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Abstract. The concern of the present paper is the design of efficient numerical schemes for a4
specific Fokker-Planck equation describing the dynamics of energetic electrons (runaways) occurring5
in thermonuclear fusion plasmas. In the long-time limit, the velocity distribution function of these6
particles tends towards a thermal non-equilibrium κ-distribution function which is a steady-state of7
the considered Fokker-Planck collision operator. These κ-distribution functions have the particular-8
ity of being only algebraically decaying for large velocities, thus describing very well suprathermal9
populations. Our aim is to present two efficient spectral methods for the simulation of such energetic10
particle dynamics. The first method will be based on rational Chebyshev basis functions, rather than11
on Hermite basis sets, which are the basis set of choice for Maxwellian steady states. The second12
method is based on a different polynomial basis set, constructed via the Gram-Schmidt orthogo-13
nalisation process. These two new spectral schemes, specifically adapted to the physical context14
here considered, shall permit us to accurately describe the long-time asymptotics without significant15
numerical costs.16
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1. Introduction. Modelling the dynamics of particles which are not in thermo-21

dynamic equilibrium is a very interesting and intricate problem. Plasmas encountered22

in astrophysics [1, 20, 23] or fusion devices (tokamak) [16] are usually collisionless and23

do not attain thermal equilibrium, described by a Maxwellian velocity distribution24

function. Instead, such plasmas contain highly energetic particles, which are well-25

represented by so-called ”κ-distribution functions”, i.e. power-law distributions with26

heavy tails. The departure from thermal equilibrium is a consequence of an out-of-27

equilibrium phenomenon, where the driving (diffusive) force and the drag (dissipation)28

force do no longer satisfy the fluctuation-dissipation theorem [17], leading thus to an29

over-population of particles with very high kinetic energies.30

The physical reason for the departure from Maxwellian equilibria is linked to the31

scattering cross-section dependence on the velocity, namely σ(v) ∼ v−4, meaning that32

while low-energy particles are often collisional, faster ones are generally not anymore,33

their slowing-down through Coulombian collisions becoming thus problematic at high34

speeds. An anomalous acceleration process, arising for example through turbulences35

or Dreicer electric fields [8], is then sufficient to accelerate them to infinite speeds36

(non-relativistic picture). In a relativistic framework, the frictional force does not37
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F-31062 Toulouse, France (claudia.negulescu@math.univ-toulouse.fr)
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2 C. NEGULESCU, H. PARADA

really vanish for v → ∞, but increases slowly with higher energies, permitting finally38

to bound the particle speed by the speed of light. For more physical details about all39

these phenomena we refer the interested reader to [15, 18, 24].40

41

An accurate description of the energetic particle dynamics is of crucial importance42

for fusion reactor performances. In particular the description of α-particles, which are43

the high energetic fusion products (Helium nuclei), is essential for self-heating rea-44

sons, whereas the description of the runaway electron dynamics is crucial for the45

understanding of the overall plasma stability. Runaway electrons are the main focus46

of this paper, and originate from the occurrence of an intense electric field during47

a plasma disruption, which accelerates the electrons to high energies until radiation48

losses can balance the acceleration of the electric field. Motivated by this rich physical49

context, we shall be concerned in this work with the mathematical description and50

numerical simulation of the runaway dynamics via a specific energetic Fokker-Planck51

equation.52

53

κ-distributions were introduced for the first time in space physics by Olbert [21]54

and Vasyliunas [26] to describe suprathermal populations. Such distributions have a55

core of Maxwellian type and a power-law (thus not exponential) decline in the large56

velocity ranges (see Fig. 1), meaning they describe an over-population of particles at57

high speeds, when compared to Maxwellians. We shall consider here κ-distributions58

of first kind, given for κ > 3/2 and (t,x,v) ∈ (0,∞)× R3 × R3, by the formula [1]59

(1.1)

fκ(t,x,v) = Aκ n(t,x)

(
1 +

|v|2

2κ v2th

)−κ

, Aκ :=
1

(2π κ v2th)
3/2

Γ(κ)

Γ(κ− 3/2)
,60

where the thermal speed vth :=
√

kB T
m and the particle density n are fixed by the

associated Maxwellian M(t,x,v), given by

M :=
n(t,x)

(2π v2th)
3/2

e
− |v|2

2 v2
th ; n :=

∫
R3

M dv =

∫
R3

fκ dv ,
3

2
nkB T :=

m

2

∫
R3

|v|2 M dv .

The Euler-Gamma function Γ is defined for r ∈ (0,∞) via

Γ(r) :=

∫ ∞

0

sr−1 e−s ds , Γ(1) = 1 , Γ(1/2) =
√
π , Γ(r + 1) = r Γ(r) ,

and satisfies Γ(r+α) ∼r→∞ Γ(r) rα for all α > 0, where ∼ stands for the asymptotic
equivalence. Remark that fκ contains three parameters, vth and n which are linked
to the associated Maxwellian, and 3/2 < κ <∞ which is the only free parameter and
determines the distance away from the Maxwellian, in particular the lower the κ, the
more pronounced are the tails. In the limit of large κ≫ 1 one recovers the standard
Maxwellian distribution, namely one can easily prove that

lim
κ→∞

fκ(v) = M(v) , ∀v ∈ R3 ,

using

e−ξ = lim
κ→∞

(
1 +

ξ

κ

)−κ

, lim
κ→∞

Aκ =
1

(2π v2th)
3/2

.
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SPECTRAL SCHEME FOR AN ENERGETIC FOKKER-PLANCK EQUATION 3

One major problem with κ-distributions is that not all the moments are bounded,
contrary to Maxwellians, and this is due to the power-law decrease in the velocity-
variable. Indeed, one has∫

R3

|v|ℓ fκ(v)dv =
2n√
π

(
2κ v2th

)ℓ/2 Γ
(
ℓ+3
2

)
Γ
(
κ− ℓ+3

2

)
Γ
(
κ− 3

2

) , ∀ 0 ≤ ℓ < 2κ− 3 ,

higher moments being divergent, a fact which alters a characterization of the κ-61

distribution function at the macroscopic level (for ex. via temperature, pressure,62

heat flux, etc.). To avoid this deficiency, one idea is to regularize the κ-distribution63

function by multiplying it with some exponentially decaying function, thus introduc-64

ing fκ,a(v) := fκ(v) e
−a

|v|2

2 v2
th , with a ≪ 1 a small parameter allowing to regulate the65

cut-off of the κ-distribution at sufficiently high speeds. The regularized κ-distribution66

has now a power-law behaviour at low and intermediate velocities, and an exponen-67

tial cut-off at higher velocities. Besides the fact that this regularized distribution has68

now finite moments at all orders, this strategy is somehow also very reasonable from69

a physical point of view, as it can be seen as a saturation in the velocity variable,70

avoiding the occurrence of particles with speeds higher than the speed of light.71
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Fig. 1. 1D first kind κ-distribution functions for several κ-values and associated Maxwellian
distribution, recovered for κ → ∞.

Let us restrict in the following to the homogeneous one-dimensional velocity case
(v ∈ R), in which case the κ-distributions are of the form (for κ > 1/2)

fκ(v) := cκ n

(
1 +

v2

2κ v2th

)−κ

, where cκ :=
1√

2π κ v2th

Γ(κ)

Γ(κ− 1/2)
.

The motivation for the restriction to the 1D case comes from the separation of the72

full 3D collision operator into the drag and energy scattering part (corresponding73

to our 1D operator) and the pitch-angle Lorentz scattering operator (skipped here),74

describing the scattering in the velocity direction (see [7] for more details).75

1.1. Mathematical description of the energetic particle population. Let76

us explain in more detail in this subsection how κ-distributions arise as equilibria of77

specific Fokker-Planck operators.78

79

At a microscopic level, the dynamics of a particle of mass m is described by
Langevin’s equation

mv′(t) = −mγ(v) v +m
√
2D(v) ηt , ∀t > 0 ,
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4 C. NEGULESCU, H. PARADA

where γ(v) = v σ(v) ∼|v|≫1 v
−3 is the friction coefficient and D(v) ≥ 0 the diffusion

coefficient in the velocity variable. The second term on the right-hand side stands for
the random force, assumed to be a Gaussian process (white noise) described by ηt,
with zero average ⟨ηt⟩ = 0 and infinitely short correlation times ⟨ηt ηt′⟩ = δ0(t − t′).
The corresponding mesoscopic picture of Langevin’s equation is the kinetic Fokker-
Planck equation

∂tf = ∂v [γ(v) v f +D(v) ∂vf ] , ∀(t, v) ∈ (0,∞)× R .

At thermal equilibrium, the friction coefficient is related to the diffusion coefficient80

via D(v)
γ(v) = kB T

m , which is the so-called fluctuation-dissipation theorem [17] and states81

that the friction is finally the means by which an external work is dissipated into82

microscopic thermal energy. This relation leads then to the well-known form of the83

linear Fokker-Planck equation84

(1.2) ∂tf = ∂v
[
γ(v)

(
v f + v2th ∂vf

)]
, with v2th =

kB T

m
, ∀(t, v) ∈ (0,∞)× R .85

Equation (1.2) can be recast into the more general 1D Fokker-Planck form86

(1.3) ∂tf = ν ∂v [D(v) (U ′(v) f + ∂vf)] , ∀(t, v) ∈ (0,∞)× R ,87

where ν > 0 is the collisional frequency and U(v) a potential function describing the
drift mechanism. The stationary solution of (1.3) is given by

f∞(v) := α e−U(v) , ∀v ∈ R ,

with α > 0 determined by the initial condition fin (conservation of mass).88

89

The standard case (1.2) is recovered from (1.3) via D(v) = γ(v) v2th and a qua-90

dratic potential U(v) := v2

2 v2
th
, leading in the long-time asymptotics to the usual91

Maxwellian equilibrium f∞(v) = n√
2π v2

th

e
− v2

2 v2
th , with density n =

∫
R fin(v) dv.92

93

The fluctuation-dissipation theorem gets however violated in some situations,94

for example when the accelerating diffusion term cannot be anymore balanced by95

the friction term, leading to an out-of-equilibrium situation characterized very well96

by heavy-tail κ-distributions. In mathematical terms, these κ-distributions arise by97

introducing in the Fokker-Planck operator, additionally to the Coulomb collisions98

(with a dense plasma background), an empirical turbulent acceleration mechanism99

described by the coefficient dturb(v), namely considering100

(1.4) ∂tf = ν ∂v
{
γ(v)

[
v f +

(
v2th +dturb(v)

)
∂vf

]}
, ∀(t, v) ∈ (0,∞)× R .101

The idea is that the supplementary (ad-hoc) diffusion term injects energy into the102

system at a rate dturb(v). This mechanism of energy injection, combined with the103

friction coefficient γ(v), determine together the shape of the equilibrium distribution104

function at large velocities and permits to obtain non-equilibrium distributions.105

One can now put this new Fokker-Planck equation under the form (1.3) with the106

diffusion coefficient D(v) = γ(v)
(
v2th +dturb(v)

)
and U ′(v) = v

(
v2th +dturb(v)

)−1
.107

For a turbulence term of the form dturb(v) = d⋆ v
2 with d⋆ > 0, one gets a po-108

tential of logarithmic type U(v) = κ ln
(
1 + |v|2

2κ v2
th

)
, and the following κ-distribution109
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SPECTRAL SCHEME FOR AN ENERGETIC FOKKER-PLANCK EQUATION 5

functions as equilibria (with a constant Cκ > 0)110

(1.5) fκ(v) = Cκ

(
1 +

v2

2κ v2th

)−κ

; κ :=
1

2d⋆
, vth :=

√
kB T

m
.111

The problem now is that this is a non-relativistic picture, the particles being able112

to reach infinite speeds, which is from a physical point of view not justified. To cope113

with this new problem, one has to introduce a saturation term, in order to restrain the114

speeds to speeds lower than the speed of light. From a physical point of view this arises115

naturally, as for very high electron speeds the friction coefficient starts to increase116

slowly, which is due mainly to the so-called Bremsstrahlung-Effekt [6, 24]. Starting117

from some threshold energy, the particles start to emit electromagnetic waves, such118

that their energy is dissipated, and their velocity cannot attain the speed of the light.119

This phenomenon can be described mathematically by starting from the previously120

introduced turbulent Fokker-Planck equation (1.4), rewritten here as121

(1.6) ∂tf = ν ∂v

{
D(v)

[(
v2th +dturb(v)

)−1
v f + ∂vf

]}
,122

and adding a new term a vf in the friction part. This leads to123

(1.7) ∂tf = ν ∂v

{
D(v)

[[(
v2th +dturb(v)

)−1
+ a
]
v f + ∂vf

]}
,124

with D(v) = γ(v)
(
v2th +dturb(v)

)
. Thus U ′(v) = v

[(
v2th +dturb(v)

)−1
+ a
]
, and

taking again dturb(v) = d⋆ v
2 leads to U(v) = κ ln

(
1 + |v|2

2κ v2
th

)
+ a v2

2 and equilibria

fκ,a(v) := Nκ

(
1 +

v2

2κ v2th

)−κ

e−a v2

2 , ∀v ∈ R ,

with a constant Nκ > 0. Equation (1.7) can be rewritten via these equilibria as125

(1.8) ∂tf = ν ∂v

{
D(v) fκ,a(v)∂v

(
f

fκ,a

)}
, ∀v ∈ R .126

The new friction force reads now Ffric = −mγ(v) v
[
1 + a

(
v2th +dturb(v)

)]
,127

which means that the friction does no longer vanish for |v| → ∞, but saturates at a128

constant value, as illustrated in Fig. 2, where we recall that the Coulombian friction129

satisfies γ(v) ∼ G(v)
v ∼|v|≫1 v

−3 [5, 12], whereas the turbulent diffusion has the form130

dturb(v) = d⋆ v
2. Here G is the Chandrasekhar function [18], defined via the error131

function ϕ by G(v) := ϕ(v)−v ϕ′(v)
2 v2 for v ̸= 0 and G(0) = 0.132

1.2. Aim of this paper and outline. The main objective of this paper is the133

efficient numerical resolution of the following 1D evolution problem134

∂tf = ∂v

[
feq(v) ∂v

(
f(t, v)

feq(v)

)]
, ∀(t, v) ∈ (0,∞)× R ,(1.9)135

136

associated with some initial condition fin. Three cases shall be considered and com-137

pared, associated to the following three equilibria:138

(i) Standard Fokker-Planck case: feq = M(v);139

(ii) Energetic Fokker-Planck case: feq = fκ(v);140
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v2th +dturb(v)

)]
with γ(v) = G(v)/v. Coulombian

friction for a = 0 (dotted curve, vanishing at infinity); turbulent friction for a = 0.012 (full curve).

(iii) Regularized energetic Fokker-Planck case: feq = fκ,a(v) := fκ(v) e
−a v2

2 ,141

where a≪ 1 is a small cut-off parameter.142

Let us remark here that, contrary to the physical part, we set ν ≡ 1, vth ≡ 1 and143

D(v) ≡ 1 for simplicity reasons (compare with (1.8)), the main difficulties being still144

present in this simplified framework. The mathematical study of the general Fokker-145

Planck equation has been investigated in [18]. The Maxwellian equilibrium reads146

(1.10) M(v) :=
1√
2π

e−v2/2 , ∀v ∈ R ,147

whereas the κ-equilibrium is given for κ > 1/2 and v ∈ R by the formula148

(1.11) fκ(v) :=
cκ(

1 + v2

2κ

)κ , where cκ :=
1√
2π κ

Γ(κ)

Γ(κ− 1/2)
,149

such that
∫
R fκ(v) dv = 1. The parameter 0 < a ≪ 1 shall be chosen so to restrain

the particle velocities to speeds lower than the speed of the light. Remark that

fκ,a −→a→0 fκ −→κ→∞ M ,

and we recall, for later use, the moments of the κ-distribution function∫
R
|v|ℓ fκ(v) dv =

1√
π

(2κ)
ℓ/2 Γ

(
ℓ+1
2

)
Γ
(
κ− ℓ+1

2

)
Γ
(
κ− 1

2

) , ∀ 0 ≤ ℓ < 2κ− 1 ,

as well as those of the regularized κ-distribution, this time for all ℓ ∈ N150

(1.12)∫
R
|v|ℓ fκ,a(v) dv = 2

ℓ+1
2 Γ

(
ℓ+ 1

2

)
a

κ
2 −

ℓ+1
4 − 1

2 κ
κ
2 +

ℓ+1
4 − 1

2 e
a κ
2 W 1

2−
κ
2 −

ℓ+1
4 ,κ2 −

ℓ+1
4
(a κ) ,151

where W (·) is the Whittaker function [27].152

153

The first immediately visible difficulty in a numerical resolution of (1.9) is related154

to the unboundedness of the velocity-domain, which leads to challenging numerical155

complications. Several possibilities are available to treat such unbounded problems,156

namely spectral methods, domain truncation, mapping techniques (see [2] for more157

details). We shall concentrate in the present paper on spectral methods, based on158
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SPECTRAL SCHEME FOR AN ENERGETIC FOKKER-PLANCK EQUATION 7

basis functions intrinsic to unbounded domains, such as for example Hermite-basis159

functions, Sinc-functions, rational Chebyshev functions, etc. Spectral methods are160

so-called global methods and, when well-designed, are superior in performance to local161

methods, such as standard finite-difference or finite-element methods, due to their162

exponential accuracy (greater precision with smaller number of points or modes).163

This exponential accuracy is however only achieved when the basis functions are well-164

chosen, an inadequate choice can have a drastic impact on the convergence rate.165

The mathematical and numerical treatment of the three problems (i)-(iii) in view166

of the construction of a spectral scheme is completely different, and this is mainly due167

to the fact that the spectrum of the standard case (i) is discrete, the eigenvectors being168

well-known (Hermite basis), whereas case (ii) admits a continuous spectrum, requiring169

a continuous spectral representation with generalized eigenvectors not belonging to the170

functional space of interest. A basis not constituted of eigenvectors is then of rescue in171

this case (ii). The equilibrium κ-distributions are however not exponentially decaying172

in the velocity variable, but rather algebraically, such that the usual exponentially173

decaying Hermite polynomials (useful in case (i)) are not suitable here. When a174

function f(t, v) decays as an inverse power of the velocity-variable, then rational175

Chebyshev polynomials are clearly more adequate, such that our spectral method for176

case (ii) is based on the introduction of a rational Chebyshev basis set.177

Finally, case (iii) admits again (due to the cut-off in the high velocity ranges) a178

discrete spectrum, however with non-standard eigenvectors. But the regularization179

allows now to employ the function fκ,a as a valid weight function, to start the con-180

struction (via Gram-Schmidt orthogonalisation) of an adequate polynomial basis set,181

permitting by this manner to introduce an efficient spectral method for case (iii).182

183

The outline of this paper is the following. In Section 2 we state the mathematical184

problem and present some of its properties (spectrum, asymptotic decay). Section185

3 is concerned with the construction of a spectral scheme for the resolution of the186

Fokker-Planck equation in case (ii), scheme based on rational Chebyshev polynomials187

(so-called RC-scheme). Section 4 focuses on the regularized Fokker-Planck equation of188

case (iii) and proposes a spectral method based on a polynomial basis set, constructed189

via the weight function fκ,a (so-called GS-scheme). Finally, Section 5 presents the190

numerical results obtained with both spectral schemes and compares them with a191

standard finite-difference method (FD-scheme).192

2. Fokker-Planck collision operator. In this section we recall briefly some193

mathematical results from [18], permitting to understand the construction of our194

spectral numerical schemes and their validation. We consider the following 1D evo-195

lution problem196

(2.1) (FP )

 ∂tf = ∂v

[
feq(v) ∂v

(
f

feq

)]
, ∀(t, v) ∈ (0,∞)× R ,

f(0, ·) = fin(·) ,
197

where for the equilibrium distribution function we choose either feq(v) = M(v) de-
fined in (1.10), feq(v) = fκ(v) defined in (1.11) or the regularized version feq(v) =
fκ,a(v). In the long-time limit t → ∞ the solution to this equation will tend to-

wards the stationary solution given by f∞(v) := ⟨fin⟩
⟨feq⟩ feq(v), where the average in the

velocity space will be denoted by

⟨f⟩ :=
∫
R
f(v) dv .
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8 C. NEGULESCU, H. PARADA

The second order differential operator occurring in (2.1), i.e.198

(2.2) Leq(f) := −∂v
[
feq ∂v

(
f

feq

)]
, Leq : D(Leq) ⊂ L2

f−1
eq

→ L2
f−1
eq
,199

is a linear, unbounded, self-adjoint and positive operator on the Hilbert-space200

L2
f−1
eq

:=

{
f : R → R ,

∫
R
|f |2 f−1

eq dv <∞
}
, (f, g)f−1

eq
:=

∫
R
fg f−1

eq dv ,

(2.3)

201
202

and with domain203

D(Leq) = {f ∈ L2
f−1
eq
, Leq(f) ∈ L2

f−1
eq

} .(2.4)204
205

Standard functional analysis (Lion’s theorem, Hille-Yosida theorem) then permits
showing that there exists a unique solution f ∈ C1([0,∞);L2

f−1
eq

) ∩ C([0,∞);D(Leq))

to the Fokker-Planck equation (2.1), for each initial condition fin ∈ D(Leq). Before
going on, let us also remark that one has the inclusions

L2
M−1 ⊂ L2

f−1
κ,a

⊂ L2
f−1
κ

⊂ L2(R) .

2.1. Standard Fokker-Planck equation with feq = M. This case is very206

well documented [14, 25], we recall the results here only for completeness reasons.207

The equation we consider for (t, v) ∈ (0,∞)× R is simply208

(2.5) (FP )M

 ∂tf = −LM(f) = ∂v

[
M ∂v

(
f

M

)]
= ∂v [v f + ∂vf ] ,

f(0, ·) = fin(·) .
209

210

Proposition 2.1. [18, 25] (Hermite basis functions) The operator LM de-
fined in (2.2) is self-adjoint, positive and with compact resolvent, such that its spec-
trum is discrete, real, positive and consists of a sequence of eigenvalues (λk)k∈N ⊂ R
satisfying λk → ∞ as k → ∞. In particular one has for all k ∈ N

LM ψk(v) = λk ψk(v) , ∀v ∈ R , with eigenvalue λk := k ,

and the associated eigenvectors are the Hermite functions, defined recursively via ψ0 ≡211

M , ψ1 ≡ vM and for all k ≥ 1 by the formulae212

√
k + 1ψk+1(v) = v ψk(v)−

√
k ψk−1(v) , ∀v ∈ R .(2.6)213214

Remark that {ψk}k∈N form a complete orthonormal basis set of the space L2
M−1 .215

This proposition is useful from an analytic point of view, permitting to study the decay216

rate towards the equilibrium, but also from a numerical perspective, permitting the217

construction of a spectral method.218

Proposition 2.2. [18, 25] (Time decay) Let f be the unique solution of the219

evolution problem (2.5), with initial condition fin ∈ L2
M−1 . Then the following expo-220

nential time-decay of the solution towards its stationary state holds221

∥f(t)− f∞∥M−1 ≤ ∥fin − ⟨fin⟩M∥M−1 e−t , ∀t ≥ 0 ,(2.7)222223

where the stationary solution is given by f∞(v) = ⟨fin⟩M(v).224
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Now, one can make use of the orthonormal basis of eigenvectors {ψk}k∈N ⊂ L2
M−1

to expand the solution of the evolution problem (2.5), as

f(t, v) =

∞∑
k=0

αk(t)ψk(v) , αk(t) = (f(t), ψk)M−1 =

∫
R
f(t, v)ψk(v)M−1(v) dv .

Inserting this expression in (2.5) yields an equation to be solved for the expansion
coefficients αk(t), leading for all t ≥ 0 and k ∈ N to

α′
k(t)+λk αk(t) = 0 ⇒ αk(t) = e−kt αin,k , αin,k :=

∫
R
fin(v)ψk(v)M−1(v) dv .

This spectral decomposition is the starting point of spectral methods for standard225

Fokker-Planck equations. We refer the interested reader to [11, 19] for further details.226

2.2. Energetic Fokker-Planck equation for feq = fκ. We are now coming227

to the investigation of the energetic Fokker-Planck equation, which writes228

(2.8)

(FP )κ

 ∂tf = −Lκ(f) = ∂v

[
fκ(v) ∂v

(
f

fκ(v)

)]
= ∂v

[
v

1 + v2

2κ

f + ∂vf

]
,

f(0, ·) = fin(·) ,
229

where the equilibrium is this time fκ(v) = cκ (1 +
v2

2κ )
−κ, with cκ > 0 the normaliza-230

tion constant. We shall work in the Hilbert-space L2
f−1
κ

for some fixed κ ∈ (0,∞).231

232

The linear, unbounded operator Lκ, defined in (2.2), has no more a discrete233

spectrum, in contrast to the standard Fokker-Planck case (see Proposition 2.1). Nev-234

ertheless, one can now follow the same strategy as in the standard Fokker-Planck case,235

by searching for generalized eigenfunctions and a continuous spectral representation,236

as has been done in [18]. In the present paper however, we shall follow a different237

strategy, by considering the expansion of the κ-distribution function in a basis set,238

not constituted of (generalized) eigenfunctions of the corresponding Fokker-Planck239

operator Lκ, but constituted of a different basis set of the functional Hilbert-space240

L2
f−1
κ

, namely of rational Chebyshev polynomials introduced in Section 3. For the241

moment, let us finish this Section, by recalling a time-decay result of the solution to242

(2.8) towards its stationary solution. Due to the fact that there is no spectral gap, the243

time-decay rate will be no more exponential as in the standard Fokker-Planck case,244

but algebraic.245

Theorem 2.3. [3, 18] (Time decay) Let f be a solution of problem (2.8), with246

initial condition fin f
−1
κ ∈ L∞(Rv). Then for all 0 < p < 2κ − 1, with κ > 1, the247

following estimate holds248

∥f(t)− f∞∥2
f−1
κ

≤
[
∥fin − ⟨fin⟩ fκ∥−4/p

f−1
κ

+Kp,κ
4t

p

]−p/2

, ∀t ≥ 0 ,(2.9)249
250

with f∞ = ⟨f⟩ fκ = ⟨fin⟩ fκ and Kp,κ > 0 a constant depending on p and κ.251

2.3. Regularized energetic Fokker-Planck operator for feq = fκ,a. Fi-252

nally, let us turn to the investigation of the regularized Fokker-Planck equation253

(2.10)

(FP )κ,a

 ∂tf = −∂v
[
fκ,a(v) ∂v

(
f

fκ,a

)]
= ∂v

[(
1

1 + v2

2κ

+ a

)
v f + ∂vf

]
,

f(0, ·) = fin(·) ,
254

This manuscript is for review purposes only.



10 C. NEGULESCU, H. PARADA

with equilibrium fκ,a(v) = cκ (1 +
v2

2κ )
−κ e−a v2

2 , cκ > 0 being the normalization con-255

stant of fκ. We shall work in L2
f−1
κ,a

, with some fixed κ ∈ (0,∞) and 0 < a≪ 1.256

257

To study the spectrum of this Fokker-Planck equation, the Liouville transforma-
tion f = g

√
fκ,a is very useful, permitting to switch from the eigenvalue problem

Lκ,a(f) = λ f to the Schrödinger problem (sharing the same spectrum)

−∂vvg +Qa(v) g = λ g , ∀v ∈ R ,

where the occurring potential Qa is a confining potential given by

Qa(v) :=
v2

4

[
1

1 + v2

2κ

+ a

]2
− 1

2

[
1− v2

2κ

(1 + v2

2κ )
2
+ a

]
∼|v|≫1

1

4
a2 v2 − a

2
.

Spectral theorems of quantum mechanics [22] permit now to show that the spectrum of258

this Schrödinger equation is discrete for a > 0 (it is continuous for a = 0), and this es-259

sentially due to confining properties of the potential, i.e. Qa(v) →|v|→∞ ∞. We recall260

that for a = 0 one has Q0(v) ∼|v|≫1
κ (κ+1)

v2 [18], hence not confining. The main goal of261

the regularization is thus to have a discrete spectrum. Furthermore, the Fokker-Planck262

operator Lκ,a being self-adjoint and positive, one has σ(Lκ,a) = {λk}k∈N ⊂ [0,∞),263

with λ0 = 0 the first eigenvalue, corresponding to the eigenfunction fκ,a of Lκ,a.264

265

The existence of a spectral gap of the operator Lκ,a is strictly related to the266

existence of a Poincaré inequality, leading to an exponential time-decay behaviour.267

Theorem 2.4. (Time decay) Let f be a solution of problem (2.10), with initial268

condition fin ∈ L2
f−1
κ,a

. Then the following estimate holds, for some constant C > 0269

∥f(t)− f∞∥f−1
κ,a

≤ C ∥fin − ⟨fin⟩
⟨fκ,a⟩

fκ,a∥f−1
κ,a
e−λ1,a t , ∀t ≥ 0 ,(2.11)270

271

where the stationary solution is given by f∞ = ⟨fin⟩
⟨fκ,a⟩ fκ,a and λ1,a > 0 is the first272

positive eigenvalue of Lκ,a, satisfying λ1,a −→a→0 0.273

3. Spectral scheme based on rational Chebyshev functions. We are com-274

ing now to the design of an adequate spectral method for our energetic particle Fokker-275

Planck equation (2.8), we recall here for clarity reasons276

(3.1) (FP )κ

 ∂tf = ∂v

[
fκ(v) ∂v

(
f

fκ(v)

)]
= ∂v

[
v

1 + v2

2κ

f + ∂vf

]
,

f(0, ·) = fin(·) .
277

In the previous section we evoked the Hermite spectral method for the resolution of the278

standard Fokker-Planck equation (2.5). Hermite functions however are exponentially279

decaying for large v, and hence their use is not natural for the approximation of280

functions which are slowly decaying for large v, such as the κ-equilibrium of our281

problem (3.1). New basis sets are thus required and have to be introduced. We282

shall not focus on basis functions composed of generalized eigenfunctions (continuous283

spectral representation) as has been done in [18]. Using instead transformations that284

map a finite domain into an infinite domain, allows to generate a broad class of new285

basis functions for the unbounded domain, that are images of, for example, Chebyshev286

polynomials. We shall focus on this strategy in this section.287
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3.1. Rational Chebyshev polynomials. At the ground of our polynomial288

basis construction are the Chebyshev polynomials, which are no more than a change-289

of-variable in the Fourier cosine functions. Indeed, the map s ∈ [0, π] 7→ ξ = cos(s) ∈290

[−1, 1] transforms the cosine functions into the Chebyshev polynomials Tn(ξ), i.e.291

(3.2) Tn(ξ) := cos(n s) where s = arccos(ξ) , ∀ξ ∈ [−1, 1] .292

The thus defined set {Tn}n∈N forms an orthogonal basis of L2((−1, 1); ρ(ξ)dξ) with
the weight ρ(ξ) := 1√

1−ξ2
, in particular one has the orthogonality relations

∫ 1

−1

Tn(ξ)Tm(ξ)√
1− ξ2

dξ =


0 , if m ̸= n

π , if m = n = 0 , ∀n,m ∈ N .
π

2
, if m = n ̸= 0 ,

At this point, using now the algebraic map293

(3.3) ξ ∈ (−1, 1) 7→ v :=
Lξ√
1− ξ2

∈ R , or equiv. ξ :=
v√

L2 + v2
,294

or295

(3.4) s ∈ (0, π) 7→ v := L cot(s) ∈ R , or equiv. s = arccot(v/L) ,296

permits to transform the finite interval into an infinite interval, and one defines the297

rational Chebyshev polynomials as298

(3.5) CL
n (v) := Tn(ξ) = cos(n s) where s ∈ (0, π) , ξ ∈ (−1, 1) , v ∈ R .299

One can equally start from the sinus functions in order to define300

(3.6) SL
n (v) := Sn(ξ) = sin((n+ 1) s) where s ∈ (0, π) , ξ ∈ (−1, 1) , v ∈ R .301

Let us remark that L > 0 is a mapping parameter, which has to be adjusted as closely302

as possible to the scale of the function to be expanded.303

304

The two sets {CL
n }n∈N along with {SL

n }n∈N form two independent orthogonal basis
sets of the Hilbert-space L2

σL
, with weight σL(v) :=

L
L2+v2 . In particular one has

∫ ∞

−∞
CL
n (v) CL

m(v)
L

L2 + v2
dv =


0 , if m ̸= n

π , if m = n = 0 , ∀n,m ∈ N ,
π

2
, if m = n ̸= 0 ,

and equally for {SL
n }n∈N. For an efficient computation of these rational Chebyshev

basis functions, one has at hand the following recurrence formulae

2 v/L√
1 + (v/L)2

CL
n (v) = CL

n+1 + CL
n−1 , (CL

n )
′(v) =

n

2L

1√
1 + (v/L)2

[
CL
n−1 − CL

n+1

]
,

as well as

4 (v/L)2

1 + (v/L)2
CL
n (v) = CL

n+2+2 CL
n + CL

n−2 ,
4

1 + (v/L)2
CL
n (v) = −CL

n+2+2 CL
n −CL

n−2 .
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12 C. NEGULESCU, H. PARADA

Using all these formulae permits to compute the first polynomials, which read

CL
0 ≡ 1 , CL

1 (v) =
v/L√

1 + (v/L)2
, CL

2 =
(v/L)2 − 1

1 + (v/L)2
, CL

3 =
(v/L) [(v/L)2 − 3]

[1 + (v/L)2]3/2
,

and

SL
0 (v) =

1√
1 + (v/L)2

, SL
1 (v) =

2 (v/L)

1 + (v/L)2
, SL

2 (v) =
3(v/L)2 − 1

[1 + (v/L)2]3/2
.

As an example, consider the simple rational (algebraically decaying) functions [1 +305

(v/L)2]−n as well as [1 + (v/L)2]−(n+1/2) which are rather harmless, however ap-306

proximating them with Hermite polynomials fails drastically. In this case rational307

Chebyshev polynomials are more powerful, as can be observed through the following308

relations, valid for all n ∈ N309

(3.7)
1

[1 + (v/L)2]n
= α0 CL

0 + · · ·+α2n CL
2n ,

1

[1 + (v/L)2]n+1/2
= β0 SL

0 + · · ·+β2n SL
2n .310

The next theorem describes the way of convergence of the rational Chebyshev series.311

Definition 3.1. An expansion of the form

f(v) =

∞∑
n=0

αn φn(v) , ∀v ∈ R ,

is said to be algebraically or exponentially convergent, if there exist some constants312

p > 0, µ > 0, ι > 1 and N⋆ ∈ N, such that one of the two items is satisfied313

• |αn| ≤ p n−ι , ∀n ≥ N⋆ (algebraic convergence) ,314

• |αn| ≤ p e−µn , ∀n ≥ N⋆ (exponential convergence) .315

Theorem 3.2. [2] (Convergence of the rational Chebyshev expansion)316

Let g ∈ L2
σL

be a function free of singularities on R. Then one has:317

(i) If g has an asymptotic power series for |v| ≫ 1 containing only even, non-negative318

powers of 1/v, the expansion of g in the basis {CL
n (v)}n∈N is exponentially convergent.319

(ii) If g has an asymptotic power series for |v| ≫ 1 that contains only odd, positive320

powers of 1/v, the expansion of g in the basis {SL
n (v)}n∈N is exponentially convergent.321

(iii) If g has an asymptotic power series for |v| ≫ 1 that contains only integral, non-322

negative powers of 1/v, the expansion of g in the full basis {CL
n (v),SL

n (v)}n∈N is323

exponentially convergent.324

3.2. RC-spectral method. We shall set now L =
√
2κ and take κ ∈ N. The

question is to find a basis set for our weighted Hilbert-space L2
f−1
κ

, based on the just

introduced rational Chebyshev basis sets of the space L2
σκ
, where we recall that

fκ(v) =
cκ

(1 + v2

2κ )
κ
, cκ :=

1√
2π κ

Γ(κ)

Γ(κ− 1/2)
, σκ(v) :=

1√
2κ

1

1 + v2

2κ

.

Scaling the rational Chebyshev polynomials {CL
n , SL

n }n∈N as

Θn(v) := CL
n (v)Υκ(v) , Ξn(v) := SL

n (v)Υκ(v) ,
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with

Υκ(v) := [σκ(v) fκ(v)]
1/2

=
(cκ/

√
2κ)1/2

(1 + v2

2κ )
κ+1
2

, ∀v ∈ R ,

permits to introduce two independent orthogonal basis sets {Θn, Ξn}n∈N for L2
f−1
κ

.

The recurrence formulae remain the same as above, the only modification is in the
derivative, which becomes

Θ′
n(v) =

n

2

1√
2κ

1√
1 + v2

2κ

[Θn−1(v)−Θn+1(v)]−
κ+ 1

2κ

v

1 + v2

2κ

Θn(v) , ∀v ∈ R .

Taking an odd κ ∈ N prescribes an expansion in {Θn}n∈N (see Thm. 3.2 (i)) and
symmetry properties permit furthermore to show that even functions f(t, |v|) possess
an expansion using solely even rational basis functions. Altogether we shall thus
search for a solution to (3.1) under the form

f(t, v) =

∞∑
n=0

α2n(t)Θ2n(v) , ∀(t, v) ∈ [0,∞)× R .

Introducing this spectral expansion in the FP-equation (3.1), permits to find an325

ODE system for the spectral coefficients {α2n(t)}n∈N. Straight computations yield326

(3.8)
−Lκ(Θ0) = c0 Θ0 + d0 Θ2 + e0 Θ4 ,

−Lκ(Θ2) = b2 Θ0 + c2 Θ2 + d2 Θ4 + e2 Θ6 ,

−Lκ(Θ2n)= a2n Θ2n−4 + b2n Θ2n−2 + c2n Θ2n + d2n Θ2n+2 + e2n Θ2n+4 , ∀n ≥ 2 ,

327

with328

c0 = − (κ− 1)2

16κ
, d0 = −κ− 1

4κ
, e0 =

(κ− 1) (κ+ 3)

16κ
,329

330

b2 = −κ− 1

8κ
, c2 = −25 + κ (κ− 6)

32κ
, d2 = −κ− 9

8κ
, e2 =

(κ− 3) (κ+ 5)

32κ
,331

and332

an =
(κ− 1 + n) (κ+ 3− n)

32κ
, bn = −κ− (n− 1)2

8κ
, cn =

−3n2 − (κ− 1)2

16κ
333

dn = −κ− (n+ 1)2

8κ
, en =

(κ− 1− n) (κ+ 3 + n)

32κ
, ∀n ≥ 4 .

Taking then the weighted scalar-product (in L2
f−1
κ

) of the Fokker-Planck equation334

∂tf = −Lκf with Θ2j , yields335 
α′
0(t) = c0α0(t) + b2α2(t) + a4α4(t),

...

α′
2j(t) = e2j−4α2j−4(t) + d2j−2α2j−2(t) + c2jα2j(t) + b2j+2α2j+2(t) + a2j+4 α2j+4 .

336

This leads to the following penta-diagonal ODE system to be solved for the com-337

putation of the spectral coefficients X (t) := (α0(t), α2(t), α4(t), · · · )t, i.e.338

(3.9) X ′(t) = −M X (t) ,339
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with

M = −



c0 b2 a4 0 · · · 0 0 0

d0 c2 b4 a6 · · · 0 0 0

e0 d2 c4 b6 · · · 0 0 0

...
. . .

. . .
...

0 0 0 · · · d2N−4 c2N−2 b2N

0 0 0 · · · e2N−4 d2N−2 c2N


.

340

Remark 3.3. The just introduced spectral method is very accurate for κ-values
arising in astrophysics or fusion plasmas, such as κ ∈ (1, 10), however it turns out to
be problematic when κ becomes larger and larger, preventing the investigation of the
limit κ → ∞. Indeed, one can immediately observe that some entries of the matrix
M become infinite for κ→ ∞ and the rational basis functions {CL

n }n∈N get also more
and more similar in this limit, rendering the RC-spectral method not adequate to
treat cases with κ ≫ 1. Furthermore, the expansion of the asymptotic equilibrium
fκ(v) requires the use of κ Chebyshev basis terms, owing to

fκ(v) =

N∑
n=0

α2n C2n(v)Υκ(v) ⇔ fκ(v)Υ
−1
κ (v) =

√
cκ (2κ)

1/4

(1 + v2

2κ )
κ−1
2

=

N∑
n=0

α2n C2n(v) ,

such that with (3.7) one notices that this is possible for 2N = κ−1. Thus, with κ→ ∞341

the expansion requires more and more terms, leading to an inefficient Chebyshev-342

spectral method. There are however some advantages for small κ values, discussed in343

the numerical section, such that we find that this scheme has its right to exist.344

4. Spectral scheme based on non-standard orthogonal polynomials.345

The aim of this section will be thus to construct a different spectral scheme, which shall346

degenerate into the Hermite spectral method of Section 2.1, when κ tends towards347

infinity. The idea of this new scheme is based on the Gram-Schmidt orthogonalisa-348

tion procedure, which requires the existence of the moments of the weight function349

(κ-distribution), such that we shall be forced to consider in this section rather the350

following regularized Fokker-Planck equation for all (t, v) ∈ (0,∞)× R351

(4.1)

(FP )κ,a

 ∂tf = −Lκ,a(f) = ∂v

[(
1

1 + v2

2κ

+ a

)
vf + ∂vf

]
= ∂v [ fκ,a ∂v (f/fκ,a)]

f(0, ·) = fin(·) .
352

Even if the operator Lκ,a has a discrete spectrum as the standard Fokker-Planck one,353

the eigenfunctions are non-standard and have no analytical expression, such that one354

has to search for them numerically. We will follow however a distinct strategy, con-355

structing a different orthogonal basis {ζk(v)}k∈N of L2
f−1
κ,a

, based on Gram-Schmidt’s356

orthogonalization process, allowing the expansion of the solution to (4.1) as357

(4.2) f(t, v) =

∞∑
k=0

αk(t) ζk(v) , ∀(t, v) ∈ [0,∞)× R ,358

with {αk(t)}k∈N to be determined.359

360
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To simplify the presentation, let us filter out the equilibrium from the solution to361

(4.1) by setting f = h fκ,a, where the unknown h ∈ L2
fκ,a

is this time solution of the362

so-called Ornstein-Uhlenbeck equation363

(4.3) (OU)κ,a

 ∂th =
1

fκ,a
∂v [ fκ,a ∂vh] , ∀(t, v) ∈ (0,∞)× R ,

h(0, ·) = hin(·) = fin f
−1
κ,a .

364

We shall construct now an orthogonal polynomial basis set {pk(v)}k∈N of L2
fκ,a

, con-365

sidering ω(v) := fκ,a(v) as weight function. The regularization is crucial here, as366

this construction requires the existence of all moments of the weight function. The367

Gram-Schmidt orthogonalization process yields the following recursive formula for the368

construction of a monic polynomial set369

(4.4)
p−1 ≡ 0 , p0 ≡ 1 , p1(v) = v ,

pk+1(v) = vpk(v)− βkpk−1(v), ∀k ≥ 1 ,
370

where

βk :=
(v pk, pk−1)ω
||pk−1||2ω

=
||pk||2ω

||pk−1||2ω
, ∀k ≥ 1 .

Classical weights, such as Maxwellian ones, give rise to classical families of orthog-371

onal polynomials (Hermite polynomials for ex.). For such families explicit formulae372

are available for the recursion coefficients. Outside the classical framework however,373

numerical strategies are required for the computation of these coefficients, and the374

difficult part in the construction of the polynomial basis set is the stable computa-375

tion of these coefficients {βk}k∈N. One has to take into account that we deal with376

polynomials on unbounded domains, and small (round-off or truncation) errors are377

immediately visible. In particular, polynomial spectral methods are more sensitive to378

errors than for ex. Fourier spectral methods. We shall present a stable computational379

strategy for the recursion coefficients below, for the moment however, let us remark380

that the first coefficients write381

(4.5) β1 =
m2

m0
, β2 =

m0m4 −m2
2

m0m2
; mℓ :=

∫
R
vℓ ω(v) dv , ∀ℓ ∈ N ,382

where {mℓ}ℓ∈N are the moments of order ℓ of the weight function ω(v), computed via383

Whittaker formula (1.12). Supposing now that we have constructed in this manner384

an orthogonal basis set {pk}k∈N of L2
fκ,a

, the solution to (4.3) writes385

(4.6) h(t, v) =

∞∑
k=0

αk(t) pk(v) , ∀(t, v) ∈ [0,∞)× R .386

Inserting this decomposition into Ornstein-Uhlenbeck’s evolution equation (4.3) and
taking the L2

ω scalar product with pℓ(v), permits to get a system for the computation
of the spectral coefficients {αk(t)}k∈N. Indeed, one gets

∞∑
k=0

α′
k(t)

∫
R
pk(v) pℓ(v)ω(v) dv = −

∞∑
k=0

αk(t)

∫
R
p′k(v) p

′
ℓ(v)ω(v) dv , ∀ℓ ∈ N .
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Remarking that (pk, pℓ)ω = γℓ δk,ℓ, where we denote the weighted norm by γℓ :=387

||pℓ||2ω =
∫
R |pℓ(v)|2 ω(v) dv , one obtains the linear ODE system388

(4.7)



α′
0(t) γ0

α′
1(t) γ1

...

α′
ℓ(t) γℓ

...


= −



θ00 · · · θ0k · · ·

...
. . .

...

θℓ0 · · · θℓk · · ·

...
...

...
. . .





α0(t)

α1(t)

...

αk(t)

...


,389

where the entries of the matrix are390

(4.8) θkℓ = θℓk :=

∫
R
p′k(v) p

′
ℓ(v)ω(v) dv .391

It remains now to find an accurate and stable manner to compute the integrals392

{θℓk}ℓ,k∈N, the recurrence coefficients {βk}k∈N as well as the weighted norms {γk}k∈N.393

394

Several methods have been proposed in literature for an accurate computation of395

the recursion coefficients, see for example [10]. The classical approach in terms of mo-396

ments (see (4.5)), computed via the Hankel determinants, is numerically problematic,397

being very ill-conditioned. In this work we shall use the so-called Modified Chebyshev398

algorithm, which is a more stable and a better conditioned strategy. The idea is to399

work with ”modified moments”, corresponding to a different measure (weight func-400

tion) dµ := µ(v) dv, to be chosen close to the original measure dω := ω(v) dv, and401

with the additional requirement of possessing explicit recurrence coefficients. This402

shall permit to bypass the stability issues and generate in a stable manner a non-403

classical orthogonal polynomial basis set.404

To be more precise, taking for instance as weight µ(v) = M(v) e−a v2

2 , which is405

close to our original weight ωκ(v) = fκ e
−a v2

2 in the sense that limκ→∞ ωκ = µ, we406

construct the corresponding orthogonal monic polynomial basis set {qk}k∈N of L2
µ(R),407

via the three-term recurrence relation408

(4.9)
q−1 ≡ 0, q0 ≡ 1 , q1(v) = v ,

qk+1(v) = vqk(v)− bkqk−1(v), k ≥ 1 .
409

For such Maxwellian weights µ(v), the recursion coefficients {bk}k∈N are explicitly
known and {qk}k∈N are Hermite-like polynomials, in particular one has

bk =
k

1 + a
, ||qk||2µ =

k!

(1 + a)
2k+1

2

, k ≥ 1 .

Based on this new basis set, let us introduce the mixed moments410

σk,ℓ =

∫
R
pk(v)qℓ(v)ω(v) dv, ∀k, ℓ ≥ −1 ,411

which will help to construct the original basis set {pk}k∈N. By orthogonality, we have412

σk,ℓ = 0 for k > ℓ. Moreover, as pk and qk are monic polynomials of degree k, we get413

pk(v) = qk(v) + r(v), with deg(r) < k,414
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such that using the orthogonality of {pk}k∈N, one has415

(4.10) γk = ∥pk∥2ω =

∫
R
pk(v) pk(v)ω(v) dv =

∫
R
pk(v) qk(v)ω(v) dv = σk,k.416

Thus417

(4.11) βk =
||pk||2ω

||pk−1||2ω
=

σk,k
σk−1,k−1

, ∀k ≥ 1 .418

Using the recurrence formulae (4.4) for pk and (4.9) for qk, we derive419

(4.12) σk,ℓ = σk−1,ℓ+1 − βk−1 σk−2,ℓ + bℓ σk−1,ℓ−1 , ∀k, ℓ ≥ 1 .420

Starting hence from the values of σ−1,ℓ = 0 and {σ0,ℓ}ℓ∈N =
∫
R qℓ(v)ω(v) dv, which421

are nothing more than linear combinations of the moments {mℓ}ℓ∈N, computed via422

the Whittaker formulae (1.12), one can compute step by step the values of {σk,ℓ}k,ℓ∈N,423

{βk}k∈N and {γk}k∈N via (4.10)-(4.12).424

425

For the resolution of our Fokker-Planck problem (4.3), thus of (4.7), one needs
now to compute the entries of the matrix, in particular θkℓ :=

∫
R p

′
k(v) p

′
ℓ(v)ω(v) dv.

This shall be done by introducing the following quantities

χk,ℓ :=

∫
R
pk(v) p

′
ℓ(v)ω(v) dv , ξk,ℓ :=

∫
R
p′k(v) pℓ(v)ω(v) dv .

Using now the recursion formulae (4.4)-(4.9) permits to obtain for all k, ℓ ∈ N

θk,ℓ = θk−1,ℓ+1 + βℓ θk−1,ℓ−1 + χk−1,ℓ − βk−1 θk−2,ℓ − ξk−1,ℓ ,

χk,ℓ = χk−1,ℓ+1 + βℓ χk−1,ℓ−1 − γℓ δk−1,ℓ − βk−1 χk−2,ℓ ,

ξk,ℓ = ξk−1,ℓ+1 + βℓ ξk−1,ℓ−1 + γℓ δk−1,ℓ − βk−1 ξk−2,ℓ .

Thus starting from the values θ0,ℓ = 0, χ−1,ℓ = 0, ξ0,ℓ = 0 for all ℓ ∈ N, as well as
from the values one has to compute as an initial step

θ1,ℓ :=

∫
R
p′ℓ(v)ω(v) dv , χ0,ℓ :=

∫
R
p′ℓ(v)ω(v) dv , ξ1,ℓ :=

∫
R
pℓ(v)ω(v) dv ,

one gets the desired values of {θk,ℓ}k,ℓ∈N. The computation of θ1,ℓ shall be done via
Whittaker’s formulae (1.12), for accuracy reasons. Remark also that ξ1,ℓ = γ0 δ0,ℓ due
to the orthogonality of the polynomials {pk}k∈N, and that χk,ℓ = ξℓ,k for all k, ℓ ∈ N.
Furthermore, due to

p′ℓ(v) =

ℓ−1∑
k=0

c
(ℓ)
k pk(v) , with coefficients c

(ℓ)
k =

ξℓ,k
γk

,

one has immediately that χk,ℓ = 0 for all k > ℓ−1 as well as ξk,ℓ = 0 for all ℓ > k−1.
Finally, this decomposition permits also to observe that

χ0,ℓ = c
(ℓ)
0 γ0 = θ1,ℓ , c

(ℓ)
0 := (p′ℓ, p0)ω .

426
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Remark 4.1. Let us mention that the Gram-Schmidt spectral method is very per-427

formant for large κ-values, κ ≫ 1, as in this case the weight ωκ is close to the428

Maxwellian weight µ, whereas for small values of κ the use of Whittaker’s formulae429

(1.12) becomes problematic due to the fact that we deal with polynomials on un-430

bounded domains, rendering the utility of the GS-scheme very awkward. There is a431

delicate interplay between the regularization parameter a (thus somehow the trunca-432

tion of the domain) and the κ-parameter (meaning the hot tails of the distribution433

function) one has to care of, in order to avoid instability problems. Let us also ob-434

serve that the asymptotic equilibrium fκ,a requires only one term in the GS-expansion,435

which is a huge advantage of the scheme, permitting the use of very few basis terms.436

Finally, in the limit κ → ∞, the GS-scheme turns into the Hermite-spectral scheme,437

and this due to our specific construction, in particular see (4.4) and (4.9).438

5. Numerical simulations. In this section we present the numerical simula-439

tions obtained with the spectral methods constructed in this work, i.e. the rational440

Chebyshev (RC-scheme) as well as the Gram-Schmidt spectral method (GS-scheme),441

and compare them with a standard finite-difference method (FD-scheme) to solve the442

energetic Fokker-Planck equation. We are particularly interested in precision, simu-443

lation times as well as the asymptotic convergence rates towards the equilibrium, for444

different values of the parameter κ. As no analytical solution is available, a reference445

solution will be constructed via a second-order FD-scheme on a very fine time and446

velocity mesh. All the simulations we performed are carried out in Python 3.11.5 lan-447

guage, with double precision and using the standard Python libraries, in particular448

the mpmath library for the Whittaker functions (1.12).449

5.1. Numerical simulations with a standard FD-method. Let us start450

with presenting the test case and a finite-difference scheme, aiming to solve numeri-451

cally the following Fokker-Planck equation452

(5.1) (FP )κ,a

 ∂tf = ∂v

[(
v

1 + v2

2κ

+ av

)
f + ∂vf

]
, ∀(t, v) ∈ (0,∞)× R ,

f(0, ·) = fin(·) ,
453

where we shall set either a = 0 (for the FD- and RC-scheme) or a = 10−3 (regularized454

version for the GS-scheme), play with different values of κ ∈ (1, 50), and choose an455

initial condition of two-bump form, composed of two shifted κ-distribution functions456

(5.2) fin(v) :=
1

2
[fκ(v + u) + fκ(v − u)] , ∀v ∈ R and u = 2 .457

In the long-time limit t→ ∞ the solution to this problem tends towards the stationary
solution, given by

f∞(v) := n fκ,a(v) , ∀v ∈ R ; n :=
⟨fin⟩
⟨fκ,a⟩

,

where we recall the time-decay Theorems 2.3 and 2.4 as well as the notation ⟨g⟩ :=458 ∫
R g(v) dv. Let us remark that the initial condition enters the asymptotic limit func-459

tion f∞ only via the mass-constant n, which has thus to be computed precisely.460

461

To investigate the performance of both spectral schemes, let us introduce a finite-462

difference scheme as reference method. For this, set κ = 3 in this section and denote463
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for simplicity η(v) := (1+ v2

2κ )
−1 + a. The FD-scheme is based now on the truncation464

of the velocity domain to [−vmax, vmax], with vmax to be defined later on, fixing465

homogeneous Dirichlet boundary conditions for f and introducing a velocity mesh466

{vj}Nv
j=0 (not necessarily uniform). Let us also define the mid-points vj+1/2 := (vj +467

vj+1)/2 on which equation (5.1) will be approximated via a finite-volume scheme.468

Integrating (5.1) over the cell [vj−1/2, vj+1/2] and using the finite-volume notation469

fj(t) :=
1

∆vj

∫ vj+1/2

vj−1/2
f(t, v) dv with cell length ∆vj := vj+1/2 − vj−1/2, yields470

d

dt
fj(t) =

1

∆vj

[(
ηj+1/2 vj+1/2 f(t, vj+1/2) + (∂vf)(t, vj+1/2)

)
471

−
(
ηj−1/2 vj−1/2 f(t, vj−1/2) + (∂vf)(t, vj−1/2)

)]
472

≈ 1

∆vj

[(
ηj+1/2 vj+1/2

fj(t) + fj+1(t)

2
+
fj+1(t)− fj(t)

vj+1 − vj

)
473

−
(
ηj−1/2 vj−1/2

fj(t) + fj−1(t)

2
+
fj(t)− fj−1(t)

vj − vj−1

)]
,(5.3)474

for all j = 1, · · · , Nv − 1, whereas we set for the boundary values f0 = fNv
≡ 0.475

476

In what concerns the time discretization, an implicit Euler or Crank-Nicolson
scheme is used to solve the thus obtained ODE system, namely

(I+∆t A) fn+1 = fn or (I+
∆t

2
A) fn+1 = (I− ∆t

2
A) fn , ∀n ∈ N ,

with A a tridiagonal matrix of size (Nv−1)×(Nv−1), and starting point f0j := fin(xj).477

478

To illustrate the evolution of the velocity distribution function, we used the first-479

order FD-scheme and plotted on the left of Fig. 3 the initial condition fin(v) corre-480

sponding to the two-bump distribution function (5.2), as well as its evolution towards481

the asymptotic state f∞(v). In order to evaluate the convergence rate towards this482

equilibrium, we plotted on Fig. 4 the distance ||f(t)− f∞||L2

f
−1
κ

as a function of time483

(left plot), as well as its log − log scale version (right plot). One remarks that after484

an initial rapid decay, the error saturates, as observed from the right plot of Fig. 4,485

effect due, among other things, to the truncation of the velocity domain. Moreover,486

in order to evaluate the algebraic decay rate in time, we observe that the log − log487

scale curve fits very well with a function of the type g(t) = (a + b t)−q, where we488

found a ≈ 1, b ≈ 5 · 10−3 and q ≈ 233. Examining the error estimate in Theorem489

2.3, we must have −p/4 = −q, meaning thus that p ≈ 930, which indicates that the490

scheme is performing much better than it should, after Theorem 2.3. However, let us491

underline here that it is very intricate to verify numerically the theoretical decay rate,492

due to several reasons. Firstly, the result of this theorem is not necessarily optimal,493

the explicit expression of the constant Kp,κ is not known. Secondly, our numerical494

simulations are performed with a specific initial condition. And finally, an essential495

argument is that we truncated the domain in our numerical simulations, a fact that496

changes an algebraic decay into an exponential decay. This can be easily seen from497

the values of b≪ 1 and q ≫ 1, recalling that e−c t = limq→∞

(
1 + c t

q

)−q

.498

Finally, let us also observe that the mass is not perfectly conserved numerically499

(see right of Fig. 3). The reason for this comes from the fact, that we truncated the500
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velocity domain at vmax = 15 and set homogeneous Dirichlet boundary conditions501

f(t,±vmax) = 0 for all times t ≥ 0. However, since we are dealing with energetic502

particles, i.e. distribution functions with heavy tails, truncating the domain neces-503

sarily leads to mass losses. Truncating the domain more far away reduces this error,504

however increases naturally the computational time. It is because of such difficulties505

in the numerical discretization (via FD-schemes) of the energetic particle dynamics,506

that we proposed in this paper the two spectral schemes, the RC- and the GS-scheme.507
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v
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Time evolution of the velocity distribution function
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t
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∫f
(t,

v)
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Mass conservation

vmax=15
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Fig. 3. FD-scheme. Left: Time evolution of f(t, v), starting from the two-bump initial condi-
tion (5.2) and κ = 3. Right: Plot of the mass

∫
R f(t, v) dv for three different truncations vmax.

508

0 2 4 6 8 10
t

0.0

0.2

0.4

0.6

0.8

1.0

1.2

||f
−
f ∞
|| f−

1
κ

Error-plots in L2
f−1κ

vmax=30

10−1 100 101

t

10−13

10−11

10−9

10−7

10−5

10−3

10−1

||f
−
f ∞

|| f
−

1
κ

Error-plots in loglog scale

vmax = 30
vmax = 60
(a+ bt)−q, q= 2.33e+ 02
a= 9.99e− 01, b= 4.77e− 03

Fig. 4. FD-scheme. Time evolution of ||f(t) − f∞||L2

f
−1
κ

for κ = 3. Left: vmax = 30. Right:

Error plots in log-log scale and for two different domain truncations vmax = 30 and vmax = 60, as
well as fitting curve g(t) = (a+ b t)−q .

5.2. Numerical results obtained with our spectral methods. Let us inves-
tigate now the numerical results obtained for problem (5.1)-(5.2) with both spectral
methods, the RC-scheme presented in Section 3 and the GS-scheme designed in Sec-
tion 4. The solution f(t, v) of this problem is approximated by one of the two following
truncated series (corresponding to the two different basis-sets previously introduced)

fRC(t, v) :=

ÑRC∑
k=0

a2k(t)Θ2k(v) , fGS(t, v) :=

NGS∑
k=0

αk(t) pk(v) fκ,a(v) ,
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where ÑRC = NRC/2 and NRC , NGS are given in Table 1, whereas the spectral509

coefficients a2k(t) (resp. αk(t)) are solutions of the linear systems (3.9) (resp. (4.7)) for510

the RC-scheme (resp. GS-scheme), solved via a first-order implicit Euler-method. We511

omitted for simplicity reasons to index the functions fRC and fGS by the truncation512

index. Let us recall that in the asymptotic limit t → ∞ the steady state needs for513

the RC-scheme κ+1
2 terms, thus ÑRC = κ−1

2 , whereas the GS-scheme requires only514

one term, thus NGS = 0. The initial condition we choose is again the two-bump515

distribution given in (5.2), its time-evolution being similar to the one plotted on the516

left of Fig. 3.517

Table 1
Numerical parameters used for the confrontation of the different schemes.

FD ref -scheme FD-scheme RC-scheme GS-scheme

Discret. Crank-Nicolson impl. Euler impl. Euler impl. Euler
a 0 0 0 10−3

κ 3 or 31 3 or 31 3 31
Nv; vmax 10 001; 25 [101 · · · 501]; 15 
 

NRC/GS 
 
 8, 10, 12, 16 6, 8, 10, 12, 16
T ; Nt 2; 2 · 103 2 ; [50 · · · 103] 2; [50 · · · 103] 2 ; [50 · · · 103]

To start the procedure, we need first to project the initial condition on the cor-
responding orthogonal basis set, which is done by computing

a2ℓ(0) =
1

cℓ

∫
R
fin(v)Θ2ℓ(v) f

−1
κ (v) dv , αℓ(0) =

1

γℓ

∫
R
fin(v) pℓ(v) dv , ∀ℓ ≥ 0 ,

where c0 = π, cℓ = π/2 for ℓ ≥ 1 and γℓ is the weighted norm γℓ = ||pℓ||2fκ,a
. The518

computation of these integrals is an important step in our spectral methods, a bad519

(not-accurate or too time-consuming) computation would lead to a loss of all the ad-520

vantages of the spectral methods. Standard integration methods are used here, and521

we illustrated, for validation, in Fig. 7 and 8 the reconstruction of the initial condi-522

tion in the corresponding basis set. From these figures one can identify the number of523

basis-functions required in order to have a precise simulation in the initial time-phase,524

for example the RC-scheme requires NRC = 16 for a precision of 1.6 · 10−3 whereas525

the GS-scheme requires NGS = 12 basis functions for a precision of 2.6 · 10−3.526

527

A few simulations are carried out now in the aim to compare the proposed schemes
with respect to convergence, accuracy and computational efficiency. For these compar-
ison studies, a reference solution fref(t, v) of (5.1)-(5.2) is constructed via a second-
order FD-scheme (Crank-Nicolson time-discretization) on a very large domain and
with a very fine mesh (see Table 1). This reference solution can be considered some-
how as an exact solution. The discrete L2

v-norm we shall use in the following for the
error investigations, is defined as

||fref − fnum||2L2
v
(t⋆) :=

2 vmax

Nv

Nv−1∑
j=0

|fref(t⋆, vj)− fnum(t⋆, vj)|2 .

Let us start by presenting in Fig. 5 and 6 the curves corresponding to the reference528

distribution function fref(t, v) as well as the three distributions fnum(t, v) computed529

with the first-order FD-, RC - and GS -schemes at two different times t⋆ = 0.2 and530
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t⋆ = 2 as well as for two different κ-values, κ = 3 and κ = 31. What can be observed531

from these plots is that for small times, the accurate projection of the initial condition532

on the corresponding basis-set is of great importance. In particular the RC-scheme533

has some problems for large κ and this due to the necessity to take a large number of534

basis-functions for the reconstruction, namely NRC > κ − 1 as explained in Remark535

3.3, whereas the GS-scheme has some problems for small κ-values, due to the hot tails536

of the distribution functions and the need to take a large (non-physical) regulariza-537

tion parameter a > 0 in order to overcome stability problems, as explained in Remark538

4.1. For larger times, all numerical solutions get closer and closer to the equilibrium539

solution f∞(v), and the initial condition no longer plays an important role (except in540

mass-computation). Thus, each scheme is better adapted for a particular κ-regime.541

We shall therefore take in the following κ = 3 for the RC-scheme and κ = 31 for542

the GS-scheme. As explained earlier, one can read from Fig. 7 and 8 the number of543

basis-functions required for each scheme to have a good precision, especially in the544

small-time regime.545

546
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Fig. 5. Left: Velocity distribution functions fref(t⋆, v) and fnum(t⋆, v) for t⋆ = 0.2 and κ = 3.
Right: Same velocity distribution functions at instant t⋆ = 2. Furthermore NRC = NGS = 10.
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Fig. 6. Left: Velocity distribution functions fref(t⋆, v) and fnum(t⋆, v) for t⋆ = 0.2 and κ = 31.
Right: Same velocity distribution functions at instant t⋆ = 2. Again NRC = NGS = 10.

To demonstrate the convergence of our spectral schemes, we depicted on Fig.547

9 the L2
v-errors of our spectral methods with respect to the reference solution, i.e.548
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Fig. 7. Reconstruction of the initial condition fin(v) via the RC basis-set (κ = 3), for several
truncation indices NRC . Left: Velocity distribution function. Right: Error plots ||frecon − fin||L2

v
.

For N = 16, the error is of 1.6 · 10−3.
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Fig. 8. Reconstruction of the initial condition fin(v) via the GS basis set (κ = 31), for several
truncation indices NGS . Left: Velocity distribution function. Right: Error plots ||frecon − fin||L2

v
.

For N = 12, the error is of 2.6 · 10−3.

||fref(t⋆, ·)− fRC/GS(t⋆, ·)||L2
v
, errors as a function of the time-discretization step ∆t,549

at time instant t⋆ = 2 and for three different truncation indices NRC/GS = 8, 10, 16.550

For the Chebyshev scheme we used κ = 3, while for the Gram-Schmidt scheme we551

chose κ = 31 in accordance with the remarks made above. What can be observed is552

that the errors are indeed small, which signifies that both spectral schemes approx-553

imate well the unknown solution. As Euler’s implicit scheme is used to advance in554

time in the spectral methods, we expect a linear convergence in time, which is indeed555

visible from these two plots, however the slopes are very small, of order 10−2, meaning556

the convergence is very slow, or even saturates somehow. This discordance is simply557

due to the fact that the reference solution is not an exact solution, but a numerical558

solution, with fixed time-step of ∆t = 10−3 and homogeneous Dirichlet boundary559

conditions, thus containing also numerical errors. Our RC - and GS -schemes seem to560

become rapidly too accurate, to be anymore compared with this ”reference solution”.561

A higher-order (4th-order) FD-scheme as well as transparent boundary conditions562

could be a good idea, for a better comparison and should be investigated in future563

works. We also observe that the three lines, corresponding to the truncation indices,564

NRC are not in the expected order. This comes from the fact that with more polyno-565
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mials in the expansion, more computations are carried out, which can indeed lead to566

an accumulation of the round-off errors. Thus an optimum has to be found between567

small truncation errors and small accumulation errors. In the GS -scheme the number568

of basis-functions NGS does not play anymore a role, the three lines become super-569

posed after some transition-phase in time, the asymptotic regime requiring only one570

term in the expansion.571

To overcome the fact that no analytical solution is available for the verification of the572

convergence of our spectral schemes, we decided to construct a manufactured (exact)573

solution, which is the exact solution of a slightly modified Fokker-Planck equation,574

containing an additional forcing term. This constructed manufactured solution (even575

if physically not relevant) can now be used as a benchmark solution for verification576

purposes. Both spectral methods are now used to solve this modified Fokker-Planck577

equation, and we compare in Fig. 10 the obtained numerical solutions (via a first-order578

implicit Euler as well as a second-order Crank-Nicolson time-discretization), with the579

exact manufactured solution, fact which permits finally to show the convergence of580

our spectral methods, in particular we find the expected slopes for the Euler as well581

as the Crank-Nicolson method.582

583

To finish, let us present here the construction of the manufactured solution cor-584

responding to the comparison in Fig. 10. We started with585

(5.4) fex(t, v) = feq(v)
(
1 + εe−tg(v)

)
, ∀v ∈ R ,586

where ε = 0.1 and587

g(v) = CL
2 (v)− C2, CL

2 (v) =
v2 − 2κ

v2 + 2κ
, C2 =

∫
R feq(v)C

L
2 (v) dv∫

R feq(v) dv
.588

Inserting this specific function (5.4) in our Fokker-Planck equation (5.1), permits to589

obtain analytically a forcing (source) term, namely fex is the exact solution of the590

following forced Fokker-Planck equation591

(5.5) ∂tf = ∂v

(
feq(v)∂v

(
f

feq

))
+ e−t S(v), ∀(t, v) ∈ (0,∞)× R ,592

with593

S(v) = −εfeq(v) [g(v) + g′′(v) + (log feq)
′(v)g′(v)] .594

For the RC-scheme, one has595

feq(v) = fκ(v) = cκ

(
1 +

v2

2κ

)−κ

, (log feq)
′(v) = − v

1 + v2

2κ

,596

whereas for the GS-scheme, one has597

feq(v) = fκ,a(v) = cκ

(
1 +

v2

2κ

)−κ

e−av2/2, (log feq)
′(v) = − v

1 + v2

2κ

− av.598

599

Having proven the convergence of both of our spectral schemes, let us come600

back now again to the comparison of our spectral methods with the standard finite-601

difference scheme, in particular let us investigate whether the spectral schemes have602

an advantage with respect to standard finite-difference methods. Naturally, increasing603
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Fig. 9. Error curves ||fref(t⋆, ·)− fnum(t⋆, ·)||L2
v
for t⋆ = 2 with RC-scheme (left, κ = 3) and

GS-scheme (right, κ = 31). The reference sol. (FD-scheme) is discretized via Crank-Nicolson.
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Fig. 10. Error curves ||fex(t⋆, ·)− fnum(t⋆, ·)||L2
v
for t⋆ = 2 with RC-scheme (left, κ = 3) and

GS-scheme (right, κ = 31). Here fex denotes the manufactured solution (5.4) of the forced Fokker-
Planck eq. (5.1), and fnum the spectral sol. discretized either via implicit Euler or Crank-Nicolson.

the truncation domain via vmax, the number of grid points Nv or the truncation index604

NRC/GS shrinks the error, but also increases the simulation time. To compare the605

computational times of the three different methods, we performed several simulations606

for different sets of parameters, fixing a large final time t⋆ = 10. In Table 2 we collect607

the errors obtained (with respect to the manufactured exact solution of (5.5)) in mass,608

indicated by Em, the total error ||fex(t⋆, ·)−fnum(t⋆, ·)||L2
v
indicated simply by Ef , as609

well as the computation times. One observes that in long-time regimes, the RC- and610

the GS-spectral methods clearly take the overhand over standard FD-methods. At611

shorter times however, the most advantageous method for both κ-values remains the612

FD-scheme, due to the fact that, in the initial layer the spectral schemes require (in613

order to be precise) many expansion terms, leading thus to longer simulation times.614

Table 2
Simulation times for the FD-scheme, RC- and GS-scheme (impl. Euler discretization), at

instant t⋆ = 10 and several sets of parameters. The discretization step is fixed at ∆t = 0.01.

t⋆ = 10 Param. Em Ef time Param. Em Ef time

FD(κ = 3) Nv = 100 1.12 · 10−4 6.96 · 10−3 23.7 Nv = 250 1.26 · 10−4 1.07 · 10−3 104.9

RC (κ = 3) NRC = 8 9.35 · 10−11 4.65 · 10−7 0.094 NRC = 10 9.35 · 10−11 5.14 · 10−7 0.109

FD(κ = 31) Nv = 100 4.16 · 10−14 9.17 · 10−3 19.7 Nv = 250 6.66 · 10−15 1.43 · 10−3 87.0

GS (κ = 31) NGS = 6 4.44 · 10−16 4.32 · 10−10 0.203 NGS = 8 3.33 · 10−16 4.87 · 10−10 0.313
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Let us finish our comparison studies, by investigating some physical and mathe-
matical properties of our spectral solutions. Firstly, let us remark that the mass com-
putation is very precise (machine accuracy) with the FD-scheme for large κ-values,
which comes from the fact that we have a more concentrated distribution function
(close to a Maxwellian), such that no mass is lost when truncating the domain. Com-
pare this with the conservation of mass property of the FD-scheme for small κ = 3
(see Fig. 3). The spectral schemes preserve the mass equally accurately for all sets
of parameters, a property that comes from our mass-computation procedure, synthe-
sized here. The mass is computed by integrating the spectral expansions over the
velocity space, i.e. n = ⟨f⟩, with

⟨fRC⟩ =
ÑRC∑
k=0

a2k(t) ⟨Θ2k⟩ , ⟨fGS⟩ =
NGS∑
k=0

αk(t) ⟨pk fκ,a⟩ ,

where we recall firstly that

⟨pk fκ,a⟩ = (pk, p0)fκ,a
= γ0 δk,0 ⇒ ⟨fGS⟩ = α0(t) γ0 .

and secondly

Θ2k = C2k Υκ = C2k
(cκ/

√
2κ)1/2

(1 + v2

2κ )
κ+1
2

= (cκ
√
2κ)1/2 C2k

1

(1 + v2

2κ )
κ−1
2

σκ ,

which, for κ = 3 and with (3.7), yields

⟨fRC⟩ =
√
cκ

√
2κ

ÑRC∑
k=0

a2k(t)

2
[(C2k, C0)σκ − (C2k, C2)σκ ] =

√
cκ

√
2κ

π

2

(
a0 −

a2
2

)
.

Secondly, the convergence of the solution towards the equilibrium is illustrated in615

Fig. 11 for both schemes. The log− log scale curve corresponding to the error in the616

RC-scheme is matching again very well with a function of the type g(t) = (a+ b t)−q,617

whereas the error curve corresponding to the GS-scheme is matching very well with618

a function of the type E(t) = c − λ t, permitting to underline the algebraic (RC) or619

exponential (GS) time-decay, however the decay rates are better than expected from620

the mathematical Theorems 2.3 and 2.4, as explained earlier in Section 5.1.621

Interesting is also to investigate how the spectral coefficients, namely a2k(t) for622

the RC-method and αk(t) for the GS-scheme, behave in time as well as with respect to623

the index k. The time-dependence of the first coefficients is plotted on Fig. 12. One624

observes that for the RC-scheme only two coefficients survive in the asymptotic limit625

t → ∞, namely a0(t) →t→∞ 0.4626 and a2(t) →t→∞ −0.4567, which is consistent626

with the fact, that we took κ = 3. The GS-scheme requires in the asymptotic limit627

t→ ∞ only the first coefficient α0(t) →t→∞ 1.000525. To reduce complexity, it could628

be a good idea to adapt the number of used coefficients as time goes on, meaning use629

a large number of expansion terms in the initial time layer, whereas use fewer and630

fewer terms as the solution approaches the equilibrium. Such an adaptive strategy has631

been used in [9] by one of the authors. The magnitude of the different coefficients at632

a fixed instant t⋆ = 0.2; 2; 10 is illustrated in Fig. 13 in semi-log scale. These plots633

permit us to see how many coefficients are needed at different time instants in the634

simulation, as well as to evaluate the decay of the coefficients with respect to the index635

k, the rate seeming to be exponential, with the particularity that the RC-coefficients636
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scheme, κ = 3. Right: GS-scheme, κ = 31. Furthermore, we took NRC = NGS = 10.

oscillate additionally.637

638

To conclude, the FD-scheme is relatively easy to implement, but inferior in ac-639

curacy and simulation time in the long-time regime, as compared to our spectral640

methods. The RC-scheme is very efficient (accurate + rapid) for small κ-values641

and long-time simulations, while the GS-scheme is very efficient for large κ-values642

and long-time simulations. In the limit κ → ∞ the GS-scheme converts into the643

well-known Hermite spectral scheme, used for standard Fokker-Planck equations with644

Maxwellian equilibria.645

6. Concluding remarks and perspectives. Let us conclude this paper by
summarizing what was achieved in this work and what remains still to be done in
future works. The main part of this work was concerned with the design of two
efficient spectral schemes for the resolution of a specific Fokker-Planck equation, whose
stationary states are given by κ-distributions, which are (thermal) non-equilibrium
distributions and describe the energetic particle population in a fusion plasma gas
or in space plasmas. At the heart of spectral methods is the fact that any smooth
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function f(v) can be expanded in the form

f(v) =

∞∑
k=0

αk φk(v) , ∀v ∈ R ,

where {φk}k∈N are global basis functions. An efficient scheme (accurate, stable and646

rapid) is achieved when the basis functions are adequately chosen. We presented in647

this paper two different polynomial basis sets for the resolution of the energetic Fokker-648

Planck equation, and compare these schemes with a standard finite-difference scheme.649

Our conclusion is that spectral schemes (if well-designed) are superior in performance650

than local methods (FD), when long-time simulations are performed. For short-time651

simulations, standard FD-schemes are unbeatable. However, exponential accuracy is652

achieved for spectral schemes only when the basis functions are adapted to the specific653

problem, lacking such imperative can have a drastic impact on the convergence rate.654

In a future work we shall come closer to the physical reality, by including the diffusion655

coefficientD(v) in the Fokker-Planck operator, as well as introducing a transport term656

(coupling with Poisson equation). Addressing the transport part is not so difficult,657

splitting techniques permit to separate the transport part from the collisional part658

treated in the present paper. However, considering a velocity-dependent diffusion659

coefficient D(v) is more intricate and the here presented spectral schemes have to be660

adapted to the new, more physical problem.661
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