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SPECTRAL SCHEME FOR AN ENERGETIC FOKKER-PLANCK
EQUATION WITH x-DISTRIBUTION STEADY STATES *

CLAUDIA NEGULESCUT AND HUGO PARADAf

Abstract. The concern of the present paper is the design of efficient numerical schemes for a
specific Fokker-Planck equation describing the dynamics of energetic electrons (runaways) occurring
in thermonuclear fusion plasmas. In the long-time limit, the velocity distribution function of these
particles tends towards a thermal non-equilibrium k-distribution function which is a steady-state of
the considered Fokker-Planck collision operator. These k-distribution functions have the particular-
ity of being only algebraically decaying for large velocities, thus describing very well suprathermal
populations. Our aim is to present two efficient spectral methods for the simulation of such energetic
particle dynamics. The first method will be based on rational Chebyshev basis functions, rather than
on Hermite basis sets, which are the basis set of choice for Maxwellian steady states. The second
method is based on a different polynomial basis set, constructed via the Gram-Schmidt orthogo-
nalisation process. These two new spectral schemes, specifically adapted to the physical context
here considered, shall permit us to accurately describe the long-time asymptotics without significant
numerical costs.

Key words. Fusion plasma modelling, Fokker-Planck kinetic equation, energetic particles,
kappa-distribution function, (thermal) non-equilibrium steady-states, asymptotic analysis, spectral
methods, rational Chebyshev polynomials.

MSC codes. 35Q70, 35Q84, 35Q85, 65M70, 46N55

1. Introduction. Modelling the dynamics of particles which are not in thermo-
dynamic equilibrium is a very interesting and intricate problem. Plasmas encountered
in astrophysics [1, 20, 23] or fusion devices (tokamak) [16] are usually collisionless and
do not attain thermal equilibrium, described by a Maxwellian velocity distribution
function. Instead, such plasmas contain highly energetic particles, which are well-
represented by so-called "k-distribution functions”, i.e. power-law distributions with
heavy tails. The departure from thermal equilibrium is a consequence of an out-of-
equilibrium phenomenon, where the driving (diffusive) force and the drag (dissipation)
force do no longer satisfy the fluctuation-dissipation theorem [17], leading thus to an
over-population of particles with very high kinetic energies.

The physical reason for the departure from Maxwellian equilibria is linked to the
scattering cross-section dependence on the velocity, namely o(v) ~ v~%, meaning that
while low-energy particles are often collisional, faster ones are generally not anymore,
their slowing-down through Coulombian collisions becoming thus problematic at high
speeds. An anomalous acceleration process, arising for example through turbulences
or Dreicer electric fields [8], is then sufficient to accelerate them to infinite speeds
(non-relativistic picture). In a relativistic framework, the frictional force does not
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2 C. NEGULESCU, H. PARADA

really vanish for v — oo, but increases slowly with higher energies, permitting finally
to bound the particle speed by the speed of light. For more physical details about all
these phenomena we refer the interested reader to [15, 18, 24].

An accurate description of the energetic particle dynamics is of crucial importance
for fusion reactor performances. In particular the description of a-particles, which are
the high energetic fusion products (Helium nuclei), is essential for self-heating rea-
sons, whereas the description of the runaway electron dynamics is crucial for the
understanding of the overall plasma stability. Runaway electrons are the main focus
of this paper, and originate from the occurrence of an intense electric field during
a plasma disruption, which accelerates the electrons to high energies until radiation
losses can balance the acceleration of the electric field. Motivated by this rich physical
context, we shall be concerned in this work with the mathematical description and
numerical simulation of the runaway dynamics via a specific energetic Fokker-Planck
equation.

k-distributions were introduced for the first time in space physics by Olbert [21]
and Vasyliunas [26] to describe suprathermal populations. Such distributions have a
core of Maxwellian type and a power-law (thus not exponential) decline in the large
velocity ranges (see Fig. 1), meaning they describe an over-population of particles at
high speeds, when compared to Maxwellians. We shall consider here k-distributions
of first kind, given for k > 3/2 and (t,x,v) € (0,00) x R3 x R3, by the formula [1]
(1.1)

V2 " 1 I'(x)
r\ly X, =A, s 1 y A= ,
Jult; %, V) = Axn(t,x) < T @703 )32 T(r - 3/2)

kpT
m

where the thermal speed vy, = and the particle density n are fixed by the

associated Maxwellian M(t, x,v), given by

n(t, x) -1

3 m
202 2
=— th | = dv = wdv, —nkgT .= — v dv.
M (27Tvt2h)3/2 e hyoom ]R3M v Rsf v 5 nKB 5 R3| | Mdv

The Euler-Gamma function I is defined for r € (0, 00) via
I'(r) = / s" e % ds, r)=1, 0(1/2) ==, T(r+1)=7rI(r),
0

and satisfies I'(r + «) ~y_00 I'(r) @ for all a > 0, where ~ stands for the asymptotic
equivalence. Remark that f, contains three parameters, v;;, and n which are linked
to the associated Maxwellian, and 3/2 < k < oo which is the only free parameter and
determines the distance away from the Maxwellian, in particular the lower the &, the
more pronounced are the tails. In the limit of large x > 1 one recovers the standard
Maxwellian distribution, namely one can easily prove that

lim f.(v) =M(v), Vv € R3,

K— 00
using
k 1
=i 1 § lim Ay = ————— .
¢ /{Lnolo < + ,‘{> ’ f{inolo ® (27TU752h)3/2
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SPECTRAL SCHEME FOR AN ENERGETIC FOKKER-PLANCK EQUATION 3

One major problem with k-distributions is that not all the moments are bounded,
contrary to Maxwellians, and this is due to the power-law decrease in the velocity-
variable. Indeed, one has

2n e T (3T (k— 432
/RS |V|Zfﬁ(v)dv:\ﬁ (2K07,) ( ZF)(E(S) 2 ), VO<{<2kK-3,

2

higher moments being divergent, a fact which alters a characterization of the x-
distribution function at the macroscopic level (for ex. via temperature, pressure,
heat flux, etc.). To avoid this deficiency, one idea is to regularize the s-distribution
function by multiplying it vaith some exponentially decaying function, thus introduc-
vl
ing fra(v):=fu(v)e BET , with @ < 1 a small parameter allowing to regulate the
cut-off of the x-distribution at sufficiently high speeds. The regularized x-distribution
has now a power-law behaviour at low and intermediate velocities, and an exponen-
tial cut-off at higher velocities. Besides the fact that this regularized distribution has
now finite moments at all orders, this strategy is somehow also very reasonable from
a physical point of view, as it can be seen as a saturation in the velocity variable,

avoiding the occurrence of particles with speeds higher than the speed of light.

s-distribution function of first kind

=20
————— Maxwellian

Fic. 1. 1D first kind k-distribution functions for several k-values and associated Mazwellian
distribution, recovered for k — oo.

Let us restrict in the following to the homogeneous one-dimensional velocity case
(v € R), in which case the k-distributions are of the form (for x > 1/2)

2

v 1 (k)

27T’“’t2h F(K,— 1/2) ’

The motivation for the restriction to the 1D case comes from the separation of the
full 3D collision operator into the drag and energy scattering part (corresponding
to our 1D operator) and the pitch-angle Lorentz scattering operator (skipped here),
describing the scattering in the velocity direction (see [7] for more details).

fe(v) i=cun <1 + > , where ¢, =

2
2K vy,

1.1. Mathematical description of the energetic particle population. Let
us explain in more detail in this subsection how k-distributions arise as equilibria of
specific Fokker-Planck operators.

At a microscopic level, the dynamics of a particle of mass m is described by
Langevin’s equation

mv' (t) = —m~yw)v+m+/2D)n, vVt >0,
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4 C. NEGULESCU, H. PARADA

where y(v) = vo(v) ~jy1 v7? is the friction coefficient and D(v) > 0 the diffusion
coefficient in the velocity variable. The second term on the right-hand side stands for
the random force, assumed to be a Gaussian process (white noise) described by n,
with zero average (n;) = 0 and infinitely short correlation times (n; ny) = do(t — t').
The corresponding mesoscopic picture of Langevin’s equation is the kinetic Fokker-
Planck equation

Of =0y [Y(W)v f+ D(v)dyf], Y(t,v) € (0,00) x R.

At thermal equilibrium, the friction coefficient is related to the diffusion coefficient
D(w) _ ksT
V) om0 . s .
that the friction is finally the means by which an external work is dissipated into
microscopic thermal energy. This relation leads then to the well-known form of the

linear Fokker-Planck equation

via which is the so-called fluctuation-dissipation theorem [17] and states

(1.2) 0uf =0y [y(v) (v f+ 05 0uf)] ., with vf, = kBTT, Y(t,v) € (0,00) x R.

Equation (1.2) can be recast into the more general 1D Fokker-Planck form
(1.3) Onf =v0, [D() (U'(0) f+0uf)],  V(tv) € (0,00) xR,

where v > 0 is the collisional frequency and U(v) a potential function describing the
drift mechanism. The stationary solution of (1.3) is given by

foolv) := ae VW) Yo e R,

with « > 0 determined by the initial condition fi, (conservation of mass).

The standard case (1.2) is recovered from (1.3) via D(v) = v(v) v3, and a qua-

dratic potential U(v) := leading in the long-time asymptotics to the usual

v
2

2vg,
’(72

n

Maxwellian equilibrium fo(v) = ——2— e_ﬁ, with density n = in(v) dv.
q foo(v) m Yy f]Rf (v)

The fluctuation-dissipation theorem gets however violated in some situations,
for example when the accelerating diffusion term cannot be anymore balanced by
the friction term, leading to an out-of-equilibrium situation characterized very well
by heavy-tail x-distributions. In mathematical terms, these k-distributions arise by
introducing in the Fokker-Planck operator, additionally to the Coulomb collisions
(with a dense plasma background), an empirical turbulent acceleration mechanism
described by the coefficient S5 (v), namely considering

(14)  Of =v 0, {7(®) [vf + (03 + Brurs(©)) 0uf]} . V(t,v) € (0,00) x R.

The idea is that the supplementary (ad-hoc) diffusion term injects energy into the
system at a rate Oyp(v). This mechanism of energy injection, combined with the
friction coefficient (v), determine together the shape of the equilibrium distribution
function at large velocities and permits to obtain non-equilibrium distributions.

Omne can now put this new Fokker-Planck equation under the form (1.3) with the
diffusion coefficient D(v) = v(v) (v}, + Brurs(v)) and U’ (v) = v (v}, + Brurp(v))
For a turbulence term of the form B (v) = By v? with B, > 0, one gets a po-

tential of logarithmic type U(v) = kln (1 + 2‘;’; ), and the following k-distribution

th
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functions as equilibria (with a constant C,, > 0)

v \ " 1 kT
1.5 (V) =Cs [ 1+ —— ; = , = —.
(1.5) Is() ( + 2/<;fut2h> & 276, Uth m

The problem now is that this is a non-relativistic picture, the particles being able
to reach infinite speeds, which is from a physical point of view not justified. To cope
with this new problem, one has to introduce a saturation term, in order to restrain the
speeds to speeds lower than the speed of light. From a physical point of view this arises
naturally, as for very high electron speeds the friction coefficient starts to increase
slowly, which is due mainly to the so-called Bremsstrahlung-Effekt [6, 24]. Starting
from some threshold energy, the particles start to emit electromagnetic waves, such
that their energy is dissipated, and their velocity cannot attain the speed of the light.
This phenomenon can be described mathematically by starting from the previously
introduced turbulent Fokker-Planck equation (1.4), rewritten here as

(1.6) of = vd, {D@) [(ufh  Brans(0)) 0 f avf}} ,

and adding a new term avf in the friction part. This leads to

(1.7) Of =v0, {D(v) H(vfh + %twb(v))_l + a} vf+ vi}} ,

with D(v) = 7(v) (v}, + Brurs(v)). Thus U'(v) = v [(vfh + %twb(v))il + a], and

[v|?
P)
2K vy,

taking again BSu.4(v) = B, v? leads to U(v) = kIn (1 + ) +a % and equilibria

fealv) =N ( v >_K %, WeR
wa(V) =Ny (14 e T, veER,
2KV,

with a constant N,, > 0. Equation (1.7) can be rewritten via these equilibria as

(1.8) Ouf = v, {D(v) Frea()dy (Jf)} . WeR.

The new friction force reads now Fppe = —m~y(v)v [1 +a (Ufh —&—%twb(v))},

which means that the friction does no longer vanish for |v| — oo, but saturates at a
constant value, as illustrated in Fig. 2, where we recall that the Coulombian friction

satisfies y(v) ~ @ ~ops1 v [5, 12], whereas the turbulent diffusion has the form
Bturp(v) = B, v Here G is the Chandrasekhar function [18], defined via the error

function ¢ by G(v) := %}W for v # 0 and G(0) = 0.

1.2. Aim of this paper and outline. The main objective of this paper is the
efficient numerical resolution of the following 1D evolution problem

f(t,v)
fea(v)

associated with some initial condition fi,. Three cases shall be considered and com-
pared, associated to the following three equilibria:

(i) Standard Fokker-Planck case: foq = M(v);

(ii) Energetic Fokker-Planck case: foq = fi(v);

(1.9) Of = v {feq(v) o8 < ﬂ . Y(t,v) € (0,00) X R,
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fric™

Friction force F,._=-m v 7(v)

— = Coulombian friction, 7(v)=G(v)/v
Turbulent friction, n(v)=(b+c v?) G(v)/v

F1a. 2. Friction Fypic = —mvy(v) [1+a (v, + Brurs(v))] with v(v) = G(v)/v. Coulombian
friction for a =0 (dotted curve, vanishing at infinity); turbulent friction for a = 0.012 (full curve).

2

(iii) Regularized energetic Fokker-Planck case: foq = fra(v) = fo(v)e @7,
where a < 1 is a small cut-off parameter.
Let us remark here that, contrary to the physical part, we set v = 1, vy, = 1 and
D(v) = 1 for simplicity reasons (compare with (1.8)), the main difficulties being still
present in this simplified framework. The mathematical study of the general Fokker-
Planck equation has been investigated in [18]. The Maxwellian equilibrium reads

(110) M('U) = \/% 671}2/2, Yv S R,
s

whereas the k-equilibrium is given for k > 1/2 and v € R by the formula

—_ %% wher Cx 1= ! FOQ)
(1.11) fu(v) == (1t 2) here ¢ := V2rnk D(k—1/2)°

such that f]R fx(v)dv = 1. The parameter 0 < a < 1 shall be chosen so to restrain
the particle velocities to speeds lower than the speed of the light. Remark that

fﬁ,a —>a—0 fﬁ —7k—o0 M7

and we recall, for later use, the moments of the x-distribution function

£+1 _ 441
/|v|efﬁ(v)dv:% (2/1)”2 F( ZF)(:(’%I) 2 ), VO<{<2k-—1,
R _1

2

as well as those of the regularized x-distribution, this time for all £ € N
(1.12

)
{41 " . 1 oas
/|v|£ fn,a(v)dv:2HTlF (;) ETT I RETE ST WL L st (ak) ,I
R

where W (-) is the Whittaker function [27].

The first immediately visible difficulty in a numerical resolution of (1.9) is related
to the unboundedness of the velocity-domain, which leads to challenging numerical
complications. Several possibilities are available to treat such unbounded problems,
namely spectral methods, domain truncation, mapping techniques (see [2] for more
details). We shall concentrate in the present paper on spectral methods, based on
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SPECTRAL SCHEME FOR AN ENERGETIC FOKKER-PLANCK EQUATION 7

basis functions intrinsic to unbounded domains, such as for example Hermite-basis
functions, Sinc-functions, rational Chebyshev functions, etc. Spectral methods are
so-called global methods and, when well-designed, are superior in performance to local
methods, such as standard finite-difference or finite-element methods, due to their
exponential accuracy (greater precision with smaller number of points or modes).
This exponential accuracy is however only achieved when the basis functions are well-
chosen, an inadequate choice can have a drastic impact on the convergence rate.

The mathematical and numerical treatment of the three problems (i)-(iii) in view
of the construction of a spectral scheme is completely different, and this is mainly due
to the fact that the spectrum of the standard case (i) is discrete, the eigenvectors being
well-known (Hermite basis), whereas case (ii) admits a continuous spectrum, requiring
a continuous spectral representation with generalized eigenvectors not belonging to the
functional space of interest. A basis not constituted of eigenvectors is then of rescue in
this case (ii). The equilibrium s-distributions are however not exponentially decaying
in the velocity variable, but rather algebraically, such that the usual exponentially
decaying Hermite polynomials (useful in case (i)) are not suitable here. When a
function f(¢,v) decays as an inverse power of the velocity-variable, then rational
Chebyshev polynomials are clearly more adequate, such that our spectral method for
case (i) is based on the introduction of a rational Chebyshev basis set.

Finally, case (iii) admits again (due to the cut-off in the high velocity ranges) a
discrete spectrum, however with non-standard eigenvectors. But the regularization
allows now to employ the function f, , as a valid weight function, to start the con-
struction (via Gram-Schmidt orthogonalisation) of an adequate polynomial basis set,
permitting by this manner to introduce an efficient spectral method for case (iii).

The outline of this paper is the following. In Section 2 we state the mathematical
problem and present some of its properties (spectrum, asymptotic decay). Section
3 is concerned with the construction of a spectral scheme for the resolution of the
Fokker-Planck equation in case (ii), scheme based on rational Chebyshev polynomials
(so-called RC-scheme). Section 4 focuses on the regularized Fokker-Planck equation of
case (iii) and proposes a spectral method based on a polynomial basis set, constructed
via the weight function f, , (so-called GS-scheme). Finally, Section 5 presents the
numerical results obtained with both spectral schemes and compares them with a
standard finite-difference method (FD-scheme).

2. Fokker-Planck collision operator. In this section we recall briefly some
mathematical results from [18], permitting to understand the construction of our
spectral numerical schemes and their validation. We consider the following 1D evo-
lution problem

atf =0, |:feq(v) Oy (f
fcq

fQ0,) = fin (),
where for the equilibrium distribution function we choose either feq(v) = M(v) de-
fined in (1.10), feq(v) = fx(v) defined in (1.11) or the regularized version feq(v) =
fr,a(v). In the long-time limit ¢ — oo the solution to this equation will tend to-

wards the stationary solution given by fu(v) := é}{i“i feq(v), where the average in the
eq

(2.1) (FP) )] ; V(t,v) € (0,00) X R,

velocity space will be denoted by

)= [ fwav.
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The second order differential operator occurring in (2.1), i.e.

I
feq

is a linear, unbounded, self-adjoint and positive operator on the Hilbert-space
(2.3)
L?e_q1 = {fR*)R , /R|f|2fefql dU<OO}7 (f,g)fefql ::/ngfl;ql dv,

(2.2) Leg(f) :==—0, [feq O ( )} , Leg : D(Leq) C Li,ql — Li,ql ,

and with domain
(2.4) D(Leq) ={f € L1, Leg(f) € L5}

Standard functional analysis (Lion’s theorem, Hille-Yosida theorem) then permits
showing that there exists a unique solution f € C*([0, 00); Li.,l) N C([0,00); D(Leq))
eq

to the Fokker-Planck equation (2.1), for each initial condition fi, € D(Leq). Before
going on, let us also remark that one has the inclusions

L3 C Lj,;}l C Ljf;l C L*(R).

2.1. Standard Fokker-Planck equation with f., = M. This case is very
well documented [14, 25], we recall the results here only for completeness reasons.
The equation we consider for (¢,v) € (0,00) x R is simply

Ouf = —Lai(f) =0, {M o, (f)] — 0o f +0.f]

25)  (FP)u M
f(Ov ) = fin(') .

PROPOSITION 2.1. [18, 25] (Hermite basis functions) The operator L de-
fined in (2.2) is self-adjoint, positive and with compact resolvent, such that its spec-
trum is discrete, real, positive and consists of a sequence of eigenvalues (\g)reny C R
satisfying A\, — 00 as k — 0o. In particular one has for all k € N

L Vi(v) = Mg i (v) Vv e R, with eigenvalue N\ =k,

and the associated eigenvectors are the Hermite functions, defined recursively via 1y =
M, 1 =vM and for all k > 1 by the formulae

(2.6) VE+19p1(v) = vp(v) = VEe_1(v), YveR.

Remark that {g}ken form a complete orthonormal basis set of the space Lf\,l,l.

This proposition is useful from an analytic point of view, permitting to study the decay
rate towards the equilibrium, but also from a numerical perspective, permitting the
construction of a spectral method.

PROPOSITION 2.2. [18, 25] (Time decay) Let f be the unique solution of the
evolution problem (2.5), with initial condition fi, € Li/tfl' Then the following expo-
nential time-decay of the solution towards its stationary state holds

(2.7) 1£(#) = foollamar < Mlfin = (fin) Mllag-1 e, WE>0,

where the stationary solution is given by foo(v) = (fin) M(v).
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Now, one can make use of the orthonormal basis of eigenvectors {1y }ren C L},
to expand the solution of the evolution problem (2.5), as

ft0) =Y au®vno), o) = (FO s = [ FE0) onlo) M7 0 dv.
k=0 R

Inserting this expression in (2.5) yields an equation to be solved for the expansion
coefficients ay(t), leading for all £ > 0 and k£ € N to

4O+ Mar®) =0 = apt)=e M amr, angi= / fin () 1 (V) M7 (V) do.
R
This spectral decomposition is the starting point of spectral methods for standard

Fokker-Planck equations. We refer the interested reader to [11, 19] for further details.

2.2. Energetic Fokker-Planck equation for f,, = f.. We are now coming
to the investigation of the energetic Fokker-Planck equation, which writes
(2.8)
Of = —Lu(f) =0 [f (v) ( ! )] =0, | —
(FP)K t K v K v f’{ (’U) v 1 +
f(07 ) = fin(')v

where the equilibrium is this time f,(v) = ¢, (1 4+ %)”‘“, with ¢, > 0 the normaliza-
tion constant. We shall work in the Hilbert-space L“_, for some fixed x € (0, 00).

)

f+0uf

2
2K

The linear, unbounded operator L., defined in (2.2), has no more a discrete
spectrum, in contrast to the standard Fokker-Planck case (see Proposition 2.1). Nev-
ertheless, one can now follow the same strategy as in the standard Fokker-Planck case,
by searching for generalized eigenfunctions and a continuous spectral representation,
as has been done in [18]. In the present paper however, we shall follow a different
strategy, by considering the expansion of the k-distribution function in a basis set,
not constituted of (generalized) eigenfunctions of the corresponding Fokker-Planck
operator L, but constituted of a different basis set of the functional Hilbert-space
L?,l, namely of rational Chebyshev polynomials introduced in Section 3. For the
nnc;rrlent7 let us finish this Section, by recalling a time-decay result of the solution to
(2.8) towards its stationary solution. Due to the fact that there is no spectral gap, the
time-decay rate will be no more exponential as in the standard Fokker-Planck case,
but algebraic.

THEOREM 2.3. [3, 18] (Time decay) Let f be a solution of problem (2.8), with
initial condition fi, fot € L®(R,). Then for all 0 < p < 2k — 1, with k > 1, the
following estimate holds

9 74/:0 4t _P/2
(29) ||f(t)_f00|| -1 < |:|fin_<fin>fm||fn1 +K)Np:| 5 VtZO,

with foo = (f) fx = (fin) fx and K, > 0 a constant depending on p and k.

2.3. Regularized energetic Fokker-Planck operator for f., = f. .. Fi-
nally, let us turn to the investigation of the regularized Fokker-Planck equation
(2.10)

= - v L = 1 alwv
(FP)H,G. 8tf - av |:fn,a( )81) (fﬁ,a>:| 61) [(1 + % + > f+a1)f
f(07 ) = fin(') )

)
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'U2 . . .

with equilibrium f; (v) = ¢, (1 + %)_“ e~ %z, ¢, > 0 being the normalization con-

stant of f.. We shall work in L?,l , with some fixed x € (0,00) and 0 < a < 1.

To study the spectrum of this Fokker-Planck equation, the Liouville transforma-
tion f = g+/fs,a is very useful, permitting to switch from the eigenvalue problem
Ly o(f) = A f to the Schrodinger problem (sharing the same spectrum)

—Owg+Qa(v)g=Ag, VvER,
where the occurring potential ), is a confining potential given by

2
2 _
’Ui 1 2K
4

1 a
5 +a] va‘>>1 10/2’02 — 5

Qo(v) :=

1+2)

U 1

al — =

1+ £ 2

Spectral theorems of quantum mechanics [22] permit now to show that the spectrum of

this Schrodinger equation is discrete for a > 0 (it is continuous for @ = 0), and this es-

sentially due to confining properties of the potential, i.e. Qq(v) —*|y|—oc 00. We recall

that for a = 0 one has Qo (v) ~|ys1 = ('Z;rl) [18], hence not confining. The main goal of

the regularization is thus to have a discrete spectrum. Furthermore, the Fokker-Planck

operator L, , being self-adjoint and positive, one has 0(Ly q) = {A}tren C [0,00),
with A\g = 0 the first eigenvalue, corresponding to the eigenfunction f, , of Ly 4.

The existence of a spectral gap of the operator L, is strictly related to the
existence of a Poincaré inequality, leading to an exponential time-decay behaviour.

THEOREM 2.4. (Time decay) Let f be a solution of problem (2.10), with initial
condition fi, € L2_,. Then the following estimate holds, for some constant C > 0

fok
<fin>
(fr.a)

where the stationary solution is given by foo = <(ff‘“>> fr,a and A1 o > 0 is the first
positive eigenvalue of Ly o, satisfying Ao —ra—0 0.

(2.11) 1£(2) _foo”f;}1 <C|fin— fﬁ,a”f,;}l eiAl’atv vt >0,

3. Spectral scheme based on rational Chebyshev functions. We are com-
ing now to the design of an adequate spectral method for our energetic particle Fokker-
Planck equation (2.8), we recall here for clarity reasons

sy ey, ) o= nwoe ()] o L+2 F+ouf
70, = il

In the previous section we evoked the Hermite spectral method for the resolution of the
standard Fokker-Planck equation (2.5). Hermite functions however are exponentially
decaying for large v, and hence their use is not natural for the approximation of
functions which are slowly decaying for large v, such as the k-equilibrium of our
problem (3.1). New basis sets are thus required and have to be introduced. We
shall not focus on basis functions composed of generalized eigenfunctions (continuous
spectral representation) as has been done in [18]. Using instead transformations that
map a finite domain into an infinite domain, allows to generate a broad class of new
basis functions for the unbounded domain, that are images of, for example, Chebyshev
polynomials. We shall focus on this strategy in this section.

)
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3.1. Rational Chebyshev polynomials. At the ground of our polynomial
basis construction are the Chebyshev polynomials, which are no more than a change-
of-variable in the Fourier cosine functions. Indeed, the map s € [0, 7] — £ = cos(s) €
[—1, 1] transforms the cosine functions into the Chebyshev polynomials T, (&), i.e.

(3.2) T.(§) :=cos(ns) where s=arccos(f), Ve e [-1,1].

The thus defined set {T},},en forms an orthogonal basis of L2((—1,1); p(€)d¢) with
the weight p(&) := \/1%?, in particular one has the orthogonality relations

, if m#n

0
/1 T (§) Tin () =4 ™ if m=n=0, Vn,m € N.
-1oyl-g T m=n#0

2’ ’

At this point, using now the algebraic map

L . v

3.3 e(—-1,1)—v:=——— € R, orequiv. =
R = R
or

(3.4) s € (0,m) — v := L cot(s) € R, orequiv. s=arccot(v/L),

permits to transform the finite interval into an infinite interval, and one defines the
rational Chebyshev polynomials as

(3.5) CE(v) := T, (¢) = cos(ns) where se (0,7), £€(~1,1), veER.
One can equally start from the sinus functions in order to define
(3.6)  SE(v):=8,(¢6) =sin((n+1)s) where sc (0,7), £€(~1,1), veER.

Let us remark that L > 0 is a mapping parameter, which has to be adjusted as closely
as possible to the scale of the function to be expanded.

The two sets {CL},,en along with {SE},,cn form two independent orthogonal basis
sets of the Hilbert-space L2 | with weight o7 (v) := H#ﬂ)g In particular one has

or?
0, if m#n
o0 L .
L L — , if =n=0, Yn,m € N,
LMCTL(U)Cm(U)md’U— 7;_ 1 m n n,m
5 if m=n#0,

and equally for {St},en. For an efficient computation of these rational Chebyshev
basis functions, one has at hand the following recurrence formulae

2v/L I L . N n 1 5 i
_ 2L ony)cE cE, (CEY() = A [CE, —CE,]
1+ (v/L)? (v) +1 1 (CY) () 2L /14 (v/L) [Coa 1)
as well as
4(U/L)2 L _ L L L 4 L B I I L
mcn (v) =Cyia+2C; +C s, an (v) = =Chia4+2Cy —Cr_y.
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Using all these formulae permits to compute the first polynomials, which read

i1, ch) — YL or_ WLP-1 L (/D)[(v/L) -3
E Y N 0 R T (Y0 R R TR CYF AR

and

o) = —— LU—M L —M
So(v)—\/ma Sl()_1+(v/L)27 Sy (v) [+ (o/ L2

As an example, consider the simple rational (algebraically decaying) functions [1 4+
(v/L)?]™™ as well as [1 + (v/L)?]~(»*/2) which are rather harmless, however ap-
proximating them with Hermite polynomials fails drastically. In this case rational
Chebyshev polynomials are more powerful, as can be observed through the following
relations, valid for all n € N
(3.7)

1

[+ (v/L)%)"

1

Ay (omEerie = PoSo 4o+ Ban S5

:a()c(%+"‘+a2nc2llna

The next theorem describes the way of convergence of the rational Chebyshev series.

DEFINITION 3.1. An expansion of the form
(oo}
f(v):Zozngon(v), Yv e R,
n=0

is said to be algebraically or exponentially convergent, if there exist some constants
p>0,u>0,t>1 and N, €N, such that one of the two items is satisfied

o |a,| <pn~*, Vn>N, (algebraic convergence),

o |a,| <pe H™ Vn>N, (exponential convergence).

THEOREM 3.2. [2/ (Convergence of the rational Chebyshev expansion)

Let g € LiL be a function free of singularities on R. Then one has:

(i) If g has an asymptotic power series for |v| > 1 containing only even, non-negative
powers of 1/v, the expansion of g in the basis {CL(v)}nen is exponentially convergent.
(i) If g has an asymptotic power series for |v| > 1 that contains only odd, positive
powers of 1/v, the expansion of g in the basis {SE(v)}nen is exponentially convergent.
(ii2) If g has an asymptotic power series for |v| > 1 that contains only integral, non-
negative powers of 1/v, the expansion of g in the full basis {CE(v),SE(v)}nen is
exponentially convergent.

3.2. RC-spectral method. We shall set now L = +/2k and take x € N. The
question is to find a basis set for our weighted Hilbert-space L?,l, based on the just

introduced rational Chebyshev basis sets of the space LgN, where we recall that

B Cr _ 1 I'(k) ” o 1 1
M= gr T Gmmte-tp T ERir e

Scaling the rational Chebyshev polynomials {CL, SL}, oy as

On(v) = CrLL(U) T(v), En(v) = Sr%(”) T(v),
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with
1/2 _ (C,‘c/ /2n)1/2
(1+ %)5121 )

permits to introduce two independent orthogonal basis sets {©,, =, en for L?”_l'

To(v) 1= [04(0) fu(0)] W eR,

The recurrence formulae remain the same as above, the only modification is in the
derivative, which becomes

n 1 1 O 1(v)
= - — —— n— v
2\/2/43 /1_}_572 !

Taking an odd s € N prescribes an expansion in {O,}nen (see Thm. 3.2 (i)) and
symmetry properties permit furthermore to show that even functions f(¢, |v|) possess
an expansion using solely even rational basis functions. Altogether we shall thus
search for a solution to (3.1) under the form

k41 v

0;.(v) - T
2K 1+ﬁ

—Opt1(v)] — ©,(v), YveR.

Ft,0) =D agn(t)O2m(v),  V(t,v) €[0,00) x R.
n=0

Introducing this spectral expansion in the FP-equation (3.1), permits to find an
ODE system for the spectral coefficients {aa, (t) }nen. Straight computations yield
(3.8)

—L,:(00) = c9Op +dyO2+ €90y,

*ﬁﬁ(("‘)g) = bg @0 + Co @2 + dg @4 + () 667

—L(©2y,) = a2y O2n—a + boy, O2p—2 + cop, O2y + dap O2py2 + €2 O2ppa, ¥ > 2,

i (s — 1) (s = 1) (5 +3)
k—1 k—1 k—1)(k+3
I T vk R 7R
k=1 25+ Kk (k—6) k=9 _ (k=3)(k+5)
b2 sk 27 32n 0 BT gL @s 325
and
_(k=14n)(k+3—n) b __/1—(71—1)2 . _ —=3n?—(k—1)?
_ 2 _1—
B el e 0 U ook Bk 01 G o e ) B VISPY
8K 32k

Taking then the weighted scalar-product (in L?,l) of the Fokker-Planck equation
8tf = *L:Kf with @Qj, yields

046 (t) = CoQy (t) + baorn (t) + a4a4(t),

oy (t) = eajaazj—a(t) + doj_oagj—o(t) + cojon;(t) + bajyoojia(t) + azjta aojra.

This leads to the following penta-diagonal ODE system to be solved for the com-
putation of the spectral coefficients X (t) := (ag(t), aa(t), as(t), - )¢, i.e.

(3.9) X'(t)=-MX(t),
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with
co by ags 0O .- 0 0 0
dyo c2 by ag --- 0 0 0
eo do cq4 bg - 0 0 0
M=
0 0 0 <+ dan—4 can—2  ban
0 0 0 ©++ ean-4 dan—2 C2N

Remark 3.3. The just introduced spectral method is very accurate for k-values
arising in astrophysics or fusion plasmas, such as x € (1,10), however it turns out to
be problematic when x becomes larger and larger, preventing the investigation of the
limit kK — oo. Indeed, one can immediately observe that some entries of the matrix
M become infinite for k — oo and the rational basis functions {CL}, ey get also more
and more similar in this limit, rendering the RC-spectral method not adequate to
treat cases with x > 1. Furthermore, the expansion of the asymptotic equilibrium
fw(v) requires the use of k Chebyshev basis terms, owing to

N 1/4 N
Fu0) = 3 00 Con0) Tul0) & Fu0) T3 (0) = YD S 0, Ca0),
n=0 (1 + 57) 2 n=0
such that with (3.7) one notices that this is possible for 2N = k—1. Thus, with K — oo
the expansion requires more and more terms, leading to an inefficient Chebyshev-
spectral method. There are however some advantages for small s values, discussed in
the numerical section, such that we find that this scheme has its right to exist.

4. Spectral scheme based on non-standard orthogonal polynomials.
The aim of this section will be thus to construct a different spectral scheme, which shall
degenerate into the Hermite spectral method of Section 2.1, when x tends towards
infinity. The idea of this new scheme is based on the Gram-Schmidt orthogonalisa-
tion procedure, which requires the existence of the moments of the weight function
(k-distribution), such that we shall be forced to consider in this section rather the
following regularized Fokker-Planck equation for all (¢,v) € (0,00) x R
(4.1)

1
(Fp)n,a atf - 7£H’a(f) - av [(1—1—52 + (l) 'Uf + avf
f(0,2) = fin ().

Even if the operator £, , has a discrete spectrum as the standard Fokker-Planck one,
the eigenfunctions are non-standard and have no analytical expression, such that one
has to search for them numerically. We will follow however a distinct strategy, con-
structing a different orthogonal basis {(x(v)}ren of Li;é , based on Gram-Schmidt’s

=0y [ fr,a 00 (f/fr.0)]

orthogonalization process, allowing the expansion of the solution to (4.1) as

o0

(4.2) Ftv) =Y k() Ge(v),  VY(t,v) €[0,00) x R,

k=0

with {ag(t) }ren to be determined.
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To simplify the presentation, let us filter out the equilibrium from the solution to
(4.1) by setting f = h f. o, where the unknown h € L?K . is this time solution of the
so-called Ornstein-Uhlenbeck equation '

1
43 OV, { O T 0o lleadul], V() € (0,00) <R,

h(oa ) = hin(') = fin ,;; .

We shall construct now an orthogonal polynomial basis set {pg(v)}ren of L?cm, con-
sidering w(v) := fr.a(v) as weight function. The regularization is crucial here, as
this construction requires the existence of all moments of the weight function. The
Gram-Schmidt orthogonalization process yields the following recursive formula for the
construction of a monic polynomial set

pflEO, p():la pl(v):U7
(4.4)
Pr+1(v) = vpi(v) — Brpr—1(v), Vk>1,
where
2
Bk = (’Upkapk—;)w — ||pk||w2 , Vk_ Z 1 .
|lpr-1ll2 l[pr—1l[2

Classical weights, such as Maxwellian ones, give rise to classical families of orthog-
onal polynomials (Hermite polynomials for ex.). For such families explicit formulae
are available for the recursion coefficients. Outside the classical framework however,
numerical strategies are required for the computation of these coefficients, and the
difficult part in the construction of the polynomial basis set is the stable computa-
tion of these coefficients {fj}ren. One has to take into account that we deal with
polynomials on unbounded domains, and small (round-off or truncation) errors are
immediately visible. In particular, polynomial spectral methods are more sensitive to
errors than for ex. Fourier spectral methods. We shall present a stable computational
strategy for the recursion coefficients below, for the moment however, let us remark
that the first coefficients write

2
45) B=T2 g, MoMazmy meZZ/vew(v)dv, W eN,
mo momm2 R

where {my}sen are the moments of order ¢ of the weight function w(v), computed via
Whittaker formula (1.12). Supposing now that we have constructed in this manner
an orthogonal basis set {py}ren of L?M, the solution to (4.3) writes

(4.6) h(t,v) =Y o) pe(v),  VY(t,v) € [0,00) x R.
k=0

Inserting this decomposition into Ornstein-Uhlenbeck’s evolution equation (4.3) and
taking the L2 scalar product with p,(v), permits to get a system for the computation
of the spectral coefficients {a () }ren. Indeed, one gets

oo

> al) [ p@p)eydo ==Y o) [ swrie)e@dn,  veeN.

k=0 R
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Remarking that (px,pe)w = Ve ke, where we denote the weighted norm by 7, :=
|Ipel|2 = [z Ipe(v)|? w(v) dv, one obtains the linear ODE system

ap(t) Yo bos oo ao(t)

ah(t)m i (t)
40 T () Oex 7

ag(t) ve ag(t)

where the entries of the matrix are
(48) Ot =00 1= [ B (0)p0) (o) do.
R

It remains now to find an accurate and stable manner to compute the integrals
{0ek }e.ken, the recurrence coefficients {8 }ren as well as the weighted norms {7y }ren-

Several methods have been proposed in literature for an accurate computation of
the recursion coefficients, see for example [10]. The classical approach in terms of mo-
ments (see (4.5)), computed via the Hankel determinants, is numerically problematic,
being very ill-conditioned. In this work we shall use the so-called Modified Chebyshev
algorithm, which is a more stable and a better conditioned strategy. The idea is to
work with ”modified moments”, corresponding to a different measure (weight func-
tion) dp := p(v)dv, to be chosen close to the original measure dw := w(v)dv, and
with the additional requirement of possessing explicit recurrence coefficients. This
shall permit to bypass the stability issues and generate in a stable manner a non-
classical orthogonal polynomial basis set.

To be more precise, taking for instance as weight u(v) = M(v)e @ é, which is
close to our original weight wy(v) = f.e™® " in the sense that lim,_, o w, = W, we
construct the corresponding orthogonal monic polynomial basis set {gx }ren of Li(R),
via the three-term recurrence relation

q,lEO, QQEl, QI(U):Ua
(4.9)
Q41 (v) = vgi(v) — brgr—1(v), kE>1.

For such Maxwellian weights u(v), the recursion coefficients {by}ren are explicitly
known and {gi }ren are Hermite-like polynomials, in particular one has

k k!

2
= = — k>1.
1—1—@7 ||Qk||# (1+a)2k~2+1 ) =

by

Based on this new basis set, let us introduce the mized moments
Ok = /pk(v)qg(v)w(v) dv, Vk, 0> —1,
R

which will help to construct the original basis set {pj }ren. By orthogonality, we have
or,e = 0 for k > £. Moreover, as p, and g, are monic polynomials of degree k, we get

pr(v) = gk (v) +r(v), with deg(r) < k,
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such that using the orthogonality of {pi}ren, one has
(410) = [pll? = / Pi(0) pi(v) w(v) dv = / Pr(0) g (v) w(v) dv = o 5.
R R

Thus

2
(4.11) po= el kg
Hpk—1||W Ok—1,k—1

Using the recurrence formulae (4.4) for py, and (4.9) for g, we derive
(4.12) Ok = Ok—1,041 — Bb—10k—20 +boox—10-1, VEL>1.

Starting hence from the values of 0_1, = 0 and {09 ¢}een = fR qe(v) w(v) dv, which
are nothing more than linear combinations of the moments {my}scn, computed via
the Whittaker formulae (1.12), one can compute step by step the values of {ox ¢} cen,
{6k}kEN and {’Yk}kEN via (410)—(412)

For the resolution of our Fokker-Planck problem (4.3), thus of (4.7), one needs

now to compute the entries of the matrix, in particular iy := [, p},(v) pj(v) w(v) dv.
This shall be done by introducing the following quantities

Xk i= /Rpk(v)pz(v)w(v)dv, ke :z/Rpgg(v)pg(v)w(v)dv.

Using now the recursion formulae (4.4)-(4.9) permits to obtain for all k,¢ € N

Ore = Ok—1e41+ BeOk—1,0-1+ Xk—1,6 — Bu—10k—20 — Eu—1,0,
Xkt = Xk—1,041 7+ BeXk—1,6—=1 — Ve Ok—1,0 — Br—1 Xk—2,¢,
ke = Eh—1041+ Berh—1,0-1 F e 0k—1,0 — Br—1&—2.0 -

Thus starting from the values 6y, = 0, x_1 = 0, &, = 0 for all £ € N, as well as
from the values one has to compute as an initial step

01,0 := /Rpé(v)w(v)dv, X0,¢ :=/]Rplg(v)w(v)dv7 &0 ::/Rpg(v)w(v)dv,

one gets the desired values of {0 ¢}x ¢en. The computation of 61 ¢ shall be done via
Whittaker’s formulae (1.12), for accuracy reasons. Remark also that &; ¢ = 7o do,¢ due
to the orthogonality of the polynomials {py}ken, and that xi ¢ = & i for all k,¢ € N.
Furthermore, due to

1
pp(v) = c,(f) pr(v), with coefficients c](f) _ Sek
Tk

k=0

7

one has immediately that x,,=0forallk > ¢—1aswell as §,, =0forall £ > k—1.
Finally, this decomposition permits also to observe that

¢ l
Xou = 0 =614, S = (D, po)w -
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Remark 4.1. Let us mention that the Gram-Schmidt spectral method is very per-
formant for large k-values, x > 1, as in this case the weight w, is close to the
Maxwellian weight p, whereas for small values of x the use of Whittaker’s formulae
(1.12) becomes problematic due to the fact that we deal with polynomials on un-
bounded domains, rendering the utility of the GS-scheme very awkward. There is a
delicate interplay between the regularization parameter a (thus somehow the trunca-
tion of the domain) and the s-parameter (meaning the hot tails of the distribution
function) one has to care of, in order to avoid instability problems. Let us also ob-
serve that the asymptotic equilibrium f, , requires only one term in the G:S-expansion,
which is a huge advantage of the scheme, permitting the use of very few basis terms.
Finally, in the limit K — oo, the GS-scheme turns into the Hermite-spectral scheme,
and this due to our specific construction, in particular see (4.4) and (4.9).

5. Numerical simulations. In this section we present the numerical simula-
tions obtained with the spectral methods constructed in this work, i.e. the rational
Chebyshev (RC-scheme) as well as the Gram-Schmidt spectral method (GS-scheme),
and compare them with a standard finite-difference method (FD-scheme) to solve the
energetic Fokker-Planck equation. We are particularly interested in precision, simu-
lation times as well as the asymptotic convergence rates towards the equilibrium, for
different values of the parameter k. As no analytical solution is available, a reference
solution will be constructed via a second-order FD-scheme on a very fine time and
velocity mesh. All the simulations we performed are carried out in Python 3.11.5 lan-
guage, with double precision and using the standard Python libraries, in particular
the mpmath library for the Whittaker functions (1.12).

5.1. Numerical simulations with a standard FD-method. Let us start
with presenting the test case and a finite-difference scheme, aiming to solve numeri-
cally the following Fokker-Planck equation

v
61) (FP), ) *F =0 KHSi +av> f+ouf
F0,-) = fin(),

where we shall set either a = 0 (for the FD- and RC-scheme) or a = 10~3 (regularized
version for the GS-scheme), play with different values of x € (1,50), and choose an
initial condition of two-bump form, composed of two shifted k-distribution functions

;o Y(tv) € (0,00) xR,

(5.2) fin(v) := % [fe(v+u)+ fo(v—u)], VveR and u=2.

In the long-time limit ¢ — oo the solution to this problem tends towards the stationary
solution, given by

<fin>
<.fn,a> ’

where we recall the time-decay Theorems 2.3 and 2.4 as well as the notation (g) :=
fR g(v) dv. Let us remark that the initial condition enters the asymptotic limit func-
tion fo, only via the mass-constant n, which has thus to be computed precisely.

fOO(U) ::nfn,a(v), VUER; n:=

To investigate the performance of both spectral schemes, let us introduce a finite-
difference scheme as reference method. For this, set x = 3 in this section and denote
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for simplicity n(v) := (1+ %)’1 +a. The FD-scheme is based now on the truncation
of the velocity domain t0 [—VUmax, Umax], With vmax to be defined later on, fixing
homogeneous Dirichlet boundary conditions for f and introducing a velocity mesh
{v, };V:”O (not necessarily uniform). Let us also define the mid-points v;q/9 := (vj +
vj+1)/2 on which equation (5.1) will be approximated via a finite-volume scheme.
Integrating (5.1) over the cell [v;_;/9,v;41/2] and using the finite-volume notation
fi(t) = Alvj L7712 f(t, v) do with cell length Av; == v;41/2 — vj_1/2, yields

Vj—1/2

d 1
afj (t) = ij [(Uj+1/2 Vjp1/2 [t vj41/2) + (Ou f)(t, Uj+1/2))

- (77;;1/2 vi—12 [(t,v_1/2) + (Ou f)(t, Uj71/2))}

1 fi) + fiv1®) | fir®) = £;(0)
T Ay [(773+1/2 vit1/2 2 * Vjt1 — Uy
L)+ i) | i) = fima(t)
(5.3) —<77371/2 Vj_1/2 5 + F—— )] ,
forall j =1,---,N, — 1, whereas we set for the boundary values fo = fy, = 0.

In what concerns the time discretization, an implicit Euler or Crank-Nicolson
scheme is used to solve the thus obtained ODE system, namely

@racay = oo g+apr—a-Sar,  wen,

with A a tridiagonal matrix of size (N, —1) x (N, —1), and starting point f{ := fi, (z;).

To illustrate the evolution of the velocity distribution function, we used the first-
order F'D-scheme and plotted on the left of Fig. 3 the initial condition fi,(v) corre-
sponding to the two-bump distribution function (5.2), as well as its evolution towards
the asymptotic state fo(v). In order to evaluate the convergence rate towards this
equilibrium, we plotted on Fig. 4 the distance ||f(¢) — fOOHLi‘l as a function of time

(left plot), as well as its log — log scale version (right plot). ‘One remarks that after
an initial rapid decay, the error saturates, as observed from the right plot of Fig. 4,
effect due, among other things, to the truncation of the velocity domain. Moreover,
in order to evaluate the algebraic decay rate in time, we observe that the log — log
scale curve fits very well with a function of the type g(t) = (a + bt)~9, where we
found @ ~ 1, b ~ 5- 1073 and ¢ ~ 233. Examining the error estimate in Theorem
2.3, we must have —p/4 = —¢, meaning thus that p ~ 930, which indicates that the
scheme is performing much better than it should, after Theorem 2.3. However, let us
underline here that it is very intricate to verify numerically the theoretical decay rate,
due to several reasons. Firstly, the result of this theorem is not necessarily optimal,
the explicit expression of the constant K, is not known. Secondly, our numerical
simulations are performed with a specific initial condition. And finally, an essential
argument is that we truncated the domain in our numerical simulations, a fact that
changes an algebraic decay into an exponential decay. This can be easily seen from

the values of b < 1 and ¢ > 1, recalling that e=¢* = lim,_,o, (1 + %)

Finally, let us also observe that the mass is not perfectly conserved numerically
(see right of Fig. 3). The reason for this comes from the fact, that we truncated the
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ot

velocity domain at vpa.x = 15 and set homogeneous Dirichlet boundary conditions
f(t, £vmax) = 0 for all times ¢ > 0. However, since we are dealing with energetic
particles, i.e. distribution functions with heavy tails, truncating the domain neces-
sarily leads to mass losses. Truncating the domain more far away reduces this error,
however increases naturally the computational time. It is because of such difficulties
in the numerical discretization (via FD-schemes) of the energetic particle dynamics,
that we proposed in this paper the two spectral schemes, the RC- and the GS-scheme.

o v O Ot
SR @ PR~

7
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ot
3

Time evolution of the velocity distribution function Mass conservation
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Fi1G. 3. FD-scheme. Left: Time evolution of f(t,v), starting from the two-bump initial condsi-
tion (5.2) and k = 3. Right: Plot of the mass f]R f(t,v)dv for three different truncations vmax.
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Error-plots in L2 Error-plots in loglog scale

(a+bt)™9, q=2.33e+02
1078 e a=9.99e-01, b=4.77e - 03

o 2 a 6 8 10 101 10° 10!
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F1G. 4. FD-scheme. Time evolution of ||f(t) — fool| 2 § for k = 3. Left: vmax = 30. Right:
P

Error plots in log-log scale and for two different domain truncations VUmax = 30 and vmax = 60, as
well as fitting curve g(t) = (a+bt)~

5.2. Numerical results obtained with our spectral methods. Let us inves-
tigate now the numerical results obtained for problem (5.1)-(5.2) with both spectral
methods, the RC-scheme presented in Section 3 and the GS-scheme designed in Sec-
tion 4. The solution f(¢,v) of this problem is approximated by one of the two following
truncated series (corresponding to the two different basis-sets previously introduced)

Nrc Ngs

fRC t U = Z Clgk ®2k ) fGS(tﬂ)) = Z ak(t)pk(u> fﬁ,a(v)v

k=0
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where Nge = Nge /2 and Ngc, Ngg are given in Table 1, whereas the spectral
coefficients agy (¢) (resp. ay(t)) are solutions of the linear systems (3.9) (resp. (4.7)) for
the RC-scheme (resp. GS-scheme), solved via a first-order implicit Euler-method. We
omitted for simplicity reasons to index the functions frc and fgg by the truncation
index. Let us recall that in the asymptotic limit ¢ — oo the steady state needs for
the RC-scheme “f1 terms, thus Npc = %51, whereas the GS-scheme requires only
one term, thus Ngs = 0. The initial condition we choose is again the two-bump
distribution given in (5.2), its time-evolution being similar to the one plotted on the
left of Fig. 3.

TABLE 1
Numerical parameters used for the confrontation of the different schemes.

’ H FD.¢-scheme H FD-scheme \ RC-scheme \ G S-scheme ‘
Discret. Crank-Nicolson impl. Euler impl. Euler impl. Euler
a 0 0 0 1073
K 3 or 31 3or 3l 3 31
Ny; Umax 10001; 25 [101---501]; 15 ©
Nreoyjas © © 8,10, 12,16 | 6, 8, 10, 12, 16
T; N, 2; 2-103 2;[50---10%] | 2;[50---10%] | 2;[50---107]

To start the procedure, we need first to project the initial condition on the cor-
responding orthogonal basis set, which is done by computing

_ 1

aar(0) = - / Fin0) ©(0) 7 (0) v, a(0) = -

/Rfin(v)pg(v) dv, V{>0,
where ¢ = 7, ¢, = 7/2 for £ > 1 and ~, is the weighted norm ~, = ||pg||?cm. The
computation of these integrals is an important step in our spectral methods, a bad
(not-accurate or too time-consuming) computation would lead to a loss of all the ad-
vantages of the spectral methods. Standard integration methods are used here, and
we illustrated, for validation, in Fig. 7 and 8 the reconstruction of the initial condi-
tion in the corresponding basis set. From these figures one can identify the number of
basis-functions required in order to have a precise simulation in the initial time-phase,
for example the RC-scheme requires Nrc = 16 for a precision of 1.6 - 10~2 whereas
the GS-scheme requires Ngg = 12 basis functions for a precision of 2.6 - 1073,

A few simulations are carried out now in the aim to compare the proposed schemes
with respect to convergence, accuracy and computational efficiency. For these compar-
ison studies, a reference solution fref(t,v) of (5.1)-(5.2) is constructed via a second-
order FD-scheme (Crank-Nicolson time-discretization) on a very large domain and
with a very fine mesh (see Table 1). This reference solution can be considered some-
how as an exact solution. The discrete L2-norm we shall use in the following for the
error investigations, is defined as

N,—1

Z ‘fref(t*vvj) - fnum(t*’vj”z

Jj=0

2 Umax
||fref - fnum”i% (t*) = 8

v

Let us start by presenting in Fig. 5 and 6 the curves corresponding to the reference
distribution function fi¢(t,v) as well as the three distributions fuum(¢,v) computed
with the first-order FD-, RC- and GS-schemes at two different times ¢, = 0.2 and
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t, = 2 as well as for two different x-values, kK = 3 and x = 31. What can be observed
from these plots is that for small times, the accurate projection of the initial condition
on the corresponding basis-set is of great importance. In particular the RC-scheme
has some problems for large x and this due to the necessity to take a large number of
basis-functions for the reconstruction, namely Nrc > k — 1 as explained in Remark
3.3, whereas the G.S-scheme has some problems for small k-values, due to the hot tails
of the distribution functions and the need to take a large (non-physical) regulariza-
tion parameter a > 0 in order to overcome stability problems, as explained in Remark
4.1. For larger times, all numerical solutions get closer and closer to the equilibrium
solution fu (v), and the initial condition no longer plays an important role (except in
mass-computation). Thus, each scheme is better adapted for a particular x-regime.
We shall therefore take in the following x = 3 for the RC-scheme and x = 31 for
the GS-scheme. As explained earlier, one can read from Fig. 7 and 8 the number of
basis-functions required for each scheme to have a good precision, especially in the
small-time regime.

Distribution function at t = 0.20 Distribution function at t = 2.00

0.151

f(tv)
fi(t,v)

0.10 1

0.05 1

Fic. 5. Left: Velocity distribution functions fref(t,v) and foum(t+,v) for t» = 0.2 and k = 3.
Right: Same velocity distribution functions at instant t, = 2. Furthermore Nrc = Ngg = 10.

Distribution function at t = 0.20 Distribution function at t = 2.00

0.15

f(t,v)

0.10 1

0.00

0.00 T T
-10.0 =75 =5.0

Fic. 6. Left: Velocity distribution functions fret(tx,v) and foum(tx,v) for t. = 0.2 and k = 31.
Right: Same velocity distribution functions at instant t, = 2. Again Nrpc = Ngg = 10.

To demonstrate the convergence of our spectral schemes, we depicted on Fig.
9 the L2-errors of our spectral methods with respect to the reference solution, i.e.



or Ov Ut Ut Ot Ot Ot

S D
N o= O

(O BTSNV

(SIS, B, B, BNG) IEG: B B

(«}

SPECTRAL SCHEME FOR AN ENERGETIC FOKKER-PLANCK EQUATION 23

Reconstruction of initial condition RC Reconstruction error for different N, RC
0200 n n\ — (V) —o— Error
I\ ! = 0.05
0.175 H I N=16
A- N=2:
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o
N
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|Ifrecon = finll2
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0.000 rtrmmmmgmizte=” T a— 0.00

F1a. 7. Reconstruction of the initial condition fiy(v) via the RC basis-set (k = 3), for several
truncation indices Nrc. Left: Velocity distribution function. Right: Error plots ||frecon — finl|L2 -

For N = 16, the error is of 1.6 - 1073.

Reconstruction of initial condition GS Reconstruction error for different N, GS
0.012

= fnl") —o— Error
—o- N=8
N=16 0.010
\ A N=50
\ 0.008
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\| " 0.006

!
|
075 j \j‘l \ - 0.004
’I
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1754 /
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0.150 'i
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o
o
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8on(v)
Ifrecon = finl .
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0.0251

\\ 0.002
0.000 im0 CONE—

0.000
-100 =75 -5.0 =25 0.0 2.5 5.0 7.5 10.0 8 10 12 16 20 24

F1G. 8. Reconstruction of the initial condition fin(v) via the GS basis set (k = 31), for several
truncation indices Ngg. Left: Velocity distribution function. Right: Error plots || frecon — finl|L2 -
v

For N = 12, the error is of 2.6 - 1073,

|| fret (ts, ") — freyas(ts, *)|| L2, errors as a function of the time-discretization step At,
at time instant ¢, = 2 and for three different truncation indices Nrc/as = 8,10, 16.
For the Chebyshev scheme we used x = 3, while for the Gram-Schmidt scheme we
chose k = 31 in accordance with the remarks made above. What can be observed is
that the errors are indeed small, which signifies that both spectral schemes approx-
imate well the unknown solution. As Euler’s implicit scheme is used to advance in
time in the spectral methods, we expect a linear convergence in time, which is indeed
visible from these two plots, however the slopes are very small, of order 10~2, meaning
the convergence is very slow, or even saturates somehow. This discordance is simply
due to the fact that the reference solution is not an exact solution, but a numerical
solution, with fixed time-step of At = 1073 and homogeneous Dirichlet boundary
conditions, thus containing also numerical errors. Our RC- and GS-schemes seem to
become rapidly too accurate, to be anymore compared with this "reference solution”.
A higher-order (4*"-order) FD-scheme as well as transparent boundary conditions
could be a good idea, for a better comparison and should be investigated in future
works. We also observe that the three lines, corresponding to the truncation indices,
Npgce are not in the expected order. This comes from the fact that with more polyno-
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mials in the expansion, more computations are carried out, which can indeed lead to
an accumulation of the round-off errors. Thus an optimum has to be found between
small truncation errors and small accumulation errors. In the GS-scheme the number
of basis-functions Ngg does not play anymore a role, the three lines become super-
posed after some transition-phase in time, the asymptotic regime requiring only one
term in the expansion.

To overcome the fact that no analytical solution is available for the verification of the
convergence of our spectral schemes, we decided to construct a manufactured (exact)
solution, which is the exact solution of a slightly modified Fokker-Planck equation,
containing an additional forcing term. This constructed manufactured solution (even
if physically not relevant) can now be used as a benchmark solution for verification
purposes. Both spectral methods are now used to solve this modified Fokker-Planck
equation, and we compare in Fig. 10 the obtained numerical solutions (via a first-order
implicit Euler as well as a second-order Crank-Nicolson time-discretization), with the
exact manufactured solution, fact which permits finally to show the convergence of
our spectral methods, in particular we find the expected slopes for the Euler as well
as the Crank-Nicolson method.

To finish, let us present here the construction of the manufactured solution cor-
responding to the comparison in Fig. 10. We started with

(5.4) fex(t,v) = feq(v) (1 + Ee*tg(v)) , Yo eR,

where € = 0.1 and

v? — 2K Co = Sz fea(v)CF (v) dv
v2 42K’ °T Jg feq(v) dv
Inserting this specific function (5.4) in our Fokker-Planck equation (5.1), permits to

obtain analytically a forcing (source) term, namely fox is the exact solution of the
following forced Fokker-Planck equation

f
feq

9(0) =C3(v) = Cay  C3(v) =

(5.5) O f = 0y (feq(v)&, ( )) +e ' S(v), V(t,v) € (0,00) x R,

with
S(v) = —efeq(v) [g(v) + g"(v) + (log feq) (v)g'(v)] .
For the RC-scheme, one has

K
) = ) = (14 5) 0 (on s (0) = E
whereas for the GS-scheme, one has
v?\ " 2 v
feq(V) = fua(v) = cx (1 + %> e~ /2, (log feq)' (v) = — = % —av.

Having proven the convergence of both of our spectral schemes, let us come
back now again to the comparison of our spectral methods with the standard finite-
difference scheme, in particular let us investigate whether the spectral schemes have
an advantage with respect to standard finite-difference methods. Naturally, increasing
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Error plots for RC, k = 3, t=2 Error plots for GS, k =31, t=2

0.0400

- N=8 -
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F1c. 9. Error curves ||fret(tx, ) — faum (tx, -)||p2 for t« = 2 with RC-scheme (left, Kk = 3) and
GS-scheme (right, k = 31). The reference sol. (FD-scheme) is discretized via Crank-Nicolson.

Error between numerical and exact solution RC, k=3, t. =2.0 Error between numerical and exact solution GS, k=31, t. =2.0

o —
——

5 5
faum(t.) = Fax(t )z

Wfoum(t.) = fex(t ez

2

At

FiG. 10. Error curves ||fex(t«, ) — foum(tx,)||p2 for tx = 2 with RC-scheme (left, K = 3) and

GS-scheme (right, Kk = 31). Here fex denotes the manufactured solution (5.4) of the forced Fokker-
Planck eq. (5.1), and foum the spectral sol. discretized either via implicit Euler or Crank-Nicolson.

the truncation domain via vy .y, the number of grid points N, or the truncation index
Ngcyas shrinks the error, but also increases the simulation time. To compare the
computational times of the three different methods, we performed several simulations
for different sets of parameters, fixing a large final time ¢, = 10. In Table 2 we collect
the errors obtained (with respect to the manufactured exact solution of (5.5)) in mass,
indicated by &,,, the total error || fex(t«, ) — fuum(t«, -)||z2 indicated simply by &, as
well as the computation times. One observes that in long-time regimes, the RC- and
the GS-spectral methods clearly take the overhand over standard FD-methods. At
shorter times however, the most advantageous method for both k-values remains the
FD-scheme, due to the fact that, in the initial layer the spectral schemes require (in
order to be precise) many expansion terms, leading thus to longer simulation times.

TABLE 2
Simulation times for the FD-scheme, RC- and GS-scheme (impl. Euler discretization), at
instant t, = 10 and several sets of parameters. The discretization step is fixed at At = 0.01.

ty =10 Param. Em e time Param. Em e time
FD(r = 3) Ny = 100 1.12 - 10~ % 6.96 - 102 23.7 Ny = 250 1.26 - 10~ % 1.07 105 104.9
RC (n=3) || Ngc =8 | 9.35-10 11 4.65 - 10— 7 0.094 Npco =10 | 9.35-10 1 5.14 - 107 0.109
FD(r=31) ][ Ny =100 | 4.16-10_ 1% [ 9.17-10"3 [ 19.7 |[ Ny =250 | 6.66-10_1° [ 1.43.10"5 [ 87.0
GS (r=31] Ngg=6 | 444-10 16 | 432.10°10 [ 0208 |[[ Nog=8 | 3.33-10_ 10 | 4.87-10_10 [ 0.313
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Let us finish our comparison studies, by investigating some physical and mathe-
matical properties of our spectral solutions. Firstly, let us remark that the mass com-
putation is very precise (machine accuracy) with the FD-scheme for large k-values,
which comes from the fact that we have a more concentrated distribution function
(close to a Maxwellian), such that no mass is lost when truncating the domain. Com-
pare this with the conservation of mass property of the FD-scheme for small kK = 3
(see Fig. 3). The spectral schemes preserve the mass equally accurately for all sets
of parameters, a property that comes from our mass-computation procedure, synthe-
sized here. The mass is computed by integrating the spectral expansions over the
velocity space, i.e. n = (f), with

Nre Nas
(fre) = Z k() (Oar) s (fos) =D ak(t) (P fra)
k=0

where we recall firstly that
Pk fra) = (PksP0)fo = Y00k0 = (fas) = ao(t) Yo .
and secondly

V2 k)2 1
O2p = Cor Tie = Cop, (e/V2r) 7 = (cx V2R)Y2 Cop ————— 04,

(L+3%) (L+35)

which, for x = 3 and with (3.7), yields

Nrc
(re) = ez 3. 2 (0 o)y, — (Cor.C)o) = Ve VER T (30— 2) |

k=0

Secondly, the convergence of the solution towards the equilibrium is illustrated in
Fig. 11 for both schemes. The log — log scale curve corresponding to the error in the
RC-scheme is matching again very well with a function of the type g(t) = (a+bt) ¢
whereas the error curve corresponding to the GS-scheme is matching very well with
a function of the type FE(t) = ¢ — A t, permitting to underline the algebraic (RC) or
exponential (GS) time-decay, however the decay rates are better than expected from
the mathematical Theorems 2.3 and 2.4, as explained earlier in Section 5.1.

Interesting is also to investigate how the spectral coefficients, namely as(t) for
the RC-method and ay(t) for the GS-scheme, behave in time as well as with respect to
the index k. The time-dependence of the first coefficients is plotted on Fig. 12. One
observes that for the RC-scheme only two coefficients survive in the asymptotic limit
t — oo, namely ag(t) =00 0.4626 and as(t) —;— 00 —0.4567, which is consistent
with the fact, that we took k = 3. The GS-scheme requires in the asymptotic limit
t — oo only the first coefficient ag(t) —+— 00 1.000525. To reduce complexity, it could
be a good idea to adapt the number of used coefficients as time goes on, meaning use
a large number of expansion terms in the initial time layer, whereas use fewer and
fewer terms as the solution approaches the equilibrium. Such an adaptive strategy has
been used in [9] by one of the authors. The magnitude of the different coefficients at
a fixed instant ¢, = 0.2; 2; 10 is illustrated in Fig. 13 in semi-log scale. These plots
permit us to see how many coefficients are needed at different time instants in the
simulation, as well as to evaluate the decay of the coefficients with respect to the index
k, the rate seeming to be exponential, with the particularity that the RC-coefficients
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Relaxation to equilibrium RC, loglog scale Relaxation to equilibrium GS, semilog scale
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Fic. 11. Relazation of f(t,v) towards the equilibrium foo(v) as t — co. Error plots ||f(t) —
foollp2 L for the RC-scheme (k = 3) on the left, and the GS-scheme (k = 31) on the right.

fﬁ?
Superposed are the fitting curves g(t) = (a + bt)~ 9 (left) and E(t) = ¢ — Xt (right).

Time evolution of coefficient for RC Time evolution of coefficient for GS
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Fic. 12. Time-evolution of the first spectral coefficients ar(t) as well as ay(t). Left: RC-
scheme, k = 3. Right: GS-scheme, k = 31. Furthermore, we took Nrc = Nggs = 10.

oscillate additionally.

To conclude, the FD-scheme is relatively easy to implement, but inferior in ac-
curacy and simulation time in the long-time regime, as compared to our spectral
methods. The RC-scheme is very efficient (accurate + rapid) for small k-values
and long-time simulations, while the GS-scheme is very efficient for large x-values
and long-time simulations. In the limit kK — oo the GS-scheme converts into the
well-known Hermite spectral scheme, used for standard Fokker-Planck equations with
Maxwellian equilibria.

6. Concluding remarks and perspectives. Let us conclude this paper by
summarizing what was achieved in this work and what remains still to be done in
future works. The main part of this work was concerned with the design of two
efficient spectral schemes for the resolution of a specific Fokker-Planck equation, whose
stationary states are given by k-distributions, which are (thermal) non-equilibrium
distributions and describe the energetic particle population in a fusion plasma gas
or in space plasmas. At the heart of spectral methods is the fact that any smooth
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Index dependence of coefficients for RC, semilog scale Index dependence of coefficients for GS, semilog scale
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F1G. 13. Decay of the spectral coefficients ay(t+) and oy (t«) wrt. the k-index, at instants
te = 0.2; 2; 10. Left: RC-scheme, k = 3 and Nrc = 20. Right: GS-scheme, Kk = 31 and Nggs = 10.

function f(v) can be expanded in the form

flv) = ZakQOk(U), Yv eR,
k=0

where {¢g tren are global basis functions. An efficient scheme (accurate, stable and
rapid) is achieved when the basis functions are adequately chosen. We presented in
this paper two different polynomial basis sets for the resolution of the energetic Fokker-
Planck equation, and compare these schemes with a standard finite-difference scheme.
Our conclusion is that spectral schemes (if well-designed) are superior in performance
than local methods (FD), when long-time simulations are performed. For short-time
simulations, standard F'D-schemes are unbeatable. However, exponential accuracy is
achieved for spectral schemes only when the basis functions are adapted to the specific
problem, lacking such imperative can have a drastic impact on the convergence rate.
In a future work we shall come closer to the physical reality, by including the diffusion
coefficient D(v) in the Fokker-Planck operator, as well as introducing a transport term
(coupling with Poisson equation). Addressing the transport part is not so difficult,
splitting techniques permit to separate the transport part from the collisional part
treated in the present paper. However, considering a velocity-dependent diffusion
coefficient D(v) is more intricate and the here presented spectral schemes have to be
adapted to the new, more physical problem.
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