
















N ≥ 3

N ≥ 3













N ≥ 3





1

Ω ⊂ Rd

{
i∂tu−∆u = 0, u = 0 ∂Ω,

u(0) = u0,

{
∂2t u−∆u = 0, u = 0 ∂Ω,

(u, ∂tu)(0) = (u0, u1).

Lp
tL

q
x

Ω = Rd

u(x, t) =
1

4iπ|t|d/2

∫

Rd
ei

|x−y|2
4t u0(y)dy,

∥eit∆∥L1−→L∞ ! 1

td/2
,



∥eit∆u0∥Lq(R,Lr(Rd)) ! ∥u0∥L2 ,

(q, r)

2

q
+

d

r
=

d

2
, (q, r, d) ̸= (2,∞, 2).

L2 Lr r > 2
Lr

Lq

Rd

∥u∥Lq(R,Lr(Rd)) ! ∥u0∥Ḣs + ∥u1∥Ḣs−1

2 ≤ q ≤ ∞ 2 ≤ r < ∞

1

q
+

d

r
=

d

2
− s,

1

q
+

d− 1

2r
≤ d− 1

4
.

∥e−it
√
−∆Ψ(h

√
−∆)u0∥L∞ ! h−

d+1
2

1

t
d−1
2

∥Ψ(h
√
−∆)u0∥L1 ,

Ψ(h
√
−∆) ∼ h−1

p = q Rd q ̸= 2



r ̸= ∞

q = 2 r = ∞

(p, q, r) = (2,∞, 2)

d ≥ 3



1/4

1/6

h−1

t → ht
{
i∂tu− h∆u = 0, u = 0 ∂Ω,

u(0) = Ψ(−h2∆)u0.
sc

(en)n≥0 L2(Ω)
−∆D Ω (λn)n≥0

uk,0 ∈
{
en, 2kα ≤

√
λn ≤ 2kβ

}

hk = 2−k

{
i∂tuk − hk∆uk = 0, uk = 0 ∂Ω,

uk(0) = uk,0.
sc

ρ0 = (y0, η0) ∈ T ⋆(Ω × R) ∪ T ⋆(∂Ω × R)
WFb(U) U = (uk,0)k≥0, hk

p ρ0 ψ ∈ C∞
c 1

y0
∀σ, ∀N, ∥ hk

(p)ψuk∥Hσ(R×Ω) ≤ CN,σh
N
k .

WFb(uk) ⊂ Σb ∩ {τ ∈ [α,β], |ξ| ≤ D} ,

Σb Σb =
{
τ − |ξ|2 = 0

}
Θ(U)(x, t, s) =

∑
k e

−ih−1
k suk(x, t, s) Θ(U)

∂2t,sΘ(U)−∆(U) = 0, u = 0 ∂Ω× R× R,



s0 ∈ R ρ0 ∈ T ⋆(Ω× R) ∪ T ⋆(Ω× R)

ρ0 ∈ WFb(U) ⇐⇒ θ(ρ0, s0) ∈ WFb(Θ(U))

θ(ρ, s) := (ρ; s, 1)

U
T ⋆(Ω× R) ∪ T ⋆(∂Ω× R)

∼ h−1

h
1/p

∥eit∆u0∥Lp([0,T ],Lq(M)) ≤ C(T )∥u0∥H1/p(M).

h−1

h
1/p

4
3p

∥eit∆u0∥Lp([0,T ],Lq(M)) ≤ C(T )∥u0∥H4/3p(M).

h

1/p

1/6



d ≥ 4

Θ ⊂ Rd

Rd\Θ
(M, g)

∥(χu,χ∂tu)∥L2(R,Ḣ1×L2) ! ∥u0∥Ḣ1 + ∥u1∥L2 , ∀χ ∈ C∞
c ,

∥χu∥L2(R,H1/2) ! ∥u0∥L2 , ∀χ ∈ C∞
c ,



h
∼ h−1 ∼ h

h

h

∥χ(−∆D − (λ± iϵ)2)−1χ∥L2(Ω)−→L2(Ω) ! |λ|−1,

|λ| ≫ 1, 0 < ϵ≪ 1,

t0 > 0

u0 ∈ C∞
c ⊂ L2 −→ χeit∆u0 ∈ L2([0, t0], H

1
2 )

χ

P
ρ ∈ T ⋆Ω

P ρ



(en)n≥1 λn −→ ∞

−∆en = λnen + rn, ∥rn∥Hs = O(λ−∞
n ),

t0 > 0 s > 0

∥eit∆en∥L1([0,t0[,Hs) ≥ ∥
∫ t0

0
eit∆en∥Hsdt = t0∥λnen + rn∥Hs

≥ t0λn −O(λ−∞
n ),

(N ≥ 3

χ(−∆D−τ2)−1χ
{ τ }

{|τ | > 1, τ ≤ α}

∥χ(−∆− τ2)−1χ∥L2(Ω)→L2(Ω) ≤ C|τ |N ,

N ≫ 1

(N ≥ 3

α > 0

∑

γ∈P
λγdγe

αdγ < ∞,

P dγ γ ∈ P λγ =
√
µ1
γµ

2
γ

µ1,2
γ

γ



i, j, k

(Θi ∪Θj) ∩Θk = ∅,

∥χ(−∆D − (λ± iϵ))−1χ∥L2(Ω)−→L2(Ω) !
(2 +

√
λ)

1 +
√
λ

,

λ ∈ R, 0 < ϵ≪ 1,

ϵ > 0

∥χeit∆ψ(−h2∆)u0∥L2(R,H1/2) ! | h|
1
2 ∥ψ(−h2∆)u0∥L2 , ∀χ ∈ C∞

c ,

ψ(−h2∆) h

(M, g)

s = 1
2

P (
1

2
) < 0.

P (s)



P (1/2) < 0

h

∥χeit∆ψ(−h2∆)u0∥L2(R,H1/2) ! | h|
1
2 ∥ψ(−h2∆)u0∥L2 , ∀χ ∈ C∞

c .

h| h|

∥eit∆ψ(−h2∆)u0∥Lp([0,h| h|])Lq(M) ! ∥ψ(−h2∆)u0∥L2 .

h| h|

Θ1,Θ2 ⊂ R3

Ω = R3\ (Θ1 ∪Θ2)

∥u∥Lp(R,Lq(Ω)) ! ∥u0∥Ḣs + ∥u1∥Ḣs−1 , (Ondes)

∥u∥Lp(R,Lq(Ω)) ! ∥u0∥L2 , (Schrödinger)

(p, q)



R

∥χe−it∆Dψ(−h2∆)u0∥Lp(0,h| h|)Lq(Ω) ≤ C∥u0∥L2 ,

χ
χ ,χ ∈ C∞

0 χ = 1 Θ1∪Θ2∪R χ ∈ C∞
0

χ = 1 R ψ̃ ψ̃ = 1 ψ

ψ(−h2∆)eit∆Du0 = ψ̃(−h2∆)(1− χ )ψ(−h2∆)eit∆Du0

+ ψ̃(−h2∆)χ (1− χ )ψ(−h2∆)eit∆Du0

+ ψ̃(−h2∆)χ χ ψ(−h2∆)eit∆Du0,

Θ1 ∪ Θ2

w = (1− χ )ψ(−h2∆)eit∆Du0
{
i∂tw +∆Dwh = −[χ ,∆D]ψ(−h2∆)eit∆Du0

w(t = 0) = (1− χ )ψ(−h2∆)u0



1 − χ = 1 ∂Ω
Rn

∥w∥LpLq ! ∥(1− χ )ψ(−h2∆)eit∆Du0∥L2(Rn) + ∥[χ ,∆D]ψ(−h2∆)eit∆Du0∥L2H−1/2 .

[χ,∆D] R
χ (1−χ )ψ(−h2∆)eit∆Du0

h

T D R
T̂T (D) ⊂ T ⋆Ω D × {|ξ| ∈ [α0,β0]}

D T u0 = (q)u0 q
T̂2ϵ| h|(D̃) q = 1 T̂2ϵ| h|(D) D ⊂ D̃

q

d(Φt(ρ),Φt(ρ̃)) ≤ Ctd(ρ, ρ̃)µ

q
|∂αx,ξq| ! h−c|α|ϵ

h

t ≤ ϵ| h|

|eiht∆δy| ! (ht)−3/2, δy =
1

(2πh)3

∫
ei(x−y)·ξ/hq(x, ξ)dξ,

δy
ei(x−y)·ξq(x, ξ) y ξ

I n J = (j1, · · · , jn)
n ≥ 0 ji+1 ̸= ji J ′ = (j1, · · · , jn−1)

eith∆D,Ωq(·, ξ) =
∑

J∈I
(−1)JwJ ,

i∂twJ − h∆wJ = 0, wJ = wJ ′ R3\Θjn ,



w∅ wJ J
wJ wJ

wJ(x, t) =
∑

k≥0

wJ
k (x, t)h

ke−i(ϕJ (x,ξ)|ξ|−tξ2)/h

ϕ∅(x, ξ) = (x− y) · ξ/|ξ| ϕJ |J | ≥ 1

|∇ϕJ | = 1, ϕJ = ϕJ ′ R3\Θjn ,

wJ
k

(∂t + 2|ξ|∇ϕJ ·∇+ |ξ|∆ϕJ)w
J
k = −i∆wJ

k−1,

wJ
k = wJ ′

k R3\Θjn ,

wJ
−1 = 0

∇ϕJ(x, ξ)
x ξ

|ξ|
J

w(τ) = v(x+ 2τ |ξ|∇ψ, t+ τ)

∂τw = −|ξ|∆ψ(x+ 2τ∇ψ(x))w,

(−|ξ|
∫ τ

τ0

∆ψ(x+ 2s∇ψ(x))ds) =
(

Gψ(x+ 2τ |ξ|∇ψ(x))
Gψ(x+ 2τ0|ξ|∇ψ(x))

)1/2

,

Gψ ψ
wJ
0

wJ
0 (x+ 2τ |ξ|∇ϕJ(x), t+ τ) =

(
GϕJ(x+ 2τ |ξ|∇ϕJ(x))

GϕJ(x)

)1/2

wJ
0 (x, t)

x ∈ ∂Θjn wJ
0 = wJ ′

0 ∂Θjn

w∅
0

q

wJ
0 (x, t) = ΛϕJ(x, ξ)q(X−2t(x, |ξ|∇ϕJ), ξ),

ΛϕJ(x, ξ) =

(
GϕJ(x)

GϕJ(X−1(x, |ξ|∇ϕJ))

)1/2

× · · ·×
(
Gϕ(X−|J |−1(x, |ξ|∇ϕJ))

Gϕ(X−|J |(x, |ξ|∇ϕJ))

)1/2

,

Xt Xi i
k ≥ 1



ΛϕJ

|ΛϕJ | ! λ|J |

0 < λ < 1
1

eiht∆δy ≃ 1

(2πh)3

∑

J∈I

∑

k≥0

∫
wJ
k (x, t, ξ)h

ke−i(ϕJ (x,ξ)|ξ|−tξ2)/hdξ,

wJ
k ϕJ

h

SJ(x, ξ, t) = ϕJ(x, ξ)|ξ| − tξ2

ξ
|∇(ϕJ |ξ|)|2 =

|ξ|2

|ξ|∇(∂ξiϕJ |ξ|) ·∇ϕJ =
ξi
|ξ| ,

∂ξiϕJ |ξ| ∇ϕJ

τ −→ ∂ξi(ϕJ |ξ|)(x+
τ∇ϕJ(x, ξ)) ϕJ = ϕJ ′ ∂Θjn

x ∈ ∂Θjn

∂ξi(ϕJ |ξ|)(x+ τ∇ϕJ(x, ξ), ξ) = ∂ξi(ϕJ ′ |ξ|)(x, ξ) + τ
ξi
|ξ| ,

DξSJ(x, ξ, t) = X̂−2t(x, |ξ|∇ϕJ(x, ξ))− y

ξ = sJ(x, t) x y
2t Θj1

∇
(
∂2ξiξjψJ

)
·∇ψJ = δij − ∂ξi∇ψJ · ∂ξj∇ψJ



t ≥ t0 > 0

Dα
ξ ϕJ

∇(Dα
ξ ϕJ) ·∇ϕJ = RJ ,

RJ

|Dα
ξD

β
x∇ϕJ | ≤ D|J |

α,β ,

α = 0

h wJ
k ̸= 0 |J | ≈ t ≤ ϵ| h| ϵ h

t ≥ t0

eiht∆δy ≃ 1

(2π)3
h−3/2

∑

J∈I

∑

k≥0

w̃J
k (x, t, ξ)h

ke−isJ (x,t)/h,

w̃J
0 = wJ

0 k ≥ 1 w̃J
k

wJ
k wJ

k ̸= 0
|J | ≈ t ≤ ϵ| h|

∑

J∈I
|wJ

0 (x, t, ξ)| !
∑

J | wJ
k ̸=0

λ|J | !
∑

r"t

λr ≤ e−µt

µ > 0
w̃J
k (x, t, ξ)h

k

wJ
k h−ϵ

t ∈ (t0, ϵ| h|)

|eith∆δy| ! h−3/2e−µt

eith∆δy

R3



1

Sd−1(0, s) d−1
2 h

N ≥ 3

N ≥ 3

(Θi)1≤i≤N R3

Ω = R3\ ∪
1≤i≤N

Θi

Ω

∥u∥Lq(R,Lr(Ω)) ! ∥u0∥Ḣs + ∥u1∥Ḣs−1 ,

∥u∥Lq(R,Lr(Ω)) ! ∥u0∥L2 .



N ≥ 3

u A

⟨Au, u⟩(T )− ⟨Au, u⟩(0) =
∫ T

0

∫

Ω
⟨[i∆, A]u, u⟩+

∫ T

0

∫

∂Ω
⟨Au, ∂nu⟩.

A

A

A
{τ − η2 > 0}

∥ h(φ)u∥L2H1/2 ≤ C(∥u0∥L2 + δ∥ h(φ̃)u∥L2H1/2) + CδO(h∞),

φ̃ = 1 φ δ > 0

∥ h(φ)e
−it∆Dψ(−h2∆)u0∥Lp(0,h| h|)Lq(Ω) ≤ C∥u0∥L2 ,

φ ∈ C∞(R3 ×R3) K ⊂ T ⋆Ω∪ T ⋆∂Ω

∥ h(φ)e
ith∆ψ(−h2∆) h(φ)

⋆∥L1→L∞ ! (ht)−3/2, ∀0 ≤ t ≤ ϵ| h|.

eiTh∆ ≈
∑

=(k1,··· ,kL)

eits0∆ΠkLe
iτh∆ΠkL−1 · · ·Πk1e

iτh∆ +R1(t) +R2(t),



Πk

τ

R1 R2

T0 ≥ 0
Πi t ≥ T0

0 ≤ t ≤ T0 φ K
0 ≤ t ≤ T0 φ

0 ≤ t ≤ T0

T0

∑

J∈I
|wJ

k |,

I

wJ



2

(∂2t −∆)u+ ϵu|u|p−1 = 0, u = 0 ∂Ω,

(u(0), ∂tu(0)) = (u0, u1) ∈ Ḣ1 × L2,

ϵ ∈ {1,−1}

E(u(t)) =
1

2

∫
|∇u|2 + 1

2

∫
|∂tu|2 + ϵ

1

p+ 1

∫
|u|p+1.

d = 3 p = 6
Ω = Rd

u −→ λ1/2u(λ·,λ·)

t −→ ±∞

u u
v±

∥u(t)− S(t)v±∥Ḣ1 + ∥∂t(u(t)− S(t)v±)∥L2 −→ 0

t −→ ±∞ S(t)v±
v±

ϵ = 1



Ω

Ω

Rd

H1

t−→t−1
0

∫

x∈|x−x0|<t0−t
u6(x, t)dx = 0,

∂tQ− P +
1

3
|u|6 = 0,

Q =
|∂tu|2 + |∇u|2

2
+

|u|6

6
+ ∂tu(

x

t
·∇)u

P =
x

t

(
|∂tu|2 − |∇u|2

2
+

|u|6

6

)
+∇u,

(
∂tu(

x

t
·∇)u+

u

t

)
,

K0
S = {S ≤ t ≤ 0, |x| ≤ t} , S −→ 0−.

KT
0 T −→ +∞

∫

R3
|u(t)|6 −→ 0 t −→ ∞,



1

|S|

∫

((S,0)×∂Ω)∩K0
S

(n(x) · x)|∂nu|2dσ(x)dt −→ 0

S −→ 0−

∫ t0

0

∫

∂Ω
|∂nu|2dσdt ! E,

n(x) · x = O(|x|2)
KT

0

T −→ ∞
L6

(
1

T

∫ T

0

∫

∂Ω
tP · n|∂nu|2dσdt

)

+

−→ 0 T −→ ∞

tP = x · n
Rd

1

T

∫ T

0

∫

∂Θ
|∂nu|2dσdt −→ 0,

Θ Rn C ⊂ Rn

∂Θ
∇ρ · ν > 0



ρ(x) = {λ > 0, x ∈ λC}

C ν ∂Θ

C ⊂ R3

x2 + y2 + ϵz2 = 1, 0 < ϵ ≤ 1

x2 + ϵy2 + ϵz2 = 1,
1 +

√
3

4
≤ ϵ ≤ 1

Θ R3 C
Θ = R3\Θ Ḣ1(Ω)

∂Θ
(s+ ρ1 − 2(ρ2M − ρ1)) > 0,

ρ1 ≤ ρ2 C ρ2M ρ2 s
C ρ2M

∂t

(∫

Ω
−∂tu∇u∇χ− 1

2
∆χu∂tu

)
=

∫

Ω
(D2χ∇u,∇u)− 1

4

∫

Ω
u2∆2χ

+
3

2

∫

Ω
|u|6∆χ− 1

2

∫

∂Ω
|∂nu|2∂nχ,

u χ
χ

∇χ
χ −∂nχ ≥ c > 0 ∆2χ ≤ 0

1

T

∫ T

0

∫

∂Θ
|∂nu|2dσdt !

E

T
,



χ

χ = ϵx2 + y2 + z2, ϵ≪ 1,

ϵx2 + y2 + z2 + w2

u ũ
ũ

∫ T

0

∫

∂Θ
|∂nũ|2∂nχ̃dσdt ! E(ũ)

χ̃

E(ũ) ! TE(u)

∫ T

0

∫

∂Θ
|∂nũ|2∂nχ̃dσdt " T

∫ T

0

∫

∂Θ
|∂nu|2dσdt

1

T

∫ T

0

∫

∂Θ
|∂nu|2dσdt !

1

T
E(u) −→ 0,

a ∈ C∞(R3×R3)

ξ ·∇xa(x, ξ) ≥ c > 0 Ω,

a(x, ξ)− a(x, ξ′)

(ξ − ξ′) · n(x) ≥ c > 0 ∂Ω,

ξ′ ξ
χ

a(x, ξ) = ∇χ(x) · ξ.



Θ1 Θ2 R3

(S(T ))T≥1 R

S(T ) −→ R T −→ +∞

Ω := R3\ (Θ1 ∪Θ2) T

1

T

∫ T

0

∫

(Ω∩B(0,A))\S(T )
|∇u(x, t)|2 + |u(x, t)|6 dxdt −→ 0.

1

T

∫ T

0

∫

(Ω∩B(0,A))
|∇u(x, t)|2 + |u(x, t)|6 dxdt −→ 0

{u(t), t ≥ 0} Ḣ1

1 −1

χ(x) = |x− 1|+ |x+ 1|,

∇χ · n ≥ 0, ∆χ " 1 B(0, A), ∆2χ = 0.

∫ T

0

∫

Ω
(D2χ∇u,∇u) +

∫ T

0

∫

Ω∩B(0,A)
|u|6 ! E,

D2χ χ
S(T )

D2χ " α S(α)

α(T )



∇χ S(α)

χc(x) = |x− c|+ |x+ c|, c −→ ∞

c −→ ∞ (x1,x2)
|(x1,x2)|

c(T ) −→ +∞ α(T ) −→ 0

1/T

∇χc c ≫ 1



Rd

i∂tu−∆u+ V u = ϵu|u|α, u(0) = u0 ∈ H1, V

L2

E(u(t)) :=
1

2

∫
|∇u(t)|2 +

∫
V |u(t)|2 + ϵ

1

α+ 2

∫
|u(t)|α+2 = E(u(0)).

V = 0

α ≤ 4
d−1

ϵ = 1

u u
v±

∥u(t)− e−it∆v±∥H1 −→ 0

t −→ ±∞

V

V

x ·∇V ≤ 0



H1

V = 0

ϵ = −1
u = eitQ

∆Q−Q+Qα+1 = 0,

V ̸= 0
V = 0

Ec =
{
E > 0 | ∀ϕ ∈ H1, E(ϕ) < E ⇒ S(t)ϕ ∈ LpLr

}
,

S(t)ϕ ϕ

Ec < ∞.

(ϕn)n≥1 Ec

E(ϕn) ≥ Ec, E(ϕn) −→ Ec, S(t)ϕ /∈ LpLr.

(ϕn)n≥1 H1 ϕc

H1

ϕn =
J∑

j=1

e−itnj ∆ψj(·− xnj ) +RJ
n ∀J ∈ N,

eit
n
j Aτxj

n
ψj

|tnj − tnk |+ |xnj − xnk | −→ ∞, ∀j ̸= k,



∥un∥2H1 =
J∑

j=1

∥ψj(·− xnj )∥2H1 + ∥RJ
n∥2H1 + on(1), ∀J ∈ N,

∥un∥pLp =
J∑

j=1

∥e−itnj ∆ψj(·− xnj )∥
p
Lp + ∥RJ

n∥
p
Lp + on(1), ∀J ∈ N,

∀ϵ > 0, ∃J ∈ N,
n→∞

∥e−it∆RJ
n∥LpLr ≤ ϵ.

ψ̃j

∥S(−t)ψ̃j − ψj∥H1 −→ 0

t −→ tj

S(t)ϕn ≈
J∑

j=1

S(t− tnj )ψ̃j(·− xnj )

n
Ec

ϕn

ϕc

uc = S(t)ϕc,

{uc(t), t ∈ R}
H1

∂2t

∫
χ|u|2 = 4

∫
(D2χ∇u,∇u) +

2

α+ 2

∫
∆χ|u|α+2 −

∫
∆2χ|u|2.

χR := R2φ(
·
R
) φ(x) =

{
x2 |x| ≤ 1

0 |x| ≥ 2

∣∣∂t
∫
χR|u|2

∣∣ ≤ C(E)R,



∂2t

∫
χR|u|2 ≥ δ > 0,

R u

t∈R

∫

|x|≥R

(
|∇u(t)|2 + |u(t)|2 + |u(t)|α+2

)
dx −→ 0

R −→ ∞
V ̸= 0

S(t− tnj )ψ̃j(·− xjn) =
(
S(t− tnj )ψ̃j

)
(·− xjn)

V ̸= 0

−
∫

∇V ·∇χ.

i∂tu−∆u+ δ0u = u|u|α, u(0) = u0 ∈ H1,

α > 4 V ∈ L1
1(R) V ′ ∈ L1

1(R)
V V ≥ 0 xV ′ ≤ 0 u ∈ C(R, H1(R))
V V H1(R)

d ̸= 2



∥eit(−∆+V )∥L1−→L∞ ! 1

t1/2

L1
1(R)

TT ⋆

xn −→ ∞

∥e−it∆τxnψ − e−it(∆−V )τxnψ∥LpLr −→ 0,

τ τxnψ = ψ(·−)

∥
∫ t

0
e−i(t−s)∆ (Un|Un|α) (s)ds−

∫ t

0
e−i(t−s)(∆−V ) (Un|Un|α) (s)ds∥LpLr −→ 0,

Un(x, t) = U(x− xn, t) U V = 0
t

∥eit∆τxnψ − eit(∆−V )τxnψ∥H1 −→ 0.

n∈N
∥eit(−∆+V )τxnψ∥Lp(T,∞)Lr −→ 0,

T T

∥e−it∆τxnψ − e−it(∆−V )τxnψ∥Lp(0,T )Lr −→ 0,

n −→ ∞

vn := e−it∆τxnψ − e−it(∆−V )τxnψ

i∂tu−∆u+ V u = V e−it∆τxnψ,

∥vn∥Lp(0,T )Lr ! ∥V e−it∆τxnψ∥Lγ′ (0,T )L1 ≤ T
1
γ′ ∥V e−it∆τxnψ∥L∞(0,T )L1

= T
1
γ′ ∥(τ−xnV )e−it∆ψ∥L∞(0,T )L1 ,



0 xn −→ ∞ V L1

−∆ + V

eit(−∆+V ) e−it∆

V = 0

d ≥ 3 V1 V2

V = V1 + V2

V,∇V ∈ L
d
2 (Rd, (1 + |x|β)dx), β >

2

3

∥eit(−∆+V )∥L1−→L∞ ! 1

|t|d/2
.

4

d
< α <

4

d− 1
,

V d V = V1+V2 H1(Rd)

V ∈ L1
1(R) V ′ ∈ L1

1(R)



d = 3
β ≥ 1

d ≥ 3

χ(x) = |x+ c|+ |x− c|, c ≫ 1.

(−c, c) V1 V2

|z′(t)| ! C(E,M),

z′′(t) ≥ 1

c1
µ−

∫
∇χ ·∇V |u|2,

µ > 0
c ≫ 1 ∇χ V1

V2 c1

z′′(t) ≥ µ

2c1
,



3

d = 3 d ≥ 4









N ≥ 3





4

Ω ⊂ Rd

{
i∂tu−∆u = 0, u = 0 ∂Ω,

u(0) = u0,

{
∂2t u−∆u = 0, u = 0 ∂Ω,

(u, ∂tu)(0) = (u0, u1).

Lp
tL

q
x

Ω = Rd

u(x, t) =
1

4iπ|t|d/2

∫

Rd
ei

|x−y|2
4t u0(y)dy,

∥eit∆∥L1−→L∞ ! 1

td/2
,

∥eit∆u0∥Lq(R,Lr(Rd)) ! ∥u0∥L2 ,



(q, r)

2

q
+

d

r
=

d

2
, (q, r, d) ̸= (2,∞, 2).

L2

Lr r > 2 Lr

Lq

Rd

∥u∥Lq(R,Lr(Rd)) ! ∥u0∥Ḣs + ∥u1∥Ḣs−1

2 ≤ q ≤ ∞ 2 ≤ r < ∞

1

q
+

d

r
=

d

2
− s,

1

q
+

d− 1

2r
≤ d− 1

4
.

∥e−it
√
−∆Ψ(h

√
−∆)u0∥L∞ ! h−

d+1
2

1

t
d−1
2

∥Ψ(h
√
−∆)u0∥L1 ,

Ψ(h
√
−∆) ∼ h−1

p = q
Rd q ̸= 2

r ̸= ∞ q = 2
r = ∞

(p, q, r) = (2,∞, 2)



d ≥ 3

1/4

1/6



h−1

t → ht

{
i∂tu− h∆u = 0, u = 0 ∂Ω,

u(0) = Ψ(−h2∆)u0.
sc

(en)n≥0 L2(Ω) −∆D Ω
(λn)n≥0

uk,0 ∈
{
en, 2kα ≤

√
λn ≤ 2kβ

}

hk = 2−k

{
i∂tuk − hk∆uk = 0, uk = 0 ∂Ω,

uk(0) = uk,0.
sc

ρ0 = (y0, η0) ∈ T ⋆(Ω × R) ∪ T ⋆(∂Ω × R)
WFb(U) U = (uk,0)k≥0, hk

p ρ0
ψ ∈ C∞

c 1 y0

∀σ, ∀N, ∥ hk
(p)ψuk∥Hσ(R×Ω) ≤ CN,σh

N
k .

WFb(uk) ⊂ Σb ∩ {τ ∈ [α,β], |ξ| ≤ D} ,

Σb Σb =
{
τ − |ξ|2 = 0

}

Θ(U)(x, t, s) =
∑

k e
−ih−1

k suk(x, t, s) Θ(U)

∂2t,sΘ(U)−∆(U) = 0, u = 0 ∂Ω× R× R,

s0 ∈ R ρ0 ∈ T ⋆(Ω× R) ∪ T ⋆(Ω× R)

ρ0 ∈ WFb(U) ⇐⇒ θ(ρ0, s0) ∈ WFb(Θ(U))

θ(ρ, s) := (ρ; s, 1)

U
T ⋆(Ω× R) ∪ T ⋆(∂Ω× R)



∼ h−1

h 1/p

∥eit∆u0∥Lp([0,T ],Lq(M)) ≤ C(T )∥u0∥H1/p(M).

h−1 h
1/p

4/3p

∥eit∆u0∥Lp([0,T ],Lq(M)) ≤ C(T )∥u0∥H4/3p(M).

h
1/p

1/6

d ≥ 4



Θ ⊂ Rd

Rd\Θ
(M, g)

∥(χu,χ∂tu)∥L2(R,Ḣ1×L2) ! ∥u0∥Ḣ1 + ∥u1∥L2 , ∀χ ∈ C∞
c ,

∥χu∥L2(R,H1/2) ! ∥u0∥L2 , ∀χ ∈ C∞
c ,

∼ h
∼ h

∼ h

h



∥χ(−∆D − (λ± iϵ)2)−1χ∥L2(Ω)−→L2(Ω) ! |λ|−1,

|λ| ≫ 1, 0 < ϵ≪ 1,

t0 > 0

u0 ∈ C∞
c ⊂ L2 −→ χeit∆u0 ∈ L2([0, t0], H

1
2 )

χ

ρ ∈ T ⋆Ω
P

ρ
P ρ

(en)n≥1 λn −→ ∞

−∆en = λnen + rn, ∥rn∥Hs = O(λ−∞
n ),

t0 > 0 s > 0

∥eit∆en∥L1([0,t0[,Hs) ≥ ∥
∫ t0

0
eit∆en∥Hsdt = t0∥λnen + rn∥Hs

≥ t0λn −O(λ−∞
n ),



(N ≥ 3

χ(−∆D−τ2)−1χ { τ }
{|τ | > 1, τ ≤ α}

∥χ(−∆− τ2)−1χ∥L2(Ω)→L2(Ω) ≤ C|τ |N ,

N ≫ 1
(N ≥ 3

α > 0

∑

γ∈P
λγdγe

αdγ < ∞,

P dγ γ ∈ P λγ =
√

µ1
γµ

2
γ

µ1,2
γ

γ

i, j, k

(Θi ∪Θj) ∩Θk = ∅.

∥χ(−∆D − (λ± iϵ))−1χ∥L2(Ω)−→L2(Ω) !
(2 +

√
λ)

1 +
√
λ

,

λ ∈ R, 0 < ϵ≪ 1,



ϵ > 0

∥χeit∆ψ(−h2∆)u0∥L2(R,H1/2) ! | h|
1
2 ∥ψ(−h2∆)u0∥L2 , ∀χ ∈ C∞

c ,

ψ(−h2∆) ∼ h−1

s = 1
2

P (
1

2
) < 0.

P (s)

P (1/2) < 0

h

∥χeit∆ψ(−h2∆)u0∥L2(R,H1/2) ! | h|
1
2 ∥ψ(−h2∆)u0∥L2 , ∀χ ∈ C∞

c .

h| h|,

∥eit∆ψ(−h2∆)u0∥Lp([0,h| h|])Lq(M) ! ∥ψ(−h2∆)u0∥L2 .



h| h|

Θ1,Θ2 ⊂ R3

Ω = R3\ (Θ1 ∪Θ2)

∥u∥Lp(R,Lq(Ω)) ! ∥u0∥Ḣs + ∥u1∥Ḣs−1 , (Waves)

∥u∥Lp(R,Lq(Ω)) ! ∥u0∥L2 , (Schrödinger)

(p, q)



R

∥χe−it∆Dψ(−h2∆)u0∥Lp(0,h| h|)Lq(Ω) ≤ C∥u0∥L2 ,

χ R
χ ,χ ∈ C∞

0 χ = 1 Θ1 ∪ Θ2 ∪ R
χ ∈ C∞

0 χ = 1 R ψ̃ ψ̃ = 1
ψ

ψ(−h2∆)eit∆Du0 = ψ̃(−h2∆)(1− χ )ψ(−h2∆)eit∆Du0

+ ψ̃(−h2∆)χ (1− χ )ψ(−h2∆)eit∆Du0

+ ψ̃(−h2∆)χ χ ψ(−h2∆)eit∆Du0,

Θ1 ∪Θ2

w = (1− χ )ψ(−h2∆)eit∆Du0

{
i∂tw +∆Dwh = −[χ ,∆D]ψ(−h2∆)eit∆Du0,

w(t = 0) = (1− χ )ψ(−h2∆)u0,

1 − χ = 1 ∂Ω
Rn

∥w∥LpLq ! ∥(1− χ )ψ(−h2∆)eit∆Du0∥L2(Rn) + ∥[χ ,∆D]ψ(−h2∆)eit∆Du0∥L2H−1/2 ,

[χ,∆D] R

χ (1−χ )ψ(−h2∆)eit∆Du0
h



T D R T̂T (D) ⊂ T ⋆Ω
D × {|ξ| ∈ [α0,β0]} D T

u0 = (q)u0 q T̂2ϵ| h|(D̃) q = 1

T̂2ϵ| h|(D) D ⊂ D̃
q

d(Φt(ρ),Φt(ρ̃)) ≤ Ctd(ρ, ρ̃)µ

q
|∂αx,ξq| ! h−c|α|ϵ

h

t ≤ ϵ| h|

|eiht∆δy| ! (ht)−3/2, δy =
1

(2πh)3

∫
ei(x−y)·ξ/hq(x, ξ)dξ,

ei(x−y)·ξq(x, ξ) y ξ
δy

I n J =
(j1, · · · , jn) n ≥ 0 ji+1 ̸= ji J ′ = (j1, · · · , jn−1)

eith∆D,Ωq(·, ξ) =
∑

J∈I
(−1)JwJ ,

i∂twJ − h∆wJ = 0, wJ = wJ ′ R3\Θjn ,

w∅ wJ J
wJ

wJ(x, t) =
∑

k≥0

wJ
k (x, t)h

ke−i(ϕJ (x,ξ)|ξ|−tξ2)/h

ϕ∅(x, ξ) = (x− y) · ξ/|ξ| ϕJ |J | ≥ 1

|∇ϕJ | = 1, ϕJ = ϕJ ′ R3\Θjn ,

wJ
k

(∂t + 2|ξ|∇ϕJ ·∇+ |ξ|∆ϕJ)w
J
k = −i∆wJ

k−1,

wJ
k = wJ ′

k R3\Θjn ,



wJ
−1 = 0

∇ϕJ(x, ξ)
ξ
|ξ| x

J

w(τ) = v(x+ 2τ |ξ|∇ψ, t+ τ)

∂τw = −|ξ|∆ψ(x+ 2τ∇ψ(x))w,

(−|ξ|
∫ τ

τ0

∆ψ(x+ 2s∇ψ(x))ds) =
(

Gψ(x+ 2τ |ξ|∇ψ(x))
Gψ(x+ 2τ0|ξ|∇ψ(x))

)1/2

,

Gψ(x) ψ x
wJ
0

wJ
0 (x+ 2τ |ξ|∇ϕJ(x), t+ τ) =

(
GϕJ(x+ 2τ |ξ|∇ϕJ(x))

GϕJ(x)

)1/2

wJ
0 (x, t)

x ∈ ∂Θjn wJ
0 = wJ ′

0 ∂Θjn

w∅
0 q

wJ
0 (x, t) = ΛϕJ(x, ξ)q(X−2t(x, |ξ|∇ϕJ), ξ),

ΛϕJ(x, ξ) =

(
GϕJ(x)

GϕJ(X−1(x, |ξ|∇ϕJ))

)1/2

× · · ·×
(
Gϕ(X−|J |−1(x, |ξ|∇ϕJ))

Gϕ(X−|J |(x, |ξ|∇ϕJ))

)1/2

,

Xt Xi

i k ≥ 1
ΛϕJ

|ΛϕJ | ! λ|J |

0 < λ < 1

eiht∆δy ≃ 1

(2πh)3

∑

J∈I

∑

k≥0

∫
wJ
k (x, t, ξ)h

ke−i(ϕJ (x,ξ)|ξ|−tξ2)/hdξ,



wJ
k ϕJ

h

SJ(x, ξ, t) = ϕJ(x, ξ)|ξ|− tξ2

ξ
|∇(ϕJ |ξ|)|2 = |ξ|2

|ξ|∇(∂ξiϕJ |ξ|) ·∇ϕJ =
ξi
|ξ| ,

∂ξiϕJ |ξ| ∇ϕJ

τ −→
∂ξi(ϕJ |ξ|)(x+ τ∇ϕJ(x, ξ)) ϕJ = ϕJ ′ ∂Θjn

x ∈ ∂Θjn

∂ξi(ϕJ |ξ|)(x+ τ∇ϕJ(x, ξ), ξ) = ∂ξi(ϕJ ′ |ξ|)(x, ξ) + τ
ξi
|ξ| ,

DξSJ(x, ξ, t) = X̂−2t(x, |ξ|∇ϕJ(x, ξ))− y

ξ = sJ(x, t) x y
2t Θj1

∇
(
∂2ξiξjψJ

)
·∇ψJ = δij − ∂ξi∇ψJ · ∂ξj∇ψJ

t ≥ t0 > 0

Dα
ξ ϕJ

∇(Dα
ξ ϕJ) ·∇ϕJ = RJ ,

RJ

|Dα
ξD

β
x∇ϕJ | ≤ D|J |

α,β ,

α = 0

h
wJ
k ̸= 0 |J | ≈ t ≤ ϵ| h| ϵ h



N ≥ 3

t ≥ t0

eiht∆δy ≃ 1

(2π)3
h−3/2

∑

J∈I

∑

k≥0

w̃J
k (x, t, ξ)h

ke−isJ (x,t)/h,

w̃J
0 = wJ

0 k ≥ 1 w̃J
k

wJ
k wJ

k ̸= 0
|J | ≈ t ≤ ϵ| h|

∑

J∈I
|wJ

0 (x, t, ξ)| !
∑

J | wJ
k ̸=0

λ|J | !
∑

r"t

λr ≤ e−µt

µ > 0
w̃J
k (x, t, ξ)h

k k > 1
wJ
k h−ϵ

t ∈ (t0, ϵ| h|)
|eith∆δy| ! h−3/2e−µt,

eith∆δy

R3

Sd−1(0, s)
d−1
2 h

N ≥ 3

N ≥ 3

(Θi)1≤i≤N R3

Ω = R3\ ∪
1≤i≤N

Θi



Ω

∥u∥Lq(R,Lr(Ω)) ! ∥u0∥Ḣs + ∥u1∥Ḣs−1 ,

∥u∥Lq(R,Lr(Ω)) ! ∥u0∥L2 .

u A

⟨Au, u⟩(T )− ⟨Au, u⟩(0) =
∫ T

0

∫

Ω
⟨[i∆, A]u, u⟩+

∫ T

0

∫

∂Ω
⟨Au, ∂nu⟩.

A

A

A
{τ−η2 > 0}

∥ h(φ)u∥L2H1/2 ≤ C(∥u0∥L2 + δ∥ h(φ̃)u∥L2H1/2) + CδO(h∞),

φ̃ = 1 φ δ > 0



N ≥ 3

∥ h(φ)e
−it∆Dψ(−h2∆)u0∥Lp(0,h| h|)Lq(Ω) ≤ C∥u0∥L2 ,

φ ∈ C∞(R3 × R3)
K ⊂ T ⋆Ω ∪ T ⋆∂Ω

∥ h(φ)e
ith∆ψ(−h2∆) h(φ)

⋆∥L1→L∞ ! (ht)−3/2, ∀0 ≤ t ≤ ϵ| h|.

eiTh∆ ≈
∑

=(k1,··· ,kL)

eits0∆ΠkLe
iτh∆ΠkL−1 · · ·Πk1e

iτh∆ +R1(t) +R2(t),

Πk

τ

R1

R2

T0 > 0 Πi t ≥ T0

0 ≤ t ≤ T0 φ K
0 ≤ t ≤ T0 φ

0 ≤ t ≤ T0

T0

∑

J∈I
|wJ

k |,

I
wJ





5

(∂2t −∆)u+ ϵu|u|p−1 = 0, u = 0 ∂Ω,

(u(0), ∂tu(0)) = (u0, u1) ∈ Ḣ1 × L2,

ϵ ∈ {1,−1}

E(u(t)) =
1

2

∫
|∇u|2 + 1

2

∫
|∂tu|2 + ϵ

1

p+ 1

∫
|u|p+1.

d = 3
p = 6 Ω = Rd

u −→ λ1/2u(λ·,λ·)

t −→ ±∞

u u
v±

∥u(t)− S(t)v±∥Ḣ1 + ∥∂t(u(t)− S(t)v±)∥L2 −→ 0

t −→ ±∞ S(t)v± v±
ϵ = 1

Ω



Ω

Rd

H1

t−→t−1
0

∫

x∈|x−x0|<t0−t
u6(x, t)dx = 0.

∂tQ− P +
1

3
|u|6 = 0,

Q =
|∂tu|2 + |∇u|2

2
+

|u|6

6
+ ∂tu(

x

t
·∇)u,

P =
x

t

(
|∂tu|2 − |∇u|2

2
+

|u|6

6

)
+∇u,

(
∂tu(

x

t
·∇)u+

u

t

)
,

K0
S = {S ≤ t ≤ T, |x| ≤ t} , S −→ 0−.

KT
0 T −→ +∞

∫

R3
|u(t)|6 −→ 0 t −→ ∞,



1

|S|

∫

((S,0)×∂Ω)∩K0
S

(n(x) · x)|∂nu|2dσ(x)dt −→ 0

S −→ 0−

∫ t0

0

∫

∂Ω
|∂nu|2dσdt ! E,

n(x) · x = O(|x|2)

KT
0

T −→ ∞ L6

(
1

T

∫ T

0

∫

∂Ω
tP · n|∂nu|2dσdt

)

+

−→ 0 T −→ ∞,

tP = x · n Rd

1

T

∫ T

0

∫

∂Θ
|∂nu|2dσdt −→ 0,

Θ Rn C ⊂ Rn

∂Θ
∇ρ · ν > 0

ρ(x) = {λ > 0, x ∈ λC}

C ν ∂Θ



C ⊂ R3

x2 + y2 + ϵz2 = 1, 0 < ϵ ≤ 1

x2 + ϵy2 + ϵz2 = 1,
1 +

√
3

4
≤ ϵ ≤ 1

Θ R3 C
Ω = R3\Θ Ḣ1(Ω)

∂Θ
(s+ ρ1 − 2(ρ2M − ρ1)) > 0,

ρ1 ≤ ρ2 C ρ2M ρ2 s
C ρ2M

∂t

(∫

Ω
−∂tu∇u∇χ− 1

2
∆χu∂tu

)
=

∫

Ω
(D2χ∇u,∇u)− 1

4

∫

Ω
u2∆2χ

+
3

2

∫

Ω
|u|6∆χ− 1

2

∫

∂Ω
|∂nu|2∂nχ,

u χ
χ

∇χ
χ

−∂nχ ≥ c > 0 ∆2χ ≤ 0

1

T

∫ T

0

∫

∂Θ
|∂nu|2dσdt !

E

T
,

χ



χ = ϵx2 + y2 + z2, ϵ≪ 1,

ϵx2 + y2 + z2 +w2

u ũ
ũ

∫ T

0

∫

∂Θ
|∂nũ|2∂nχ̃dσdt ! E(ũ)

χ̃

E(ũ) ! TE(u),

∫ T

0

∫

∂Θ
|∂nũ|2∂nχ̃dσdt " T

∫ T

0

∫

∂Θ
|∂nu|2dσdt,

1

T

∫ T

0

∫

∂Θ
|∂nu|2dσdt !

1

T
E(u) −→ 0,

a ∈ C∞(R3 × R3)

ξ ·∇xa(x, ξ) ≥ c > 0 Ω,

a(x, ξ)− a(x, ξ′)

(ξ − ξ′) · n(x) ≥ c > 0 ∂Ω,

ξ′ ξ
χ

a(x, ξ) = ∇χ(x) · ξ.



Θ1 Θ2 R3

(S(T ))T≥1 R

S(T ) −→ R T −→ +∞

Ω := R3\ (Θ1 ∪Θ2) T

1

T

∫ T

0

∫

(Ω∩B(0,A))\S(T )
|∇u(x, t)|2 + |u(x, t)|6 dxdt −→ 0.

1

T

∫ T

0

∫

(Ω∩B(0,A))
|∇u(x, t)|2 + |u(x, t)|6 dxdt −→ 0

{u(t), t ≥ 0} Ḣ1

1 −1

χ(x) = |x− 1|+ |x+ 1|.

∇χ · n ≥ 0, ∆χ " 1 B(0, A), ∆2χ = 0.

∫ T

0

∫

Ω
(D2χ∇u,∇u) +

∫ T

0

∫

Ω∩B(0,A)
|u|6 ! E,

D2χ χ
S(T )

D2χ " α S(α)

α(T )



∇χ S(α)

χc(x) = |x− c|+ |x+ c|, c −→ ∞.

c −→ ∞ (x1,x2)
|(x1,x2)|

c(T ) −→ +∞
α(T ) −→ 0

1/T

∇χc c ≫ 1



Rd

i∂tu−∆u+ V u = ϵu|u|α, u(0) = u0 ∈ H1, V

L2

E(u(t)) :=
1

2

∫
|∇u(t)|2 +

∫
V |u(t)|2 + ϵ

1

α+ 2

∫
|u(t)|α+2 = E(u(0)).

V = 0
α ≤ 4

d−1

ϵ = 1

u u
v±

∥u(t)− e−it∆v±∥H1 −→ 0

t −→ ±∞

V

V

x ·∇V ≤ 0

H1

V = 0



ϵ = −1
u = eitQ

∆Q−Q+Qα+1 = 0,

V ̸= 0

V = 0

Ec =
{
E > 0 | ∀ϕ ∈ H1, E(ϕ) < E ⇒ S(t)ϕ ∈ LpLr

}
,

S(t)ϕ ϕ

Ec < ∞.

Ec (ϕn)n≥1

E(ϕn) ≥ Ec, E(ϕn) −→ Ec, S(t)ϕ /∈ LpLr.

H1 (ϕn)n≥1

ϕc

H1

ϕn =
J∑

j=1

e−itnj ∆ψj(·− xnj ) +RJ
n ∀J ∈ N,

eit
n
j Aτxj

n
ψj

|tnj − tnk |+ |xnj − xnk | −→ ∞, ∀j ̸= k,

∥un∥2H1 =
J∑

j=1

∥ψj(·− xnj )∥2H1 + ∥RJ
n∥2H1 + on(1), ∀J ∈ N,

∥un∥pLp =
J∑

j=1

∥e−itnj ∆ψj(·− xnj )∥
p
Lp + ∥RJ

n∥
p
Lp + on(1), ∀J ∈ N,



∀ϵ > 0, ∃J ∈ N,
n→∞

∥e−it∆RJ
n∥LpLr ≤ ϵ.

ψ̃j

∥S(−t)ψ̃j − ψj∥H1 −→ 0

t −→ tj

S(t)ϕn ≈
J∑

j=1

S(t− tnj )ψ̃j(·− xnj )

n
Ec

ϕn

ϕc

uc = S(t)ϕc,

{uc(t), t ∈ R}
H1

∂2t

∫
χ|u|2 = 4

∫
(D2χ∇u,∇u) +

2

α+ 2

∫
∆χ|u|α+2 −

∫
∆2χ|u|2.

χR := R2φ(
·
R
) φ(x) =

{
x2 |x| ≤ 1

0 |x| ≥ 2

∣∣∂t
∫
χR|u|2

∣∣ ≤ C(E)R,

∂2t

∫
χR|u|2 ≥ δ > 0,

R u

t∈R

∫

|x|≥R

(
|∇u(t)|2 + |u(t)|2 + |u(t)|α+2

)
dx −→ 0

R −→ ∞



V ̸= 0

S(t− tnj )ψ̃j(·− xjn) =
(
S(t− tnj )ψ̃j

)
(·− xjn),

V ̸= 0

−
∫

∇V ·∇χ.

i∂tu−∆u+ δ0u = u|u|α, u(0) = u0 ∈ H1,

α > 4 V ∈ L1
1(R) V ′ ∈ L1

1(R)
V V ≥ 0 xV ′ ≤ 0

u ∈ C(R, H1(R)) V V H1(R)

d ̸= 2

∥eit(−∆+V )∥L1−→L∞ ! 1

t1/2

L1
1(R)

TT ⋆

xn −→ ∞

∥e−it∆τxnψ − e−it(∆−V )τxnψ∥LpLr −→ 0,



τ τxnψ = ψ(·−)

∥
∫ t

0
e−i(t−s)∆ (Un|Un|α) (s)ds−

∫ t

0
e−i(t−s)(∆−V ) (Un|Un|α) (s)ds∥LpLr −→ 0,

Un(x, t) = U(x − xn, t) U V = 0
t

∥eit∆τxnψ − eit(∆−V )τxnψ∥H1 −→ 0.

n∈N
∥eit(−∆+V )τxnψ∥Lp(T,∞)Lr −→ 0,

T T

∥e−it∆τxnψ − e−it(∆−V )τxnψ∥Lp(0,T )Lr −→ 0,

n −→ ∞

vn := e−it∆τxnψ − e−it(∆−V )τxnψ

i∂tu−∆u+ V u = V e−it∆τxnψ,

∥vn∥Lp(0,T )Lr ! ∥V e−it∆τxnψ∥Lγ′ (0,T )L1 ≤ T
1
γ′ ∥V e−it∆τxnψ∥L∞(0,T )L1

= T
1
γ′ ∥(τ−xnV )e−it∆ψ∥L∞(0,T )L1 ,

0 xn −→ ∞ V L1

−∆ + V

eit(−∆+V ) e−it∆

V = 0



d ≥ 3 V1 V2

V = V1 + V2

V,∇V ∈ L
d
2 (Rd, (1 + |x|β)dx), β >

2

3

∥eit(−∆+V )∥L1−→L∞ ! 1

|t|d/2
.

4

d
< α <

4

d− 1
,

V d V = V1 + V2 H1(Rd)

V ∈ L1
1(R) V ′ ∈ L1

1(R)

d = 3 β ≥ 1

d ≥ 3

χ(x) = |x+ c|+ |x− c|, c ≫ 1.

(−c, c) V1 V2

|z′(t)| ! C(E,M),



z′′(t) ≥ 1

c1
µ−

∫
∇χ ·∇V |u|2,

µ > 0
c ≫ 1 ∇χ V1 V2

c1

z′′(t) ≥ µ

2c1
,



6

d = 3 d ≥ 4









7

M

∥e−it∆u0∥Lp(0,T )Lq(M) ≤ CT ∥u0∥L2 ,

(p, q)

p, q ≥ 2,
2

p
+

n

q
=

n

2
, (p, q, n) ̸= (2,∞, 2),

n M M ∆

Lq
x

Lp
t

∥e−it∆u0∥Lp(0,T )Lq(M) ≤ CT ∥u0∥Hs ,

s > 0
M = Rn

p = q
p = 2)



∥χe−it∆Du0∥L2(R,H1/2(M)) ≤ C∥u0∥L2

χ

Θ1 Θ2 R3

Ω = R3\(Θ1 ∪Θ2) (p, q)

p > 2, q ≥ 2,
2

p
+

3

q
=

3

2
,

∥e−it∆Du0∥Lp(R,Lq(Ω)) ≤ C∥u0∥L2 .

∼ h−1 h

∥e−it∆Du0∥Lp(0,h)Lq(Ω) ≤ C∥u0∥L2 ,

∥χe−it∆Du0∥L2(R,H1/2(M)) ≤ C| h|
1
2 ∥u0∥L2 .

h| h|

h h ∼ h−1



(p, q) = (2, 6)

Θ1,Θ2 R3

Xi(x, p) i x
p

Ξi(x, p) x p i

(Xt(x, p),Ξt(x, p))
x p t |p|

Φt(x, p) Φt(x, p) = (Xt(x, p),Ξt(x, p))

R Θ1 Θ2

R3\ (Θ1 ∪Θ2) .
h > 0 α0,β0 > 0 ψ ∈ C∞

0

[α0,β0] h > 0 u ∈ L2 ψ(−h2∆)u u
[α0h−1,β0h−1] ψ(−h2∆)

a ∈ C∞(Rn × Rn) (a)
a h u ∈ L2(Rn)

( (a)u)(x) =
1

(2πh)n

∫ ∫
e−i(x−y)·ξ/ha(x, ξ)u(y)dξdy.

ϵ > 0 χ ∈ C∞
0

∥χe−it∆Dψ(−h2∆)u0∥Lp(0,ϵh| h|)Lq(Ω) ≤ C∥u0∥L2 .



ϵ = 1
ϵ > 0

χ ,χ ∈ C∞
0 χ = 1 Θ1 ∪ Θ2 ∪ R

χ ∈ C∞
0 χ = 1 R ψ̃ ψ̃ = 1
ψ ψ(−h2∆)eit∆Du0

ψ(−h2∆)eit∆Du0 = ψ̃(−h2∆)(1− χ )ψ(−h2∆)eit∆Du0

+ ψ̃(−h2∆)χ (1− χ )ψ(−h2∆)eit∆Du0

+ ψ̃(−h2∆)χ χ ψ(−h2∆)eit∆Du0.

χ 0

χ ∈ C∞
0

∥χe−it∆Du0∥L2(R,H1/2(Ω)) ! ∥u0∥L2 .

K Θ1 ∪ Θ2

χ
K Θ1 ∪Θ2 χ Ω̃ = Rn\K

∆D,Ω̃ ∆D,Ω χ K



∥χ(−∆D,Ω̃ − (λ± ϵ)2)−1χ∥L2(Ω̃)→L2(Ω̃) ≤ C|λ|−1.

u ∈ L2(Ω)

∥χ(−∆D,Ω − (λ± ϵ)2)−1χu∥L2(Ω) = ∥χ(−∆D,Ω̃ − (λ± ϵ)2)−1χu∥L2(Ω̃)

≤ C∥u∥L2(Ω̃)|λ|
−1 ≤ C∥u∥L2(Ω)|λ|−1.

∥χ(−∆D,Ω − (λ± ϵ)2)−1χ∥L2(Ω)→L2(Ω) ≤ C|λ|−1.

wh(x, t) = (1− χ )ψ(−h2∆)eit∆Du0
{
i∂twh +∆Dwh = −[χ ,∆D]ψ(−h2∆)eit∆Du0

wh(t = 0) = (1− χ )ψ(−h2∆)u0

χ = 1 ∂Ω wh

Rn

∥wh∥LpLq ! ∥(1− χ )ψ(−h2∆)eit∆Du0∥L2(Rn) + ∥[χ ,∆D]ψ(−h2∆)eit∆Du0∥L2H−1/2 .



[χ,∆D] Θ1 ∪
Θ2 ∪ R χ̃ ∈ C∞

0 χ̃ = 1 [χ ,∆D]
R

∥[χ ,∆D]ψ(−h2∆)eit∆Du0∥L2H−1/2 = ∥[χ ,∆D]χ̃ψ(−h2∆)eit∆Du0∥L2H−1/2

≤ ∥χ̃ψ(−h2∆)eit∆Du0∥L2H1/2

! ∥ψ(−h2∆)u0∥L2 .

∥ψ̃(−h2∆)wh∥Lr ≤ ∥wh∥Lr

∥ψ̃(−h2∆)(1− χ )ψ(−h2∆)eit∆Du0∥LpLq ≤ ∥ψ(−h2∆)eit∆Du0∥L2 .

ϕ ∈ C∞
0 (−1, 2)

[0, 1] l ∈ Z

vh,l = ϕ(t/h− l)χ (1− χ )ψ(−h2∆)eit∆Du0

Vh,l =

(
ϕ(t/h− l)A+ i

ϕ′(t/h− l)

h
χ (1− χ )

)
ψ(−h2∆)eit∆Du0

A = ∆χ (1−χ )−χ ∆χ −∇χ ·∇χ +(1−χ )∇χ ·∇−χ ∇χ ·∇.

{
i∂tvh,l +∆Dvh,l = Vh,l

vh,l|hl+2h>t>hl−h = 0

A χ (1 − χ ) Q ⊂ R3

Θ1 ∪ Θ2 S
Θ1∪Θ2 Q χ̃ ∈ C∞

0 χ (1−χ )
R ∂Ω ∆D

∆S vh,l = χ̃vh,l Vh,l = χ̃Vh,l

S

∥ψ̃(−h2∆)χ (1− χ )ψ(−h2∆)eit∆Du0∥LpLq ≤ ∥ψ(−h2∆)eit∆Du0∥L2 .



χ ∈ C∞
0 (Rd) u0 ∈ L2(Ω) u0 = ψ(−h2∆)u0

∥χeit∆Du0∥L2(R,L2) ! (h| h|)
1
2 ∥u0∥L2

χ = χ χ u = ψ(−h2∆)eit∆Du0

h| h|
ϕ ∈

C∞
0 ((−1, 1)) ϕ ≥ 0 ϕ(0) = 1

∑
j∈Z ϕ(s− j) = 1

χu =
∑

j∈Z
ϕ(

t

h| h| − j)χu =:
∑

j∈Z
uj .

uj
(i∂t −∆D)uj = Fj +Gj



Fj = (h| h|)−1ϕ′(
t

h| h| − j)χu,

Gj = 2ϕ(
t

h| h| − j) (∇χ ·∇u−∆Dχu) .

vj(t) =

∫ t

(j−1)h| h|
ei(t−s)∆DFj(s)ds,

wj(t) =

∫ t

(j−1)h| h|
ei(t−s)∆DGj(s)ds.

uj = vj + wj

ṽj(t) = eit∆D

∫ (j+1)h| h|

(j−1)h| h|
e−is∆DFj(s)ds,

w̃j(t) = eit∆D

∫ (j+1)h| h|

(j−1)h| h|
e−is∆DGj(s)ds,

LpLq ṽj w̃j vj
wj

∥ṽj∥LpLq

∥ṽj∥LpLq ! ∥
∫ (j+1)h| h|

(j−1)h| h|
eis∆DFj(s)ds∥L2

χ̃ ∈ C∞
0 χ

∥ṽj∥LpLq ! ∥
∫ (j+1)h| h|

(j−1)h| h|
eis∆DFj(s)ds∥L2

=
1

h| h|∥
∫ (j+1)h| h|

(j−1)h| h|
eis∆D χ̃ϕ′(

t

h| h| − j)χuds∥L2

! 1

h| h| × (h| h|)
1
2 ∥ϕ′(

t

h| h| − j)χu∥L2L2 ,

∥ṽj∥LpLq ! 1

(h| h|)1/2
∥ϕ′(

t

h| h| − j)χu∥L2L2 .

∥w̃j∥LpLq

∥w̃j∥LpLq ! ∥
∫ (j+1)h| h|

(j−1)h| h|
eis∆DGj(s)ds∥L2 .



Gj χ̃ ∈ C∞
0

∇χ Gj = χ̃Gj

∥w̃j∥LpLq ! ∥
∫ (j+1)h| h|

(j−1)h| h|
eis∆DGj(s)ds∥L2 = ∥

∫ (j+1)h| h|

(j−1)h| h|
eis∆D χ̃Gj(s)ds∥L2

! ∥Gj∥L2H−1/2

! ∥ϕ( t

h| h| − j)∇χu∥L2H1/2 .

∑

j∈Z
∥uj∥2LpLq !

∑

j∈Z

(
1

h| h|∥ϕ
′(

t

h| h| − j)χu∥2L2L2 + ∥ϕ( t

h| h| − j)∇χu∥2L2H1/2

)

! 1

h| h|∥χu∥
2
L2L2 + ∥∇χu∥2L2H1/2

∑

j∈Z
∥uj∥2LpLq ! ∥ψ(−h2∆)u0∥2L2 .

l2(Z) ↪→ lp(Z) p ≥ 2

∥χu∥LpLq ∼

⎛

⎝
∑

j∈Z
∥uj∥pLpLq

⎞

⎠
1/p

!

⎛

⎝
∑

j∈Z
∥uj∥2LpLq

⎞

⎠
1/2

∥ψ̃(−h2∆)χ χ ψ(−h2∆)eit∆Du0∥LpLq ! ∥ψ(−h2∆)u0∥2L2 .

∥e−it∆Dψ(−h2∆)u0∥Lp(R,Lq(Ω)) ≤ ∥ψ(−h2∆)u0∥L2 .

∥e−it∆Du0∥Lp(R,Lq(Ω)) ≤ ∥u0∥L2 .



D D
T > 0 D

T

(x, ξ) ∈ T ⋆Ω ∩ (Ω× {|ξ| ∈ [α0,β0]})
D T TT (D)

γ D t < −T γ(t) = (x, ξ) T̂T (D) :=
TT (D) ∩ {D × Rn}

TT (D) Ω × {|ξ| ∈ [α0,β0]} D
T T̂T (D) D×{|ξ| ∈ [α0,β0]}

D T
u ∈ L2 U ⊂ T ⋆Ω (a)u = u

a ∈ C∞
0 (T ⋆Ω) a = 1 U

T̂2ϵ| h|(D)

Rn\ (Θ1 ∪Θ2) .
(x, ξ) Φt(x, ξ)

Θ Rn

W (Θ) := {(x, ξ), x ∈ Rn\Θ, ξ ∈ Rn, ∃t ≥ 0, x+ tξ ∈ Θ} .

t

t : (x, ξ) ∈ W (Θ) −→ t′ x+ t′ξ ∈ ∂Ω,



W (Θ) = {(x, ξ) ∈ W ξ · n(x+ t(x, ξ)ξ) = 0},

W (Θ)\W (Θ) t C∞,

W (Θ)

g ∈ C∞(Rn,R) ∂Θ g(x) = 0
x, ξ ∈ Rn t ∈ R

h(x, ξ, t) = g(x+ tξ).

(x1, ξ1) ∈ W\W t1 = t(x1, ξ1)
∂th(x1, ξ1, t1) = ξ1 ·∇g(x1+ t1ξ1) ̸= 0 W\W

t C∞ (x, ξ) (x, ξ) (x1, ξ1)
(x1, ξ1) ∈ W t1 = (x1, ξ1) h(x1, ξ1, t1) = 0 k ≥ 1

h((x1, ξ1), t1) = 0, ∂th((x1, ξ1), t1) = 0, . . . , ∂kt h((x1, ξ1), t1) ̸= 0.

k Θ C∞

a1, . . . , ak−1 ∈ C∞(Rn × Rn)
c ∈ C∞(R×Rn × Rn) ((x1, ξ1), t1)
((x1, ξ1), t1) h

h(x, ξ, t) = c(x, ξ, t)(tk + ak−1(x, ξ)t
k−1 + · · ·+ a0(x, ξ)).

(x, ξ, t) (x1, ξ1, t1)

t = t(x, ξ) ⇐⇒ tk + ak−1(x, ξ)t
k−1 + · · ·+ a0(x, ξ) = 0.

ai, 0 ≤ i ≤ k− 1 C∞

(x, ξ) t (x1, ξ1)

1
k k

k = 2

η > 0 Θ1 ∪Θ2

η

W = (W (Θ1) ∪W (Θ2)) ∩ {|ξ| ∈ [α0,β0]}

W ,i,η = {(x, ξ) ∈ W (Θi), |ξ| ∈ [α0,β0] |ξ · n(x+ t(x, ξ)ξ)| ≤ η},

W ,η = W ,1,η ∪W ,2,η.



η > 0 W ,η

n ≥ 0 (xn, ξn) ∈ K × S2 K
Φt(xn, ξn) W , 1n

(xn, ξn)
n Θ1 ∪ Θ2

(x, ξ) ∈ W
(x, ξ) (x,−ξ)

(x0, ξ0) (x0, ξ0)
(x0,−ξ0)

V Θ1 ∪Θ2

α > 0 C > 0 τ > 0 x, x̃ ∈ V ξ, ξ̃
|ξ|, |ξ′| ∈ [α0,β0] t > 0 t′ |t′ − t| ≤ τ

d(Φt′(x̃, ξ̃),Φt′(x, ξ))) ≤ Ct′d((x̃, ξ̃), (x, ξ))α.

i = 1, 2 ti
W (Θi) η > 0

W ,η

Wi ti Wi µ > 0
ti C∞ W\W η

W\W ,i,η

(x̃, ξ̃), (x, ξ) ϵ0 > 0

d(Φt(x̃, ξ̃),Φt(x, ξ)) ≤ d(x, x̃) + 2β0t+ 2β0,

d((x̃, ξ̃), (x, ξ)) ≥ ϵ0

d(Φt(x̃, ξ̃),Φt(x, ξ)) ≤ d(x, x̃) + d((x̃, ξ̃), (x, ξ))
2β0
ϵ0

(t+ 1),

(x̃, ξ̃), (x, ξ) d((x̃, ξ̃), (x, ξ)) < ϵ0 t0

t1 {Φt(x, ξ), t ≥ 0}
{
Φt(x̃, ξ̃), t ≥ 0

}

t0 = +∞ t1 = +∞
X0 X1

t0 ≤ t1 0 ≤ t ≤ t0 Φt(x̃, ξ̃) = (x̃+ tξ̃, ξ̃) Φt(x, ξ) = (x+ tξ, ξ)

d(Φt(x̃, ξ̃),Φt(x, ξ)) ≤ (1 + t)d((x̃, ξ̃), (x, ξ)), 0 ≤ t ≤ t0.

t ≥ t0.



t0, t1 < ∞ X0 X1 Θi

t µ Wi

|t0 − t1| ≤ Cd((x̃, ξ̃), (x, ξ))µ ≤ Cϵµ0

C ϵ0

Cϵµ0 ≤ 1

4

d

β0

d t1 {Φt(x, ξ), t ≥ 0}
Φt1(x, ξ) = (x′, ξ′) Φt1+(x̃, ξ̃) = (x̃′, ξ̃′)

{
(x′, ξ′) = (x+ t0ξ + (t1 − t0)ξ′, ξ − 2(n · ξ)ξ)
(x̃′, ξ̃′) =

(
x̃+ t1ξ̃, ξ̃ − 2(ñ · ξ̃)ξ̃

)

{
n = n(x+ t0ξ)

ñ = n(x̃+ t1ξ̃)
.

X ∈ ∂Θi → n(X) C∞

|n− ñ| ≤ |n(x+ t0ξ)− n(x̃+ t0ξ̃)|+ |n(x̃+ t0ξ̃)− n(x̃+ t1ξ̃)|
≤ C|x+ t0ξ − x̃− t0ξ̃|+ C|t1 − t0||ξ̃|
≤ C|x− x̃|+ |t0||ξ − ξ̃|+ C|t1 − t0||ξ̃|,

|ti| ≤
(V )

α0
,



|n− ñ| ≤ |x− x̃|+ |t0||ξ − ξ̃|+ C|ξ̃|d((x̃, ξ̃), (x, ξ))µ0

≤ Cd((x̃, ξ̃), (x, ξ))µ0 .

{
µ0 = µ (x̃, ξ̃) ∈ W ,η (x, ξ) ∈ W ,η,

µ0 = 1 .

d((x′, ξ′), (x̃′, ξ̃′))
{
ξ̃′ − ξ′ = ξ̃ − ξ − 2(ñ · ξ̃)(ξ̃ − ξ) + 2(ñ− n) · ξ̃ξ + n · (ξ̃ − ξ)ξ

x̃′ − x′ = x̃− x+ (t1 − t0)ξ̃ − t0(ξ − ξ̃)− (t1 − t0)ξ′

d(Φt1(x, ξ),Φt1+(x̃, ξ̃)) ≤ Cd((x, ξ), (x̃, ξ̃))µ0

|t0 − t1| ≤
1

4

d

β0
.

t0 < ∞ t1 = +∞ t0, t1 < ∞ X0 X1

X0 ∈ Θ1

(x, ξ̃) Θ1 ξ1
(x, ξ1) ∈ W ,1 |ξ1| = |ξ|

|ξ − ξ1| ≤ |ξ − ξ̃|, |ξ̃ − ξ1| ≤ |ξ − ξ̃|,

ξ1 (x, ξ1) Θ1

(x, ξ) (x, ξ̃) t ≤ t0
(x, ξ1) ∈ W |ξ− ξ̃| ≤ ϵ0

ϵ0 ≤ 1
2η (x, ξ) ∈ W ,η

t′0 (x, ξ1) Θ1

t
ϵ0

|t0 − t′0| ≤
1

4

d

β0
.

d(Φt0′ (x, ξ),Φt0′ (x, ξ̃)) ≤ d(Φt′0
(x, ξ),Φt′0

(x, ξ1)) + d(Φt′0
(x, ξ1),Φt′0

(x, ξ̃)).

d(Φt′0
(x, ξ),Φt′0

(x, ξ1)) ≤ Cd((x, ξ), (x, ξ1))
µ



(x, ξ̃) Θ1

d(Φt′0
(x, ξ̃),Φt′0

(x, ξ1)) ≤ Cd((x, ξ̃), (x, ξ1)).

d(Φt′0
(x, ξ̃),Φt′0

(x, ξ)) ≤ C|ξ − ξ̃|µ.

(x̃, ξ̃)
(x, ξ̃)

d(Φt′0
(x̃, ξ̃),Φt′0

(x, ξ̃)) ≤ Cd((x, ξ̃), (x, ξ1))

d(Φt′0
(x̃, ξ̃),Φt′0

(x, ξ)) ≤ Cd((x̃, ξ̃), (x, ξ))µ.

(x, ξ̃) Θ1 x1 ∈ [x, x̃]
(x1, ξ̃) Θ1

(x1, ξ̃)

d(Φt′0
(x̃, ξ̃),Φt′0

(x, ξ)) ≤ Cd((x̃, ξ̃), (x, ξ))µ, |t0 − t′0| ≤
1

4

d

β0
.

ϵ0 ≤ 1
2η (x, ξ) ∈

W ,η

t d(ΦT0(x, ξ),ΦT0(x̃, ξ̃)) ≥
ϵ0 T0



(x, ξ̃) Θ1

W ,η µ0 = µ
N(t)

t

d(Φt(x̃, ξ̃),Φt(x, ξ)) ≤ CN(t)(1 + t)d((x, ξ), (x̃, ξ̃))µ
4
,

t ≥ 0 [t0, t1]
[t0, t′0]

|t0 − t1|, |t0 − t′0| ≤
1

4

d

β0
,

t1 t0
d
β0

− |t0 − t1| ≥ d
β0

− 1
4

d
β0

> 0
d
β0

− |t0 − t′0| t
τ
2 = d

4β0
N(t) ≤ 2β0d t

τ > 0
C ϵ0

α = 24 = 16



γ D [α0,β0]

d(γ(t), TT (D)c) > 0 ∀t ∈ [−T − 1,−T ]

TT (D) γ
D [α0,β0] {γ(t), t ∈ [−T −1,−T ]}

TT (D)c

TT (D)

D, D̃ T ⋆ > 0 c > 0 T ≥ 0

d(TT−T ⋆(D)c, TT (D)) ≥ e−cT ,

D ⊂ D̃

d(TT (D̃)c, TT (D)) ≥ 1

4
e−cTd(D̃c, D).

T ⋆ > 0
n ≥ 1 Tn ≥ 0 (xn, ξn) ∈ TTn(D)

(x̃n, ξ̃n) ∈ TTn−T ⋆(D)c

d((x̃n, ξ̃n), (xn, ξn)) ≤ e−nTn .

T ′
n ∈ [Tn − τ, Tn + τ ]

d(ΦT ′
n
(x̃n, ξ̃n),ΦT ′

n
(xn, ξn))) ≤ d((x̃n, ξ̃n), (xn, ξn))

αCT ′
n ,

d(ΦT ′
n
(x̃n, ξ̃n),ΦT ′

n
(xn, ξn))) ≤ e−αnTnCTn+τ −→ 0

n
ΦT ′

n
(x̃n, ξ̃n) D

(yn, ηn) = ΦT ′
n−T ⋆+τ (x̃n, ξ̃n).

Φt(x̃n, ξ̃n) /∈ D t ≥ Tn − T ⋆

t ≥ T
′
n−T ⋆+ τ (yn, ηn) D

D (yn, ηn)
ΦT ′

n
(x̃n, ξ̃n) = ΦT ⋆−τ (yn, ηn) D

ηn



(yn, ηn)

|ηn| = |ξn| = α0

yn ∈ ∂Θi

T ⋆− τ ΦTn(x̃n, ξ̃n) = ΦT ⋆−τ (yn, ηn)
c(T ⋆) > 0 D c(T ⋆) D

α0 β0 c(T ⋆) → ∞ T ⋆ → ∞
ΦTn(xn, ξn) ∈ D |T ′

n − Tn| ≤ τ ΦT ′
n
(xn, ξn) β0τ D

T ⋆ > 0 n ≥ 0

d(ΦT ′
n
(x̃n, ξ̃n),ΦT ′

n
(xn, ξn)) ≥ 1.

(x, ξ) ∈ TT (D̃)c (x̃, ξ̃) ∈ TT (D) ΦT (x, ξ) /∈ D̃
ΦT (x̃, ξ̃) ∈ D

d(ΦT (x, ξ),ΦT (x̃, ξ̃)) > d(D̃c, D).

T ′ |T − T ′| ≤ τ

d(ΦT ′(x, ξ),ΦT ′(x̃, ξ̃)) ≤ CT ′
d((x, ξ), (x̃, ξ̃)).

C τ
β0τ ≤ 1

4d(D̃
c, D)

d(ΦT ′(x, ξ),ΦT ′(x̃, ξ̃)) ≥ 1

2
d(D̃c, D).

d((x, ξ), (x̃, ξ̃)) ≤ 1
4C

−Td(D̃c, D)

(x, ξ) ∈ TT (D̃)c (x̃, ξ̃) ∈ TT (D)



ϵ > 0 D
∀u0 ∈ L2 T̂2ϵ| h|(D)

∂ (Θ1 ∪Θ2) χ ∈ C∞
0 D

∥χe−it∆ψ(−h2∆)u0∥Lp(0,ϵh| h|)Lq ≤ C∥ψ(−h2∆)u0∥L2 .

ϵ′ > 0

∥χe−ith∆Dψ(−h2∆)u0∥Lp(0,ϵ′| h|)Lq(Ω) ≤ Ch−1/p∥u0∥L2 ,

χ

[α0,β0]

D1 D2 D3

D3 ! D2 ! D1 ! D.

T = 2ϵ| h| χ D3 ϵ3 < ϵ2 < ϵ1 < ϵ

D1 ∩ TT+1(D1) ϵ′ = ϵ1
D2 ϵ′ = ϵ2

V
D ∩ TT (D) ∩ Vc ϵ′ = ϵ

D1 ∩ TT+1(D1) ϵ′ = ϵ1

D2 ϵ′ = ϵ2
ϵ′ = ϵ3

ψ(−h2∆)u0 D2

τ > 0
O(h∞) e−ith∆ψ(−h2∆)u0 D1 t ∈ [−τ, 0]

T ⋆ a ∈ C∞(Rn×Rn) a = 1 TT+1+T ⋆(D1)
a = 0 TT+1(D1)

T̂ := T + 1 + T ⋆.



1− a TT̂ (D1)c γ D1 t = 0
[α0,β0]

d(γ(t), (1− a)) > 0 ∀t ∈ [−T̂ − τ,−T̂ ].

Ψ ∈ C∞(R) Ψ(t) = 0 t ≤ −τ Ψ(t) = 1 t ≥ 0 Ψ′ ≥ 0
ΨT (t) = Ψ(t+ T̂ )

w(t, x) = ΨT (t)e
−i(t+T̂ )h∆ψ(−h2∆)u0.

w

i∂tw − h∆w = iΨ′
T (t)e

−i(t+T̂ )h∆ψ(−h2∆)u0

w|∂Ω = 0, w|t≤−T̂−τ = 0

w(t) = e−iT̂ h∆u(t) := e−i(t+T̂ )h∆ψ(−h2∆)u0 t ≥ −T̂
Ψ′

T [−T̂ − τ,−T̂ ] t ≥ −T̂

e−iT̂ h∆u(t, x) =

∫ −T̂

−T̂−τ
e−i(t−s)h∆iΨ′

T (s)e
−i(s+T̂ )h∆ψ(−h2∆)u0ds.

Q ∈ { (a), (1− a)}

uQ(t, x) =

∫ −T̂

−T̂−τ
e−i(t−s)h∆iΨ′

T (s)Q
(
e−i(s+T̂ )h∆ψ(−h2∆)u0

)
ds.

i∂tuQ − h∆uQ = iΨ′
T (t)Q

(
e−i(t+T̂ )h∆ψ(−h2∆)u0

)
.

χu1−A b
u1−A WFb(u1−A)

ρ0 ∈ WFb(u1−A)
ρ0 ∈ WFb(u1−A)

WFb( (1− a)e−iT̂ h∆u) ∩ {t ∈ [−T̂ − τ,−T̂ ]}.

u D3 ρ0 ∈ WFb(χu1−A)
γ ρ0 ∈ WFb(χu1−A)

t ∈ [−T̂ − τ,−T̂ ] γ(t)

∥χu1−A∥Hσ(Ω×R) = O(h∞)∥ψ(−h2∆)u0∥L2

σ ≥ 0



∥χuA∥Lp(−T̂ ,−T̂−τ+T1)Lq

≤
∫ −T̂

−T̂−τ
∥χe−i(t−s)h∆Ψ′

T (s)A
(
e−i(s+T̂ )h∆ψ(−h2∆)u0

)
∥Lp(−T̂ ,−T̂−τ+T1)Lqds

=

∫ −T̂

−T̂−τ
∥χe−ith∆Ψ′

T (s)A
(
e−i(s+T̂ )h∆ψ(−h2∆)u0

)
∥Lp(−T̂−s,−T̂−τ+T1−s)Lqds

≤
∫ −T̂

−T̂−τ
∥χe−ith∆Ψ′

T (s)A
(
e−i(s+T̂ )h∆ψ(−h2∆)u0

)
∥Lp(0,T1)Lqds.

T1 = ϵ1| h|
a ̸= 0 D1 TT+1(D1)∩D1

Ψ′
T (s)A

(
e−i(s+T̂ )h∆ψ(−h2∆)u0

)
s ∈ [−T̂ − τ,−T̂ ]

∥χuA∥Lp(−T̂ ,−T̂−τ+T1)Lq ! h−1/p
∫ −T̂

−T̂−τ
∥Ψ′

T (s)A
(
e−i(s+T̂ )h∆ψ(−h2∆)u0

)
∥L2ds

≤ h−1/p
∫ −T̂

−T̂−τ
Ψ′

T (s)∥ (a)∥L2→L2∥e−i(s+T̂ )h∆ψ(−h2∆)u0∥L2ds

= h−1/p
∫ −T̂

−T̂−τ
Ψ′

T (s)∥ (a)∥L2→L2∥ψ(−h2∆)u0∥L2ds

= h−1/p∥ (a)∥L2→L2∥ψ(−h2∆)u0∥L2 .

∫ −T̂
−T̂−τ Ψ

′
T (s)ds = 1.

∥χe−iT̂ h∆u∥Lp(−T̂ ,−T̂−τ+T1)Lq ! h−1/p∥ (a)∥L2→L2∥ψ(−h2∆)u0∥L2 .

∥ (a)∥L2→L2

∥ (a)∥L2→L2 ! |a| + h1/2
∑

|α|≤2n+1

|∂|α|a| ≤ 1 + h1/2
∑

|α|≤2n+1

|∂|α|a|.

a

|∂|α|a| ≤ 2ec|α|T

T = 2ϵ| h|
|∂|α|a| ! h−2c|α|ϵ

ϵ > 0 2c(2n+ 1)ϵ ≤ 1
2

∥χe−iT̂ h∆u∥Lp(−T̂ ,−T̂−τ+T1)Lq ! h−1/p∥ψ(−h2∆)u0∥L2 ,



∥χe−ith∆ψ(−h2∆)u0∥Lp(0,T1−τ)Lq ! h−1/p∥ψ(−h2∆)u0∥L2 ,

∥χe−ith∆ψ(−h2∆)u0∥Lp(0,ϵ2| h|)Lq ! h−1/p∥ψ(−h2∆)u0∥L2

ϵ2 < ϵ1
η > 0

t1(η) > 0 t2(η) > 0 t1,2(η) → 0 η → 0

E1(η) = {d(x, ∂(Θ1 ∪Θ2) < η} , E2(η) = {d(x, ∂(Θ1 ∪Θ2) ≥ η} ,

E1 ∩D [α0,β0]

d(γ(t),V ∩D) > 0 ∀t ∈ [−2t1,−t1],

E2 ∩D [α0,β0]

d(γ(t),V ∩D) > 0 ∀t ∈ [−t2, 0],

V(η)
ψ(−h2∆)u0 TT+1(D1)∩{D1 × Rn} τ0(η) = (2t1, t2)
η > 0 D D1 τ0 ≤ 1/2

e−ith∆ψ(−h2∆)u0 TT+1−2τ0(D1) ∩
{D × Rn} t ∈ [−τ0, 0] TT (D) ∩ {D × Rn} t ∈ [−τ0, 0]

χb ∈ C∞
0 χb(x) = 1 x ∈ E1(η/2) χb(x) = 0 x /∈ E1(η)

χχbu
[−2t1,−t1] χ(1− χb)u [−t2, 0]

D
D3 ! D2 [α0,β0] t0 ≥ 0

d(γ(t), Dc
2) > 0, ∀t ∈ [0, t0],

ϕ : U → R U ⊂ R3 ϕ C∞ U
|∇ϕ| = 1 ϕ (P ) ∂Θp

ϕ −∇ϕ
U



j ̸= p

Θj ⊂ {y + τ∇ϕ(x) τ ≥ 0, y ∈ U ∩ ∂Θp,∇ϕ(y) · n(y) ≥ 0},

A ∈ R {ϕ ≤ A}

δ1 ≥ 0 ϕ

Γp(ϕ) = {x ∈ ∂Θp − n(x) ·∇ϕ(x) ≥ δ1},

Up(ϕ) =
⋃

X1(x,∇ϕ(x))∈Γp(ϕ)

{X1(x,∇ϕ(x)) + τΞ(x,∇ϕ(x)), τ ≥ 0}.

δ1 ≥ 0 ϕ (P ∂Θp

ϕj Θj Uj(ϕ) (P )
∂Θj X1(x,∇ϕ(x)) ∈ Γp(ϕ)

ϕj(X
1(x,∇ϕ) + τΞ1(x,∇ϕ)) = ϕ(X1(x,∇ϕ)) + τ.

τ x X1(x,∇ϕ(x)) ∈ Γp(ϕ)

∇ϕj(X
1(x,∇ϕ) + τΞ1(x,∇ϕ)) = Ξ1(x,∇ϕ).

J = (j1, · · · , jn) ji ∈ {1, 2 ji ̸= ji+1

I
ϕJ J ∈ I UJ(ϕ)
f ∈ C∞(U) m ∈ N

|f |m(U) =
(ai)∈(S2)m U

|(a1 ·∇) · · · (am ·∇)f |.

m ≥ 0

|∇ϕJ |m ≤ Cm|∇ϕ|m.

M > 0 (i, j) ∈ {1, 2}2
Ui,j J = {i, · · · , j} |J | ≥ M

ϕ (P ) ϕJ Ui,j

Û∞ = U11 ∩ U12 ∩ U21 ∩ U22,

U∞ ⊂ Û∞
Û∞



U∞ Ũ∞ ⊂ U∞ q̃ϵ,h ∈
C∞(T ⋆Ω) q̃ϵ,h = 1 T̂2ϵ| h|(Ũ∞) q̃ϵ,h = 0

T̂2ϵ| h|(U∞) α

|∂αq̃ϵ,h| ! h−2|α|cϵ.

ϵh| h| L2

T̂2ϵ| h|(Ũ∞)
V ∂ (Θ1 ∪Θ2) χ0 ∈ C∞ χ0 = 0 ∂ (Θ1 ∪Θ2) χ0 = 1 V

T̂2ϵ| h|(Ũ∞)
V χ0 (q̃ϵ,h)u = u

∥χe−it∆ψ(−h2∆)χ0 (q̃ϵ,h)u∥Lq(0,ϵh| h|)Lr ! ∥ψ(−h2∆)u∥L2 .

χ ∈ C∞ Ũ∞

∥e−it∆ψ(−h2∆)χ0 (q̃ϵ,h)u∥Lq(0,ϵh| h|)Lr ! ∥ψ(−h2∆)u∥L2 .

TT ⋆

0 ≤ t ≤ ϵ| h|
∥Q⋆

ϵ,he
−ith∆Qϵ,h∥L1→L∞ ! 1

(ht)3/2

Qϵ,h := ψ(−h2∆)χ0 (q̃ϵ,h).

(q̃ϵ,h)χ0ψ(−h2∆)

N∑

k=0

(ih)k

k!
⟨Dξ, Dy⟩k (q̃ϵ,h(x, ξ)χ0(y)ψ(η))|η=ξ,y=x +O(hN+1).

qϵ,h,N ∈ C∞(T ⋆Ω)

qϵ,h,N (x, ξ) =
N∑

k=0

(ih)k

k!
⟨Dξ, Dy⟩k (q̃ϵ,h(x, ξ)χ0(y)ψ(η))|η=ξ,y=x .

∥ (qϵ,h,N )⋆e−ith∆ (qϵ,h,N )∥L1→L∞ ! 1

(ht)3/2

N

qϵ,h,N ⊂ T̂2ϵ| h|(U∞) ∩ {|ξ| ∈ [α0,β0]}



qϵ,h,N ∂ (Θ1 ∪Θ2)
ϵ, h,N

δyϵ,h,N (x) =
1

(2πh)3

∫
e−i(x−y)·ξ/hqϵ,T,N (x, ξ)dξ,

u ∈ L2

( (qϵ,h,N )u) (x) =

∫
δyϵ,h,N (x)u(y)dy.

(qϵ,h,N )⋆e−ith∆ (qϵ,h,N )u(x) =

∫
(qϵ,h,N )⋆e−ith∆δyϵ,T,N (x)u(y)dy,

δyϵ,h,N N

| (qϵ,h,N )⋆e−ith∆δyϵ,h,N | ! 1

(ht)
3
2

, 0 ≤ t ≤ ϵ| h|.

V1 ∂(Θ1∪Θ2) qϵ,h,N χ+ ∈ C∞
0 (Rn)

χ+ = 1 U∞∩Vc
1 χ+ (Θ1∪Θ2)\(Θ1∪Θ2)

∂(Θ1 ∪ Θ2)
(qϵ,h,N )⋆ = (qϵ,h,N )⋆χ+ (qϵ,T,N )⋆

qϵ,h,N
⋆(x, ξ) = eih⟨Dx,Dξ⟩qϵ,h,N .

ϵ > 0 |q⋆(α)ϵ,T,N | ! 1 |α| ≤ n + 1 = 4

q⋆(α)ϵ,T,N
(qϵ,T,N ) L∞ → L∞ h

0 ≤ T ≤ ϵ| h|

|χ+e
−ith∆δyϵ,h,N | ! 1

(ht)
3
2

, 0 ≤ t ≤ ϵ| h|

N

0 ≤ t ≤ ϵ| h| δyϵ,h,N

e−i(x−y)·ξ/hqϵ,h,N (x, ξ)

ξ ∈ Rn, ξ ∈ qϵ,h,N

q qϵ,h,N



⎧
⎪⎨

⎪⎩

(i∂tw − h∆w) = 0 Ω

w(t = 0)(x) = e−i(x·ξ−tξ2)/hq(x, ξ)

w|∂Ω = 0

w =
∑

J∈I
(−1)|J |wJ

{
(i∂tw∅ − h∆w∅) = 0 Rn

w(t = 0)(x) = e−i((x−y)·ξ−tξ2)/hq(x, ξ)

J ̸= ∅ J = (j1, · · · , jn) J ′ = (j1, · · · , jn−1)

⎧
⎪⎨

⎪⎩

(i∂twJ − h∆wJ) = 0 Rn\Θjn

w(t = 0) = 0

wJ
|∂Θjn

= wJ ′

|∂Θjn
.

wJ h.

u∅

w∅ =
∑

k≥0

hkw∅
ke

−i((x−y)·ξ−tξ2)/h

w∅
0(t = 0) = q(x, ξ)

w∅
k(t = 0) = 0

w∅
0 = q(x− 2tξ, ξ)

w∅
k = −i

∫ t

0
∆wk−1(x− 2(s− t)ξ, s)ds k ≥ 1

w∅

ϕ(x) = (x−y)·ξ
|ξ|



I = I1 ∪ I2

I1 Θ1 (1, · · · )
I2 Θ2 (2, · · · )

e R e Θ1 Θ2
ξ
|ξ| V {e,−e}

ξ · e > 0 (x−y)·ξ
|ξ| (P ) Θ1

ξ · e < 0 (x−y)·ξ
|ξ| (P ) Θ2

w∅ Θ1

Θ2 (i0, i1) = (1, 2
(2, 1)

wJ = 0, ∀J ∈ Ii0 .

J ∈ Ii0 w∅

Θi0 0 = w∅
|∂Θi0

= w{i0}
|∂Θi0

wJ J ∈ Ii1
π

U R ξ ∈ π(T̂2ϵ| h|(U)) ξ
|ξ| ∈ V

U∞ U ξ ∈ π q ⊂ π(T̂2ϵ| h|(U∞))

ϕ(x) = (x−y)·ξ
|ξ| (P ) Θi0 ϕJ J ∈ Ii1
UJ(ϕ) U∞

ξ ∈ π q ⊂ π(T̂2ϵ| h|(U∞)) U∞ ξ
−n(Xi(x, ξ)) · Ξi(x, ξ) ≥ 2δ1 i ≤ M |J | ≤ M UJ ⊃ U∞
UJ ⊃ U∞ J

wJ

wJ =
∑

k≥0

hkwJ
k e

−i(ϕJ (x,ξ)|ξ|−tξ2)/h,

wJ
k |t≤0 = 0,

wJ
k|∂Θjn

= wJ ′

k|∂Θjn
.

x ∈ UJ(ϕ)

⎧
⎪⎨

⎪⎩

(∂t + 2|ξ|∇ϕJ ·∇+ |ξ|∆ϕJ)wJ
0 = 0

wJ
0|Θjn

= wJ ′

0|Θjn

wJ
0 |t≤0 = 0



⎧
⎪⎨

⎪⎩

(∂t + 2|ξ|∇ϕJ ·∇+ |ξ|∆ϕJ)wJ
k = −i∆wJ

k−1

wJ
k|Θjn

= wJ ′

k|Θjn

wJ
k |t≤0 = 0.

ψ ∈ C∞(D) |∇ψ| = 1 {x+ τ |ξ|∇ψ(x); τ ∈
[0, τ0]} ⊂ D

(∂t + 2|ξ|∇ψ ·∇+ |ξ|∆ψ)v = h

v(x+ 2τ |ξ|∇ψ(x), t+ τ) =

(
Gψ(x+ 2τ |ξ|∇ψ(x))

Gψ(x)

)1/2

v(x, t)

+

∫ τ

0

(
Gψ(x+ 2τ |ξ|∇ψ(x))
Gψ(x+ 2s|ξ|∇ψ(x))

)1/2

h(x+ 2s|ξ|∇ψ(x), t+ s)ds.

Gψ ψ

w(τ) = v(x+2τ |ξ|∇ψ, t+ τ) w

∂τw = −|ξ|∆ψ(x+ 2τ∇ψ(x))w.

(−|ξ|
∫ τ

τ0

∆ψ(x+ 2s∇ψ(x))ds) =
(

Gψ(x+ 2τ |ξ|∇ψ(x))
Gψ(x+ 2τ0|ξ|∇ψ(x))

)1/2

,

wJ
0 wJ

0|∂Θjn
= wJ ′

0|∂Θjn

wJ
0 (x+ 2τ |ξ|∇ϕJ(x), t+ τ) =

(
GϕJ(x+ 2τ |ξ|∇ϕJ(x))

GϕJ(x)

)1/2

wJ ′
0 (x, t)

x ∈ Γjn x ∈ UJ(ϕ)

wJ
0 (x, t) =

(
GϕJ(x)

GϕJ(X−1(x, |ξ|∇ϕJ))

)1/2

× wJ ′
0

(
X−1(x, |ξ|∇ϕJ), t−

ϕJ(x)− ϕJ(X−1(x, |ξ|∇ϕJ))

2|ξ|

)
.

k ≥ 1
wJ
k x ∈ UJ(ϕ)



X̂−2t(x, |ξ|∇ϕJ)
(x, |ξ|∇ϕJ) X−2t(x, |ξ|∇ϕJ)

Θjn ,
|J | J = (j1 = i1, . . . , jn) ∈ Ii1

J(x, t, ξ) =

{
(j1, · · · , jk) X̂−2t(x, |ξ|∇ϕJ) n− k

∅ X̂−2t(x, |ξ|∇ϕJ) n .

wJ
k t ≥ 0 x ∈ UJ(ϕ)

wJ
0 (x, t) = ΛϕJ(x, ξ)q(X̂−2t(x, |ξ|∇ϕJ), ξ)

ΛϕJ(x, ξ) =

(
GϕJ(x)

GϕJ(X−1(x, |ξ|∇ϕJ))

)1/2

× · · ·×
(
Gϕ(X−|J |−1(x, |ξ|∇ϕJ))

Gϕ(X−|J |(x, |ξ|∇ϕJ))

)1/2

,

k ≥ 1 x ∈ UJ(ϕ)

wJ
k (x, t) = −i

∫ t

0
gϕJ (x, t− s, ξ)∆wJ(x,ξ,t−s)

k−1 (X̂−2(t−s)(x, |ξ|∇ϕJ), s)ds

gϕJ (x, ξ, t) =

(
GϕJ(x)

GϕJ(X−1(x, |ξ|∇ϕJ))

)1/2

×· · ·×
(
GϕJ(x,t,ξ)(X

−|J(x,t,ξ)|−1(x, |ξ|∇ϕJ))

GϕJ(x,t,ξ)(X̂−2t(x, |ξ|∇ϕJ))

)1/2

.

wJ
k

x ∈ UJ(ϕ)

wJ
k (x, t) ̸= 0 ⇒ (X̂−2t(x, |ξ|∇ϕJ), ξ) ∈ q.

wJ
k ⊂ {J(x, ξ, t) = ∅} .

k = 0 k−1 wJ
k (x, t) ̸= 0 s ∈ [0, t]

wJ(x,ξ,t−s)
k−1 (X̂−2(t−s)(x, |ξ|∇ϕJ), s) ̸= 0

(
X̂−2s(X̂−2(t−s)(x, |ξ|∇ϕJ), |ξ|∇ϕJ(x,ξ,t−s)), ξ

)
∈ q.

X̂−2s(X̂−2(t−s)(x, |ξ|∇ϕJ), |ξ|∇ϕJ(x,ξ,t−s)) = X̂−2t(x, |ξ|∇ϕJ)
k ≥ 0



J ∈ Ii0 wJ
k = 0 J ∈ Ii1

k
X−|J | := X−|J |(x,∇ϕJ(x)|ξ|)

wJ
0 = ΛϕJ(x, ξ)q

(
X−|J | −

(
t− (ϕJ(x)− ϕJ(X

−|J |)
)
ξ, ξ
)
.

J(x, ξ, t) ̸= ∅ t− (ϕJ(x)−ϕJ(X−|J |) ≤ 0 X−|J | ∈ ∂Θi1 ξ
Θi1 q R

X−|J | −
(
t− (ϕJ(x)− ϕJ(X−|J |)

)
ξ

q wJ
0 (x, t) = 0 k = 0

k ≥ 1 J ∈ I wk−1

wJ
k (x, ξ, t) ̸= 0 s ∈ [0, t]

wJ(x,ξ,t−s)
k−1 (X̂−2(t−s)(x, |ξ|∇ϕJ), s) ̸= 0.

J = (j1, . . . , jn) J(x, ξ, t − s) = (j1, . . . , jk)
J(X̂−2(t−s)(x, |ξ|∇ϕJ), ξ, t − s) = ∅ t − s ≤ t′ ≤ t

X̂−2t′(x, |ξ|∇ϕJ) k J(x, ξ, t − s)
0 ≤ t′ ≤ t− s X̂−2t′(x, |ξ|∇ϕJ) n− k 0 ≤ t′ ≤ t X̂−2t′(x, |ξ|∇ϕJ)

n J(x, ξ, t) = ∅

UJ(ϕ)

x /∈ UJ(ϕ) 0 ≤ t ≤ ϵ| h| wJ
k (x, t) = 0

wJ
k (x, t) = 0 x ∈ UJ(ϕ) UJ(ϕ)

x UJ(ϕ (X̂−2t(x,∇ϕJ(x)|ξ|), ξ) /∈
q (X̂−2t(x,∇ϕJ(x)|ξ|), ξ) ∈ q x

UJ(ϕ) x (X̂−2t(x,∇ϕJ(x)|ξ|), ξ) ∈
q

s ≤ t ≤ ϵ| h| X̂2s(X̂−2t(x,∇ϕJ(x)|ξ|), ξ) s0
X̂2s0(X̂−2t(x,∇ϕJ(x)|ξ|), ξ) ∂(Θ1∪Θ2) |J |

s ≥ s0 X̂s (X̂−2t(x,∇ϕJ(x)|ξ|), ξ) ∈ T̂2ϵ| h|(U∞)
s0 ≤ ϵ| h|

X̂2s0(X̂−2t(x,∇ϕJ(x)|ξ|), ξ) ∈ U∞.

U∞ ∩ ∂Θi Γi

|Ξ2s0(X̂−2t(x,∇ϕJ(x)|ξ|), ξ) · e| ≤ |∇ϕJ(y) · e| y ∈ Γi\(U∞ ∩ ∂Θi)
s ≥ s0 X̂2s(X̂−2t(x,∇ϕJ(x)|ξ|), ξ) UJ(ϕ)
x = X̂2t(X̂−2t(x,∇ϕJ(x)|ξ|), ξ)

wJ
k

χ+wJ
k



c1, c2 > 0 J ∈ I wJ
k

{c1|J | ≤ t} χ+wJ
k {c1|J | ≤ t ≤ c2(|J |+ 1)}

q ∂ (Θ1 ∪Θ2)

δ0 = d( q, ∂ (Θ1 ∪Θ2)) > 0.

|J | q
[α0,β0]

d
2β0

(|J | − 1) + δ0
2β0

χ+ 2 D
α0
(|J |+ 1) |J | D

q 2 d
α0

χ+wJ
k

d

2β0
(|J |− 1) +

δ0
2β0

≤ t ≤ 2
D

α0
(|J |+ 1) + 2

d

α0
,

wJ
k

d

2β0
(|J |− 1) +

δ0
2β0

≤ t

c1 =
δ0
2β0

c2 = 4 D
α0

0 ≤ t ≤ ϵ| h| χ+wJ
k U∞

x ∈ χ+ x /∈ U∞
X̂−2t(x,∇ϕJ(x)|ξ|) |J |

x ∈ (Θ1 ∪ Θ2)\(Θ1 ∪ Θ2) X−2t |J | + 1
X̂−2t(x,∇ϕJ(x)|ξ|) X−2t(x,∇ϕJ(x)|ξ|) |J |
Ξ−2t(x,∇ϕJ(x)|ξ|) = ξ x /∈ U∞

(X−2t(x,∇ϕJ(x)|ξ|), ξ) /∈ T̂2t(U∞) t ≤ ϵ| h| T̂2t(U∞) ⊃ T̂2ϵ| h|(U∞) ⊃ q

(X̂−2t(x,∇ϕJ(x)|ξ|), ξ) = (X−2t(x,∇ϕJ(x)|ξ|), ξ) /∈ q.

X−2t(x,∇ϕJ(x)|ξ|) |J |+1
X̂−2t(x,∇ϕJ(x)|ξ|) X̂−2t(x,∇ϕJ(x)|ξ|)

q (X̂−2t(x,∇ϕJ(x)|ξ|), ξ) /∈ q
wJ
k (x, t) = 0 χ+wJ

k U∞ 0 ≤ t ≤ ϵ| h|

ξ

ξ



J ∈ I SJ(x, t, ξ) := ϕJ(x, ξ)|ξ| − tξ2 t > 0
sJ(x, t) DξSJ(x, t, sJ(x, t)) = 0 t0 > 0

c(t0) > 0 t ≥ t0 J ∈ I

wJ(x, t, ξ) ̸= 0 ⇒ | D2
ξSJ(x, t, ξ)| ≥ c(t0) > 0.

J = ∅ t > 0 s∅(x, t) =
(x−y)
2t

c(t0) = 2t0 |J | ≥ 1 J = (j1, · · · , jn)
D2SJ ψJ(x, ξ) = ϕJ(x, ξ)|ξ|

|∇ψJ |2 = |ξ|2 ∂2ξiξjψJ

∇
(
∂2ξiξjψJ

)
·∇ψJ = δij − ∂ξi∇ψJ · ∂ξj∇ψJ .

x ∈ Γj,n ∇ψJ(x+τ∇ψJ(x, ξ)) = ∇ψJ(x, ξ) g(s) = ∂2ξiξjψJ(x+

s∇ψJ(x, ξ), ξ)

g′(s) = δij − ∂ξi∇ψJ(x+ s∇ψJ(x, ξ), ξ) · ∂ξj∇ψJ(x+ s∇ψJ(x, ξ), ξ)

∂2ξiξjψJ(x+ τ∇ψJ) = ∂2ξiξjψJ(x) + τδij

−
∫ τ

0
∂ξi∇ψJ(x+ s∇ψJ(x, ξ), ξ) · ∂ξj∇ψJ(x+ s∇ψJ(x, ξ), ξ)ds.

∂2ξiξjψJ = ∂2ξiξjψJ ′ Γjn ∂2ξiξjψ∅ = 0

Γj1 x ∈ UJ(ϕ)

∂2ξiξjψJ(x, ξ) =
l

|ξ|δij

−
∫ l

|ξ|

0
∂ξi∇ψJ(s)(X−s(x, |ξ|∇ϕJ(x, ξ)), ξ) · ∂ξj∇ψJ(s)(X−s(x, |ξ|∇ϕJ(x, ξ)), ξ)ds

J (s) = J(x, ξ, s/2) l = lJ(x, ξ)

lJ(x, ξ) = d(x,X−1(x,∇ϕJ(x, ξ))) + d(X−1(x,∇ϕJ(x, ξ)), X
−2(x,∇ϕJ(x, ξ)))

+ · · ·+ d(X−|J |−1(x,∇ϕJ(x, ξ)), X
−|J |(x,∇ϕJ(x, ξ))).

D2
ξSJ(x, ξ, t) = (

l

|ξ| − 2t)Id

−
3∑

k=1

∫ l
|ξ|

0
Dξ∂xkψJ(s)(X−s(x, |ξ|∇ϕJ(x, ξ)), ξ) (Dξ∂xkψJ(s)(X−s(x, |ξ|∇ϕJ(x, ξ)), ξ))

t .



yt y wJ(x, t) ̸= 0

(
X̂−2t(x, |ξ|∇ϕJ(x, ξ)), ξ

)
∈ q

X̂− l
|ξ|
(x, |ξ|∇ϕJ(x, ξ)) ∈ ∂(Θ1 ∪Θ2)

q δ0 > 0 ∂(Θ1 ∪Θ2)

2t− l

|ξ| ≥
δ0
|ξ| .

Dξ∂xkψJ(X−s(x,∇ϕJ(x, ξ)), ξ) (Dξ∂xkψJ(X−s(x,∇ϕJ(x, ξ)), ξ))
t

|J | ≥ 1

wJ(x, t) ̸= 0 ⇒ D2
ξSJ(x, ξ, t) ≤ − δ0

β0
< 0.

|∇ψJ |2 =
|ξ|2 x ∈ Γjn

∂ξi(ϕJ |ξ|)(x+ τ∇ϕJ(x, ξ), ξ) = ∂ξi(ϕJ ′ |ξ|)(x, ξ) + τ
ξi
|ξ| ,

Dξ(ϕ∅|ξ|)(x, ξ) = x− y

Dξ(ϕJ |ξ|)(x, ξ) = X−|J |(x,∇ϕJ(x, ξ))− y + lJ(x, ξ)
ξ

|ξ| .

DξSJ(x, ξ, t) = X−|J |(x,∇ϕJ(x, ξ))− (2t− lJ(x, ξ)

|ξ| )ξ − y,

wJ(x, t) ̸= 0

DξSJ(x, ξ, t) = X̂−2t(x, |ξ|∇ϕJ(x, ξ))− y.

DξSJ(x, ξ, t) = 0

X̂2t(y, ξ) = x.

ξ = sJ(x, t) x y 2t
Θj1

wJ
k



α,β Dα,β > 0
U∞

|Dα
ξD

β
x∇ϕJ | ≤ D|J |

α,β .

|Dβ
xϕJ | ≤ C β

α α |Dγ
ξD

η
xϕJ | ≤ C |J |

|γ| ≤ |α| − 1 η |∇ϕJ |2 = 1 Dα
ξ

∇(Dα
ξ ϕJ) ·∇ϕJ = RJ

RJ =
∑

|γ|,|γ′|≤|α|−1

aγ,γ′D
γ
ξ∇ϕJ ·Dγ′

ξ ∇ϕJ

aγ,γ′ ∈ Z x ∈ Γjn g(s) = DαϕJ(x + s∇ϕJ(x, ξ), ξ)
∇ϕJ(x+ s∇ϕJ(x, ξ), ξ) = ∇ϕJ(x, ξ) g g′(s) = R(x+ s∇ϕJ)

Dα
ξ ϕJ(x+ τ∇ϕJ(x, ξ), ξ) = Dα

ξ ϕJ(x, ξ) +

∫ τ

0
RJ(x+ s∇ϕJ(x, ξ), ξ)ds.

Dα
ξ ϕJ = Dα

ξ ϕJ ′ Γjn x ∈ U∞

Dα
ξ ϕJ(x, ξ) = Dα

ξ ϕ(X
−|J |(x,∇ϕJ(x, ξ)), ξ, ξ)

−
∫ d1

0
RJ(X−s(x,∇ϕJ(x, ξ)), ξ)ds−

∫ d2

d1

RJ ′ (X−s(x,∇ϕJ(x, ξ)), ξ)ds

−...−
∫ d|J|

d|J|−1

R(j1)(X−s(x,∇ϕJ(x, ξ)), ξ)ds.

d1 = d(x,X−1(x,∇ϕJ(x, ξ)), di = d(X−i(x,∇ϕJ(x, ξ), X
−i−1(x,∇ϕJ(x, ξ)).

Dβ
x β

∇ϕJ x J

x ∈ U∞ ξ ∈ π q (x,∇ϕJ) W
X−1 C∞

C X−i = X−1 ◦ · · · ◦X−1

Ci C |J |

d(x,X−1(x,∇ϕJ(x, ξ)) t(x,∇ϕJ(x, ξ)) t
C∞ W



X−s X−i X−i−1 di ≤ s ≤ di−1

d0 = 0

(x, y) ∈ Θ1 ∪Θ2 → d(x, y) C∞

x Dγ
ξ∇ϕ(j1,··· ,jk)

|γ| ≤ |α|− 1 C |J |

|Dα
ξD

β
xϕJ | ≤ C + |J |C6|J | ! D|J |

D = C7

U∞

|Dα
ξ w

J
k | ! C |J |

α h−(2k+|α|)cϵ.

GϕJ(x)

GϕJ(X−1(x,∇ϕJ(x, ξ))
=

1

1 + lH(x, ξ) + l2G(x, ξ)

l = d(x,X−1(x,∇ϕJ(x, ξ)) H G
ϕJ

D2
xϕJ(X

−1(x,∇ϕJ(x, ξ)).

ΛϕJ

0 < λ < 1
0 < α < 1

I = (1, 2) I = (2, 1) l ∈ {{1}, {2}, ∅} C∞

aI,l U∞ J = (I, . . . , I︸ ︷︷ ︸
r

, l)

U∞
|ΛϕJ − λraI,l|m ≤ Cmλ

rα|J |.



U∞

|wJ
k |m ≤ Ckλ

|J |h−(2k+m)cϵ.

|wJ
k |m ≤ Ckh−(2k+m)cϵ.

wJ
k

|wJ
k | ≤ C2k+m|qϵ,h|2k+mλ

|J |,

|qϵ,h|2k+m h−(2k+m)cϵ

K ≥ 0

(x, t) → 1

(2πh)3

∑

J∈I

∫ K∑

k=0

hkwJ
k (x, t, ξ)e

−i(ϕJ (x,ξ)|ξ|−tξ2)/hdξ

∂tu− ih∆u = −ihK
1

(2πh)3

∑

J∈I

∫
∆wJ

K−1(x, t, ξ)e
−i(ϕJ (x,ξ)|ξ|−tξ2)/hdξ

δyϵ,h,N e−i(t−s)h∆ Hm

e−ith∆δy Hm

C × |t|× hK−3 ×
t,ξ

∑

J∈I
∥∆wJ

K−1(·, t, ξ)e−i(ϕJ (·,ξ)|ξ|−tξ2)/h∥Hm .

e−ith∆δy(x) = SK(x, t) +RK(x, t)

SK(x, t) =
1

(2πh)3

∑

J∈I

∫ K∑

k=0

hkwJ
k (x, t, ξ)e

−i(ϕJ (x,ξ)|ξ|−tξ2)/hdξ

0 ≤ t ≤ ϵ| h|

∥RK(·, t)∥Hm ! | h|hK−3

t,ξ

∑

J∈I
∥∆wJ

K−1(·, t, ξ)e−i(ϕJ (·,ξ)|ξ|−tξ2)/h∥Hm .



RK

W J
K−1(x, t) = ∆wJ

K−1(·, t, ξ)e−i(ϕJ (·,ξ)|ξ|−tξ2)/h

wk wJ
k (C +

β0t) wK−1

∥∂mW J
K−1∥L2 ! CK(1 + β0t)

1
2 ∥∂mW J

K−1∥L∞ ! CK(1 + t)
1
2h−m × h−(2K+m+2)cϵ

H2 ↪→ L∞ 0 ≤ t ≤ ϵ| h|

∥RK∥L∞ ! | h|
3
2hK(1−2cϵ)−5−4cϵ|

{
J ∈ I, wJ

K−1 ̸= 0
}
|.

wJ
K−1(t) ̸= 0 |J | ≤ c1t |

{
J ∈ I, wJ

K−1 ̸= 0
}
|

⎧
⎪⎨

⎪⎩
∅, (1), (2), (1, 2), (2, 1), (1, 2, 1), (2, 1, 2), . . . , (1, 2, . . . ), (2, 1, . . .︸ ︷︷ ︸

⌈c1t⌉

)

⎫
⎪⎬

⎪⎭
,

1 + 2⌈c1t⌉
|
{
J ∈ I, wJ

K−1 ̸= 0
}
| ! (1 + t)

0 ≤ t ≤ ϵ| h|

∥RK∥L∞ ! CK | h|
5
2hK(1−2cϵ)−5−4cϵ

! CKhK(1−2cϵ)−6−4cϵ.

ϵ > 0 2cϵ ≤ 1
2

∥RK∥L∞ ≤ CKh
K
2 −7.

K = 15 ∥RK∥L∞ ≤ CKh−
1
2 t ≤ ϵ| h| h ≤ e−

t
ϵ

∥RK∥L∞ ≤ CKh−
3
2 e−

t
ϵ

0 ≤ t ≤ ϵ| h|

t ≥ t0 > 0

SK K x χ+

t0 > 0 t ≥ t0



J h t ≥ t0

SK(x, t) =
1

(2πh)3/2

∑

J∈I
e−i(ϕJ (x,sJ (t,x))|sJ (t,x)|−tsJ (t,x)2)/h

(
wJ
0 (t, x, sJ(t, x)) + hw̃J

1 (t, x)
)

+
1

h3/2

∑

J∈I
RJ (x, t) +

1

(2πh)3

∑

J∈I

∫ K∑

k=2

hkwJ
k (x, t, ξ)e

−i(ϕJ (x,ξ)|ξ|−tξ2)/hdξ

sJ(t, x)
O(h∞) w̃J

1

D2
ξw

J
0 (t, x, sJ(t, x)), w

J
1 (t, x, sJ(t, x)),

RJ

|RJ (x, t)| ≤ h2
∑

|α|≤7

|Dα
ξ w

J
k (x, ·, t)|.

0 ≤ t ≤ ϵ| h| χ+wJ
k U∞

0 ≤ t ≤ ϵ| h| 0 ≤ k ≤ K − 1 x ∈ χ+

wJ
k (x, ξ, ·) {c1|J | ≤ t ≤ c2(|J | + 1)}

∑

J∈I
|wJ

k | ≤ Ckh
−2kcϵ

∑

J | wJ
k ≠0

λ|J | ≤ Ckh
−2kcϵ

∑

r≥ t
c2

λr−1 ! Ckh
−2kcϵλ

t
c2

0 ≤ t ≤ ϵ| h| ∑

J∈I
|wJ

k | ≤ Ckh
−2kcϵe−µt.

µ > 0 ϵ > 0 2Kcϵ ≤ 1
2

∑

J∈I
|wJ

k | ≤ Ckh
− 1

2 e−µt, 1 ≤ k ≤ K − 1,

∑

J∈I
|wJ

0 | ! e−µt.

t ≤ ϵ| h|
∑

J∈I
|RJ (x, t)| ≤ h2

∑

J∈I

∑

|α|≤7

|Dα
ξ w

J
k (x, ·, t)|

≤ h2−(2K+7)cϵ|
{
J ∈ I, wJ

K−1 ̸= 0
}
|C

t
c1 ! h2−(2K+7)cϵ(1 + t)C

t
c1

≤ h2−(2K+7)cϵ| h|h−ηϵ



η > 0 α0,β0
ϵ > 0 ∑

J∈I
|RJ (x, t)| ! h ≤ e−t/ϵ.

t ≤ ϵ| h| ϵ > 0
∑

J∈I
|D2

ξw
J
0 | ! (1 + t)C

t
c1 ! | h|h−νϵ ≤ h−1/4

∑

J∈I
|D2

ξw
J
0 | ≤ h−

1
2 e−t/4ϵ.

ν > 0

|χ+SK(x, t)| ! e−νt

h3/2
t0 ≤ t ≤ ϵ| h|.

0 ≤ t ≤ t0 t0 = 1
2c1 c1

0 ≤ t ≤ t0 wJ
k = 0 J |J | ≥ 1 k ∈ N

SK(x, t) =
1

(2πh)3

∫ K∑

k=0

hkw∅
k(x, t, ξ)e

−i((x−y)·ξ−tξ2)/hdξ, 0 ≤ t ≤ t0

δy

SK(x, t) =
(
e−ith∆0δy

)
(x) +R∅

K(x, t) 0 ≤ t ≤ t0

∆0 ∥R∅
K∥Hm ! hK−3∥∆w∅∥Hm

L1 → L∞

|e−ith∆0δy| ! 1

(ht)3/2
∥δy∥L1 ! 1

(ht)3/2
,

R∅
K RK

|SK | ! 1

(ht)3/2
, 0 ≤ t ≤ t0.

|χ+e
−ith∆δyϵ,h,N | ! 1

(ht)3/2
, 0 ≤ t ≤ ϵ| h|





8

(M, g) d
M

{
∂2t u−∆gu = 0

(u(0), ∂tu(0)) = (f, g).

∆g

∥u∥Lp(0,T )Lq(Ω) ≤ CT
(
∥u0∥Ḣγ + ∥u1∥Ḣγ−1

)
,

(p, q)

1

p
+

d

q
=

d

2
− γ,

1

p
≤ d− 1

2

(
1

2
− 1

p

)
.

λ > 0 (p, q)

1

p
≤
(
d− 1

2
− λ

)(
1

2
− 1

p

)
.

p = q
Rn



(p, q)

Θ1 Θ2 Rn u
Ω = Rn\ (Θ1 ∪Θ2) (p, q, γ)

∥u∥Lp(R,Lq) ≤ C
(
∥f∥Ḣγ + ∥g∥Ḣγ−1

)
.

L2−

∥(χu,χ∂tu)∥L2(R,L2×H−1) ! ∥u0∥Ḣγ + ∥u1∥Ḣγ−1 ,

χ

∥(χu,χ∂tu)∥L2(R,L2×H−1) ! | h|
(
∥u0∥Ḣγ + ∥u1∥Ḣγ−1

)
.

∼ h−1 L2



∥χu∥Lp(0,| h|)Lq ! ∥u0∥L2 + ∥u1∥H−1 .

L2

L2−

L2

χ ∈ C∞
0 u

(f, g)

∥(χu,χ∂tu)∥L2(R,Ḣγ×Ḣγ−1) ! ∥f∥Ḣγ + ∥f∥Ḣγ−1

∥χ(−∆D − (λ± iϵ))−1χ∥L2→L2 ! 1

1 +
√
|λ|

.

K K Θ1∪Θ2

χ ∆Ω = ∆Rn\K χ

∥χ(−∆Ω − (λ± iϵ))−1χ∥L2→L2 = ∥χ(−∆Rn\K − (λ± iϵ))−1χ∥L2→L2 ! 1

1 +
√
|λ|

,



L2 χ ∈ C∞
0

f, g ψ(−h2∆)f = f ψ(−h2∆)g = g u
(f, g)

∥(χu,χ∂tu)∥L2(R,Ḣγ×Ḣγ−1) ! | h|1/2
(
∥f∥Ḣγ + ∥g∥Ḣγ−1

)

Ḣγ,− = D((−∆D)
s/2 (2I −∆)−1/2),

Hγ,− = D((I −∆D)
s/2 (2I −∆)−1/2),

Ḣ−γ,+ H−γ,+

Hγ,− = Ḣγ,− × Ḣγ−1,−, H−γ,+ = Ḣ−γ,+ × Ḣ−(γ−1),+.

A = i

(
0 −I

−∆ 0

)
.

∥(χu,χ∂tu)∥L2(R,Ḣγ,−×Ḣγ−1,−) ! ∥f∥Ḣγ + ∥g∥Ḣγ−1 .

TT ⋆

χ(A− (x− iϵ)−1)χ

H−s,+ → Hs,−

x ∈ R 0 < ϵ < 1

∥χ(−∆D − (λ± iϵ))−1χ∥L2→L2 ! 2 (2 + |λ|)
1 +

√
|λ|

.

(A− z)−1 =

(
−z(∆+ z2)−1 i(∆+ z2)−1

i∆(∆+ z2)−1 −z(∆+ z2)−1

)
,

s ∈ R

∥χ(1 + |z|)(∆+ z2)−1χ∥H−s,+→Hs,− ,

∥χ(∆+ z2)−1χ∥H−s,+→Hs+1,− ,

∥χ∆(∆+ z2)−1χ∥H−s,+→Hs−1,− .



s = 0
∥χ(1 + |z|)(∆+ z2)−1χ∥H0,+→H0,− .

u = (1 + |z|)(∆+ z2)−1χf.

Ψ ∈ C∞
0 (−1/2, 2) 1

u = Ψ(−∆

z2
)u+

(
1−Ψ(−∆

z2
)

)
u.

∥
(
1−Ψ(−∆

z2
)

)
u∥L2 ! ∥

(
1−Ψ(−∆

z2
)

)
χf∥L2 .

Ψ(−∆

z2
)u = (1 + |z|)(∆+ z2)−1Ψ(−∆

z2
)χf,

∥χΨ(−∆

z2
)u∥L2 ! (2 + z2)∥Ψ(−∆

z2
)χf∥L2 ,

(2 + z2)−1/2∥χΨ(−∆

z2
)u∥L2 ! (2 + z2)1/2∥Ψ(−∆

z2
)χf∥L2 .

z H0,±

ϵ > 0 D
χ ∈ C∞

0 D f g ψ(−h2∆)f = f ψ(−h2∆)g = g
u (f, g)

∥χu∥Lp(0,ϵ| h|)Lq ! ∥f∥Ḣγ + ∥g∥Ḣγ−1 .

ϵ > 0 ϵ = 1
χ ,χ ∈ C∞

0 χ = 1
Θ1∪Θ2∪R χ ∈ C∞

0 χ = 1 R
u

u = (1− χ )u+ χ (1− χ )u+ χ χ u



v = (1− χ )u v
(
∂2t −∆D

)
v = −[∆D,χ ]u,

(v(0), ∂tv(0)) = ((1− χ )f, (1− χ )g).

v (
∂2t −∆D

)
∆Rn

v(t) = (t
√
−∆Rn)(1− χ )f +

t
√
−∆Rn

√
−∆Rn

(1− χ )g

−
∫ t

0

((t− s)
√
−∆Rn)√

−∆Rn
[∆D,χ]u(s)ds.

Rn

∥ (t
√

−∆Rn)(1− χ )f +
t
√
−∆Rn

√
−∆Rn

(1− χ )g∥Lp(R,Lq)

! ∥f∥Ḣγ + ∥g∥Ḣγ−1 .

∥
∫ t

0

((t− s)
√
−∆Rn)√

−∆Rn
[∆D,χ ]u(s)ds∥LpLq

! ∥
∫

R

((t− s)
√
−∆Rn)√

−∆Rn
[∆D,χ ]u(s)ds∥LpLq

! ∥e
−it

√
−∆Rn

√
−∆Rn

∫

R
eis

√
−∆Rn [∆D,χ ]u(s)ds∥LpLq

! ∥
∫

R
eis

√
−∆Rn [∆D,χ ]u(s)ds∥Ḣγ−1 .

L2 Rn

Ω Rn

∥
∫

R
eis

√
−∆Rn [∆D,χ ]u(s)ds∥Ḣγ−1

= ∥
∫

R
eis

√
−∆Rn χ̃[∆D,χ ]u(s)ds∥Ḣγ−1 ! ∥[∆D,χ ]u(s)ds∥L2Ḣγ−1 ,

χ̃ = 1 ∇χ L2

∇χ

∥[∆D,χ ]u(s)ds∥L2Ḣγ−1 ! ∥f∥Ḣγ−1 + ∥g∥Ḣγ−2 + ∥∇f∥Ḣγ−1 + ∥∇g∥Ḣγ−2

! ∥f∥Ḣγ + ∥g∥Ḣγ−1 .



∥(1− χ )u∥LpLq ! ∥f∥Ḣγ + ∥g∥Ḣγ−1 .

w := χ (1− χ )u.

χ := χ (1 − χ ) ϕ ∈ C∞
0 ((−1, 1)) ϕ ≥ 0

ϕ(0) = 1
∑

j∈Z ϕ(s− j) = 1

χu =
∑

j∈Z
ϕ(t− j)χu =:

∑

j∈Z
uj .

χ L2

1 uj

L2

∥χ (1− χ )u∥Lp(R,Lq) ! ∥f∥Ḣγ + ∥g∥Ḣγ−1 .

χ = χ χ u | h|
ϕ ∈ C∞

0 ((−1, 1)) ϕ ≥ 0 ϕ(0) = 1
∑

j∈Z ϕ(s − j) = 1

χu =
∑

j∈Z
ϕ(

t

| h| − j)χu =:
∑

j∈Z
uj .

uj
(∂2t −∆)uj = Fj +Gj

Fj = | h|−2ϕ′′(
t

| h| − j)χu+ 2| h|−1ϕ′(
t

| h| − j)χ∂tu,

Gj = −ϕ( t

| h| − j)[∆,χ]u.

vj(t) =

∫ t

(j−1)| h|

(t− s)
√
−∆√

−∆
Fj(s)ds,

wj(t) =

∫ t

(j−1)| h|

(t− s)
√
−∆√

−∆
Gj(s)ds,



uj = vj +wj L2

∑

j∈Z
∥| h|Fj∥2L2(R,Ḣγ−1)

! | h|
(
∥u0∥2Ḣγ + ∥u1∥2Ḣγ−1

)
,

∑

j∈Z
∥Fj∥2L2(R,Ḣγ−1)

! | h|−1
(
∥u0∥2Ḣγ + ∥u1∥2Ḣγ−1

)
.

∥vj∥LpLq ! ∥Fj∥L1Ḣγ−1 .

Fj | h|

∥Fj∥L1Ḣγ−1 ! | h|1/2∥Fj∥L2Ḣγ−1 .

∑

j∈Z
∥vj∥2LpLq !

(
∥u0∥2Ḣγ + ∥u1∥2Ḣγ−1

)
.

wj

w̃±
j = e−it

√
−∆
∫ (j+1)| h|

(j−1)| h|

eis
√
−∆

√
−∆

Gj(s)ds.

w̃±
j wj

∥w̃±
j ∥LpLq ≤ ∥

∫ (j+1)| h|

(j−1)| h|
eis

√
−∆Gj(s)ds∥Ḣγ−1 .

[∆,χ] χ̃ 1
∇χ L2

∥w̃±
j ∥LpLq ≤ ∥

∫ (j+1)| h|

(j−1)| h|
eis

√
−∆Gj(s)ds∥Ḣγ−1

= ∥
∫ (j+1)| h|

(j−1)| h|
eis

√
−∆χ̃Gj(s)ds∥Ḣγ−1 ! ∥Gj∥L2Ḣγ−1 .



L2

∑

j∈Z
∥Gj∥2L2(R,Ḣγ−1)

!
(
∥u0∥2Ḣγ + ∥u1∥2Ḣγ−1

)
.

∑

j∈Z
∥wj∥2LpLq !

(
∥u0∥2Ḣγ + ∥u1∥2Ḣγ−1

)
.

l2(Z) ↪→
lp(Z) p ≥ 2

∥χu∥LpLq ∼

⎛

⎝
∑

j∈Z
∥uj∥pLpLq

⎞

⎠

1
p

!

⎛

⎝
∑

j∈Z
∥uj∥2LpLq

⎞

⎠

1
2

! ∥u0∥Ḣγ + ∥u1∥Ḣγ−1 .

∥u∥LpLq ! ∥u0∥Ḣγ + ∥u1∥Ḣγ−1 .

D
D T

(x, ξ) ∈ T ⋆Ω D T TT (D)
(x, ξ

|ξ|) (x,− ξ
|ξ|) D

T

|ξ| ∈ [α0,β0]

γ D

d(γ(t), TT (D)c) > 0 ∀t ∈ [−T − 1,−T ]

D, D̃ T ⋆ > 0 c > 0 T ≥ 0

d(TT−T ⋆(D)c, TT (D)) ≥ e−cT ,

D ⊂ D̃

d(TT (D̃)c, TT (D)) ≥ 1

4
e−cTd(D̃c, D).



f ∈ L2 U ⊂ T ⋆Ω a ∈ C∞(T ⋆Ω)
a = 1 U (a)f = f

ϵ > 0 D
χ ∈ C∞

0 D f g ψ(−h2∆)f = f ψ(−h2∆)g = g
Tϵ| h|(D) D ∂(Θ1 ∪ Θ2)

u (f, g)

∥χu∥Lp(0,ϵ| h|)Lq ! ∥f∥Ḣγ + ∥g∥Ḣγ−1 .

ϕ : U → R
U ⊂ R3 ϕ C∞ U |∇ϕ| = 1 ϕ (P )

∂Θp

ϕ −∇ϕ
U

j ̸= p

Θj ⊂ {y + τ∇ϕ(x) τ ≥ 0, y ∈ U ∩ ∂Θp,∇ϕ(y) · n(y) ≥ 0},

A ∈ R {ϕ ≤ A}

δ1 ≥ 0 ϕ

Γp(ϕ) = {x ∈ ∂Θp − n(x) ·∇ϕ(x) ≥ δ1},

Up(ϕ) =
⋃

X1(x,∇ϕ(x))∈Γp(ϕ)

{X1(x,∇ϕ(x)) + τΞ(x,∇ϕ(x)), τ ≥ 0}.

δ1 ≥ 0 ϕ (P ∂Θp

ϕj Θj Uj(ϕ) (P )
∂Θj X1(x,∇ϕ(x)) ∈ Γp(ϕ)

ϕj(X
1(x,∇ϕ) + τΞ1(x,∇ϕ)) = ϕ(X1(x,∇ϕ)) + τ.



J = (j1, · · · , jn) ji ∈ {1, 2 ji ̸= ji+1

I
ϕJ J ∈ I UJ(ϕ)
f ∈ C∞(U) m ∈ N

|f |m(U) =
(ai)∈(S2)m U

|(a1 ·∇) · · · (am ·∇)f |.

m ≥ 0

|∇ϕJ |m ≤ Cm|∇ϕ|m.

M > 0 (i, j) ∈ {1, 2}2
Ui,j J = {i, · · · , j} |J | ≥ M

ϕ (P ) ϕJ Ui,j

Û∞ = U11 ∩ U12 ∩ U21 ∩ U22,

U∞ ⊂ Û∞
Û∞

ξ
ϕ = (x− y) · ξ

|ξ|

ϕ(x) = (x − y) · ξ
|ξ| ϕJ(x, ξ)

ϕ α,β Dα,β > 0
U∞

|Dα
ξD

β
x∇ϕJ | ≤ D|J |

α,β .

U∞ Ũ∞ ⊂ U∞ q̃ϵ,h ∈ C∞(T ⋆Ω) q̃ϵ,h = 1
T2ϵ| h|(Ũ∞) q̃ϵ,h = 0 T2ϵ| h|(U∞)

α
|∂αq̃ϵ,h| ! h−2|α|cϵ.

ϵ| h|
Tϵ| h|(Ũ∞) Ũ∞ V

∂ (Θ1 ∪Θ2) χ0 ∈ C∞ χ0 = 0 ∂ (Θ1 ∪Θ2) χ0 = 1 V
χ0 (q̃ϵ,h)f = f

∥χe−it
√
−∆χ0 (q̃ϵ,h)f∥Lp(0,ϵ| h|)Lq ! ∥f∥Ḣγ ,



χ ∈ C∞ Ũ∞

∥e−it
√
−∆χ0 (q̃ϵ,h)f∥Lp(0,ϵ| h|)Lq ! ∥f∥Ḣγ .

TT ⋆

0 ≤ t ≤ ϵ| h|
∥Q⋆

ϵ,he
−it

√
−∆Qϵ,h∥L1→L∞ ! 1

h
d+1
2 t

d−1
2

.

Qϵ,h := ψ(−h2∆)χ0 (q̃ϵ,h).

∥ (qϵ,h,N )⋆e−it
√
−∆ (qϵ,h,N )∥L1→L∞ ! 1

h
d+1
2 t

d−1
2

.

N

qϵ,h,N ⊂ T2ϵ| h|(U∞) ∩ U∞ × {|ξ| ∈ [α0,β0]}

qϵ,h,N ∂ (Θ1 ∪Θ2)
ϵ, h,N

∥ (qϵ,h,N )⋆ (t
√
−∆) (qϵ,h,N )∥L1→L∞ ! 1

h
d+1
2 t

d−1
2

,

∥ (qϵ,h,N )⋆ (t
√
−∆) (qϵ,h,N )∥L1→L∞ ! 1

h
d+1
2 t

d−1
2

.

δyϵ,h,N (x) =
1

(2πh)d

∫
e−i(x−y)·ξ/hqϵ,T,N (x, ξ)dξ,

u ∈ L2

( (qϵ,h,N )u) (x) =

∫
δyϵ,h,N (x)u(y)dy.

(qϵ,h,N )⋆ (t
√
−∆) (qϵ,h,N )u(x) =

∫
(qϵ,h,N )⋆ (t

√
−∆)δyϵ,T,N (x)u(y)dy,

δyϵ,h,N N

| (qϵ,h,N )⋆ (t
√
−∆)δyϵ,h,N | ! 1

h
d+1
2 t

d−1
2

, 0 ≤ t ≤ ϵ| h|.



V1 ∂(Θ1∪Θ2) qϵ,h,N χ0 ∈ C∞
0 (Rn)

χ0 = 1 U∞∩Vc
1 χ+ (Θ1∪Θ2)\(Θ1∪Θ2)

∂(Θ1 ∪ Θ2)
(qϵ,h,N )⋆ = (qϵ,h,N )⋆χ+ (qϵ,T,N )⋆

qϵ,h,N
⋆(x, ξ) = eih⟨Dx,Dξ⟩qϵ,h,N .

ϵ > 0 |q⋆(α)ϵ,T,N | ! 1 |α| ≤ n + 1 = 4

q⋆(α)ϵ,T,N
(qϵ,T,N ) L∞ → L∞ h

0 ≤ T ≤ ϵ| h|

|χ0 (t
√
−∆)δyϵ,h,N | ! 1

h
d+1
2 t

d−1
2

, 0 ≤ t ≤ ϵ| h|

N
0 ≤ t ≤ ϵ| h|

(δyϵ,h,N , 0)

(e−i(x−y)·ξ/hqϵ,h,N (x, ξ), 0)

ξ ∈ Rn, ξ ∈ qϵ,h,N

w

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂2tw −∆w = 0 Ω

w(t = 0)(x) = e−i(x−y)·ξ/hq(x, ξ)

∂tw(t = 0)(x) = 0

w|∂Ω = 0

w =
∑

J∈I
(−1)|J |wJ

⎧
⎪⎨

⎪⎩

∂2tw
∅ −∆w∅ = 0 Rn

w(t = 0)(x) = e−i(x−y)·ξ/hq(x, ξ)

∂tw(t = 0)(x) = 0



J ̸= ∅ J = (j1, · · · , jn) J ′ = (j1, · · · , jn−1)
⎧
⎪⎨

⎪⎩

∂2tw
J −∆wJ = 0 Rn\Θjn

w(t = 0), ∂tw(t = 0) = 0

wJ
|∂Θjn

= wJ ′

|∂Θjn
.

ϕ+
J (x, ξ) = ϕJ(x, ξ) ϕ−

J (x, ξ) = ϕJ(x,−ξ),

ϕ+
J ϕ(x, ξ) = (x − y) · ξ

|ξ| ϕ+
J

ϕ(x,−ξ) = −(x− y) · ξ
|ξ| wJ

wJ = wJ,+ + wJ,−

=
∑

k≥0

wJ,+
k (x, t)e−i(ϕ+

J |ξ|−t|ξ|)/h(−i
h

|ξ|)
k +

∑

k≥0

wJ,−
k (x, t)ei(ϕ

−
J |ξ|−t|ξ|)/h(i

h

|ξ|)
k.

wJ,±
0

(2∂t +∇ϕ±
J ·∇+∆ϕJ)w

J,±
0 = 0,

k ≥ 1

(2∂t +∇ϕ±
J ·∇+∆ϕJ)w

J,±
k = −#wJ,±

k−1,

J = ∅

w∅,+
0 (x, 0) = w∅,−

0 (x, 0) =
1

2
q(x, ξ),

w∅,±
k (x, 0) = 0, ∀k ≥ 1,

∂tw
∅,+
k (x, 0) + ∂tw

∅,−
k (x, 0) = 0, ∀k ≥ 0,

|J | ≥ 1

wJ,±
k|∂Θjn

= wJ ′,±
k|∂Θjn

,

∂tw
J,±
k (x, 0) = wJ,±

k (x, 0) = 0,

wJ

J = ∅

w∅,+
0 =

1

2
q(x− t

ξ

|ξ| , ξ),

w∅,−
0 =

1

2
q(x+ t

ξ

|ξ| , ξ),

w∅,±
k = −

∫ t

0
#w±

k−1(x∓ (s− t)
ξ

|ξ| , s)ds k ≥ 1.



w∅,±

ϕ(x, ξ) = (x−y)·ξ
|ξ| ϕ(x,−ξ) = − (x−y)·ξ

|ξ|

I = I1 ∪ I2

I1 Θ1 (1, · · · )
I2 Θ2 (2, · · · ) e

R e Θ1 Θ2
ξ
|ξ|

V {e,−e}

ξ · e > 0 (x−y)·ξ
|ξ| (P ) Θ1 − (x−y)·ξ

|ξ| (P ) Θ2

ξ · e < 0 (x−y)·ξ
|ξ| (P ) Θ2 − (x−y)·ξ

|ξ| (P ) Θ1

(1) w∅,+ Θ1 w∅,−

Θ2

(2) w∅,+ Θ2 w∅,−

Θ1

(1) (I+, I−) := (I2, I1)

(2) (I+, I−) := (I1, I2)

w± J ∈ I∓ w∅,±

Θi∓ 0 = w∅,±
|∂Θi∓

= w{i∓}
|∂Θi∓

wJ,± J ∈ I± U∞

X̂−t(x,∇ϕ±
J )

(x,∇ϕ±
J ) X−t(x,∇ϕ±

J )
Θjn ,

|J | J = (j1 = i1, . . . , jn) ∈ I±

J(x, t, ξ) =

{
(j1, · · · , jk) X̂−t(x,∇ϕ±

J ) n− k

∅ X̂−t(x,∇ϕ±
J ) n .



wJ
k t ≥ 0 x ∈ UJ(ϕ)

wJ,±
0 (x, t) = Λϕ±

J (x, ξ)q(X̂−t(x,∇ϕ±
J ), ξ)

Λϕ±
J (x, ξ) =

Gϕ±
J (x)

Gϕ±
J (X

−1(x,∇ϕ±
J ))

× · · ·×
Gϕ±(X−|J |−1(x,∇ϕ±

J ))

Gϕ±(X−|J |(x,∇ϕ±
J ))

,

k ≥ 1 x ∈ UJ(ϕ)

wJ,±
k (x, t) =

∫ t

0
gϕJ (x, (t− s), ξ)#wJ(x,ξ,±(t−s))

k−1 (X̂−(t−s)(x,∇ϕ±
J ), s)ds

g±ϕJ
(x, ξ, t) =

Gϕ±
J (x)

Gϕ±
J (X

−1(x,∇ϕ±
J ))

× · · ·×
Gϕ±

J(x,t,ξ)(X
−|J(x,t,ξ)|−1)(x,∇ϕ±

J ))

Gϕ±
J(x,t,ξ)(X̂−t(x,∇ϕ±

J ))
.

|ξ| ∈ [α0,β0] wJ,±

wJ
k (x, t) ̸= 0 ⇒ (X̂−t(x,∇ϕJ), ξ) ∈ q.

x /∈ UJ(ϕ) 0 ≤ t ≤ ϵ| h| wJ,±
k (x, t) = 0

c1, c2 > 0 J ∈ I wJ,±
k

{c1|J | ≤ t} χ0w
J,±
k {c1|J | ≤ t ≤ c2(|J |+ 1)}

0 ≤ t ≤ ϵ| h| χ0w
J,±
k U∞

U∞

|Dα
ξ w

J,±
k | ! C |J |

α h−(2k+|α|)cϵ.

ΛϕJ



0 < λ < 1
0 < α < 1

I = (1, 2) I = (2, 1) l ∈ {{1}, {2}, ∅} C∞

aI,l U∞ J = (I, . . . , I︸ ︷︷ ︸
r

, l)

U∞
|ΛϕJ − λraI,l|m ≤ Cmλ

rα|J |.

U∞

|wJ,±
k |m ≤ Ckλ

|J |h−(2k+m)cϵ.

|wJ
k |m ≤ Ckh−(2k+m)cϵ.

Sn−1(0, s)

S±
J (x, ξ, t) = ϕ±

J (x, ξ)|ξ|− t|ξ|.

η > 0 |J | ≥ 1

d(X−|J |(x,∇ϕ±
J (x, ξ)), y) ≤ η wJ,±(x, t, ξ) ̸= 0

⇒ DξS±
J (x, ξ, t) ̸= 0.

d(X−|J |(x,∇ϕJ(x, ξ)), y)≥η s > 0 x
sJ(x, s) ∈ Sn−1(0, s) t ≥ 0

wJ,±(x, ·, s±J (x, s)) ̸= 0 DSn−1(0,s)S±
J (x, s±J (x, s), t) = 0.

d(X−|J |(x,∇ϕJ(x, ξ)), y) ≥ η

D2
Sn−1(0,s)S

±
J(x, s

±
J (x, s), t) > c.

SJ = S+
J ϕJ := ϕ+

J wJ = wJ,+

wJ,+ wJ,−



|∇ϕJ(x, ξ)|ξ||2 = |ξ|2
ξ

DξS±
J (x, ξ, t) = X−|J |(x,∇ϕJ(x, ξ))− y − (t− lJ(x, ξ))

ξ

|ξ| .

wJ,±(x, ξ, t) ̸= 0 q
|J | ≥ 1

t− lJ(x, ξ) ≥ δ0 > 0

DSn−1(0,s)SJ(x, ξ)

= X−|J |(x,∇ϕ±
J (x, ξ))− y −

((
X−|J |(x,∇ϕJ(x, ξ))− y

)
· ξ|ξ|

)
ξ

|ξ| .

ξ DSn−1(0,s)SJ(x, ξ) = 0

X−|J |(x,∇ϕJ(x, ξ))− y ! ξ

|ξ| ,

ξ
|ξ| x y

J Sn−1(0, s)
wJ,+ = 0 J ∈ I− wJ(x, t, ξ) = 0

ξ wJ(x, t, ξ) ̸= 0

(
X−|J |(x,∇ϕJ(x, ξ))− y

)
· ξ|ξ| > 0.

Rn SJ |∇ϕJ(x, ξ)|ξ||2 = |ξ|2
ξ

D2
ξS

±
J (x, ξ, t) =

l

|ξ|Id− (
Id

|ξ| −
ξξt

|ξ|3 )t

−
3∑

k=1

∫ l
|ξ|

0
Dξ∂xkψJ(s)(X−s(x,∇ϕJ(x, ξ)), ξ) (Dξ∂xkψJ(s)(X−s(x,∇ϕJ(x, ξ)), ξ))

t .

D2
Sn−1(0,s)SJ(x, ξ, t) ξ = sJ(x, t)

g : Rn → Rm 0 M := g−1(0)
f : Rn → R F M F
a ∈ M F a

d2fa − λ ◦ d2ga



TaM λ f g a
λ ∈ L(Rm,R) dfa = λ ◦ dga.

g(ξ) := |ξ|2 − s2 Dg(ξ) = 2ξ.
SJ(x, ·) g ξ := sJ(x, s) λ ∈ R

DξSJ(x, t, ξ) = 2λξ.

2λ =
(
X−|J |(x,∇ϕJ(x, ξ))− y

)
· ξ|ξ| − (t− lJ(x, ξ))

1

|ξ| .

D2
Sn−1(0,s)SJ(x, ξ, t) =

(
D2
ξSJ(x, ξ, t)− 2λ

)
|TξSn−1(0,s)

D2
Sn−1(0,s)SJ(x, ξ, t) TξSn−1(0, s)

−(X−|J |(x,∇ϕ±
J (x, ξ))− y) · ξ|ξ|Id+

ξξt

|ξ|3

−
3∑

k=1

∫ l
|ξ|

0
Dξ∂xkψJ(s)(X−s(x,∇ϕJ(x, ξ)), ξ) (Dξ∂xkψJ(s)(X−s(x,∇ϕJ(x, ξ)), ξ))

t .

ξξt TξSn−1 D2
Sn−1(0,s)SJ(x, ξ, t)

TξSn−1(0, s)

−(X−|J |(x,∇ϕJ(x, ξ))− y) · ξ|ξ|

−
3∑

k=1

∫ l
|ξ|

0
Dξ∂xkψJ(s)(X−s(x,∇ϕJ(x, ξ)), ξ) (Dξ∂xkψJ(s)(X−s(x,∇ϕJ(x, ξ)), ξ))

t .

.

Dξ∂xkψJ(s)(X−s(x,∇ϕJ(x, ξ)), ξ) (Dξ∂xkψJ(s)(X−s(x,∇ϕJ(x, ξ)), ξ))
t

K ≥ 0

(x, t) → 1

(2πh)d

∑

±

∑

J∈I

∫ K∑

k=0

wJ,±
k (x, t, ξ)e∓i(ϕ±

J (x,ξ)|ξ|−t|ξ|)/h(∓ih/|ξ|)kdξ



∂2t u−∆u = (∓h)K
1

(2πh)d

∑

±

∑

J∈I

∫
#wJ,±

K−1(x, t, ξ)e
∓i(ϕ±

J (x,ξ)|ξ|−t|ξ|)/h|ξ|−Kdξ

(u(0), ∂tu(0)) = (δyϵ,h,N , 0).

(t
√
−∆)δy

Hm

C × hK−d × |t|
s∈[0,t],ξ∈[α0,β0]

∑

±

∑

J∈I
∥#wJ,±

K−1(·, s, ξ)e
∓i(ϕ±

J (·,ξ)|ξ|−t|ξ|)/h∥Hm .

0 ≤ t ≤ ϵ| h|
(

(t
√
−∆)δy

)
(x) = SK(x, t) +RK(x, t)

SK(x, t) =
1

(2πh)d

∑

±

∑

J∈I

∫ K∑

k=0

wJ,±
k (x, t, ξ)e∓i(ϕ±

J (x,ξ)|ξ|−t|ξ|)/h(∓ih/|ξ|)kdξ

∥RK∥Hm ! | h|hK−d

s,ξ

∑

±

∑

J∈I
∥#wJ,±

K−1(·, s, ξ)e
∓i(ϕ±

J (·,ξ)|ξ|−t|ξ|)/h∥Hm .

RK

W J,±
K−1(x, s, ξ) = #wJ,±

K−1(·, s, ξ)e
∓i(ϕ±

J (·,ξ)|ξ|−t|ξ|)/h

wk wJ
k (C + t)

∑

J∈I
∥∂mW J,±

K−1∥L2 ! CK(1 + t)
d
2

∑

J∈I
∥∂mW J,±

K−1∥L∞ ! CK(1 + t)
d
2h−m

∑

J∈I
h−(2K+m)cϵ

Hd ↪→ L∞

∥RK∥L∞ ! CK | h|hK−2d(1 + t)
d
2h−(2K+d)cϵ|

{
J ∈ I, wJ

K−1 ̸= 0
}
|.

|
{
J ∈ I, wJ

K−1 ̸= 0
}
| ! (1 + t),



∥RK∥L∞ ! CK | h|hK(1−2cϵ)−d(2+cϵ)(1 + t)
d
2+1

0 ≤ t ≤ ϵ| h|

∥RK∥L∞ ! CK | h|
d
2+1hK(1−2cϵ)−d(2+cϵ) ≤ CKhK(1−2cϵ)−d(1+cϵ)−1.

ϵ > 0 2cϵ ≤ 1
2

∥RK∥L∞ ≤ CKh
K
2 −3d−1.

K

K

2
− 3d− 1 ≥ −d+ 1

2
+ 1.

0 ≤ t ≤ ϵ| h| h ≤ e−
t
ϵ

∥RK∥L∞ ≤ CKh−
d+1
2 e−

t
ϵ .

0 ≤ t ≤ ϵ| h|

J = ∅

S∅
K(x, t) =

1

(2πh)d

∑

±

∫ K∑

k=0

(∓ih/|ξ|)kw∅,±
k (x, t, ξ)e−i((x−y)·ξ∓t|ξ|)/hdξ

Sr
K =

1

(2πh)d

∑

±

∑

|J |≥1

∫ K∑

k=0

wJ,±
k (x, t, ξ)e∓i(ϕ±

J (x,ξ)|ξ|−t|ξ|)/h(∓ih/|ξ|)kdξ,

SK = S∅
K + Sr

K .

S∅
K

(δy, 0)

S∅
K(x, t) =

(
(t
√
−∆0)δ

y
)
(x) +R∅

K(x, t)

∆0 0 ≤ t ≤
ϵ| h|

∥R∅
K∥Hm ! hK−d| h|

s,ξ
∥#w∅(·, s, ξ)∥Hm



δy

| (t
√

−∆0)δ
y| ! 1

h
d+1
2 t

d−1
2

R∅
K RK

|S∅
K | ! 1

h
d+1
2 t

d−1
2

, 0 ≤ t ≤ ϵ| h|.

|J | ≥ 1

d(X−|J |(x,∇ϕ±
J ), y) ≤ η

Sr
K =

1

(2πh)d

∑

±

∑

|J |≥1

∫ K∑

k=0

wJ,±
k (x, t, ξ)e∓i(ϕ±

J (x,ξ)|ξ|−t|ξ|)/h1d(X−|J|(x,∇ϕ±
J ),y)≥η(∓ih/|ξ|)kdξ

+
∑

|J |≥1

O(h∞).

O(h∞)
Sr
K 1d(X−|J|(x,∇ϕ±

J ),y)≥η

Sr
K(x, t) =

1

(2πh)d

∑

±

∑

J∈I

∫ K∑

k=0

wJ,±
k (x, t, ξ)e∓i(ϕ±

J (x,ξ)|ξ|−t|ξ|)/h(∓ih/|ξ|)kdξ

=
1

(2πh)d

∑

±

∑

J∈I

∫ β0

s=α0

∫

|ξ|=s

K∑

k=0

wJ,±
k (x, t, ξ)e∓i(ϕ±

J (x,ξ)|ξ|−t|ξ|)/h(∓ih/s)kdξds.

{|ξ| = s}∑
±
∑

|J |≥1 hk0

d− 1 t ≥ 0

Sr
K(x, t) =

1

(2πh)d
h

d−1
2

∑

±,J∈I

k0∑

k=0

∫ β0

α0

e∓i(ϕ±
J (x,sJ (t,x))s−ts)/h(∓ih/s)kw̃J,±

k (t, x)ds

+
1

(2πh)d
h

d−1
2

∑

±,J∈I

∫ β0

α0

RJ,± (x, t, s)ds

+
1

(2πh)d

∑

±,J∈I

∫ K∑

k=k0+1

wJ
k (x, t, ξ)e

∓i(ϕ±
J (x,ξ)|ξ|−t|ξ|)/h(∓ih/|ξ|)kdξ.



0 ≤ k ≤ k0 w̃J,±
k

D2k
ξ wJ,±

0 (t, x, sJ(t, x, s)), D
2(k−1)
ξ wJ,±

1 (t, x, sJ(t, x, s)), . . . , w
J,±
k (t, x, sJ(t, x, s)),

sJ(t, x, s) {|ξ| = s}
RJ,±

wJ

ϵ > 0 α0,β0
0 ≤ t ≤ ϵ| h| x ∈ χ0

∑

J∈I
|wJ,±

k | ≤ Ckh
− 1

2 e−µt, 1 ≤ k ≤ K − 1,

∑

J∈I
|wJ,±

0 | ! e−µt,

∑

J∈I
|D2k

ξ wJ,±
0 | ! Ckh

− 1
2 e−t/4ϵ, 1 ≤ k ≤ k0,

∑

J∈I
|RJ,± | ! e−t/ϵ.

µ = µ(ϵ) k0 = ⌈d−1
2 ⌉ ν > 0

α0,β0

|χ0S
r
K(x, t)| ! h−

d+1
2 e−νt 0 ≤ t ≤ ϵ| h|.

|χ0 (t
√
−∆)δyϵ,h,N | ! 1

h
d+1
2 t

d−1
2

, 0 ≤ t ≤ ϵ| h|.
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(M, g) d

{
i∂tu−∆gu = 0

u(0) = u0

M
{
∂2t u−∆gu = 0

(u(0), ∂tu(0)) = (f, g),

∆g

∥u∥Lq(0,T )Lr(M) ≤ CT
(
∥u0∥Ḣs + ∥u1∥Ḣs−1

)
,

∥u∥Lq(0,T )Lr(M) ≤ CT ∥u0∥L2 ,

(p, q)

1

q
+

d

r
=

d

2
− s,

1

q
+

d− 1

2r
≤ d− 1

4
,

2

q
+

d

r
=

d

2
, (q, r, d) ̸= (2,∞, 2),

p = q
Rn



L2

∥(χu,χ∂tu)∥L2(R,Ḣs×Ḣs−1) ! ∥u0∥Ḣs + ∥u1∥Ḣs−1 ,

∥χu∥L2(R,H1/2) ! ∥u0∥L2 .

N ≥ 3

N

α > 0

∑

γ∈P
λγdγe

αdγ < ∞.

P dγ
γ λγ =

√
µγµ′

γ µγ µ′
γ



γ

N

Θi

i, j, k

(Θi ∪Θj) ∩Θk = ∅.

(Θi)1≤i≤N R3

Ω = R3\ ∪
1≤i≤N

Θi

1

q
+

3

r
=

3

2
− s,

1

q
+

1

r
≤ 1

2
, q ̸= ∞,

2

q
+

3

r
=

3

2
, (q, r) ̸= (2, 6),

Ω

∥u∥Lq(R,Lr(Ω)) ! ∥u0∥Ḣs + ∥u1∥Ḣs−1 ,

∥u∥Lq(R,Lr(Ω)) ! ∥u0∥L2 .

N

∼ h ∼ h−1

h| h|



h

N

K ⊂ T ⋆Ω ∪ T ⋆∂Ω

P

ψ(−h2∆) |ξ| ∈ [α0h−1,β0h−1],

I (j1, · · · , jk)
"1, · · · , N# ji ̸= ji+1

Φt : T
⋆Ω ∪ T ⋆∂Ω −→ T ⋆Ω ∪ T ⋆∂Ω

Ω Φt(x, ξ) t
x ξ

|ξ| |ξ|

Φt

Xt Ξt

χ ∈ C∞
c (R3) u0 ∈ L2(Ω) u0 = ψ(−h2∆)u0

∥χeit∆Du0∥L2(R,L2) ! (h| h|)
1
2 ∥u0∥L2 .



φ ∈
C∞
c (R3 × R3) Kc

u0 = ψ(−h2∆)u0

∥ h(φ)e
−it∆Du0∥L2(R,H1/2(Ω)) ! ∥u0∥L2 .

A

⟨Au, u⟩(T )− ⟨Au, u⟩(0) =
∫ T

0

∫

Ω
⟨[i∆, A]u, u⟩+

∫ T

0

∫

∂Ω
⟨Au, ∂nu⟩.

A 0 [i∆, A]
φ

B =

∫ T

0

∫

∂Ω
⟨Au, ∂nu⟩dσdt

b ∈ C∞(R3 × R3) b ≥ 0 b ≥ α U

b− α
aā

( |a|)2
≥ 0,

a ∈ C∞
c (R3×R3) U h(aā) = h(a) h(a)

⋆+
O(h)

Φ
φ

B = h−1
∫ hT

0

∫

∂Ω
⟨A(eihtu0), ∂n(e

ihtu0)⟩dσdt

A
A ∂Ω× R

∂Ω × R
Q

v
Av|∂Ω×R = Q(∂nv).



q (x0, t0) ∈ ∂Ω× R (η, τ) ∈ T(x0,t0)(∂Ω× R)
ψ±

|∇ψ(x)|2 = −τ,
ψ±(x) = x · η ∂O,

x0 τ − η2 > 0 n

ψ± = x · η ±
√
τ − η2n.

λ > 0 ∂nψ± x0 Ω

vλ =
eiλ(ψ++tτ) − eiλ(ψ−+tτ)

(iλ)(∂nψ+ − ∂nψ−)
,

i∂tvλ − λ−1∆vλ = O(λ−1),

vλ = 0 ∂O.

x0 ∂O

∂nvλ = eiλ(x·η+tτ).

Q

q(x0, t0, η, τ) =
λ→∞

e−iλ(x0·η+t0·τ)Q(eiλ(x·η+tτ))(x0, t0)

=
λ→∞

e−iλ(x0·η+t0·τ)Q(∂nvλ)(x0, t0).

vλ
wλ (x0, t0)

|wλ − vλ| ! λ−1,

vλ wλ

q(x0, t0, η, τ) =
λ→∞

e−iλ(x0·η+t0·τ)Q(∂nwλ)(x0, t0)

=
λ→∞

e−iλ(x0·η+t0·τ)A(wλ)(x0, t0) =
λ→∞

e−iλ(x0·η+t0·τ)A(vλ)(x0, t0)

=

(
a(x, dψ+)− a(x, dψ−)

2(∂nψ+ − ∂nψ−)

)
(x0, t0).

τ − η2 > 0

q(x0, t0, η, τ) =

(
a(x0, ξ+)− a(x0, ξ−)

(ξ+ − ξ−) · n(x0)

)
,

ξ± = η ±
√
τ − η2n(x0).

ξ±



(y, η) /∈ K (y, η)

(y, η) p0

ξ ·∇p0(x, ξ) ≥ 0,
p0(x, ξ)− p0(x, ξ′)

(ξ − ξ′) · n(x)
≥ 0,

η ·∇p0(y, η) > 0,
p0(y, η)− p0(y, η′)

(η − η′) · n(y) > 0.

a

ξ ·∇a(x, ξ) ≥ 0,
a(x, ξ)− a(x, ξ

′
)

(ξ − ξ′) · n(x)
≥ 0

ξ ·∇a(x, ξ) > 0,
a(x, ξ)− a(x, ξ

′
)

(ξ − ξ′) · n(x)
> 0, V ⊃⊃ φ.

a

a = 0 K.

a

δ > 0 q {τ − η2 ≥ 0}
ϵ > 0 {τ − η2 ≥ −ϵ}

ℜea(x0, ξ+)− a(x0, ξ−)

(ξ+ − ξ−) · n(x0)
≥ −δ/2.

|α| ≤ 2(d+ 1) = 8

∣∣ℑm ∂αx,t,ξ,τ
a(x0, ξ+)− a(x0, ξ−)

(ξ+ − ξ−) · n(x0)
∣∣ ≤ δ/2

χ {τ − η2 ≥ −2ϵ} χ = 1 {τ − η2 ≥
−ϵ}. a

a = χa+ (1− χ)a.

(1 − χ)a {τ = η2}

∥ h((1− χ)a)u∥Hσ(R×Ω) = O(h∞)∥u0∥L2 ,



B =

∫ T

0

∫

∂Ω
⟨R(∂n(e

it∆u0)), ∂n(e
it∆u0)⟩dσdt+O(h∞)∥u0∥L2 ,

R = (χa)
R

r(x0, t0, η, τ) = χ(η, τ)

(
a(x0, ξ+(η, τ))− a(x0, ξ−(η, τ))

(ξ+(η, τ)− ξ−(η, τ)) · n(x0)

)
,

ξ± = η ±
√
τ − η2n(x0).

B ≥ −δ
∫ T

0

∫

∂Ω
|Φ̃u|2dσdt− c ∥χbu∥L2([0,T ],H−1/2(∂Ω)) +O(h∞)∥u0∥L2 .

φ̃ ∈ C∞
c (R3×R3) Kc φ̃ = 1 φ χb ∈ C∞

c (R3)
χb = 1 ∂Ω

|x| ≥ R ≫ 1
a a(x, ξ) = hx ·ξ χR ∈ C∞

c χR = 1 {|x| ≤ 2R} χR = 0
{|x| ≥ 3R}
∫

Ω
⟨[i∆, A]u, u⟩ =

∫

Ω
⟨[i∆, A]χRu,χRu⟩

+

∫

Ω
⟨[i∆, A]χRu, (1− χR)u⟩+

∫

Ω
⟨[i∆, A](1− χR)u,χRu⟩

+

∫

Ω
⟨[i∆, A](1− χR)u, (1− χR)u⟩.

{|x| ≥ 2R}

{2R ≤ |x| ≤ 3R} R

∣∣
∫

R

∫

Ω
⟨[i∆, A]χRu, (1− χR)u⟩+ ⟨[i∆, A](1− χR)u,χRu⟩

∣∣

! ∥χ̃u∥L2H1/2 ! ∥u0∥L2 ,

χ̃ ∈ C∞
c {2R ≤ |x| ≤ 3R} {|x| ≥ R}

∫ T

0

∫

Ω
⟨[i∆, A]χRu,χRu⟩ ≥ C∥Φu∥L2H1/2 − c ∥χRu∥L2L2 ,

∥Φu∥L2H1/2 ≤ C(∥u0∥L2 + δ∥Φ̃u∥L2H1/2) + CδO(h∞).



δ > 0

φ, φ̃, ˜̃φ, . . . ,
∼(k)

φ , · · · δ
∼(k)

φ
φ V

A ≥ 1 |α+ β| ≤ N

∥∂α,βx,ξ

∼(k)

φ ∥L∞ ≤ Ak.

c k
Ak ξ · ∇a C

∼(k)

φ C
O(h∞) δ

k

∥
∼(k)

Φ u∥L2H1/2 ≤ (C +Ak)∥u0∥L2 + Cδ∥
∼(k+1)

Φ u∥L2H1/2 + CδO(h∞),

C A k δ Cδ δ

∥Φu∥L2H1/2 ≤
[
C
1− (Cδ)k+1

1− Cδ
+

(CδA)− (CδA)k+1

1− CδA

]
∥u0∥L2

+ (Cδ)k∥
∼(k+1)

Φ u∥L2H1/2 + Cδ
1− (Cδ)k+1

1− Cδ
O(h∞)

≤
[
C
1− (Cδ)k+1

1− Cδ
+

(CδA)− (CδA)k+1

1− CδA

]
∥u0∥L2

+ (Cδ)k∥χ0u∥L2H1/2 + Cδ
1− (Cδ)k+1

1− Cδ
O(h∞)

χ0 δ CδA < 1 k

h0

Ω
k > 0 χ ∈ C∞

c (Rd) u0 ∈ L2

u0 = ψ(−h2∆)u0

∥χe−it∆Du0∥L2(R,H1/2(Ω)) ! h−k∥u0∥L2 .



K
φ ∈ C∞

c (R3 × R3) Kc

∥ h(φ)e
−it∆Du0∥L2(R,H1/2(Ω)) ! ∥u0∥L2 .

ϵ > 0 φ ∈ C∞
c (R3 × R3)

K

∥ h(φ)e
−it∆Dψ(−h2∆)u0∥Lp(0,ϵh| h|)Lq(Ω) ≤ C∥u0∥L2 .

TT ⋆

∥Aeith∆ψ(−h2∆)A⋆∥L1→L∞ ! (ht)−3/2, ∀0 ≤ t ≤ ϵ| h|,

A := h(φ)

W ,η η

η > 0 W ,η

n ≥ 0 (xn, ξn) ∈ K × S2 K
Φt(xn, ξn) W , 1n

(xn, ξn)
n ∪Θi

(x, ξ) ∈ W
(x, ξ) (x,−ξ)

(x0, ξ0)
(x0, ξ0) (x0,−ξ0)



V ∪Θi

µ > 0 C > 0 τ > 0 x, x̃ ∈ V ξ, ξ̃
|ξ|, |ξ′| ∈ [α0,β0] t > 0 t′ |t′ − t| ≤ τ

d(Φt′(x̃, ξ̃),Φt′(x, ξ))) ≤ Ct′d((x̃, ξ̃), (x, ξ))µ.

W ,η

δ > 0 Dδ δ P K
Φt(ρ) −→ ∞ t −→ ±∞ ρ ∈ K ∩Dc

δ

K ∩ Dc
δ

ρn ∈ Dc
δ ∩K

{Φt(ρn)}t≥0 ∩K −→ +∞

n ρn −→ ρ⋆ ∈ Dc
δ

{Φt(ρ⋆)}t≥0 ∩K = ∞ ρ⋆ ∈ P

K

ρn ∈ K ρn −→ ρ A > 0 t d(πxΦt(ρn), 0R3) ≤ A.
πxΦt(·) t n −→ ∞

ρ ∈ K

T0 ≤ t ≤ ϵ| h|
[T0, ϵ| h|]

δ > 0 R3×S2

(Sk)1≤k≤Nδ
Sk = sk × Rξk ⊂ T ⋆Ω

si R3 K δ ∪Sk

δ > 0



(Πk) pk ∈ C∞
0 (T ⋆Ω), 0 ≤ pk ≤ 1

pk Wk Sk

∑

1≤k≤Nδ

pk = 1 K.

Πk = h(pk), ∀1 ≤ k ≤ Nδ.

χ0 ∈ C∞(R3) 0 ≤ χ0 ≤ 1 χ0 ∪Θi

χ0

Π0 = χ0

Π−1 = h

⎛

⎝1− χ0 −
∑

1≤k≤Nδ

pk

⎞

⎠ .

Π−1

d( p−1,K) ≥ d1 > 0,

T0 > 0

πxΦt( p−1) ⊂ χ0, ∀|t| ≥ T0.

τ > 0
T = (L− 1)τ + s0 L ∈ N s0 ∈ [0, τ)

eiTh∆ = eits0∆
(
eiτh∆

)L−1
, eiτh∆ = eiτh∆

∑

−1≤k≤Nδ

Πk.

eiTh∆ =
∑

=(k1,··· ,kL)

eits0∆ΠkLe
iτh∆ΠkL−1 · · ·Πk1e

iτh∆,

∈ "−1, Nδ#L

σ = Aeits0∆ΠkLe
iτh∆ΠkL−1 · · ·Πk1e

iτh∆ψ(−h2∆)A⋆,

ρ ∈ WFh(σ ) ⇒

⎧
⎪⎨

⎪⎩

πxρ ∈ φ,

Φjτ (ρ) ∈ qkj ∀1 ≤ j ≤ L,

πxΦT (ρ) ∈ φ.



∈ "−1, Nδ#L 1 ≤ j ≤ L kj = 0 kj = −1
σ = O(h∞) L1 → L∞

σ = O(h∞) L2 → L2

j kj = 0 j
ρ ∈ WFh(σ ) t0 ∈ [(j − 1)τ, jτ ]

Φjτ (ρ) χ0

πxΦT (ρ) ∈ χ WFh(σ ) = ∅
j ∈ [1, L − T

τ ] kj = −1 ρ ∈ WFh(σ )
Φjτ (ρ) ∈ Π−1

πxΦjτ+t(ρ) ∈ χ0, ∀t ≥ T0,

j ∈ [T0
τ , L]

t ≤ −T0

(Nδ + 2)
ϵ
τ | h| h

∑
O(h∞) = O(h∞),

L1 → L∞

AeiTh∆ψ(−h2∆)A⋆ =
∑

,kj≥1

σ +O(h∞).

τ > 0

δ > 0 τ > 0
γ ∈ P

d(ρ, γ) < δ, d(Φτ (ρ), γ) < δ ⇒ ∀t ∈ [0, τ ], d(Φt(ρ), γ) < 3δ.

ρ̃ ρ γ

t0 = {t ≥ 0, πxΦt(ρ) ∈ Θ} , t̃0 = {t ≥ 0, πxΦt(ρ̃) ∈ Θ} .

t̃0 > t0

∀t ∈ [0, τ ]\(t0, t̃0), d(Φt(ρ),Φt(ρ̃)) ≤ Cτδ.

t ∈ [t0, t̃0],

d(Φt(ρ),Φt(ρ̃)) ≤ d(Φt(ρ),Φt0(ρ)) + d(Φt0(ρ),Φt0(ρ̃)) + d(Φt0(ρ̃),Φt(ρ̃)),

{(Φt(ρ)}t∈[t0,t̃0] {(Φt(ρ̃)}t∈[t0,t̃0]

d(Φt(ρ),Φt0(ρ)) ≤ |t− t0||πξρ| ≤ τβ0,



ρ̃

d(Φt(ρ),Φt(ρ̃)) ≤ 2τβ0 + Cτδ.

τ > 0 2τβ0 ≤ δ Cτ ≤ 2

Skj Θaj Θbj δ > 0
σ O(h∞) j

(aj = aj+1 bj = bj+1) (ai+1 = bj).

γ = Sk1 ◦ Sk2 ◦ · · · ◦ SkL J
J I

J = lI + r I
T

D (T ⋆Ω∪ T ⋆∂Ω)∩ {|ξ| ∈ [α0,β0]} T > 0
D T TT (D)

ρ ∈ TT (D) ⇐⇒ ∀t ∈ [0, T ], ΦT (ρ) ∈ D.

DI ,δ δ γ ∩ {|ξ| ∈ [α0,β0]} I
qI,T ∈ C∞

0

qI,T = 0 TT (DI,4δ), qI,T = 1 TT (DI,3δ),

QT
I := h(qI,T ).

τ > 0

σ = σ QT
I +O(h∞).

I

AeiTh∆ψ(−h2∆)A⋆QT
I =

∑

,I =I

σ QT
I +O(h∞),

∑

I

AeiTh∆ψ(−h2∆)A⋆QT
I = AeiTh∆ψ(−h2∆)A⋆ +O(h∞).

T ≤ ϵ| h| h ≤ e−
T
ϵ O(h∞)

∥
∑

I

AeiTh∆ψ(−h2∆)A⋆QT
I ∥L1−→L∞ ! (hT )−

3
2 , ∀T0 ≤ T ≤ ϵ| h|,

[T0, ϵ| h|]



0 ≤ t ≤ T0

QT
I φ φ

K 0 ≤ t ≤ T0 |ξ| ∈ [α0,β0]
Φt(ρ) ρ

N 0 ≤ t ≤ T0

T0

T0

∥
∑

I

AeiTh∆ψ(−h2∆)A⋆QT
I ∥L1−→L∞ ! (hT )−

3
2 , ∀T0 ≤ T ≤ ϵ| h|,

QT
I

d(TT (D̃)c, TT (D)) ≥ 1

4
e−cTd(D̃c, D), ∀D ⊂ D̃

qTI 0 ≤ T ≤ ϵ| h|

|∂αqTI | ! h−2|α|cϵ.

ϕJ ϕ
J

M > 0 J ∈ I J = rI + l
|J | ≥ M ϕ (P ) ϕJ U∞

I,l δ > 0

DI,4δ ⊂
⋃

|l|≤|I|−1

U∞
I,l,

T0 ≥ 2β0M



∥
∑

I

AeiTh∆ψ(−h2∆)A⋆QT
I ∥L1−→L∞ ! (hT )−

3
2 , ∀T0 ≤ T ≤ ϵ| h|.

I

δyI (x) =
1

(2πh)3

∫
e−i(x−y)·ξ/hpI,T (x, ξ)dξ,

pI,T P T
I := ψ(−h2∆)A⋆QT

I u0 ∈ L2

ψ(−h2∆)A⋆QT
I u0(x) =

∫
δyI (x)u0(y)dy.

Aeith∆ψ(−h2∆)A⋆QT
I u0 =

∫
Aeith∆δyIu0(y)dy,

∑

I

|AeiTh∆δyI (x)| ! (hT )−3/2, ∀T0 ≤ T ≤ ϵ| h|.

A L∞ → L∞

∑

I

|χeiTh∆δyI (x)| ! (hT )−3/2, ∀T0 ≤ T ≤ ϵ| h|,

χ ∈ C∞
c (R3)

φ

0 ≤ t ≤ ϵ| h| δyI

e−i(x−y)·ξ/hpI,T (x, ξ)

ξ ∈ Rn

pI,T p

⎧
⎪⎨

⎪⎩

(i∂tw − h∆w) = 0 Ω

w(t = 0)(x) = e−i(x−y)·ξ/hp(x, ξ)

w|∂Ω = 0



w =
∑

J∈I
(−1)|J |wJ

{
(i∂tw∅ − h∆w∅) = 0 Rn

w∅(t = 0)(x) = e−i(x−y)·ξ/hp(x, ξ)

J ̸= ∅ J = (j1, · · · , jn) J ′ = (j1, · · · , jn−1)
⎧
⎪⎨

⎪⎩

(i∂twJ − h∆wJ) = 0 Rn\Θjn

wJ(t = 0) = 0

wJ
|∂Θjn

= wJ ′

|∂Θjn
.

wJ h.

w∅

w∅ =
∑

k≥0

hkw∅
ke

−i((x−y)·ξ−tξ2)/h,

w∅
0(t = 0) = q(x, ξ), w∅

k(t = 0) = 0.

w∅
0 = p(x− 2tξ, ξ),

w∅
k = −i

∫ t

0
∆w∅

k−1(x− 2(s− t)ξ, s)ds k ≥ 1.

ϕ(x) = (x−y)·ξ
|ξ|

wJ

wJ =
∑

k≥0

hkwJ
k e

−i(ϕJ (x,ξ)|ξ|−tξ2)/h,

wJ
k |t≤0 = 0, wJ

k|∂Θjn
= wJ ′

k|∂Θjn
.

x ∈ UJ(ϕ)
⎧
⎪⎨

⎪⎩

(∂t + 2|ξ|∇ϕJ ·∇+ |ξ|∆ϕJ)wJ
0 = 0

wJ
0|Θjn

= wJ ′

0|Θjn

wJ
0 |t≤0 = 0

⎧
⎪⎨

⎪⎩

(∂t + 2|ξ|∇ϕJ ·∇+ |ξ|∆ϕJ)wJ
k = −i∆wJ

k−1

wJ
k|Θjn

= wJ ′

k|Θjn

wJ
k |t≤0 = 0.



wJ
k x ∈ UJ(ϕ)

X̂−2t(x, |ξ|∇ϕJ)
(x, |ξ|∇ϕJ) X−2t(x, |ξ|∇ϕJ)

Θjn ,
|J | J = (j1, . . . , jn) ∈ I

J(x, t, ξ) =

{
(j1, · · · , jk) X̂−2t(x, |ξ|∇ϕJ) n− k

∅ X̂−2t(x, |ξ|∇ϕJ) n .

wJ
k t ≥ 0 x ∈ UJ(ϕ)

wJ
0 (x, t) = ΛϕJ(x, ξ)p(X̂−2t(x, |ξ|∇ϕJ), ξ)

ΛϕJ(x, ξ) =

(
GϕJ(x)

GϕJ(X−1(x, |ξ|∇ϕJ))

)1/2

× · · ·×
(
Gϕ(X−|J |−1(x, |ξ|∇ϕJ))

Gϕ(X−|J |(x, |ξ|∇ϕJ))

)1/2

,

k ≥ 1 x ∈ UJ(ϕ)

wJ
k (x, t) = −i

∫ t

0
gϕJ (x, t− s, ξ)∆wJ(x,ξ,t−s)

k−1 (X̂−2(t−s)(x, |ξ|∇ϕJ), s)ds

gϕJ (x, ξ, t) =

(
GϕJ(x)

GϕJ(X−1(x, |ξ|∇ϕJ))

)1/2

×· · ·×
(
GϕJ(x,t,ξ)(X

−|J(x,t,ξ)|−1(x, |ξ|∇ϕJ))

GϕJ(x,t,ξ)(X̂−2t(x, |ξ|∇ϕJ))

)1/2

.

x ∈ UJ(ϕ)

wJ
k (x, t) ̸= 0 ⇒ (X̂−2t(x, |ξ|∇ϕJ), ξ) ∈ p.

wJ
k ⊂ {J(x, ξ, t) = ∅} .

x /∈ UJ(ϕ) 0 ≤ t ≤ T wJ
k (x, t) = 0

|J | ≈ t



c1, c2 > 0 J ∈ I wJ
k

{c1|J | ≤ t} χwJ
k {c1|J | ≤ t ≤ c2(|J |+ 1)}

q = qI,T I

J rI + l wJ
k = 0 0 ≤ t ≤ ϵ| h|

wJ
k (x, ξ) ̸= 0

(x, |ξ|∇ϕJ) pI,T t
J p ⊂ TT (DI,4δ)

γ I J
rI + l

0 ≤ t ≤ T J = rI + l χwJ
k U∞

I,l

wJ
k q(., ξ)
ξ J

χ

ξ

J ∈ I SJ(x, t, ξ) := ϕJ(x, ξ)|ξ| − tξ2 t > 0
sJ(x, t) DξSJ(x, t, sJ(x, t)) = 0 t0 > 0

c(t0) > 0 t ≥ t0 J ∈ I

wJ(x, t, ξ) ̸= 0 ⇒ | D2
ξSJ(x, t, ξ)| ≥ c(t0) > 0.

α,β Dα,β > 0
U∞
I,l

|Dα
ξD

β
x∇ϕJ | ≤ D|J |

α,β .

U∞
I,l

|Dα
ξ w

J
k | ! C |J |

α h−(2k+|α|)cϵ.



ΛϕJ

0 < λI < 1
I

0 < α < 1 C∞ aI,l U∞
I,l J = rI + l

U∞
I,l

|ΛϕJ − λrIaI,l|m ≤ Cmλ
r
Iα

|J |.

J = rI + l I l ≤ |I|
U∞
I,l

|wJ
k |m ≤ Ckλ

|J |
I h−(2k+m)cϵ.

|wJ
k |m ≤ Ckh−(2k+m)cϵ.

K ≥ 0

(x, t) → 1

(2πh)3

∑

J=rI+l

∫ K∑

k=0

hkwJ
k (x, t, ξ)e

−i(ϕJ (x,ξ)|ξ|−tξ2)/hdξ

∂tu− ih∆u = −ihK
1

(2πh)3

∑

J=rI+l

∫
∆wJ

K−1(x, t, ξ)e
−i(ϕJ (x,ξ)|ξ|−tξ2)/hdξ

δyI,T e−i(t−s)h∆ Hm

e−ith∆δy Hm

C × |t|× hK−3 ×
t,ξ

∑

J=rI+l

∥∆wJ
K−1(·, t, ξ)e−i(ϕJ (·,ξ)|ξ|−tξ2)/h∥Hm .

∑

I

e−ith∆δyI (x) = SK(x, t) +RK(x, t)

SK(x, t) =
1

(2πh)3

∑

J∈I

∫ K∑

k=0

hkwJ
k (x, t, ξ)e

−i(ϕJ (x,ξ)|ξ|−tξ2)/hdξ



0 ≤ t ≤ ϵ| h|

∥RK(·, t)∥Hm ! | h|hK−3

t,ξ

∑

J∈I
∥∆wJ

K−1(·, t, ξ)e−i(ϕJ (·,ξ)|ξ|−tξ2)/h∥Hm ,

wJ
k pI,T J = rI + l

RK

W J
K−1(x, t) = ∆wJ

K−1(·, t, ξ)e−i(ϕJ (·,ξ)|ξ|−tξ2)/h

wk wJ
k (C + β0t)

wK−1

|∇ϕJ |m ≤ Cm|∇ϕ|m

∥∂mW J
K−1∥L2 ! CK(1 + β0t)

1
2 ∥∂mW J

K−1∥L∞ ! CK(1 + t)
1
2h−m × h−(2K+m+2)cϵ

H2 ↪→ L∞ 0 ≤ t ≤ ϵ| h|

∥RK∥L∞ ! | h|
3
2hK(1−2cϵ)−5−4cϵ|

{
J ∈ I, wJ

K−1 ̸= 0
}
|.

wJ
K−1(t) ̸= 0 |J | ≤ c1t |

{
J ∈ I, wJ

K−1 ̸= 0
}
|

α⌈c1t⌉

αk = { s "1, N# ≤k si+1 ̸= si}

αk

|αk| ≤ CNNk.

βk = { s "1, N# k si+1 ̸= si} .

|β1| = N

|βk+1| = (N − 1)|βk|.



|βk| = N(N − 1)k−1, |αk| =
k∑

i=1

βi + 1 = N
(N − 1)k − 1

N − 2
+ 1,

|
{
J ∈ I, wJ

K−1 ̸= 0
}
| ! N t

0 ≤ t ≤ ϵ| h|

∥RK∥L∞ ! CK | h|
3
2hK(1−2cϵ)−5−4cϵh−ϵ N

! CKhK(1−2cϵ)−6−4cϵ−ϵ N .

ϵ > 0 2cϵ ≤ 1
2 ϵ N ≤ 1

∥RK∥L∞ ≤ CKh
K
2 −8.

K = 15 ∥RK∥L∞ ≤ CKh−
1
2 t ≤ ϵ| h| h ≤ e−

t
ϵ

∥RK∥L∞ ≤ CKh−
3
2 e−

t
ϵ

0 ≤ t ≤ ϵ| h|

t ≥ t0 > 0

SK K x χ
t0 > 0 t ≥ t0

J h t ≥ t0

SK(x, t) =
1

(2πh)3/2

∑

J∈I
e−i(ϕJ (x,sJ (t,x))|sJ (t,x)|−tsJ (t,x)2)/h

(
wJ
0 (t, x, sJ(t, x)) + hw̃J

1 (t, x)
)

+
1

h3/2

∑

J∈I
RJ (x, t) +

1

(2πh)3

∑

J∈I

∫ K∑

k=2

hkwJ
k (x, t, ξ)e

−i(ϕJ (x,ξ)|ξ|−tξ2)/hdξ

sJ(t, x)
O(h∞) w̃J

1

D2
ξw

J
0 (t, x, sJ(t, x)), w

J
1 (t, x, sJ(t, x)),

RJ

|RJ (x, t)| ≤ h2
∑

|α|≤7

|Dα
ξ w

J
k (x, ·, t)|.



0 ≤ t ≤ ϵ| h| χwJ
k U∞

I,l
0 ≤ t ≤ ϵ| h| 0 ≤ k ≤ K − 1 x ∈ χ

wJ
k (x, ξ, ·) {c1|J | ≤ t ≤ c2(|J | + 1)}

∑

J∈I
|wJ

k | ≤ Ckh
−2kcϵ

∑

J=rI+s | wJ
k ̸=0

I |s|≤|I|−1

λ|J |I .

∑

J∈I
|wJ

k | ≤ Ckh
−2kcϵ

∑

I

∑

r≥0
0≤s≤|I|−1

λρk(I)+r
I λsI ,

ρk(I) =
{
r ≥ 1 ∃s, wrI+s

k ̸= 0
}
,

∑

J∈I
|wJ

k | ≤ Ckh
−2kcϵ

∑

I
ρk(I) ̸=∞

1

1− λI
λρk(I)I |I|.

ρk(I) !
t

|I|
γ I

dγ
C ≤ γ = |I| ≤ dγ

d

C ∪Θi

∑

J∈I
|wJ

k | ! Ckh
−2kcϵ

∑

γ

dγλ
Dk

t
dγ

γ .

α > 0
∑

γ

dγλγe
αdγ < ∞.

Cγ = λγe
αdγ .

dγ d γ

∑
Cγ < ∞.

Cγ α

0 ≤ Cγ ≤ 1, ∀γ.



t ≥ d
Dk

C
D t

dγ
γ ≤ Cγ ,

t ≥ d
Dk

∑

J∈I
|wJ

k | ! Ckh
−2kcϵ

∑

γ

dγ
(
Cγe

−αdγ
)Dk

t
dγ

! Ckh
−2kcϵ

∑

γ

dγC
D t

dγ
γ e−αDkt ≤ Ckh

−2kcϵe−αDkt
∑

γ

dγCγ ,

∑

J∈I
|wJ

k | ≤ Ckh
−2kcϵe−µkt

d

Dk
≤ t ≤ ϵ| h|.

µk > 0 t ≤ d
D

∑

J∈I
|wJ

k | ! Ckh
−2kcϵ

∑

γ

dγλγ

dγ

∑

γ

dγλγ < ∞

∑

J∈I
|wJ

k | ! Ckh
−2kcϵ t0 ≤ t ≤ d

Dk
.

∑

J∈I
|wJ

k | ≤ C ′
kh

−2kcϵe−µkt t0 ≤ t ≤ ϵ| h|

ϵ > 0 2Kcϵ ≤ 1
2 t0 ≤ t ≤ ϵ| h|

∑

J∈I
|wJ

k | ≤ Ckh
− 1

2 e−µt, 1 ≤ k ≤ K − 1,

∑

J∈I
|wJ

0 | ! e−µt.

µ =
0≤k≤K−1

µk > 0.



t ≤ ϵ| h|
∑

J∈I
|RJ (x, t)| ≤ h2

∑

J∈I

∑

|α|≤7

|Dα
ξ w

J
k (x, ·, t)|

≤ h2−(2K+7)cϵ|
{
J ∈ I, wJ

K−1 ̸= 0
}
|C

t
c1 ! h2−(2K+7)cϵN tC

t
c1

≤ h2−(2K+7)cϵh−ηϵ

η > 0 α0,β0
ϵ > 0 ∑

J∈I
|RJ (x, t)| ! h ≤ e−t/ϵ.

t ≤ ϵ| h| ϵ > 0 t ≤ ϵ| h|
∑

J∈I
|D2

ξw
J
0 | ! N tC

t
c1 ! h−1/4

∑

J∈I
|D2

ξw
J
0 | ≤ h−

1
2 e−t/4ϵ.

ν > 0

|χSK(x, t)| ! e−νt

h3/2
t0 ≤ t ≤ T.

t = T

L2

∥(Au,A∂tu)∥L2(R,Ḣγ×Ḣγ−1) ! ∥u0∥Ḣγ + ∥u1∥Ḣγ ,

A K

0 =

∫ ∫

R×Ω
⟨u, [$, P ]u⟩+

∫ ∫

R×∂Ω
⟨Pu, ∂nu⟩,



P P
{τ2 − η2 > 0}

∥ h(φ)u∥Lq(ϵ| h|,Lr(Ω)) ! ∥u0∥Ḣs + ∥u1∥Ḣs−1

u0,1 = ψ(−h2∆)u0,1 φ K

N

h

∑

J∈I
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i∂tu+∆u− V u = u|u|α, u(0) = ϕ ∈ H1(R).
V ∈ L1 −∆ + V

L2(R) eit(−∆+V ) L2

∥e−it(−∆+V )ψ∥L∞ ! 1

|t|
1
2

∥ψ∥L1

V L1
1(R)

∫∞
−∞ |V (x)|(1 + |x|)dx < ∞

−∆+V

L2(R)

E(u(t)) :=
1

2

∫
|∇u(t)|2 +

∫
V |u(t)|2 + 1

α+ 2

∫
|u(t)|α+2 = E(u(0))

H1(R)
ϕ ∈ H1(R) u ∈ C(R, H1(R))

M(u(t)) :=
∫
|u(t)|2

α > 4

i∂tu+∆u = u|u|α, u(0) = ϕ ∈ H1(R)

H1(R)
u ∈ C(R H1(R))

ψ± ∈ H1(R)
∥u(t)− e−it∆ψ±∥H1(R) −→ 0

t→±∞
.



V

α > 4 V ∈ L1
1(R) V ′ ∈ L1

1(R)
V V ≥ 0 xV ′ ≤ 0

u ∈ C(R, H1(R)) V H1(R)

V∫
V < 0 −∆ + V

V

xV ′

V, V ′ ∈ L1 A =
−∆ + V

xV ′ ∈ L1 xV ′ ≤ 0

H1(R2) L∞(R2)

i∂tu+∆u− V u+ u|u|α = 0

V α
α > 4

H1 = H1(R), C(H1) = C(R, H1(R)), LpLr = Lp(R, Lr(R)), Lp(I)Lr = Lp(I, Lr(R))



I R τy τyu =
u(· − y) A ! B A ≤ CB C

r = α+ 2, q =
2α(α+ 2)

α2 − α− 4
, p =

2α(α+ 2)

α+ 4
, γ =

2α

α− 2

V L1
1(R)

−∆+ V

V ≥ 0
u±

u′′ = V u

u±(x) → 1 x → ±∞ u±

u u′ ±∞
u u

[−R,R] R
∫
R |u′|2 + V |u|2 = 0

u = 0

V ∈ L1
1(R) V ≥ 0

ψ ∈ L1(R)

∥e−it(−∆+V )ψ∥L∞ ! 1

|t|
1
2

∥ψ∥L1 .

a ∈ [2,∞]

∥eit(−∆+V )ψ∥La ! 1

|t|
1
2 (

1
a′−

1
a )
∥ψ∥La′ .

TT ⋆

∥e−it(−∆+V )ϕ∥Lq1Lr1 + ∥
∫ t

0
e−i(t−s)(−∆+V )F (s)ds∥Lq2Lr2 ! ∥ϕ∥L2 + ∥F∥

Lq′3Lr′3



(qi, ri)

2

qi
+

1

ri
=

1

2
.

ϕ ∈ H1 F ∈ Lq′Lr′ G ∈ Lq′Lr′

H ∈ Lγ
′
L1

∥e−it(−∆+V )ϕ∥LpLr ! ∥ϕ∥H1

∥e−it(−∆+V )ϕ∥LαL∞ ! ∥ϕ∥H1

∥
∫ t

0
e−i(t−s)(−∆+V )F (s)ds∥LαL∞ ! ∥F∥Lq′Lr′

∥
∫ t

0
e−i(t−s)(−∆+V )G(s)ds∥LpLr ! ∥G∥Lq′Lr′

∥
∫ t

0
e−i(t−s)(−∆+V )H(s)ds∥LpLr ! ∥H∥Lγ′L1 .

− (3.1) − (3.4)
−∆ + V Hq

u ∈ C(H1) u ∈ LpLr u
H1

ϵ0 > 0 ϕ ∈ H1

∥ϕ∥H1 ≤ ϵ0
H1



M > 0 ϵ > 0 C > 0
v ∈ C(H1) ∩ LpLr

e(t, x)

v(t) = e−it(∆−V )ϕ− i

∫ t

0
e−i(t−s)(∆−V )(v(s)|v(s)|α)ds+ e(t)

∥v∥LpLr < M ∥e∥LpLr < ϵ ϕ0 ∈ H1

∥e−it(∆−V )ϕ0∥LpLr < ϵ u ∈ C(H1)
ϕ+ ϕ0

u ∈ LpLr, ∥u− v∥LpLr < C.

A : L2 ⊃ D(A) → L2

c, C u ∈ D(A)

c∥u∥2H1 ≤ (Au, u) + ∥u∥2L2 ≤ C∥u∥2H1 ,

B : D(A) ×D(A) ∋ (u, v) → (Au, v) + (u, v)L2 − (u, v)H1 ∈ C n

B(τxnψ, τxnhn) → 0 ∀ψ ∈ H1

xn → ±∞, ∥hn∥H1 < ∞

xn → x̄ ∈ R, hn ⇀
H1

0,

(tn)n≥1 (xn)n≥1 t̄, x̄ ∈ R

|tn| → ∞ ⇒ ∥eitnAτxnψ∥Lp → 0, ∀2 < p < ∞, ∀ψ ∈ H1

tn → t̄, xn → ±∞ ⇒ ∀ψ ∈ H1, ∃ϕ ∈ H1, τ−xne
itnAτxnψ

H1

→ ϕ

tn → t̄, xn → x̄ ⇒ ∀ψ ∈ H1, eitnAτxnψ
H1

→ eit̄Aτx̄ψ.



(un)n≥1 H1

un =
J∑

j=1

eit
n
j Aτxj

n
ψj +RJ

n ∀J ∈ N

tnj ∈ R, xnj ∈ R, ψj ∈ H1

j

tnj = 0 ∀n, tjn
n→∞→ ±∞

xnj = 0 ∀n, xjn
n→∞→ ±∞,

|tnj − tnk |+ |xnj − xnk |
n→∞→ ∞, ∀j ̸= k,

∀ϵ > 0, ∃J ∈ N,
n→∞

∥e−itARJ
n∥L∞L∞ ≤ ϵ,

∥un∥2L2 =
J∑

j=1

∥ψj∥2L2 + ∥RJ
n∥2L2 + on(1), ∀J ∈ N

∥un∥2H =
J∑

j=1

∥τxj
n
ψj∥2H + ∥RJ

n∥2H + on(1), ∀J ∈ N

(u, v)H = (Au, v)

∥un∥pLp =
J∑

j=1

∥eit
n
j Aτxj

n
ψj∥pLp +∥RJ

n∥
p
Lp +on(1), ∀2 < p < ∞, ∀J ∈ N.

A := −∆ + V

A := −∆ + V A



V
H1(R) ↪→ L∞

∥u∥2H1 ≤ (Au, u) + ∥u∥L2 =

∫
|∇u|2 +

∫
V |u|2 +

∫
|u|2 ≤ (1 + ∥V ∥L1)∥u∥2H1

B(τxnψ, τxnhn) =

∫
V τxnψτxnhn.

xn → x̄ ∈ R, hn ⇀
H1

0 τxnψ → τx̄ψ L2 V τxnhn ⇀ 0 L2

V ∈ W 1,1(R) ↪→ L2 B(τxnψ, τxnhn) → 0
xn → ±∞ ∥hn∥H1 < ∞ xn → +∞ ψ ∈ H1(R)

ϵ > 0 Λ > 0

|x|≥Λ
|ψ(x)| ≤ ϵ.

V ∈ L1 Λ

∫

|x|≥Λ
|V | ≤ ϵ.

H1(R) ↪→
L∞

|B(τxnψ, τxnhn)| ≤ ∥hn∥L∞

∫
|V τxnψ|

≤
j≥1

∥hj∥H1

(∫

|x−xn|≥Λ
|V ψ(·− xn)|+

∫

|x−xn|≤Λ
|V ψ(·− xn)|

)
.

n0 n ≥ n0 xn ≥ 2Λ n ≥ n0

|x− xn| ≤ Λ⇒ |x| ≥ Λ

n ≥ n0

|B(τxnψ, τxnhn)| ≤ M (ϵ∥V ∥L1 + ϵ∥ψ∥L∞)

Lp H1
0 (R) = H1(R) ϵ > 0

C∞ ψ̃

∥ψ̃ − ψ∥H1 ≤ ϵ.



ψ̃ ∈ Lp′

∥eitnAτxnψ̃∥Lp ! 1

|tn|
1
2 (

1
p′−

1
p )
∥τxnψ̃∥Lp′ =

1

|tn|
1
2 (

1
p′−

1
p )
∥ψ̃∥Lp′ → 0

n → ∞ n

∥eitnAτxnψ̃∥Lp ≤ ϵ.

eitAf

∥eitAf∥H1 ! ∥f∥H1 .

V L1 H1(R) ↪→ L∞

∥∇f∥2L2 ≤ ∥(−∆+ V )
1
2 f∥2L2 =

∫
|∇u|2 +

∫
V |u|2 ! ∥f∥H1 .

eitA (−∆+ V )
1
2 L2

∥eitAf∥2H1 ≤ ∥eitAf∥2L2 + ∥(−∆+ V )
1
2 eitAf∥2L2

= ∥eitAf∥2L2 + ∥eitA(−∆+ V )
1
2 f∥2L2

= ∥f∥2L2 + ∥(−∆+ V )
1
2 f∥2L2 ! ∥f∥2H1 .

H1 ↪→ Lp

n

∥eitnAτxnψ∥Lp ≤ ∥eitnAτxn(ψ − ψ̃)∥Lp + ∥eitnAτxnψ̃∥Lp

! ∥eitnAτxn(ψ − ψ̃)∥H1 + ∥eitnAτxnψ̃∥Lp

! ∥ψ − ψ̃∥H1 + ∥eitnAτxnψ̃∥Lp ≤ 2ϵ

tn → t̄, xn → ±∞ ⇒ ∥τ−xne
itn(−∆+V )τxnψ − e−it̄∆ψ∥H1 → 0

ϕ = e−it̄∆ψ τxn H1

e−it̄∆ tn → t̄ xn → ±∞

∥eitn(−∆+V )τxnψ − e−it̄∆τxnψ∥H1 → 0.

xn → +∞ τxn e−it̄∆

e−itn∆ H1 e−it∆ψ ∈ C(H1)

∥e−it̄∆τxnψ − e−itn∆τxnψ∥H1 = ∥e−it̄∆ψ − e−itn∆ψ∥H1 → 0.



eitn(−∆+V )τxnψ − e−it̄∆τxnψ =
(
eitn(−∆+V )τxnψ − e−itn∆τxnψ

)

+
(
e−itn∆τxnψ − e−it̄∆τxnψ

)

∥eitn(−∆+V )τxnψ − e−itn∆τxnψ∥H1 → 0.

e−it∆τxnψ − eit(−∆+V )τxnψ

i∂tu−∆u+ V u = V e−it∆τxnψ.

(4,∞)
e−it∆ n

tn ∈ (0, t̄+ 1)

∥eitn(−∆+V )τxnψ − e−itn∆τxnψ∥L2

≤ ∥eit(−∆+V )τxnψ − e−it∆τxnψ∥L∞(0,t̄+1)L2 ≤ ∥V e−it∆τxnψ∥L 4
3 (0,t̄+1)L1

= ∥(τ−xnV )e−it∆ψ∥
L

4
3 (0,t̄+1)L1

≤ (t̄+ 1)
3
4 ∥(τ−xnV )e−it∆ψ∥L∞(0,t̄+1)L1 .

n

∥(τ−xnV )e−it∆ψ∥L∞(0,t̄+1)W 1,1 → 0.

ϵ > 0 e−it∆ψ ∈ C([0, t̄+1], H1) H1(R)
Λ > 0

∥e−it∆ψ∥L∞(0,t̄+1)L∞(|x|≥Λ) ≤ ϵ.

V ∈ L1 Λ
∫

|x|≥Λ
|V (x)|dx ≤ ϵ.

n0 n ≥ n0 xn ≥ 2Λ n ≥ n0

|x+ xn| ≤ Λ⇒ |x| ≥ Λ

t ∈ (0, t̄+ 1) n ≥ n0

∥(τ−xnV )e−it∆ψ∥L1 =

∫

|x+xn|≥Λ
|V (·+ xn)e

−it∆ψ|+
∫

|x+xn|≤Λ
|V (·+ xn)e

−it∆ψ|

≤ ϵ∥e−it∆ψ∥L∞(0,t̄+1)L∞ + ϵ∥V ∥L1

≤ C(t̄,ψ, V )ϵ



∥(τ−xnV )e−it∆ψ∥L∞(0,t̄+1)L1 → 0. V ′ ∈ L1

∥(τ−xnV )′e−it∆ψ∥L∞(0,t̄+1)L1 → 0

∥τ−xnV (e−it∆ψ)′∥L∞(0,t̄+1)L1 → 0.

ψ̃ C∞

∥ψ − ψ̃∥H1 ≤ ϵ.

∥τ−xnV (e−it∆ψ)′∥L1 ≤ ∥τ−xnV (e−it∆ψ̃)′∥L1 + ∥τ−xnV (e−it∆(ψ − ψ̃))′∥L1

≤ ∥τ−xnV (e−it∆ψ̃)′∥L1 + ∥V ∥L2∥(e−it∆(ψ − ψ̃))′∥L2

≤ ∥τ−xnV (e−it∆ψ̃)′∥L1 + ϵ∥V ∥L2

V ∈ L2 W 1,1(R) ↪→ L2(R) (e−it∆ψ̃)′ ∈
H1 ∥τ−xnV (e−it∆ψ̃)′∥L∞(0,t̄+1)L1 ∥(τ−xnV )e−it∆ψ∥L∞(0,t̄+1)L1

eitnAτxnψ − eit̄Aτx̄ψ = (eitnAτxnψ − eitnAτx̄ψ) + (eitnAτx̄ψ − eit̄Aτx̄ψ).

∥eitnAτxnψ − eitnAτx̄ψ∥H1 ! ∥τxnψ − τx̄ψ∥H1 −→ 0
n→∞

∥eitnAτx̄ψ − eit̄Aτx̄ψ∥H1 −→ 0
n→∞

ei·Aτx̄ψ ∈ C(H1)

ψ ∈ H1 (xn)n≥1 ∈ RN |xn| → ∞

∥e−it∆τxnψ − e−it(∆−V )τxnψ∥LpLr → 0

n → ∞



xn → +∞ xn → −∞
xn → +∞

n∈N
∥eit(−∆+V )τxnψ∥Lp(T,∞)Lr → 0

T → ∞ ϵ > 0 C∞ ψ̃

∥ψ̃ − ψ∥H1 ≤ ϵ.

∥eit(−∆+V )(τxnψ̃ − τxnψ)∥LpLr ! ∥τxnψ̃ − τxnψ∥H1 = ∥ψ̃ − ψ∥H1 ≤ ϵ.

τxnψ̃ ∈ Lr′

∥eit(−∆+V )τxnψ̃∥Lr ! 1

|t|
1
2 (

1
r′−

1
r )
∥τxnψ̃∥Lr′ =

1

|t|
1
2 (1−

2
r )
∥ψ̃∥Lr′

q
2(1−

2
r ) =

α(α+ 3
2 )

α+4 > 1 t → 1

|t|
1
2 (1− 2

r )
∈ Lq(1,∞) T > 0

n∈N
∥eit(−∆+V )τxnψ̃∥Lp(|t|≥T )Lr ≤ ϵ.

τxnψ = τxnψ̃ + (τxnψ − τxnψ̃) T > 0

n∈N
∥eit(−∆+V )τxnψ∥Lp(|t|≥T )Lr ! ϵ

T > 0

∥e−it∆τxnψ − eit(−∆+V )τxnψ∥Lp(0,T )Lr → 0

n → ∞ ϵ > 0 e−it∆τxnψ − eit(−∆+V )τxnψ

i∂tu−∆u+ V u = V e−it∆τxnψ.

∥e−it∆τxnψ − eit(−∆+V )τxnψ∥Lp
t (0,T )Lr ! ∥V e−it∆τxnψ∥Lγ′

t (0,T )L1

! T
1
γ′ ∥V e−it∆τxnψ∥L∞(0,T )L1

= T
1
γ′ ∥(τ−xnV )e−it∆ψ∥L∞(0,T )L1

τxn e−it∆

∥(τ−xnV )e−it∆ψ∥L∞(0,T )L1 −→
n→∞

0



ψ ∈ H1 (xn)n≥1 ∈ RN |xn| → ∞ U ∈ C(H1)∩LpLr

ψ Un(t, x) := U(t, x− xn)

∥
∫ t

0
e−i(t−s)∆ (Un|Un|α) (s)ds−

∫ t

0
e−i(t−s)(∆−V ) (Un|Un|α) (s)ds∥LpLr → 0

n → ∞

n∈N
∥
∫ t

0
e−i(t−s)(∆−V ) (Un|Un|α) (s)ds∥Lp([T,∞))Lr → 0

T

∥
∫ t

0
e−i(t−s)(∆−V ) (Un|Un|α) (s)ds∥Lp([T,∞))Lr ≤ ∥

∫ T

0
e−i(t−s)(∆−V ) (Un|Un|α) (s)ds∥Lp([T,∞))Lr

+ ∥
∫ t

T
e−i(t−s)(∆−V ) (Un|Un|α) (s)ds∥Lp([T,∞))Lr

∥
∫ t

T
e−i(t−s)(∆−V ) (Un|Un|α) (s)ds∥Lp([T,∞)Lr) ≤ ∥Un|Un|α∥Lq′ ([T,∞)Lr′ ) = ∥U |U |α∥Lq′ ([T,∞)Lr′ )

∥U |U |α∥Lq′ ([T,∞)Lr′ ) ≤ ∥U∥α+1
Lp([T,∞)Lr) −→

T→∞
0

n

∥
∫ T

0
e−i(t−s)(∆−V ) (Un|Un|α) (s)ds∥Lp[T,∞)Lr

≤ ∥
∫ T

0
∥e−i(t−s)(∆−V ) (Un|Un|α) (s)∥Lrds∥Lp([T,∞))

! ∥
∫ T

0
(t− s)−

1
2 (1−

2
r )∥ (Un|Un|α) (s)∥Lr′ds∥Lp([T,∞))

= ∥
∫ T

0
(t− s)−

1
2 (1−

2
r )∥ (U |U |α) (s)∥Lr′ds∥Lp([T,∞))

≤ ∥
∫

R
|t− s|−

1
2 (1−

2
r )∥ (U |U |α) (s)∥Lr′ds∥Lp([T,∞)) −→ 0



T

∥
∫

R
|t− s|−

1
2 (1−

2
r )∥ (U |U |α) (s)∥Lr′ds∥Lp ! ∥U |U |α∥Lq′Lr′ ≤ ∥U∥α+1

LpLr < ∞

e−it∆

T > 0

∥
∫ t

0
e−i(t−s)∆ (Un|Un|α) ds−

∫ t

0
e−i(t−s)(∆−V ) (Un|Un|α) ds∥Lp(0,T )Lr → 0

n → ∞
∫ t

0
e−i(t−s)∆ (Un|Un|α) ds−

∫ t

0
e−i(t−s)(∆−V ) (Un|Un|α) ds

i∂tu−∆u+ V u = V

∫ t

0
e−i(t−s)∆ (Un|Un|α) ds.

∥
∫ t

0
e−i(t−s)∆ (Un|Un|α) ds−

∫ t

0
e−i(t−s)(∆−V ) (Un|Un|α) ds∥Lp(0,T )Lr

! ∥V
∫ t

0
e−i(t−s)∆ (Un|Un|α) ds∥Lγ′ (0,T )L1

! T
1
γ′ ∥(τ−xnV )

∫ t

0
e−i(t−s)∆ (U |U |α) ds∥L∞(0,T )L1 .

∫ t
0 e

−i(t−s)∆(U |U |α)ds ∈ C([0, T ], H1) H1(R)
Λ > 0

∥
∫ t

0
e−i(t−s)∆ (U |U |α) ds∥L∞(0,T )L∞(|x|≥Λ) ≤ ϵ

∥(τ−xnV )

∫ t

0
e−i(t−s)∆ (U |U |α) ds∥L∞(0,T )L1 −→

n→∞
0

ψ ∈ H1 (xn)n≥1, (tn)n≥1 ∈ RN |xn| → ∞
tn → ±∞ U

∥U(t)− e−it∆ψ∥H1 −→
t→±∞

0

Un(t, x) := U(t− tn, x− xn)

∥e−i(t−tn)∆τxnψ − e−i(t−tn)(∆−V )τxnψ∥LpLr → 0



∥
∫ t

0
e−i(t−s)∆ (Un|Un|α) ds−

∫ t

0
e−i(t−s)(∆−V ) (Un|Un|α) ds∥LpLr → 0

n → ∞

{|t− tn| > T}

ϕ ∈ H1 W± ∈ C(H1) ∩ Lp
R±Lr

∥W±(t, ·)− e−it(∆−V )ϕ∥H1 −→
t→±∞

0

tn → ∓∞

ϕn = e−itn(∆−V )ϕ, W±,n(t) = W±(t− tn)

W±,n(t) = e−it(∆−V )ϕn +

∫ t

0
e−i(t−s)(∆−V )(W±,n|W±,n|α)(s)ds+ f±,n(t)

∥f±,n∥Lp

R±Lr −→ 0
n→∞

.

Ec =
{
E > 0 | ∀ϕ ∈ H1, E(ϕ) < E ⇒ (1.1) ϕ LpLr

}

Ec

H1

Ec < ∞ ϕc ∈ H1 ϕc ̸= 0
uc {uc(t), t ≥ 0}

H1



Ec > 0 Ec < ∞
ϕn H1 un ∈ C(H1)

E(ϕn) −→
n→∞

Ec

un /∈ LqLr.

H1 ϕn A = −∆+ V ϕn

J ∈ N

ϕn =
J∑

j=1

e−itnj (−∆+V )τxn
j
ψj +RJ

n.

tnj , x
n
j ,ψj , RJ

n −

Ec ≥
n→∞

J∑

j=1

E(e−itnj (−∆+V )τxn
j
ψj).

J = 1
J > 1 ψj (Uj,n)n≥0

j ∈ {1 · · · J}

(tnj , x
n
j ) = (0, 0)

J > 1 E(ψj) < Ec

ψj N ∈ C(H1) ∩ LpLr

N = 0

tnj = 0 |xnj | → ∞ Uj ∈ C(H1) ∩ LpLr

ψj Un,j(x, t) := U(x− xnj , t)

xnj = 0 tnj → ±∞ Uj ∈ CR±(H
1)∩Lp

R±
Lr

∥Uj(t)− e−it(∆−V )ψj∥H1 −→
t→±∞

0

E(Uj) =
n→∞

E(e−itnj (−∆+V )τxn
j
ψj) < Ec

Uj ∈ LqLr Uj,n(t, x) := Uj(t− tnj , x)

|xnj | → ∞ tnj → ±∞ Uj ∈ C(H1) ∩ LpLr

∥Uj(t)− e−it∆ψj∥H1 −→
t→±∞

0

Uj,n(t, x) := Uj(t− tnj , x− xnj )



Zn,J := N +
∑

j

Un,j .

Zn,J = e−it(∆−V )(ϕn −Rn,J) +

∫ t

0
e−i(t−s)(∆−V )(N |N |α)(s)ds

+
∑

j

∫ t

0
e−i(t−s)(∆−V )(Uj,n|Uj,n|α)(s)ds+ rn,J

∥rn,J∥LpLr → 0

n → ∞

Ec < ∞
H1

{u(t), t ≥ 0} H1

ϵ > 0 R > 0

t≥0

∫

|x|≥R

(
|∇u(t, x)|2 + |u(t, x)|2 + |u(t, x)|α+2

)
dx ≤ ϵ

u ∈ C(H1) {u(t), t ≥ 0}
H1 u = 0

u ∈ C(H1) χ

∂t

∫
χ|u|2 = 2

∫
χ′u′ū

∂2t

∫
χ|u|2 = 4

∫
χ′′|u′|2 + 2α

α+ 2

∫
χ′′|u|α+2 − 2

∫
χ′V ′|u|2 −

∫
χ(4)|u|2.



u ̸= 0 χ ∈ C∞
c χ(x) = x2

|x| ≤ 1 χ(x) = 0 |x| ≥ 2 χR := R2χ( ·
R)

zR(t) =

∫
χR|u(t)|2

|z′R(t)| ≤ 2

∫
|χ′

R||u′||ū| ≤ CE(u)
1
2M(u)

1
2R.

z′′R(t) = 4

∫
χ′′
R|u′|2 +

2α

α+ 2

∫
χ′′
R|u|α+2 − 2

∫
χ′
RV

′|u|2 −
∫
χ(4)
R |u|2

≥ 8

∫

|x|≤R
|u′|2 + 4α

α+ 2

∫

|x|≤R
|u|α+2 − C

∫

|x|>R

(
|u|2 + |u|α+2 + |u′|2

)

−2

∫
χ′
RV

′|u|2 −
∫
χ(4)|u|2

|
∫
χ(4)|u|2| ≤ C

R2
∥u(0)∥L2

V xV ′ ≤ 0
H1 ↪→ L∞

−2

∫
χ′
RV

′|u|2 = −2

∫

|x|≤R
xV ′|u|2 + 2

∫

|x|>R
χ′
RV

′|u|2

≥ −C

∫

|x|>R
|xV ′||u|2 ≥ −C∥xV ′∥L1(|x|>R)∥u∥2L∞

≥ −C∥xV ′∥L1(|x|>R)∥u∥2H1 ≥ −C(u(0))∥xV ′∥L1(|x|>R).

R0
∫

|x|≤R0

|u|α+2 ≥ 1

2

∫
|u|α+2 := δ.

δ > 0 u R ≥ R0

z′′R(t) ≥ C

(
δ −

∫

|x|>R

(
|u|2 + |u|α+2 + |u′|2

)
− 1

R2
∥u(0)∥L2 − ∥xV ′∥L1(|x|>R)

)
.

xV ′ ∈ L1

R ≥ R0
∫

|x|>R

(
|u|2 + |u|α+2 + |u′|2

)
+

1

R2
∥u(0)∥L2 + ∥xV ′∥L1(|x|>R) ≤

δ

2



z′′R(t) ≥
Cδ

2
> 0.

t → ∞

Ec < ∞
ϕc ∈ H1 ϕc ̸= 0 uc

{uc(t), t ≥ 0} H1

Ec = ∞
H1



11

R3\ (Θ1 ∪Θ2)
{
∂2t u−∆Du+ u5 = 0

(u(0), ∂tu(0)) = (f, g).

v

∥u(t)− v(t)∥Ḣ1(Ω) −→ 0,

t R3

1

T

∫ T

0

∫

Ω∩B(0,A)
|∇u(x, t)|2 + |u(x, t)|6 dxdt −→ 0

T

Θ1 Θ2 R3

(S(T ))T≥1 R

S(T ) −→ R T −→ +∞



Ω := R3\ (Θ1 ∪Θ2) T

1

T

∫ T

0

∫

(Ω∩B(0,A))\S(T )
|∇u(x, t)|2 + |u(x, t)|6 dxdt −→ 0.

K Rn C ⊂ Rn

∂K
∇ρ · ν > 0

ρ C ν ∂K

C ⊂ R3

x2 + y2 + ϵz2 = 1, 0 < ϵ ≤ 1

x2 + ϵy2 + ϵz2 = 1,
1 +

√
3

4
≤ ϵ ≤ 1

K R3 C
Ω = R3\K Ḣ1(Ω)

χ
∆2χ ≤ 0



R3\K
{
∂2t u−∆Du+ u5 = 0

(u(0), ∂tu(0)) = (f, g).

K

u Ω χ ∈ C∞(Ω,R)

∂t

(∫

Ω
−∂tu∇u∇χ− 1

2
∆χu∂tu

)
=

∫

Ω
(D2χ∇u,∇u)− 1

4

∫

Ω
u2∆2χ

+
3

2

∫

Ω
|u|6∆χ− 1

2

∫

∂Ω
|∂nu|2∂nχ.

R3

u Ω R3

1

T

∫ T

0

∫

∂Ω
|∂nu|2dσdt −→ 0,

T u Ḣ1

L2(∂Ω) Ḣ1(Ω)
u(t) u

u ∈ Ḣ1 ∩ { t } −→ ∂nu ∈ L2(∂Ω)



u Ω R3

A > 0 B(0, A) ⊃ ∂Ω

1

T

∫ T

0

∫

Ω∩B(0,A)
|∇u(x, t)|2 + |u(x, t)|6 dxdt −→ 0,

T u Ḣ1

χ ∈ C∞
0 (R3,R) ∇χ = −n ∂Ω B(0, A)

1

T

∫ T

0

∫

Ω∩B(0,A)
|∇u(x, t)|2 + |u(x, t)|6 dxdt −→ 0

T χ

∂t

(∫

Ω
−∂tu∇u∇χ− 1

2
∆χu∂tu

)
=

∫

Ω
(D2χ∇u,∇u)− 1

4

∫

Ω
u2∆2χ

+
2

3

∫

Ω
|u|6∆χ+

1

2

∫

∂Ω
|∂nu|2dσ.

∫ T

0

∫

∂Ω
|∂nu|2dσdt !

∫

Ω∩B(0,A)
|∂tu∇u| + |u∂tu| +

∫ T

0

∫

Ω∩B(0,A)
|u|6 + |u|2 + |∇u|2,

∫ T

0

∫

∂Ω
|∂nu|2dσdt !

(∫

Ω
|∂tu|2

) 1
2
(∫

Ω
|∇u|2

) 1
2

+A
1
3

(∫

Ω
|∂tu|2

) 1
2
(∫

Ω
|u|6
) 1

6

+

∫ T

0

∫

Ω∩B(0,A)

(
|u|6 + |∇u|2

)
+A

2
3

∫ T

0

(∫

Ω∩B(0,A)
|u|6
) 1

3

!A C(E) +

∫ T

0

∫

Ω∩B(0,A)
(|u|6 + |∇u|2) + T

2
3

(∫ T

0

∫

Ω∩B(0,A)
|u|6
) 1

3

.

1

T

∫ T

0

∫

∂Ω
|∂nu|2dσdt !A

C(E)

T
+

1

T

∫ T

0

∫

Ω∩B(0,A)
(|u|6 + |∇u|2)

+

(
1

T

∫ T

0

∫

Ω∩B(0,A)
|u|6
) 1

3

−→ 0

T → ∞ u Ḣ1

χ ∇χ · n ≥ 0 ∂Ω D2χ
∆2χ ≤ 0



Θ1,2

Θ1 0 c Θ2

χ(x) := |x|+ |x− c|

χ

∂t

(∫

Ω
−∂tu∇u∇χ− 1

2
∆χu∂tu

)
=

∫

Ω
(D2χ∇u,∇u)− 1

4

∫

Ω
u2∆2χ

+
2

3

∫

Ω
|u|6∆χ− 1

2

∫

∂Ω
|∂nu|2∇χ · n dσ.

−∇χ · n ≥ 0 ∂Θ1 ∪ ∂Θ2 Θ1 −n = x
|x|

−∇χ · n = 1 +
x− c

|x− c| ·
x

|x| ≥ 1−
∣∣∣∣
x− c

|x− c|

∣∣∣∣

∣∣∣∣
x

|x|

∣∣∣∣ = 0,

Θ2 ∆2χ = 0

∂t

(
−
∫ T

0
∂tu∇u ·∇χ+

1

2
∆χu∂tu

)
≥ 2

3

∫

Ω
|u|6∆χ+

∫

Ω
(D2χ∇u,∇u)

∫

Ω

|f |2

|x|2 !
∫

Ω
|∇f |2 f ∈ Ḣ1

0 (Ω)

∫ T

0

∫

Ω
|u|6∆χ+ (D2χ∇u,∇u) dxdt ! E.

∆χ " 1
A B(0, A)

∫

Ω∩B(0,A)
|u|6 ! A

∫

Ω∩B(0,A)
|u|6∆χ ! A

∫

Ω
|u|6∆χ,



1

T

∫ T

0

∫

Ω∩B(0,A)
|u|6 dxdt ! E

T
.

D2χ =
1

|x|

(
− xxt

|x|2

)
+

1

|x− c|

(
− (x− c)(x− c)t

|x− c|2

)
.

− xxt

|x|2 , − (x− c)(x− c)t

|x− c|2

x
|x|

x−c
|x−c|

(D2χ · ξ, ξ) =
(

1

|x| +
1

|x− c|

)
|ξ|2 − 1

|x|

(
ξ · x

|x|

)2

− 1

|x− c|

(
ξ · x− c

|x− c|

)2

.

x c

x

|x| = (1, 0, 0),
x− c

|x− c| = ( θ, θ, 0),

ξ =
(
ξ̂1 ξ̂2 ξ̂3

)

1

|x|

(
ξ · x

|x|

)2

+
1

|x− c|

(
ξ · x− c

|x− c|

)2

=
(
ξ̂1 ξ̂2

)
(

1
|x| +

2 θ
|x−c|

θ θ
|x−c|

θ θ
|x−c|

2 θ
|x−c|

)(
ξ̂1
ξ̂2

)
.

(
ξ̂1 ξ̂2

)

λ2 =
1

2

⎛

⎝ 1

|x− c| +
1

|x| +

√(
1

|x− c| +
1

|x|

)2

− 4
2 θ

|x||x− c|

⎞

⎠

α0 > 0 c > 0 α ≤ α0

x ∈ Ω ∩B(0, A)
2 θ ≥ α ⇒ λ2 ≤

1

|x− c| +
1

|x| − cα.

1

|x|

(
ξ · x

|x|

)2

+
1

|x− c|

(
ξ · x− c

|x− c|

)2

≤ λ2|(ξ̂1, ξ̂2)|2 ≤ λ2|ξ|2,

x ∈ Ω∩B(0, A)

2 θ ≥ α ⇒ (D2χ · ξ, ξ) " α|ξ|2.



∇χ V (α)

θ x
|x|

x−c
|x−c|

θ =
x

|x| ·
x− c

|x− c| ,

α ≤ α0

V (α) = Ω ∩B(0, A) ∩
{

2

(
x

|x| ·
x− c

|x− c|

)
≥ α

}
.

V (α) → Ω ∩ B(0, A) α µ
R3

µ ((Ω ∩B(0, A))\V (α)) −→ 0

α V (α) Ω ∩B(0, A)
(0, c) S(α)

(D2χ · ξ, ξ) " α|ξ|2.

∫

Ω
(D2χ∇u,∇u) ≥

∫

V (α)
(D2χ∇u,∇u) " α

∫

V (α)
|∇u|2

1

T

∫ T

0

∫

V (α)
|∇u|2 dxdt ! 1

α

E

T
.

α = T−1/2

1

T

∫ T

0

∫

V (α(T ))
|∇u|2 dxdt ! E√

T
.

S(T ) := B(0, A)\V (α(T ))



c = (c1, 0, 0) x ∈ ∂(Θ1 ∪Θ2)
(

x− c

|x− c| +
x+ c

|x+ c|

)
· (−n)(x) = ( ≥ 0) +O(

1

c41
).

R
{x2 = x3 = 0}

|x+ c| = c1 + x1 +
1

2c1
|(0, x2, x3)|2 +O(

1

c21
)

x− c

|x− c| +
x+ c

|x+ c| =
1

|x− c||x+ c|

(
2c1(0, x2, x3) + x

|(0, x2, x3)|2

c1
+O(

1

c21
)

)
.

∂Θi −n

−n = (
x1
|x1|

, 0, 0) +
1

Ri
(0, x2, x3) +O(|(0, x2, x3)|2)

Ri > 0 Θi Θi ∩R
(
2c1(0, x2, x3) + x

|(0, x2, x3)|2

c1

)
· (−n) =

(
2c1
Ri

+
x · n
c1

)
|(0, x2, x3)|2 +O(|(0, x2, x3|2)

≥
(
2c1
Ri

− C

c1

)
|(0, x2, x3)|2 +O(|(0, x2, x3|2)

δ ≥ 0 D1 > 0 c1 > D1

|(0, x2, x3)| ≤ δ ⇒
(
2c1(0, x2, x3) + x

|(0, x2, x3)|2

c1

)
· (−n) ≥ 0.

ϵ0 > 0 x ∈ ∂(Θ1 ∪Θ2)

|(0, x2, x3)| ≥ δ ⇒ (0, x2, x3) · (−n) ≥ ϵ0.

|(0, x2, x3)| ≥ δ
(
2c1(0, x2, x3) + x

|(0, x2, x3)|2

c1

)
· (−n) ≥ 2c1ϵ0 −

C

c1
,

D2 > 0 c1 > D2

|(0, x2, x3)| ≥ δ ⇒
(
2c1(0, x2, x3) + x

|(0, x2, x3)|2

c1

)
· (−n) ≥ 0.



u Ω = R3\ (Θ1 ∪Θ2)
{u(t), t ≥ 0} Ḣ1 u Ḣ1

c = (c1, 0, 0) c1 > 0

χ(x) := |x+ c|+ |x− c|

∂t

(∫

Ω
−∂tu∇u∇χ− 1

2
∆χu∂tu

)
=

∫

Ω
(D2χ∇u,∇u)− 1

4

∫

Ω
u2∆2χ

+
2

3

∫

Ω
|u|6∆χ− 1

2

∫

∂Ω
|∂nu|2∇χ · n dσ.

D′ ∇χ D2χ ∆χ

∆2χ = −4π(δ−c + δc),

∂t

(∫

Ω
−∂tu∇u∇χ− 1

2
∆χu∂tu

)
=

∫

Ω
(D2χ∇u,∇u) + π|u(t,−c)|2 + π|u(t, c)|2

+
2

3

∫

Ω
|u|6∆χ− 1

2

∫

∂Ω
|∂nu|2∇χ · n dσ.

∇χ · (−n) = ( ≥ 0) +O(
1

c41
).

∫ T

0

∫

∂Ω
|∂nu|2dσdt ! ET

∂t

(
−
∫ T

0
∂tu∇u ·∇χ+

1

2
∆χu∂tu

)
≥ 2

3

∫

Ω
|u|6∆χ+

∫

Ω
(D2χ∇u,∇u)− C

1

c41
ET

∫

Ω

|f |2

|x|2 !
∫

Ω
|∇f |2 f ∈ Ḣ1

0 (Ω)



∫ T

0

∫

Ω
|u|6∆χ+ (D2χ∇u,∇u) dxdt ! E +

1

c41
ET.

∆χ =
2

|x− c| +
2

|x+ c| "
1

c1

B(0, A)
∫

Ω∩B(0,A)
|u|6 ! c1

∫

Ω∩B(0,A)
|u|6∆χ ! c1

∫

Ω
|u|6∆χ,

1

T

∫ T

0

∫

Ω∩B(0,A)
|u|6 dxdt ! c1

E

T
+

E

c31
.

D2χ =
1

|x+ c|

(
− (x+ c)(x+ c)t

|x+ c|2

)
+

1

|x− c|

(
− (x− c)(x− c)t

|x− c|2

)
.

− (x+ c)(x+ c)t

|x+ c|2 , − (x− c)(x− c)t

|x− c|2

x+c
|x+c|

x−c
|x−c|

(D2χ · ξ, ξ) =
(

1

|x+ c| +
1

|x− c|

)
|ξ|2 − 1

|x+ c|

(
ξ · x

|x+ c|

)2

− 1

|x− c|

(
ξ · x− c

|x− c|

)2

.

x c

x+ c

|x+ c| = (1, 0, 0),
x− c

|x− c| = ( θ, θ, 0),

ξ =
(
ξ̂1 ξ̂2 ξ̂3

)

1

|x+ c|

(
ξ · x+ c

|x+ c|

)2

+
1

|x− c|

(
ξ · x− c

|x− c|

)2

=
(
ξ̂1 ξ̂2

)
(

1
|x| +

2 θ
|x−c|

θ θ
|x−c|

θ θ
|x−c|

2 θ
|x−c|

)(
ξ̂1
ξ̂2

)
.

(
ξ̂1 ξ̂2

)

λ2 =
1

2

⎛

⎝ 1

|x− c| +
1

|x+ c| +

√(
1

|x− c| +
1

|x+ c|

)2

− 4
2 θ

|x+ c||x− c|

⎞

⎠



c > 0 x ∈ Ω ∩ B(0, A) α > 0

2 θ ≥ α ⇒ λ2 ≤
1

|x− c| +
1

|x| − c
α

c1
.

1

|x+ c|

(
ξ · x

|x+ c|

)2

+
1

|x− c|

(
ξ · x− c

|x− c|

)2

≤ λ2|(ξ̂1, ξ̂2)|2 ≤ λ2|ξ|2,

x ∈ Ω∩B(0, A)

2 θ ≥ α ⇒ (D2χ · ξ, ξ) " α

c1
|ξ|2.

θ x+c
|x−c|

x−c
|x−c|

θ =
x+ c

|x+ c| ·
x− c

|x− c| ,

α ≤ α0

S(α, c) = Ω ∩B(0, A) ∩
{

2

(
x+ c

|x+ c| ·
x− c

|x− c|

)
≥ α

}
.

S(α)

(D2χ · ξ, ξ) " α

c1
|ξ|2.

∫

Ω
(D2χ∇u,∇u) ≥

∫

S(α)
(D2χ∇u,∇u) " α

c1

∫

S(α)
|∇u|2

1

T

∫ T

0

∫

S(α)
|∇u|2 dxdt ! c1

α

E

T
+

1

α

E

c31
.

|(Ω ∩ B(0, A))\S(α, c)| θ(x0) x + c
x− c x [−c, c] x0

2 θ(x0) = α,

d0 = |x0| (Ω ∩ B(0, A))\S(α, c)
C 2d0 2d0

|S(α, c)c| ! d20.

(θ(x0)/2) =
c1√

c21 + d20
, (θ(x0)/2) =

d0√
c21 + d20



∇χ S(α)

√
α = θ(x0) =

2c1d0
c21 + d20

,

d0 =
c1√
α
(1−

√
1− α) =

1

2
c1
(√

α+O(α3/2)
)

|(Ω ∩B(0, A))\S(α, c)| ! c21α.

1

T

∫ T

0

∫

Ω∩B(0,A)∩S(α(T ))
|∇u(x, t)|2 + |u(x, t)|6 dxdt ! c1

E

T
+

c1
α

E

T
+

1

α

E

c31
.

c1 = T 1/5 α = T−1/2 T

|(Ω ∩B(0, A))\S(α, c)| −→ 0



{u(t), t ≥ 0} Ḣ1 Sk

Ω Sk k

t≥0

∫

Sk

|∇u(t, x)|2 + |u(t, x)|6dx −→ 0

k

Snk tk
ϵ > 0

∀k,
∫

Snk

|∇u(tk)|2 + |u(tk)|6dx ≥ ϵ.

{u(t) t ≥ 0} Ḣ1

k

u(tk) −→ u⋆ ∈ Ḣ1 Ḣ1.

∫

Snk

|∇u(tk)|2+|u(tk)|6dx ≤
∫

Snk

|∇u⋆|2+|u⋆|6dx+
∫

Ω
|∇(u⋆−u(tk))|2+

∫

Ω
|(u⋆−u(tk))|6dx.

Ḣ1 ↪→ L6 k

u
{u(t), t ≥ 0} Ḣ1

t≥0

∫

(Ω∩B(0,A))\S(T )
|∇u|2(t, x)dx = ϵ(|S(T )|),

ϵ(h) −→ 0 h −→ 0

1

T

∫ T

0

∫

(Ω∩B(0,A))\S(T )
|∇u|2(t, x)dx = ϵ(|S(T )|).

u Ḣ1



n ≥ 2

ρ(x) =
√
x21 + · · ·+ x2k + ϵ(x2k+1 + · · ·+ x2n).

∆2ρ ≤ 0, ∀ϵ ∈ [ϵ0, 1]

ϵ0 =

⎧
⎪⎪⎨

⎪⎪⎩

0 k ≥ 3,

1
n +

√
2(n−2)(n−1)
n(n−2) k = 2,

4
n+1 k = 1.

∆2ρ(x) =
A(ϵ)

ρ3
+

B(ϵ)(x2k+1 + · · ·+ x2n)

ρ5
+

C(ϵ)(x2k+1 + · · ·+ x2n)
2

ρ7

A(ϵ) = −(n− k + 2)(n− k)ϵ2 − 2(n− k)(k − 3)ϵ− (k − 1)(k − 3),

B(ϵ) = 6ϵ((n− k + 2)ϵ2 + [(2k − n)− 5]ϵ− k + 3),

C(ϵ) = −15ϵ2(ϵ− 1)2.

C(ϵ) ≤ 0

k ≥ 3 A(ϵ) ≤ 0 B̃(ϵ) = B(ϵ)
6ϵ = (n − k + 2)ϵ2 + [(2k −

n) − 5]ϵ − k + 3 B̃(0) = −(k − 3) ≤ 0 B̃(1) = 0 B(ϵ) ≤ 0 ϵ ∈ [0, 1]
∆2ρ ≤ 0 ϵ ∈ [0, 1]

k = 2 A(ϵ) = −n(n−2)ϵ2+2(n−2)ϵ+1 ϵ1,2 =
1
n ±

√
2(n−2)(n−1)
n(n−2)

B̃(ϵ) = nϵ2− (n+1)ϵ+1 1
n 1 ∆2ρ ≤ 0 ϵ ∈ [ 1n +

√
2(n−2)(n−1)
n(n−2) , 1]

k = 1 A(ϵ) = −(n + 1)(n − 1)ϵ2 + 4(n − 1)ϵ ϵ ≥ 4
n+1

B̃(ϵ) = (n + 1)ϵ2 − (n + 3)ϵ + 2 2
n+1 1 ∆2ρ ≤ 0 ϵ

[ 4
n+1 , 1]

ϵ0 > 0
u

u



Ω R4 (u0, u1) ∈
Ḣ

7
4 (Ω)×H

3
4 (Ω)

{
(∂2t −∆)u+ u5 = 0 R× Ω

u|t=0 = u0, ∂tu|t=0 = u1, u|R×∂Ω = 0

u ∈ C(R, Ḣ
7
4 (Ω) ∩ L6(Ω)) ∩ C1(R, H

3
4 (Ω)) ∩ L48(R, L6(Ω)).

0 < T < 1
(p = 48, q = 6, γ = 7

4) 4 u
{
(∂2t −∆)u = F (0, T )× Ω

u|t=0 = f, ∂tu|t=0 = g, u|R×∂Ω = 0

∥u∥L48((0,T ),L6(Ω)) ≤ C
(
∥f∥

Ḣ
7
4 (Ω)

+ ∥g∥
H

3
4 (Ω)

+ ∥F∥L1((0,T ),L2(Ω))

)
.

XT = C0(R, Ḣ
7
4 (Ω) ∩ L6(Ω)) ∩ C1(R, H

3
4 (Ω)) ∩ L48(R, L6(Ω))

T ∥u0∥
Ḣ

7
4 (Ω)

∥u1∥
H

3
4 (Ω)

C ⊂ R3 K
R3 C Ω := R3\K u ∈ C(R, Ḣ1(Ω))∩C1(R, L2(Ω))

Ω

1

T

∫ T

0

∫

Ω∩B(0,A)
|∇u(x, t)|2 + |u(x, t)|6 dxdt ≤ 1

T
C(E(u)).

δ > 0 uδ0 uδ1 ∂Ω

∥u0 − uδ0∥Ḣ1(Ω) + ∥u1 − uδ1∥L2(Ω) ≤ δ.

uδ ∈ C0(R, Ḣ1(Ω)) ∩ C1(R, L2(Ω)) Ω
(uδ0, u

δ
1)
T > 0 φ ∈ C∞

c (R) 0 ≤ φ ≤ 1 φ = 1 [−1, 1] φ = 0
[−2, 2]c χT = φ( ·

2T ) (x, z) ∈ Ω× R

vδ0(x, z) = uδ0(x)χT (z)χT (|x|),
vδ1(x, z) = uδ1(z)χT (z)χT (|x|).



ρ

K̃ = K × [−4T, 4T ], Ω̃ = R4\K̃

ρ̃(x, z) =
√
ρ(x)2 + z2,

vδ ∈ C(R, H 7
4 (Ω̃)) ∩ C1(R, H 3

4 (Ω̃))
{
(∂2t −∆)vδ + (vδ)5 = 0 R× Ω

vδ|t=0 = vδ0, ∂tvδ|t=0 = vδ1, vδ|R×∂Ω = 0

vδ(x, z, t) = uδ(x, t),

∀x ∈ Ω ∩B(0, 2T − t), ∀t ∈ [0, 2T [, ∀z ∈ [−2T + t, 2T − t].

n ∂K ñ = (n, 0)
∂K̃ vδ

d

dt

(
−
∫

Ω̃
∂tv

δ∇vδ ·∇ρ̃− 1

2

∫

Ω̃
∆ρ̃vδ∂tv

δ

)
=

∫

Ω̃
(D2ρ̃∇vδ,∇vδ) +

1

4
∆ρ̃|vδ|6 −∆2ρ̃|vδ|2

+
1

2

∫

∂Ṽ
|∂ñvδ|2∂ñρ̃.

∆2ρ̃ ≤ 0 ρ̃ (D2ρ̃∇vδ,∇vδ) ≥ 0 ∆ρ̃ ≥ 0

1

2

∫ T

0

∫

∂K̃
|∂ñvδ|2∂ñρ̃ dσdt ≤

[
−
∫

Ω̃
∂tv

δ∇vδ ·∇ρ̃− 1

2

∫

Ω̃
∆ρ̃vδ∂tv

δ

]T

0

.

T > 0 ∂V ⊂ Ω ∩B(0, T ) t ∈ [0, T ]

∫

∂K̃
|∂ñvδ|2∂ñρ̃ dσ̃ =

∫

R

∫

∂K
|∂ñvδ|2∂ñρ̃ dσdz ≥

∫ T

−T

∫

∂K
|∂ñvδ|2∂ñρ̃ dσdz.

∫ T

−T

∫

∂K
|∂ñvδ|2∂ñρ̃ dσdz =

∫ T

−T

∫

∂K
|∂nuδ|2∂ñρ̃ dσdz,

∂nρ ≥ C

∫

∂K̃
|∂ñvδ|2∂ñρ̃ dσ̃ ≥

∫ T

−T

∫

∂K
|∂ñuδ|2∂ñρ̃ dσdz

=

∫ T

−T

∫

∂K
|∂nuδ|2

ρ√
ρ2 + z2

∂nρ dσdz "
∫

∂K
|∂nuδ|2

∫ T

−T

1√
1 + z2

dzdσ,



∫

∂K
|∂nuδ|2 dσ ! 1

T

∫

∂K̃
|∂ñvδ|2∂ñρ̃ dσ̃.

∇ρ̃ 0 ≤ ∆ρ̃ ≤ C
|(x,z)|

∫

Ω

|f |2

|x|2 !
∫

Ω
|∇f |2 f ∈ Ḣ1

0 (Ω)

∣∣
[
−
∫

Ω̃
∂tv

δ∇vδ ·∇ρ̃− 1

2

∫

Ω̃
∆ρ̃vδ∂tv

δ

]T

0

∣∣ ! E(vδ),

∫ T

0

∫

∂Ω
(∂nu

δ)2 dσdt ! 1

T
E(vδ).

vδ

∫

Ω̃
|∇vδ0|2 =

∫

Ω̃
|∇uδ0(x)χT (z)χT (|x|) + uδ0(x)χT (z)χ

′
T (|x|) ·

x

|x| |
2 dxdz

+

∫

Ω̃
|uδ0(x)|2χ′

T (z)
2χT (|x|)2 dxdz

!
∫

Ω̃
|∇uδ0(x)|2χT (z)

2χT (|x|)2 dxdz +
∫

Ω̃
|uδ0(x)|2χ(z)2χ′(|x|)2 dxdz

+

∫

Ω̃
|uδ0(x)|2χ′

T (z)
2χT (|x|)2 dxdz,

∫

Ω̃
|∇vδ0|2 !

∫

Ω
|∇uδ0(x)|2dx

∫

R
χT (z)

2 dz +

(∫

Ω
|uδ0(x)|6dx

) 1
3
(∫

Ω
χ′
T (|x|)3dx

) 2
3
∫

R
χT (z)

2dz

+

(∫

Ω
|uδ0(x)|6dx

) 1
3
(∫

Ω
χT (|x|)3dx

) 2
3
∫

R
χ′
T (z)

2dz

!
∫

Ω
|∇uδ0|2

∫ 4T

−4T
∥φ∥2∞ +

(∫

Ω
|uδ0|6

) 1
3

(∫

B(0,4T )

(
1

2T
∥φ′∥L∞

)3
) 2

3 ∫ 4T

−4T
∥φ∥2L∞

+

(∫

Ω
|uδ0|6

) 1
3

(∫

B(0,4T )
∥φ∥3L∞

) 2
3 ∫ 4T

−4T

1

4T 2
∥φ′∥2L∞

! T

∫

Ω
|∇uδ0|2 + T

(∫

Ω
|uδ0|6

) 1
3

+ T

(∫

Ω
|uδ0|6

) 1
3

! TC(E(uδ)).



∫

Ω̃
|vδ0|6 =

∫

Ω

∫

R
|uδ0(x)|6χT (z)

6χT (|x|)6dxdz ≤ 4T

∫

Ω
|uδ0|6,

∫

Ω̃
|vδ1|2 =

∫

Ω

∫

R
|uδ1(x)|2χT (z)

2χT (|x|)2dxdz ≤ 4T

∫

Ω
|uδ1|2,

E(vδ) ! TC(E(uδ)),

∫ T

0

∫

∂K
|∂nuδ|2 dσdt !

T

T
C(E(uδ)).

u ∈ Ḣ1 ∩ { t } −→ ∂nu ∈ L2(∂Ω)

χ = |x|2

∫ T

0

∫

Ω∩B(0,A)
|∇uδ(x, t)|2 + |uδ(x, t)|6 dxdt !

∫ T

0

∫

∂K
|∂nuδ|2 dσdt.

1

T

∫ T

0

∫

Ω∩B(0,A)
|∇uδ(x, t)|2 + |uδ(x, t)|6 dxdt ! 1

T
C(E(uδ)),

δ uδ0 −→
δ→0

u0 Ḣ1 uδ1 −→
δ→0

u1 L2

C(E(uδ)) −→
δ→0

C(E(u)),

δ

1

T

∫ T

0

∫

Ω∩B(0,A)
|∇u(x, t)|2 + |u(x, t)|6 dxdt,



12

i∂tu+∆u− V u = u|u|α, u(0) = ϕ ∈ H1.

d ≥ 1

E(u(t)) :=
1

2

∫
|∇u(t)|2 +

∫
V |u(t)|2 + 1

α+ 2

∫
|u(t)|α+2 = E(u(0))

V = 0

4

d
< α <

4

d− 1
,

H1(Rd) u ∈ C(R H1(Rd))
ψ± ∈ H1(Rd)

∥u(t)− e−it∆ψ±∥H1(Rd) −→ 0
t→±∞

.

V ̸= 0

x ·∇V ≤ 0,



V

V1 V2 a1
a2 Rd

(x− a1,2) ·∇V1,2 < 0.

V1 V2

V := V1 + V2.

V

V,∇V ∈ Lδ(Rd, (1 + |x|β)dx), β >
2

3

δ =

{
1 d = 1,
d
2 d > 1.

∥eit(−∆+V )∥L1−→L∞ ! 1

|t|d/2

β ≥ 1 d = 1 β ≥ 2 d = 3

d ≥ 3 V1 V2

V = V1+V2

V = V1 + V2 H1(Rd)

[a1a2]



d ̸= 2

d ≥ 3

V = V1+ · · ·+VN

ak

r = α+ 2, q =
2α(α+ 2)

dα2 − (d− 2)α− 4
, p =

2(α+ 2)

4− (d− 2)α
.

η 2⋆

1

2⋆
+

1

η
= 1.

1

δ
+

1

2⋆
=

1

η
,

1

δ
+

2

2⋆
= 1.

γ (γ, η′)

e−it(−∆+V )

d = 1, 3 β ≥ 1 β ≥ 2
a ∈ [2,∞]

∥eit(−∆+V )ψ∥La ! 1

|t|
d
2 (

1
a′−

1
a )
∥ψ∥La′ .



TT ⋆

∥e−it(−∆+V )ϕ∥Lq1Lr1 + ∥
∫ t

0
e−i(t−s)(−∆+V )F (s)ds∥Lq2Lr2 ! ∥ϕ∥L2 + ∥F∥

Lq′3Lr′3

(qi, ri)

2

qi
+

d

ri
=

d

2
, (qi, ri, d) ̸= (2,∞, 2).

ϕ ∈ H1 F ∈ Lq′Lr′ G ∈ Lq′Lr′

H ∈ Lγ
′
Lη

∥e−it(−∆+V )ϕ∥LpLr ! ∥ϕ∥H1

∥
∫ t

0
e−i(t−s)(−∆+V )F (s)ds∥LαL∞ ! ∥F∥Lq′Lr′

∥
∫ t

0
e−i(t−s)(−∆+V )G(s)ds∥LpLr ! ∥G∥Lq′Lr′

∥
∫ t

0
e−i(t−s)(−∆+V )H(s)ds∥LpLr ! ∥H∥Lγ′Lη .

∥e−it(−∆+V )ϕ∥
LpL

2dp
dp−4

! ∥ϕ∥L2

u ∈ C(H1) u ∈ LpLr u
H1

ϵ0 > 0 ϕ ∈ H1

∥ϕ∥H1 ≤ ϵ0
H1



M > 0 ϵ > 0 C > 0
v ∈ C(H1) ∩ LpLr

e(t, x)

v(t) = e−it(∆−V )ϕ− i

∫ t

0
e−i(t−s)(∆−V )(v(s)|v(s)|α)ds+ e(t)

∥v∥LpLr < M ∥e∥LpLr < ϵ ϕ0 ∈ H1

∥e−it(∆−V )ϕ0∥LpLr < ϵ u ∈ C(H1)
ϕ+ ϕ0

u ∈ LpLr, ∥u− v∥LpLr < C.

d ̸= 2

Ec =
{
E > 0 | ∀ϕ ∈ H1, E(ϕ) < E ⇒ (1.1) ϕ LpLr

}
.

Ec < ∞ ϕc ∈ H1 ϕc ̸= 0
uc {uc(t), t ≥ 0} H1

d ≥ 3

A : L2 ⊃ D(A) → L2

c, C u ∈ D(A)

c∥u∥2H1 ≤ (Au, u) + ∥u∥2L2 ≤ C∥u∥2H1 ,

B : D(A) ×D(A) ∋ (u, v) → (Au, v) + (u, v)L2 − (u, v)H1 ∈ C n

B(τxnψ, τxnhn) → 0 ∀ψ ∈ H1

xn → ±∞, ∥hn∥H1 < ∞

xn → x̄ ∈ R, hn ⇀
H1

0,



(tn)n≥1 (xn)n≥1 t̄, x̄ ∈ R

|tn| → ∞ ⇒ ∥eitnAτxnψ∥Lp → 0, ∀2 < p < ∞, ∀ψ ∈ H1

tn → t̄, xn → ±∞ ⇒ ∀ψ ∈ H1, ∃ϕ ∈ H1, τ−xne
itnAτxnψ

H1

→ ϕ

tn → t̄, xn → x̄ ⇒ ∀ψ ∈ H1, eitnAτxnψ
H1

→ eit̄Aτx̄ψ.

(un)n≥1 H1

un =
J∑

j=1

eit
n
j Aτxj

n
ψj +RJ

n ∀J ∈ N

tnj ∈ R, xnj ∈ R, ψj ∈ H1

j
tnj = 0 ∀n, tjn

n→∞→ ±∞

xnj = 0 ∀n, xjn
n→∞→ ±∞,

|tnj − tnk |+ |xnj − xnk |
n→∞→ ∞, ∀j ̸= k,

∀ϵ > 0, ∃J ∈ N,
n→∞

∥e−itARJ
n∥L∞L∞ ≤ ϵ,

∥un∥2L2 =
J∑

j=1

∥ψj∥2L2 + ∥RJ
n∥2L2 + on(1), ∀J ∈ N

∥un∥2H =
J∑

j=1

∥τxj
n
ψj∥2H + ∥RJ

n∥2H + on(1), ∀J ∈ N

(u, v)H = (Au, v)

∥un∥pLp =
J∑

j=1

∥eit
n
j Aτxj

n
ψj∥pLp +∥RJ

n∥
p
Lp +on(1), ∀2 < p < 2⋆, ∀J ∈ N.



A := −∆ + V

A := −∆ + V A

V
δ H1 ↪→ L2⋆

∥u∥2H1 ≤ (Au, u) + ∥u∥L2 =

∫
|∇u|2 +

∫
V |u|2 +

∫
|u|2 ≤ ∥u∥2H1 + ∥V ∥Lδ∥u∥2L2⋆

≤ (1 + C ∥V ∥Lδ)∥u∥2H1 .

B(τxnψ, τxnhn) =

∫
V τxnψτxnhn.

xn → x̄ ∈ R hn ⇀
H1

0 B

B(τxnψ, τxnhn) =

∫
(τ−xnV )ψhn.

hn ⇀ 0 L2⋆ τ−xnV → τ−x̄V
Lδ ψ ∈ L2⋆

B(τxnψ, τxnhn) → 0

xn → +∞, ∥hn∥H1 < ∞.

ϵ > 0 H1 ↪→ L2⋆ Λ > 0

∥ψ∥L2⋆ (|x|≥Λ) ≤ ϵ.

V ∈ Lδ Λ

∥V ∥Lδ(|x|≥Λ) ≤ ϵ.

η 2⋆

|B(τxnψ, τxnhn)| ≤ ∥hn∥L2⋆ ∥V τxn∥Lη

!
j≥1

∥hj∥H1

(
∥V ψ(·− xn)∥Lη(|x−xn|≥Λ) + ∥V ψ(·− xn)∥Lη(|x−xn|≤Λ)

)
.

|B(τxnψ, τxnhn)| ! ∥V ∥Lδ∥ψ1|x|≥Λ∥L2⋆ + ∥V 1|x−xn|≤Λ∥Lδ∥ψ∥L2⋆ .



n0 n ≥ n0 xn ≥ 2Λ n ≥ n0

|x− xn| ≤ Λ⇒ |x| ≥ Λ

n ≥ n0

|B(τxnψ, τxnhn)| ! (ϵ∥V ∥Lδ + ϵ∥ψ∥L2⋆ )

Lp

∥eitAf∥H1 ! ∥f∥H1 ,

d ≥ 2 V Lδ

H1 ↪→ L2⋆

∥∇f∥2L2 ≤ ∥(−∆+ V )
1
2 f∥2L2 =

∫
|∇u|2 +

∫
V |u|2 ≤ ∥f∥2H1 + ∥V ∥Lδ∥u∥2L2⋆ ! ∥f∥2H1 .

eitA (−∆ + V )
1
2

L2

tn → t̄, xn → +∞ ⇒ ∥τ−xne
itn(−∆+V )τxnψ − e−it̄∆ψ∥H1 → 0

ϕ = e−it̄∆ψ

∥eitn(−∆+V )τxnψ − e−itn∆τxnψ∥H1 → 0.

e−it∆τxnψ−eit(−∆+V )τxnψ

i∂tu−∆u+ V u = V e−it∆τxnψ.

(2, 2⋆)
d ≥ 3 (2, η)
e−it∆ n tn ∈ (0, t̄+ 1)

∥eitn(−∆+V )τxnψ − e−itn∆τxnψ∥L2

≤ ∥eit(−∆+V )τxnψ − e−it∆τxnψ∥L∞(0,t̄+1)L2 ≤ ∥V e−it∆τxnψ∥L2(0,t̄+1)Lη

= ∥(τ−xnV )e−it∆ψ∥L2(0,t̄+1)Lη ≤ (t̄+ 1)1/2∥(τ−xnV )e−it∆ψ∥L∞(0,t̄+1)Lη .

n

∥(τ−xnV )e−it∆ψ∥L∞(0,t̄+1)W 1,η → 0.



ϵ > 0 L2⋆ e−it∆ψ ∈ C([0, t̄+ 1], H1)
Λ > 0

∥e−it∆ψ∥L∞(0,t̄+1)L2⋆ (|x|≥Λ) ≤ ϵ.

V ∈ Lδ Λ

∥V ∥Lδ(|x|≥Λ) ≤ ϵ.

n0 n ≥ n0 xn ≥ 2Λ n ≥ n0

|x+ xn| ≤ Λ⇒ |x| ≥ Λ

t ∈ (0, t̄ + 1) n ≥ n0

∥(τ−xnV )e−it∆ψ∥Lη ≤ ∥V (·+ xn)e
−it∆ψ∥Lη(|x+xn|≥Λ) + ∥V (·+ xn)e

−it∆ψ∥Lη(|x+xn|≤Λ)

≤ ϵ∥e−it∆ψ∥L∞(0,t̄+1)L2⋆ + ϵ∥V ∥Lδ ! ϵ(∥e−it∆ψ∥L∞(0,t̄+1)H1 + ∥V ∥Lδ).

∥(τ−xnV )e−it∆ψ∥L∞(0,t̄+1)Lη → 0.

∇V ∈ Lδ

∥∇(τ−xnV )e−it∆ψ∥L∞(0,t̄+1)Lη → 0.

∥τ−xnV∇(e−it∆ψ)∥L∞(0,t̄+1)Lη → 0.

ψ̃ C∞

∥ψ − ψ̃∥H1 ≤ ϵ.

1

η
=

1

2
+

1

d
,

∥τ−xnV∇(e−it∆ψ)∥Lη ≤ ∥τ−xnV∇(e−it∆ψ̃)∥Lη + ∥τ−xnV∇(e−it∆(ψ − ψ̃))∥Lη

≤ ∥τ−xnV∇(e−it∆ψ̃)∥Lη + ∥V ∥Ld∥∇(e−it∆(ψ − ψ̃))∥L2

≤ ∥τ−xnV∇(e−it∆ψ̃)∥Lη + ϵ∥V ∥Ld ,

V ∈ Ld W 1,δ(R3) ↪→ Ld(R3)
δ = d/2 d ≥ 2

∇(e−it∆ψ̃) ∈ H1

∥τ−xnV∇(e−it∆ψ̃)∥L∞(0,t̄+1)Lη

∥(τ−xnV )e−it∆ψ∥L∞(0,t̄+1)Lη

t ∈ R −→ eitAτx̄ψ ∈ H1



V = 0

ψ ∈ H1 (xn)n≥1 ∈ RN |xn| → ∞

∥e−it∆τxnψ − e−it(∆−V )τxnψ∥LpLr → 0

n → ∞

xn → +∞

n∈N
∥eit(−∆+V )τxnψ∥Lp(T,∞)Lr → 0

T → ∞ T > 0

∥e−it∆τxnψ − eit(−∆+V )τxnψ∥Lp(0,T )Lr → 0

n → ∞ ϵ > 0 e−it∆τxnψ − eit(−∆+V )τxnψ

i∂tu−∆u+ V u = V e−it∆τxnψ.

∥e−it∆τxnψ − eit(−∆+V )τxnψ∥Lp
t (0,T )Lr ! ∥V e−it∆τxnψ∥Lγ′

t (0,T )Lη

! T
1
γ′ ∥V e−it∆τxnψ∥L∞(0,T )Lη

= T
1
γ′ ∥(τ−xnV )e−it∆ψ∥L∞(0,T )Lη

τxn e−it∆

∥(τ−xnV )e−it∆ψ∥L∞(0,T )Lη −→
n→∞

0

ψ ∈ H1 (xn)n≥1 ∈ RN |xn| → ∞ U ∈ C(H1)∩LpLr

i∂tu+∆u = u|u|α

ψ Un(t, x) := U(t, x− xn)

∥
∫ t

0
e−i(t−s)∆ (Un|Un|α) (s)ds−

∫ t

0
e−i(t−s)(∆−V ) (Un|Un|α) (s)ds∥LpLr → 0

n → ∞



n∈N
∥
∫ t

0
e−i(t−s)(∆−V ) (Un|Un|α) (s)ds∥Lp([T,∞))Lr → 0

T T > 0

∥
∫ t

0
e−i(t−s)∆ (Un|Un|α) ds−

∫ t

0
e−i(t−s)(∆−V ) (Un|Un|α) ds∥Lp(0,T )Lr → 0

n → ∞
∫ t

0
e−i(t−s)∆ (Un|Un|α) ds−

∫ t

0
e−i(t−s)(∆−V ) (Un|Un|α) ds

i∂tu−∆u+ V u = V

∫ t

0
e−i(t−s)∆ (Un|Un|α) ds.

∥
∫ t

0
e−i(t−s)∆ (Un|Un|α) ds−

∫ t

0
e−i(t−s)(∆−V ) (Un|Un|α) ds∥Lp(0,T )Lr

! ∥V
∫ t

0
e−i(t−s)∆ (Un|Un|α) ds∥Lγ′ (0,T )Lη

! T
1
γ′ ∥(τ−xnV )

∫ t

0
e−i(t−s)∆ (U |U |α) ds∥L∞(0,T )Lη .

∫ t
0 e

−i(t−s)∆(U |U |α)ds ∈ C([0, T ], H1) L2⋆

Λ > 0

∥
∫ t

0
e−i(t−s)∆ (U |U |α) ds∥L∞(0,T )L2⋆ (|x|≥Λ) ≤ ϵ

∥(τ−xnV )

∫ t

0
e−i(t−s)∆ (U |U |α) ds∥L∞(0,T )Lη −→

n→∞
0

ψ ∈ H1 (xn)n≥1, (tn)n≥1 ∈ RN |xn| → ∞
tn → ±∞ U

∥U(t)− e−it∆ψ∥H1 −→
t→±∞

0



Un(t, x) := U(t− tn, x− xn)

∥e−i(t−tn)∆τxnψ − e−i(t−tn)(∆−V )τxnψ∥LpLr → 0

∥
∫ t

0
e−i(t−s)∆ (Un|Un|α) ds−

∫ t

0
e−i(t−s)(∆−V ) (Un|Un|α) ds∥LpLr → 0

n → ∞

{|t− tn| > T}

ϕ ∈ H1 W± ∈ C(H1) ∩ Lp
R±Lr

∥W±(t, ·)− e−it(∆−V )ϕ∥H1 −→
t→±∞

0

tn → ∓∞

ϕn = e−itn(∆−V )ϕ, W±,n(t) = W±(t− tn)

W±,n(t) = e−it(∆−V )ϕn +

∫ t

0
e−i(t−s)(∆−V )(W±,n|W±,n|α)(s)ds+ f±,n(t)

∥f±,n∥Lp

R±Lr −→ 0
n→∞

.



u ∈ C(H1) χ

∂t

∫
χ|u|2 = 2

∫
∇χ ·∇uū

∂2t

∫
χ|u|2 = 4

∫
(D2χ∇u,∇u) +

2

α+ 2

∫
∆χ|u|α+2 − 2

∫
∇χ ·∇V |u|2 −

∫
∆2χ|u|2.

χ = |x|2

∫
∇χ ·∇V |u|2

∇χ
(a1a2)

C1 C2 V1

V2

R > 0 C1 C2 Rd B(0, R)
R C1 C2 {x2 = · · · = xd = 0}

c = (c1, 0, . . . , 0) R c1
R(c1)/c1 → 0 c1 → +∞ x ∈ ∂(C1 ∪ C2)

(
x− c

|x− c| +
x+ c

|x+ c|

)
· (−n)(x) ≥ O(

R2

c41
).

x ∈ Rd x = (x1, x̃) x̃ ∈ Rd−1

|x+ c| = c1 + x1 +
1

2c1
|x̃|2 +O(

R2

c21
)

x− c

|x− c| +
x+ c

|x+ c| =
1

|x− c||x+ c|

(
2c1(0, x̃) + x

|x̃|2

c1
+O(

R2

c21
)

)
.



∂Ci −n R

−n = (± x1
|x1|

, 0, · · · , 0) + (0,λ2x2, · · · ,λdxd) +O(|x̃|2)

λk > 0

(
2c1(0, x̃) + x

|x̃|2

c1

)
· (−n) ≥

(
2c1 λk −

C

c1

)
|x̃|2 +O(|x̃|2)

ρ ≥ 0 D1 > 0 c1 > D1

|x̃| ≤ ρ ⇒
(
2c1(0, x̃) + x

|x̃|2

c1

)
· (−n) ≥ 0.

ϵ0 > 0 x ∈ ∂(C1 ∪ C2)

|x̃| ≥ ρ ⇒ (0, x̃) · (−n) ≥ ϵ0.

|x̃| ≥ δ (
2c1(0, x̃) + x

|x̃|2

c1

)
· (−n) ≥ 2c1ϵ0 −

C

c1
,

D2 > 0 c1 > D2

|x̃| ≥ ρ ⇒
(
2c1(0, x̃) + x

|x̃|2

c1

)
· (−n) ≥ 0.

|x− c||x+ c| " c21

R/c1 → 0

u ̸= 0
{u(t) ∈R} H1

(a1a2) = {x2 = · · · = xd = 0} c1 > 0
c = (c1, 0, . . . , 0)

χ(x) := |x− c|+ |x+ c|,

z(t) =

∫
χ|u|2.

|z′(t)| ≤
√
CE(u)M(u).



z′′(t) = 4

∫
(D2χ∇u,∇u) +

2

α+ 2

∫
∆χ|u|α+2 − 2

∫
∇χ ·∇V |u|2 −

∫
∆2χ|u|2

" 1

c1

∫

B(0,A)
|u|α+2 −

∫
∇χ ·∇V |u|2.

u ̸= 0 {u(t) ∈R} H1

µ > 0 A > 0

t∈R

∫

B(0,A)
|u|α+2 ≥ µ.

z′′(t) " 1

c1
µ−

∫
∇χ ·∇V |u|2.

R > 0 ∇χ |x|β∇V ∈ Lδ

∣∣
∫

|x|≥R
∇χ ·∇V |u|2

∣∣ ≤ ∥∇V ∥Lδ(|x|≥R)∥u∥2L2⋆ (|x|≥R)

≤ 1

Rβ
∥|x|β∇V ∥Lδ∥u∥2L2⋆ (|x|≥R),

{u(t) ∈ R} H1

L2⋆

t
∥u∥L2⋆ (|x|≥R) = ϵ(R),

ϵ(R) −→ 0 R −→ ∞

z′′(t) " µ/c1 −
∫

B(0,R)
∇χ ·∇V |u|2 + 1

Rβ
ϵ(R).

a, b ∈ R

B(0, R) ⊂
⋃

s∈[a,b]

{V1 = s} ⊂ B(0, 2R),

B(0, R) ⊂
⋃

s∈[a,b]

{V2 = s} ⊂ B(0, 2R).

x ∈ B(0, R) s1,2 ∈ [a, b] x ∈ {V1 = s1} x ∈ {V2 = s2}
C1,2 = {V1,2 = s1,2} C1 C2

−∇χ · ∇V1,2

∥∇V1,2∥
(x) ≥ O(

R2

c41
).



∣∣
∫

|x|≤R,−∇χ·∇V (x)<0
−∇χ ·∇V |u|2

∣∣ ! R2

c41

∫
|∇V ||u|2

≤ R2

c41
∥∇V ∥Lδ∥u∥2L2⋆ ≤ R2

c41
∥∇V ∥Lδ∥u∥2H1 ! R2

c41
E(u0)

2.

z′′(t) " µ

c1
+O(

R2

c41
) +

1

Rβ
ϵ(R).

R = cν1

z′′(t) ≥ 1

c1
(µ+O(c2ν−3

1 ) + c1−βν1 ϵ(cν1)).

ν =
1

β

2ν − 3 < 0 ⇐⇒ β >
2

3

c1
z′′(t) ≥ µ

2c1
,

Ec < ∞
ϕc ∈ H1 ϕc ̸= 0 uc

{uc(t), t ≥ 0} H1

Ec = ∞ H1



Lp(Rn)
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1 2

C1,1

Lp

Lp



u5

t → ∞
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