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Abstract. The aim of the present paper is the mathematical study of a lin-
ear Boltzmann equation with different matrix collision operators, modelling

the spin-polarized, semi-classical electron transport in non-homogeneous fer-

romagnetic structures. In the collision kernel, the scattering rate is gener-
alized to a hermitian, positive-definite 2 × 2 matrix whose eigenvalues stand

for the different scattering rates of, for example, spin-up and spin-down elec-

trons in spintronic applications. We identify four possible structures of linear
matrix collision operators that yield existence and uniqueness of a weak so-

lution of the Boltzmann equation for a general Hamilton function. We are

able to prove positive-(semi)definiteness of a solution for an operator that fea-
tures an anti-symmetric structure of the gain respectively the loss term with

respect to the occurring matrix products. Furthermore, in order to obtain ma-

trix drift-diffusion equations, we perform the diffusion limit with one of the
symmetric operators assuming parabolic spin bands with uniform band gap

and in the case that the precession frequency of the spin distribution vector
around the exchange field of the Hamiltonian scales with order ε2. Numer-

ical simulations of the here obtained macroscopic model were carried out in

non-magnetic/ferromagnetic multilayer structures and for a magnetic Bloch
domain wall. The results show that our model can be used to improve the
understanding of spin-polarized transport in spintronics applications.
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1. Introduction. The coupling between the spin- and the charge degree of freedom
of an electron system is a growing research topic in physics and mathematics. What
is simply called ’spintronics’ (spin-electronics) has become a vast field with many
promising applications and plenty of challenging problems to be solved. The field in-
cludes, for example, quantum computing [20, 37] (qubits), spin-dependent transport
in ferromagnets [14] (giant magneto-resistance effect or GMR effect), semiconduc-
tor spintronics [42, 13] (spin field-effect transistors, magnetic resonant tunneling
diodes) and spin-transfer torques in ferromagnets [31, 19, 4] (current-induced mag-
netic switching and domain wall motion). The benefits of spintronics lie in the fact
that the magnetic state of a system can be changed by manipulating charges with
electric fields, which can be handled rather easily and more precisely as compared
to magnetic fields. In most of the spintronic applications, spin-polarized electron
transport in solids plays a crucial role. By spin-polarized transport we mean that,
in addition to the charge distribution of an electron system, it is necessary to keep
track of its spin distribution to obtain a correct description. Magnetic impurities,
a ferromagnetic environment, strong spin-orbit coupling [9, 12] or an applied mag-
netic field often require the spin-polarized treatment of transport in these systems.

The spin of an electron represents a two-state quantum system [1]. This means
that once a direction is chosen in real space, the electron spin can be determined
to be either parallel (spin-up) or anti-parallel (spin-down) to that direction. Prior
to the measurement, a general spin state (or spin-coherent state) is a quantum
superposition of the spin-up and spin-down basis states. The density matrix of a
spin-coherent state is a hermitian 2× 2 matrix, where the spin-coherence is repre-
sented by non-vanishing off-diagonal elements. From a mathematical point of view,
spin systems resemble electron-hole systems in Graphene [23]. For such systems,
there exist various matrix transport models on the microscopic (von Neumann and
Wigner equation), the kinetic (Boltzmann equation [29, 40, 24, 2]) and the macro-
scopic level (drift-diffusion and fluiddynamic equations [41, 28, 2, 39], quantum
drift-diffusion and quantum fluiddynamic equations [21, 3]). For the purpose of
engineering spintronic devices, macroscopic models are very appealing. On the
one hand, they enable efficient numerical simulations on the desired length scale
(101 − 103 nm) and, on the other hand, they incorporate the scattering of elec-
trons from phonons (non-zero temperature) and impurities (material imperfections).
However, spin-coherent drift-diffusion models occurring in literature are still mostly
heuristic. Recently, El Hajj and Ben Abdallah [10] introduced a spin-coherent col-
lision operator in the linear BGK approximation to obtain a matrix Boltzmann
equation. They performed rigorous diffusion limits in various scalings to derive a
number of matrix drift-diffusion models. The rigorous derivation of a spin-coherent
collision operator from the microscopic scale is still an open problem.

In this work we address, at first, the kinetic level of spin-coherent transport. Our
goal is to set up a matrix Boltzmann equation that incorporates spin-dependent
scattering rates, or more precisely, that features a collision kernel with matrix-
valued transition probabilities from momentum ~k to ~k′. Such a kinetic equation
can be viewed as a generalization of the model in [10] to spin-dependent mean-free
paths. In [10], the scattering rates were scalar quantities (which yield one mean free
path for both spin species) whereas in our case they are fully occupied hermitian,
positive-definite 2 × 2 matrices. The eigenvalues of these matrices stand for the
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different scattering rates of spin-up and spin-down electrons (yielding two distinct
respective mean free paths). The observation of spin-dependent electron resistances
in ferromagnets [8, 15] was crucial for triggering the research on spintronics, there-
fore the generalization of scalar scattering rates to matrix-valued scattering rates is
a logical step. The main problem, as compared to the scalar case, is to deal with
the matrix products that will occur in the newly defined collision operator.

The effects of spin-dependent mean free paths on non-coherent spin-polarized
transport (two-component models) have been studied comprehensively [18, 34, 17,
33, 38, 35]. However, to our knowledge, there exist no works on the consequences
of spin-dependent scattering for spin-coherent electron systems. Our approach is
to add, on the right-hand-side of the spin-coherent Vlasov equation, the four most
simple types of linear matrix collision operators which preserve the hermiticity of
the electron distribution matrix. We then apply the method of characteristics and
a fixed point argument to check existence and uniqueness of a weak solution of
the respective matrix Boltzmann equation. Additionally, using the maximum prin-
ciple, we check the positive-(semi)definiteness of the solution. We identify one
collision operator that satisfies the maximum principle. This operator features an
anti-symmetric structure with respect to the matrix products in the gain and the
loss term, respectively. The anti-symmetric collision operator is mass- but not
spin-conserving. In the subsequent sections of the paper, we focus on a mass- and
spin-conserving collision operator, which has a symmetric structure of the gain re-
spectively the loss term. In contrast to the anti-symmetric operator, the symmetric
collision operator describes only spin-conserving momentum scattering, no spin-flip
processes. The spin-flip scattering is then described by a second collision operator.
This strategy permits to treat spin-conserving respectively spin-flip scattering on
different timescales. However, the verification of the maximum principle for this
two-operator approach remains an open problem.

In the second part of this paper we perform the diffusion limit in a scaled form
of the matrix Boltzmann equation, using standard techniques [25] known from the
scalar case. The necessary physical assumptions for this step are Boltzmann sta-
tistics and local thermal equilibrium (detailed balance) in each spin band. Addi-
tionally, we make the strong assumption of parabolic spin bands with uniform band
gap, a model that is known in spintronic literature as the Stoner model [16, 22].
Relaxing this assumption should clearly be the topic of following works. However,
even in the simple setting of the Stoner model, we obtain, in the macroscopic limit,
a matrix drift-diffusion model that features a coupling between the charge- and the
spin degree of freedom. The coupling we get is linear in the polarization p of the
scattering rates (0 ≤ p < 1).

The third part of this work contains some numerical studies of the derived
spin-coherent drift-diffusion model in one-dimensional multilayer structures and for
strongly varying magnetization on the scale of several nanometers (e.g. a magnetic
domain wall). We use a standard Crank-Nicolson finite difference scheme to solve
the four coupled drift-diffusion equations on a uniform grid. The results show that
our model provides a new means for studying spin-polarized transport in arbitrary
magnetic structures (e.g. non-collinear multilayers or strongly varying magnetiza-
tion).
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2. Some notations and Lemmas. As a help for the better understanding of this
work, we start by introducing some relevant notations.

Definition 2.1 (Pauli matrices). By ~σ = (σ1, σ2, σ3) we denote the triple of the
three Pauli matrices,

σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)
. (1)

To be consistent, the 2× 2 unit matrix is denoted by

σ0 =

(
1 0
0 1

)
. (2)

The Pauli matrices satisfy the following properties, for k, l,m ∈ {1, 2, 3},

[σk, σl] = 2i
∑
m

εklmσm (3)

[σk, σl]+ = 2δklσ0 (4)

σkσl = δklσ0 + i
∑
m

εklmσm. (5)

Here, [σk, σl] = σkσl − σlσk stands for the commutator of σk and σl, [σk, σl]+ =
σkσl + σlσk denotes the anti-commutator, δkm the Kronecker delta, εklm the Levi-
Civita symbol, defined by

εklm =

∣∣∣∣∣∣
δk1 δk2 δk3
δl1 δl2 δl3
δm1 δm2 δm3

∣∣∣∣∣∣ . (6)

From (3) one deduces, for ~a,~b ∈ R3,

(~a · ~σ)(~b · ~σ) = (~a ·~b)σ0 + i(~a×~b) · ~σ (7)

[~a · ~σ,~b · ~σ] = 2i(~a×~b) · ~σ. (8)

Definition 2.2 (Matrix spaces). Let H2(C) denote the vector space of hermit-
ian 2 × 2 matrices. Associated with the Frobenius scalar product 〈·, ·〉2 and the
corresponding norm || · ||2,

〈A,B〉2 := tr (AB) , ||A||2 :=
√

tr (A2) ∀A,B ∈ H2(C), (9)

the vector space H2(C) becomes a Hilbert space, where A = (aij) and B = (bij)
with i, j ∈ {1, 2} and

tr (AB) =
∑
ij

aijbji (10)

denotes the trace of AB. By H0,+
2 (C) we denote the subspace of H2(C) containing

positive semi-definite matrices and by H+
2 (C) we identify the subspace of positive

definite matrices.

The space H2(C) is spanned by the four matrices σ0, σ1, σ2 and σ3. In this basis,
the coefficients of a matrix A ∈ H2(C) are denoted by a0 ∈ R, ~a = (a1, a2, a3) ∈ R3.
We have the following isomorphism between H2(C) and R4,

A = a0σ0 + ~a · ~σ ∈ H2(C) ⇐⇒ Ã = (a0,~a) ∈ R4. (11)
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The coefficients of A in this Pauli basis are computed as follows,

a0 =
1

2
tr (A) ; ~a =

1

2
tr (~σA) . (12)

In the following, we call the space R3 of the coefficient vectors ~a of a matrix A ∈
H2(C) in the Pauli basis the spin space. Only vectors in spin space are written with
the overlined arrow symbol. The eigenvalues of A ∈ H2(C) are given by a+ = a0+|~a|
and a− = a0 − |~a|, respectively.

Lemma 2.3. Let A ∈ H+
2 (C) with components (a0,~a) in the Pauli basis, then

A1/2 =
1

2

(√
a0 + |~a|+

√
a0 − |~a|

)
σ0 +

1

2

(√
a0 + |~a| −

√
a0 − |~a|

) ~a

|~a|
· ~σ. (13)

Lemma 2.4. Let A,B ∈ H2(C). Then we have AB + BA ∈ H2(C) and ABA ∈
H2(C). Moreover, in the Pauli basis,

1

2
AB +

1

2
BA = (a0b0 + ~a ·~b)σ0 + (a0~b+ b0~a) · ~σ

and

A1/2BA1/2 = (a0b0 + ~a ·~b)σ0+

+

[
b0~a+

(
a0 −

√
a20 − |~a|2

)(
~b · ~a
|~a|

)
~a

|~a|
+~b
√
a20 − |~a|2

]
· ~σ.

Lemma 2.5. For A,B ∈ H0,+
2 (C) we have ABA ∈ H0,+

2 (C). However, AB + BA

is not necessarily in H0,+
2 (C).

Lemma 2.6 (Trace properties). We have

tr (AB) ≥ 0 ∀A,B ∈ H0,+
2 (C) (14)

tr
(
A2 +B2

)
≥ 2 |tr (AB)| ∀A,B ∈ H2(C) (15)

0 ≤ tr
(
(AB)2

)
≤ tr

(
A2B2

)
≤ 2tr

(
A2
)

tr
(
B2
)
∀A ∈ H2(C), B ∈ H0,+

2 (C). (16)

Proof. Relation (15) follows from

0 ≤ tr
(
(A+B)2

)
= tr

(
A2 + 2AB +B2

)
=⇒ tr

(
A2 +B2

)
≥ −2tr (AB)

0 ≤ tr
(
(A−B)2

)
= tr

(
A2 − 2AB +B2

)
=⇒ tr

(
A2 +B2

)
≥ 2tr (AB) .

To prove (16), let A = (aij) and B = (bij), then āij stands for the complex conjugate
of aij . Further, let θ be a unitary matrix, θθ̄t = σ0, such that θ̄tBθ is diagonal.
One has

tr
(
(AB)2

)
= tr

(
(θθ̄tAθθ̄tB)2

)
= tr

(
θ̄tAθθ̄tBθθ̄tAθθ̄tBθ

)
= tr

(
(A′B′D)2

)
.

Here, A′ = θ̄tAθ = (a′ij) with (a′ii) ∈ R, and B′D is a diagonal matrix with eigenva-

lues (b′ii) ∈ R+. We obtain

tr
(
(AB)2

)
= tr

(
(A′B′D)2

)
=
∑
ik

a′ikb
′
kka
′
kib
′
ii =

∑
ik

|a′ik|2b′kkb′ii ≥ 0, (17)

which gives the first inequality in (16). The second inequality follows from

tr
(
(A′B′D)2

)
=
∑
ik

|a′ik|2b′kkb′ii ≤
∑
ik

|a′ik|2b
′2
ii = tr

(
A′2B

′2
D

)
(18)

The third inequality in (16) follows from the fact that A2 and B2 are positive
hermitian matrices.
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3. Preliminaries.

3.1. Spin-coherent semiclassical electrons. The state of a spin-coherent semi-
classical electron system is characterized by the distribution matrix F : R+ ×Rdx ×
Rdk → H

0,+
2 (C). Here, t denotes the time and x and k are the respective variables

for position and momentum (more precisely, k stands for an electron’s wave vector
and ~k for its crystal momentum). The phase space of the electron system is
Rdx × Rdk = R2d where d is the number of space dimensions. In the Pauli basis the

distribution matrix is written as F = (1
2f0,

~f). The coefficient f0(t, x, k) = tr (F )
is the scalar distribution function of the electrons ignoring the spin. The vector
~f(t, x, k) = 1

2 tr (~σF ) represents the vector spin polarization of the electron system

and ~~f is the electron spin density at (t, x, k) ∈ R+×R2d. The two eigenvalues of F ,

denoted by f± = 1
2f0±|~f |, stand for the distribution functions of electrons with spin

in the direction +~f/|~f | and in the direction −~f/|~f |, respectively. These directions,
determined by the distribution matrix itself, define the z-axis of a coordinate system

in spin space in which F is diagonal. This coordinate frame defined by ~f/|~f | depends
on (t, x, k) ∈ R+ × R2d. Since it is our purpose to describe the spin-coherence of

electrons with respect to a given field ~Ω(t, x, k) in spin space, it is preferrable to
work in a coordinate frame independent of (t, x, k) ∈ R+ × R2d and to keep track

of the direction ~f/|~f | therein.
The energy density of the system in the state F is computed from the Hamilton

matrix H : R+ × R2d → H2(C). We write this matrix as H = Hb +Hso, where Hb

is called the band matrix and Hso denotes the spin-orbit matrix, given by

Hb(t, x, k) = h0(t, x, k)σ0 + λ(t, x, k)~Ω(t, x) · ~σ (19)

Hso(t, x, k) = ~hso(t, x, k) · ~σ. (20)

Here, h0 : R+ × R2d → R, λ : R+ × R2d → R, ~Ω : R+ × R2d → S2 (the unit sphere

in R3) and ~hso : R+ × R2d → R3. The eigenvalues of Hb read hb,↑ = h0 + |λ| and
hb,↓ = h0 − |λ|. For fixed t and x, they represent the two different transport bands
eligible for spin-coherent electrons. We refer to the band hb,↑ as the up-band and
to hb,↓ as the down-band, respectively. The band gap is given by 2|λ|. The unit

vector ~Ω shall play the role of the local direction of magnetization in a ferromagnet,
therefore it depends on t and x but not on the momentum k of the electrons. The
distribution functions f↑ and f↓ in the up- and in the down-band are given by the
orthogonal projection Π↑/↓ : H2(C) → R of F on the eigenspace associated to the
respective eigenvalue of Hb,

f↑ = Π↑(F ) =

〈
1

2
(σ0 + ~Ω · ~σ), F

〉
2

=
1

2
f0 + ~Ω · ~f (21)

f↓ = Π↓(F ) =

〈
1

2
(σ0 − ~Ω · ~σ), F

〉
2

=
1

2
f0 − ~Ω · ~f. (22)

A possible absence of spin-coherence is reflected by

± ~f ‖ ~Ω ⇐⇒ [F,Hb] = 0. (23)

In this case, the equations (21) and (22) yield f↑ = 1
2f0 ± |~f | and f↓ = 1

2f0 ∓ |~f |
where |~f | is the usual scalar spin polarization in two-component models.

The matrix Hso stands for contributions to the electron energy arising from the
spin-orbit coupling that electrons experience when moving through a crystal lattice.
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The field ~hso may, for example, contain terms like the Elliott-Yafet, the D’yakonov-
Perel’ or the Rashba spin-orbit couplings [42]. The separation of H into Hb and

Hso was made in order to single out the field ~Ω, which plays a central role in the
theory developed in this work. The total Hamilton matrix reads

H = Hb +Hso = h0σ0 + ~h · ~σ, (24)

where ~h = (λ~Ω + ~hso) is called the pseudo-exchange field.
Given a distribution matrix F , the energy E : R+ × R2d → R of the system at

(t, x, k) is obtained by

E(t, x, k) = 〈H,F 〉2 = h0(t, x, k)f0(t, x, k) + 2~h(t, x, k) · ~f(t, x, k). (25)

The ballistic dynamics of the spin-coherent semi-classical electron system is de-
scribed by the matrix Vlasov equation [11, 26],

∂tF +
1

~
(∇kh0 · ∇xF −∇xh0 · ∇kF ) +

i

~
[F,~h · ~σ] = 0

F (t = 0, x, k) = Fin(x, k)

Fin(x, k) ∈ H0,+
2 (C) ∀(x, k).

(26)

The commutator [F,~h · ~σ] describes the precession of the spin polarization ~f of the

electron system around the pseudo-exchange field ~h. Equation (26) is obtained by
passing to the limit ε→ 0 (where ε stands for the scaled Planck constant ~) in the

Schrödinger equation with the Hamiltonian (24), for the case where the modulus |~h|
of the pseudo-exchange field scales with order ε.1 Thus, equation (26) is merely the

correct semi-classical equation for electrons in a weak exchange field ~h. This is the
case, for example, if the band gap λ is small compared to the Fermi energy of the
electron system. To take into account scattering processes (non-ballistic transport),
we shall add collision terms at the right-hand-side of the matrix Vlasov equation
(26).

3.2. Spin-coherent collision operators. For a spin-polarized electron system,
there are two kinds of possible collision processes, namely the spin-conserving and
the spin-flip collisions. Spin-conserving collisions drive the velocity distribution of
the electrons towards thermal equilibrium, i.e., the Fermi-Dirac or the Maxwellian
distribution, depending on the used statistics. On the other hand, spin-flip collisions
will relax the electron spin density towards its thermal equilibrium field, which is,

at each point x ∈ Rdx, parallel to the local pseudo-exchange field ~h defined in (24).
In ferromagnets, the two processes happen at very different timescales [41], spin-
conserving collisions occurring at a much higher frequency than spin-flip collisions.

In the present paper, we shall write seperate collision operators for each of the
two processes. Spin-flip processes will be modeled by a relaxation term [10],

1

τsf
Qsf (F ) :=

1

τsf

(
1

2
tr (F )σ0 − F

)
, (27)

where τsf ∈ R+ is the average time between two subsequent spin-flip collisions.
The focus of this work is on spin-conserving momentum scattering of electrons with
(magnetic) impurities. The essential point is that impurity potentials may look dif-
ferent for spin-up and spin-down electrons and that, additionally, the latter feature

1The fact that ~ still appears in (26) is due to rescaling to physical variables after the limiting
procedure.
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different density of states in spin-polarized materials [36]. Both effects lead to spin-
dependent momentum scattering rates. Our goal is to construct a collision operator
that, on the one hand, describes the impurity scattering of spin-coherent electrons
and, on the other hand, takes into account spin-dependent collision rates. Moreover,
the new spin-coherent collision operator must satisfy the necessary mathematical
properties to yield a well-defined theory. We state four requirements on such an
operator:

1. incorporate spin-dependent scattering rates,
2. yield a two-component Boltzmann model if

[F (t, x, k), Hb(t, x, k)] = 0 ∀(t, x, k) ∈ R+ × R2d,

3. be a map with range in H2(C),
4. conserve the positive-(semi)definiteness of F ,

F (t = 0, x, k) ∈ H0,+
2 (C) =⇒ F (t, x, k) ∈ H0,+

2 (C) ∀(t, x, k) ∈ R+ × R2d.

Let S : R+×R3d → H+
2 (C) denote the scattering matrix, in the Pauli basis written

as

S(t, x, k, k′) = s0(t, x, k, k′)σ0 + ~s(t, x, k, k′) · ~σ. (28)

This matrix shall describe the rate at which spin-coherent electrons scatter from k
to k′ due to collisions with (magnetic) impurities. The eigenvalues of S, denoted
by s↑ and s↓, shall stand for the respective (scaled) scattering rates of electrons
in the up-band and in the down-band. An electron distribution F consists only of
non-coherent spin-up and spin-down states if it commutes with the band matrix
Hb, c.f. (23). In this case, the eigenvalues of F should scatter at the rates s↑ and
s↓, respectively. Therefore, it is necessary that

[S(t, x, k, k′), Hb(t, x, k)] = 0 ∀(t, x, k, k′) ∈ R+ × R3d. (29)

We construct a linear spin-coherent collision operator Qij(F ) as a sum of a gain
term Q+

i (F ) and a loss term Q−j (F ),

1

τc
Qij(F ) :=

1

τc
Q+
i (F )− 1

τc
Q−j (F ) i, j ∈ {1, 2}, (30)

where we defined τc ∈ R+, the time between two subsequent spin-conserving colli-
sion processes. The two basic possible structures of the gain and loss term, respec-
tively, read

Q+
1 (F ) :=

∫
Rd

k′

(
1

2
S′F ′ +

1

2
F ′S′

)
dk′ (31)

Q+
2 (F ) :=

∫
Rd

k′

S′1/2F ′S′1/2dk′, (32)

Q−1 (F ) :=
1

2
ΛF +

1

2
FΛ (33)

Q−2 (F ) :=

∫
Rd

k′

S1/2FS1/2dk′, (34)

where we denoted F ′ = F (t, x, k′), S′ = S(t, x, k′, k), and Λ =
∫
Sdk′. The gain

and loss terms are chosen such that they conserve the hermiticity of the electron
distribution function F . We stress that, according to (30), there are four possible
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spin-coherent collision operators that fall into two categories, namely the symmetric
operators Q11 respectively Q22, and the anti-symmetric operators Q12 respectively
Q21. At first the different structures of gain and loss term in the anti-symmetric
operators may seem counter-intuitive or unphysical. However, in the theory of
open quantum systems [7], the well-known Lindblad equation features a product
structure similar to the operator Q21.

It is easily seen that the symmetric operators Q11 and Q22 are mass- and spin-
conserving, ∫

Rd
k

Q11(F )dk =

∫
Rd

k

Q22(F )dk = 0, (35)

whereas the anti-symmetric operators Q21 and Q12 are just mass-conserving,∫
Rd

k

Q12(F )dk = −
∫
Rd

k

Q21(F )dk 6= 0 (36)∫
Rd

k

tr (Q12(F )) dk =

∫
Rd

k

tr (Q21(F )) dk = 0. (37)

Therefore, the anti-symmetric operators contribute to the spin-flip scattering on
the time scale τc, which contradicts our assumption that spin flip processes should
happen on the timescale τsf .

4. The model. Adding the collision operators (27) and (30) on the right-hand side
of (26), one obtains the following generalized matrix Boltzmann equation,

∂tF +
1

~
(∇kh0 · ∇xF −∇xh0 · ∇kF ) +

i

~
[F,~h · ~σ] =

1

τc
Qij(F ) +

1

τsf
Qsf (F )

F (t = 0, x, k) = Fin(x, k)

Fin(x, k) ∈ H0,+
2 (C) ∀(x, k).

(38)

Here, h0 and ~h are the components of the Hamilton matrix (24). Equation (38)
has been investigated by el Hajj [10] for the case that S, occurring in Qij(F ) and
defined in (28), is a scalar, S = s0σ0. The case S ∈ H+

2 (C) is a new problem which
is the topic of this work.

4.1. Further assumptions. Let us summarize in this section the physical hypoth-
esis we need for the further development. Generalizations to these assumptions shall
be treated in forthcoming works.

Assumption 4.1 (Shifted parabolic bands). We treat the case of two parabolic
transport bands. Moreover, the band gap between the two spin bands does not
depend on the momentum k. Thus, in equation (19) for Hb, we assumeh0 =

~2|k|2

2m
+ V (t, x)

λ = λ(t, x),
(39)

where m is the effective mass of the electrons, λ : R+×Rdx → R is the k-independent
band gap and V : R+ × Rdx → R is an external potential energy.
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Assumption 4.1 is known in the physics literature as the Stoner model [27]. It is
a crude simplification of the problem, since transport bands in ferromagnets often
do not have parabolic shape. However, the Stoner model is still a basic tool used to
understand electron properties in ferromagnets [16, 22]. In this paper, we investigate
the effects of spin-dependent scattering in the framework of the Stoner model and
leave the case of more complicated bandstructures open for future work.

Assumption 4.2 (Boltzmann statistics). In thermal equilibrium, the distribu-
tion matrix has the form Feq = c exp (−βHth) where c ∈ R+ is a normalization
constant, β = 1/kBT is the inverse of the thermal energy and Hth denotes the
Hamilton matrix (24) of the system without externally applied electric or magnetic
fields.

From the assumptions 4.1 and 4.2 we deduce

Feq(x, k) = N(x)Mβ(k) with [N(x), Hth(x, k)] = 0 ∀(x, k) ∈ R2d, (40)

where N ∈ H2(C) is a hermitian matrix and Mβ stands for the scalar Maxwellian
at thermal energy β−1,

Mβ(k) =

(
β~2

2πm

)d/2
exp

(
−β~

2|k|2

2m

)
. (41)

Assumption 4.3 (Detailed balance). Let σ(A) denote the ordered spectrum of
A ∈ H2(C). We assume local thermal equilibrium in each band,

σ(SFeq) = σ(S′F ′eq). (42)

This assumption implies that spin-conserving momentum scattering occurs at a
much faster timescale than spin-flip scattering, so that equilibrium is established in
each band separately before the whole system reaches equilibrium.

Under the assumption 4.3, from (40) one obtains

s↑(↓)Mβ = s′↑(↓)M
′
β =⇒ s↑

s↓
=
s′↑
s′↓

∀k, k′. (43)

In (43) we see that the ratio of the scattering rates for spin-up and spin-down elec-
trons must not depend on k. We deduce s↑ = C(t, x)s↓ where C ∈ R+. Therefore,
the scattering matrix S can be written as

S(t, x, k, k′) = α(t, x, k, k′)P (t, x) (44)

P (t, x) = σ0 + p(t, x)~Ω(t, x) · ~σ, (45)

where α ∈ R+ denotes the scattering rate from k to k′ at (t, x) and P : R+×Rdx →
H2(C) is called the polarization matrix. Note that, because of (29), the direction

of P in spin space has to be ~Ω, the direction of the local magnetization. Moreover,
the parameter p, which satisfies 0 ≤ p(t, x) < 1, represents the spin-polarization of
the scattering rates, whose ratio C(t, x) is now given by

s↑ =
1 + |p(t, x)|
1− |p(t, x)|

s↓. (46)

Further, by inserting the eigenvalues of S written in (44) into (43), one can define
the function φ which is symmetric in k and k′ as

φ(t, x, k, k′) =
α(t, x, k, k′)

Mβ(k′)
=
α(t, x, k′, k)

Mβ(k)
= φ(t, x, k′, k). (47)
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4.2. Symmetric collision operator for the Stoner model. In the present pa-
per, we shall perform the diffusion limit with the symmetric operator Q22 and
denote it simply by Q(F ),

Q(F ) := Q22(F ). (48)

From (44), (45) and (47), one deduces the collision operator (48) in the Stoner
model,

Q(F ) = P 1/2K(F )P 1/2, (49)

where

K(F )(k) := K+(F )(k)−K−(F )(k) =Mβ

∫
Rd

k′

φF ′dk′ − Fλ. (50)

Here, λ =
∫
Rd

k′
φM′βdk′ denotes the collision frequency.

4.3. Scaled model. The next step is to scale (38) in a way suitable for performing
the diffusion limit. The main assumption is that the time scales τc and τsf are very
different,

τc � τsf =⇒ ε :=

√
τc
τsf
� 1. (51)

Here ε is a small parameter intended to go to zero. Let v̄ = (βm)−1/2 denote the
thermal velocity of the electrons. The length scale l̄ we choose is the geometric
average of the two occurring mean free paths lc = τcv̄ and lsf = τsf v̄, respectively,

l̄ =
√
lclsf . (52)

The characteristic time, momentum and energy scales are chosen as

t̄ = τsf k̄ =
mv̄

~
Ē = β−1. (53)

Applying the scaling (52)-(53) to (38) with the collision operatorQij(F ) = Q22(F ) =
Q(F ), Q(F ) given by (49), then multiplying by τsf and subsequently inserting (51)
leads to the diffusion-scaled matrix Boltzmann equation (now in dimensionless vari-

ables t, x and k). The scaling of the pseudo-exchange field ~h = (λ~Ω+~hso) is crucial
for performing the diffusion limit. In this work, we assume the weak coupling

λ/Ē = O(ε2) and |~hso|/Ē = O(ε2). Thus, under the hypothesis of the Stoner
model (39), the scaled Hamilton matrix (24) reads

Hε(t, x, k) =

(
|k|2

2
+ V̂ (t, x)

)
σ0 + ε2~̂h(t, x, k) · ~σ

~̂h(t, x, k) : = ~Ω(t, x) + ~̂hso(t, x, k),

(54)

where we defined V̂ := V/Ē and ~̂hso = ~hso/Ē. Using the scaled Hamilton matrix
(54) leads to the following scaled version of (38),

∂tF
ε +

1

ε
T (F ε) + i[F ε, ~̂h · ~σ] =

1

ε2
Q(F ε) +Qsf (F )

F (t = 0, x, k) = Fin(x, k)

Fin(x, k) ∈ H0,+
2 (C) ∀(x, k),

(55)

where the transport operator T (F ε) is defined by

T (F ε) = k · ∇xF ε −∇xV̂ · ∇kF ε (56)
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and the scaled collision operator Q(F ε) is given by (49) and (50) where Mβ is to
be replaced by the scaled Maxwellian,

M(k) =

(
1

2π

)d/2
exp

(
−|k|

2

2

)
. (57)

The aim of the present work is to go to the limit ε → 0 in equation (55) in order
to obtain a macroscopic model, more suitable for numerical simulations. Therefore,
we shall make a Hilbert ansatz F ε = F 0 + εF 1 + ε2F 2 + . . . of the solution and sort
the appearing terms in powers of ε. The obtained equations read

Q(F 0) = 0 (58)

Q(F 1) = T (F 0) (59)

Q(F 2) = ∂tF
0 + T (F 1) + i[F 0, ~̂h · ~σ]−Qsf (F 0). (60)

Let us summarize now the main steps of this work.

4.4. Contents of the paper. Section 5 deals with the analysis of the generalized
matrix Boltzmann equation (38). We prove existence and uniqueness of a weak
solution. Moreover, it is shown that the solution F satisfies the maximum principle
when the anti-symmetric collision operator Q21(F ) is used in the Boltzmann equa-
tion. Section 6 contains the analysis of the collision operator Q(F ) appearing in
(55) in a proper mathematical framework. In section 7 we present the main theorem
of this work, namely the diffusion limit ε→ 0 in (55). Section 8 contains some nu-
merical results of the macroscopic matrix drift-diffusion equations obtained in the
diffusion limit. Some implications for physical applications such as spin-transfer
torque devices or domain wall dynamics in ferromagnets are discussed briefly.

5. Existence, positive-definiteness and uniqueness of a weak solution.
Let us first start by studying the matrix Boltzmann equation (38), in particular
proving the existence, positive-(semi)definiteness and uniqueness of a weak solution.
Without loss of generality the constants ~ and τsf are set to one. Let us introduce
the following Hilbert space:

Definition 5.1 (Hilbert space). By L2
M we denote the following space,

L2
M :=

{
F : R2d → H2(C)

∫
Rd

x

∫
Rd

k

||F ||22M−1dkdx <∞

}
(61)

associated with the scalar product and the corresponding norm

(F,G)L2
M

:=

∫
Rd

x

∫
Rd

k

〈F,G〉2M
−1dkdx ||F ||L2

M
=
√

(F, F )L2
M
, (62)

where M stands for the scaled Maxwellian (57).

Assumption 5.2. Let h0 ∈ L∞(0, T ;W 2,∞
loc (R2d)), ~h ∈ (L∞loc([0, T ) × R2d))3 and

let us define the transport operator Th0
: D(Th0

)→ L2
M by

Th0
(F ) := ∇kh0 · ∇xF −∇xh0 · ∇kF (63)

and where the definition domain and norm are given by

D(Th0
) := {F ∈ L2

M Th0
(F ) ∈ L2

M} (64)

||F ||2D(T ) := ||F ||2L2
M

+ ||Th0
(F )||2L2

M
. (65)
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Assumption 5.3. The scattering matrix S defined in (28) is chosen in such a way
that (30) is a well-defined linear operator, Qij : L2

M → L2
M, satisfying

∃ c > 0 s.t. ||Qij(F )||2L2
M
≤ c ||F ||2L2

M
∀F ∈ L2

M. (66)

An example is given in section 6.

Definition 5.4 (Weak solution). Let ~ = τsf = 1 and Fin ∈ L2
M. For a fixed

time T > 0, a function F ∈ L2(0, T ;L2
M) is called a weak solution of (38) if it

satisfies

−
∫ T

0

∫ ∫
〈∂tΨ, F 〉2 dxdkdt−

∫ T

0

∫ ∫
〈Th0(Ψ), F 〉2 dxdkdt+ (67)

+i

∫ T

0

∫ ∫ 〈
Ψ, [F,~h · ~σ]

〉
2

dxdkdt =

∫ T

0

∫ ∫
〈Ψ, Qij(F )〉2 dxdkdt+

+

∫ T

0

∫ ∫
〈Ψ, Qsf (F )〉2 dxdkdt+

∫ ∫
〈Ψ, Fin〉2 dxdk

for all test functions Ψ ∈ C1
c ([0, T )× R2d,H2(C)).

Proposition 5.5 (Existence/Uniqueness). Let T > 0 be fixed. Under the as-
sumptions 5.2, 5.3 and with Fin ∈ L2

M, the matrix Boltzmann equation (38) admits
a unique weak solution F ∈ L∞(0, T ;L2

M).

Proof. Let us define the fixed point map

F : L2(0, T ;L2
M)→ L2(0, T ;L2

M) ; F old 7→ Fnew, (68)

where Fnew is a solution of
∂tF

new + Th0
(Fnew) + i[Fnew,~h · ~σ]−

−Qsf (Fnew) +Q−j (Fnew) = Q+
i (F old)

Fnew(t = 0, x, k) = Fin(x, k).

(69)

The first step is to show that F is well-defined. For this take F old ∈ L2(0, T ;L2
M)

and denote by Gi := Q+
i (F old) ∈ L2(0, T ;L2

M). Let us use the decomposition
of each matrix F ∈ H2(C) in the Pauli basis {σ0, σ1, σ2, σ3}, which means F =
1
2f0 + ~f · ~σ and where we denote the coefficients by F̃ = ( 1

2f0,
~f). Using this

decomposition, system (69) now writes{
∂tF̃ + Th0(F̃ ) + (A + Dj)F̃ = G̃i

F̃ (t = 0, x, k) = F̃in(x, k).
(70)

Here, A ∈ M4(R) is the 4 × 4 matrix representation of the operator i[F,~h · ~σ] −
Qsf (F ),

A =


0 0 0 0
0 −1 −2h3 2h2
0 2h3 −1 −2h1
0 −2h2 2h1 −1

 ,
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and Dj ∈ M4(R) is the matrix corresponding to the loss term Q−j , c.f. (33) and

(34), with Λ ∈ H2(C)⇔ Λ̃ = (λ0, ~λ),

D1 =


λ0 λ1 λ2 λ3
λ1 λ0 0 0
λ2 0 λ0 0
λ3 0 0 λ0

 ,

D2 =


λ0 λ1 λ2 λ3

λ1 r +
λ2
1

|~λ|2
(λ0 − r) λ1λ2

|~λ|2
(λ0 − r) λ1λ3

|~λ|2
(λ0 − r)

λ2
λ2λ1

|~λ|2
(λ0 − r) r +

λ2
2

|~λ|2
(λ0 − r) λ2λ3

|~λ|2
(λ0 − r)

λ3
λ3λ1

|~λ|2
(λ0 − r) λ3λ2

|~λ|2
(λ0 − r) r +

λ2
3

|~λ|2
(λ0 − r)

 ,

where r = (λ20−|~λ|2)1/2. The matrix D2 is obtained straightforwardly from Lemmas
2.4 and 2.3. Now let Zt,x,k(s) = (X (s),K(s)) denote the characteristics in the phase
space of (70) starting at the point (x, k) ∈ R2d at time t. Its components satisfy
the following system of equations,

∂X (s)

∂s
= ∇kh0(s,X (s),K(s))

∂K(s)

∂s
= −∇xh0(s,X (s),K(s))

X (t) = x K(t) = k.

(71)

Defining now, for each fixed (x0, k0) ∈ R2d the function

g(t, x0, k0) := F̃ (t,Z0,x0,k0(t)) , ∀t ∈ [0, T ] ,

one gets the system
d
dtg(t, x0, k0) =

= − (A + Dj) (t,Z0,x0,k0(t)) g(t, x0, k0) + G̃i(t,Z0,x0,k0(t))

g(0, x0, k0) = F̃in(x0, k0) .

(72)

Denoting the “evolution matrix” by R(·; s) : R+ → M4(C), which represents for
each 0 ≤ s ≤ T the unique solution of the following homogeneous system{ d

dtR(t; s) = − (A + Dj) (t,Z0,x0,k0(t))R(t; s) , ∀t ∈ [s, T ]

R(s; s) = Id ,

and which satisfies for 0 ≤ s ≤ t ≤ T

||R(t; s)|| ≤ exp

{∫ t

s

||(A + Dj)(τ,Z0,x0,k0(τ)|| dτ
}
≤ C , (73)

where C > 0 is a constant independent on s, t, x0, k0 and || · || is an operator norm
in L(C4), the solution of (72) can be written as

g(t, x0, k0) = R(t; 0) F̃in(x0, k0) +
∫ t
0
R(t; s) G̃i(s,Z0,x0,k0(s)) ds . (74)
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Remarking now that F̃ (t, x, k) = g(t,Zt,x,k(0)), one has the Duhamel formula

F̃ (t, x, k) = R(t; 0) F̃in(Zt,x,k(0))+

+

∫ t

0

R(t; s) G̃i(s,Zt,x,k(s)) ds , ∀(t, x, k) ∈ [0, T ]× R2d , (75)

which is a solution of (70) respectively (69) and therefore of (38). The goal is
now to prove that the fixed point map F is a contraction, admitting thus a unique
fixed point F ∈ L2([0, T ],L2

M). From equation (75) we know that a solution F ∈
L∞(0, T,L2

M) satisfies the following estimate,

||Fnew(t, ·, ·)||L2
M
≤ C ||Fin||L2

M
+

+ C

∫ t

0

∣∣∣∣Q+
i (F old)(τ, ·, ·)

∣∣∣∣
L2
M

dτ ∀t ∈ [0, T ]. (76)

Squaring gives the following estimate in the L∞-norm,

||Fnew||2L∞(0,T ;L2
M) ≤ 2C ||Fin||2L2

M
+ 2TC||Q+

i (F old)||2L2(0,T ;L2
M),

yielding Fnew ∈ L2(0, T,L2
M). To prove that F is a contraction we introduce the

following norm in L2(0, T,L2
M),

||G||2δ :=

∫ T

0

e−δt ||G(t, ·, ·)||2L2
M

dt ∀G ∈ L2(0, T,L2
M),

where the parameter δ > 0 shall be specified later. We estimate

||F(F old1 )−F(F old2 )||2δ = ||Fnew1 − Fnew2 ||2δ

=

∫ T

0

e−δt ||Fnew1 (t)− Fnew2 (t)||2L2
M

dt

≤ 2C

∫ T

0

e−δt
∫ t

0

∣∣∣∣Q+
i (F old1 )(s)−Q+

i (F old2 )(s)
∣∣∣∣2
L2
M

dsdt

= 2C

∫ T

0

∫ T

s

e−δt
∣∣∣∣Q+

i (F old1 )(s)−Q+
i (F old2 )(s)

∣∣∣∣2
L2
M

dtds

≤ 2C

∫ T

0

∣∣∣∣F old1 (s)− F old2 (s)
∣∣∣∣2
L2
M

e−δs − e−δT

δ
ds

≤ 2C

δ
||F old1 − F old2 ||2δ ,

yielding that the parameter δ can be chosen in such a manner that F is a contraction.
Therefore F admits a unique fixed point in L2([0, T ],L2

M), solution of the matrix
Boltzmann equation (38).

Proposition 5.6 (Positive-(semi)definiteness). Let T > 0 be fixed. Further let
φ ∈ L∞([0, T ] × R2d) and assume 5.2 and 5.3. The matrix Boltzmann equation
(38) with the collision operator Q21(F ) conserves the positive-(semi)definiteness of
a weak solution F ∈ L∞(0, T ;L2

M),

Fin(x, k) ∈ H0,+
2 (C)∀(x, k) ∈ R2d =⇒ F (t, x, k) ∈ H0,+

2 (C)∀(t, x, k) ∈ [0, T ]×R2d.
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Proof. To prove this Proposition we shall show that for Fin ∈ H0,+
2 (C), the smallest

eigenvalue of F , denoted f− = 1
2f0 − |~f |, satisfies f−(t, x, k) ≥ 0 ∀ (t, x, k) ∈ R+ ×

R2d. For this, let us find the equation of motion satisfied by f−. Starting from

∂tF + Th0(F ) + i[F,~h · ~σ]−Qsf (F ) +Q−j (F ) = Gi (77)

where we defined Gi(t, x, k) := Q+
i (F old)(t, x, k), Gi(t, x, k) ∈ H2(C)∀(t, x, k) ∈

R+ × R2d, and taking the trace, we get

∂tf0 + Th0
(f0) + tr

(
Q−j (F )

)
= tr (Gi) . (78)

For this we recall:

F =
1

2
f0σ0 + ~f · ~σ ; f0 = tr (F ) (79)

[F,~h · ~σ] = [~f · ~σ,~h · ~σ] = 2i(~f × ~h) · ~σ. (80)

Multiplying now equation (77) with 1
2~σ, taking the trace and further taking the

scalar product with ~f/|~f | permits to get an equation for |~f |,

∂t|~f |+ Th0
(|~f |) + |~f |+ 1

2
tr
(
~σQ−j (F )

)
·
~f

|~f |
=

1

2
tr (~σGi) ·

~f

|~f |
(81)

Subtracting (81) from (78) multiplied by 1
2 gives, for f− = 1

2f0 − |~f |,

∂tf− + Th0(f−)− |~f |+ Π−(Q−j (F )) = Π−(Gi) (82)

where the operator Π− : H2(C) → R is the projection on the smallest eigenvalue
f− of F ∈ H2(C). We shall now apply the maximum principle to (82). For this, we
rewrite the equation in the form{

∂tf− + Th0
(f−) + ωijf− = γij

f−(t = 0, x, k) = f−,in(x, k),
(83)

where the coefficients ωij = ωij(t, x, k) ∈ R and γij = γij(t, x, k) ∈ R∀(t, x, k) ∈
R+ × R2d are computed in Appendix A for i, j ∈ {1, 2}. Now let Zt,x,k(s) =
(X (s),K(s)) denote the characteristics in the phase space of (83) defined by (71).
Using the Duhamel formula, we get the following identity for f−

f−(t, x, k) = exp

(
−
∫ t

0

ωij(s,Zt,x,k(s))ds

)
f−,in(Zt,x,k(0))+ (84)

+

∫ t

0

exp

(
−
∫ t

τ

ωij(s,Zt,x,k(s))ds

)
γij(τ,Zt,x,k(τ))dτ.

We see that f−(t, x, k) ≥ 0∀(t, x, k) ∈ R×R2d is satisfied if γij(t, x, k) ≥ 0∀(t, x, k) ∈
R×R2d. The coefficients γij for the respective choice of the gain and the loss term

are written in (147)-(150). Lemma 2.5 yields F old ∈ H0,+
2 (C)⇒ G2 = Q+

2 (F old) ∈
H0,+

2 (C) and thus Π−(G2) ≥ 0. However, G1 = Q+
1 (F old) is not necessarily a

positive-(semi)definite matrix if F old ∈ H0,+
2 (C). Additionally, we observe that one

needs an estimate for the term Π−(G2) in (150) in order to check the maximum
principle for Q22. This shall be done in a forthcoming work. In conclusion, we have

F old(t, x, k) ∈ H0,+
2 (C) =⇒ γ21(t, x, k) ≥ 0 ∀(t, x, k) ∈ R× R2d, (85)

yielding that the collision operator Q21 guarantees that a solution F of (38) satisfies
the maximum principle.
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6. Properties of the collision operator Q(F). In this section we analyze the
spin-coherent collision operator Q(F ) occurring in the scaled Boltzmann equation
(55). By ImQ and KerQ we denote the image and the kernel of Q. The variables
t and x shall be considered as parameters in this section and will often be omitted.

Definition 6.1. By L2
M we denote the following Hilbert space,

L2
M :=

{
F : Rdk → H2(C)

∫
Rd

k

||F ||22M−1dk <∞

}
, (86)

equipped with the scalar product and the corresponding norm

(F,G)L2
M

:=

∫
Rd

k

〈F,G〉2M
−1dk ||F ||L2

M
=
√

(F, F )L2
M
, (87)

where M stands for the scaled Maxwellian (57).

Assumption 6.2. The polarization matrix P : R+ ×Rdx → H+
2 (C), written in the

Pauli basis as P (t, x) = σ0+p(t, x)~Ω(t, x) ·~σ, is a hermitian, positive-definite matrix

with |~Ω| = 1. Its eigenvalues are p↑ = 1 + |p| and p↓ = 1 − |p| where 0 ≤ |p| < 1.
The scattering rate φ ∈ L∞(R2d) is symmetric in k and k′ and is bounded from
above and below,

0 < φ1 ≤ φ(k, k′) ≤ φ2 <∞ ∀k, k′. (88)

Proposition 6.3 (Spin-coherent collision operator). Under assumption 6.2,
the spin-coherent collision operator Q : L2

M → L2
M written in (49), with the scaled

Maxwellian (57), satisfies the following properties:

i) Q : L2
M → L2

M is a linear, self-adjoint, continuous and non-positive operator.

ii) Conservation of mass and spin:∫
Rd

k

Q(F )dk = 0 ∀F ∈ L2
M. (89)

iii) The kernel of Q has the form

KerQ = {F ∈ L2
M ∃N ∈ H2(C) s.t. F = NM} (90)

and we have

(KerQ)⊥ =

{
F ∈ L2

M

∫
Rd

k

Fdk =

(
0 0
0 0

)}
. (91)

iv) Let P : L2
M → KerQ be the orthogonal projection operator on KerQ. Then we

have the coercitivity relation

∃ d > 0 s.t. − (Q(F ), F )L2
M
≥ d ||F − P(F )||L2

M
∀F ∈ L2

M. (92)

v) The image of Q is closed and we have ImQ = (KerQ)⊥. Further, the equation
Q(F ) = G has a solution in L2

M if and only if G ∈ ImQ. The solution is moreover
unique in (KerQ)⊥.

Proof of Proposition 6.3. First we show that Q : L2
M → L2

M is a well defined
operator, i.e. F ∈ L2

M ⇒ Q(F ) ∈ L2
M. For this, we shall show

∃ c > 0 s.t. ||Q(F )||2L2
M
≤ c ||F ||2L2

M
∀F ∈ L2

M. (93)
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Using Lemma 2.6 and tr (P )
2
< 1 one obtains

||Q(F )||2L2
M

=

∫
Rd

k

tr
(
Q2(F )

)
M−1dk ≤

∫
Rd

k

tr
(
P 2K2

)
M−1dk (94)

≤ 2

∫
Rd

k

tr (P )
2

tr (K)
2M−1dk ≤ 2

∫
Rd

k

tr (K)
2M−1dk.

By using tr
(
K2
)

= tr
(
(K+ −K−)2

)
≤ 2tr

(
(K+)2 + (K−)2

)
, which follows from

(15), in (94), then applying the Cauchy-Schwartz inequality and Assumption 6.2,
one obtains

||Q(F )||2L2
M
≤ 4

∫
Rd

k

Mtr

(∫
Rd

k′

φF ′dk′

)2
 dk + 4

∫
Rd

k

λ2tr
(
F 2
)
M−1dk

≤ 4

∫
Rd

k

Mtr

(∫
Rd

k′

φ
F ′√
M′
√
M′dk′

)2
 dk + 4φ22

∫
Rd

k

tr
(
F 2
)
M−1dk

≤ 4

∫
Rd

k

Mtr

(∫
Rd

k′

φ2
F ′2

M′
dk′
∫
Rd

k′

M′dk′
)

dk + 4φ22

∫
Rd

k

tr
(
F 2
)
M−1dk

≤ 4φ22

∫
Rd

k′

tr
(
F ′2
)
M′−1dk′ + 4φ22

∫
Rd

k

tr
(
F 2
)
M−1dk

= 8φ22 ||F ||
2
L2

M
,

which proves (93). Let us continue with the proof of Proposition 6.3.

i) The linearity of Q : L2
M → L2

M is obvious. Since we already proved the in-
equality (93) we know that Q is a bounded operator and therefore continuous. The
self-adjointness follows from

(Q(F ), G)L2
M

= tr

∫
Rd

k

Q(F )
G

M
dk = tr

∫
Rd

k

∫
Rd

k′

φP 1/2(MF ′ −M′F )P 1/2 G

M
dk′dk

= −1

2
tr

∫
Rd

k

∫
Rd

k′

φMM′P 1/2

(
F ′

M′
− F

M

)
P 1/2

(
G′

M′
− G

M

)
dk′dk.

Lemma 2.6 gives the non-positivity of Q : L2
M → L2

M by regarding

(Q(F ), F )L2
M

= −1

2

∫
Rd

k

∫
Rd

k′

φMM′tr

((
P 1/2

(
F ′

M′
− F

M

))2
)

dk′dk ≤ 0. (95)

ii) is trivial by integrating (50) over k.

iii) Assume that F lies in the Kernel of Q, F ∈ KerQ ⇒ Q(F ) = 0
⇒ (Q(F ), F )L2

M
= 0. One obtains

(Q(F ), F )L2
M

= −1

2

∫
Rd

k

∫
Rd

k′

φMM′tr

((
P 1/2

(
F ′

M′
− F

M

))2
)

dk′dk = 0

∀F ∈ KerQ.
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From equation (17) we deduce that, for any F ∈ KerQ, the above expression is
zero if and only if F ′/M′ = F/M = 0 ∀k, k′, because P is strictly positive definite.
This condition is fulfilled if and only if F = NM with N ∈ H2(C) independent
of k and k′. Conversely, it is verified easily from (50) that F = NM implies
Q(F ) = 0⇒ F ∈ KerQ.

By definition (KerQ)⊥ =
{
F ∈ L2

M (F,G)L2
M

= 0 ∀G ∈ KerQ
}

. This leads

to

(F,NM)L2
M

= tr

(
N

∫
Rd

k

Fdk

)
= 0 ∀N ∈ H2(C)

=⇒
∫
Rd

k

Fdk =

(
0 0
0 0

)
∀F ∈ (KerQ)⊥.

iv) Since Q : L2
M → L2

M is linear and continuous, KerQ ⊂ L2
M is closed. It

follows the existence of an orthogonal projection P : L2
M → KerQ and further

L2
M = KerQ ⊕⊥ (KerQ)⊥ where ⊕⊥ denotes the direct orthogonal sum with

respect to (·, ·)L2
M

. We want to show that

∃ d > 0 s.t. − (Q(F ), F )L2
M
≥ d ||F − P(F )||L2

M
∀F ∈ L2

M. (96)

The case F ∈ KerQ is trivial because then Q(F ) = 0 and P(F ) = F . Let F ∈
(KerQ)⊥. Then we have to show that − (Q(F ), F )L2

M
≥ c ||F ||L2

M
. Equation (95)

yields

− (Q(F ), F )L2
M

=
1

2

∫
Rd

k

∫
Rd

k′

φMM′tr

((
P 1/2

(
F ′

M′
− F

M

))2
)

dk′dk. (97)

From equation (17) and the fact that the smallest eigenvalue of P reads p↓ = 1−|p|
(Assumption 6.2), we deduce

φtr

((
P 1/2

(
F ′

M′
− F

M

))2
)
≥ φ1 (1− |p|) tr

((
F ′

M′
− F

M

)2
)
.

Inserting this relation into (97) yields

− (Q(F ), F )L2
M
≥ 1

2
φ1 (1− |p|) tr

∫
Rd

k

∫
Rd

k′

MM′
(
F ′

M′
− F

M

)2

dk′dk =

=
1

2
φ1 (1− |p|) tr

∫
Rd

k

∫
Rd

k′

MM′
(
F ′2

M′2
− F ′F

M′M
− FF ′

MM′
+

F 2

M2

)
dk′dk =

= φ1 (1− |p|) tr

∫
Rd

k

F 2

M
dk,

where the last line follows from (91).

v) First we show that ImQ is closed. Let Gn := Q(Fn) be a sequence with Fn ∈ L2
M

and Gn ∈ ImQ so that Gn → G ∈ L2
M as n→∞. One has to show that G ∈ ImQ,

i.e. there exists F ∈ L2
M s.t. Q(F ) = G. To any sequence Fn ∈ L2

M one can con-
struct Hn := Fn − PFn with Q(Hn) = Q(Fn) = Gn. One has Hn ∈ (KerQ)⊥ and
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therefore the coercitivity relation (92) yields

− (Q(Hn −Hm), Hn −Hm)L2
M
≥ c ||Hn −Hm||2L2

M
.

We also have

||Q(Hn)−Q(Hm)||L2
M
||Hn −Hm||L2

M
≥ − (Q(Hn −Hm), Hn −Hm)L2

M

and therefore
1

c
||Gn −Gm||L2

M
≥ ||Hn −Hm||L2

M
.

Since {Gn}n∈N is convergent (and thus a Cauchy sequence in L2
M) one obtains

that {Hn}n∈N is a Cauchy sequence in L2
M. But L2

M is complete and therefore
Hn → H ∈ L2

M as n → ∞. Because Q is continuous, Q(Hn) → Q(H) as n → ∞
and we assumed that Q(Hn) = Gn → G ∈ L2

M. One obtains Q(H) = G with
H ∈ L2

M.
We now prove that Q(F ) = G has a unique solution F ∈ (KerQ)⊥. It is clear

that for G ∈ ImQ there exists a solution F ∈ L2
M. Let F ∈ L2

M be such a solution,
then (F −PF ) ∈ (KerQ)⊥ is also a solution. Suppose that there are two solutions
Fa, Fb ∈ (KerQ)⊥, Fa 6= Fb such that Q(Fa) = Q(Fb) = G. One obtains

Q(Fa − Fb) = 0 ⇒ Fa − Fb ∈ KerQ ∩ (KerQ)⊥ = {0} ⇒ Fa = Fb.

7. Diffusion limit. In this section we shall finally investigate the diffusion limit
ε → 0 of the matrix Boltzmann equation (55) in order to obtain a macroscopic
model, which is used in the next section for some numerical experiments.

Theorem 7.1 (Diffusion limit). Let Td : H2(C)→ (H2(C))d denote the following
transport operator:

Td(N) := (−∇xV̂ (x)−∇x)N(x).

Under the assumption 6.2, in the limit ε → 0, the solution F ε of the matrix
Boltzmann equation (55) converges weakly to F 0 = N(t, x)M(k) where N(t, x) ∈
H0,+

2 (C)∀(t, x) ∈ R+×Rdx andM stands for the scalar Maxwellian (57). Moreover,
N satisfies the following drift-diffusion equation,

∂tN +∇x · J + i
[
N, (~Ω + ~̂gso) · ~σ

]
− 1

2
tr (N)σ0 +N = 0. (98)

The current density J ∈ (H2(C))d reads

J = DA(N), (99)

where the diffusion matrix D ∈ Rd×d is given by

D =

∫
Rd

k

k ⊗ θ(k)dk, (100)

with θ(k) ∈ Rd ∀k ∈ Rdk being the unique solution of∫
Rd

k′

φ(Mθ′ −M′θ)dk′ = −kM (101)

that satisfies
∫
Rd

k
θdk = 0. The matrix A(N)(t, x) ∈ (H2(C))d ∀(t, x) ∈ R+ × Rdx is

given by

A(N) = P−1/2Td(N)P−1/2. (102)
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The term ~̂gso in the commutator of (98) stems from the spin-orbit contribution to
the pseudo-exchange field,

~̂gso(t, x) =

∫
Rd

k

M(k)~̂hso(t, x, k)dk. (103)

Remark 1. By expressing J given in (99) in the Pauli basis, J =
(

1
2j0,

~j
)

with

j0 ∈ Rdx and ~j ∈ Rdx×R3, one obtains a coupling between n0 ∈ R+ and ~n ∈ R3, the
charge- and the spin degree of freedom, respectively. Writing N =

(
1
2n0, ~n

)
and for

simplicity assuming that ~̂gso = 0, the charge and spin currents read

j0 =
D

1− |p|2
[
Td(n0)− 2pTd(~n) · ~Ω

]
(104)

~j =
D

1− |p|2
[√

1− |p|2Td(~n) + (1−
√

1− |p|2)(Td(~n) · ~Ω)~Ω− p

2
Td(n0)~Ω

]
. (105)

The respective parallel and transverse components of the spin-current with respect

to the local magnetization ~Ω read

~j · ~Ω =
D

1− |p|2
[
Td(~n) · ~Ω− p

2
Td(n0)

]
(106)

~j − (~j · ~Ω)~Ω =
D
√

1− |p|2
1− |p|2

[
Td(~n)− (Td(~n) · ~Ω)~Ω

]
. (107)

7.1. Formal approach. Here, we present a formal proof of Theorem 7.1. We
consider the equations obtained from the Hilbert ansatz for F ε written in (58)-(60).
Proposition 6.3 yields

Q(F 0) = 0 =⇒ F 0(t, x, k) = N(t, x)M(k) N : R+ × Rdx → H2(C). (108)

Moreover, ∫
Rd

k

T (F 0)dk = ∇xN ·
∫
Rd

k

kMdk −N∇xV ·
∫
Rd

k

∇kMdk = 0. (109)

Therefore T (F 0) ∈ (KerQ)⊥ = ImQ which gives the existence and uniqueness of
F 1 ∈ (KerQ)⊥ s.t. Q(F 1) = T (F 0). From (59) one obtains

Q(F 1) = T (F 0) = ∇xN · kM−N∇xV · ∇kM = −Td(N) · kM. (110)

To solve (110) we make the Ansatz F 1 = A(t, x) · θ(k) with A(t, x) ∈ (H2(C))d and
θ(k) ∈ Rd for (t, x, k) ∈ R+ × R2d. We obtain

Q(A · θ) = P 1/2AP 1/2 ·
∫
Rd

k′

φ(Mθ′ −M′θ)dk′. (111)

From Proposition 6.3 we get that∫
Rd

k′

φ(Mθ′ −M′θ)dk′ = −kM (112)

has a unique solution θ ∈ (KerQ)⊥ that satisfies
∫
Rd

k
θ(k)dk = 0. It follows that

F 1 = A · θ is the unique solution of Q(F 1) = −Td(N) · kM if the matrix A satisfies

P 1/2AP 1/2 = Td(N). (113)
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Integration of equation (60) with respect to k now yields

∂tN +

∫
Rd

k

T (A · θ)dk + i[N, (~Ω + ~̂gso) · ~σ]− 1

2
tr (N)σ0 +N = 0, (114)

where

~̂gso(t, x) =

∫
Rd

k

M(k)~̂hso(t, x, k)dk. (115)

Now we shall define, for k ∈ Rd and θ ∈ Rd, the tensor product k ⊗ θ ∈ Rd×d as

(k ⊗ θ)ij := kiθj ; i, j ∈ {1, . . . , d}. (116)

Moreover, for A ∈ (H2(C))d, we define A := (A1, . . . , Ad) where the components
Ai ∈ H2(C) for i ∈ {1, . . . , d}. Then we shall use the following notation for the
gradient with respect to u ∈ Rd of A ∈ (H2(C))d, ∇u : (H2(C))d → (H2(C))d×d,

(∇uA)ij := ∂uj
Ai ; i, j ∈ {1, . . . , d}. (117)

Finally, for b ∈ Rd×d and C ∈ (H2(C))d×d, b : C ∈ H2(C) denotes the Frobenius
product

b : C =
∑
ij

bijCji ; i, j ∈ {1, . . . , d}. (118)

With the preceeding definitions, the integral appearing in equation (114) can now
be written as∫

Rd
k

T (A · θ)dk =

∫
Rd

k

[(k ⊗ θ) : ∇xA−A · ∇kθ∇xV̂ ]dk =

= ∇x ·

[(∫
Rd

k

k ⊗ θdk

)
A

]
, (119)

where ∇kθ ∈ Rd×d is defined by (117). Equation (119) leads to the definition of
the diffusion matrix D ∈ Rd×d and the current density J ∈ (H2(C))d, respectively,

D :=

∫
Rd

k

k ⊗ θdk (120)

J := DA, (121)

where we mean

Ji = (DA)i =
∑
j

DijAj ; i, j ∈ {1, . . . , d} (122)

for the components Ji ∈ H2(C) of J .

8. Numerical Results. In this section we present some numerical solutions of
the spin-coherent drift-diffusion equations (98)-(103). We will consider the one-
dimensional case, d = 1, for different multilayer structures. The multilayers consist
of alternating non-magnetic (N) and ferromagnetic (F ) layers, respectively. An

N -layer is characterized by ~Ω = 0 (no magnetization) in its domain, thus having
no spin polarization of scattering rates, leading to P = σ0 in (102). By contrast,

the F -layers feature non-vanishing magnetization, ~Ω 6= 0, and non-vanishing spin
polarization of scattering rates, 0 < p < 1 in (45). In order to focus on the effects of
p 6= 0 in ferromangets, we do not take into account spin-orbit couplings and assume

~̂gso = 0. Moreover, to solve for θ in (101), we assume that φ = 1/τc = const. is the
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same in every layer. This leads to θ = τckM and from (100), after rescaling, one
obtains the diffusion coefficient

D =
τckBT

m
, (123)

where T is the temperature of the electron system and kB stands for the Boltzmann
constant. Therefore, the rescaled, one-dimensional version of (98)-(103) we consider
now reads

∂tN + D∂xA(N) + i
γ

~

[
N, ~Ω · ~σ

]
− 1

τsf

(
1

2
tr (N)σ0 −N

)
= 0

A(N) = P−1/2
(
− ∂xV
kBT

N − ∂xN
)
P−1/2.

(124)

In the following let us denote η =
√

1− |p|2. Applying Remark 1 to (124), the
system of equations to be solved becomes

∂tn0 + ∂xj0 = 0

∂t~n+ ∂x~j −
2γ

~
~n× ~Ω +

1

τsf
~n = 0

j0 =
D
η2

[
− ∂xV
kBT

n0 − ∂xn0 − 2p

(
− ∂xV
kBT

~n− ∂x~n
)
· ~Ω
]

~j =
D
η2

{
η

(
− ∂xV
kBT

~n− ∂x~n
)

+ (1− η)

[(
− ∂xV
kBT

~n− ∂x~n
)
· ~Ω
]
~Ω−

− p

2

(
− ∂xV
kBT

n0 − ∂xn0
)
~Ω

}
,

(125)

where n0 is the electron charge density and ~n is the non-equilibrium spin density.
Initial and boundary conditions are specified for each of the investigated problems
separately in the respective subsections. At interfaces between domains with differ-
ent sets of parameters we require continuity of the densities n0 respectively ~n and
of the currents j0 respectively ~j. We use a standard Crank-Nicolson finite difference
scheme to solve the system (125) in a three-layer and in a five-layer structure. In
addition, charge and spin transport through a magnetic domain wall, which is es-

sentially a rapid change of the direction of magnetization ~Ω over some nanometers,
is investigated.

For all simulations, in the equations (125), we set D = 10−3 m2s−1, kBT =
0.025 eV and τsf = 10−12 s. Moreover, we set 2γτsf/~ = 4.0 for the simulations
of the five-layer structure, c.f. section 8.2, and 2γτsf/~ = 20.0 for the domain
wall simulations, c.f. section 8.3. These parameter values are in the range of the
parameters cited in [41]. The injected charge density is always n0 = 1.0.

8.1. Three-layer system: N/F/N . The first system we investigate is composed
of three layers, each of which has a thickness of 400 nm, thus the total thickness
is L = 1200 nm. The structure is non-metal/ferromagnet/non-metal where the
interfaces are located at x1 = 400 nm and x2 = 800 nm. In the three different
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domains, we choose the following parameters:

x ∈ (0, x1] : ~Ω(x) =

 0
0
0

 , p(x) = 0, (126)

x ∈ (x1, x2] : ~Ω(x) =

 0
0
1

 , p(x) = const., (127)

x ∈ (x2, L] : ~Ω(x) =

 0
0
0

 , p(x) = 0. (128)

We apply a constant electric field that is given by −∆V/L. The system (125) is
subjected to the following initial and boundary conditions:

n0(t = 0, x) = 1.0 ∀x ∈ (0, L]

~n(t = 0, x) = 0 ∀x ∈ (0, L]

n0(t, x = 0) = 1.0 ∀t
n0(t, x = L) = 1.0 ∀t

∂x~n(t, x)
∣∣∣
x=0

= 0 ∀t

∂x~n(t, x)
∣∣∣
x=L

= 0 ∀t.

(129)

The system (125), (129) is solved on an equally spaced grid with 50 points in each
layer. The time step was set to 0.005 τsf . Grid spacing and time step were chosen
such that further refinement did not change the results. We conducted two series of
simulations. The results, representing steady state solutions obtained after running
the system (125) for long enough time, are depicted in Figures 1 and 2, respec-
tively. In the first series, we set ∆V = −1.0 V and vary the parameter p of the

scattering polarization in the ferromagnet. The discontinuity of p (and ~Ω, respec-
tively) at the interfaces between the magnetic/non-magnetic layers acts as a source
of non-equilibrium spin-polarization in z-direction as soon as a voltage is applied.
This so-called ’spin injection’ is a well known property of magnetic/non-magnetic
multilayers [34]. In our new spin-coherent model, it arises from the particular form
of the charge current density j0 in (125). Consider the N/F interface at x = x1
in Figure 1. Under an applied bias ∂xV < 0, when there is no initial spin polar-
ization of the current (~n = 0) and n0(x) = const. ∀x, the ’inflow’ j−0 (x1) into the
interface from x < x1 is smaller than the ’outflow’ j+0 (x1) into x > x1 because
η2 = 1 − p2 < 1 when p > 0. In steady state we have j−0 (x1) = j+0 (x1), thus the
discontinuity of η has been compensated by a decrease of the charge density n0 in
the ferromagnet, which, by the equation for the spin current ~j in (125), leads to a
non-equilibrium spin polarization ~n at x = x1. This is a rather simplified yet in-
tuitive explanation of what happens at the interfaces, however, the actual coupling
between n0 and ~n is more complicated and is only obtained from the self-consistent
solution of (125). The broadening of the peaks of ~n = (0, 0, n3) at the interfaces
is due to spin diffusion, that is, the created spin density decreases exponentially
away from the interfaces on the scale of the spin diffusion length, which is of the
order of 100 nm. The peaks at the interfaces are asymmetric because the electric
field drives the electrons carrying the non-equilibrium spin polarization from left to
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right. Curves with higher peaks of n3 correspond to larger values of p and steeper
slopes of n0 at x = x1. Note that in the domain x > x2, one finds a significant
reduction of the charge density n0 for large scattering polarizations, 0.6 < p < 1.
In the second series of simulations, depicted in Figure 2, we set p = 0.33 in the

Figure 1. Simulated charge density n0 − 1 and non-equilibrium
spin density ~n = (0, 0, n3) in a three-layer structure (non-
magnet/ferromagnet/non-magnet) with applied voltage ∆V =
−1.0 V for different values of the scattering polarization param-
eter p in the ferromagnet. The magnetization in the F -layer is in

the z-direction, ~Ω = (0, 0, 1).

ferromagnetic domain and vary the applied voltage ∆V . Again, curves with higher
peaks of n3 correspond to larger values of ∆V and steeper slopes of n0 at x = x1.
With increasing applied bias, the peaks become more and more asymmetric and the
decay length (spin-diffusion length) of n3 becomes larger.

8.2. Five-layer system: N/F1/N/F2/N . The second system under considera-
tion is a five-layer system with total thickness L = 900 nm. Sandwiched between
two non-magnetic contact layers (200 nm each), we put two magnetic layers with

a thickness of 200 nm and different directions of magnetization ~Ω1 and ~Ω2, respec-
tively, which are separated by a thin non-magnetic spacer layer of 50 nm. We have
interfaces at x1 = 200 nm, x2 = 400 nm, x3 = 450 nm and x4 = 650 nm. The five
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domains have the following properties:

x ∈ (0, x1] : ~Ω(x) =

 0
0
0

 , p(x) = 0, (130)

x ∈ (x1, x2] : ~Ω1(x) =

 0
0
1

 , p1(x) = const., (131)

x ∈ (x2, x3] : ~Ω(x) =

 0
0
0

 , p(x) = 0, (132)

x ∈ (x3, x4] : ~Ω2(x) =

 0
1
0

 , p2(x) = const., (133)

x ∈ (x4, L] : ~Ω(x) =

 0
0
0

 , p(x) = 0. (134)

The system (125), (129) is solved on a grid with 30 points in the 200 nm layers

Figure 2. Simulated charge density n0 − 1 and non-equilibrium
spin density ~n = (0, 0, n3) in a three-layer structure (non-
magnet/ferromagnet/non-magnet) for different applied voltages
∆V . The scattering polarization in the ferromagnet is p = 0.33,

the magnetization in the F -layer points in the z-direction, ~Ω =
(0, 0, 1).

and 10 points in the 50 nm spacer layer. The time step was set to 0.01 τsf . Grid
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spacing and time step were chosen such that further refinement did not change the
results. The applied voltage is ∆V = −1.0 V and the scattering polarization in
both magnetic layers is p = p1 = p2 = 0.33. The steady state of this system is
depicted in Figure 3. As in the three-layer case, c.f. section 8.1, the interfaces
x1-x4 act as sources of non-equilibrium spin polarization. In the 5-layer setup, the
F1-layer leads to a spin polarization in z-direction whereas the F2-layer causes a
spin polarization in y-direction. Moreover, the non-magnetic spacer layer is thin

enough such that a non-vanishing component of ~n perpendicular to ~Ω2 arrives at the

interface x3 = 450 nm. The perpendicular component then rotates around ~Ω2 and
decays on a length scale that is determined by the strength of the exchange coupling
2γτsf/~ which was set to 4.0 in this simulation. A perpendicular component of the

Figure 3. Simulated charge density n0 − 1 and non-equilibrium
spin density ~n = (n1, n2, n3) in a five-layer structure (non-
magnet/ferromagnet/non-magnet/ferromagnet/non-magnet) with
applied voltage ∆V = −1.0 V. The scattering polarization in the
two ferromagnetic layers is p = 0.33. In the F1-layer the magne-

tization points in the z-direction, ~Ω1 = (0, 0, 1), whereas in the

F2-layer the magnetization points in the y-direction, ~Ω2 = (0, 1, 0).

spin density with respect to the local magnetization can lead to magnetization
dynamics if the current density j0 is large enough [30, 5, 32]. This so-called ’spin-
transfer torque’ is the subject of ongoing research in the field of microelectronics
[31, 19]. The spin-coherent drift-diffusion model developed in this work, when

coupled to an equation of motion for ~Ω (e.g. the Landau-Lifshitz equation [6]),
is a possible approach towards a better understanding of these processes. As is
demonstrated in Figure 3, our model has the advantage that it accounts for creation
of non-equilibrium spin polarization at each interface in a multilayer structure.
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8.3. Magnetic domain wall. The third system we consider is a ferromagnet with

a thickness L = 120 nm. At x = 0, the magnetization ~Ω points in the +z-direction
whereas at x = L it points in the −z-direction. In the center of the ferromagnet,
between x1 = 50 nm and x2 = 70 nm, we place a small region FDW in which

the magnetization ~Ω rotates from +z to −z without acquiring an x−component,
~Ω1(x) = 0 ∀x ∈ (x1, x2]. The region FDW thus models a magnetic Bloch (domain)
wall [4]. More precisely, we have:

x ∈ (0, x1] : ~Ω(x) =

 0
0
1

 , p(x) = const., (135)

x ∈ (x1, x2] : ~Ω(x) =


0

sin
[
π(x−x1)
x2−x1

]
cos
[
π(x−x1)
x2−x1

]
 , p(x) = const., (136)

x ∈ (x2, L] : ~Ω(x) =

 0
0
−1

 , p(x) = const. (137)

The scattering polarization is assumed to be the same in all domains. In this section,
we solve the system (125), (129) but associated with von Neumann conditions for
the charge density n0 at x = L,

∂xn0(t, x)
∣∣∣
x=L

= 0 ∀t. (138)

The von Neumann condition was chosen so that the electron charge density can
evolve freely at the right boundary of the domain. The grid has 40 points in each
layer and the time step was set to τsf ·10−5. Grid spacing and time step were chosen
such that further refinement did not change the results. We conducted two series
of simulations, the results being depicted in Figures 4 and 5, respectively. We plot
the respective parallel and perpendicular components of ~n with respect to the local

magnetization ~Ω, given by n‖ = ~n · ~Ω and n⊥ = |~n− (~n · ~Ω)~Ω|. Figure 4 displays the
case where ∆V = −0.2 V and the scattering polarization p is modulated between
0.1 and 0.7. For increasing p, one observes increasing n⊥ and stronger variations of
n‖ in the FDW domain. Moreover, large p leads to a significant difference between
the charge densities on the two sides of the domain wall. In a second series, we
set p = 0.2 and modulate the applied voltage ∆V between −0.1 V and −1.0 V.
The obtained results are displayed in Figure 5. Similar to the previous case, larger
applied voltages lead to larger values of n⊥ and stronger variations of n‖ in the FDW
domain. However, at ∆V ≈ −0.7 V, we observe a saturation of the maximum value
of the perpendicular component n⊥, hence it stops increasing when the applied bias
is increased further. In contrast, n‖ and the offset of n0 between the left and the
right side of the domain wall still increase, but at a lower rate. This can be seen
from the two curves for ∆V = −0.75 V and ∆V = −1.0 V. To this point, we have
not yet extracted the explanation for this behavior from (125).

9. Conclusions. In the present work, the authors introduced four spin-coherent
collision operators that yield a mathematically well-posed matrix Boltzmann equa-
tion, describing the spin-coherent electron transport in ferromagnetic structures
and which incorporates spin-dependent scattering rates. Existence and unique-
ness of a weak solution to this equation were shown in Proposition 5.5. Moreover,
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Figure 4. Simulated charge density n0 − 1 and the parallel and
perpendicular components, n‖ and n⊥, respectively, of the non-
equilibrium spin density ~n with respect to the local magnetization
~Ω(x) for different values of the scattering polarization parameter
p. The respective magnetizations in the two F -domains are con-
stant and anti-parallel and a domain wall was realized in the FDW -

domain, where ~Ω(x) is given by (136). The applied voltage is ∆V =
−0.2 V.

the maximum principle was verified for the anti-symmetric collision operator Q21

in Proposition 5.6. Assuming parabolic spin bands with momentum-independent
band gap (Stoner model), further assuming Boltzmann statistics and applying the
condition of detailed balance, the symmetric collision operator Q22 was investigated
from a rigorous mathematical point of view (Proposition 6.3). We then performed
the diffusion limit in the scaled matrix Boltzmann equation, the small parameter
ε2 being the ratio of the respective time scales of spin conserving and spin altering
collision processes. The obtained spin-coherent drift-diffusion equation (Theorem
7.1) contains a coupling between the charge- and the spin degree of freedom of the
electron system that is linear in the polarization p of the scattering rates. The
new macroscopic model was applied to simulate spin-polarized transport in three
different one-dimensional structures, namely a three- and a five-layer magnetic/non-
magnetic multilayer and a magnetic domain wall. The simulations show that our
model can improve the understanding of spin-polarized electron transport, which
is important in spintronic research fields such as spin-transfer torque devices and
current-induced domain wall motion.
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Figure 5. Simulated charge density n0 − 1 and the parallel and
perpendicular components, n‖ and n⊥, respectively, of the non-
equilibrium spin density ~n with respect to the local magnetization
~Ω(x) for different applied voltages ∆V . The respective magneti-
zations in the two F -domains are constant and anti-parallel and a

domain wall was realized in the FDW -domain, where ~Ω(x) is given
by (136). The scattering polarization is p = 0.2.

Appendix A. Computation of the coefficients ωij and γij. Here, we shall
compute the coefficients ωij respectively γij , i, j ∈ {1, 2}, appearing in equation
(83) for the eigenvalue f− of the distribution matrix F . Starting from (82) and
looking at (78) and (81) we deduce

Π−(Q−j (F )) =
1

2
tr
(
Q−j (F )

)
− 1

2
tr
(
~σQ−j (F )

)
·
~f

|~f |
. (139)

The loss terms Q−j (F ) are defined in (33)-(34). We recall that Λ =
∫
Sdk′, Λ =

λ0σ0 + ~λ · ~σ and F = 1
2f0σ0 + ~f · ~σ in the Pauli basis. From Lemma 2.4 we deduce

1

2
tr
(
Q−1 (F )

)
=

1

2
tr
(
Q−2 (F )

)
=

1

2
λ0f0 + ~λ · ~f. (140)
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Moreover, we have

1

2
tr
(
~σQ−1 (F )

)
·
~f

|~f |
= λ0|~f |+

1

2
f0~λ ·

~f

|~f |
(141)

1

2
tr
(
~σQ−2 (F )

)
·
~f

|~f |
=

1

2
f0~λ ·

~f

|~f |
+ |~f |

∫
Rd

k′

√
s20 − |~s|2dk′+ (142)

+ |~f |
∫
Rd

k′

(
s0 −

√
s20 − |~s|2

)( ~f

|~f |
· ~s
|~s|

)2

dk′.

Let us introduce the angle η between ~λ and ~f via

cos(η) =
~λ

|~λ|
·
~f

|~f |
=

~s

|~s|
·
~f

|~f |
, (143)

where the second equality is a consequence of (29), stating that the direction ~s/|~s|
of S must not depend on k′. Then, inserting (140) and (141) respectively (142) into
(139), a straightforward calculation yields

Π−(Q−1 (F )) = f−

(
λ0 − |~λ| cos(η)

)
(144)

Π−(Q−2 (F )) = f−

(
λ0 − |~λ| cos(η)

)
+ |~f | sin2(η)

∫
Rd

k′

(
s0 −

√
s20 − |~s|2

)
dk′ (145)

Inserting (144) respectively (145) into (82) we obtain the coefficients ωij and γij ,
i, j ∈ {1, 2}, defined in (83),

ω11 = ω12 = ω21 = ω22 =
1

τc

(
λ0 − |~λ| cos(η)

)
(146)

γ11 =
1

τc
Π−(G1) +

1

τsf
|~f | (147)

γ21 =
1

τc
Π−(G2) +

1

τsf
|~f | (148)

γ12 =
1

τc
Π−(G1) + |~f |

(
1

τsf
− 1

τc
sin2(η)

∫
Rd

k′

(
s0 −

√
s20 − |~s|2

)
dk′

)
(149)

γ22 =
1

τc
Π−(G2) + |~f |

(
1

τsf
− 1

τc
sin2(η)

∫
Rd

k′

(
s0 −

√
s20 − |~s|2

)
dk′

)
. (150)
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