21 ) 7Qprior = ( 0 0.1052 )
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(&) Results

Cross Vaidation Test Vraining

We compare predictions to observations
using Cross Validation

We dispose of :
» The vector of posterior mean APy, of size n.

) ' 2 .
» The vector of posterior variance Tpred of size n.

2 quantitative criteria :

» RMSE : \/15 ?21 (APfro,i - APAfro,i)

» Confidence Intervals : proportion of observations that fall in the
posterior 90% confidence interval.

2
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(&) Results : isothermal domain

RMSE | Confidence Intervals
Nominal code 840Pa 80/85 ~ 0.94
Gaussian Processes | 265Pa 79/85 ~ 0.93
1000 * . . 1000
o] e Mw‘w&*& o
1000 & ﬁ 1000 *
3000 :»* 3000
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Results : isothermal and monophasic domain

RMSE | Confidence Intervals
Nominal code 661Pa 234/253 ~ 0.925
Gaussian Processes | 189Pa 235/253 ~ 0.93
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Conclusion

» We can improve the prediction capability of the code by completing it
with a statistical model based on the experimental results.

» Number of experimental results needs to be sufficient. No extrapolation.

» The choice of the covariance function is important.

Increasing use of probabilistic methods for numerical simulation : Kriging
and Gaussian processes methods for surrogate models and code calibration
and validation.
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