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�EDGF.H2IEJLKNM�OQPSRBP
m T�U>VXW KZY\[^]XJ�_ n YG]X`�[^]B] V P�JaDbDcDbDcDdDcDcDbDcDbDcDbDcDcD e

�BD\F^D\F f W&gBg P;hiJjJ VXk h\P(JjJLIEJLKNM;OlP(J m = 2, n = 2
DbDcDcDbDcDbDcDdDcDcD e

�BD\F^D � m T�n ]BYoKZY\[^]XJjP;K�]X[&K W KNYG[p]XJqDcDbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcD r
�BD\F^D s tvu2P�O g h\P(JwDbDcDcDbDcDdDcDbDcDbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcD r
�BD\F^D x HEI2JLKNM�OlP�J�yB[^OQ[^zpM�]BP�J{DcDbDcDbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcD|F(}

�ED ��~ T KNyB[EREPSR V�g Y\�^[&K�REP�� W&V JNJ�DcDbDcDbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcD|F^F
�BD �BD\F � k�W ]XJL��[ k O W KNYG[p]4J T h T OQP�]>K W Y k P�J�DcDbDcDbDcDdDcDcDbDcDbDcDbDcDcD|F^F
�BD �BD � ��h\z^[ k YoKZyBOlP�DcDcDbDcDdDcDbDcDbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcD|F(s
�BD �BD s � gBg hGYG` W KZY\[^]XJ	DcDbDcDdDcDbDcDbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcD|F�x

���@AB3)$^"#3�=�AB�;��')$^')723 �EC
sBDGF�� g*T;k�W KZY\[^]XJ�J VBk hGP�J�O W K k YG`;P�J�DcDbDcDbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcD|F�e

sXD\F^D\F t�]XJLP�O��BhGPcREP�J�O W K k YG`;P�J8DbDcDbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcD|F�e
sXD\F^D � � g*T;k�W KZY\[^]XJqDcDcDbDcDdDcDbDcDbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcD|F(r

�jRXREYoKZY\[^]�DcDbDcDcDbDcDdDcDbDcDbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcD|F(r
~ V hoKZY g h\Yi` W KNYG[p] gXW&kjV ] kZT P�haDbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcD|F(�
� k [ER V Y\K�REPcREP V u�O W K k Yi`�P(J�DbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcD|F(�

sXD\F^D s ~ W K k Yi`�P�J�` W&kZkNT P�J|DcDdDcDbDcDbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcD � �

tvu2YiJLKNP;]4`�PcR�� V ] T h T OlP;]>K�]BP V K k P#��DbDcDbDcDdDcDcDbDcDbDcDbDcDcD � �

t�J�KN� `;P U>V Pch¡� [ k R k PbR W ]XJ�h\P gXk [ER V Y\KjP�JLK�Y\O g [ k K W ]^K�� DbDcDcD � �

� gBg hGYG` W KZY\[^]a¢E��[ k O V hGPbR V �XY\]B£^OlPl¤)[ g KZY\[^]B]BP�hi¥�D�DcDbDcDbDcDcD �ps
¦ ]2�^P k JLYG�BYGh\Y\K T R�� V ]BPcO W K k Yi`�P{DbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcD �ps

sBD ��~ W K k YG`;P�J�P;KjJNIEJ�KZM;OlP�J�hGYG] T�W Y k P�J§DbDcDbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcD �&x
sXD �BD\F � k�W ]XJL��[ k O W KNYG[p]�REPSJLIEJLKNM�OQP(J�P�K�O W K k Yi`�P(J¨DcDcDbDcDbDcDbDcDcD �&x
sXD �BD � f W ]Bz4©B` W hi` V h:R�� YG]2�pP k JNP g4W&k hGP g Y\�^[&K�REP�� W&V JNJ(¤�[ g KNYG[p]B]XP;hª¥�DcD �p«

¬®d1;¯°AB$p721l±*7>$p���4��')723)1 �:�
xXDGF.H>K kNV `²K VXk Pb�pP(`²KZ[ k Y\P�h\hGP³DcDbDcDdDcDbDcDbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcDqsXF

x4D\F^D\F ´µP(`²KZP VBk J�P�K�z T [pO T K k Y\P¶DbDcDbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcDqsXF
�jRXREYoKZY\[^]a¢ k M�zphGPbR V�g4W&k�W hGh T h\[^z k�W OlOlPpD·DcDdDcDcDbDcDbDcDbDcDcDqsXF
~ V hoKZY g h\Yi` W KNYG[p] gXW&kjV ] kZT P�haDbDcDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcDqs �

s
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xXDGFpD � m T�n ]BY\KNYG[p] W h\z T � k Y U>V P DbDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcDbDcDdDcD sps
xXDGFpD s tµuEP;O g hGP�J�DcDdDcDbDcDcDbDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcDbDcDdDcD sps

M(m,n)
DcDbDcDbDcDcDbDcDbDcDdDcDbDcDcDbDcDbDcDbDcDcDdDcDbDcD sps� [phGI2]B£pOlP�JjRBPbRBP;z kZT Y\]B� T;k Y\P VBk _ 3.

DcDcDbDcDbDcDbDcDcDbDcDdDcD s&x
� P(J g [phGI2]B£pOlP�J�REP�REP�z kZT P�u W `�KNP;OlP�]^K T z W hX_ 3

¢>`�P�]:� P�JLK gXW J
V ] P�J gXW `�Pb�pP(`²KN[ k YGP;h�DbDcDdDcDcDbDcDbDcDbDcDcDbDcDdDcD s��

tv]XJNP;O@�BhGPSREP�J·��[^]X`²KZY\[^]XJ kNT P;hGh\P(JdDcDdDcDcDbDcDbDcDbDcDcDbDcDdDcD sp«
xXDGFpD x � k [ gBk Y T K T J T h T OlP;]>K W Y k P�Jd� k�W YGP�J g [ VBk KN[ V Jdh\P(JbP�J gXW `;P�Jd�pP(`²�KN[ k YGP;hiJ DcDbDcDdDcDbDcDcDbDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcDbDcDdDcD s>e

xXD � H2IEJ�KZM;OlP�J�z T ] T;k�W KNP VBk J;©2JLIEJLKNM�OQP(J�h\YG� k P�J�P;K�� W JNP�JbDcDbDcDbDcDcDbDcDdDcD spr
xXD �EDGF H2IEJLKNM;OlP(J�z T ] T;k�W KNP VBk J�DbDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcDbDcDdDcD spr
xXD �ED � H2IEJLKNM;OlP(J�h\YG� k P�J DbDcDcDbDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcDbDcDdDcD sp�
xXD �ED s � W JNP�J|DcDbDcDdDcDbDcDcDbDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcDbDcDdDcDqxXF

xXD s H2[ V J�� P�J gXW `;P�J·�pP(`²KZ[ k Y\P�hGJ{DbDcDcDbDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcDbDcDdDcDqx^s
xXD sBDGF m T�n ]BY\KNYG[p]!©EKNy T [ k M;OlPcREPch W � W JNPdYG]X`;[pO g hGM�KNPdDcDbDcDcDbDcDdDcDqx^s
xXD sBD � tµuEP;O g hGP�J�DcDdDcDbDcDcDbDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcDbDcDdDcDqx��

tµuEP;O g hGP�J�z T [^O T K k Y U^V P�J DbDcDbDcDdDcDcDbDcDbDcDbDcDcDbDcDdDcDqx^«
+�� ¯%¯%35')$pAB��')�*�%1Q35')�%/2AB'���721 ¬! 
�EDGF � gBg h\Yi` W KNYG[p]XJjhGYG] T�W Y k P�J·P�K�O W K k YG`;P�J DcDbDcDdDcDcDbDcDbDcDbDcDcDbDcDdDcDqx^�

�EDGFpDGF m T�n ]BY\KNYG[p] P;K�P�uEP;O g hGP�J DcDbDcDbDcDdDcDcDbDcDbDcDbDcDcDbDcDdDcDqx^�
�EDGFpD � ~ W K k YG`;PbR:� V ]XP W&gBg hGYi` W KZY\[^]�hGYG] T�W Y k P DcDcDbDcDbDcDbDcDcDbDcDdDcD"�EF

# y W ]BzpP�OQP�]>KZJjREPb� W JLP(J�¤)[ g KZY\[^]B]BP;hª¥cDcDcDbDcDbDcDbDcDcDbDcDdDcD"�$�
�ED ��fjP�KZ[ VBk�WpV u�JN[ V JL� P�J gXW `;P�J·�pP(`²KN[ k YGP;hiJqDbDcDdDcDcDbDcDbDcDbDcDcDbDcDdDcD"�&«

�ED �EDGF %�[�I W&V u P;K�Y\O W zpP�J·DcDcDbDcDbDcDbDcDdDcDcDbDcDbDcDbDcDcDbDcDdDcD"�&«
�ED �ED � ¦ JN[pOl[ kZg yBYiJLOlP(J�P;K�REYGOQP�]XJNY\[^]�DbDcDdDcDcDbDcDbDcDbDcDcDbDcDdDcD"�^e
�ED �ED s m Y\OlP;]4JLYG[p] P�K WpgBg hGYG` W KNYG[p]4J�h\YG] T�W Y k P�J DcDbDcDbDcDbDcDcDbDcDdDcD"�&r
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# P�KNKNP gXW&k KNYGP�R V g [^h\IE`�[ g Y T REPQm�t��d� gBk P;OlYGP k JLP�OQP(J�K k P gBkNT JLP�]>KNPSh¡� W h\z^M;� k PShGYo�] T(W Y k P^D # P�KNKNP�KNy T [ k Y\Pj]:� W ]B[ k O W h\P�OQP�]>K gXW J T K TdW �*[ k R T PjP�]lKNP k OlYG] W hGP�P�K�_S`�P�KNY\K k PP�h\hGP g P V K gXWpkZW�� K k P�REY�� `;Y\hGP _ V ] T K V REY W ]>KlRBP�m t�� �QD � [ VBk � W `�YGhGYoKZP k J W `�[^O gXkNT �yBP�]XJNY\[^]6]B[ V J W �p[^]XJl`�yB[pYiJNY�REP gXW&k KNY k R�� V ]BP8]B[pKNYG[p] U>V Y�P(J�K P(J�K P;] z T ] T�kZW hj�BY\P�]
W JNJNY\OlYGh T P W&V hGIE` T P�¢>h W�kNT JL[^h V KZY\[^] REP JNIEJ�KZM;OlP�J�h\YG] T(W Y k P(J;Dp��Y\]4JLY�hGP gBk P;OlYGP k `�y W&g Y\K k PREPS`;PS`�[ VBk J k�W&gXg P�h\hGP k�W h WlkZT JN[ph V KNYG[p] REP�J�JLIEJLKNM;OlP(J�h\YG] T�W Y k P�J�© gBV YiJj[^] J�� Y\]>K T�k P(JNJNP k�W
WpV u�O W K k Yi`�P(J g [ VBkvkZT JN[ V R k P�`�P(JvJLIEJLKNM�OQP(J;D # P g P;]XR W ]>K�h\P(JµO W K k Yi`�P(J°]BP�JLP k �^P;]>K gXW J
U>V � _b`�P;h W ©�P;Kv]B[ V Jµ�pP kNk [p]XJ°R W ]XJ°hGP�Jv`�y Wpg Y\K k P�J°J V Y\� W ]>K�JvJ VXk h\P(JµP�J gXW `;P�J%�pP(`²KZ[ k Y\P�hGJ°P;KhGP�J W&gXg h\Yi` W KNYG[p]XJ�hGY\] T(W Y k P(J U^V Pd`;PbJN[p]>K�P;]0� W Y\KjRBP�J�[ V KNYGhGJ�K k M�J gBk�W KZY U>V P(J�R W ]XJ�KZ[ V KZP`;P�KLKZP gXW&k KNYGPcREPch5� W hGzpM�� k PpD

�
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m = 2, n = 2

� ] `�[^]XJLYiREM k P V ] JLIEJLKNM�OQPjREP�RBP V u T�U>VXW KZY\[^]XJ°hGY\] T(W Y k P(J°_dRBP V uQY\]X`;[p]B] V P(J;D %�[ V JJ VBgBg [^JNP k [p]XJ U^V PSh\P(J `;[2P � `�YGP;]>KZJ JL[^]>K kZT P;hiJ�©X]B[ V J�hGP�J�]B[&KZP k [p]XJ a, b, c, a′, b′, c′.� ]?`�yXP k `�yBP hGP�J kNT P;hiJ x, y U>V Y·� T;k Y n P;]>KQJNYGO V h\K W ] T OlP;]>KQh\P(J@REP V u T�U>VXW KNYG[p]XJ@J V Yo�� W ]>KZP�J�©EP;]X`;[ k P WpgBg P�h T P�JjJNIEJ�KZM;OlPpD

(S)

{
ax + by = c
a′x + b′y = c′.

¤ �BD\F�¥
� h V J U>V P·RBP kZT JN[ V R k PvhGP·JNIEJ�KZM;OlPp©�`�P U>V Y2]B[ V J#YG]^K T;k P�JZJLP�P�JLK°REP·�p[^Y k h\P(J#RBYGF T;k P;]>KZJK�I g P�JjR�� P;]XJNP;O@�BhGP�J�REPcJL[^h V KNYG[p]XJ·P�K�R:� P(JNJ W IpP k REPc]BP gXW J·[ V �BhGYGP k REPS` W J gXW&k KNYi` V hGYGP k D¦ h�I W@V ] gBk P�OlY\P k ` W J�`�[ VBk�W ]>K·[AH ab′ − a′b 6= 0,

[^]�[^�EKNYGP;]>K W hG[ k J V ]BPdJN[ph V KZY\[^]
V ]XY U>V P U>V Pch¡� [^] g P V K ]B[&KZP k JN[ V J���[ k OlPcREPS`�[ VBg hGP

{

(x, y) =

(
cb′ − c′b

ab′ − a′b
,
ac′ − a′c

ab′ − a′b

)}

.

fjP;K k [ V �^P k `�P kZT J V h\K W KjP�]�z V YiJLPcREP kZT �2YGJNYG[p]6I~ W YGJcJNY ab′ − a′b = 0,
h5� P;]XJNP;O@�BhGPlRBP�JSJN[ph V KNYG[p]4J g P V KKJ�K k PQK k M�JcRBYGF T;k P;]>K�D°� ]

g P V KdREYGJLKNYG]Bz V P k K k [pYiJ�K�I g P(J U>V PS]B[ V JjYGh\h V JLK k P k [p]XJ gXW&k RBP�J�P;uEP;O g hGP�J�D � W J V Y\KNPQR V`;[ VBk J·OQ[^]>K k P k�W@U>V Pc`�PSJN[p]>KjhGP�JjJNP V hiJ·K�I g P(J;DL � W JjREPSJN[ph V KNYG[p]XJ�D
(S0)

{
x = 0
x = 1.

¤ �BD �^¥
¦ `�Y

b = b′ = 0
P�K�RB[p]X`

ab′ − a′b = 0.

e
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L ��]BPcY\] n ]BY\K T REPcJN[ph V KNYG[p]4JjR T;g P;]XR W ]>K�R�� V ] gXW&k�W OlM�K k P^D
(S1)

{
x +y = 0
2x +2y = 0.

¤ �ED s^¥
¦ `;Y%P�]X`�[ k P ab′ − a′b = 0,

P;]�� W YoKbh W REP V uEY\M�OlP�J T�U>VXW KZY\[^]aR V JLIEJLKNM�OQPQP�JLKbh W
gBk P;OlYGM k P O V h\KNY g hGY T P gXWpk REP V u�D ¦ h�J V �QKQREP `�yB[pYiJNY k x = λ

[ H
λ
P(J�K V ] kNT P;h

U>V P�hG`;[p] U>V P�P�K REP gXk P�]XR k P y = −λ.
� ] W&gBg P;hGhGP λ V ] g4W&k�W OlM�K k P�P�K g [ VBk`�y W^U>V P�� W hGP VXk REP λ [^] W V ]BPQJN[ph V KZY\[^] (λ,−λ)

REP
(S1).

tv] KN[ V K [^] W �BYGP;]J�� kjV ]BPcYG] n ]XYoK T REPcJL[^h V KNYG[p]XJ�DL ��]BP�YG] n ]BY\K T REP�JN[ph V KZY\[^]XJ!R T�g P�]XR W ]^K°REP�RBP V u gXW&k�W OlM;K k P�J�D�H2Y2R W ]XJ!h\P·JLIEJLKNM�OQP
(S),

[p] gBk P;]XR�KN[ V J@hGP�Jl`;[>P � `�YGP;]>KZJQ] V hiJ a = b = c = a′ = b′ = c′ = 0[^] W �BYGP;] J�� k ab′ − a′b = 0.
� ] g P V K `�yB[pYiJLY k REP V u gXW&k�W OlM;K k P�J λ P�K µ

Wpk �BY\K k�W Y k P;OlP;]>K�P�K x = λ
P;K
y = µ.

¦ `;Y�P;]X`;[ k P [^] WQV ]BPbYG] n ]BY\K T RBPbJN[ph V KZY\[^]XJO W YiJj[^] WQg h V J�RBP�`�yB[pY\u g [ VBk hGP�J gXW&k�W OlM�K k P(J;©E`p� P(J�K�`;P U^V Y!REYiJ�KZY\]Bz V PS`�PS` W JR V gBkZT ` T REP�]>K�Dt�JZJ W I^[p]XJ REP{�^[pY k JNY�`;P�J k P;O W&k�U>V P�J T h T OlP�]^K W Y k P(J8J;� T KZP;]XRBP;]>K U>VXW ]XR�[p] W g h V JR�� T�U>VXW KZY\[^]XJ�[ V R�� Y\]4`�[p]X] V P�J�D
(*).+-) ( �
	����� B�����49 5 B��� B<0 B�����>9
� P gBk P�OlY\P k gBk [p�Xh\M�OQPQ`�[^]XJLYiJLKNPl_ T ` k Y k P�hGPQJNIEJ�KZM;OlP W �^P�`�RBP�J ]B[&K W KNYG[p]4J U>V Y°]BP

gBk P;]B]BP�]>K g4W J@K k [ g REP g h W `�P^D�� ]6]B[pKNP kZW h\P(JlY\]4`�[p]X] V P�J (x1, . . . , xn)
JL[ V J@��[ k OQPR�� V ]BPchGYGJLKNPSREP n ]B[pO@� k P�J U>V Pch5� [p] W&gXg P�h\hGP n � VXg h\P;K�DEtµK h5� [p] gBkZT JNP;]>KNPbhGPbJNIEJ�KZM;OlP

(S)







a11x1 + . . . +a1nxn = b1
a21x1 + . . . +a2nxn = b2DDD

+

DDD
+

DDD
=

DDD
am1x1 + . . . +amnxn = bm,

¤ �ED x>¥

[ H�h¡� [p]aJ�� P�JLKbRE[^]B] T m × n
]X[pO�� k P(J kZT P�hGJ aij .

� � P�]^KZY\P k i YG]XREY U>V Plh W h\YGzp]XP WpVXU>V P;h
W&gBg4W&k KNYGP;]>K�h\P@`�[2P � `�YGP;]>K�P;K�� W&k Y\PcP�]^K k P 1

P�K
m; j, U>V Y#� Wpk YGPcP;]>K k P 1

P;K
n,
YG]XREY U>V Ph W `;[phG[p]B]XP [ H W&gBg4W&k�W � KbhGP `�[2P � `;Y\P�]>K�D # P JN[p]>K�REP(JS`�[^]2�pP;]>KZY\[^]XJ;©�O W YGJcYGhv� WpV KShGP�J

k P(J g P�`�KNP k D ��]BPdJL[^h V KZY\[^] REP (S)
P(J�K·h W RE[p]B] T P�REP n ]B[pO@� k P�J (x1, . . . , xn) U>V Y4� T;k Yo�

n P;]>K�JNY\O V hoK W ] T OlP;]>Kjh\P(J m T�U>VXW KNYG[p]XJ�R V JLIEJLKNM�OQP (S).
� ]�Ol[p]>K k P k�W�U>V P^©X`�[^OQOlPR W ]4JShGP�` W JSREP(J@JNIEJ�KZM;OlP�J@REP0REP V u T�U>VXW KZY\[^]XJS_aREP V u YG]X`�[^]B] V P�J�©!h¡� P�]XJNP;O��Xh\P0RBP�JJL[^h V KNYG[p]XJjREP (S) g P V K gBk P;]XR k P K k [pYiJ·��[ k OlP�Jb¢L gXW JjREPSJN[ph V KNYG[p]:©L V ]XPSJL[^h V KZY\[^] V ]BY U>V P^©L V ]XP�YG] n ]BY\K T REP@JN[ph V KNYG[p]4J U>V PSh¡� [^] g P V KbR T ` k Y k P WpV Ol[�IpP�] RBP p gXWpkZW OlM�K k P�J`�yB[^YGJNYiJ W&k �BYoK kZW Y k P;OlP�]^K(D

(*).+-)�� ����58D 247.589
¦ h\h V JLK k [p]XJ�h¡� W � k O W KZY\[^]�R V�g4W&k�W z k�W&g yBP gBkZT ` T REP�]>K g4W&k REP�J�P�uEP;O g hGP�J�D��:72={¯°3)78,��)���)� �"!

m = n = 2 #%$�&(')#+*-, .0/213.0/)4 !6587%9 #+*:#;43<=4>$ 7(? # (S1)
5 # ¤ �ED s^¥>@

.0/A#>4>$ 5CB /)4D*E#F$ 9 . ! 4 !67%? #;1 B 4G#%$ p = 1.



� � � � ����� ����� � 	��
M
� � ���������	����

N
�
	 � ��	�	 ��� �

 �:72={¯%357 ,��)���i, �"!
m = n = 2 #%$ &%')#G*-, .0/ 13.0/�4 !65C7(9 # *:#F4><=4>$ 7%? # .�� a = b = c =

a′ = b′ = c′ = 0, . / #(43$ 58B /�4F*:#G$ 9 . ! 4 !67(? # 1 B 4G#($ p = 2.

 �:72={¯%357 ,��)���G��� /��0#(' $ 9
	 4%.0' 5 9 #�*:#�4><=43$ 7%? #��D&(' B $ 9 # ! / 13.0/)/"')#>4� (x1, x2, x3, x4)

(S1)







x1 +x2 = 1 (L1)
x2 +x3 = 1 (L2)
x3 +x4 = 1 (L3)
x1 +x4 = 1 (L4)

¤ �BD �^¥

� /�� B $ 9�B /�4��(. 9>? # 9 *E#�4><=43$ 7%? # (S1) #(/ ' / 4><=4>$ 7(? #�T�U>V YG� W hGP;]>K (S2)
B ' 4%#%/�4 5 # * B5�	�� / ! $ ! .0/ 4>' ! � B /"$ #��

���������! !�#"$�&%('#)$'#) � / 50! $�&%')# 5 #%'+* 4><=4>$ 7%? #�* ! / 	3B0! 9 #(4 (S) #%$ (S′) B < B /)$ *E# ?-,%? #
/ . ?/.(9 # 5 , ! / 1 . /)/"')#>4D4%.0/"$ 	 &%' ! � B *:#(/"$64D4�, ! * 4G.0/"$�*E# ?/,(? # #(/)4(# ?/. *:# 5 #F4%.0* ' $ ! .0/)40�
1 $�$ #%/)$ ! .0/ ! *�� B ' $ .%! #(/�� 	%9>! � # 9 &%')#�*-, .0/ /�#32 B 28/�#D/ ! /�#54�# 9�5;5 #�4%. * ' $ ! . / &(' B / 5 . /
$ 9�B /)4��(. 9>? # (S) #%/ (S′).6 B /�4F/ .0$ 9 # #
* # ? 4 *:# @ .0/ B &%' B $ 9 # 	 &(' B $ ! . /�4 5 .0/�1 m = 4.

� /74)#(' $ 9 # ? 4 * B 13# 9
(L4) 4 B 9 * B 4%. ? ? # 5 # (L4)

@
(L2) #%$ 9 #($ 9�B /�1�8�# 9 (L3) #($ (L1).

� / . . $ ! #(/"$+' /
4><=4>$ 7%? # 	 &(' ! � B *E#(/"$

(S2)







x1 + x2 = 1 (L1)
x2 + x3 = 1 (L2)
x3 + x4 = 1 (L3)
(x1 + x4) + (x2 + x3) −(x3 + x4)− (x1 + x2) = 1 + 1− 1− 1 (L′4).¤ �BD «>¥

1 4 9�7 4 4 ! ? 4�* ! � 1 B $ ! .0/ /�.0' 4 B �=. /�4

(S2)







x1 +x2 = 1 (L1)
x2 +x3 = 1 (L2)
x3 +x4 = 1 (L3)
0 = 2− 2 (L′4)

¤ �BD ep¥

9 #D4><=4>$ 7%? # (S2)
B *:# ?/,(? #G#%/�4%# ?-. *:# 5 #F4%.0* ' $ ! .0/)4F&%')#

(S3)







x1 +x2 = 1 (L1)
x2 −x4 = 0 (L2)− (L3) = (L′2)
x3 +x4 = 1 (L3),

¤ �BD r>¥

. ' #%/�13. 9 #
(S4)







x1 +x4 = 1 (L1)− (L′2)
x2 −x4 = 0 (L′2)
x3 +x4 = 1 (L3).

¤ �BD �>¥

� / #%/ 5+	35 ' ! $G&%')# *-, #(/)4%# ?/. *E# 5 #(4 4%.0* ' $ ! .0/)4 5 #(4 4><=43$ 7%? #(4 (S1) � (S4) 4)#(' $ , $ 9 #5�	 1 9>! $ #%/ � * B /"$ x4 = λ ' /74 B09 B0?+7 $ 9 # B 90.(! $ 9�B ! 9 # #%$ &%')#;$ . ' $ #(4 *E#>4 B ' $ 9 #>4 ! /�13.0/$:
/"')#>4 4%. /)$ B *:. 9 4 5+	 $ # 9>? ! / 	 #(4�4 B09 13# 1�8�. ! *;� 9 , #(/)4%# ?/. *E# 5 #>4�4%.0* ' $ ! .0/)4 #(4>$ ! / � / !



F�} ��� ��� � � ��� � � ���� � � �������	 	�� ��� ������� �� ���
	������ ����

E = {(1 − λ, λ, 1 − λ, λ), 4�. ' 9 $ .0' $ λ 9
	 #%* }. � / $ 9 .0' �0# 5 .0/ 1 ! 1 ! p = 1.
� /9 # ?;B 9 &(')# &%' , ! *�/ , < B 4 B 4 ' / # 	 1 9>! $�' 9 # ' / ! &%')# 5 # *�, #(/)4(# ?/. *:# 5 #>4 4%.0* ' $ ! .0/)4 @ .0/

4�#%' $�4 9
	 4%#%/)$ # 9 *:#(4 1 8).=4%#>4 4 * ' 4 4>< ?/	 $ 9>! &%')# ? #(/"$ E = {( 1

2
− µ, 1

2
+ µ, 1

2
− µ, 1

2
+

µ), 4�. ' 9 $ . ' $ µ 9 	 #%* }.
-072=�AE� � "%7�, �5�"�5� � / 4)#(' $ 	 � ! $ # 9 *:#>4 4)#($ ! $64 4). ! /)$ 4�� . . . � 58B /�4D*-, 	 1 9>! $�' 9 # 5 #>4�4><=4 :
$ 7%? #>4F#(/ ' $ ! * ! 4 B /)$�*:# 4>< ?/. .0*:# ∑j= &(' ! �0#(' $ 50! 9 # &%')#F*-, . / B�� .0' $ #F$ .0' 4D*:#(4D$ # 9>? #(4� 509 . ! $ # 5 # ∑j=, #%/�� B0! 4 B /)$�� B09>! # 9 j 5 #G* B � B *:#%' 9�	 1 9>! $ #G#%/ .3B 4 @ � 13#(* *E# 	 1 9>! $ # #(/8 B ' $ � 9 # 4><=4>$ 7(? # 2 	 / 	(9 B * (S)

5 # � ! #(/"$

(S)







∑n
j=1

a1jxj = b1 (1)
��� ��� ��� ���
∑n

j=1
amjxj = bm (m),

¤ �EDGF�}^¥

.0' #%/�13. 9 #54).0' 9 i = 1 � m ∑n
j=1

aijxj = bi

(*).+-)�� � @�9AB C8D 589
	�� D ��� C �589
 /��°�#')��'5�4� ,��)���i, 9 #(4 m 9
	 #(* 4 bi 4).0' 9 ' /F4><=4>$ 7%? # (S) 4%. /)$ B 4�4�#%* 	 4 4%# 13. / 5 ? # ?/.(9 #5 ' 4><=4>$ 7(? # ��� / 4><=43$ 7%? # * ! / 	 B ! 9 #+#(43$ 5 ! $ 8�. ? . 2 7 /�# 4 ! $ .0' 4 4%#(4F4%#31 . / 5 4 ? # ?-.%9 #(4
4%.0/)$�/)' * 40� � / B 4+4)#%* *:# 43<=4>$ 7(? #�8). ? .
2 7 / # B 434(. 1 !�	 � (S) *:# 4><=43$ 7%? # (Sh) . . $ #(/"'
#(/ 9 # ? 4 * B��=B /"$�*:#(4 bj 4 B09 0.

�"!
(S) #>4>$ 5 . /)/ 	 4 B09 ∑n

j=1
aijxj = bi 4).0' 9 i = 1 �

m, *:#G4><=4>$ 7%? #�8�. ? . 2 7 / # B 434%. 1 !�	 (Sh) #(4>$ 5 .0/"/ 	 4 B 9 ∑n
j=1

aijxj = 0 4�. ' 9 i = 1
� m.
tv]�� W YoKbh\P(J�JNIEJ�KZM;OlP�J yB[pOl[^zpM;]XP�J�JN[p]>K g h V JdJNY\O g hGP�J U>V P�hGP�JdJLIEJLKNM�OQP(J W �^P�`SJNP��`�[^]XR0OlP�O�� k P g [ VBk REP V u kZW YGJN[p]4J;D ¦ hiJ g [>JNJNM�REP�]>K�KZ[ V�� [ VBk J�h W JL[^h V KNYG[p] xj = 0 g [ VBk

j = 1
_
n,
P�K U^V4W ]XR [^] W REP V u JN[ph V KNYG[p]4J�R�� V ]?JNIEJ�KZM;OlP yB[^OQ[^zpM�]BP [p] g P V KQP;]`�[^]XJ�K kNV Y k P V ]BPcYG] n ]BY\K T R:� WpV K k P�JjP�]�� W YiJ W ]^K�RBP�J�`;[pO��XY\] W YGJN[p]4J�hGYG] T�W Y k P�J�D � kZT `�YiJN[p]XJ`�P;KLKNPc]X[&KNYG[p] R W ]XJ�h W R T;n ]BY\KNYG[p]8J V Y\� W ]^KZPpD

 /��°�#')��'5�4� ,��)���G� � / B 4+4)#(* *E#+1 . ?-.%! / B ! 4%.0/ * ! / 	3B0! 9 # 5 # p n : '�4�*:#%$64
(A11, . . . , An1), (A12, . . . , An2), . . . , (A1p, . . . , Anp)

$ . ' $ n : '�4 *:#($ 5 #G* B �(. 9>? #
(λ1A11 + · · ·+ λpA1p, . . . , λ1An1 + · · ·+ λpAnp)

.�� λ1, . . . , λp 4%. /)$ p 9
	 #(* 4 B 90.(! $ 9�B ! 9 #>40�
��:72={¯°3)78,��)���\¬

(λx1 + µx′
1
, . . . , λxn + µx′n) #(4>$�' /�# 13. ?-.%! / B ! 4(. /2* ! / 	3B0! 9 # 5 #(45 #%'+* n : '�4 *:#%$64 (x1, . . . , xn)

@
(x′

1
, . . . , x′n).

��:72={¯°3)78,��)���i+ 9 #+13.0'�4 *:#���.0' 2 : '�4 *:#($�� (x, y) #(4>$ ' /�#;13. ?/.(! / B0! 4%.0/ * ! / 	3B0! 9 # 5 #
(1, 0) #%$ (0, 1)

(x, y) = (1× x+ 0× y, 0× x+ 1× y)

4�. ' 9 x, y 9
	 #(* 4 �



� � � � � ��� � � 	�� 	� � ��� � � 	������  � � F^F
� ���4¯��41('��(')�*� ,��)���)� 9 # n : '�4 *:#($ (0, . . . , 0) #(4>$ $ .0' � . ' 9 4�4(. * ' $ ! .0/ 5 , ' / 43<=4>$ 7(? #�8�.�:? .
2 7 /�#�� �"! (x1, . . . , xn) #%$ (x′

1
, . . . , x′n) 4%.0/"$ 5 #('+*24%.0* ' $ ! .0/)4 5 , ' / 4><=4>$ 7%? # 8�. :? .
2 7 /�# @ B *:. 9 4 $ .0' $ # 13. ?/.%! / B0! 4%. / * ! / 	 B ! 9 # 5 # 1 #(4 5 #%'+*A4%.0* ' $ ! .0/)4 #(4>$ B ' 4 4 ! ' /�#

4%.0* ' $ ! . / 5 '�4><=4>$ 7%? # 8). ? .
2 7 / # �
� k P V �^P# [pOlOlP g [ VXk i = 1

_
m,
∑n

j=1
aij × 0 = 0, (0, . . . , 0)

P(J�K V ]BPlJL[^h V KNYG[p]�R�� V ]JNIEJ�KZM;OlPbyB[pOl[pz^M;]BP^D
H2Y ∑n

j=1
aijxj = 0 W h\[ k J g [ VXk λ kNT P;h ∑n

j=1
aij(λxj) = 0,

RBP O�J;OlP g [ VBk µP;K�h\P
n
� VBg h\P;K (x′1, . . . , x

′
n)
RE[p]4` ∑n

j=1
aij(λxj + µx′j) = 0 g [ VBk i = 1

_
m.

� WREP V uEY\M�OlP g4W&k KNYGPbRBPch WQgBk [ g [^JNYoKZY\[^]�P(J�K�RE[^]X` T K W �BhGY\P^D
� ���4¯��41('��(')�*� ,��)���i, � . ! $ (x1, . . . , xn) ' /�#D4%. * ' $ ! . / 4 B09 $ ! 1%' * !67(9 # 5 ' 4><=43$ 7%? # (S) �� . ' 9 &%')# (x′

1
, . . . , x′n) 4%. ! $+' /�# 4%.0* ' $ ! .0/ 5 # (S)

! * � B ' $ #%$ ! *�4>'���$+&%')# (x1 −
x′

1
, . . . , xn − x′n) 4(. ! $ ' /�#D4%. * ' $ ! . / 5 ' 4><=4>$ 7(? # 8). ? .
2 7 /�# B 434%. 1 !�	 �
� k P V �^PH2Y g [ VBk i = 1

_
m
∑n

j=1
aijxj = bi, W hG[ k J ∑n

j=1
aijx

′
j = bi,

P�JLK T(U>V Y\� W h\P�]^Kd_
∑n

j=1
aij(xj − x′j) = 0 g [ VBk i = 1

_
m.

# P;h W `�[^]X`�h V Kjh WQgBk P V �pPpD
-�7>=?AE� � "#7�,��)���i, � / 4)#(' $ #
* 4 9>! ? # 9 13#%$ $ # 4 9 . 4).=4 ! $ ! . / #%/ 50! 4 B /"$ &%')#D* B 4%.0* ' $ ! . /
2 	 / 	(9 B *:# 5 , ' / 4><=4>$ 7%? # #>4>$ 	 2 B *:# �A* B 4(. ? ? # 5 , ' /�# 4%. * ' $ ! . / 4 B09 $ ! 1(' * !67%9 # 5 # 1 #
4><=4>$ 7%? # @ #%$ 5 #F* B 4%.0* ' $ ! .0/�2 	 / 	%9�B *:# 5 ' 4><=43$ 7%? #�8�. ? . 2 7 /�# B 434%. 1 !�	 �
��� � � � �
	� ����� ��� ��# � ����� �#� 8
(*) (*).+ � = 0 49�� � = D 0�B��-��>9 	�7�	8D 5�'B 0 � = 589
m W ]XJ V ] gBk P;OlY\P k KZP;O g J�]B[ V J W hGh\[^]XJ·JLYGO g h\Y n P k h¡� T ` k Y\K VBk PdR:� V ]�JLIEJLKNM�OQP (S)

P�]
[ V �BhGY W ]^KchGP�JcYG]X`;[p]B] V P(J xi,

hGP�JSJNY\z^]BP�J
+
P�K

= .
%�[ V Jc[p�BKNP;]X[p]XJ W Y\]XJNY V ] K W �BhGP WpVREP `;[>P � `�YGP;]>KZJdP�K V ]XPl`;[phG[p]B]XP g [ VBk hGP�J U>V P;hiJdh\P(J K k�W ]XJL��[ k O W KNYG[p]4J�P�] V ] JNI2JLKNM�OlP

T(U^V Y\� W hGP;]>K J�� T ` k Y\�^P;]>K g h V Jl�2Y\KNP^D�%�[ V J W&gBg P;hGhGP k [p]XJlR W ]XJlh\P�`�y W&g Y\K k P�J V YG� W ]>K `�P�JK W �BhGP WpV u�REP(J�O W K k YG`;P�J�D��]8JNIEJ�KZM;OlP W �pP�` m hGY\z^]BP�J�P;K
n
`;[phG[p]B]BP(J�[ V Y\]4`�[p]X] V P�JjJ�� T ` k YoK(D

(S)






a11 . . . a1nDDD DDD DDD
am1 . . . amn











b1DDD
bm




 .

m [p]B]B[^]XJ�h W hGYiJ�KZPbRBP�J·K k�W ]4J���[ k O W KZY\[^]XJ T h T OlP;]>K W Y k P(J U>V Y�Ol[EREY n P;]>K V ] JNI2JLKNM�OlP
(S)

P;] V ]8JLIEJLKNM;OlP T�U>V YG� W hGP;]>K�DF^D�� ]�]B[pKNP kZW Li ↔ Lj
h W K k�W ]4J���[ k O W KZY\[^] U>V Y T `�y W ]Bz^P h W hGY\z^]BP i P�K�h W h\YGzp]BP j.

�BD�� ]�]B[&KZP k�W Li → λLi
h W K kZW ]XJL��[ k O W KNYG[p] U>V Y°O V hoKZY g hGYGP@h W i M;OlP@h\YGzp]BP gXW&k hGP

kNT P;h λ 6= 0.sXD�� ]�]B[&KZP k�W Li → Li + Lj
h W K k�W ]XJL��[ k O W KZY\[^] U>V Y k P�O g h W `�PSh W hGYGzp]BP i gXWpk h Wh\YGzp]BP

i g h V J�h W hGY\z^]BP j.
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��:72={¯°3)78,��i,��)� �"! .0/ B 4�4�* ! &%')# L1 ↔ L2
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� k P V �pP U>V Pbh\PSJNIEJ�KZM;OlPdK k�W ]XJL��[ k O T P(J�K T(U>V Y\� W h\P�]^K WpV JNIEJ�KZM;OlPcY\]XYoKZY W h� [ VBk FpD*h5� [ k R k P�R W ]4J�hGP U>V P;h%[p] T ` k Y\K hGP�J T�U>VXW KZY\[^]XJ�]XP@Ol[EREY n P gXW J�h¡� P�]XJNP;O��Xh\PREP�JjJN[ph V KZY\[^]XJ;D� [ VBk �ED4JLY
(x1, . . . , xn)

� T�k Y n P ∑n
j=1

aijxj = bi, W hG[ k J g [ VBk KN[ V K λ,

λ(

n∑

j=1

aijxj) = λbi,

P�K�P�]�REYiJLK k Y\� V4W ]>K�[p] k P�O W&k�U^V P U>V P (x1, . . . , xn)
P�JLK�JL[^h V KNYG[p] REP

n∑

j=1

λaijxj = λbi.

# P;h W�k P;�2YGP;]>K#_�RBY k P U>V P�KN[ V KNP�JL[^h V KZY\[^]SREP (S)
P(J�K W&V JNJNY^JN[ph V KNYG[p]@R V JNIEJ�KZM;OlPv[ H�h5� [p]

WcW&gBg h\Y U>VBT h W K k�W ]XJL��[ k O W KZY\[^] Li → λLi.
�·KLKZP;]>KNYG[p] YGhB� WpV K��p[^Y k�U^V PjKN[ V KNP�JN[ph V KZY\[^]R V JNIEJ�KZM;OlPSK kZW ]XJL��[ k O T P�JLK WpV JNJNY°JL[^h V KZY\[^] R V JLIEJLKNM;OlP@Y\]BY\KNY W h g [ VBk J�� W JNJ VBk P k�U>V Ph\P(J�JNIEJ�KZM;OlP�J�JN[p]>K T(U>V Y\� W h\P�]^K�J;D # P;h W P�JLK�YGOQO T REY W K ` Wpk�g [ VBk k P;K k [ V �^P k hGP�JLIEJLKNM�OQPY\]XYoKZY W h5©�YGhµJ V �lKSR�� W&gBg h\Y U>V P k h W K kZW ]XJ���[ k O W KNYG[p] Li → (1/λ)Li,

`;P U>V YµP;u g h\Y U>V PQh\P� W Y\K U>V Pbh5� [p]8J VBgBg [^JNP λ 6= 0.� [ VBk sXD!JLY (x1, . . . , xn)
� T;k Y n P ∑n

k=1
aikxk = bi,

P;K ∑n
k=1

ajkxk = bj , W h\[ k Jh\P
n
� VXg h\P;K � T;k Y n P W&V JZJLY ∑n

k=1
(aik + ajk)xk = bi + bj .

m [p]4` V ]BPQJL[^h V KNYG[p]�REP (S)P�JLK W&V JNJNY�JN[ph V KNYG[p]§R V JNIEJ�KZM;OlP8K k�W ]4J���[ k O T gXW&k Li → Li + Lj .
H2Y

(x1, . . . , xn)P�JLKlJN[ph V KZY\[^]?R V JLIEJLKNM;OlP0K k�W ]XJL��[ k O T YGh·� T;k Y n P ∑n
k=1

(aik + ajk)xk = bi + bj
P�K

∑n
k=1

ajkxk = bj .
m [p]X` g4W&k REY F T;k P;]X`;P ∑n

k=1
aikxk = bi, U>V Y�P�JLK�h W h\YGzp]BP i R VJLIEJLKNM�OQPbYG]BY\KNY W h¡D

-072=�AE� � "%7�, �ª, �ª, � B 9 1 . ? 4).=4 ! $ ! .0/ 5 #>4 $ 9�B /)4 �(. 9>?;B $ ! . /�4 	 * 	%? #(/"$ B ! 9 #>4�.0/ . . $ ! #%/)$5 , B ' $ 9 #(4 $ 9 B /�4��(. 9>?;B $ ! . /�4�&%' ! /�# ? . 50! � #(/"$ 4 B 4 *�, #(/)4(# ?/. *:# 5 #>4 4%.0* ' $ ! . /�40� � B09
#
* # ? 4 *:# 4 ! *-, . / 13. ? 4).=4%# � � #($���� . / . . $ ! #%/)$ ' /�# /�.0' �0#%* *:# $ 9�B /�4��(. 9>?+B $ ! .0/ &%')#
/�. ' 4�/ .0$ # 9 . /�4��$� #%$�&(')#F*-, .0/74�#%' $�/ .0$ # 9 Li → Li + λLj

B �0#31 λ 6= 0.



� � � � � ��� � � 	�� 	� � ��� � � 	������  � � F(s
(*) (*) ( � 7�� � ="� B 	>D 5
� P�� V K REP(JjK kZW ]XJ���[ k O W KNYG[p]XJ�P(J�K RBPb� W Y k P WpgBgXWpkZW�� K k PcREP(J 0

REPSO W ]BY\M k PS_ W �^[pY k
V ]�JLIEJLKNM�OQP h\P g h V J�JLYGO g hGP g [^JZJLYG�BhGPpD %�[ V J W hGh\[^]XJ gXkNT JLP�]^KZP k h5� W hGzp[ k Y\KNyBOlPdREPb� WpV JZJ
U>V YBP(J�K V ]BPj� W�� [p] JNI2JLK T O W KNY U>V PjREPj� W Y k P�`�P(J°K k�W ]XJL��[ k O W KZY\[^]XJ;D�tv] k P;� W ]X`�yBP�Y\h4]:� P�JLK
gXW J#`;[pO g hGM�KZP;OlP;]>K T �2YGREP�]>K�© U>V � _�h W�n ]QREP�h¡� W h\z^[ k YoKZyBOlPp©(h\P·JLIEJLKNM�OQP�JN[pY\K g h V J°JLYGO g hGP_ kZT JN[ V R k PpD�m W ]XJvh\P gBk [E`�y W YG] g4W&k�W z k�W&g yBPp©(]B[ V JvRE[p]X]BP k [p]XJ V ]lP;u2P�O g h\P g [ VXk ]B[ V JP�]�`;[p]2� W YG]X` k PpDH2[^YoK V ]8JNIEJ�KZM;OlP






a11 . . . a1nDDD DDD
am1 . . . amn











b1DDD
bm




 .

%�[ V J%J VBgXg [>JLP k [^]XJ!R�� W �*[ k R U>V P a11 6= 0
¤�[p]QR T ` k Y\K%R:� W �4[ k Rbh¡� W h\z^[ k YoKZyBOlP U>VXW ]4RYGh�]:� I W gXW JQREP gBk [p�BhGM;OlP�R:� W ]B] V h W KNYG[p]:© gBV YGJ@]B[ V J@P;u g h\Y U>V P k [p]4J U>V P�� W Y k P�R W ]XJhGP�J WpV K k P�J0` W J�¥²D�� ] �^P V K U>V P OQYiJ _ g4W&k K a11

YGh�]BP k P�JLKNP g h V J U^V P REP�J 0
R W ]XJh W8gBk P;OlYGM k P0`�[^h\[^]B]BPpD � [ VBk `�P;h W [^] V KNYGh\YiJNP�J V `;`;P�JZJLYG�pP�OQP�]>K�h\P(JcK kZW ]XJ���[ k O W KNYG[p]XJ ¢

L2 → L2 −
a21

a11

L1, L3 → L3 −
a31

a11

L1, . . . , Lm → Lm − am1

a11

L1.
� PcJNI2JLKNM�OlP






a11 . . . a1nDDD DDD
am1 . . . amn











b1DDD
bm




 .

REP��2Y\P�]^K









a11 a12 . . . a1n

0 a′
22

. . . a′
2n

0 a′32 . . . a′3nDDD DDD DDD
0 a′m2

. . . a′mn



















b1
b′
2

b′3DDD
b′m










.

m W ]XJ V ] REP V uEY\M�OQP KNP�O g J�[p] k P(`�[^OQOlP�]X`�P W �pP(`�h W REP V uEY\M�OlPb`;[phG[p]B]XPpDBH VBgBg [&�JN[p]XJ
a′
22
6= 0,

[p] ]BPbKN[ V `�yBP gXW Jj_@h WlgBk P;OlYGM k Pb`;[phG[p]B]XPdP�]0� W YGJ W ]>KjhGP�J�K kZW ]XJ���[ k O W �KZY\[^]XJ
L3 → L3 −

a′
32

a′
22

L2, . . . , Lm → Lm − am1

a11

L2.
� ]�[^�EKNYGP;]>K W YG]XJNY:h W O W K k YG`;P










a11 a12 a13 . . . a1n

0 a′
22

a′
23

. . . a′
2n

0 0 a′′33 . . . a′′3nDDD DDD DDD DDD
0 0 a′′m3

. . . a′′mn



















b′
1

b′
2

b′′3DDD
b′′m










.

� P(J kZT P�hGJ a11, a
′
22
, a′′

33
, . . .

J�� W&gBg P;hGh\P�]>K hGP�J g Y\�^[&K�J�J V `;`;P�JZJLY\�)J;D:� ]8Y\KNM k P�hGP gXk [p�` T R T R W ]4J�h\P(J��4[^]XJj` W J;© ��V J U>V � WpV RBP k ]BY\P k�g Y\�^[&K(© U^V Y�P�JLK W KLKZP;YG]^K U>VXW ]XR0[^]0P(J�K�JN[pY\KJ VBk h W RBP k ]BY\M k PdhGY\z^]BPp©XJN[pY\K�J VXk h W REP k ]BYGM k Pc`�[^h\[^]B]BPpD� kZW YoKZ[p]XJ�O W Y\]>KNP�] W ]>K%h\P�` W J![ H V ]�RBP�J g Y\�^[&KZJ!P�JLK#] V h¡©�J VBgBg [^JN[p]XJ g [ VBk JNYGO g h\Y n P k
U>V PbhGP gBk P�OlY\P k·g Y\�^[&K a11

P(J�K�] V h¡D



F;x ��� ��� � � ��� � � ���� � � �������	 	�� ��� ������� �� ���
	������ ����

FpD�H�� YGh·P;uEYGJLKNP V ]6`;[2P � `�YGP;]>K ai1
]B[p]�] V h WpV � RBP�JZJL[ V JSR V6g Y\�^[&K R W ]4J�O�J;OlP�h W`;[phG[p]B]BPQ[p] V KZY\hGYGJNP L1 ↔ Li
P;Kbh¡� [p] g [ VBk J V Y\Kdh W O T KNyX[2RBP W �^P�`@`�PQ]B[ V �^P WpV

g YG�p[pK�D
�ED�H2Y�KN[ V J hGP�J `;[>P � `�YGP;]>KZJ WpV � REP�JZJL[ V J R V§g YG�p[pK0R W ]4J O�J;OlP8h W `;[phG[p]B]XP�JL[^]^K] V hiJ;©>[p]0]BP�KZ[ V `�yBP�]BY*_�h WSgBk P�OlY\M k P�hGYGzp]BP ]BY*_�h WSgBk P�OlY\M k P�`;[phG[p]B]XP U>V Y4]!� P(J�K`;[pO g [>J T P U>V P�REP@} P�Kd[p] gXW JNJNPS_ h W REP V u2YGM;OlP�`;[phG[p]B]XPSP;] gBk P;] W ]>K `�[^OlOQP
g YG�p[pK a12

JNY!`�P�h V Y\� `�Y�]:� P�JLK gXW J�] V h¡D
(*) (*)�� � 24247-� � 0 B �-��>9
� gBg hGY U^V [p]XJ�`;P�KNKNPcO T KZyB[EREPS_Qh WQkZT JN[ph V KNYG[p] REPcJLIEJLKNM�OQP(J;D

��:72={¯°3)78,��i,��i, 9 #F4><=43$ 7%? #






2x + y −z = 1
x − y +z = 2
4x + 3y +z = 3

#>4>$ ?;B ! /)$ #(/ B /)$(4 9
	 4%#(/"$ 	




2 1 −1
1 −1 1
4 3 1









1
2
3



 .

6 B /�4 *-, B * 2C. 9>! $ 8 ? # @ &%')# / .0' 4 B �0.0/)4 4 9
	 4(#%/)$ 	 @ .0/ / #-4)# 9>? ' $ # 4 B 4 *:#(4 1 . *:.0/"/�#(4
��1 # &%' !�9 # � ! #%/)$�� 	 1 8 B / 2C# 9 *:#>4 ! /�13.0/"/)')#(4 (x, y, z) � 4).0' 9�	 � ! $ # 9 5 #(4 13.0/��3' 4 ! .0/�40�� B0! 4 .0/�4)#(' $�' $ ! * ! 4%# 9 ' /�# $ 9�B /)4 �(. 9>?;B $ ! . / 	 * 	(? #%/)$ B0! 9 #+43' 9 *:#(4 * ! 2 / #>4 #(/�4 * ' 4 5 #
*-, B * 2C. 9>! $ 8 ? # 5 #�� B ' 4 4�4�. ' 9DB �=. ! 9 ' / 4 ! �=. $ 4�* ' 4 B 2 9
	3B+. *:#�� 6 B /�4F13#($�# * # ? 4�*:# L1 ↔
L2 4)# 9>? #($ 5 , . . $ #%/ ! 9 ' /74 ! �0.0$ 	 2 B * � 1 13#+&%' ! 4 ! ? 4 * ! � #+*:#>4 50! � ! 4 ! .0/�40� � /A. . $ ! #%/)$B 4 9�7 4 $ 9�B /)4��(. 9>?+B $ ! .0/





1 −1 1
2 1 −1
4 3 1









2
1
3



 .

9 B 4 9 # ? !67%9 # 	 $ B 4)# B �0#31 ' / 4 ! �0.0$ a11 = 1
5 .0/)/ # L2 → L2− 2L1, L3 → L3− 4L1

#($�*:#F43<=4>$ 7(? # 5 #0� ! #%/)$




1 −1 1
0 3 −3
0 7 −3









2
−3
−5



 .

9 # 5 #%'+* !67(? #34 ! �0.0$�#>4>$ a22 = 3 #($�* B $ 9�B /�4��(. 9>?+B $ ! .0/ L3 → L3 −
7

3
L2

5 . /)/�#




1 −1 1
0 3 −3
0 0 4









2
−3
2



 .

1 13#%$ $ # 	 $ B 4�# @ *-, B * 2 . 9>! $�8 ? # 5 ' 4 ! �=. $ 5 #�� B ' 4 454 9 . 4 9 # ? #%/)$ 50! $�#>4>$ $ # 9>? ! / 	 @ ?;B ! 4
4�. ' 9G9
	 4%.0' 5 9 #;*:# 4><=4>$ 7%? # @ ! * #>4>$ 4�* ' 4G4 ! ? 4 *:# 5 # ? ' * $ ! 4 * ! # 9 $ .0' $ #>4F*:#(4 * ! 2 / #>4 4�. ' 9



� � � � � ��� � � 	�� 	� � ��� � � 	������  � � F �
B �=. ! 9G5 #(4D$ # 9>? #(4D43' 9 * B 50!6B 2 .0/ B *:# 	 2 B '+*�� 1.

� B0! 4%.0/)4 L2 → L2/3, L3 → L3/4 13#
&%' ! 5 .0/"/�#





1 −1 1
0 1 −1
0 0 1









2
−1
1/2





&%' ! 1 . 9>9 #(4 4).0/ 5 B ' 4><=43$ 7%? #






x −y +z = 2
y −z = −1

z = 1/2

&%' ! B850? #%$ ' / #D4%.0* ' $ ! . / ' / ! &%')# (1,−1/2, 1/2).

 �:72={¯%357 ,��i,��G� � . ! $ 





2x + y −z = 1
3x + 3y −z = 2
2x + 4y = 3

&%')# *-, . / $ 9�BC5 ' ! $ #%/




2 1 −1
3 3 −1
2 4 0









1
2
3



 .

9 # 4 9 # ? ! # 9 4 ! �0.0$ #(43$ 2 #%$ . / B 4�4�* ! &%')# L2 → L2−
3

2
L1, L3 → L3−L1 4).0' 9 . . $ #(/ ! 9





2 1 −1
0 3/2 1/2
0 3 1









1
1/2
2



 .

9 # 5 #('+* !67%? #34 ! �0.0$�#(43$ 3/2 #($ .0/ B 4+4 * ! &(')# L3 → L3 − 2L2 4).0' 9 . . $ #(/ ! 9




2 1 −1
0 3/2 1/2
0 0 0









1
1/2
1



 .

� / #%/ 5�	35 ' ! $ &(')#�*:# $ 9 . ! 4 !67%? # 4 ! �0.0$�#(4>$ /"' * @ *-, B * 2 . 9>! $�8 ? # 5 # � B ' 434�#>4>$ $ # 9>? ! / 	 #($
*-, #%/�4%# ?-. *:# 5 #(4�4%.0* ' $ ! .0/)4 #>4>$ � !65 #�� 1 B ' 4%# 5 # * B $ 9 . ! 4 !67%? # * ! 28/�# 5 . /)/ #�' / 	 &(' B $ ! . /
4 B /)4 4%. * ' $ ! . / �
 �:72={¯%357 ,��i,��\¬ � . ! $�*E# 4><=4>$ 7%? #







x1 +3x2 −2x3 +x4 +x5 = 1
x1 +3x2 −x3 +3x4 +2x5 = 3
x1 +3x2 −x3 +4x4 +4x5 = 4

&%')# *-, . / $ 9�BC5 ' ! $ #%/ 



1 3 −2 1 1
1 3 −1 3 2
1 3 −1 4 4









1
3
4



 .



F�« ��� ��� � � ��� � � ���� � � �������	 	�� ��� ������� �� ���
	������ ����

9 #54 9 # ? ! # 9 4 ! �0.0$ #(4>$ 1 #($�. / B 4�4�* ! &%')# L2 → L2−L1, L3 → L3−L1 4).0' 9 . . $ #(/ ! 9




1 3 −2 1 1
0 0 1 2 1
0 0 1 3 3









1
2
3



 .

9 # 5 #%'+* !67%? # 4 ! �0.0$ #>4>$�/"' *�#($�* BF5 #%'+* !67(? #�13.0*:. /)/ # B ' : 5 #>434%.0' 4 5 ' 4 ! �0.0$ #>4>$�/"' * � � /5 . ! $ 5 .0/ 1 1�8�# 9 1�8�# 9 *:#34 ! �0.0$ 58B /�4 * B $ 9 . ! 4 !67(? # 1 . *:.0/"/�#;#%$ 1", #>4>$ ' / 1, .0/ B 4+4 * ! &(')#
L3 → L3 − L2 4).0' 9 . . $ #(/ ! 9





1 3 −2 1 1
0 0 1 2 1
0 0 0 1 2









1
2
1



 .

9 , B * 2C. 9>! $ 8 ? # 5 # � B ' 434 #>4>$F$ # 9>? ! / 	 @ .0/ 13. /�4>$ B $ # &(')# *:#>4 4 ! �0.0$ 4 /�.0/ /)' * 4 4(. /)$58B /�4 *:#>4 13.0*E.0/)/ #>4 1, 3, 4.
� / � B ' $ ! * ! 4%# 9 5 #(4 13. ?/.%! / B0! 4%. /�4 5 # * ! 28/�#(4 13. ? ? #58B /�4F* B ?/	 $�8�. 5 # 5 ' 4 ! �0.0$ 5 # � B ' 4 4�4).0' 9 &(' , ! * /�# 9 #(4>$ # 58B /�4 13#>4 13. *:.0/"/�#(4 &(' , ' /

13. # � 1 ! #%/)$ /�.0/ /)' * 	 2 B * � 1. � /�#��(. ! 4 13#>4G.�4 	%9�B $ ! .0/)4 # � # 1%$�' 	 #(4F.0/ # * 4 9>! ? # 9�B *:#(4! /�13.0/"/)')#(4 x1, x3, x4 &%' ! 1 . 9>9 #(4 4).0/ 5 #%/)$ B '+* 13.0*:. /)/�#(4 5 #(4 4 ! �0.0$ 4 2 9�� 13# B '+* B ' $ 9 #(4! /�13.0/"/)')#(4 x2, x5.
� '�4�4 9>! ? .0/)4 5 , B+. . 9�5 *:# 13. # � 1 ! #(/"$ −2 #%/-4 9 # ? !67%9 # * ! 2 / # 5 # * B

$ 9 . ! 4 !67(? # 1 . *:.0/"/�# 4 B09 * B $ 9�B /�4��(. 9>?+B $ ! .0/ L1 → L1 + 2L2, . / . . $ ! #(/"$




1 3 0 5 3
0 0 1 2 1
0 0 0 1 2









5
2
1



 .

� * / .0' 43� B ' $�#%/�4>' ! $ # B /)/)' *E# 9 *:#(4+13. # � 1 ! #(/"$64 5 #%$ 2 5 # * B &(' B $ 9>!67%? # 13.0*:. /)/�# B '? . <8#(/ 5 #(4 $ 9�B /�4��(. 9>?+B $ ! .0/)4 L1 → L1 − 5L3, L2 → L2 − 2L3, 4).0' 9 . . $ #(/ ! 9




1 3 0 0 −7
0 0 1 0 −3
0 0 0 1 2









0
0
1



 .

9 #+$ B�. *:# B 'A#(4>$ ?;B ! /)$ #(/ B /"$�4%.0' 4G4 B �(. 9>? # � / B *:# &%')#;*-, . / B 4�4�#%* *:# 9�B 9 	 5 ' ! $ # 58B /)4
* B 4>' ! $ # 5 ' 1 . ' 9 4G#($�*:# 4><=4>$ 7(? # #(4>$







x1 +3x2 −7x5 = 0
x3 −3x5 = 0

x4 +2x5 = 1.

� / 4).=4%# x2 = λ, x5 = µ
5 #%'+* 4 B 9�B0?+7 $ 9 #(4 B090.%! $ 9�B0! 9 #(4�#%$ .0/ #
* 4 9>! ? # *:#(4 ! /�13.0/"/)')#(4

x1 = −3µ+ 7λ, x3 = 3λ, x4 = 1− 2λ #(/ ' $ ! * ! 4 B /)$�13#%'+*+:-1 ! � � / 1 . /�4>$ B $ #F4>' 9 13#%$
#
* # ? 4 *:# &%')#;*:#;/ . ?/.(9 # 5 #�4 B 9�B0?+7 $ 9 #(4 ! / 5+	 4�#%/ 5CB /)$ 4 5 .0/"$�/�. ' 4 B �0.0/)4+#%' . #(4%. ! /
#>4>$ p = 2.



� �������	��
� �

� �q� � ��� � �  � � � �����

� P(J�O W K k YG`;P�JdJL[^]^KcREP(J�K W �BhGP WpV u�REP@]X[pO�� k P(J;D # P�KNKNPQ]B[&KZY\[^]�P�JLKdP�] gXWpk KZYG` V hGY\P kK k M(J V KZY\hGYiJ T PQP�]aREP�yB[ k JdREP�JdO W KZy T O W KZY U>V P(JdP;] YG]E��[ k O W KZY U>V P^D � PlR T � V KcR V `�[ VBk JYG]>K k [2R V YoK�REP(Jj]B[pKNYG[p]XJjR�� [ g*T;k�W KZY\[^]XJjJ VBk `�P(J·K W �Xh\P W&V u U>V Y!z T ] T;k�W hGYGJNP;]>KjREPcO W ]BYGM k PK k M(J�] W K VBk P;hGh\P�h\PQ` W hi` V h V J V P;h%J VXk hGP�J�]B[pO@� k P(J�KN[ V K WpV Ol[pYG]XJ�P�] `�P U^V Y%`;[p]X`;P k ]BPh¡� W RBREY\KNYG[p]:©�P�K h W O V h\KNY g hGYG` W KNYG[p] gXW&k�V ] kZT P;h¡D � P�J�`�yB[^JNP�J�JL[^]>K0�4P W&V `;[ VBg Ol[^Y\]XJJNY\O g hGP�J g [ VBk `�P U>V Y%P�JLKdRBP�h W O V hoKZY g hGYi` W KZY\[^] REP(J�O W K k Yi`�P(J�P�]^K k P�P;hGh\P(J;D %�[ V J T K W ��BhGY k [^]XJ V ] h\YGP;] W �pP(`0hGP�JlO W ]BY gXV h W KNYG[p]XJ T h T OlP;]>K W Y k P�JlJ VBk h\P(J JLIEJLKNM�OQP(Jlh\YG] T(W Y k P(J
g [ VBk Ol[pKNYG�pP k `;P�KLKZPc[ g*T;k�W KZY\[^]:D

� �
	 � � ���3� ���! K"�  ����� �� � � � � �!& ��
�*),+-).+ � 49 58D
	47.5��>589�D 0 B =)� � 589
# [pOlOlP;]

�
[p]4J gXWpkSn uEP k hGP�J@]B[&K W KZY\[^]XJ g [ VXk `;P�J�K W �Xh\P W&V u U>V P�]X[ V J W&gBg P;hG[p]4JO W K k Yi`�P(J;D /��%�%'��(')�*� ���)���)� � /
/�.0$ # M(m,n,R) *-, #%/�4%# ?-. *:# 5 #(4 ?+B $ 9>! 13#>4 � 13. # � 1 ! #%/)$ 49
	 #%* 4 @ B �0#31 m * ! 28/�#(4F#%$ n 13. *:.0/"/�#(4 � �"! A ∈M(m,n,R),

A =






a11 . . . a1n��� ��� ���
am1 . . . amn






#(4>$ B ' 434 ! /�. $ 	 # A = (aij)1≤i≤m, 1≤j≤n.
� /-4)#(' $ . ? #($�$ 9 # *:#(4 ! / 50! 13#(4 4 ! $ . ' $ #(4�*E#>4?+B $ 9>! 13#>4 ' $ ! * ! 4 	 #(4G.0/"$�*:# ?-,%? #F/ . ?/.(9 # 5 #G* ! 28/�#(4G#($ 5 # 13.0*:. /)/�#(40�� P;]4R W ]>K�`;P JNP;OlP(J�K k P�]X[ V J�]:� V KNYGhGYGJNP k [p]XJ U>V PaRBP�J�O W K k Yi`�P�J�_6`;[2P � `�YGP;]>KZJ kZT P;hiJ�D

%�[ V J�]B[&KZP k [p]XJ�RB[p]X`�h\P VBk P�]XJLP�O��BhGP M(m,n)
O W YiJ�YGh#P;u2YiJLKNP WpV JNJNY#RBP�J O W K k YG`;P�J�_`;[>P � `�YGP;]>KZJj`;[pO g hGP�uEP�J�D �:72={¯%357����)���)�

(i− j)1≤i≤2, 1≤j≤3 =

(
0 −1 −2
1 0 −1

)

F�e



F�r ��� � � � � ��� � � � ��� � �� ����� ��� � �����

(0)1≤i≤3, 1≤j≤2,=





0 0
0 0
0 0





* B ?+B $ 9>! 1 # /)' * *:# &%' ! / # 13.0/)$ ! #%/)$�&%')# 5 #(4D13. # � 1 ! #%/)$ 4 /"' * 4�#%$�&(' ! B85 ? #%$ ' /�#32 	 / 	 :9�B * ! 4 B $ ! . / 5CB /)4 M(m,n) 4).0' 9 $ .0' $ m, n.
(0)1≤i≤m, 1≤j≤n = (aij)

.�� $ .0' 4D*:#(4F13. # � 1 ! #(/"$64 aij 4%. /)$�/"' * 40�

I3 =





1 0 0
0 1 0
0 0 1





* B ?;B $ 9>! 13# !65 #%/)$ ! $ 	;5 # M(3, 3,R). � #($�$ # ?+B $ 9>! 13# BC50? #($ ' / # 2 	 / 	(9 B * ! 4 B $ ! .0/ 4).0' 9
$ . ' $ #%/)$ ! # 9 n

In = (aij)1≤i≤n, 1≤j≤n,

.�� aij = 0 4 ! i 6= j #($ aii = 1 4).0' 9 i = 1 � n. 9 B ?+B $ 9>! 13# In 4).=434 7 5 # 5 #(4 1 4>' 9
* B 5 !6B 2 .0/ B *:#+#%$ 5 #>4 0 #%/ 5 # 8). 9 4 5 #F* B 50!6B 2C. / B *E# �
# W J gXWpk KZYG` V h\YGP k Jb¢L m = 1,

[^] RBYoK U>V P A =
(
a1 . . . an

) P(J�K V ]XPdO W K k YG`;PdhGYGzp]BP^D

L n = 1, B =






b1DDD
bm





P�JLK W&gBg P;h T PcO W K k Yi`�Pc`;[phG[p]B]BP^D

� ] J�� Y\]>K T�k P(JNJNP k�W�WpV JZJLY WpV u0O W K k Yi`�P(Jj` W&kZkZT P�J g [ VBk hGP�J U>V P;hGh\P(J m = n.

�*).+-) ( �:2 	�= 0 B�����>9
�l # %'��(')�*�
� W JL[^OQOlPlREPlREP V u�O W K k YG`;P�J A P;K

B
REP
M(m,n)

P(J�Kbh W O W K k Yi`�PlR T;n ]BYGP gXWpkh W ��[ k O V h\PcJ V YG� W ]>KNPl¢

A+B = (aij) + (bij)
def
= (aij + bij),

[p] W�� [ V KNPbhGP�Jj`�[2P � `;Y\P�]>KZJ U>V Y�[^]^Kjh W O�J;OlP g [>JLY\KNYG[p] ¢
(

1 2 3
4 5 6

)

+

(
2 3 4
5 6 7

)

=

(
3 5 7
9 11 13

)

.

� ] k P;O WpkZU>V P U>V P (0)
h W O W K k YG`;Pb] V h\hGP � [ V PbhGPcO�J;OlP k £^h\P U>V P 0

R W ]4J R :

A+ (0) = (0) +A = A.
¤)sBDGF(¥

(0)
P(J�K WpgBg P�h TcT h T OlP;]>Kj]BP V K k P^DXm@� WpV K k P gXW&k K g [ VBk A, B, C ∈ M(m,n)

(A+B) + C = A+ (B + C);
¤)sBD �p¥



� � � � � � ������������	����� � ���� � ��� ��� � �� F(�
JNY
A = (aij)

P;K
−A = (−aij)

A+ (−A) = (0);
¤)sXD s>¥

m P g h V J
A+B = B +A.

¤5sBD x>¥
 /��%�%'��(')�*� ���)���i, 9 , #%/�4%# ?-. *:# (M(m,n),+)

? ' / !�5 #�*-, BC5850! $ ! .0/ + #(4>$�' / 2 9 .0'�4)#
13. ? ? ' $ B $ ! ��4 B09 13#;&(' , ! * � 	%9>! � #G*:#(4�4 9 .�4 9>!�	 $ 	 4 � ��� � � � ��� � � � ��� � � � �;� ���+�

� "%3��('�¯°3)'5$pAE�(')�*��¯°AE��"%� ��/>723
� P gBk [ER V Y\K�R�� V ]BPbO W K k Yi`�P A REP M(m,n) gXWpk λ ∈ R

P�JLK·h W O W K k Yi`�Pd]B[pK T P λMR T;n ]BYGP gXW&k ¢
λ(aij)

def
= (λaij).

� ]�� T�k Y n Pd� W `;Y\hGP;OlP;]>KjhGP�J gBk [ gBk Y T K T JjJ V Y\� W ]>KZP�Jb¢

1A = A
¤5sBD �p¥

λ(µA) = (λµ)A
¤5sBD «^¥

(λ+ µ)A = λA+ µA,
¤5sBD e&¥

P;K
λ(A+B) = λA+ λB.

¤)sXD r>¥
tv] kZT J V O T hGPc` W hi` V h�J VBk (M(m,n),+, .) g [^JZJLM(REP hGP�J·O�J;OlP(J k M�zphGP�J·REPcR T �^P;hG[ gBg P��OlP;]>K(©2� W `²KZ[ k YGJ W KZY\[^] U>V PS`;P;h V Y!J VBk (R,+, .).

� ���: %"#')�Q %7� %72"�� =�AE�;��'5$p721
 /��%�%'��(')�*� ���)���G� 9 #�4 9 . 5 ' ! $ 5 , ' / # ?;B $ 9>! 13# A = (aij)1≤i≤m, 1≤j≤n

5 # M(m,n)
4 B09 ' / # ?+B $ 9>! 1 # B = (bij)1≤i≤n, 1≤j≤p

5 # M(n, p) #>4>$�' /�# ?;B $ 9>! 13# 5 # M(m, p)5�	�� / ! #34 B 9
C = AB = (cij)1≤i≤m, 1≤j≤p

[AH
cij = ai1b1j + ai2b2j + . . .+ ainbnj =

n∑

k=1

aikbkj .
¤)sXD �>¥

-�7>=?AE� � "#78���)���)� � / /�# 4)#(' $ 4 B 4 ? ' * $ ! 4�* ! # 9 ' / # ?+B $ 9>! 13# 5 # M(3, 4)
B �0#31 ' /�#?+B $ 9>! 13# 5 # M(5, 6) !

� *+� B ' $ &%')# *E#>4 50! ? #%/�4 ! .0/)4 1 . /�13. 9 5 #%/)$ �
��]XPcO T KNyB[EREP gXkZW KNY U^V PbRBP gBkNT JLP�]>K W KZY\[^]�REP(Jj` W hG` V hGJb¢



�&} ��� � � � � ��� � � � ��� � �� ����� ��� � �����













DDD DDD DDD DDDDDD DDD DDD DDD
ai1 ai2 . . . ainDDD DDD DDD DDDDDD DDD DDD DDD




















. . . . . . b1j . . .

. . . . . . b2j . . .DDD DDD DDD DDD

. . . . . . bnj . . .




















DDD DDD DDD DDDDDD DDD DDD DDD
. . . . . . cij . . .DDD DDD DDDDDD DDD DDD DDD













��:72={¯°3)7 ���)���)�

(
1 2 3
4 5 6

)





1 2
3 4
5 6





(
1 + 6 + 15 2 + 8 + 18
4 + 15 + 30 8 + 20 + 36

)

=
(

22 28
49 64

)

��:72={¯°3)7 ���)���i, �"!
A = (aij)1≤i≤m, 1≤j≤n, #($ B =






b1���
bm




 , X =






x1���
xn




 ,
B *:. 9 4

AX =









a11 . . . . . . a1n��� ��� ��� ������ ��� ��� ���
am1 . . . . . . amn

















x1������
xn









=









a11x1 + . . .+ a1nxn������
am1x1 + . . .+ amnxn









5 .0/ 1 *-, 	 &(' B $ ! . / AX = B 4�. ' 9�5 #(4 ?+B $ 9>! 13#>4 #(4>$ ' /�# ?;B / !67%9 #�13. ? 4 B 1($ # 5 , 	 1 9>! 9 #
' / 4><=4>$ 7%? #�* ! / 	3B0! 9 #32 	 / 	(9 B * B �=#31 m 	 &(' B $ ! . /�4 @ n ! / 1 . /)/"')#>4�#%$ ' / 4(#313.0/ 5F? # ?-.%9 #



� � � � � � ������������	����� � ���� � ��� ��� � �� �BF

B =






b1���
bm






(S)







a11x1 + . . . +a1nxn = b1
a21x1 + . . . +a2nxn = b2��� + +

��� =
���

am1x1 + . . . +amnxn = bm.

¤)sBDGF�}>¥

� ���4¯��41('��(')�*� ���)���)� 9 #�4 9 . 5 ' ! $ 5 # ?+B $ 9>! 13#>4 #(4>$ B 434%. 1 !6B $ ! � � � * ' 4 4 9
	 1 ! 4 	%? #%/)$�4 !
A ∈M(m,n), B ∈ M(n, p), C ∈M(p, q)

B *:. 9 4 .0/ B

(AB)C = A(BC)
¤)sXD\F^F(¥

&%' ! #>4>$ ' /�# ?+B $ 9>! 13# 5 # M(m, q).
� k P V �^P� P8JNP V h gBk [p�Xh\M�OQP kZT JNYGREP R W ]XJQh W O W ]BY gBV h W KZY\[^]6REP(JlY\]XRBYG`;P�J�D°� gBg P;hG[p]XJ D =

(dih)
h W O W K k Yi`�P AB;

hGP@`�[2P � `;Y\P�]>KdREPQh W Y#M�OlP@hGY\z^]BP�P;KdREPQh W y�M�OQPQ`�[^h\[^]B]BP�P(J�KRE[^]B] TbgXWpk
dih =

n∑

k=1

aikbkh,

RE[^]X`dh\Pc`;[>P � `�YGP;]>K
i, j

REP
(AB)C = E

P�JLK�RE[^]B] TbgXW&k
p
∑

h=1

dihchj =

p
∑

h=1

(
n∑

k=1

aikbkh

)

chj
¤)sBDGF �^¥

=

p
∑

h=1

n∑

k=1

aikbkhchj
¤)sBDGF�s>¥

= eij .
¤)sBDGF;x2¥

# W hG` V h\[^]XJ·O W YG]^KZP;] W ]>K�hGPS`�[2P � `;Y\P�]>K k, j REP D′ = BC = (d′kj )

d′kj =

p
∑

h=1

bkhchj ,

hGPc`�[2P � `�YGP;]>K
i, j

REP
E′ = A(BC) = (e′ij)

P(J�Kj[p�BKNP;] V P;]�� W YiJ W ]>Kc¢

e′ij =

n∑

k=1

aikd
′
kj

¤)sBDGF �^¥

=
n∑

k=1

aik

(
p
∑

h=1

bkhchj

) ¤)sBDGF�«>¥

=

n∑

k=1

p
∑

h=1

aikbkhchj
¤)sBDGF�ep¥

R�� [ H�h¡� T z W hGY\K TcU>V Pbh5� [p] W&gXg P�h\hGP W JZJL[E`�Y W KZY\�2Y\K T D



� � ��� � � � � ��� � � � ��� � �� ����� ��� � �����

� ���X¯��*1('���'5�4� ���)���i, 9 # 4 9 . 5 ' ! $ 5 #>4 ?;B $ 9>! 13#(4�#>4>$ 50! 4>$ 9>!�. ' $ ! � 4 B09 9�B 4�4�. 9 $�� *�, B85 :50! $ ! .0/ � � * ' 434 9 	 1 ! 4 	(? #%/)$ @ 4 ! A #%$ B 4%.0/)$ 5 #>4 ?;B $ 9>! 13#(4 5 # M(m,n) #($ C, D 5 #
M(n, p)

B *E. 9 4
A(C +D) = AC +AD

¤5sBDGF�r>¥
#($

(A+B)C = AC +BC
¤5sBDGF��>¥

� k P V �pPb´µ[pY k P�uEP k `;YG`;P�J�D
�*).+-)�� � 0 B =)� � 589 � 03= =�	�5�9
H2Yp[^]dO V h\KNY g h\YGP�REP V u O W K k YG`;P�J:REP M(m,m),

[p]dK k [ V �pP V ] T h T OQP�]>K!REP M(m,m),[p] RBYoK U^V P�h¡� [ g4T�kZW KNYG[p]8P�JLK YG]>KNP k ]BP^D4m@� [AH g h V JNY\P VBk J U>V P�JLKNYG[p]4J U>V Y gBk [��2YGP;]B]XP;]>K REPh W `;[pO gXW&k�W YiJN[p] W �^P�` (R,×).

��:'51;�(72�#$^78 ��G"#� /23)/2=�72���@�%72"!����7��
¤ # � P�JLK�h¡� T(U^V Y\� W hGP;]>K�RBP x×1 = 1×x = x.

¥ ¦ `;Y5©^[p] W h W O W K k Yi`�P Im ∈M(m,m)
U>V Y:]:� WlU^V PbRBP�J 0

J W&V �°J VBk h W REY W z^[p] W h\P [ H P;hGh\P g [^JZJLM(REPcREP�J 1.

Im =










1 0 . . . 0
0 1 . . . 0DDD DDD DDD DDD
0 0 . . . 0
0 0 . . . 1










.

� ]�� T;k Y n P U>V P
ImA = AIm = A

¤)sXD �p}^¥
g [ VBk KN[ V KNP�O W K k YG`;P A ∈M(m,m)

P;] V KNYGh\YiJ W ]>K�hGP�J k M�zphGP�J�RBP�h W O V hoKZY g hGYi` W KZY\[^]0REP(JO W K k Yi`�P�J�DX� ] WpgBg P;hGh\P Im h W O W K k YG`;P YiREP�]^KZYoK T D*� ] T ` k Y\K Im I U>VXW ]XR�h W K W YGh\hGPcREPbh WO W K k Yi`�PbP�JLK�`�[p]X] V PpD
��:7>��$p'5$p7 ���)���)� � B0! 9 # * B � 	(9>! � 1 B $ ! .0/ 5 # ¤)sBD �&}>¥ � � , #>4>$ ' / . .0/�#%/)$ 9�B�� / # ? #%/)$ B '
1 B *:1%' * 5 #34 9 . 5 ' ! $64 5 # ?+B $ 9>! 13#>40�
 1�����$p7 � "%7�3	�G�X�� #��78 #AB�%1 3)7 ¯%���: %"#')�Q721��l'5={¯��4����AB���
�
tv]�R�� W&V K k P(J·KNP k OlP�J�P(J�KN� `;P U>V P (M(m,m),×)

P�JLK�`�[^OQO V K W KNY\�p�
��:72={¯°3)7 ���)���i, �"!

m ≥ 2 � 	%9>! � #� &(')#
(

1 0
0 2

)(
1 1
0 1

)

=

(
1 1
0 2

) ¤5sBD �EF(¥

#($ &(')#
(

1 1
0 1

)(
1 0
0 2

)

=

(
1 2
0 2

)

.
¤5sBD � �p¥



� � � � � � ������������	����� � ���� � ��� ��� � �� �ps
# P;K�P;uEP;O g hGPSJ V �lK�_QOl[p]>K k P k h WlgBk [ g [^JNYoKZY\[^]�J V Y\� W ]^KZPpD
� ���4¯��41('��(')�*� ���)���G� 9 #�4 9 . 5 ' ! $ 5 # ?;B $ 9>! 13#(454�. ' 9 m ≥ 2 / , #>4>$(4 B 4�' / #G. 4 	%9�B $ ! .0/
13. ? ? ' $ B $ ! �0# ��.0' B�.�	 * ! #%/)/ # �+�
-�7>=?AE� � "#78���)���i, (M(1, 1),×)

B *:#>4 ?/,%? #(454 9 .�4 9>!�	 $ 	 4 &%')# (R,×), #%//4 B09 $ ! 1(' :
* ! # 9 ! * #(4>$ 13. ? ? ' $ B $ ! � �
�0¯#¯°3)'5$pAE�(')�*� ��� �X��= "#357  #"��°')���4=?7��L�X¯%��'5�4�%�%7>3
	=�

� / 50! 4 4).=4%# 5 # * B /�.0$ ! .0/ 5 #34�' ! 434 B / 1 # 5 , ' / # ?+B $ 9>! 13# 1 B 9>9
	 #
Ak def

= A× . . .×A
︸ ︷︷ ︸

k �(. ! 4
.

¤)sBD �&s>¥

� / 9�B 4+4)#(* *:# 	 2 B *:# ? #(/"$ &%')#�
Ck

n =
n!

k!(n− k)!
.

9 B �(. 9>? ' *:# 4>' ! � B /)$ # 50! $ # 5 ' .%! /�� ? # 5 #�G#�� $ .0/ #>4>$�*-, B / B *E.
28')# 5 # * B �(. 9>? ' *:# 5 #?/,(? # / . ? 13.0/)/"')#54).0' 9 *:#(4 9
	 #(* 4 �
��� "��("����! !�#"$��� '#) '��

∀m ∈ N, A ∈ M(m,m) #%$ B ∈ M(m,m), 4 ! AB = BAB *:. 9 4
(A+B)n =

n∑

k=0

Ck
nA

kBn−k.
¤)sBD ��x2¥

� 9 #%' �0# 9 , 8 < 4�. $ 8 7 4%# AB = BA 4)# 9>? #%$ 5 , ' $ ! * ! 4%# 9 *:#(4 ?/,%? #(4 9 7 28*:#(4 5 # 1 B *E1(' *
4>' 9 M(m,m) &%')# 58B /�4 R.

1 ! /�4 ! 4�#%' $ :-. / 4 9 . ' �=# 9 1 #%$�$ #��(. 9>? ' *:# 13. ? ? #F. / 4 9 . ' :
� B0! $�* B �(. 9>? ' *:# 5 ' .(! /�� ? # 5 #�G#�� $ .0/-4).0' 9 *:#(4 9
	 #%* 4 @ 4 B 9 # * # ? 4�*E#�4 B09D9
	 1%' 9>9 #(/ 13#
. ' #%/ ' $ ! * ! 4 B /"$�' /-4)#%' 5 # 5+	 /�. ?/.%9 # ? #%/)$ �
����±*7>��1('��°')35'��(/� �\"%�%7�=�AE����'5$p7
 /��%�%'��(')�*� ���)���\¬ � / 50! $ &(' , ' / # ?+B $ 9>! 13#�1 B09>9
	 #(43$ ! / �0# 9 4 !�. *:# @ 4�, ! *�# * ! 4>$ #�' / # ?+B :
$ 9>! 13#G1 B09>9
	 #G/�. $ 	 # A−1

B 4�4�#%* 	 # ! / �0# 9 4%# 5 # A $ #(* *E# &%')#
A−1A = AA−1 = I

��.�� I #>4>$�* BF?;B $ 9>! 13# !65 #%/)$ ! $ 	 �+� 9 , #%/�4%# ?/. *:# 5 #>4 ?+B $ 9>! 13#>4 ! / �0# 9 4 !�. *:#(4 5 # M(n, n,R)
#(4>$�/�. $ 	 GL(n,R).

-�7>=?AE� � "#78���)���G��� / /�#54)#%' $(4 B 4 ! / �0# 9 4(# 9G5 # ?+B $ 9>! 1 #(4 5 # M(m,n) 4 ! m 6= n.

-�7>=?AE� � "#78���)���\¬�� . ' $ # ?+B $ 9>! 13#;/ , #>4>$ 4 B 4 ! /$�=# 9 4 !�. *E#7�* B�?;B $ 9>! 13#;/"' * *:# (0) / , B
4 B 4 5 , ! /$�=# 9 4%#;1 B 9 ∀A ∈ M(m,m,R)

A(0) = (0) 6= I.



��x ��� � � � � ��� � � � ��� � �� ����� ��� � �����

� , #>4>$�*:# ?/,%? # 4 8 	 / . ?+7 / #�&%')#+*E# � B ! $ &%')# 0 / , B 4 B 4 5 , ! /$�=# 9 4%# 5CB /)4 (R,×). � #
&(' ! #(4>$ / .0' �0# B '�4 B09 9�B 4+4). 9 $ � *�, #(/)4(# ?/. *:# 5 #>4 / . ?/.(9 #(4 9
	 #(* 4 1", #(43$F&%' , ! *�< B 5 #(4
?;B $ 9>! 13#(4F/�. / /"' * *:#>4;&(' ! / , . /)$ 4 B 4 5 , ! /$�=# 9 4%# � � B09 #
* # ? 4 *:# N =

(
0 0
1 0

)

/ , B 4 B 4
5 , ! /$�=# 9 4%# � � / # � #($

(
0 0
1 0

)

×

(
0 0
1 0

)

=

(
0 0
0 0

)

.

6 . /�1 N2 = (0).
��! .0/243'�4�4�.04%#�&%' , ! * # * ! 4>$ # ' / ! /$�=# 9 4%# A 5 # N � 9�B0! 4%. /)/�# ? #(/"$

4 B 9 *-, B+. 4>' 9�5 #�� @ A � 	%9>! � # AN = I #($ 5 . /�1
(AN)N = I ×N

= N

?;B ! 4
(AN)N = AN2

= A(0)

= (0)

13# &(' ! 1 . / 5 ' ! $7�2* B 1 . /)$ 9�B85 ! 1($ ! .0/ N = (0) #($+*�, .0/ #(/ 5�	 5 ' ! $ &(')# N / , B 4 B 45 , ! /$�=# 9 4%# �
-072=�AE� � "%78���5�"�ª+ ��! A ∈ GL(n,R), *-, ! /$�=# 9 4%# A−1 #(4>$ ' / ! &%')#�� � / # � #%$ 4 ! B, C
4%.0/)$ 5 #%'+* ! / �0# 9 4%#(4 5 # A B *:. 9 4

B = B(AC) = (BA)C = C.

-072=�AE� � "%78���5�"��� ��! A, B ∈ GL(n,R), (AB)−1 = B−1A−1.
� B0! 9 # B $ $ #(/"$ ! . / B '

1 8 B / 2C# ? #%/)$ 58B /�4 *-, . 9�509 # 5 ' 4 9 . 5 ' ! $ � � / # � #%$
B−1A−1AB = B−1IB = B−1B = I
ABB−1A−1 = AIA−1 = A−1A = I.

� ] g P V K kNT J V OQP k `�P U>V Pbh5� [p] J W Y\K�J VBk GL(n,R)
R W ]XJjhGP KZy T [ k M�OlPbJ V YG� W ]>K�D

��� />�4��<2=�78���5�"�5� � . ' 9 n ≥ 2, GL(n,R), #(4>$�' / 2 9 . '�4�#G/�. / 13. ? ? ' $ B $ ! � �
H2Y
n = 1 GL(1,R)

P�JLK V ]�z k [ VBg P O W YGJ�Y\h·P�JLK@`�[^OlO V K W KNY\��D%tv]{� W Y\KQ`p� P(J�K V ]z k [ VBg PvK k M(J k P�JZJNP;O��Xh W ]^K W&V z k [ VBg P�REP(J kZT P�hGJ gBk Y\� T J%REP 0
O V ]BYBREP·h W O V h\KNY g hGYG` W KNYG[p]

V J V P;hGh\P^D

� � � � � � � �!&'�� � �%��  �������� � �!" ��� � � ��
�*) (*),+ � = 0 >9��3� = D 0 B�������>5 9A@�9AB<C�DE5�9:5 B D 0 B =)� � 5�9
� ] WQk P;O W&k�U>VBTbU^V Pdh¡� [p] g P V K T ` k Y k P V ] JNIEJ�KZM;OlPcJL[ V J·h W ��[ k OlPbO W K k Yi`�YGP;hGh\P

AX = B.
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 /��%�%'��(')�*� ���i,��)� � / 9�B 4�4�#%* *:# &%')# 5 #%'+* 43<=4>$ 7(? #+* ! / 	3B0! 9 #(4 (S) #($ (S′) B < B /"$�*:#?/,(? # / . ?/.(9 # 5 , ! / 13.0/)/"')#>4�4%.0/"$ 	 &(' ! � B *:#%/)$ 4�4 , ! * 4F. /)$�*:# ?/,(? #G#%/�4%# ?-. *:# 5 # 4(. * ' :
$ ! .0/)4 �
� ] � W �^[pY k�U>V P g [ VBk�V ]�JNI2JLKNM�OlP gBkZT JNP;]>K T JL[ V Jµ��[ k OlP�O W K k YG`;Y\P�h\hGPp©>h W O V h\KNY g hGYo�` W KNYG[p] RBP A P�KjREP B gXW&k·V ]BP O W K k YG`;P G YG]2�pP k JNY\�Xh\PjK kZW ]XJL��[ k OQP V ]0JNI2JLKNM�OlP (S)

P;]
V ] JNI2JLKNM�OlP T�U>V YG� W h\P�]>K�D
� ���4¯��41('��(')�*� ���i,��)� � . ! $ A ' / # ?+B $ 9>! 13# 5 # M(m,n) #($ G ' / # ?+B $ 9>! 13# 5 # GL(m,R).9 #>4�4><=4>$ 7%? #(4 (S) AX = B #%$ (S′) (GA)X = GB 4%.0/"$ 	 &(' ! � B *E#(/"$640�
� k P V �^P
H2Y
X =






x1DDD
xn





P�JLK V ]BP@JN[ph V KNYG[p]aREP (S) W h\[ k J AX = B

RE[p]X`
(GA)X = GB.

� ]�]BP g P k R gXW JjREPSJN[ph V KNYG[p]:D
H2Y
X =






x1DDD
xn





P�JLK V ]XP@JN[ph V KNYG[p] RBP (S′) W hG[ k J (GA)X = GB.

# [^OlOQP
G
P�JLK

YG]2�pP k JNY\�BhGPp©
G−1(GA)X = G−1(GB)

= (G−1G)B

= B

RE[^]X`
AX = B.

� ]�]XPcz W z^]BP gXW JjREPSJN[ph V KZY\[^]XJ;Dtv] � W YoK�h WQkNT JL[^h V KZY\[^]�R:� V ]8JNIEJ�KZM;OlPch\YG] T(W Y k P k P;�2Y\P�]>Kj_ V ]BP gBk [ gBk Y T K T R�� Y\]2�pP k JNY\��BYGhGYoK T D
-�7>=?AE� � "#78���i,��)� � / 1 B 4 #>4>$34 B09 $ ! 1%' * !67(9 # ? #(/"$ ! /"$ 	%9 #(4 4 B /)$� A ! / �0# 9 4 !�. *:#�� � /
4 9 #(/ 5 B *:. 9 4 G = A−1, #%$�*�, .0/ �=. ! $G&(')# *:# 4><=4>$ 7(? # AX = B #>4>$ 	 &(' ! � B *:#%/)$ B '
4><=4>$ 7%? # X = A−1B &%' ! 4).=434 735 #A' / # ' / ! &(')# 4%. * ' $ ! . / @ . . $ #%/)')# #%/ � B0! 4 B /"$ *:#
4 9 . 5 ' ! $ ?;B $ 9>! 1 ! #%* A−1B. � / 43<=4>$ 7(? # * ! / 	3B0! 9 # &%' ! 4�.04 4 735 # ' /�# 4%.0* ' $ ! . / ' / ! &(')#
#(4>$ B 4�4�#%* 	 4><=4>$ 7%? # 5 # � 9�B0? # 9 �
m W ]XJ h\P gBk P;OlY\P k `�y Wpg Y\K k Pp© g [ VXk kZT JN[ V R k PSREP(J JNIEJ�KZM;OlP�J�h\YG] T(W Y k P(J;©4[p] W0V KNYGh\YiJ TR W ]XJlh W O T KNyB[EREPaR V g Y\�^[&K0REP � WpV JZJ;©�RBP�JlK kZW ]XJ���[ k O W KNYG[p]XJ T h T OlP�]^K W Y k P(J;D %�[ V J

W h\hG[p]XJ·YG]>KNP kZgBkZT KZP k `�P(J·K k�W ]XJL��[ k O W KZY\[^]XJ�`;[pOlOlPSREP�J gXk [ER V Y\KZJjRBPcO W K k YG`;P�J�Df WpgBg P�h\[^]XJ·KN[ V K�R�� W �*[ k R0h W h\YiJLKNPSREPc`�P(J�K k�W ]4J���[ k O W KZY\[^]XJ T h T OlP;]>K W Y k P�Jb¢F^D�� ]�]B[pKNP kZW Li ↔ Lj
h W K k�W ]4J���[ k O W KZY\[^] U>V Y T `�y W ]Bz^P h W hGY\z^]BP i P�K�h W h\YGzp]BP j.

�BD�� ]�]B[&KZP k�W Li → λLi
h W K kZW ]XJL��[ k O W KNYG[p] U>V Y°O V hoKZY g hGYGP@h W i M;OlP@h\YGzp]BP gXW&k hGP

kNT P;h λ 6= 0.sXD�� ]�]B[&KZP k�W Li → Li + Lj
h W K k�W ]XJL��[ k O W KZY\[^] U>V Y k P�O g h W `�PSh W hGYGzp]BP i gXWpk h Wh\YGzp]BP

i g h V J�h W hGY\z^]BP j.
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� � Y\]>K T�k J;K°RBP�`;P�J#K k�W ]4J���[ k O W KZY\[^]XJ:P(J�K U>V � P;hGh\P(J!K kZW ]XJL��[ k OQP�]>K V ]QJLIEJLKNM�OQP·hGY\] T(W Y k PP;] V ]8JNI2JLKNM�OlP T�U>V YG� W h\P�]>K�D � W O T KNyB[EREPSR V�g Y\�^[&K�REP�� WpV JNJ�`�[p]4JLYiJ�KZPc_lh\P(J V KNYGh\YiJNP kREP8O W ]BYGM k P�JNI2JLK T O W KNY U>V P g [ VBk [^�EKNP�]BY k h5� P;]XJNP;O@�BhGP�REP�J JN[ph V KZY\[^]XJ R�� V ] JLIEJLKNM�OQPh\YG] T(W Y k P^D
��:72={¯°3)7 ���i,��)� � '�4+4).=4%. /�4 &%')# *�, .0/ B0! $+' / 43<=4>$ 7(? # * ! / 	3B ! 9 # AX = B . � * B
?;B $ 9>! 13# A 4 , 	 1 9>! �=#





0 1 2 3
4 5 6 7
8 9 10 11



 ∈M(3, 4). � . /�4 !65+	%9 .0/)4 * B $ 9�B /)4 �(. 9>?;B $ ! . /
τ &%' !5	 1�8 B / 2C#+* B * ! 2 / # 1 #%$�* B * ! 28/�# 2.

��! *-, . / B 4+4 * ! &(')# * B $ 9 B /�4��(. 9>?;B $ ! . / τ � * B?;B $ 9>! 13# !65 #%/)$ ! $ 	 I3 ∈M(3, 3) . / . . $ ! #(/"$ τ(I3)

I3 =





1 0 0
0 1 0
0 0 1



 τ(I3) =





0 1 0
1 0 0
0 0 1



 .

#($�* B $ 9�B /�4��(. 9>?/	 # 5 # A &(')#F/�. ' 4D/ .0$ .0/)4

τ(A) =





4 5 6 7
0 1 2 3
8 9 10 11





4�#%' $ , $ 9 #G. . $ #(/"')# 13. ? ? #F*E#�4 9 . 5 ' ! $ 5 #F* B ?+B $ 9>! 13# τ(I3)A. � 	%9>! � # 9 &(')#




0 1 0
1 0 0
0 0 1
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4 5 6 7
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4 5 6 7
0 1 2 3
8 9 10 11
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tv] � W Y\Kc`;P�KcP�uEP�O g h\PQP�JLKcz T ] T;k�W h%P�KSJ;� T KZP;]XR _0KN[ V KNP�JbhGP�J K kZW ]XJ���[ k O W KNYG[p]XJ T h T �OlP;]>K W Y k P�J�D
� ���X¯��*1('���'5�4� ���i,��i, � . ! $ ' / 4><=4>$ 7%? # * ! / 	 B ! 9 # 4 9
	 4%#(/"$ 	 4%.0' 4;* B �(. 9>? # AX = BB �0#31 A ∈ M(m,n) #%$ τ ' /�# $ 9�B /)4��(. 9>?+B $ ! .0/ 	 * 	(? #(/"$ B ! 9 #�� �"! τ $ 9�B /)4��(. 9>? # A #%/
' /�# ?;B $ 9>! 13# τ(A) #($ * B ?;B $ 9>! 13# !65 #%/)$ ! $ 	 Im 5 # GL(m,R) #(/ τ(Im)

B *E. 9 4
τ(A) = τ(Im)A.

� WQgBk P V �^PbRBPS`�P�KNKNP gBk [ g [^JNY\KNYG[p]�JNP k�W � W Y\KNPcP;] P;u2P k `;YG`;PpD
�*) (*) ( /?0  � � � 0-7 � ;>7 ���6�-�� 58= 9 5 2>03= 7.5 2 �����-B �>5�� 0-;>9<9	�%� 2�B����� �587�


9 B ?/	 $�8�. 5 # 5 '�4 ! �0.0$ 5 #�� B ' 434 � ! 4%# �;$ 9�B /�4��(. 9>? # 9 ' /�4><=43$ 7%? #F#%/ ' /�43<=4>$ 7(? #
4�* ' 4�4 ! ? 4 *:# B ' ? . <8#(/ 5 #G$ 9 B /�4��(. 9>?;B $ ! . /�4 	 * 	%? #(/"$ B ! 9 #>40� � /�13. 9 #�� B ' $ : ! * 4 B �0. ! 9 13#
&(' , . / B 4+4)#%* *:#D' / 43<=4>$ 7(? #�4 ! ? 4 *:#F#%$ &%' B / 5 ! *�� B ' $ B 9>9
, $ # 9 *:#(4�$ 9�B /)4��(. 9>?+B $ ! .0/�40� ��'
4%.0' 4 �(. 9>? # ?;B $ 9>! 1 ! #(* *E#;*:#G4><=43$ 7%? # AX = B #(4>$�' / 43<=4>$ 7(? #F4 ! ? 4�*E# 4 ! * B ?+B $ 9>! 13#
A #>4>$ 9
	35 ' ! $ # B ' 4%#%/�4 5 # * B 5+	 � / ! $ ! .0/ 4>' ! � B /)$ #���G. ' 4 /�. $ # 9 . /�4 min(m,n) *:#? ! / ! ? ' ? 5 # m #%$ 5 # n.



� � � � � ��� ��� � ��� ��� � � � ����� ���� �
	������ ����� �>e
���������! !�#"$� � ' %(' % � /�# ?+B $ 9>! 13# R ∈ M(m,n) #>4>$ 5 ! $ # 9 	 5 ' ! $ # 5 # 9�B /;2 r � 0 ≤
r ≤ min(m,n) � 4 ! #%* *:# #>4>$�. . $ #(/"')# � 4 B09 $ ! 9 5 # * B+?;B $ 9>! 13# !65 #(/"$ ! $ 	 Ir ∈ GL(r,R),5 , ' /�# 4 B 9 $�#(/ B � .0' $ B /"$ m− r * ! 28/�#(4 5 # � 	(9 .04 #(/ .3B 4 5 #G* B ?+B $ 9>! 13# @ 5 , B ' $ 9 # 4 B09 $
#%/ B�� .0' $ B /)$ #%/)$ 9 #+*:#(4 13.0*:. /)/ #>4 j #%$ j + 1 � 4�. ' 9 j B * * B /"$ 5 # 0 � n � ' /�/�. ?-.%9 #
&%')#(*E1 . /�&%')# 5 # 13. *:.0/"/�#(4 5 #F* B �(. 9>? #

















X
X
X���
X
0���
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. � *:#(4 X 9 # 4 9
	 4%#(/"$ #%/)$ 5 #(4 9
	 #%* 4 &%')#(*:13. /�&%')#>4 @ / .0/-�(. 9 1 	%? #%/)$ 	 2 B '+* #%$�. � * B 5 # 9 :
/ !67(9 #F* ! 28/�# .���4%#F$ 9 .0' �0#D' / X #(4>$�* B j 7%? # @ ! *�< B 5 .0/ 1 m− j 0 4%.0' 4D*:#(4 X 5CB /)4
* B 13.0*:. /)/�#34 9 	 1 	35 #%/)$ #��

9 B �(. 9>? # 5 #(4 ?+B $ 9>! 13#>4 9
	35 ' ! $ #(4 #(4>$�' /-4)#(' *:. ' 9�5 # @ 5 . /)/ .0/�4D' / # * # ? 4�*:#34).0' 9? ! #('+*�13. ? 4 9 #%/ 5 9 #G* B 13.0/)4>$ 9 ')1%$ ! . / �
������� ���	��� ' %(' % � /�# ?+B $ 9>! 13# 5 # M(5, 10)

9
	35 ' ! $ # 5 # 9 B /;2 3 4�#%' $ , $ 9 # 5 # * B
�(. 9>? #









0 0 1 X X X 0 X 0 X
0 0 0 0 0 0 1 X 0 X
0 0 0 0 0 0 0 0 1 X
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
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� / #(4>$ 4 B09 $ !�5 #
I3 =





1 0 0
0 1 0
0 0 1



 .

� / B B � .0' $ 	 5 − 3 * ! 2 / #>4 5 # � 	%9 .=4 #(/ .3B 4 5 # * B ?+B $ 9>! 13# #%$G.0/ B 13. ? 4�* 	 $ 	 4 B 9
10 − 3 13.0*E.0/)/ #>40� � ' 9 *-, # * # ? 4�*:# *:#(4 5 #('+*�4 9 # ? !67(9 #(4 1 . *:.0/"/�#(4 . /)$ 	 $ 	 ? ! 4(#(4 #(/
4 9 # ? ! # 9 5 , . � j = 0 #%$�#(* *:#(4F/�# 13.0/"$ ! #%/)/ #(/"$ &%')# 5 #>4 0.

� / 9 # � B / 1 8)# *:#(4F13. *:.0/"/�#(4
4, 5, 6 13. 9>9 #>4 4).0/ 5 #%/)$ � j = 1 #%$ 4).=434 735 #%/)$�#%/ 4 9 # ? !67%9 #F* ! 2 / #D' / X. 6 # ?-,%? # * B
13.0*E.0/)/ # 8 13. 9>9 #(4 4�. / 5 � j = 2 #%$(4).=434 735 # 5 #(4 X B ' 5 #%'+*�4 9 # ? !67%9 #>4F* ! 2 / #>40� � / � /
* B 13.0*:. /)/�# 10 13. 9>9 #>4 4).0/ 5 � j = 3.


������������� � ' %(' % � /�# ?;B $ 9>! 13# 9
	35 ' ! $ # 5 # 9 B /;2 0 #(4>$�* B ?;B $ 9>! 13#G/)' * *:#��
��� � "��������� ' %('#) � . ! $ ' /�# ?+B $ 9>! 13# A 5 # M(m,n).

� * # * ! 43$ #D' / # ?;B $ 9>! 13# ! /$�=# 9 :
4 !�. *:# G 5 # GL(m,R) $ #%* *:#G&%')# GA 4%. ! $�' /�# ?+B $ 9>! 13# 9
	35 ' ! $ #�� � .0' $ #(4�*:#(4 ?+B $ 9>! 13#>4
GA . . $ #%/)')#(4 5 # 13#%$ $ # ?+B / !67(9 # . /)$ ?/,%? # 9�B / 2��



�&r ��� � � � � ��� � � � ��� � �� ����� ��� � �����

� 5+	 # 5 #34 9 #(' �0#� / 13.0/)4>$ 9 ' ! $D* B ?+B $ 9>! 13# G 13. ? ? # ' / 4 9 . 5 ' ! $ 5 # ?+B $ 9>! 13#>4 τ(Im)
B 434%. 1 !�	 #(4B '+* $ 9�B /)4 �(. 9>?;B $ ! . /�4 	 * 	%? #%/)$ B0! 9 #>4 &%')# *-, .0/ B 4�4�* ! &%')# &%' B / 5 .0/ 9
	 4%.0' $ *:#G43<=4>$ 7(? #

AX = B 4 B 9 *-, B * 2 . 9>! $�8 ? # 5 ' 4 ! �=. $ 5 # � B ' 434 �
G.0' 4 B �0.0/)4 5�	�� / ! *:# 9 B /;2 5 , ' / # 9
	35 ' ! $ # 5 # � B ' 434 @ 2 9�� 13# B ' $�8 	 . 9�7%? # ��� � � �

.0/ 4�#%' $ 5�	�� / ! 9 *:# 9�B / 2 5 , ' /�# ?;B $ 9>! 13# &(')#%*:13.0/ &(')#��
���������! #�#" � � ' % ' �  .0' 4 50! 9 . /�4 &(' , ' / # ?+B $ 9>! 13# A ∈ M(m,n) #(4>$ 5 # 9�B /;2 r 4 !
' /�# ?;B $ 9>! 13# 9
	35 ' ! $ # B 4 4%. 1 !�	 # 58B /�4 *:#G$ 8 	 . 9�7%? # ��� � � � #>4>$ 5 # 9 B /;2 r.

� //4 B09 $ ! 1(' * ! # 9 0 ≤ r ≤ min(m,n).� /&� B #%/ � ! 4 B 2 # 9 *:#A1 B 4-4 B 9 $ ! 1%' * ! # 9 5 #>4 ?+B $ 9>! 13#>4 1 B09>9 	 #(4-4).0' 9 *:#(4%&(')#%* *:#(4 * B
4 ! $ ' B $ ! . / #(43$(4�* ' 4D4 ! ? 4�*:#��
��� � " � ��� � � ' %(' % � . ! $ A ' /�# ?;B $ 9>! 13# 5 # M(m,m)

! * < B�	 &(' ! � B *E#(/ 1 #+#%/)$ 9 #G*:#(4
4 9 .�4 9>!�	 $ 	 4 4>' ! � B /)$ #>4�

� � A #>4>$ ! / �0# 9 4 !�. *:# �
� � 9 # 9 B /;2 5 # A #(4>$ m.
�;� � . ' 9 $ .0' $ # ?;B $ 9>! 13# 13.0*:. /)/ # B, *:# 4><=4>$ 7%? # AX = B

B ' / #�4%. * ' $ ! . / ' / ! &%')# �

���� ��� � ��� � ' %(' � 9 # 9�B / 2 5 # A ∈ M(m,m) #>4>$ m 4 ! ' /�# ?+B $ 9>! 1 # 9
	35 ' ! $ # B 434%.�:
1 !�	 # � A / , B 4 B 4 5 # * ! 28/�#(4D/"' * *:#(4 �

���� ��� � ��� � ' %('�� * B 4(#%' *:# ?+B $ 9>! 13# 9
	35 ' ! $ # 5 # M(m,m)

5 # 9�B / 2 m #(4>$�*-, !65 #%/)$ ! $ 	 �
� 9 #%' �=#� . /)$ 9 .0/)4G&(')# � � ⇒ ���� / B � '�&%')#�4 ! A #>4>$ ! / �0# 9 4 !�. *:# * B 4%. * ' $ ! . / ' / ! &%')# 5 ' 4><=4>$ 7(? # #>4>$ 5 . /)/ 	 #54 B 9

X = A−1B.� . /)$ 9 .0/)4G&(')# ��� ⇒ � �
� / � B0! $�. / 5+	%? . /)$ 9 #�* B 13.0/"$ 9�B 4�.04 	 #G1), #(4>$�� 50! 9 #F&%')# 4 ! � � #(4>$ � B '+* B *:. 9 4 ��� #>4>$

� B '+* ��"! *E# 9�B / 2 5 # A #(4>$�43$ 9>! 1%$ # ? #%/)$ ! /�� 	(9>! #%' 9 � m, * BD5 # 9 / !67(9 # * ! 2 / # 5 # A / , #>4>$ 1 . ? :
4�.04 	 #+&%')# 5 # 0, . / 4>'�4+4).=4%#+&%')# G #>4>$ ' /�# ?+B $ 9>! 1 # ! /$�=# 9 4 !�. *E# 5 ' $�8 	 . 9 7(? # ��� � � �

$ #%* *:# &(')# GA = R.
� / 13. /�4 !6587%9 #
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#($ #>434 B <8. /�4 5 # 9
	 4%.0' 509 # *:# 43<=4>$ 7(? # AX = G−1B, 13#(* ' ! 1 ! #(43$ 	 &(' ! � B *:#%/)$ B '�4%#(/)45 #G* B�5+	 � / ! $ ! .0/ � � � � � �
GAX = GG−1B
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&%' ! /�#34�#%' $ , $ 9 # 	 2 B * � B, 5 .0/ 1 AX = G−1B / , B 4 B 4 5 # 4%. * ' $ ! . / �� .0/"$ 9 . /�4�&%')# � � ⇒ � � � . ? ? # /�.0' 4�*-, B �=. /�4�13. /�4>$ B $ 	�58B /�4�* BG9 # ?;B 9 &%')# �;� � � � @
* B 4%#%' *:# ?+B $ 9>! 13# 9
	35 ' ! $ # 5 # M(m,m)

5 # 9�B / 2 m #(4>$�*-, !65 #%/)$ ! $ 	 � � / BF5 . /�1 GA = I5 , .�� A = G−1 #%$ * B+?+B $ 9>! 13# A #>4>$ ! /$�=# 9 4 !�. *E# �
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tv] T K V REY W ]>K�hGP�JjO W K k YG`;P�J�]B[ V J W �p[^]XJ k P�O W&k�U^VXT REP(J gBk [ gBk Y T K T J W&gBg P;h T P(J W hGz T �� k Y U^V P�J�©�RBP·h¡� W RBREY\KNYG[p]lP;KµRBP·h W O V h\KNY g hGYG` W KZY\[^] gXWpkµV ] kNT P;h¡D # P�J gBk [ gBk Y T K T J°JL[^]^K%K k M�J

kZT;gXW ]XR V P(J;D # P;h WSgXkNT JLP�]^KZP�h¡� YG]>K T�k J;K�REP g [ V �^[pY k�T KNP;]4R k PdP;] W ] W h\IEJNP@¤)�p[pY k `�[ VXk J�J VBkhGP�J·J V YoKZP�J�¥²©>z T [^O T K k YGPp© g y>IEJNY U>V PdREP�J kZT J V hoK W K�J U>V P h5� [p]0`;[p]B] W � K g [ VBk h\P(J�O W K k YG`;P�J�D
��),+-).+ � 5 � B 58;�= 9 5 B � 	��'D 	�B<="� 5
tv] g y2IEJLY U>V P g [ VBkck P gBkZT JNP;]>KNP k hGP�Jd��[ k `;P�Jb[ V hGP�Jb�2Y\KNP�JZJNP�JdP�KSP�]az T [pO T K k Y\P^©*[^]R T;n ]BY\KbRBP�J �pP�`�KNP VBk J U>V P@h¡� [p] gBk P;]4R kZW YG`;Y#KZ[ V J W �pP(` V ]BPQ[ k YGzpYG]BP�`�[^OlO V ]BP 0.

� ]
`;[p]B] W�� K W h\[ k J�REP V u0[ g*T;k�W KZY\[^]XJ�J VXk h\P(Jj�pP(`²KNP VBk J;D
�l % #')��')�*� � ��<��*3)78 %" ¯%AE��AB353)/23)�	�4��AX=�=�7��
� WQk M;z^h\PcR V gXWpkZW h\h T hG[pz kZW OQOlP g P k OlP�K�REPSR T�n ]BY k h W JN[pOlOlP

~OM + ~ON = ~OP

� ]�� T;k Y n P U>V PL
~OM + ~ON = ~ON + ~OM¤ # [pOlO V K W KNYG�>Y\K T D ¥L

( ~OM + ~ON) + ~OP = ~ON + ( ~OM + ~OP ).¤)��JZJN[2`;Y W KNYG�2YoK T D ¥L � � T h T OlP;]>K�]XP V K k Pd`�[ kZk P�J g [^]XR W&V �^P�`²KZP VBk [ H h¡� P�u2K kZT OlY\K T P(J�K�`�[^]E��[p]XR V P W �pP(`h5� [ k Y\z^Y\]XP O, [p]�]B[&KZPS`�Pb�pP(`²KNP VBk ~O.L ¦ h:P�uEYiJ�KZP V ] JNI2O T K k Y U^V Pp© W&gXg P�h T �^P�`²KZP VBk [ gBg [>J TcU>V Y:P(J�K�KZP;h U>V P
~OM ′ + ~OM = ~O = ~OM + ~OM ′

sXF



s � ��� � � � � ��� � � ��� � � � �� � � � � � ������� �

O

N

M

P

������� xXDGF L fjM;z^h\PcR V gXWpkZW h\h T hG[pz kZW OQOlP^D

M’

M

O

������� xXD � L ´µP(`²KNP VBk [ gXg [>J T D
� T [pO T K k Y U>V P;OlP;]>Kj[p] gBk P;]4R M ′ JNI2O T K k Y U^V PbRBP M gXWpk·k�W&gXg [ k K�_ O.� � P;]XJNP;O@�BhGPbRBP�J��pP(`²KZP VBk JjR V g h W ]�O V ]BY#REPch5� W RXREYoKZY\[^]�P(J�K V ]�z k [ VBg Pd`;[pOlO V K W KZYo��D

� "%3���')¯%35')$^AE��'5�4�6¯%AB�0"#� ��/2723
L g [ VBk λ > 0,

JNY ~OM ′ = λ ~OM, M ′ P�JLK�[p�EKZP;] V P�] � W YGJ W ]>K V ]BPdyB[pOl[&KZy T KZY\PbREP`;P;]>K k P O P;K�REP kZWpgBg [ k K λ
M’

M

O

������� xXD s L ~ V hoKZY g hGYi` W KZY\[^] gXW&k �BD
L g [ VBk λ < 0,

[^] � W YoK V ]BP JNI2O T K k Y\P gXWpkdk�W&gXg [ k Kc_�h5� [ k Y\z^Y\]XP O g [ VBk [p�EKZP;]BY k
− ~OM = (−1) ~OM, gBV YiJS[p] � W YoK V ]BP V ]BP yX[pOl[&KZy T KZyBY\P�REP `�P�]^K k P O P;K@REP
k�W&gBg [ k K |λ| g [ VBk [^�EKNP�]BY k λ ~OM.

-072=�AE� � "%7 ¬��5�"�5� � / � 	(9>! � # *:#>454 9 . 4 9>!�	 $ 	 4�4).0' 9 $ .0' $ λ, µ 5CB /�4 R 
� �·� 	

1. ~OM = ~OM,



� � � � � � �  � � ���� � � � � � ����������� s^s
� �µ,�	

λ(µ ~OM ) = (λµ) ~OM,
� �°��	

λ( ~OM + ~ON ) = λ ~OM + λ ~ON,
� �%¬ 	

(λ+ µ) ~OM = λ ~OM + µ ~OM.

� #(4�4 9 .�4 9>!�	 $ 	 4+4%.0/)$ 13. ? ? ' / #>4 B �=#31 13#(* *E#>4 . . 4%# 9 � 	 #(4�4�. ' 9 (M(m,n),+, .) . � .
#(4>$�* B ? ' * $ ! 4�* ! 1 B $ ! . / 4 B09 ' / 9
	 #(* �
��),+-) ( �
	 �� � B����� 0-7���	 	>=)� � ;�5
 /��%�%'��(')�*�6¬ �)���)� � / 50! $�&%' , ' /�#%/�4%# ?-. *:# E ? ' / !�5 , ' /�# BC5850! $ ! .0/ @ #%$ 5 , ' /�# ? ' * :
$ ! 4�* ! 1 B $ ! . / 4 B09 ' / 9 	 #%* @ #(4>$�' / #(4 4 B 13# �0#31($ . 9>! #%*�4 ! #%$�4%#%' *:# ? #%/)$ 4 ! A�	

(E,+) #(43$�' /72 9 .0'�4)#G13. ? ? ' $ B $ ! � @ 1), #(4>$5� 5 ! 9 #34�. ' 9 $ .0' $ u, v, w ∈ E #($ λ, µ58B /)4 R 
��A�� 	

(u+ v) + w = u+ (v + w),
��A4,�	2! * #
* ! 4>$ #F' / 	 * 	%? #%/)$�/�#%' $ 9 # 0E &%' ! � 	(9>! � # 0E + u = u+ 0E = u;
��AX��	 $ . ' $ u BC50? #($;' / 	 * 	%? #%/)$ 4>< ?-	 $ 9>! &(')# /�. $ 	 (−u) ∈ E $ #%* &(')# u +

(−u) = (−u) + u = 0E;
��AB¬ 	

u+ v = v + u;

#($ *:#(4 4 9 . 4 9>!�	 $ 	 4
� 	 � ��� 	

1.u = u
� �v,�	

λ(µu) = (λµ)u
� �µ��	

λ(u+ v) = λu+ λv
� �°¬�	

(λ+ µ)u = λu+ µu.

� ] g P V K JNP g [>JLP k h W U>V P(J�KZY\[^]8REPSJ W �^[pY k�g [ VBkZU>V [^Y�h\P(JjO W KZy T O W KZYG`;Y\P�]XJj[^]^K k P�KZP;] V`;P�J gXk [ gBk Y T K T J�P�K gXW J R�� WpV K k P�J�D ��]BP kNT�g [^]XJLP@P�JLK U>V P@h5� P�u g*T;k Y\P�]X`�P@OQ[^]>K k P U>V P@`;PJN[p]>Kjh\P(J g h V J V KZY\hGP�J�D\DGD

��),+-) � � ��58D 2 7 589
M(m,n)

%�[ V J W �^[p]XJ � T;k Y n4T R W ]4J�h W gXW&k KNYGP?sBDGF U>V P (M(m,n),+, .)
P�JLK V ] P(J g4W `�P�^P�`²KZ[ k Y\P�h5D%tv] gXWpk KZYG` V h\YGP k JNY n = 1,

h¡� P;]XJNP;O@�Bh\P
M(m, 1)

REP�JlO W K k Yi`�P(Jl`�[phG[p]X]BP�J

u =






u1DDD
um




 v =






v1DDD
vm





O V ]BYGP�JjRBPch5� W RBRBYoKZY\[^]

u+ v =






u1 + v1DDD
um + vm








s&x ��� � � � � ��� � � ��� � � � �� � � � � � ������� �

P�K�REPbh W O V h\KNY g hGYG` W KZY\[^]

λ.u =






λu1DDD
λum






P�JLK V ] P�J gXW `;Pd�^P�`�KN[ k YGP;h¡©>[^] gXW&k h\P W&V JNJNY:R W ]4Jj`�PS` W JjREPb�pP(`²KNP VBk Jj`�[phG[p]X]BP�J�DH2Y
m = 1

[p] k P;K k [ V �^P R
n h¡� P�]XJLP�O��BhGPcREP�J n � VBg h\P;KZJ x =

(
x1 . . . xn

) [ V RBP�JO W K k Yi`�P�J%hGY\z^]BP�J�D^� ]Q�pP kZk�W�U>V P R
n P(J�KµhGP�OQ[EREM�h\PjREPj�*P WpV `�[ VBg R�� P(J g4W `�P(J%�pP�`�KN[ k YGP;hiJ;D

� �*3�9:���4=?7>1Q %78 #7��4��/ ')� � />��')72"#� �
3.

� ] REYGJ g [^JNP R�� V ]BP W RBREY\KNYG[p]§P�K�R�� V ]BP�O V hoKZY g hGYi` W KZY\[^]§] W K VBk P;hGh\P J VBk hGP�J g [^h\I>�]B£pOlP(J;D ��] g [phGI2]B£pOlPcREPSREP�z kZT YG]E� T�k YGP VBk [ V�T z W h�_ 3
J�� T ` k Y\K

P (x) = ax3 + bx2 + cx+ d

g [ VBk a, b, c, , d REP(J kZT P;hiJ U>V P;hi`�[^] U>V P�J T �pP;]>K V P;hGh\P�OlP;]>Kj] V hGJ�D�%�[pKN[^]XJ
Q(x) = a′x3 + b′x2 + c′x+ d′

V ]�REP V uEY\M�OQP g [^h\I2]B£^OQP�REP0REP�z kZT Y\]E� T�k YGP VXk _ 3.
� ]�R T�n ]BYoKQh5� W RXREYoKZY\[^]�REP�J g [^h\I>�]B£pOlP(J gXW&k

(P +Q)(x) = (a+ a′)x3 + (b+ b′)x2 + (c+ c′)x+ (d+ d′),
¤�xXDGF(¥

U>V Y:P�JLK�h¡� [ g4T�kZW KNYG[p] `�h W JZJLY U>V PpDEm PSO�J;OlPp©Bh W O V h\KNY g hGYG` W KZY\[^] g4W&k�V ] kZT P�h�P�JLK�R T�n ]XY\P
gXW&k

(λP )(x) = (λa)x3 + (λb)x2 + (λc)x+ (λd).
¤�x4D �^¥

� � P;]XJNP;O@�BhGP�REP�J g [phGI>]X£pOlP�J�REP REP�z kZT YG]E� T;k Y\P VBk [ V T z W hX_ 3
O V ]BY*RBP `�P(J�[ g4T�kZW KNYG[p]XJP�JLK V ]aP(J g4W `�PQ�pP(`²KZ[ k Y\P�h5D�H2Yvh¡� [^]aJNP k P g [ k KZPQ_�h W R T;n ]BY\KNYG[p] R�� P�J gXW `;P@�^P�`²KZ[ k Y\P�h5©�[^]`�[^]XJ�K W KZP U>V P�h¡� [^] W y V Y\K gBk [ gBk Y T K T Jµ_ Ol[^]^K k P k D %�[ V J°]BP���P k [^]XJ gXW Jµ`�P�J°� T;k Y n ` W KZY\[^]YG`;Y5©B_ ` W&V JNPbREPch\P VBk ` WpkZW `²KZM k P�� W JLKNYiREYGP V u�O W YiJ�]B[ V J W h\hG[p]4J�Ol[^]^K k P k h5� W JZJL[E`;Y W KNYG�>Y\K TREP·h5� W RBRBYoKZY\[^] g [ VBk `;[pO gBk P;]XR k P g [ VXkZU>V [^Y>P�h\hGP�J°JN[p]>K°� k�W YGP�J�D # P;h W�g P k OlP�KLK kZW REP��p[^Y k

W&V JZJNY:`�[pOlOlP;]>K kZT REYGzpP k `;P�J�� T;k Y n ` W KZY\[^]XJ;DBH2[^YoK
P (x) = ax3 + bx2 + cx+ d,

Q(x) = a′x3 + b′x2 + c′x+ d′P�K
R(x) = a′′x3 + b′′x2 + c′′x+ d′′

K k [pYiJ g [phGI>]X£pOlP�J:RBP�REP�z kZT J 3 U>V P�hG`;[p] U>V P(J;D � [ VBk!T K W �Xh\Y k ��A:� 	 ]B[ V J:REP��p[p]4J�Ol[p]>K k P k
(P +Q) +R = P + (Q+R).

�·Y\P�] U>V P �p[ V J V KNYGh\YiJNY\P�� `;P�KNKNP gBk [ gBk Y T K T J VBk h\P(J g [^h\I2]B£^OQP(J REP gBV YGJ hG[p]BzpKNP�O g J;©
W JLK k P;YGzp]B[^]XJL�¡]B[ V J _�h W � T;k Y n P k `;[pOlOlP V ] ��VBk YGJLKNP W&gBg hGY U^V P V ]BP k M;zphGP REP R k [pY\K�©



� � � � � � �  � � ���� � � � � � ����������� s��
P�] ]:� V KNYGh\YiJ W ]>K U>V P�hGP�J gBk [ gBk Y T K T JvREP(J kZT P�hGJ�P�K�hGP�J·R T;n ]BY\KNYG[p]XJ·REP�J�[ g*T;k�W KZY\[^]XJ�J VBk hGP�J
g [phGI2]B£pOlP�J U>V Pc]B[ V J��pP�]B[p]4JjREP kZWpgBg P�h\P k DBm@� W �*[ k R

(P +Q)(x) = (a+ a′)x3 + (b+ b′)x2 + (c+ c′)x+ (d+ d′)

P;KjJNY:[^] WpgBg hGY U>V Pc_l]B[ V �pP W&V h WQk M�zphGP ¤�xXDGF(¥�[^]�[^�EKNYGP;]>K
((P+Q)+R)(x) = ((a+a′)+a′′)x3+((b+b′)+b′′)x2+((c+c′)+c′′)x+((d+d′)+d′′).

� ] V KNYGh\YiJNP W h\[ k J%h¡� W JNJN[E`�Y W KZY\�2Y\K T·g [ VBk h\P(J°]B[pO@� k P(J kNT P;hiJ (a+a′)+a′′ = a+(a′+a′′).# [^OQOlPc`�P;KLKZP k M�zphGPdJ�� WpgBg hGY U>V P WpV JNJNY��BYGP;] g [ VBk hGP�J b hGP�J c [ V h\P(J d [p] [p�BKNYGP;]>K
((P+Q)+R)(x) = (a+(a′+a′′))x3+(b+(b′+b′′))x2+(c+(c′+c′′))x+(d+(d′+d′′)).

~ W Y\]>KZP;] W ]^Kj[^]�`;[p]XJLK W KNP U>V P
(Q+R)(x) = (a′ + a′′)x3 + (b′ + b′′)x2 + (c′ + c′′)x+ (d′ + d′′)

P;K U>V P
(P+(Q+R))(x) = (a+(a′+a′′))x3+(b+(b′+b′′))x2+(c+(c′+c′′))x+(d+(d′+d′′)).

# P�h W Ol[p]>K k Pdh WlgBk [ gXk Y T K T �LA�� 	 D�·KLKZP;]>KNYG[p]@R W ]XJ#hGP�J:P;uEP k `�Yi`�P�J![ H�`;P�J!� T;k Y n ` W KNYG[p]XJ:JN[p]>K°REP;O W ]4R T P(J;©�[p]SP(J�K%[p�BhGY\z TR�� J�K k P WpV JNJNY g [pYG]^KZY\hGhGP V u g [ VXk [p�EKZP;]BY k hGP�J g [pYG]^K�J�REPbh¡� P;u2P k `;YG`;P I� [ VBk K W ]>KlJNYj[p] k P gBk P;]XR?h W � T�k Y n ` W KNYG[p]6REP ��A�� 	 © V ]BP P�u g hGYG` W KNYG[p] k�W&g YiREP REYo�
k�W Y\K � U>V P@h¡� W JZJL[E`�Y W KZY\�2Y\K T J VBk R

P;]>K k�W � ]BP@`;P;hGh\PlREPlh¡� W RBREY\KNYG[p] g [ VXk hGP�J g [phGI2]B£pOlP�J��²Dtv] k P�� W ]X`�yBPSR W ]XJ�h W J V Y\KNP�R V `�[ VXk J�©B[p] T K W �Bh\Y k�W U^V P@REP(J�P;]4JLP�O��BhGP�J JL[^]^K�RBP�J P�JL�
gXW `�P(Jµ�pP(`²KN[ k YGP;hiJ°P;] V KNYGh\YiJ W ]>K�REP(J gBk [E` T R T J g h V J kZWpg YGRBP�J�D � [ VBk h5� Y\]4J�K W ]>K�©^]B[ V Jv]B[ V J`;[p]>KNP�]^KZP k [p]XJdR�� W REOlP;KLK k P U>V P h\P(J W&V K k P(Jd� T;k Y n ` W KNYG[p]XJ � O Wpk `�yXP;]>K��Q`;[pOlOlPlh5� W JZJL[p�`;Y W KNYG�>Y\K T D � � P;]XJNP;O@�Bh\PdREP�J g [phGI2]B£pOlPbREPdRBP;z kZT YG]E� T�k YGP VBk [ V�T z W h�_ 3

]B[&K T R3[x]
P�JLK

V ]aP�J gXW `;P��^P�`²KZ[ k Y\P�h5©*h¡� YG]XREYi`�P 3
`;[ kZk P(J g [p]4R W&V REP;z kNT O W uEY\O W h°REP(J g [phGI2]B£pOlP(JdRBPh¡� P(J g4W `�P��pP�`�KN[ k YGP;h*P�K·h\PbJLI2O@�4[^h\P R kZWpgBg P;hGh\P U^V P�hGP�J�`�[2P � `;Y\P�]^K�J�JN[p]>K kNT P;hiJ;D�%�[&KZ[p]XJ

U>V Pch¡� T h T OlP;]>K�]BP V K k P�REPS`�P;K�P�J gXW `�Pb�pP(`²KN[ k YGP;h�P(J�K h\P g [phGI2]B£pOlPc] V h U>V Y#P�JLK�[p�EKZP;] VP�] � W YGJ W ]>K a = b = c = d = 0
R W ]XJbh W�gBkZT JNP;]>K W KNYG[p]az T ] T;k�W hGP@REP(J g [^h\I2]B£^OQP(JbREPREP�z kZT YG]E� T�k YGP VBk [ V T z W h�_ 3

P (x) = ax3 + bx2 + cx+ d,

`;P g [phGI2]B£pOlP·P�JLKvJL[ V �pP�]^K°]B[pK T 0(x)
P�KµP;] k P gBk P;] W ]>K%h W R T�n ]XYoKZY\[^]�¤)xXDGF(¥#[p]l`�[^]XJ�K W KZP

W YGJ T OlP;]>K U>V P g [ VBk KN[ V K g [phGI>]X£pOlP Q
(0 +Q)(x) = (Q+ 0)(x) = Q(x).

� 7>1Q¯��*3�9:���*=�721� %78 #7��4��/87 �:AB$p��72=�72��� /��4AB3 �
3 � $p7�� �\721���¯°AB1 "%�§7>1�¯°AB$p7±*7>$p���4��')723

¦ h�P(J�KQ`�h W Y k�U>V P ]B[ V J W �p[^]XJc`�yB[^YGJNY W&k �BY\K k�W Y k P�OlP;]>Kch\P0RBP;z kZT 3
R W ]XJSh¡� P;uEP;O g hGP

gBkZT ` T REP�]>K�D � P(J g [phGI2]B£pOlP(J#REP�REP�z kZT YG]E� T;k Y\P VBk [ V�T z W h>_ 4, 5,
[ VSg h V J%z T ] T�kZW h\P�OQP�]>K



sp« ��� � � � � ��� � � ��� � � � �� � � � � � ������� �

V ]0P�]>KNYGP k�n u T n JN[p]>K W&V JZJLY*REP�J·P(J gXW `�P(J��^P�`²KZ[ k Y\P�hGJ�D^�#[ V KNP�J·`�P(J k P;O WpkZU>V P(J�RE[^]B]BP;]>Kh5� YGO gXk P(JNJNY\[^] U>V P�KN[ V Jµh\P(JµP�J gXW `�P�J%��[ k O T Jv_ gXW&k KNY k REP(J g [phGI>]X£pOlP�JµJN[p]>K�REP(JµP�J gXW `;P�J�pP(`²KN[ k YGP;hiJ�D # P;h W P�JLKj� W&V u�©XOl[^]^K k [^]XJL�¡hGP gXW&k�V ] `;[p]>K k P�� P�uEP�O g h\P^D # [p]XJNYiR T;k [p]XJ·h¡� P�]E�JLP�O��BhGPSREP(J g [^h\I2]B£^OlP�JjREP�RBP;z kZT P�u W `�KNP�OQP�]>K T z W h:_ 3
O V ]BY%REPch W O J�OlP W RBREY\KNYG[p]P�K�REP�h W O�J;OlPdO V h\KNY g hGYG` W KZY\[^] U>V P gBkZT ` T REP�OlOQP�]>K�DB� ] � T�k Y n P k�W J W ]XJ gBk [^�BhGM;OlP�hGP�J

gBk [ gBk Y T K T J �LA�� 	 © �LAB¬�	 © � �·� 	 © � �v,�	 © � �µ��	 P;K � �°¬�	 D � [ VBk K W ]^KS`;P�KcP;]XJNP;O@�BhGPQ]!� P(J�K
gXW J V ] P�J gXW `;P��^P�`²KZ[ k Y\P�h#` W&k h W JL[^OlOQPQREPlREP V u g [phGI2]B£pOlP(JdRBPQREP�z kZT 3 g P V KL� J�K k PREP RBP;z kZT YG]E� T;k YGP VBk _ 3.

� ]0REY\KjR W ]XJ·`�Pd` W J U>V P�h¡� W RBREY\KNYG[p]0]:� P(J�K gXW J V ]BP [ g*T;k�W KNYG[p]Y\]>KZP k ]BPpD
 �%1(7>= �°3)7� #721 � �4�%$&�(')�*�#1Q��/27>353)721
� � P;]XJNP;O@�Bh\P�REP�JS��[p]X`�KNYG[p]XJ@RE[p]>K�hGP0RE[^O W Y\]XP REP�R T;n ]BY\KNYG[p]{P(J�K V ]�Y\]>KZP k � W h\hGP I¤)`;P8]:� P(J�K gXW J V ]XP `�[^]XREY\KNYG[p] P�JZJLP�]^KZY\P�h\hGP8O W YiJ `�P�h W g P k OlP�K�REP n u2P k h\P(J YiR T P(JZ¥ _� W hGP VBk J kNT P;hGh\P(J�P�JLK V ]�P(J gXW `�Pb�pP(`²KZ[ k Y\P�h*O V ]BY:REPbh¡� W RBREY\KNYG[p] P�K�REPbh W O V h\KNY g hGYG` W KNYG[p]REP�Jc��[p]X`�KNYG[p]XJ�D°� ] ]B[pKNP k�W `�P;K�P�J gXW `�P �pP(`²KZ[ k Y\P�h F(I,R).

f WpgBg P�h\[^]XJSR�� W �*[ k R U>V PREP V u ��[p]X`�KNYG[p]XJ f P�K g JN[p]>K T z W hGP�J�JLY!P�K�JNP V hGP;OlP;]>K�JNY
f(x) = g(x)

g [ VBk KN[ V K x ∈ I.
� [ VBk KN[ V KNP�JbhGP�Jc��[p]X`�KNYG[p]XJ f, g, [p]{R T�n ]BYoKSh W JN[pOlOlPlRBP REP V u��[p]X`�KNYG[p]XJ

f + g
P�KSh W O V h\KNY g h\Yi` W KNYG[p] REP f gXWpkcV ] kNT P;h λ P;] g [^J W ]>K g [ VBk KN[ V K x

kNT P;h
(f + g)(x)

def
= f(x) + g(x); (λf)(x)

def
= λf(x).

¤)xXD s^¥
# [pOlOlPQR W ]XJbh¡� P;uEP;O g hGP R3[x]

]B[ V JdRBP;�p[^]XJd� T�k Y n P k y V Y\KZJ gBk [ gBk Y T K T J;©*]B[ V JbOl[p]E�K k P k [p]XJbYi`�Yd¤ �µ� ¥SP;]{h W YiJNJ W ]>KchGP0JL[^Y\] WpV h\P(`²KNP VBk RBP � T;k Y n P k hGP�J W&V K k P(J gBk [ gBk Y T K T J;DH2[pY\K V ] kNT P;h λ, f, g REP V u ��[p]4`²KNYG[p]4Jj]B[ V JjREP;�^[p]XJ·Ol[p]>K k P k
λ(f + g) = λf + λg.

# [pOlOlPc`&� P�JLK V ]BP T z W hGYoK T P�]>K k P ��[^]X`²KZY\[^]XJ�©XRE[p]X]B[p]XJL� ]B[ V J x ∈ I kNT P;h�P;K�` W hi` V h\[^]XJ
[λ(f + g)](x) = λ× (f + g)(x)

[p] WQV KNYGh\YiJ T ¤�xXD s^¥�h W R T�n ]BYoKZY\[^]8REPbh W O V hoKZY g hGYi` W KZY\[^]8R�� V ]BPb��[p]X`�KNYG[p] gXWpk λ;
= λ× (f(x) + g(x)),

[p] WQV KNYGh\YiJ T ¤�xXD s^¥�h W R T�n ]BYoKZY\[^]8REPbh5� W RBRBYoKZY\[^] RBPbRBP V u���[p]X`�KNYG[p]XJ�©
= λ× f(x) + λ× g(x)

`&� P�JLKjh WlgBk [ gXk Y T K T REPSR T �pP�h\[ gBg P;OlP;]>K�R�� V ] gBk [ER V YoK g [ VBk RBP�J kZT P;hiJ�©
= (λf)(x) + (λg)(x)

[p] WQV KNYGh\YiJ T ¤�xXD s^¥�h W R T�n ]BYoKZY\[^]8REPbh W O V hoKZY g hGYi` W KZY\[^]8R�� V ]BPb��[p]X`�KNYG[p] gXWpk λ;
= (λf + λg)(x)



� � � � � � �  � � ���� � � � � � ����������� s2e
[^] WSV KNYGh\YiJ T ¤�xXD s^¥%h W R T;n ]BY\KNYG[p] REP�h5� W RBRBYoKZY\[^]lRBP�REP V u@��[^]X`²KZY\[^]XJ;D # [pOlOlPjh5� YiREP;]>KNY\K TP(J�Kj� kZW Y\P g [ VBk KZ[ V K x ∈ I [p] WQT K W �BhGY�h¡� T z W hGY\K T REP�Jj��[p]X`�KNYG[p]XJ

λ(f + g) = λf + λg.

� � T h T OQP�]>K�]XP V K k P g [ VBk h¡� W RBREY\KNYG[p]8R W ]XJ�hGPcz k [ VBg P F(I,R)
O V ]BY!RBPch5� W RBRBYoKNYG[p] P(J�Kh W ��[p]X`�KNYG[p]�] V h\hGPSR T�n ]BY\P g4W&k

0(x) = 0
¤)xXD x>¥

g [ VBk KZ[ V K kZT P�h x ∈ I.
��),+-) � � =�� 24=)��	�B 	�9 	87�	�DE5  B 0 � = 589 ��= 0 � 589 2 � ;>= B �';>9 7 589 589 2>0 � 589

� 5 � B � =)�.587.9
H VBk KN[ V JvhGP�J�P�J gXW `;P�Jµ�^P�`²KZ[ k Y\P�hGJ°[^] REYiJ g [^JNP�REP k M;z^h\P(JvREP�` W hi` V h U^V P�h5� [p] `;[p]B] W � K�BYGP;] R W ]XJ R.

�#� W ]>K�`�P;h W © ]B[pKN[p]4J V ]BPS`�[^]>�^P;]>KNYG[p]�R�� T ` k Y\K VBk PpD
 /��%�%'��(')�*�6¬ �)���i, �"!

u #%$ v 4%.0/"$ 5 #%'+* 	 * 	%? #%/)$ 4 5 # *-, #(4 4 B 13# �0# 1%$ . 9>! #%* E, . / /�. $ #
u− v

def
= u+ (−v)

. � (−v) #>4>$ *:# 4>< ?/	 $ 9>! &%')# 5 # v.
� ���4¯��41('��(')�*�6¬ �)���)� � .0' 9 $ .0' $ λ 9 	 #%* #%$ u 	 * 	(? #(/"$ 5 #G*�, #>4 4 B 13# �=#31%$ . 9>! #(* E

λ.0E = 0E
¤�x4D �^¥

λ.(−u) = (−λ).u = −(λ.u)
¤�x4D «>¥

0.u = 0E
¤�x4D ep¥

{λ.u = 0E} ⇔ {λ = 0 . ' u = 0E}
¤�x4D r>¥

� k P V �^P~8[^]^K k [^]XJ�R�� W �*[ k R g [ VBk λ kNT P;h:P;K v, w T h T OlP;]>K�JjREPch5� P�J gXW `�Pb�pP(`²KN[ k YGP;h E
λ(v − w) = λv − λw,

¤�x4D �>¥
[AH�hGPcJLYGzp]BP

−
�pP V K�REY k P U>V Pch5� [p] W RXREYoKZY\[^]B]BPchGPcJLI2O T K k Y U>V PcREP λw. tv] P!F�P�K

λ(v − w) + λw = λ[(v − w) + w]
¤ �°� ¥

= λv
¤ A � ¥·P;K�¤ A6� ¥

RE[^]X`
λ(v − w) + λw − λw = λv − λw

P;K
λ(v − w) = λv − λw

¤ A � ¥·P;K�¤ A6� ¥
.



spr ��� � � � � ��� � � ��� � � � �� � � � � � ������� �

H2Y:[^] gBk P;]4R v = w
R W ]4Jc¤�xXD �^¥�[^]�[^�EKNYGP;]>K

λ.0E = λv − λv = 0E
¤ A � ¥

P�K�¤)xXD �p¥�P�JLK�R T Ol[^]^K kNT DH2Yµ[p] gBk P�]XR v = 0E
R W ]XJQ¤�xXD �^¥�[p] W λ(−w) = −(λw)

¤
−
�pP V KdREY k P T h T OlP�]^KJLI2O T K k Y U>V PcR W ]4J�h\Pcz k [ VBg P (E,+)

¥�DX~ W YiJ�[p] g P V K WpV JZJLY�Ol[p]>K k P k
(λ− µ)v = λv − µv

¤�xXDGF�}>¥
¤ � P gBk P;OlY\P k JNY\z^]BP − `�[ kZk P�J g [^]XRl_bh W JN[ V J�K kZW `²KNYG[p]lREP(J kZT P;hiJ�©&h\P JLP�`;[p]XRl_ch¡� T h T OlP;]>KJLI2O T K k Y U>V PcR W ]4J�h\Pcz k [ VBg P (E,+).

¥�� k
(λ− µ)v + µv = [(λ− µ) + µ]v = λv,

R�� W&gBk M�Jb¤ ��¬ ¥ gBV YiJjh¡� W RBREY\KNYG[p] R W ]4J R,
RE[p]4`

(λ− µ)v = λv − µv,

[p] WlW�� [ V K T −µv REP�JjRBP V u `�[&K T JjREPbh W REP k ]BYGM k P T z W h\Y\K T P�K V KNYGh\YiJ T ¤ A�� ¥²©!¤ AX� ¥;DH2Y:[p] gBk P;]4R λ = 0
R W ]XJc¤)xXDGF�}>¥�©B[p] [^�EKNYGP;]>K

(−µ)v = −(µv).

� ] W Ol[p]>K kNT ¤�x4D «>¥²DH2Y:[p] gBk P;]4R λ = µ
R W ]XJc¤)xXDGF�}^¥²©B[p]�[p�EKZY\P�]>K

0.v = 0E

U>V Y:P�JLKS¤�x4D ep¥²D� ] W RE[^]X`jOl[p]>K kZT ¤)xXD �p¥²©�¤�x4D «>¥�© ¤�xXD e&¥²©^YGh k P�JLKNP _c�p[^Y k h¡� Y\O g hGYG` W KZY\[^] ⇒ RBP�¤�x4D r>¥²D
H VBgBg [^JN[p]XJ λv = 0E

JLY
λ = 0

YGh!]:� I WlgXW J REP gBk [p�Xh\M�OQP^©XJNY\]B[^] λ W V ]�YG]>�^P k JLPR W ]4J R
P;K

(1/λ)(λv) = ((1/λ)λ)v = 1v = v
O W YiJ gXW&k�W Y\hGh\P VBk J

(1/λ)(λv) = (1/λ)(0E) = 0E`�P U>V Y!`;[p]X`;h V Kjh WlgBk P V �^PpD# [p]X`;h V JNYG[p] ¢:[p] REYiJ g [^JNP REP(JcO�J;OlP k M�zphGP�JcREP ` W hi` V hvR W ]XJ (E,+, .) U>V P R W ]XJ
(R,+, .).

� � � � �  � ������ � � " ��� � � � ��� ��*8����������� � ��� � ���� ��� � 8��
��) (*),+ � @�9AB C8D 589 � 	��	8= 0 B<5�;�= 9
m W ]XJjhGP�J�P�J gXW `�P�J��^P�`�KN[ k YGP;hiJ�[^] g P V K�`�[EREP k hGP�J��^P�`�KNP VXk Jj`;[pOlOlPbRBP�Jj`�[^O��BYG] W Yo�JL[^]XJ�hGY\] T(W Y k P(J�R�� V ] g P�KZYoK ]B[pO@� k PbREPc�^P�`²KZP VBk J�D



� � � � ����� ����� �� � � 	����������  ���
�

����� ����� ����� � � ���� ��� � ��� �� s^�
 �:72={¯%357�¬ �i,��)� � / 1 . 5 # 58B /�4 R3[x] $ .0' 4�*:#(4�4).0* <0/�� ? #>4 B �0#31G&%' B $ 9 # 9
	 #%* 4D#%$�*E#>4
&%' B $ 9 # ? . /�� ? #(4 P0(x) = 1, P1(x) = x, P2(x) = x2, P3(x) = x3.

� / # � #%$ $ . ' $
4).0* <0/�� ? # 5 # 5 # 2 9 	F! /�� 	(9>! #%' 9 .0' 	 2 B * � �+4�, 	 1 9>! $

P = aP3 + bP2 + cP1 + dP0

B �=#31 a, b, c, d 9
	 #(* 4 � � #;&%' ! 4 ! 28/ ! � #
P (x) = ax3 + bx2 + cx+ d.

� ] REYGJ g [^JNPSR�� V ]BPSR T�n ]BYoKZY\[^] U>V Y T KNP�]XR `�P;KLKNP gXk [ gBk Y T K T R W ]XJjhGPc` W R k Pbz T ] T�kZW h5D
 /��%�%'��(')�*�6¬ �i,��)� � / 50! $�&(')#D*E# 4><=4>$ 7%? # (v1, . . . , vp) #>4>$ 2 	 / 	%9�B $ #(' 9 4 ! $ . ' $ �0# 10:
$ #(' 9 v 5 # *�, #>4 4 B 13#��0# 1%$ . 9>! #%* 4�#%' $D4�, 	 1 9>! 9 # 13. ? ? #�' /�# 13. ?/.%! / B0! 4%. / * ! / 	3B ! 9 # 5 #(4
�0#31($ #(' 9 4 v1, . . . , vp 

v = λ1v1 + · · ·+ λpvp =

p
∑

i=1

λivi

B �=#31 λi ∈ R 4�. ' 9 i = 1 � p.
-�7>=?AE� � "#7 ¬ �i,��)� � .0' 9 &%'). ! 4><=4>$ 7%? # #%$ /�. / 4 B 9 $ ! #F. '�#%/�4%# ?-. *:# 5 # V ?

� / 4 B 9 *:#5 # 4><=4>$ 7%? # &%' B / 5 ! * 4)#%' $�< B �=. ! 9 5 #(4 9
	 4 	 $ ! $ ! .0/)4 13. ? ? # 58B /�4 (v1, v1, v2) 13# &%' !
/ , #(43$(4 B 454�.04 4 !�. *:# 4�. ' 9 *:#(4F#%/�4%# ?-. *:#(40�
-�7>=?AE� � "#7 ¬ �i,��i, G.0' 4G43'�4�4�.04%.0/�4/� 4 B09 $ ! 9;5 # 13#($�$ # 5+	 � / ! $ ! .0/2&%')#;$ .0' 4G*E#>4+#>4 :
4 B 13#(4 �0# 1%$ . 9>! #%* 4 &(')# / .0' 4 9 #(/ 1 . /)$ 9 # 9 .0/)4 4�.0434 735 # ' / 4><=4>$ 7%? #72 	 / 	%9�B $ #%' 9 �(. 9>?-	5 , ' / /�. ?-.%9 # � / !�5 # �0#31($ #(' 9 40� � / 4�#%' $ ? .0/"$ 9 # 9 &%')# F(I,R) /�# � 	(9>! � #34 B 4 13#%$ $ #
8 < 4�. $ 8 7 4%#��
��) (*) ( �'@�9AB<C�DE5�9:7-� 	>= 589
m W ]XJdh W R T;n ]BY\KNYG[p]aRBP�JdJLIEJLKNM;OlP(J�z T ] T�kZW KNP VXk J�©X[^]�]BPlREP;O W ]4REP g4W J U^V P�hGP�J λiJN[pYGP;]>K V ]BY U>V P�J�DXH2Y:[^] k P;�2YGP;]>K�_ R3[x]

P;K U^V Pdh¡� [p] gBk P�]XR g [ VBk JNI2JLKNM�OlP

(1, x, x2, x3, x2 − x),

`;PbJNIEJ�KZM;OlP k P(J�KZPbz T ] T;k�W KNP VBk ` Wpk KN[ V K g [phGI2]B£pOlPSJ�� T ` k YoK

P (x) = λ4x
3 + λ3x

2 + λ2x+ λ1,

O W YiJdREP V u `;[pO@�BY\] W YiJL[^]XJ�hGYG] T�W Y k P�JdREYiJ�KZY\]X`�KNP(J g P V �pP;]>Kc`�[EREP k hGPQO J�OlP g [phGI2]B£pOlPpDH2Yµ[^] gBk P�]XRah\P(J λi = 0
J W&V � λ3 = 1

h W `�[pO@�BYG] W YiJL[^]ahGYG] T�W Y k PQRB[p]B]BP P (x) = x2.� W&kjW Y\hGh\P VBk J λi = 0
J WpV � λ2 = λ5 = 1

RE[p]B]XP

Q(x) = 1.x+ 1(x2 − x) = x2 = P (x).



x^} ��� � � � � ��� � � ��� � � � �� � � � � � ������� �

 /��°�#')��'5�4� ¬ �i,��i, � / 5 ! $ &%')#G*:# 4><=4>$ 7(? # (v1, . . . , vp) #(4>$�* !�.%9 #G4 !

λ1v1 + · · ·+ λpvp =

p
∑

i=1

λivi = 0E

! ? 4 * ! &%')# λi = 0 4�. ' 9 i = 1 � p. � / 50! $ 5 , ' / 4><=4>$ 7%? # 5 # �=#31%$ #%' 9 4;&%' ! / #;4%.0/"$
4 B 4 * !�.(9 #>4 @ &%' , ! * 4D4%.0/)$ * ! / 	 B ! 9 # ? #%/)$ 5+	 4�#%/ 5CB /"$64G.0' * !�	 40�
-072=�AE� � "%7 ¬��ª, �i� 9 #3� B0! $ 5 , , $ 9 # ' / 43<=4>$ 7(? # * !�	 / , B 4 B 4 5 # 9 B 4+4). 9 $�4 ! ? 4 *:# B �0#31
*:#3� B ! $ 5 , , $ 9 #;' / 43<=4>$ 7(? # 2 	 / 	(9�B $ #%' 9 � � / 9 # � B / 1 8)# @ . / �=# 9>9�B B 'A13. 9 . * * B0! 9 # �$� �;� �

' /�# 9 #(* B $ ! .0/ &%' ! / , #>4>$(4 B 4 	 � !65 #%/)$ # �
-072=�AE� � "%7 ¬��ª, �G¬�� / 5 # ?;B / 5 # *-, ' / ! 1 ! $ 	 5 #�*-, 	 1 9>! $�' 9 #�4).0' 9 0E

5CB /)4 * BA5+	 � / ! :
$ ! . / � � � � � �
� ���X¯��*1('���'5�4� ¬ �i,��)� �"! *:#F43<=4>$ 7(? # (v1, . . . , vp) #>4>$�* !�.(9 # #%$ &%')# w #(4>$�' / #G13. ?/.(! :
/ B ! 4(. / * ! / 	3B0! 9 # 5 #(4 �=#31%$ #%' 9 4 vi,

! * # * ! 4>$ #F' / ' / ! &%')# p : '�4 *:#%$ (λ1, . . . , λp) $ #(* &(')#

w =

p
∑

i=1

λivi.
¤)xXDGFpF(¥

� k P V �pPH VBgBg [^JN[p]XJ U>V P (λ1, . . . , λp)
P;K

(µ1, . . . , µp)
J W KNYiJL��[p]>KS¤�xXDGFpF�¥ W hG[ k J

w =

p
∑

i=1

λivi =

p
∑

i=1

µivi.

� ]0� W YoK�h W REY F T�k P�]X`�PcP;K�[p] k P�z k [ VBg Pp©

0E =

p
∑

i=1

(λi − µi)vi,

RE[p]4`
λi − µi = 0 g [ VBk i = 1

_
p,
[ V P�]X`�[ k P λi = µi = 0 g [ VBk i = 1

_
p.

��:72={¯°3)7�¬ �i,��i, � . ! $ E = M(2, 2,R), . / ? .0/"$ 9 # &(')#G*:#F4><=43$ 7%? #
((

1 0
0 0

)

,

(
0 1
0 0

)

,

(
0 0
1 0

)

,

(
0 0
0 1

))

#>4>$�' / 4><=43$ 7%? #G* !�.%9 # � � '�4+4).=4%. /�4
λ1

(
1 0
0 0

)

+ λ2

(
0 1
0 0

)

+ λ3

(
0 0
1 0

)

+ λ4

(
0 0
0 1

)

=

(
0 0
0 0

)

B *:. 9 4 (
λ1 λ2

λ3 λ4

)

=

(
0 0
0 0

)

5 . /�134�. ' 9 i = 1 � 4, λi = 0.



� � � � ����� ����� �� � � 	����������  ���
�

����� ����� ����� � � ���� ��� � ��� �� x4F

 �:72={¯%357�¬ �i,��G� � 4>$ :-1 # &(')#;*E#;4><=4>$ 7%? # v1 =





1
0
0



 , v2 =





1
1
0



 , v3 =





−1
2
0





#(4>$�* !�.%9 # �

� / 	 1 9>! $ 



0
0
0



 = λ1





1
0
0



+ λ2





1
1
0



+ λ3





−1
2
0





13#G&%' ! 9 #0� ! #%/)$3�




0
0
0



 =





λ1 + λ2 − λ3

λ2 + 2λ3

0





#%$ 1", #>4>$ 	 &(' ! � B *:#%/)$3� 9 	 4%.0' 5 9 #G*:# 4><=4>$ 7(? #






λ1 + λ2 − λ3 = 0
λ2 + 2λ3 = 0

0 = 0
.

� . ? ? #-4 9
	 � '
/�. ' 4 B �=. /�4 * B 4(. * ' $ ! .0/ λ1 = λ2 = λ3 = 0,
?+B0! 4 13# &(' ! / .0' 4! /"$ 	%9 #(4 4%# #(43$ 5 # 4 B �=. ! 9 4�, ! * < #%/ B 5 , B ' $ 9 #(4 � 6 B /�4 13#%$F#
* # ? 4 *:#�4�. ' 9 λ3

5 .0/"/ 	 @
(3λ3, −2λ3, λ3) #(4>$ B ' 434 ! ' /�#G4%.0* ' $ ! . / � ��! . / 1�8�# 9 1�8�# ' / #
* # ? 4 *:#+13.0/ 1 9 #%$ 4).0' 9
13.0/ 1(* ' 9 #�&%')#�*E#�4><=4>$ 7(? # (v1, v2, v3) / , #>4>$ 4 B 4�* !�.(9 #�. / 4)#(' $ � * # 9 λ3 = 1 &(' !�5 .0/"/�#
* B 13. ?/.(! / B0! 4%.0/ * ! / 	3B ! 9 #
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1
0
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0
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��) (*) � � 039 589
 /��%�%'��(')�*�6¬ �i,��G� � / 43<=4>$ 7(? # 5 # �=#31%$ #%' 9 4 (e1, . . . , ep) 2 	 / 	(9�B $ #%' 9 #%$ * !�.%9 #A#(43$B 4+4)#(* 	 .3B 4%# 5 #+*-, #>4 4 B 13#/�0#31($ . 9>! #%* � � .0' $3�0# 1%$ #(' 9 v ∈ E 4%# 5+	 13. ? 4).=4%# 5 # ?;B / !67%9 #
' / ! &(')# 43' 9 ' / # .3B 4(# (e1, . . . , ep)  ! * # * ! 4>$ #F' / ' / ! &%')# p : '�4 *:#%$ (λ1, . . . , λp) ∈ R

p

$ #(* &%')# v =
∑p

i=1
λiei.

9 #(4D13. # � 1 ! #(/"$64 (λ1, . . . , λp)
5 #D* B 5�	 1 . ? 4).=4 ! $ ! .0/ 5 # v 4>' 9

* B .3B 4%# (e1, . . . , ep) 4%.0/)$ B 4�4�#%* 	 4F*:#>4G13. . 9�5 .0/)/ 	 #>4 5 # v 43' 9 * B .3B 4%# �
 �:7>��$^')$^7�¬��ª, �5� � .0/"$ 9 # 9 &%')# *:# 4><=4>$ 7%? # 5 # ?+B $ 9>! 13#>4 Eij = (akl), . � akl = 0
4 B ' ��4 ! k = i, j = l #%$ aij = 1

58B /�4G13# 1 B 4 @ #>4>$�' / # .3B 4%# 5 # M(m,n,R).

� P(J�� W JNP�J�JN[p]>K gXW&k KNYi` V hGYGM k P;OlP;]>K�YG]>K T;k P�JZJ W ]>KNP(J gXWpk `;P U>V � P�h\hGP�J g P k OQP;KLKZP;]>KlRBPK kZW � W YGhGh\P k J VBk�V ]0P�J gXW `�P��^P�`�KN[ k YGP;h*P;]0]!� V KZY\hGYiJ W ]^K U>V Pdh\P(J·`;[2[ k RE[p]B] T P�J U>V Y�JL[^]^K�REP�J
kZT P�hGJ�D^� ]@� W �^[pY k°U>V PjhGP�]B[pO@� k P�R:� T h T OQP�]>KZJvR�� V ]BPj� W JNP·P(J�K�R T KNP k OlYG] TjgXWpk h5� P�J gXW `;P�^P�`²KZ[ k Y\P�h5D
� ���4¯��41('��(')�*�6¬ �i,��i, �"! *�, #>4 4 B 13#��0# 1%$ . 9>! #%* E 4�.04 4 735 #�' / 4><=43$ 7%? #�2 	 / 	(9�B $ #%' 9�5 # m	 * 	%? #%/)$ 4 (v1, . . . , vm) $ .0' $ 43<=4>$ 7(? #G* !�.(9 # B B ' 4�* ' 4 m 	 * 	(? #%/)$ 4 �



x � ��� � � � � ��� � � ��� � � � �� � � � � � ������� �

� k P V �pPH2[pY\K
(w1, . . . , wn) V ] JLIEJLKNM�OQP8REP n �^P�`²KZP VBk JlOl[p]>K k [p]4J U^V P�JLY n > m,

`;P�J
�pP(`²KNP VBk JdJN[p]>KchGY T J;D # [^OlOQPlhGP JLIEJLKNM;OlP (v1, . . . , vm)

P�JLKbz T ] T�kZW KNP VBk ©�[^] g P V K�R T �`�[^O g [^JNP k `�y W ` V ] REP(Jj�pP(`²KNP VBk J wj
J VXk `�PSJNI2JLKNM�OlPdP;K g [ VBk j = 1

_
n,

wj =

m∑

i=1

aijvi.

# yBP k `�yB[^]XJ·h\P(J n � VBg h\P;KZJ (λ1, . . . , λn) ∈ R
n KNP;hiJ U>V P 0E = λ1w1 + · · ·+ λnwn.

� ]
WlW hG[ k J

λ1w1 + · · ·+ λnwn =
n∑

j=1

λjwj

=

n∑

j=1

λj(

m∑

i=1

aijvi)

=

n∑

j=1

m∑

i=1

aijλjvi

=

m∑

i=1

(

n∑

j=1

λjaij)vi

=

m∑

i=1

(

n∑

j=1

λjaij)vi

= 0E.

m�[^]X`&©*J;� YGh!P�uEYiJ�KZP V ] n � VBg hGP�K (λ1, . . . , λn) 6= (0, . . . , 0) ∈ R
n KNP;h U>V P g [ VBk i = 1

_
m

n∑

j=1

λjaij = 0

W hG[ k J (w1, . . . , wn)
P(J�K V ] JNI2JLKNM�OlPch\Y T D4� k `;PSJLIEJLKNM;OlPbhGY\] T(W Y k PbyB[^Ol[pzpM�]BP g [>JNJNM�REP

g h V JµR�� Y\]X`;[p]B] V P(J U>V PjR�� T(U>VXW KZY\[^]XJ%P�KvYGh W REOlP�K V ]BPjJL[^h V KZY\[^]QRBYGF T;k P;]>KNPjREP (0, . . . , 0)_l` W&V JLPcR V hGP;OlOlPSJ V YG� W ]>K�D
� 72=�=�7�¬ �i,��)� ��!

A ∈ M(m,n,R)
B �0# 1 n > m, *E# 43<=4>$ 7(? # AX = 0

B �0# 1 X =





x1���
xn





BC50? #($ ' /�# ! / � / ! $ 	G5 #F4%.0* ' $ ! .0/)40�

� k P V �pP ¤�[ g KNYG[p]B]XP;hGh\P�¥ � . ! $ A = (aij) ∈ M(m,n,R)
5 # 9 B /;2 r. � . ? ? # n >

m ≥ r, r #>4>$ 4>$ 9>! 1($ # ? #%/)$ ! / � 	%9>! #(' 9�B 'G/�. ?-.%9 # 5 , ! /�13.0/"/)')#(4 � � . ! $�*:# ?+B $ 9>! 13# 9
	35 ' ! $ #
R = (rij )

B 434%. 1 !�	 #-� A. 9 # 4><=4>$ 7(? # AX = 0 #(4>$ 	 &%' ! � B *:#%/)$3� RX = 0,
?+B0! 4�4 B09

13.0/�4>$ 9 ')1($ ! .0/ 5 , ' /�# ?+B $ 9>! 1 # 9
	35 ' ! $ # 5 # 9 B /;2 r, ! * # * ! 4>$ # r ! /�13.0/"/)')#(4 xj1 , . . . , xjr



� � � � � �  �
�

��� � � � �� � � � � � ������� � x>s

4 B09>? ! *:#>4 n &%' ! 1 . 9>9 #(4 4).0/ 5 #%/)$ B '+* r 13.0*:. /)/�#(4 5 #+* B�?+B $ 9>! 13# !65 #(/"$ ! $ 	 Ir ! / 1(* ' 4(#5CB /�4 * B ?;B $ 9>! 13# R. � / 9 # ?+B09 &%')# B *:. 9 4 &%')#F* B i 7(? # 	 &%' B $ ! .0/ 4�, 	 1 9>! $
xjr

+
∑

1≤j≤n
j /∈{j1,...,jr}

rijxj = 0.

9 # 4><=43$ 7%? # 4)# 9>? #%$ 5 . /�1 5 # 5+	35 ' ! 9 #D*:#(4 r ! /�13.0/"/)')#(4 xj1 , . . . , xjr

5 #>4 n− r B ' $ 9 #(4! / 1 . /)/"')#>4�&%')#D*-, . /-4)#(' $ � * # 9DB090.%! $ 9�B ! 9 # ? #%/)$ � � *�#
* ! 4>$ # 5 . /�1 ' / # ! / � / ! $ 	 5 # 4(. * ' :
$ ! .0/)4 ��@�4���*3)35AB'���7 ¬ �i,��)� 6 #%'+* .3B 4%#>4 5 , ' / #>4 4 B 13#5�0# 1%$ . 9>! #%* E .0/"$ *:# ?/,(? # /�. ?-.%9 # 5 , 	 * 	 :? #(/"$640� � # /�. ?-.%9 # #>4>$ B 4�4�#%* 	 50! ? #%/�4 ! .0/ 5 # *-, #(4 4 B 13#��=#31%$ . 9>! #(* E, #($ .0/ *:# /�. $ #
dimE.
� k P V �^PH2[^YoK

(e1, . . . , ep)
P�K

(f1, . . . , fq)
RBP V u � W JNP�J�D:� ] R T R V Y\K p ≤ q

R V � W YoK U>V Plh\PJNIEJ�KZM;OlP
(e1, . . . , ep)

P(J�K�h\YG� k P�P�K U^V P (f1, . . . , fq)
P�JLK�z T ] T�kZW KNP VXk D>� ] R T R V Y\K q ≤ pP�] T `�y W ]Bz^P W ]^K�hGP k £^h\PbREP�J�� W JNP�J�D �:72={¯%357�¬ �i,��\¬ � . ! $ E = R

n, .0/ . . $ ! #%/)$ ' / # . B 4%# � 1 B / .0/ ! &%')# � #%/ 4 9 #(/ B /)$
13. ? ? # i 7%? # �0#31($ #%' 9 ei = (0, . . . , 1, . . . , 0) .�� *E# 1 #>4>$�#%/ i 7%? # 4 * B 13#�� � /�#D13. ?/.(! :
/ B0! 4%.0/+* ! / 	3B0! 9 #�&(')#%*:13.0/ &(')# ∑n

i=1
λiei = (λ1, . . . , λn), .0/ #%/ 5+	35 ' ! $ &(')# *E# 4><=4>$ 7%? #

#(4>$$2 	 / 	%9�B $ #%' 9�?+B0! 4 B ' 434 ! *-, ' / ! 1 ! $ 	�5 #�*-, 	 1 9>! $�' 9 # 5 # 0Rn .
6 .0/ 1 (e1, . . . , en) #(4>$�' /�#.3B 4%# #($ dim R

n = n.
 �:72={¯%357�¬ �i,��i+ � / ? . /)$ 9 # &%')#+*:#+4><=43$ 7%? # (1, x, x2, . . . , xn) #(4>$�' /�# .3B 4(# 5 #
Rn[x].

� / #%/ 5�	35 ' ! $�&(')# dim Rn[x] = n+ 1. �:72={¯%357�¬ �i,�� � G. ' 4 B �0.0/�4 #
* 1%* ' F(I,R) 1 B09 ! *�/ , B 4 B 4 5 # 4><=43$ 7%? #(4 2 	 / 	%9�B :
$ #(' 9 4 B �=#31 ' / /�. ?/.%9 # � / !�5 , 	 * 	%? #%/)$ 40� 6 B /)4 1 #;1 B 4 @ .0/ 50! $�&%')# * B 50! ? #(/)4 ! .0/ 5 #
F(I,R) #(43$ ! / � / ! # @ #%$F/�. ' 4 / .0' 4 4%. ? ? #>4 9 #(43$ 9 # ! /)$ 4 B '+*�#>4 4 B 13#>4��0# 1%$ . 9>! #%* 4 5 #5 ! ? #%/�4 ! .0/ � / ! # �
� � � �  �  �

�� � � &'�� #��& �� � �!� � 
��)��*).+ �
	 �� � B����� � B 	�	�� = C8D 5 ��5 7 0
	40-9A5 �� � � D 2 7 C B 5
 /��%�%'��(')�*�6¬ �G���)� � /�4%.0' 4 :-#%/�4%# ?/. *:#D/�. /�� !65 # F 5 , ' / #(4 4 B 1 # �=#31%$ . 9>! #(* E #(43$�' /
4%.0' 4 :-#(4 4 B 1 #��0#31($ . 9>! #%* 5 # E 4 ! $ .0' $ # 1 . ?-.%! / B ! 4%.0/ * ! / 	3B0! 9 # 5 #��=#31%$ #%' 9 4 5 # F #>4>$
#%/�13. 9 # 5CB /�4 F. � / 4�#%' $ 1 B 9�B 1%$ 	%9>! 4%# 9 ' / 4%.0' 4 :-#(4 4 B 13# �0# 1%$ . 9>! #%* 4 B09 *E# � B ! $ &(')# 4).0' 9
$ .0' $ λ, µ 9
	 #%* 4F#($ $ . ' 4 �0#31($ #%' 9 4 w1, w2 ∈ F

λw1 + µw2 ∈ F.-�7>=?AE� � "#7 ¬ �G���)� � / 	 $ #(/ 5 4 B 9+9
	 1(' 9>9 #(/ 1 # 1 #%$�$ #�4 9 .�4 9>!�	 $ 	 � ' / # 13. ?/.(! / B0! 4%.0/
* ! / 	3B0! 9 # � p 	 * 	%? #(/"$64 

p
∑

i=1

λiwi ∈ F

4 ! λi
9
	 #%* 4G#($ wi ∈ F.
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-072=�AE� � "%7 ¬��i���ª, � / 4%.0' 4 :-#(4 4 B 13# �=#31%$ . 9>! #(* #(43$ ' / #(4 4 B 1 # �0#31($ . 9>! #%* � � 9 # 4 9 .0' �0# 9
#(/ # * # 9 1 ! 13# � � � * #>4>$ 4�* ' 45� B 1 ! *:# 5 # 5�	(? .0/"$ 9 # 9 &%' , ' / #>4 4 B 13#-�0#31($ . 9>! #%* #>4>$�' / 4(. ' 4
#>4 4 B 13# �=#31%$ . 9>! #(* 5 , ' /A#>4 4 B 13# �=#31%$ . 9>! #(* 13.0/"/)' @ &%')# 5 #�� 	%9>! � # 9 *:#(4 8 ' ! $ 4 4 9 . 4 9>!�	 $ 	 450! 9 #31%$ # ? #(/"$ � � B09 # * # ? 4�*:# *-, #(/)4%# ?/. *E# 5 #(45�(. /�1%$ ! . /�4 5+	 � / ! #(4 43' 9 R #%$ 5+	%9>! � B+. *:#>4
4>' 9 R #>4>$�' / 4%.0' 4 :-#>4 4 B 13#/�0#31($ . 9>! #%* 5 # F(I,R) 1 B09 4 ! f, g 4%. /)$ 5�	(9>! � B+. *:#(4 λf +
µg #>4>$ B ' 4 4 !�5+	%9>! � B�. *E# � � 1 $�$ #%/)$ ! .0/ 1", #>4>$ B ' 434 ! ' / #>4 4 B 13#/�0#31($ . 9>! #%* 5 # 50! ? #(/)4 ! . /! / � / ! #�� �
-072=�AE� � "%7 ¬��i���i� � /A4>'�4+4).=4%# F /�. / � !65 # @ 5 .0/ 1 F 13.0/)$ ! #%/)$ B ' ? . ! /)4 ' / 	 * 	 :? #%/)$ v #%$ 4 B 9 4>$ B�.(! * ! $ 	 0.v + 0v ∈ F, . 9 0.v + 0v = 0E

5 . /�1G*-, 	 * 	(? #(/"$�/ #(' $ 9 # 0E5 # E B 4�4 B 9 $ ! #%/)$ � $ .0' 4 *:#>4;4%.0' 4 :-#(4 4 B 1 #(4-�=#31%$ . 9>! #(* 4 5 # E. � / � 	%9>! � # 4 B /�4 4)# ! / #
&(')# 1), #(4>$ *-, 	 * 	(? #(/"$�/ #(' $ 9 # 5 # F #%/ $ B /"$ &%' , #>4 4 B 13#��=#31%$ . 9>! #(* �
��� />�4��<2=�7 ¬��i���5� � .0' $ # .3B 4%# 5 , ' /A4%. ' 4�:-#(4 4 B 13#-�=#31%$ . 9>! #(* F 4�#%' $ , $ 9 #+13. ? 4 * 	 $ 	 #
#(/ ' / # .3B 4%# 5 #+*-, #(4 4 B 1 # �=#31%$ . 9>! #(* E. �"! (f1, . . . , fp) #>4>$�' / # .3B 4%# 5 # F, ! * # * ! 43$ #
(e1, . . . , eq) �=#31%$ #%' 9 4 5 # E $ #%* 4G&(')# (f1, . . . , fp, e1, . . . , eq) #>4>$�' /�# .3B 4(# 5 # E.
� k P V �pPH2[pY\K

(f1, . . . , fp) V ]BPQ� W JNP@RBP F, J VBgBg [^JN[p]XJ U>V � YGh°P�uEYiJ�KZP e1 ∈ E U>V Y°]:� WpgBgXWpk �KNYGP;]B]XP gXW J°_ F, W hG[ k J (f1, . . . , fp, e1)
P�JLK V ]lJLIEJLKNM�OQP�hGY\� k PjREP E. H2YG]B[^] (f1, . . . , fp)P�JLK V ]BPc� W JLPcREP E. tv] P!F�P�K�JNY

0E = λ1f1 + · · ·+ λpfp + µe1

W hG[ k J µ = 0
JNYG]B[p]

e1 =
−λ1

µ
f1 + · · ·+

−λp

µ
fp ∈ F

`�P U>V Y:P(J�K�YGO g [>JNJNY\�Xh\P gBV YiJ U^V P e1 /∈ F. m [p]X`
0F = 0E = λ1f1 + · · ·+ λpfp,

[ k (f1, . . . , fp)
P�JLK V ]QJLIEJLKNM�OQP�h\YG� k P�RE[^]X` λ1 = · · · = λp = 0 = µ

P�K
(f1, . . . , fp, e1)P�JLK V ]8JLIEJLKNM;OlPchGY\� k PcREP E.H�� YGh�P�JLK�z T ] T�kZW KNP VXk h WSgBk P V �pP P�JLK n ]BYGPp©EJNY\]X[p] [p] gBk P�]XR e2 U>V Y*]:� P�JLK gXW J�`;[pO��XYo�] W YiJN[p] h\YG] T(W Y k PSREP (f1, . . . , fp, e1)

P�K [p]8`�[^]^KZY\] V PS_ W�� [ V KNP k RBP�J��^P�`�KNP VXk J�DBtv] � W YoKh\P gXk [E` T R T REP `�[^O g h T KNYG[p]{R V JNIEJ�KZM;OlP J;� W&kZk J;KNP ` Wpk [p] ]BP g P V K kZW�� [ V KZP kbg h V JSREP
dimE − p

�^P�`²KZP VBk J�P;]0z W&k R W ]>K V ]�JNIEJ�KZM;OlPdh\YG� k PpD ¦ h�I W�V ]XP T K Wpg P^©>[AH0hGPcJLIEJLKNM;OlP
(f1, . . . , fp, e1, . . . , eq)

P�JLKQ_�h W ��[^YGJ@hGY\� k P0P;K@z T ] T�kZW KNP VXk R W ]XJ E, `&� P�JLKQRB[p]X` V ]BP� W JNPpD
�@�X���*3)3)AX'���7 ¬��i���5� � � � . ' $;4><=43$ 7%? # * !�.%9 # 5 , ' / #>4 4 B 13# �0#31($ . 9>! #%* E 4�#%' $ , $ 9 #

13. ? 4�* 	 $ 	 #(/ ' / # .3B 4(# 5 # E.
� � ��! (v1, . . . , vn) #>4>$ ' /F4><=4>$ 7%? # * !�.(9 # 5 # E #%$�&(')# dimE = n,

B *:. 9 4 (v1, . . . , vn)
#(4>$�' / # .3B 4%# 5 # E.

�;� ��! (v1, . . . , vn) #(4>$ ' /24><=43$ 7%? # 2 	 / 	%9�B $ #%' 9 5 # E #%$D&%')# dimE = n,
B *:. 9 4

(v1, . . . , vn) #>4>$ ' /�# .3B 4(# 5 # E.
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� k P V �^PFpD � WQgBk P V �pPbP(J�K�`;[p]>KNP�] V PdR W ]XJ�`;P;hGh\PcR V KNy T [ k M;OlPbxXD sBDGFpD

�EDEH2Y
(v1, . . . , vn)

P�JLK·hGY\� k P P�K�]B[p]�z T ] T;k�W KNP VBk ©pYGh*P;uEYGJLKNP w U>V Y�]:� P�JLK gXW J�`;[pO@�BYo�] W YGJN[p]QhGY\] T(W Y k PjREP(J vi
P�K

(v1, . . . , vn, w)
P�JLKvhGY\� k P�P�KvhGP�` Wpk REYG] W hBREP�`�P;KLKNP�� W OlY\hGh\PjP(J�KJ VBg*T;k Y\P VBk _ `�P�h V YER�� V ]QJLIEJLKNM;OlP�z T ] T;k�W KNP VBk D�m@� [AH V ]BP�`�[^]>K k�W REYi`²KZY\[^]cP�K (v1, . . . , vn)P(J�Kjz T ] T;k�W KZP VBk DsBDB�jRBOQYiJ�©X_@� W Y k PbP;] P;u2P k `;YG`;PpD

� Pb`�[ k [^h\h W Y k P�P�JLK�K k M(J gBkZW KNY U>V Pp©2P;] gXW&k KNYi` V h\YGP k h\P �EDG©2Y\h�P(J�K·� W `;Y\hGPbREPdR T KNP k OlYG]BP kJNY V ]0JLIEJLKNM�OQPdREP��^P�`�KNP VXk J�P�JLK�hGY\� k P@¤ kNT JL[^h V KNYG[p] R�� V ]�JNIEJ�KZM;OlP�hGYG] T�W Y k P�yB[^OQ[^zpM�]BP(¥�©JNYBh¡� [^] `�[p]X] W � Kvh W RBY\OlP;]4JLYG[p]lP�K U^V P�h5� [p] W hGP��*[p] ]B[^O�� k PjREP��pP(`²KZP VBk J;©p[p] W z W zp] T D
��)��*) ( � ��58D 2 7 589
m [p]B]B[^]XJ U^V P;h U^V P�JQP�uEP;O g hGP�JQREP JL[ V JL�¡P(J gXW `�P(Jc�pP(`²KN[ k YGP;hiJ@P;] gXWpk K W ]>KQRBP�`;P V u

U>V Y�[^]^Kjh W REYGOQP�]XJNY\[^]�h WQg h V J g P;KNY\KNP^D
 �:72={¯%357�¬ �G���)� � /21 B 4 4 B09 $ ! 1(' * ! # 9 � � . ! $ E #(4 4 B 13#7�=#31%$ . 9>! #(* @ F = {0E} #(4>$�' /
4%.0' 4 :-#(4 4 B 1 # �=#31%$ . 9>! #(* 1 B 9 λ0E + µ0E = 0E

?+B0! 4 (0E) / , #(43$ 4 B 4A' / 4><=4>$ 7%? #
* !�.%9 #�� � / # � #($ λ0E = 0E / , ! ? 4�* ! &%')#�4 B 4 λ = 0.

� /�4).=4%# 13.0/$�=#%/)$ ! .0/"/�#%* *:# ? #%/)$
dim(0E) = 0.

� [^JN[p]4J�O W Y\]>KNP�] W ]>K V ]BPSR T�n ]BY\KNYG[p]!D
 /��%�%'��(')�*�6¬ �G���i, � / B 4+4)#%* *:# 509 . ! $ # �=#31%$ . 9>! #(* *E# @ ' / #(4 4 B 13# �0#31($ . 9>! #%* E 5 # 50! ? #%/ :
4 ! .0/ 1.

H2Y
E
P(J�K V ]BPSR k [pY\KNPc�^P�`²KZ[ k Y\P�h\hGPp© W h\[ k J�KZ[ V K��^P�`�KNP VXk v 6= 0E

��[ k OlP V ]8JLIEJLKNM�OQP (v)REP
E U>V Y:P(J�KjhGY\� k PbP�K�RE[^]X` V ]BPb� W JLPcREP E.

� ���4¯��41('��(')�*�6¬ �G���)� �"!
F #>4>$ ' / 4%. ' 4�:-#(4 4 B 13#��0#31($ . 9>! #%* 5 # E dimF ≤ dimE.

��!
F #(43$ ' / 4%.0' 4 :-#(4 4 B 13# �0# 1%$ . 9>! #%* 5 # E #($ dimF = dimE

B *E. 9 4 E = F.

� k P V �^P# [pOlOlP�[p] g P V Kv`�[^O g h T KNP kµV ]BP�� W JNP·RBP F P;] V ]BP�� W JLP�REP E, hGPj` W&k REYG] W hER�� V ]BP� W JLPbREP F P�JLKjY\]E� T�k YGP VXk _ `�P;h V Y:R�� V ]BPc� W JNPbRBP E. m�� [ H�hGP kNT J V h\K W K�DH2Y
dimF = dimE

P�K U>V P�h¡� [^] gBk P;]XR V ]BP�� W JNP F W hG[ k J:`&� P�JLK V ]@JNI2JLKNM�OlPvh\YG� k P�REP
E
O W YiJ�YGh W g [ VBk ` W&k REYG] W h:h W RBY\OlP;]4JLYG[p]�REP E RE[p]X`�`&� P�JLK V ] JNIEJ�KZM;OlPSz T ] T�kZW KNP VXkREP
E.
¦ h�P�] kZT J V hoKZP U>V P KZ[ V Kl�pP(`²KZP VBk REP E P(J�K V ]BP�`�[pO@�BYG] W YiJL[^]{h\YG] T(W Y k P0RBP�`�PJNIEJ�KZM;OlPQRBP

F
P�KSRE[p]4`@P(J�K V ] �pP(`²KNP VBk REP F, `�P U>V YµOl[p]>K k P U^V P E ⊂ F

P;KSRE[p]X`
F = E.� WSgBk [ g [>JLY\KNYG[p] J V YG� W ]>KNP�R T ` k YoK·REP�J�[ g*T;k�W KNYG[p]4J U>V Y gXkNT JLP k �^P;]>Kµh\P(J�JN[ V JL�¡P(J g4W `�P(J�^P�`²KZ[ k Y\P�hGJ�D
� ���4¯��41('��(')�*�6¬ �G���i, � � � . ! $ F1, F2

5 #%'+* 4(. ' 4 :-#>4 4 B 13#>4 �=#31%$ . 9>! #(* 4 5 , ' / #(4 4 B 13#
�=#31%$ . 9>! #(* E, *�, #(/)4(# ?/. *:# F1 ∩ F2 #>4>$ B ' 434 ! ' / 4%.0' 4 :-#>4 4 B 13#��=#31%$ . 9>! #(* 5 # E.

� � � . ! $ (v1, . . . , vn) ' /�4><=4>$ 7(? # 5 #��=#31%$ #%' 9 4 5 # E *�, #(/)4(# ?/. *:# 5 #(4 13. ?-.%! / B ! :
4(. /�4 * ! / 	3B0! 9 #>4 5 # v1, . . . , vn #(43$�' / 4%. ' 4�:-#(4 4 B 13#/�0# 1%$ . 9>! #%* 5 # E, .0/ *E#+/�. $ #



x^« ��� � � � � ��� � � ��� � � � �� � � � � � ������� �

vect(v1, . . . , vn) #%$ w ∈ vect(v1, . . . , vn) 4 ! #($�4%#%' *:# ? #%/)$�4 !�! * # * ! 4>$ # (λ1, . . . , λn) ∈
R

n $ #(* &(')#
w =

n∑

i=1

λivi.

� k P V �pPFpD�H2Y
w1, w2 ∈ F1 ∩ F2

P�K
λ, µ ∈ R, F1

JN[ V JL�¡P(J g4W `�P �pP(`²KN[ k YGP;h�P�]>K k�W � ]BP
λw1 + µw2 ∈ F1

REPcO�J�OQP
F2

JN[ V JL�¡P(J g4W `�Pd�pP(`²KZ[ k Y\P�h*P�]>K k�W � ]BP
λw1 + µw2 ∈ F2.

m [p]X`
λw1 + µw2 ∈ F1 ∩ F2.

�ED�H2Y
w1, w2 ∈ vect(v1, . . . , vn)

P�K
λ, µ ∈ R W hG[ k J w1 =

∑n
i=1

λivi
P�K
w2 =

∑n
i=1

µivi
RE[^]X`

λw1 +µw2 =
∑n

i=1
(λλi + µµi)vi

P;K�`p� P(J�KjRE[^]X` V ] T h T OlP;]>KREP
vect(v1, . . . , vn).

-072=�AE� � "%7 ¬��i���G¬ 1 $�$ #%/)$ ! .0/ F1 ∪ F2 / , #(4>$ 4 B 4F#(/72 	 / 	(9 B *�' /�4%.0' 4 :-#(4 4 B 13# �=#31%$ . :9>! #(* @ /�. ' 4 B * *:.0/)4 �=. ! 9 ' / # * # ? 4�*:# 2 	 . ?-	 $ 9>! &%')#��
��:72={¯°3)721 �4/2�*=�/>�;��' � "%721
H2[pY\K

E = R
2
[^] W � V8U^V Pb`p� T K W YoK V ] P(J gXW `�Pd�pP(`²KN[ k YGP;h¡D � W&k�W Y\hGh\P VBk J·_

v = (x1, x2) ∈ E

[p] g P V K W JZJL[E`�YGP k hGP g [pYG]^KdR V8g h W ]8REP�`;[>[ k RB[p]B] T P�J (x1, x2).
� Wpk P�uEP�O g h\P^© 0E

P(J�K
W JZJL[E`;Y T _ch¡� [ k Y\z^Y\]BP�R V k P g M k P^D^H2Y M P;K

N
JN[p]>K�REP V u g [pYG]>KZJ�R V g h W ] P�K ~OM

P;K ~ONREP V u��pP�`�KNP VBk J W JZJN[2`;Y T J WpV u�`�[2[ k RE[^]B] T P(J v1 P�K v2 ∈ E W h\[ k J v1 + v2
`�[ kZk P�J g [^]XR

W&V �pP(`²KNP VBk R V g h W ] `�[^]XJ�K kNV YoK gXWpk h WQk M;zphGPcR V gXW&k�W hGh T hG[pz k�W OlOlPpD� ] g P V K W h\[ k J�JLP�`;[p]2� W YG]X` k P U>V PSh W kZT;V ]BYG[p]�RBP@REP V u R k [^YoKZP�J��^P�`�KN[ k YGP;hGh\P(J�REYiJ��KNYG]X`²KZP�J°]:� P�JLK gXW J V ]@P�J gXW `;P��^P�`²KZ[ k Y\P�h5D��#[ V KµR�� W �*[ k R�©�JLY F P(J�K V ]BPjR k [pY\KNP·�pP(`²KN[ k YGP;hGhGPREP
E, U>V Pbh5� [p]��p[^YoKj`�[^OlOQPbh¡� P�]XJNP;O��Xh\PcREP(J g [pYG]>KZJjR V g h W ]!©>P;K�JLY v P(J�K V ]��pP(`²KNP VBk]B[p]�] V h!REP F [p] J W YoK U>V P (v)

P(J�K V ]BPc� W JNPbRBP F. RE[p]4`
F = {w ∈ E

KZP;h U>V � Y\h!P�uEYGJLKNP λ ∈ R
P�K
w = λv}.

� T [^O T K k Y U>V P�OlP;]>K!`�P�h W JNYGzp]BY n P U>V P F P�JLK!h W R k [pY\KNP � `�h W JZJLY U>V P �µR Vcg h W ] U>V Y>`�[p]>KZY\P�]^Kh\P g [pYG]>K M `;[ kZk P(J g [p]XR W ]>K WpV �^P�`�KNP VXk v P�K U>V Y gXW JNJNP gXW&k h¡� [ k Y\z^Y\]BP^D&��YG]XJNY5©pJNYBh¡� [^] JLPRE[p]X]BP�REP V uQR k [pY\KNP(JvREYiJ�KZY\]4`²KNP(J D P;K
D′ REP E, [p] W z T [pO T K k Y U>V P;OlP�]^KvREP V u R k [^YoKZP�JREYiJ�KZY\]X`�KNP(J gXW JNJ W ]>K gXWpk h¡� [ k YGzpYG]BPpD*~ W YiJ�JNY!h¡� [p] � W Y\K h W JN[pOlOlP�REP�RBP V u8�pP(`²KZP VBk J�REP`�P(JSR k [pY\KNP�J W �pP�`lh W k M;zphGP R V�g4W&k�W hGh T h\[^z k�W OlOlPp©�[p]{`�[^]XJLK W KZP U>V P h W JL[^OlOQP ]!� P(J�KR W ]4J WpV ` V ]BP·RBP�JµREP V u�R k [pY\KNP�J%P�]@z T ] T�kZW h5D(´µ[pY k%n z VBk P·xXD xXD # P�]!� P(J�K gXW J V ]BP gBk P V �pPO W YiJ�`�P�h W YGh\h V JLK k Pcz T [^O T K k Y U^V P;OlP;]>K U>V Pch WlkZT;V ]BY\[^]�RBP�REP V u�R k [pY\KNP(J�]:� P(J�K g4W J V ]JL[ V JL�¡P(J gXW `�P �pP�`�KN[ k YGP;h¡D
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��� � � � �� � � � � � ������� � xEe

O

D

D’

v_1

v_2

v_1 +v_2

������� xXD x L � W@kZT;V ]BY\[^]�RBPSREP V u�R k [^YoKZP�J�]:� P�JLK gXW J V ] P�J gXW `;P �^P�`²KZ[ k Y\P�h5D
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� � ���j� � �� ��� � 
 �j� ��� �q��� ��


���
	 � � � � �!& � ���  #"� � �!" ��� � � �� � � � � � � �!& ��
�*),+-).+ �
	 �� � B����� 5 B 5 ��58D 247 5�9
� ] � W R T;n ]BY k REP�J WpgBg hGYG` W KNYG[p]4J U>V Y g4W&k KNP;]>K R�� V ] P�J gXW `;P��^P�`²KZ[ k Y\P�h E P;K U>V Y

WpkNk Y\�^P;]>K�R W ]4J V ]8P�J gXW `�Pc�pP(`²KZ[ k Y\P�h F P;K U>V Y#JNP�`;[pO g [ k KZP;]>K��BYGP;] gXWpk�k�W&gBg [ k K W&V u[ g4T�kZW KNYG[p]XJ +
P;K
.
¤�O V h\KNY g h\Yi` W KNYG[p]�P�u2KNP k ]XP(¥²D

 /��%�%'��(')�*� +��)���)� � . ! $ 5 #('+*;#(4 4 B 1 #(4 �0# 1%$ . 9>! #%* 4 E #%$ F � � /�# B 4�4�* ! 1 B $ ! . / φ : E →
F #(43$ 50! $ #G* ! / 	3B0! 9 #F4 ! ∀λ, µ ∈ R, ∀v, w ∈ E,

φ(λ.v + µ.w) = λ.φ(v) + µφ(w).

� / B 4�4�#%* *:# 13#>4 B 4�4�* ! 1 B $ ! . /�4 5 #>4 ? . 9 4 8 ! 4 ? #(4 5 # E 58B /)4 F, #($D.0/ / .0$ #+*:#%' 9 #(/$:
4%# ?-. *:# L(E,F ).

-�7>=?AE� � "#7�+��)���)� � � � ? . 9 4 8 ! 4 ? # � �=#%' $ 5 ! 9 #� 13.0/)4(# 9 �0# 9 * B �(. 9>? # @ � ! #%/)$ 5 '/2 9 # 1
µoρφoσ �� � �"! .0/ B ' / #D1 . ?-.%! / B ! 4%.0/ * ! / 	3B ! 9 # B �0#31 p $ # 9>? #(4 58B /�4 E, .0/ ? .0/)$ 9 # 4 B09�9 	 1%' 9 :9 #%/�13# 4>' 9 p &%')# 4).0' 9 $ . ' $ p : '�4�*E#($ 5 # 9
	 #(* 4 (λi)

@ #%$�$ . ' $ p : '�4�*:#%$ 5 #-�=#31%$ #%' 9 4 (vi)5 # E @

φ(

p
∑

i=1

λivi) =

p
∑

i=1

λiφ(vi).

 �:72={¯%357 +��)���)� � /-4 9 #(/ 5 E = M(2, 3,R) #($ F = R #($�.0/ 5+	 � / ! $ φ 4 B 9

φ(A) = a11 + a23

. � A #(43$�* B�?;B $ 9>! 13# 5 #;$ B ! * *:# 2 × 3
5 # 13. # � 1 ! #%/)$ 4 aij .

� .0/"$ 9 . /�4+&(')# φ #>4>$�' /�#B 4+4�* ! 1 B $ ! . / * ! / 	3B ! 9 #���4%. ! #%/)$ λ, µ ∈ R, A = (aij), B = (bij) � � / . . $ ! #%/)$$4).0' 9 $ . ' $
13.0'�4 *:# (i, j) 

(λA + µB)ij = λaij + µbij ,

x>�



�&} ��� � ��� � ��� � � � � �� � � ��������	������
	������ ����

5 . /�1
φ(λA + µB) = (λa11 + µb11) + (λa23 + µb23)

= λ(a11 + a23) + µ(b11 + b23)

= λφ(A) + µφ(B).
� / B 4�4�#%* *:# φ ' /�#��(. 9>? #G* ! / 	3B0! 9 # @ 1 B 9 *-, #>4 4 B 13# 5 , B 9>9>! � 	 # F #(43$ *-, #%/�4%# ?-. *:# 5 #(49
	 #(* 4 ���:72={¯°3)78+��)���i, � . ! $ E ' / #(4 4 B 13# �0#31($ . 9>! #%* @ #%$ dim(E) < ∞.

� / 1 . /�4 !6587%9 #
(e1, · · · , en) ' / # .3B 4%# 5 # E  $ . ' $��0#31($ #(' 9 v ∈ E 4�, 	 1 9>! $ 5 # ?+B / !67%9 #G' / ! &%')#

v =

n∑

i=1

λiei.

� / 13.0/�4 !65C7(9 # *-, B 4+4 * ! 1 B $ ! .0/ 13. . 9�5 . /)/ 	 #
φ : E → R

n ; v 7→ (λ1, . . . , λn).9 . 9 4%&(')# *:#(4 13. . 9�5 . /)/ 	 #(4 5 # v 58B /�4F* B�.3B 4%# 4%.0/"$ (λ1, . . . , λn) #%$�13#%* *:#(4 5 # w 4%. /)$
(µ1, . . . , µn), .0/ . . $ ! #%/)$

φ(λu+ µv) = φ[λ(
n∑

i=1

λiei) + µ(
n∑

i=1

µiei)]

= φ[

n∑

i=1

(λλi + µµi)ei]

= ((λλ1 + µµ1), . . . , (λλn + µµn))

= λ(λ1, . . . , λn) + µ(µ1, . . . , µn)

= λφ(u) + µφ(v).
� ���X¯��*1('���'5�4�§+��)���)� 9 , #%/�4%# ?/. *:# L(E,F )

? ' / !"5 #(4 *:. ! 4 + #($ . 5�	�� / ! #(4 4�. ' 9 φ, ψ ∈
L(E,F ), λ ∈ R, v ∈ E 4 B09 

(φ + ψ)(v)
def
= φ(v) + ψ(v)

(λ.φ)(v)
def
= λφ(v)

#>4>$�' / #>4 4 B 13# �=#31%$ . 9>! #(* �
� k P V �pPl¢ ¦ h:� W&V K�� T;k Y n P kjU>V Pch\P(J W&gXg h\Yi` W KNYG[p]XJ W Y\]4JLY!R T�n ]BYGP�J�© λ.φ P�K φ+ ψ, WpgBgXWpk �KNYGP;]B]XP;]>K�_

L(E,F )
©

gBV YiJbY\h°� WpV Kc� T�k Y n P k hGP�Jdy V Y\KZJ W uEYG[pOlP�JbREP(JbP�J gXW `;P�J �pP(`²KN[ k YGP;hiJ���`;P;h W O W&k `�yBPlREPlh WO�J;OlPb� W�� [p] U^V P g [ VXk F(I,R), gXWpk P;uEP;O g hGPc� T;k Y n [p]XJ (b4)
¢

∀λ, µ ∈ R, ∀φ ∈ L(E,F ), (λ + µ)φ = λφ+ µφ.� ] gXk P�]XR v ∈ E P�K�[^]�` W hi` V hGP
(λ+ µ).φ(v) := (λ+ µ)φ(v) = λφ(v) + µφ(v) = λ.φ(v) + µ.φ(v).

# [pOlOlPc`�P�`;Y�P�JLK�� T;k Y n4T g [ VBk KZ[ V K v REP E, [^] W �BYGP;] (λ+ µ)φ = λφ+ µφ.
¦ h�� W&V KP;]XJ V Y\KNPc� T;k Y n P k h\P(JjJLP g KZJ WpV K k P�J W u2YG[pOlP(J;DGD\DGD



� � � � � � ��� � � ��������	 ��� �
	����� ���� � � � ��� ��� � �� �BF
�*),+-) ( � 0 B<="� � 5���� ;�>5 032>247�� � 0 B����� 7-���	�0 �.= 5
 /��%�%'��(')�*� +��)���i, � . ! $ ' / # B 4+4�* ! 1 B $ ! . / * ! / 	3B0! 9 # φ 5 # E 58B /)4 F, ' / # .3B 4(# E =
(e1, · · · , en)

5 # E, ' / # .3B 4(# F = (f1, · · · , fm)
5 # F. � / B 434%. 1 ! #/� φ ' / # ' / ! &(')#?+B $ 9>! 13# ME

F(φ) ∈ M(m,n,R)
58B /�4�*:#>4 .3B 4%#>4 E #%$ F 5 # * B ?;B / !67%9 # 4>' ! � B /)$ # �� . ' 9 j ∈ {1, · · · , n}, φ(ej) 4%# 5+	 13. ? 4�.04%#F4>' 9 * B . B 4%# F #(/

φ(ej) =

m∑

i=1

aijfi,

. /-4�.04%#
ME

F(φ) = (aij)i=1,...,m,j=1,...,n.

��� /2�X��<2=�7�+��)���)� � . ! $�' /�# B 4�4�* ! 1 B $ ! .0/ * ! / 	3B0! 9 # φ 5 # E 58B /�4 F, ' /�# .3B 4(# E =
(e1, · · · , en)

5 # E, ' /�# . B 4%# F = (f1, · · · , fm)
5 # F, B *E. 9 4 ME

F(φ)
5+	 $ # 9>? ! /�#

*-, B 4+4 * ! 1 B $ ! .0/ φ. � /+# � #%$ @ 4 ! X #>4>$ *:#3�=#31%$ #%' 9 13.0*:. /)/ # 5 #(4 13. . 9�5 .0/)/ 	 #>4 5 , ' /-�=#31%$ #%' 9
v
5 # E 58B /)4 * B/.3B 4(# E @ B *:. 9 4�*:# �=#31%$ #%' 9 13. *:.0/"/�# Y 5 #(4F1 . . 9 5 .0/"/ 	 #(4 5 # φ(v)

5CB /)4
* B .3B 4%# F 4)#(' $ , $ 9 #G1 B *:1(' * 	 13. ? ? # 

Y = ME
F (φ)X.

� k P V �^P ¢�H2[^YoK v ∈ E, v
JNP R T `;[pO g [>JLP�P;] v = x1e1 + · · · + xnen,

P;K [p]6]B[&KZP
hGP�Jd`�[2[ k RE[^]B] T P(J�JN[ V J���[ k OlP@REPQ�pP(`²KZP VBk `�[^h\[^]B]BPp© X =






x1DDD
xn




 .

# [^OlOQP
φ
P�JLK V ]

Ol[ kZg yBYiJNOQP
φ(v) = x1φ(e1) + · · ·+ xnφ(en)

=

n∑

j=1

xjφ(ej)

=

n∑

j=1

xj(

m∑

i=1

aijfi)

=

n∑

j=1

m∑

i=1

aijxjfi

=

m∑

i=1

(

n∑

j=1

aijxj)fi = (

n∑

j=1

a1jxj)f1 + · · ·+ (

n∑

j=1

amjxj)fm,

`p� P(J�K0_{REY k P U>V P8h\P(J0`;[>[ k RB[p]B] T P�J REP φ(v) T h T OlP;]>K�REP F J VBk h W � W JNP F JN[p]>K�¢

Y =






∑n
j=1

a1jxjDDD
∑n

j=1
amjxj





JLY·[p]6h\P(J@P;u gBk YGOlP�JN[ V J���[ k OlP�R:� V ]6�pP(`²KNP VBk `�[phG[p]X]BPpDv� ]

`;[p]X`;h V K U>V P Y = ME
F(φ)X WpV JLP�]XJ·REP h W O V h\KNY g h\Yi` W KNYG[p]�O W K k YG`;Y\P�h\hGPpD�¤)f�P;O W&k�U>V P�¢hGPb]B[pO@� k PcREPchGYGzp]BP(J�P�K�REPS`�[^h\[^]B]BP(J g P k OlP�Kjh W O V h\KNY g hGYG` W KZY\[^]6I ¥



� � ��� � ��� � ��� � � � � �� � � ��������	������
	������ ����

��:72={¯°3)78+��)���G� � . ! $ E = R3[X ], F = R2[X ], #(4 4 B 13#��0#31($ . 9>! #%* 5 #(4(4).0* <0/�� ? #>4 5 #5 # 2 9
	 ! / � 	%9>! #(' 9 . ' 	 2 B * � 2, � F #(4>$ ' / 4(. ' 4 :-#>4 4 B 13# �0#31($ . 9>! #%* 5 # E �G#($ φ(P ) = P ′ �
4�. * <0/�� ? # 5�	(9>! � 	 # @ &%' ! #(43$ .%! #(/ 5 # 5 # 2 9
	�! /�� 	(9>! #%' 9 . ' 	 2 B * � 2 � � � . ? ? # .3B 4%# E 5 #
E . /�4 9 #%/ 5 E = (P1, P2, P3, P4) .�� P1(x) = 1, P2(x) = x, P3(x) = x2, P4(x) =
x3.� / 4 B0! $�&(')# E #>4>$�' / 4><=43$ 7%? # 2 	 / 	%9�B $ #%' 9 @ ? . /)$ 9 .0/)4 &%' , ! * #(4>$�* !�.%9 #�� � . ! $

λ1, λ2, λ3, λ4 ∈ R
4,

$ #%* 4�&%')# λ1P1 + · · · + λ4P4 = 0,
B *E. 9 4 λ1 + · · · + λ4x

3 = 0, #%$G13#31 ! 4�. ' 9 $ .0' $
x ∈ R.

� / # � #%$ @ 0 #>4>$D*:# 4).0* <0/�� ? # /)' * @ 5 . /�1 λ1P1 + · · · + λ4P4 #(4>$D' / 4).0* <�:
/�� ? # &%' ! 4�, B /)/"' *:# 4�. ' 9 $ .0' $ x 5 # R

5 .0/ 1�$ . ' 4;4(#(4 13. # � 1 ! #%/)$ 4 4%.0/"$ /"' * 4 @ 4%. ! $
λ1 = · · · = λ4 = 0, #%$ E #>4>$;' /�# .3B 4%# 5 # E. 6 # ?/,%? # @ F = (Q1, Q2, Q3)B �0#31 Q1(x) = 1, Q2(x) = x,Q3(x) = x2 #(4>$ ' / # .3B 4(# 5 # F. � / 4 B09 $ ! 1%' * ! # 9 @
dim R3[X ] = 4, dim R2[X ] = 3.
� 4>$ 13# &(')# φ #>4>$�* ! / 	3B0! 9 # � � ' ! @ 1 B 9 4 ! λ, µ ∈ R, #%$ P,Q ∈ E,

φ(λP + µQ) = (λP + µQ)′ = λP ′ + µQ′ = λφ(P ) + µφ(Q).

� ')#(* *:# #(43$�* B ?;B $ 9>! 13# ME
F

� � / 5+	 13. ? 4�.04(# φ(Pj) 4).0' 9 j � B09>!6B /"$ 5 # 0 � 4 4>' 9 F 
� m = 3, n = 4 � 3 * ! 28/�#(4F#%$ 4 13.0*:. /)/�#(4�

φ(P1) = P ′
1

= 0 = 0.Q1 + 0.Q2 + 0.Q3,

φ(P2) = P ′
2 = 1 = 1.Q1 + 0.Q2 + 0.Q3,

φ(P3) = P ′
3 = 2x = 0.Q1 + 2.Q2 + 0.Q3,

φ(P4) = P ′
4

= 3x2 = 0.Q1 + 0.Q2 + 3.Q3.

9 B ?+B $ 9>! 1 #D13.0*E.0/)/ # 5 #(4 13. . 9�5 . /)/ 	 #(4 5 # φ(P1) #(4>$ * B 4 9 # ? !67%9 # 13.0*E.0/)/ # 5 # ME
F5 , B 4 9�7 4 φ(P1) =

∑3

i=1
a1iQi,

5 # ?/,%? # 4�. ' 9 13.0/"/ B�� $ 9 # * B j : !67(? #D1 . *:.0/"/�# 5 # ME
F ,! * 4>'��2$ 5 # 9 #313. 4 ! # 9 * B ?+B $ 9>! 1 # 13.0*:. /)/ # 5 #>4G13. . 9�5 . /)/ 	 #(4 5 # φ(Pj);

5 . /�1

ME
F =





0 1 0 0
0 0 2 0
0 0 0 3



 .

-072=�AE� � "%7�+ �5�"�ª, 9 B 9 	 1 ! 4 9 . &%')# #(4>$ � 9�B ! # � ��!
dimE = n #($�&%')#F*-, . / B � * 	 ' /�#.3B 4%# E 5 # E, #($ dimF = m #($ F . B 4%# 5 # F, #%$ ' /�# ?;B $ 9>! 13# M ∈ M(m,n,R)

! *
#
* ! 4>$ # ' /�#G' / ! &%')# B 4+4 * ! 1 B $ ! .0/A* ! / 	3B ! 9 # φ : E 7→ F $ #(* *:# &%')# ME

F(φ) = M.

��:72={¯°3)78+��)���\¬ � / 4 9 #%/ 5 E = F = R
2 13. ? ? #2#(4 4 B 1 #(4 �=#31%$ . 9>! #(* 4 � . / *:#(4! /)$ # 9 4 9�7 $ #A13. ? ? # *-, #(4 4 B 13# �=#31%$ . 9>! #(* 5 #(4 �0#31($ #(' 9 4 5 ' 4�* B /�� @ .0/ 1 8). ! 4 ! $ * B .3B 4%#

E = ((1, 0), (0, 1)) = F 1 # &(' ! 13. 9>9 #>4 4).0/ 5 B '+* �0# 1%$ #(' 9 4 ~i #%$ ~j 4>' 9 *E#>4 B * #(40� � /
1 B09�B 1($ 	(9>! 4%#�2 	 . ?-	 $ 9>! &(')# ? #%/)$�*:# ? . 9 4 8 ! 4 ? #

Φ : E → F $ #%* &%')# ME
F(φ) =

(
1 0
0 −1

)
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v

x_1

x_2

j

i

f(v)

-x_2

� ����� �EDGF L HEI>O T K k Y\Pb[ k KNyX[pzp[^] W hGPpD

13. ? ? #F* B 4>< ?-	 $ 9>! # . 9 $�8�. 2 .0/ B *:# 5 , B * # Ox.� . ! $ v ' /��0#31($ #(' 9 5 '�4 * B / 5 #�13. . 9�5 . /)/ 	 #(4 (x1, x2)
5CB /)4�* B .3B 4%# E @ B *:. 9 4 Φ(v) =

y1~i+ y2~j 1 B09 E #(4>$�' / # .3B 4%#�� 9 #G$ 8 	 . 9�7%? # 50! $�&%')#
(

1 0
0 −1

)(
x1

x2

)

=

(
x1

−x2

)

5 .0/�1 Φ(v) = x1
~i − x2

~j � 2 	 . ?/	 $ 9>! &%')# ? #(/"$ @ .0/ . . $ ! #%/)$ Φ(v) #%/ B 4+4�* ! &(' B /)$+* B
4>< ?/	 $ 9>! # . 9 $ 8).
2 .0/ B *:# 5 , B * # Ox 4>' 9 v.
 �:7>��$^')$^7a+ �5�"�5� � ')#%* *:#F#(43$ * B ?;B $ 9>! 13# 5CB /�4�* B-.3B 4%# E = F

5 #�* B 4>< ?-	 $ 9>! #F. 9 $�8�. :
2 .0/ B *:#34 B 9F9�B 4+4). 9 $3�+* B 4 9 # ? !67(9 # .%! 4 4%#31%$ 9>! 13# �

��� /2�X��<2=�7�+��)���i, � . ! $�$ 9 . ! 4;#(4 4 B 13#(4 �0#31($ . 9>! #%* 4 E,F,G ? ' / ! 4 5 #(4 .3B 4%#(4 9 #(4 4�#310:
$ ! �=#(4 E ,F ,G, #%$ 5 #%'+* B 4�4�* ! 1 B $ ! .0/)4 * ! / 	3B0! 9 #(4 φ ∈ L(E,F ), ψ ∈ L(F,G).

1 *:. 9 4F* B
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13. ? 4�.04 ! $ ! .0/ ψ ◦ φ ∈ L(E,G) #($
ME

G (ψ ◦ φ) = MF
G (ψ).ME

F(φ)
¤ �EDGF(¥

B ' 4%#%/�4 5 #G* B ? ' * $ ! 4�* ! 1 B $ ! . / 5 #>4 ?+B $ 9>! 1 #(40�
-072=�AE� � "%7�+ �5�"�i� � #%* B � ' 4>$ ! � #G*�, ' $ ! * ! $ 	+5 # * B 5�	�� / ! $ ! .0/ � .(! � B 9>9 #�� 5 #G*�, . 4 	(9�B $ ! . /
.
? ' * $ ! 4�* ! 1 B $ ! .0/ #%/)$ 9 # *:#(4 ?;B $ 9>! 13#(4� 1 #31 ! 4�# 9>? #($ 5 #;1 B *:1%' *:# 9GB �0# 1G' / / . ?/.(9 # � / !5 , .�4 	%9�B $ ! .0/)4F' /�# 13. ? 4�.04 	 # 5 # 5 #%'+* B 4+4 * ! 1 B $ ! .0/)4G* ! / 	3B ! 9 #>40�-072=�AE� � "%7�+ �5�"�G¬ � *�< B ' /�#�#>4 4 7 13# 5 # 4 ! ? 4�* ! � 1 B $ ! . / 5 # * B . B 4%# F � B ' ? . ! /)4
4>< ?-. .0* ! &(')# ? #%/)$ � � 5CB /�4 * B �(. 9>? ' *:# ¤ �EDGF(¥ � 509 . ! $ # 5 ' 4 ! 28/�# 	 2 B * 4).0' 9 . . $ #%/ ! 9 *:#(4.3B 4%#>4G. � #>4>$ 1 B *:1(' * 	 * B ?+B $ 9>! 1 # 5 # ψ ◦ φ.� k P V �pPl¢X~�[p]>K k [p]XJ U>V P ψ ◦ φ P(J�K�hGYG] T�W Y k Pp©BJN[pY\K v, w ∈ E © λ, µ ∈ R.

(ψ ◦ φ)(λv + µw) = ψ[φ(λv + µw)]

= ψ[λφ(v) + µφ(w)]

= λψ[φ(v)] + µψ[φ(w)]

= λ(ψ ◦ φ)(v) + µ(ψ ◦ φ)(w).� ] g [^JNP dimE = n, dimF = m, dimG = l,

A = (aij) = ME
F (φ) ∈M(m,n) ; B = (bij) = MF

G (ψ) ∈ M(l,m)

C = (cij) = ME
G (ψ ◦ φ).m�P g h V J�[p] `�[p]4JLYiREM k P

D = (dij) = BA ∈ M(l, n), dij =

m∑

k=1

bikakj .

� ] �pP V K0Ol[p]>K k P k0U>V P C = D.
� W R T;n ]BY\KNYG[p] REP cij �2YGP;]>K�R V KZy T [ k M�OQP8P;K�REPh5� P�u gBk P�JZJNY\[^]�REP (ψ ◦ φ)(ej),

hG[ k J U^V P E = (e1, · · · , en) ; F = (f1, · · · , fm) ; G =
(g1, · · · , gl).� k

ψ ◦ φ(ej) = ψ[φ(ej)]

= ψ[a1jf1 + · · ·+ amjfm] = a1jψ(f1) + · · ·+ amjψ(fm)

= a1j(

l∑

k=1

bk1gk) + · · ·+ amj(

l∑

k=1

bkmgk)

=

l∑

i=1

m∑

k=1

bikakjgi,

P�K gXWpk R T�n ]BYoKZY\[^]�RBP ME
G(ψ ◦ φ) = C

¢

ψ ◦ φ(ej) =

m∑

i=1

cijgi,

RE[p]4`d`;[pOlOlP
G
P�JLK V ]BPc� W JNPp© cij =

∑m
k=1

bi,kak,j ,
P;K
C = D.
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� � AB� �*72=�72����1Q #7 �°AB1(721 �L�X¯%��'5�4�%�#723
	
�"! . / B 5 #%'+* . B 4%#>4 E #($ E ′ @ &%')#%*�#>4>$F*:# 9�B 4+4). 9 $ #%/)$ 9 # *E#>4 ?+B $ 9>! 1 #(4 ME

F(φ)

#%$ ME′

F (φ) 4).0' 9 ' /�# B 4+4�* ! 1 B $ ! . /2* ! / 	3B0! 9 # φ 5 . /)/ 	 # � � / ! /)$ 9 . 5 ' ! $�* B�?+B $ 9>! 1 # 5 #
4 B 434 B 2 # 5 #G* B7.3B 4%# E �+* B�.3B 4%# E ′ 4�. ' 9 9
	 4).0/ 509 # � 13#%$ $ # &(')#(4>$ ! . / �

� 1 ! @ . / 4>'�4+4).=4%# &(')# E = F, #($ .0/ 5 .0/"/�#G* B 5�	�� / ! $ ! .0/ 43' ! � B /"$ # 
���������! !�#"$� � '#)$' � � /�# B 4+4 * ! 1 B $ ! .0/ * ! / 	3B0! 9 # φ : E → E #>4>$ B 4�4�#%* 	 #D' / #(/ 5 . ? . 9 :
4 8 ! 4 ? #��
��� "��("����! !�#"$� � '#) ' % � / /�. $ # Id : E → E *-, #%/ 5 . ? . 9 4 8 ! 4 ? # !65 #%/)$ ! $ 	 &%' ! � 	(9>! � #
4).0' 9 $ .0' $ v ∈ E, Id(v) = v.

9 B ?+B $ 9>! 13# P = ME′

E (Id),
5 # *-, B 4�4�* ! 1 B $ ! .0/ Id

13. 9>9 #>4 4).0/ 5CB /"$ � 5 #%'+* .3B 4%#>4 E #($ E ′ #(4>$ ! /$�=# 9 4 !�. *E# @ 5 # 4�* ' 4+4%. / ! /$�=# 9 4%# P−1 =
ME

E′(Id).
� / B 4+4)#(* *:# P * B ?+B $ 9>! 1 # 5 #34 B 434 B 2 # 5 # E � E ′.


������������� � '#)$' � � *�< B+9 #(/$�=# 9 4%# ? #(/"$ 5CB /�4 *:#(4 /�. $ B $ ! . /�4� ME′

E � E ′ #>4>$�* B7.3B 4%#5 # 5�	 4 B09 $��+�
� 9 #(' �0#  � / 9 # ?;B 9 &%')# &(')#�* B ?+B $ 9>! 13# 5 #54 B 4 4 B 2C# 5 # E � E ��. � E #>4>$ ' /�# .3B 4%# 5 #
E � #(4>$ * B�?;B $ 9>! 13# !65 #(/"$ ! $ 	 @ 	 * 	(? #(/"$ /�#%' $ 9 # 4).0' 9 * B ? ' * $ ! 4�* ! 1 B $ ! . / 5 #(4 ?+B $ 9>! 1 #(4 @ &%' !
/ , B &(')# 5 #>4 1 4>' 9 * B;50!6B 2C. / B *:# � � B09 4 ! E = (e1, · · · , en) #%$ (aij) = ME

E′(Id),
B *:. 9 4

Id(ej) =
∑n

i=1
aijei = ej 4%. ! $ ajj = 1 #($ *:#(4 B ' $ 9 #(4 4%.0/"$�/"' * 40� 6 , .�� ME

E (Id) = In.� / ' $ ! * ! 4 B /"$�*:#G$�8 	 . 9�7%? #D4>' 9 * B 13. ? 4�.04 ! $ ! . / 5 #(4 ? . 9 4 8 ! 4 ? #(4 @ .0/ . . $ ! #(/"$ #%/-4 B09 :
$ B /"$ 5 # Id ◦ Id = Id, ME′

E (Id)×ME
E′(Id) = ME

E (Id) #($ 5 . /�1 P ×ME
E′(Id) = In

13#G&%' ! ? .0/)$ 9 # &(')# P #>4>$ ! / �0# 9 4 !�. *:#;#($ P−1 = ME
E (Id) �

����� ������� � � '#)$' % � . ! $ E = R
2
@
E * B .3B 4%#�1 B / .0/ ! &(')# ((1, 0), (0, 1)) #($ E ′ = ((1, 1), (1,−1)).

� 	(9>! � # 9 &%')# E ′ #(43$ ' / # .3B 4(# 5 # R
2.

� ')#(* *E# #(4>$ * B ?;B $ 9>! 13# 5 # 4 B 434 B 2 # P #%/)$ 9 # E
#%$ E ′ �

��� � "������� � '#)$' � � . ! $ E #%$ E ′ 5 #('+* . B 4%#>4 5 # *-, #(4 4 B 13#3�0# 1%$ . 9>! #%* E, #($ P * B�?;B $ 9>! 13#5 # 4 B 434 B 2C# 5 # E � E ′ � � . ! $ X � 9 #(4 4)#31($ ! �0# ? #(/"$ X ′ � * B�?+B $ 9>! 13#�13.0*:. /)/�# 5 , ' /-�=#31%$ #%' 9
x
5 # E 58B /�4 E � 9 #>4 4)#31($ ! �=# ? #(/"$ 58B /�4 E ′ �+� 1 *:. 9 4 X = PX ′.

� 9 #(' �0#  �"! . / 4(# 4%.0' � ! #(/"$ &%')# P = ME′

E , *:# $�8 	 . 9�7(? # 5 ! $ &%')# *:# �=#31%$ #%' 9 1 . *:.0/"/�#5 #>4 13. . 9�5 . /)/ 	 #(4 5 # Id(x) = x
5CB /)4;* B .3B 4%# E #(4>$ 5 .0/)/ 	 4 B09 X = ME′

E (Id)X ′,
1", #>4>$3� 5 ! 9 # X = PX ′.


������������� � '#)$'�� � #A/ , #(4>$ 4 B 4 * B ? # ! * *E#(' 9 # ?;B / !67%9 #74 9�B $ ! &%')# 5 # 4%# 9�B 4�4�#%*:# 9
*-, .�4 	%9�B $ ! . / 5 # 1�8 B /;2 # ? #(/"$ 5 # . B 4%#>4 @ ?+B0! 4 13#(* B � ' 4>$ ! � #F*E#F/ . ? 5 # P.
��� � "������� � '#)$'�� � . ! $ E � 9 #>4 4)# 1%$ ! �=# ? #%/)$ F � ' /�#>4 4 B 13# �=#31%$ . 9>! #(* 5 # .3B 4%#>4 E #($
E ′ � 9 #>4 4)#31($ ! �=# ? #(/"$ F #%$ F ′ �+#($ P * B;?;B $ 9>! 13# 5 #34 B 4 4 B 2C# 5 # E � E ′ @ Q 13#%* *:# 5 # F
� F ′ � ��! φ ∈ L(E,F ) #($ A = ME

F(φ) #(4>$�* B ?+B $ 9>! 13# 5CB /)4F*:#>4 � B /�1 ! #(/"/�#(4�� .3B 4%#(4 @
. / . . $ ! #%/)$ A′ = ME′

F ′(φ) * B ?;B $ 9>! 13# 5 # φ 58B /)4 *:#>4 / .0' �0#(* *:#(4 .3B 4%#>454 B09 
A′ = Q−1AP.



�&« ��� � ��� � ��� � � � � �� � � ��������	������
	������ ����

� 9 #%' �=#  � //4�#%' $ 	 1 9>! 9 # φ = IdF ◦ φ ◦ IdE #($�*:#F$�8 	 . 9�7(? # 5 #G13. ? 4).=4 ! $ ! . / 5 .0/"/�#
A′ = ME′

F ′(φ) = MF
F ′(IdF )×ME

F(φ) ×ME′

E (IdE)
5 , . � A′ = Q−1AP.

� B 454 B 9 $ ! 1%' * ! # 9 4 ! φ ∈ L(E,E) #(4>$ ' /A#%/ 5 . ? . 9 4 8 ! 4 ? # @ #($ P * B�?;B $ 9>! 13# 5 # 4 B 4 :
4 B 2 # 5 # E � E ′ @ A = ME

E (φ) � A′ = ME′

E (φ) � B *:. 9 4 A′ = P−1AP.
���������! #�#" � � '#) '�� � / 50! $F&%')# 5 #%'+* ?;B $ 9>! 13#(4 A #%$ B ∈ M(n, n,R) 4%.0/)$�4%# ? :. * B+. *:#>4 4�, ! * #
* ! 4>$ # P ∈ GL(n,R) $ #(* *E# &%')# B = P−1AP.

� #%* B 4 ! 28/ ! � #F&(')# A #($ B 4%.0/"$ *:#>4 ?;B $ 9>! 13#(4 ME
E #($ ME′

E′
5 , ' / ?-,%? # #(/ 5 . ? . 9 :

4 8 ! 4 ? # φ 58B /)4 5 #%'+* .3B 4(#(4 50! � 	%9 #%/)$ #>4 E #%$ E ′ �
��� � � � �� ��� �#��� 8 �  �

�� ��� &'�� #��& �� � �!� � 
�*) (*),+ � �8@'03;�� 5 B �.D 0 � 589
H2[pY\K

φ : E → F V ]BP WpgBg hGYG` W KZY\[^]8h\YG] T�W Y k Pp©4h\P gBk [p�BhGM;OlP U>V Y%]B[ V J�YG]>K T�k P(JNJNPSP�JLKREPlJ W �^[pY k JLY g [ VBk y ∈ F
YGh°P�uEYiJ�KZP V ] x ∈ E

KZP;h U>V P φ(x) = y.
� ] g P V K W&V JZJLYµJNPREP;O W ]XREP k R W ]4J�hGP�` W J�[ H8YGh!P;uEYGJLKNP V ] x KZP;h U^V P φ(x) = y

J;� Y\h%P�JLK V ]XY U>V P^D � Pc� W Y\KREPSJ VBgBg [^JNP k�U>V P φ P�JLK V ]8Ol[ kZg yBYiJLOlPcR�� P�J gXW `;P�Jj�^P�`²KZ[ k Y\P�hGJ�JNY\O g hGY n PShGP gBk [^�BhGM;OlPpD# P;h W k P��2Y\P�]^K V ]XP ��[pYiJ n u T P(Jbh\P(Jc� W JLP(J E P;K F REP
E
P;K�REP

F
_8JLP RBP;O W ]XRBP k J�� YGhP�uEYiJ�KZP V ]?�^P�`�KNP VXk `�[^h\[^]B]BP X KZP;h U>V P AX = Y

[ H
A = ME

F(φ);
`&� P�JLKQ_�RBY k P�_

kNT JL[ V R k P V ] JNIEJ�KZM;OlPbh\YG] T(W Y k P^D /��°�#')��'5�4� +��i,��)� � / B 4+4)#(* *E# /�.0< B ' 5 # φ ∈ L(E,F )

Ker(φ) = {x ∈ E, φ(x) = 0},

#($ ! ?;B 2C# 5 # φ *:#F4%.0' 4 :-#%/�4%# ?/. *:# 5 # F
Im(φ) = {y ∈ F, $ #%* &(' , ! * #
* ! 4>$ # x ∈ E φ(x) = y},� ]�� T;k Y n P U>V Pc`;P�JjP�]XJLP�O��BhGP�J�JN[p]>K�REP�J�JL[ V J�� P�J gXW `�P�J��pP(`²KZ[ k Y\P�hGJ�D

� ���X¯��*1('���'5�4�§+��i,��)� 9 # /�.0< B ' Ker(φ) #(4>$ ' / 4(. ' 4 :-#>4 4 B 13# �0#31($ . 9>! #%* 5 # E, #%$
*-, ! ?+B 2 # Im(φ) #(4>$�' / 4%.0' 4 :-#(4 4 B 1 #��0# 1%$ . 9>! #%* 5 # F.
� k P V �pP �![ V K�R�� W �*[ k R Ker(φ)

`�[^]>KNYGP;]>K
0E
` W&k φ(0E) = φ(0.0E) = 0.φ(0E) =

0F .
# Pc]:� P�JLK gXW J�h5� P;]XJNP;O@�BhGPd�2YiREPpD*H2[pY\K x1, x2 ∈ Ker(φ) λ, µ ∈ R,

φ(λx1 + µx2) = λφ(x1) + µφ(x2) = 0F .RE[p]4`
λx1 + µx2 ∈ Ker(φ).�![ V K R�� W �*[ k R Im(φ)

`;[p]>KNYGP;]>K
0F
` W&k φ(0E) = 0F

P�K�P(J�K RB[p]X`b]B[^] �>YiREP^D*H2[^YoK
y1, y2 ∈ Im(φ); λ, µ ∈ R,

YGh^P;uEYGJLKNP
x1, x2 ∈ E

KZP;hiJ U>V P φ(x1) = y1
P�K
φ(x2) = y2.m�� [ H

λy1 + µy2 = λφ(x1) + µφ(x2) = φ(λx1 + µx2),RE[p]4`
λy1 + µy2 ∈ Im(φ).� ] g P V K�` W&k�W `�K T�k YiJLP k h¡� Y\] � P(`²KZY\�2Y\K T R�� V ]BP WpgBg hGYG` W KNYG[p]�hGY\] T(W Y k Pbz k�� `�P W&V ]B[�I WpV D



� � � � ����� � �� � �� � �  �
�

��� � � � �� � � � � � ������� � �>e
� ���4¯��41('��(')�*� +��i,��i, � / B 	 &%' ! � B *:#(/ 13# #%/)$ 9 # φ ∈ L(E,F )

! / � # 1%$ ! � #($ Ker(φ) =
{0E}.

� / B7	 &%' ! � B *:#(/ 13# #%/)$ 9 # φ ∈ L(E,F ) 4>' 9 � #31($ ! �F#%$ Im(φ) = F.

� k P V �^P~8[^]^K k [^]XJ U^V P φ YG] � P(`²KNYG[p]aP;]>K k�W � ]BP Ker(φ) = {0E}.
� � T h T OlP�]^Kc]BP V K k P 0E ∈

Ker(φ)
O W YiJ 0F WQV ]8JNP V h W ]^K T ` T REP�]^K�RE[^]X` Ker(φ) = {0E}.~8[^]^K k [^]XJ Ker(φ) = {0E}

P�]>K k�W � ]BP φ Y\] � P�`²KZY\[^]:D4H2Y
φ(x1) = φ(x2)

W h\[ k J
φ(x1 − x2) = 0F .m [p]X`

x1 − x2 ∈ Ker(φ)
P�K gXWpk y>I g [&KZyBM�JNP x1 − x2 = 0E

[ V P�]X`�[ k P x1 = x2.� W&k R T;n ]BY\KNYG[p] φ J VBk � P�`²KZY\[^]��^P V K�REY k P U>V P g [ VBk KZ[ V K y ∈ F Y\h�P;u2YiJLKNP x ∈ E KZP;h
U>V P φ(x) = y

`�P U>V Y:]:� P�JLK k YGP;]8R�� W&V K k P U>V P Im(φ) = F.

�*) (*) ( �A9 � D � = 2 	��.9<D 589 5 B ���.D 5�49 ����
� ���4¯��41('��(')�*� +��i,��G� �"!

φ #>4>$ ! / � #31%$ ! � #%$ 4>' 9 � #31%$ ! � @ .0/ 50! $G&%')# φ #>4>$D' / ! 4(. ? . 9 :
4 8 ! 4 ? # 5 # E 43' 9 F. 6 B /)4;13# 1 B 4;*-, B 4+4�* ! 1 B $ ! . /�* ! / 	3B0! 9 # φ ∈ L(E,F )

BC50? #($�' /�#B 4+4�* ! 1 B $ ! . / 9
	 1 ! 4 9 . &%')#G/�.0$ 	 # φ−1 &%' ! #>4>$ B ' 434 ! * ! / 	3B0! 9 # φ−1 ∈ L(F,E).

� k P V �^P¨H2Y φ P(J�K V ]�YiJL[^OQ[ kNg yBYGJNOlPbKN[ V K y ∈ F W REOlP�K V ] V ]BY U>V P W ]^K T ` T REP�]^K
x ∈ E

[^]8R T�n ]XYoK φ−1 gXW&k φ−1(y) = x.~8[^]^K k [^]XJ U>V P φ−1
P�JLK�hGY\] T(W Y k P �BJL[^YoK y1, y2 ∈ F λ, µ ∈ R,

P;K
x1, x2 ∈ E

KNP�hGJ
U>V P φ(x1) = y1

P�K
φ(x2) = y2

φ−1(λy1 + µy2) = φ−1(λφ(x1) + µφ(x2))

= φ−1(φ(λx1 + µx2))

= λx1 + µx2

= λφ−1(y1) + µφ−1(y2).

� ] g P V K ` WpkZW `²K T;k YGJNP k h\P(J�YGJN[pOl[ kNg yXYGJNOlP�J W&V Ol[�IpP;] REP(J�� W JNP�J�D
��� /2�X��<2=�7�+��i,��)� � . ! $ E, F 5 #('+* #(4 4 B 13#>4��0#31($ . 9>! #%* 4 @ E = (e1, . . . em) ' /�# .3B 4%#5 # E, #($ φ ' / ! 4%. ? . 9 4 8 ! 4 ? # 5 # E 4>' 9 F B *:. 9 4D*�, ! ?;B 2C# 5 # E 4 B 9 φ / .0$ 	 # φ(E) =
(φ(e1), . . . φ(em)) #(43$ ' / # .3B 4%# 5 # F. � 	 1 ! 4 9 . &%')# ? #%/)$ @ 4).0' 9 &%' , ' / ? . 9 4 8 ! 4 ? # φ
4%. ! $�' / ! 4%. ? . 9 4 8 ! 4 ? # ! * 4>'��2$D&(' , ! * #
* ! 4>$ # ' /�# .3B 4%# E 5 # E $ #%* *:# &(')# φ(E) 4(. ! $
' / # .3B 4%# 5 # F.
� k P V �^Ptv] P�uEP k `;YG`;PpDE´µ[pY kjT ]X[p]X` T R W ]XJ�hGP�J���P V YGh\hGP�JjREPS�%R�D

 /��%�%'��(')�*� +��i,��i, � / 50! $�&%')# 5 #%'+*+#>4 4 B 13#(4 �=#31%$ . 9>! #(* 4�4%.0/)$ ! 4%. ? . 9 4 8�#(4�4�, ! * #
* ! 4>$ #
' / ! 4%. ? . 9 4 8 ! 4 ? # 5 # φ 5 # E 4>' 9 F.
�@�4���*3)35AB'���7�+��i,��)� � � 6 #('+* #>4 4 B 13#>4��0# 1%$ . 9>! #%* 4 E #%$ F 5 # 50! ? #(/)4 ! . / � / ! @ 4(. /)$! 4(. ? . 9 4 8)#>4F4 ! #%$ 4%#%' *:# ? #%/)$ 4 ! dimE = dimF.



�&r ��� � ��� � ��� � � � � �� � � ��������	������
	������ ����

� � ��! dimE = m, E #>4>$ ! 4%. ? . 9 4 8�#/� R
m.

�;� � . ! $ E ' /�# .3B 4%# 5 # E, F ' /�# .3B 4%# 5 # F, #%$ φ ' / ! 4%. ? . 9 4 8 ! 4 ? # 5 # E 43' 9
F ME

F(φ) #(4>$ ! /$�=# 9 4 !�. *:#;#%$
(ME

F (φ))−1 = MF
E (φ−1)

*-, ! /$�=# 9 4%# 5 #�* B ?+B $ 9>! 13# ME
F(φ) #(4>$�* BF?;B $ 9>! 13# 5 #�*-, ! 4%. ? . 9 4 8 ! 4 ? # 9
	 1 ! 4 9 . &%')# �

� k P V �pPH2Y
φ
P�JLK V ] YiJL[^Ol[ kZg yBYiJLOlPjREP E J VBk F W hG[ k J E � W JNP�REP E P�JLK T�U>V YG� W hGP;]>K�_ φ(E)� W JNPcREP F O W YGJ E P�K φ(E)

[p]>KjO J�OlPc]B[pO@� k PcREPb�^P�`²KZP VBk JjRE[^]X` dimE = dimF.H VBgBg [^JN[p]XJ U>V P dimE = m,
]X[&KN[^]XJ

E = (e1, . . . em)
P�K
φ W&gXg h\Yi` W KNYG[p]0`;[2[ k RE[p]E�] T P

E
φ
→ R

m

v → (λ1, . . . , λm)

[ H
φ(v) = (λ1, . . . , λm)

JNY
v =

∑m
i=1

λiei.
� P

m
� VXg h\P;K�P�JLK V ]BY U^V Pp©XRE[^]X`

R
m φ−1

→ E

(λ1, . . . , λm) →

m∑

i=1

λiei.

φ
P(J�K�YG] � P�`�KNY\��©XJ VBk�� P(`²KZYo�°P�K E P�JLKjYGJN[pOl[ kNg yBPc_ R

m.

��:7>��$p'5$p7a+��i,��)� � .0/"$ 9 # 9 &%')# L(E,F ) #(4>$ ! 4(. ? . 9 4 8)#�� M(m,n,R), 4 ! dimF =
m #%$ dimE = n.

� / 5+	35 ' ! 9 # * B 5 ! ? #%/�4 ! .0/ 5 # L(E,F ).

�*) (*)�� � �,D 5�>9 ���� 5 B 0 24247�� � 0 B�����49 7-�-�	�0 � = 5�9
� ] W � V�U>V P g [ VBk hGP�J:YiJN[pOl[ kZg yBYiJLOlP(J;©�YGh>I W � W YoK V ]XP k P;h W KNYG[p]cP�]>K k Pvh W REY\OlP�]XJLYG[p]REPlh5� P�J gXW `�P REP R T�gXW&k K E, P�K�`;P;hGh\P REP h¡� P(J g4W `�PlR�� W&kZk YG� T PpD # P;h W JLPlz T ] T�kZW h\YiJLP g [ VBk

V ] Ol[ kZg yBYiJLOlP φ U>V Y�]:� P�JLK gXW J·��[ k ` T OlP�]^KjYG] � P�`�KNY\�µ[ V J VBk � P�`�KNY\��D
��� />�4��<2=�7�+ �ª, �ª, � . ! $ E #%$ F 5 #('+*�#>4 4 B 13#(4��0#31($ . 9>! #%* 4 5 # 50! ? #(/)4 ! . / � / ! # @ #%$
φ ∈ L(E,F )

B *:. 9 4
dimE = dimKer(φ) + dim Im(φ).

� 9 #%' �=#H2[pY\K
B = (v1, . . . , vk) V ]XP � W JLP RBP Ker(φ),

[p] g P V K�h W `�[^O g h T KNP k P;] V ]BP� W JNPSREP E E = (v1, . . . , vk, w1, . . . , wr).
m@� WpgBk M(JjhGP�J�REYGOlP;]XJNYG[p]XJ dimKer(φ) = kP�K

dimE = k + r.
~8[^]>K k [p]XJ U>V P (φ(w1), . . . , φ(wr))

P(J�K V ]XP�� W JNP8REP Im(φ).� k [ V �^[p]XJ�R�� W �*[ k R U>V Pc`p� P(J�K V ]8JNIEJ�KZM;OlPbh\YG� k PpDXH2[^YoK λi
KNP�hGJ U>V P

r∑

i=1

λiφ(wi) = 0F



� � � � ����� � �� � �� � �  �
�

��� � � � �� � � � � � ������� � �p�

W h\[ k J
φ(

r∑

i=1

λiwi) = 0F

P;K ∑r
i=1

λiwi ∈ Ker(φ).
# [pOlOlP

B
P(J�K V ]XPc� W JNPcREP Ker(φ)

r∑

i=1

λiwi =

k∑

j=1

µjvj

P;K
−
∑k

j=1
µjvj +

∑r
i=1

λiwi = 0E
RE[^]X`

µj = 0
P;K
λi = 0.� k [ V �^[p]XJ U>V P `&� P�JLK V ]{JNI2JLKNM�OlPQz T ] T�kZW KNP VBk ©�JN[pY\K y ∈ Im(φ)

YGhµP�uEYGJLKNP
x ∈ EKZP;h U>V P φ(x) = y.

# [pOlOlP
E
P�JLK V ]BPc� W JNPcREP E

x =

k∑

j=1

µjvj +

r∑

i=1

λiwi

RE[^]X`
y = φ(x) = φ(

k∑

j=1

µjvj +

r∑

i=1

λiwi)

P;Kj`;[pOlOlPch\P(J
vj
JN[p]>K�R W ]XJ Ker(φ)

y =

r∑

i=1

λiφ(wi).

� ]�P;]8R T R V Y\K U^V P dim Im(φ) = r.

�@�4���*3)35AB'���7�+��i,��i, �"!
φ ∈ L(E,E), .0/ B/	 &(' ! � B *E#(/ 1 # #(/"$ 9 # φ ! / � #31%$ ! � #%$ φ 4>' 9 � #310:

$ ! � �
-�7>=?AE� � "#7�+��i,��)� 9 #�� B ! $�&(')# φ(x) = y

B;B ' 4�* ' 4�' /�#�4%.0* ' $ ! .0/ #(4>$ 	 &%' ! � B *:#%/)$ B '
� B ! $ &%')# φ(x) = y

B�B ' ? . ! /�4 ' /�# 4%.0* ' $ ! .0/ � 6 B /�4F13# 1 B 4 φ #(43$ ' / ! 4%. ? . 9 4 8 ! 4 ? #5 # E 4>' 9 E. � //4 B 9 *:# B ' 434 !�5 , B ' $ . ? . 9 4 8 ! 4 ? #��
� 9 #%' �0#� P�� W Y\K U>V P φ JL[^YoK%Y\] � P�`²KZYo�*P�JLK T(U^V Y\� W hGP;]>K°_ dimKer(φ) = 0.

tµK gXW&k h\P�KNy T [ k M;OlP
gBkZT ` T REP�]>K�`&� P�JLK T(U>V Y\� W h\P�]^K�_ dim Im(φ) = dimE.

# P U>V Y k P;�2YGP;]>K�_?RBY k P U>V P
Im(φ) = E

[ V P;]X`;[ k P U>V P φ P�JLK�J VBk � P�`�KNY\��D
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� h T OlP;]>K�]BP V K k Pp©:F(r� h T OlP;]>K�JNI>O T K k Y U>V P^©�F��
��hGzp[ k Y\KNyBOlP0R V{g Y\�^[&K@RBP�� W&V JZJ�©�F�sX©

���
� gBg h\Yi` W KNYG[p]�h\YG] T�W Y k Pp©Ex>���JZJL[E`;Y W KNYG�>Y\K TR V gBk [ER V Y\K�© �BF
��JZJL[E`;Y W KN�2YoK TREPch¡� W RBREY\KNYG[p] REP�J�O W K k YG`;P�J�©�F�r� V KZ[pOl[ kZg yBYiJNOQP(JµR�� P�J gXW `;Pj�pP�`�KN[ k YGP;h¡©�p�
� W JNPdREPc�^P�`�KNP VXk J�©ExXF
# [pO@�BY\] W YiJL[^]XJ·h\YG] T�W Y k P�J�©�F�}X©Bspr
m�YiJLK k Y\� V KNYG�>Y\K T © � �

P;]XRB[pOl[ kZg yBYiJLOlP^© ���t�J gXW `;P�J��pP(`²KZ[ k Y\P�hGJ�©EspsYiJL[^OQ[ kNg yBP�J�© �^eJN[ V JL�¡P(J g4W `�P(J��^P�`�KN[ k YGP;hiJ;©2x^s
� [ k O V h\Pb�BYG]B£^OQPcREP %�P���KZ[p]:© �ps
� k [ VBg Pp©�F��`�[^OlO V K W KNY\��©:F(�
¦ O W zpP^©��&«¦ ]2�pP k JNPdR�� V ]BPcO W K k YG`;Pp© �&s¦ JL[^Ol[ kZg yBYiJLOlP�J�R:� P(J gXW `�P°�pP(`²KZ[ k Y\P�h5© �>e
~ W K k Yi`�P^©�F�e`�[^h\[^]B]BP^©�F�r

R�� V ]BP WpgBg hGYG` W KNYG[p]�hGY\] T(W Y k P^©��EFREP gXW JNJ W z^Pp© �$�YiREP;]>KNY\K T ©:F�r

hGYGzp]BP^©:F�r
] V hGhGPp©:F(r
kZT R V YoKZPp© �>e
JNP;O@�Bh W �BhGPp©��p«~8[ kNg yBYGJNOlPp©Ex>�~ V hoKZY g hGYi` W KZY\[^] R�� V ]BPjO W K k Yi`�P gXW&kµV ]

kNT P;h¡©�F��
%�[�I W&V ©��&«
f W ]Bz R:� V ]XPcO W K k YG`;Pp© �pr

R:� V ]XPcO W K k YG`;P kNT R V Y\KNPp© �^e
H2[^OlOQPSRBP

O W K k YG`;P�J�©�F�rH2I2O@�4[^h\PSREPcJN[pOlO W KZY\[^]:©�F�}H2IEJLKNM�OQP
T(U>V Y\� W h\P�]^K(©X�B© �&x
yX[pOl[pz^M;]BP^©�F�}
W JZJN[2`;Y T ©�F�}JNP�`;[p]XR�OlP;O@� k P^©�F�}R:� T(U^V4W KNYG[p]4J�h\YG] T�W Y k P�J�©BrH2IEJLKNM�OQPSRBPc�pP�`�KNP VBk Jz T ] T�kZW KNP VBk ©Es^�hGY T J�©Bx^}hGYG� k P^©Bx^}hGYG] T�W Y k P;OlP;]>K�R T�g P�]XR W ]>K�J;©Bx>}

«p}


