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Bayesian framework in density estimation

Bayesian framework

Fixed unknown density function p0 : [−1, 1]d → [0,∞).

We observe random X1, . . . ,Xn, iid with density p0.

Bayesian prior P0 on p0. P0 is a random density : [−1, 1]d → [0,∞).
Not the same randomness as for X1, . . . , Xn.

Bayes’ rule provides a posterior distribution on p0 :

P ( P0 ∈ ·|X1, . . . ,Xn) .

Frequentist analysis

The posterior distribution provides an estimator of p0 (e.g. posterior median).

The posterior distribution is function of X1, . . . ,Xn (data) and of the prior P0
(parameter of the estimator).
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Posterior contraction rates

Posterior contraction rates, e.g. [Ghosal and Van der Vaart, 2017]
A sequence (εn)n≥1 is a posterior contraction rate when

P ( h (P0, p0) ≥ Mnεn|X1, . . . ,Xn)
p−→

n→∞
0,

for any sequence Mn →∞.

h is the Hellinger distance.

The convergence in probability is w.r.t. the law of X1, . . . ,Xn.

Goal : obtaining contraction rate εn → 0 as fast as possible.

For instance matching known frequentist rates in non-parametric statistics.
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Gaussian processes

Gaussian processes

A stochastic process (random field) Z : [−1, 1]d → R is a Gaussian process when for
any x1, . . . , xn ∈ [−1, 1]d ,

(Z (x1), . . . ,Z (xn))

is a Gaussian vector.

Covariance function
The function u, v ∈ [−1, 1]d 7→ Cov(Z (u),Z (v)).
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FIGURE: Various Gaussian process realizations, for various covariance functions.
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RKHS and Bayesian prior

RKHS, e.g. [Berlinet and Thomas-Agnan, 2004, van der Vaart and van Zanten, 2008b]
The reproducing kernel Hilbert space (RKHS) of a Gaussian process Z is the Hilbert
space HZ of functions : [−1, 1]d → R obtained by the “completion” of the linear
combinations of the functions

v ∈ [−1, 1]d 7→ Cov(Z (u),Z (v)),

for u ∈ [−1, 1]d .
It provides the RKHS norm, for f ∈ HZ ,

||f ||HZ .

Bayesian prior

For x ∈ [−1, 1]d ,

P0(x) =
eZ (x)∫

[−1,1]d eZ (t)dt
,

where Z is a Gaussian process.
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Posterior contraction rates

Concentration function, [van der Vaart and van Zanten, 2008a]
For ε > 0,

φlog p0 (ε) = inf
h∈HZ

||h−log p0||∞<ε

||h||2HZ
− logP (||Z ||∞ < ε) .

Theorem [van der Vaart and van Zanten, 2008a]
We have posterior contraction rate εn for any sequence εn such that

φlog p0 (εn) ≤ nε2
n.
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Deep Gaussian processes

Deep Gaussian process, [Damianou and Lawrence, 2013]

Depth H ∈ N.

Let d1 = d , d2,...,dH ∈ N, and dH+1 = 1.

For h = 1, . . . ,H, multivariate Gaussian process

Zh = (Zh,1, . . .Zh,dh+1 ) : Rdh → Rdh+1 .

Deep Gaussian process :

ZH ◦ · · · ◦ Z1 : [−1, 1]d → R.

t1

t2

t = (t1, t2)

Z1,1

Z1,3

Z1,2

Z1 = (Z1,1,Z1,2,Z1,3)

Z2 Z3
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An illustration
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Gaussian process realizations. Compositions of Gaussian process realizations.
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Our work and existing work on deep Gaussian processes

Only existing contraction rates : [Finocchio and Schmidt-Hieber, 2021].
Regression.
Sparsity and smoothness adaptation.

Our work [Bachoc and Lagnoux, 2021].
Density estimation and classification.
No sparsity and smoothness adaptation.
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Constrained prior

For the proofs, we needed to constrain the prior.

Value constraints
For h = 1, . . . ,H − 1, i = 1, . . . , dh+1,

||Zh,i ||∞ 6 1. (1)

Derivative constraints
For h = 2, . . . ,H, for i = 1, . . . , dh+1, and for j = 1, . . . , dh,∣∣∣∣∣

∣∣∣∣∣∂Zh,i

∂xj

∣∣∣∣∣
∣∣∣∣∣
∞

6 Kh,i,j , (2)

with constants Kh,i,j > 0.

Prior
Prior on p0, for x ∈ [−1, 1]d ,

P0(x) =
eZc,H◦···◦Zc,1(x)∫

[−1,1]d eZc,H◦···◦Zc,1(t)dt
,

where Zc,1, . . . ,Zc,H have law of Z1, . . . ,ZH conditioned by (1) and/or (2).
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Concentration function

Write log p0 with same composition structure as prior :

log p0 = z0,H ◦ · · · ◦ z0,1

with, for h = 1, . . . ,H, z0,h = (z0,h,1, . . . , z0,h,dh+1 ).

For ε > 0, let

Φc,z0 (ε) =

d2∑
i=1

3
2

inf
g∈H1,i

‖g−z0,1,i‖∞<ε

‖g‖2
H1,i
− 2 logP

(∥∥Z1,i
∥∥
∞ < ε

)
+
∑

(h,i)∈I
h>2

(
3
2

inf
g∈Hh,i

‖g−z0,h,i‖∞< ε
2

‖∂g/∂xj−∂z0,h,i/∂xj‖∞<
Kmin

4 ,

j=1,...,dh

‖g‖2
Hh,i

− 2 logP
(∥∥Zh,i

∥∥
∞ 6

ε

2

)
− 2

dh∑
j=1

logP
(∥∥∂Zh,i/∂xj

∥∥
∞ 6

Kmin

4

))
,

with
Kmin = min

h=2,...,H
min

i=1,...,dh+1
min

j=1,...,dh
Kh,i,j .
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Contraction rates

Theorem [Bachoc and Lagnoux, 2021]
For εn such that

Φc,z0 (εn) ≤ nε2
n,

we have posterior contraction rates at rate εn.

=⇒ Typically Φc,z0 (deep, constrained) has same order of magnitude as the
corresponding individual concentration functions (standard Gaussian).
=⇒ Rate holds for all decompositions

log p0 = z0,H ◦ · · · ◦ z0,1.

Example of Matérn prior

When p0 is β-smooth (Hölder and Sobolev), and the Gaussian processes have Matérn
covariance functions, if the Matérn smoothness parameters are well-chosen, we obtain
the rate

εn = n−β/2β+d .
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Conclusion

Many remaining open problems :

Adaptation to smoothness and sparsity [Finocchio and Schmidt-Hieber, 2021] in
density estimation and classification.

Theoretical analysis of computational approximations.

Thank you for your attention !
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