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Foreword

These lecture notes summarize a succession of works of the author (with excep-
tion of the last chapter) dealing with the numerical resolution of the linear respectively
non-linear Schrödinger equation, arising in different physical contexts. In particular
the author is interested in the construction as well as mathematical and numerical
study of multi-scale schemes, as for ex. Asymptotic-Preserving schemes, for the resolu-
tion of the Schrödinger equation in several regimes, as the semi-classical regime. The
lectures are based on articles, which were chosen to illustrate different techniques in
the design of efficient numerical schemes for singular perturbation problems. How-
ever, the here developped techniques can also be applied for various other singular
perturbation problems.

The author would like to thank here her co-authors for the fruitful collaboration
during the preparation of all the here cited articles, in particular R. Adami, A. Arnold,

N. Ben Abdallah, R. Carlone, R. Figari, M. Hauray. Furthermore, the author is espe-
cially thankful to L. Barletti, for helpful discussions and suggestions as well as having
corrected the introductory part of this work.
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INTRODUCTION

The central theme of this course deals with the presentation of several numerical schemes
for the discretization of the linear/non-linear Schrödinger equation occurring in vari-
ous application fields.

The non-linear Schrödinger equation (NLSE) furnishes a general model permit-
ting to describe, briefly speaking, a large class of wave propagation phenomena in
non-linear media, more precisely it provides a description of the envelope dynamics of
waves in a weakly non-linear dispersive medium, when dissipative processes are negli-
gible. In particular, the Schrödinger equation involves a dynamical balance between a
linear dispersion or spreading (generated by the Laplacian term ∆ψ) and a non-linear
(focusing or defocusing) self-interaction of the wave (generated by the non-linear term
α|ψ|σψ). This equation (in its several forms) arises in apparently rather different fields
of application, such as quantum mechanics, nanotechnology, nonlinear optics, hydro-
dynamics, plasma physics, biology and so on. As it permits to capture the physics of
some interesting and stimulating non-linear phenomena and incorporates some spe-
cific mathematical and numerical difficulties and curiosities, the Schrödinger equa-
tion has had and still has more than its share of attention in the scientific community.
All this shall be specified in a few words in this introduction and we shall pick up in
the next chapters some typical applications of the Schrödinger equation to examine
its distinguishing behaviours. But firstly, let us concisely overview the fields where the
non-linear Schödinger equation occurs. I will give here only some examples, the list
being really not exhaustive, and I will leave the most important example, which is the
quantum mechanics, for the end.
Let us mention at this point, that the physical domains where the Schrödinger equa-
tion occurs, can be divided into two categories. In the first category enter the problems
which manifest some kind of quantum behaviour, as for example interference effects,
such that the most appropriate model for their description is the Schrödinger equa-
tion, which is the fundamental model of quantum mechanics. In the second category
can be put the problems (classical), whose complex description requires some simpli-
fications for a sketchy investigation and for which the Schrödinger equation offers an
uninvolved approach. However one cannot justify rigorously in this latter cases the
use of the Schrödinger equation from first principles, as for example from a micro-
scopic quantum description. The Schödinger equation can be seen in this case as a
sort of phenomenological model.

1



2 CHAPTER 0. INTRODUCTION

Non-linear optics [10, 49]
The field of non-linear optics is an active area of research since several years, with some
important applications in communication systems, high power laser technology, op-
tical tomography, fiber-optic sensor devices and so on. Optical fibers, made of pure
glass, as well as optical amplifiers are used as waveguides to transmit light-waves (sig-
nals) over large distances without losses and attenuation (see Fig. 1). To model non-
linear phenomena in fiber optics, it is necessary to consider the field of electromag-
netic wave propagation in dispersive media, the wave-propagation being governed by
Maxwell’s equations. These equations provide a general framework to study the non-
linear effects in optical fibers, however, because of their complexity, it is often nec-
essary to make some simplifying approximations, which lead finally to the nonlinear
equation

i∂z A+β∂t t A− iαA+γ|A|2 A = 0 , α , β , γ ∈R , (1)

which coincides with the non-linear Schrödinger equation (NLSE) for α = 0. The fo-
cusing case corresponds to βγ> 0, otherwise we are in the defocusing case. This equa-
tion describes the evolution of the (slowly varying) pulse-envelope A(t , z) of a mono-
chromatic plane-wave electric field E (t ,r) = ℜ

[
A(t , z)e i(k0 z−ω0t)

]
, where z is here the

longitudinal propagation direction, t the time and k0 resp. ω0 represent the pilot wave-
number resp. the frequency of the plane-wave. The term iαA includes the effects of
the fiber losses, β∂t t A the chromatic dispersion and γ|A|2 A represents the fiber non-
linearity. In fiber optics, the soliton solutions of (1) (with α= 0) are essential solutions,
as they represent traveling wave-pulses with a remarkable stability, due to the balance
between two forces: the linear dispersive force and the nonlinear, focusing force. This
inbuilt stability property enables in principle solitons to travel over rather long dis-
tances without changes, such that they can be used to carry information in communi-
cation systems.
It is meaningful to remark here that in this case, the NLSE is only an approximate, sim-
plified model for the investigation of nonlinear phenomena in fiber optics, and cannot
be rigorously justified from microscopic models.

Figure 1: Optical fibers and lasers

Hydrodynamics [59, 76, 77]
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Waves of extremely large size (giant or rogue waves, height over 10 m) are essentially
non-linear objects. These deep-water waves are very steep and high and can appear
right away from a relatively calm sea (see Fig. 2), due to the non-linear Benjamin-Feir
instability and wave focusing; important damage can be caused consequently on ships
and oil platforms. The dynamics of such surface gravity waves is usually described by
the Navier-Stokes equations (or Euler equations under some suitable approximations
and assumptions). Due to their complexity, it could be however advantageous to find a
simpler approximation model, in order to investigate some particular features of these
waves. In this context, the nonlinear Schödinger equation of focusing type

i∂t A+α∂xx A+β|A|2 A = 0 , α , β ∈R , (2)

provides a good description of the envelope dynamics of these surface giant waves.
The function A(t , x) represents the complex wave envelope, connected to the surface
elevation η(t , x) via the formula

η(t , x) =ℜ
[

A(t , x)e i(k0x−ω0 t)
]

, (t , x) ∈R
+×R ,

with k0 the wave-number, ω0 the frequency of the carrier wave, and the coefficients

given by α = ω0

8k2
0

, β = ω0 k2
0

2 . The Schrödinger equation is in this case just the first term

in a hierarchy of envelope equations, describing such surface waves. It is clear however
that such giant non-linear wave phenomena cannot be correctly modeled in terms of
only envelope equations, but this description gives some valuable information about
the formation of such waves, in particular it contains the two basic ingredients of sur-
face dynamics: non-linearity and dispersion. One particular class of solutions of (2),
so-called “breather”-type solutions, are considered as prototypes of rogue waves in
oceans.
As in the case of non-linear optics, we would like to observe here again that the use of
the NLSE cannot be justified in this field from microscopic quantum principles.

Figure 2: Rogue waves and their big distructive power

Plasma physics [32, 79, 81, 85]
Fusion plasmas are an inherently non-linear medium and far from being in thermody-
namical equilibrium, due to the high temperatures needed to maintain the plasma. A
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certain amount of energy is thus stored in a plasma, under different forms, which may
be converted one into another through violent, non-linear phenomena, for example
instabilities, turbulences. Several types of non-linear waves develop hence in a fusion
plasma, as a manifestation of such abundant dynamical processes, even waves which
cannot be found in other media as neutral gases. To mention an archetype of such
waves, one can cite the Langmuir waves (electrostatic electron waves), where the en-
ergy is converted or oscillating between the kinetic particle energy and the electric field
energy. These waves correspond to rapid oscillations of the electron density around a
perturbed equilibrium state, thus also called electron plasma waves. At the basis of
the description of Langmuir waves are the fluid equations (continuity and momentum
equations, coupled to Poisson equation), however, the simplest model for the descrip-
tion of the propagation of the low frequency Langmuir wave-envelope is the NLSE for
the electric field E (t , x)

i∂t E +
v 2

th

2ωpe
∆E +

ωpeǫ0

8 kB Te
|E |2 E = 0 , E =−∇φ , (3)

where vth is the electron thermal velocity, Te the electron temperature, ωpe the elec-
tron plasma frequency (related to the Langmuir oscillations), ǫ0 the permitivity of vac-
uum and kB the Boltzmann constant.

Another typical specimen of plasma waves are the Alfvén waves (electromagnetic
ion waves), where the converted energy forms are the kinetic particle energy and the
magnetic field energy (see Fig. 3). Using the MHD model (Magneto-Hydrodynamics),
it is possible to describe the propagation of these low frequency electromagnetic modes
in a plasma. But, as for the former waves, due to the considerable complexity of the
multi-dimensional MHD equations, an approximate, simpler model for their partial
description is provided by the NLSE, which is similar to (3), with the electric field E

replaced by the magnetic field B(t , x) and other constants, depicting the evolution of
the magnetic-field envelope-function, propagating in the medium.

Figure 3: Creation of an Alfvén wave, propagating between two levels of the solar at-
mosphere
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To bring up finally a third example, let us mention the zonal flow, which is an
important phenomenon in fusion plasmas and consists in a E ×B sheared flow, pro-
duced by toroidally and poloidally symmetric fluctuations of the electrostatic poten-
tial. Due to its shearing property, it attenuates turbulence in fusion plasmas and thus
enforces its confinement, permitting to increase the reactor operation time. One pos-
sibility to generate zonal flows is by means of the drift-wave instability. Drift-waves are
low frequency electrostatic ion waves, which are set into motion through a pressure
gradient perpendicular to the external magnetic field. Drift-waves are described via
the Hasegawa-Mima equations, which, under suitable assumtions, can be simplified
to obtain again the Nonlinear Schrödinger equation, for the description of the slowly-
varying drift-wave envelope.

Biology [69–71]
The cubic NLSE furnishes also an approximate description of various pulse-propagation
phenomena in biological systems. In Bioenergetics for example, the question is how
cells generate and transfer their supply energy. In this context the NLSE gives a sim-
plified model for the α-Helix protein dynamics. In Neuroscience, the NLSE describes
the electric pulse propagation, or simply the electrical activity, in nerve cells (neurons),
permitting thus the investigation and understanding of the brain functioning. In Car-
diology the NLSE serves as a model for the description of a traveling pulse, representing
for example a heartbeat, or simply the propagation of an excitation in the human heart.
Standard (classical) models for the description of the spatial propagation of potential
pulses along nerve-systems are the Hodgkin-Huxley or the FitzHugh-Nagumo mod-
els, the NLSE however furnishes a simplified model for the description of the envelope
propagation of the wave-front only and has the form

i∂t u +∂xx u −2|u|2 u +Φ(t , x,u)u = 0 ,

where u(t , x) represents the action potential response of cells/neurons and Φ is a given
(potential) function.
To understand better the relation between neurons and electricity, let us bring up here
some words for clarity. The brain and the central nervous system control the organs
via two distinct mechanisms: the hormonal system (which releases chemicals into the
bloodstream, influencing thus particular organs) and the nervous system (which works
via the very fast transmission of electrochemical pulses down specific paths between
the brain and the organs). These pathways are called nerves and are constituted of
thousands of neurons. A typical neuron (cell) can be seen in Fig. 4. The electric activity
in nerve cells, as well as in heart muscle cells (myocyte), is generated by means of a
simple mechanism, in particular via the motion of sodium ions (Na+) and potassium
ions (K +) across the cell membranes (see Fig. 4). The imbalance in ion concentration
(between the surrounding medium and the interiour of the axon) generates then the
so-called action potential, which is then propagated as a wavefront down the axon.

Quantum mechanics
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Figure 4: Left: A neuron. Right: Ions crossing the membran through protein pores (ion
channels) and creating hence the action potential.

Let us come now to the main applications of this course. At the heart of quantum
mechanics stands the Schödinger equation, describing the particles as waves (particle-
wave dualism) propagating through space and time. The manner in which the Schrödinger
equation describes the behaviour of the particles is very different from the correspond-
ing description in classical mechanics. In classical mechanics a particle is character-
ized by its position x ∈ R

3, which evolves in time t ∈ R
+. The thus obtained trajectory

of a classical particle x(t ) obeys Newton’s law

m ẍ(t ) = F (t , x, ẋ) , t ∈R
+ , (4)

with F a force term (gravitational force, electromagnetic force, etc). In quantum me-
chanics, a particle has no longer a well-defined trajectory x(t ). Instead, each particle is
considered as a wave, in particular it is described by means of a wave-function ψ(t , x),
where |ψ(t , x)|2 d x represents the probability of finding the particle at time t in the
space-volume d x around x. The equation which describes the evolution of this wave-
function is the Schrödinger equation, which is the quantum analogue of Newton’s laws
(4). For a single particle of mass m, moving in a given external potential V this linear
Schrödinger equation reads

iħ∂tψ=− ħ2

2m
∆ψ+eV ψ , (t , x) ∈R

+×R
3 , (5)

where ħ is the rescaled Planck constant and e the particle elementary charge. The

Hamilton operator H :=− ħ2

2m
∆+eV is the observable of the total energy of the quantum-
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mechanical particle, consisting of a kinetic energy operator (free Hamiltonian H0 :=
− ħ2

2m
∆) and a potential energy operator. The wave-function ψ(t , x) contains all the

necessary information to determine completely the state of a physical system. In par-
ticular, the macroscopic quantities, so-called observables, are then calculated via this
wave-function, for example the density of the (single) particle n(t , x) and the current
density j (t , x) are given by

n(t , x) := |ψ(t , x)|2 , j (t , x) := ħ
m

ℑ(ψ(t , x)∇ψ(t , x)) .

If the potential is created selfconsistently, the Schrödinger equation (5) has to be cou-
pled with the Poisson equation

−∆V = n(t , x) , (t , x) ∈R
+×R

3 .

The statistical interpretation of the wave-function ψ(t , x) introduces however a sort of
indeterminacy into quantum mechanics, which is different from the completely de-
termined classical picture, where the exact position and momentum of a particle are
entirely known by the initial conditions. In quantum mechanics you have only a sta-
tistical information about the position and momentum of the particle. In fact, Heisen-
berg’s uncertainty principle

∆x∆p ≥ħ/2 ,

where ∆x and ∆p are the uncertainties in space and momentum, gives a theoretical
limitation on the accuracy of a simultaneous measurement of the position and mo-
mentum of a particle, or other pairs of observables with operators which do not com-
mute (time and energy for example). It is a fundamental principle, which has nothing
to do with technical imperfections of the measurement apparatus. One can remark
now that the Planck constant is a fundamental parameter which enables to pass from
the quantum-mechanical picture to the classical picture, as ħ→ 0. This simply means
that the limitation predicted by Heisenberg’s principle is not remarkable at the macro-
scopic level, where ħ≪ 1 meaning that ħ is small with respect to other variables. The
limit ħ→ 0 is the so-called “semi-classical” limit and is related to the high-frequency
limit of the Schrödinger equation. In reality one has ħ= 10−34 J s.
In this sense, the Schrödinger equation is an appropriate model to describe physical
phenomena which exhibit some sort of quantum behaviour with no classical explana-
tions. Such typical quantum effects, are for example:

• Energy-level quantization, visible for ex. in low-dimensional systems;

• Tunneling through a thin insulating region (RTDs, MOSFETs);

• Interference effects between two different wave-packets (electron paths);

• Quantum Hall effects, which are Landau levels formed via a high magnetic field;

• Superconductivity in hetero-structures, obtained by phase-coherent effects.
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This course will be mainly concerned with the following three applications:

Particle transport in nanoscale semiconductor devices [66–68]
Semiconductor devices are today’s most essential components in electronic indus-
try. Some examples of such devices are photodiodes, laserdiodes, resonant-tunneling
diodes (RTD), field-effect transistors (MOSFET) etc, generally employed as detectors,
amplifiers, modulators, electronic switches and so on. The increasing need of new re-
liable devices, which are more functional, less energy-consuming and high speed, re-
quires a better comprehension of the multitude of physical phenomena arising in such
structures. One of the reasons for the great success of semi-conductor devices is their
very small, nano-scale size, allowing higher electron mobilities. At this nano-metric
scales, quantum effects start to play an important role, such that the most appropriate
model to describe the electron transport is a fully quantum, ballistic model, based on
the Schrödinger equation.
Chapter 2 will be concerned with an application in this field, namely the modeling of
the electron transport through a RTD (Resonant Tunelling Diode) via stationary, one-
particle Schrödinger equations. Despite their simple structures, RTDs are still inten-
sively studied because they constitute a good prototype for electron-wave tests, which
permit to investigate several manifestations of quantum transport in semi-conductor
structures. Besides, RTDs enable to proceed to study more complex and advanced
quantum systems, such as for example MOSFET-transistors, and have potential appli-
cations in very high-speed devices and circuits. For all these reasons, we shall con-
centrate in Chapter 2 on an RTD-example to treat numerically highly oscillating, linear
and stationary Schrödinger equations with an appropriate multi-scale scheme.

Quantum chemistry [28, 65]
One of the goals of quantum chemistry is to understand matter at its most fundamen-
tal level, for example by investigating the electronic structures of atoms and study thus
the properties of molecules, like stability, atom arrangements, magnetization, etc.
At the atomic level, the force governing the system is the Coulomb interaction force
(Coulomb potential V ) between the charged particles. The whole N-particle system
(electrons+nuclei) can then be described by means of the time-dependent, linear many-
body Schrödinger equation of the form

iħ∂tΨ(t , x, X ) =− ħ2

2m
∆xΨ− ħ2

2M
∆XΨ+V (x, X )Ψ , ∀(t , x, X ) ∈R

+× (R3)Ne × (R3)Nn ,

where Ψ(t , x, X ) is here the wave-function describing the evolution of the whole sys-
tem, consisting of Ne electrons, with mass m and positions xi ∈ R

3, and Nn nuclei,
with mass M and positions X j ∈ R

3. For many-particle system (N := Ne + Nn ≫ 1) a
numerical resolution of this equation is very expensive or even out of reach. Several
approximations can then be considered.
Let us mention here the Born-Oppenheimer approximation, which corresponds to as-
suming that the nuclei are much more heavier than the electrons, such that they are
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considered as stationary, forming a frozen charged background, while the electrons are
evolving. Doing so, the rapid electron dynamics is separated from the rest of the sys-
tem, and these electrons are governed by one Ne -body Schrödinger equation, which is
coupled to the nuclei dynamics via the interaction potential V .
The new electronic many-body problem can still be too expensive to be solved nu-
merically. This time, a different approximation can render the problem simpler. In
particular, the Hartree-Fock approximation corresponds to the approximation of the
Ne-body electron system by several (Ne ) single-particle Schrödinger equations, each
particle evolving now in an averaged (mean-field) potential, determined by the posi-
tion of the other particles. In this contexte, Chapter 3 will be concerned with the nu-
merical resolution of a two-body Schrödinger equation in the aim to better understand
the so-called decoherence phenomenon.

Condensed matter physics [24, 80]
The study of Bose-Einstein condensates (BEC) has become a very active research field,
first of all for its importance in basic research. A BEC is a macroscopic, purely quantum
mechanical phenomenon, being related to the way of how particles interact to each
other. In more details, a BEC consists of a macroscopic ensemble of atoms, confined in
a potential trap and occupying the same one-particle quantum-state (bosons). At very
small temperatures (beyond some critical temperature Tc ) the BEC is well-described
by a single-particle wave-function ψ(t , x) whose evolution is governed by the NLSE,
also called in this context “Gross-Pitaevskii” equation (GPE)

iħ∂tψ=− ħ2

2m
∆ψ+V ψ+γ |ψ|2 ψ , (t , x) ∈R

+×R
3 , γ ∈R .

This equation is a mean-field approximation of the many-body Schrödinger equation,
describing the collection of a multitude of interacting bosons. The study of a BEC is so
interesting, as after the cooling processes, the condensate acquires some special, typi-
cal quantum-mechanical properties, as for example the superfluidity or the creation of
vortices. These features have certain quantum mechanical pecularities (quantization
for vortices for example), which can be seen as a manifestation of quantum effects on
a macroscopic scale.
The BEC are also the object of intense studies, due to possible (future) applications,
as for example in precision measurement (replacing the lasers?), or in quantum infor-
mation processes (vortices as bits?). However, we are still far away from seeing clearly,
what for BEC can be used. Chapter 5 shall present a numerical scheme for an efficient
resolution of a one-dimensional Gross-Pitaevskii equation, suitable for this context.

Mathematical and numerical particularities [30, 31, 93]
The nonlinear Schrödinger equation (NLSE) belongs to the family of nonlinear disper-
sive equations of Hamiltonian type, such as the Sine-Gordon, the Klein-Gordon equa-
tions, the KdV equations, the Gross-Pitaevskii equation and so on. It can take slightly
different forms, however all these forms share common characteristics, as for example
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the conservation of mass, energy and other specific features. In particular, the fol-
lowing mathematical questions are crucial in the study of the nonlinear Schrödinger
equation as well as more generally in the study of nonlinear wave phenomena, and
raised a lot of interest in the last years:

• well-posedness: existence/uniqueness results as well as stability criteria for so-
lutions (blow up); IST-methods;

• conservation of several macroscopic quantities (mass/energy);

• study of solitons, which are particular solutions of the NLSE emerging due to a
balance between the nonlinearity and the dispersion property;

• study of the semi-classical regimes (asymptotic analysis) as ħ→ 0; quantum-to-
classical transition;

• study of the many-body asymptotics (Born-Oppenheimer, Hartree-Fock, mean-
field limits).

Special attention is paid often to soliton solutions or simply solitons, which are local
traveling wave-structures with remarkable stability properties. Soliton-like behaviours
have been observed in fiber optics, water waves, biological systems etc, which explains
somehow the appearance of the Schrödinger equation as a model in all the above men-
tioned fields.

One of the goals of a numerical scientist is to develop efficient as well as pre-
cise numerical schemes (accurate, not time- and not memory-consuming) for the dis-
cretization of a given mathematical problem, arising from the modeling of a physical/
biological/chemical phenomenon. The numerical simulation is an important tool, ad-
ditional to the theoretical study, for getting deep insight into a given problem, for ex-
ample understanding better a certain phenomenon, as an instability or turbulences
etc. Furthermore simulations have many advantages as compared to experiments, for
example the advantage of being secure, design-flexible, having controllable environ-
ments, high reproducibility, high efficiency when thinking of the cost-benefit ratio.
However, experiments will always be needed, in order to validate the mathematical
models and the numerical schemes.

It is usually a big challenge to develop numerical schemes which balance well the
two rather contradictory requirements of "efficiency" and "precision". Usually one has
to make a compromise between these two quantities, meaning that one has to avoid
unnecessary computations to be performant, however trying at the same time to attain
the required accuracy. Another difficulty in the numerical science is the treatment of
multi-scale problems. Multi-scale problems arise very often in nature, and are charac-
terized by the fact that the solution contains multiple dynamics or behaviours, which
have to be captured in an adequate manner by the scheme without so much numeri-
cal effort. We shall go into more details on multi-scale problems and their numerical
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treatment in the next chapter. For the moment, let us only mention here the typical
numerical difficulties one encounters when dealing with the numerical resolution of
the (non-linear) Schödinger equation in one of the above mentioned applications:

• the high dimensionality of the problems (many-body problems);

• the balance or competition between dispersive effects and non-linearity (soliton
solutions);

• the occurrence of highly oscillating wave-functions (semi-classical limit);

• the numerical preservation of various properties (mass/energy conservation);

• the prescription of appropriate boundary conditions (avoiding spurious, non-
physical effects).

I OUTLINE

The present work is a review of several numerical schemes (in particular multi-
scale and Asymptotic-Preserving schemes), constructed for the resolution of the lin-
ear/ non-linear Schödinger equation in different contexts or applications. Inevitably,
the choice of the model problems is related to the author’s knowledge and to the con-
cept of providing the reader with the most important features of multi-scale and AP-
schemes. Such schemes are not specific for the here presented equations, but can
be designed for several other singularly perturbed problems, that admit asymptotic
regimes.

An overview of the subject of this manuscript is:

• Chapter 1 introduces the concept of multi-scale problems and numerical schemes;

• Chapter 2 deals with the stationary, linear Schödinger equation in the semi-classical
regime; the concerned application is the simulation of the electron transport in
a RTD;

• Chapter 3 discusses the time-dependent, linear Schödinger equation in an anisotropic
two-dynamics or two-body framework; aim is to study the so-called "decoherence-
effect";

• Chapter 4 considers a time-dependent Schrödinger equation with Delta-Dirac
point interactions to describe the so-called "beating-effect" in an ammonia molecule;

• Chapter 5 deals finally with the cubic non-linear Schödinger equation, applied
to the modeling of BECs.





CHAPTER 1

MULTI-SCALE PROBLEMS

Before embarking on a detailed description of numerical schemes for the linear/non-
linear Schrödinger equation, it may be useful to take a wider look at the so-called multi-
scale problems, which are at the basis of all the mathematical problems investigated in
the sequel.

Multi-scale problems arise very often in nature. When we say that a problem is
multi-scale, we broadly mean that it involves phenomena at disparate spatial and/or
temporal scales, spanning over several orders of magnitude. More importantly, these
phenomena all play key roles in the problem, so that we cannot correctly model the
problem under study without explicitly accounting for all these different scales.

To mention only some examples, we can think of fluid dynamics, which is a
broad field, emerging in aeronautics, medicine, biology, meteorology, electronics, as-
trophysics etc and which is characterized by the existence of several length and tempo-
ral scales, ranging over a wide spectrum. Indeed, turbulent flows (high Reynolds num-
bers flows) can be defined as multi-scale, dynamic and chaotic phenomena, where
vortices of various sizes appear chaotically. Multiple scales exist also in laminar flows
(low Reynolds numbers), for example in the occurrence of boundary layers at the inter-
face with a wall. Furthermore, in shear flows (laminar or turbulent) a big discrepancy
exists between the "diffusive" length scale across the flow and the "convective" length
scale along the flow, discrepancy which leads to interesting approximations as well as
difficulties in numerics.

Biological systems involve also a large variety of spatial as well as temporal scales.
Looking upon from the lowest to the highest scales, we can mention at the atomic/mole-
cular level the DNA-processes (described via quantum mechanics and evolving on
time-scales of approx. 10−6 s), at the cellular scale one has the metabolism-processes
(10−3 − 100 s), at the tissue scale the cell-migration and cell-division (100 − 103 s), at
the organ-scale the familiar heart-beating, breathing, the neuronal signaling processes
(100−106 s) and finally at the macroscopic level, the population dynamics, social inter-
actions and epidemics (103 −109 s). In Fig. 1.1 one can get a look at the different scales
present in biological systems, as for example the human body.

13



Figure 1.1: Different time and space scales in biological systems

Plasma dynamics reveals on its turn a vast range of time and space scales. In-
deed, magnetism creates anisotropy, which means that the properties of the plasma
are rather different when considered in the parallel or in the transverse direction with
respect to the magnetic field lines. This anisotropy contributes, jointly with other phe-
nomena, to the multi-scale dynamics of the plasma. As an example, concerning the
temporary scales, one can pass from the fast electron plasma frequency ωp , to the fast
Larmor gyromotionωc , further to the collisional frequencies νi ,e and finally to the con-
finement time τE , as observed in Fig. 1.2. Concerning the spatial scales, it ranges from
the small Debye length λD , to the electron Larmor radius ρe , further to the mean free
path of the particles and finally to the spacial extent of the tokamak L.

In chemistry, the chemical reactions can take seconds or hours, while the vibra-
tions of atoms and molecules occurs in femto-seconds. In wave-mechanics, propa-
gation of wave-packets contains short wave-lengths (corresponding to the underlying
fast plane-wave modes) and the slowly-varying scale of the envelope-evolution. A mul-
titude of other problems in nature exhibit multi-scale behaviours, which can be rather
different in character. One can divide these problems in two categories. On one hand
we have problems which exhibit local singularities, like for example boundary or in-
ternal layers, shocks, dislocations and so on. On the other hand we have problems,
where microscopic and macroscopic scales coexist in the whole domain, as for exam-
ple porous media flows, turbulent flows, highly oscillating problems etc. A general,
unified treatment of all these problems is impossible, such that a lot of techniques
have been developed in literature, each one being adapted to a particular situation.

14
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Kinetic models
Fluid models

Hybrid models

τpe τce τpi τci τa τcs τei

Lρe ρi

τa : Alfen wave period

τcs : Ion sound period

τei : Electr-ion collision time

τpe,pi : Inv. electr./ion plasma freq.

τce,ci : Electr./ion cyclotron period

λD : Debye length

ρe,i : Electr./ion Larmor radius

c : sound speed

δe δi

δe,i = c/ωpe,pi : Electr./ion skin depth

ωpe,pi : Electr./ion plasma frequency

λD

Figure 1.2: Different time and space scales occurring in a fusion plasma

I SINGLE-SCALE AND MULTI-SCALE APPROACHES

When several scales occur in a physical problem, it is no more adequate to use
the so-called "traditional approaches" which describe the phenomenon on a single
scale. Describing the problem on a microscopic level is physically very accurate, how-
ever from a computational point of view unfeasible. Using a macroscopic description,
which means a model which uses explicit equations for the macroscopic scale, elimi-
nating the other scales, is also inappropriate. Indeed, this procedure uses often empir-
ical closures for the elimination/description of the microscopic scales, that are not jus-
tified nor well understood, as for example the viscosity tensor terms in turbulent flows.
In all these cases, one has to proceed to multi-scale modeling, for example using dif-
ferent models, which describe the various phenomena on their different scales; and all
this by taking care to achieve a balance between accuracy of the numerical results and
efficiency of the numerical method. Briefly, the main goal of multiscale techniques is
to design microscopic-macroscopic numerical methods, which are more efficient than
solving the full microscopic model and at the same time furnish the desired accuracy.

To be more precise, suppose we are interested in the evolution of a macroscopic
quantity, say U , but we do not have an explicit macroscopic model for the description
of U , which is valid everywhere. This can be either because we lack the constitutive
relation or because the macroscopic model is invalid due to the presence of localized
singularities for example. However, we dispose of a microscopic model, describing the
dynamics of a microscopic quantity u, which is related to U by a relation F (u) =U . Our
goal is to accurately approximate the variable U , using a macroscopic grid, in order to
be efficient from a computational point of view. A standard method would require to
use a fine grid, in order to resolve the small scales of the problem, obtaining thus u,

15
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and computing then the correct macroscopic solution via the function F (·). However,
this is usually a computationally phenomenal and unfeasible work. And moreover, for
most engineering purposes, it is even unnecessary to know all the details of u. Engi-
neers are often contented with accurate time-averaged properties of the flow, as the
averaged velocities, pressures etc.

Multi-scale methods were thus introduced in literature, based on different ideas,
however with the same aim, which is to capture the macroscopic evolution, using
the necessary/required microscopic information, without however having to resolve
in detail the microscopic behaviour. Some analytical techniques to cope with multi-
scale problems are for example the “matched asymptotics method”, used for problems
which undergo rapid variations in localized regions, or the “homogenization methods”,
employed in the case of problems with oscillating coefficients and based on asymptotic
expansions. Among the numerical approaches can be counted the multigrid methods
and the adaptive mesh refinements, which are efficient techniques for the resolution of
the small-scale behaviour of the solution. Furthermore, domain decomposition meth-
ods aim to couple different mathematical descriptions, corresponding to different re-
gions of the domain, where the physics is distinct. And finally, multiscale finite element
methods employ basis functions, which incorporate the small-scale information, per-
mitting thus the use of coarse grids. For a detailed description of all these methods, we
refer to the textbooks [40, 50, 62] as well as all the references therein.

To summarize briefly the advantages of multi-scale techniques, let us mention
here, that for the fine-scale scientist, a multi-scale approach allows to study much
larger systems or longer times, than could be studied using the fine-scale model. For
the coarse-scale scientist, the multi-scale model is viewed as a way to establish the
constitutive laws of the problem from first principles, or at least from the coarse-scale
alone.

II ASYMPTOTIC-PRESERVING SCHEMES

The solutions of singularly perturbed problems reveal a typical multiscale char-
acter, and their numerical resolution presents some major difficulties. Singular pertur-
bation problems are mathematical problems characterized by the occurrence of one or
several small parameters, denoted in this section by 0 < ε≪ 1, and where mathemat-
ical as well as numerical difficulties arise due to a change in type of the equation as
ε→ 0. The solutions of a singularly perturbed problem show a non-uniform behaviour
as the parameter tends to zero, for instance the character of the limiting solution is dif-
ferent in nature from that of the solutions for finite values of ε > 0. Examples of such
singularly perturbed problems are viscous flows with large Reynolds numbers, con-
vective heat transport with large Peclet numbers, low Mach number flows, diffusive
relaxation in kinetic models and so on.
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Asymptotic-Preserving schemes are efficient procedures for solving singularly perturbed
problems, denoted here by Pε. The solution of Pε is supposed to converge, as the per-
turbation parameter tends to zero, towards the solution of a limit problem P 0, which
is a well-posed problem. However, the fact that the singular limit Pε →ε→0 P 0 leads to
a change in the type of the equation, explains somehow the difficulties encountered
when trying to solve Pε for too small ε-values. The use of standard numerical schemes
for the resolution of singularly perturbed problems requires, due to stability reasons,
very restrictive time and space dicretization step conditions, of the type ∆t ,∆x ∼ O (ε)
or ∆t ,∆x ∼O (ε2). This becomes rapidly too costly from a numerical point of view and
consequently a numerical asymptotic study and even numerical simulations for small
ε-values, are out of reach. Moreover, standard implicit schemes (even if computation-
ally heavy) may be uniformly stable for 0 < ε < 1, but yet provide a wrong solution
in the limit ε → 0, which means the scheme is not consistent with the limit problem
P 0. Thus the design of robust numerical methods for singularly perturbed problems,
whose accuracy does not depend on the parameter ε (hence on the local scales of the
singularity), allowing even to capture the limit ε→ 0, becomes an important task.

In order to tackle such problems, several methods were introduced in litera-
ture. One approach can be to solve directly the limit problem P 0 instead of Pε, if ε
is small. However, in some situations, the parameter ε can vary within the simulation
domain, making thus this approach unusable. Indeed, ε is the ratio of two character-
istic lengths, which can vary in space as well as in time. In this case, hybrid techniques
can be employed, solving Pε there where ε∼O (1) and P 0 where ε is rather small. Sev-
eral difficulties can be encountered with this approach, for example how to locate the
interface between Pε and P 0 and what type of interface conditions to use. Thus, this
approach can be difficult to implement in practice.

Asymptotic-Preserving schemes were introduced the first time by S. Jin [57] with
the aim to cope with such singularly perturbed problems, in particular in the frame-
work of kinetic models in a diffusive regime. The construction of these AP-schemes
necessitates the existence of a well-posed limit problem P 0, which has to be iden-
tified beforehand. The main feature of these schemes is that they permit a precise,
ε-independent, resolution of the problem Pε as well as of its limit problem P 0, with
no huge computational effort. The main idea for the construction of AP-schemes is
based on asymptotic arguments and consists in a mathematical reformulation of the
singularly perturbed problem Pε into an equivalent problem (AP )ε, which is a reg-
ular perturbation of the limit problem P 0. The equivalent reformulation of Pε into
(AP )ε is a sort of “reorganization” of the problem into a form which is better suited for
the numerical discretization, and permits to approach for ε → 0 the limit model in a
mathematically regular manner. The same numerical scheme is then used for the dis-
cretization of (AP )ε as well as for P 0, which means that they allow for an automatic
numerical transition from Pε to P 0. Remark that the AP-reformulation is by no means
unique, and several AP-schemes can be conceived/designed for the same problem. It
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is necessary to underline here that the asymptotic preserving techniques are not used
to derive a simplified “macroscopic” model, which is then solved numerically. Rather
the objective is to construct a numerical scheme, using asymptotic techniques, whose
solution does not deteriorate as the singular limit is approached.

To summarise, the essential properties of AP-schemes are (see diagram 1.3):

• for fixed ε > 0, the AP-scheme, denoted in this diagram Pε,h , is a consistent dis-
cretization of the continuous problem Pε, where h = (∆t ,∆x)

• the stability condition is independent of ε

• for fixed discretization parameters h = (∆t ,∆x), the AP-scheme Pε,h provides in
the limit ε→ 0 a consistent discretization of the limit problem P 0

Thus, the asymptotic-preserving approach consists somehow in trying to mimic on the
discrete level the asymptotic behaviour of the singularly perturbed problem solutions.
It is thus very important to have a full understanding of the solutions behaviour. Re-
mark that the AP-techniques have to be distinguished from the multiscale techniques,
as the former solve the micro-scales when the (spacial or/and temporal) mesh-sizes
resolve these scales and automatically switch to the macroscopic behaviour when the
mesh-sizes do not resolve the micro-scales. In other words, the AP-schemes catch the
numerical transition from microscopic to macroscopic scales, in some difficult situa-
tions as for singularly perturbed problems, however their primary focus is not to re-
duce the computational costs, as the multiscale methods do.

Pε,h Pε

P 0,h P 0

ε→
0

ε→
0

h → 0

h → 0

Figure 1.3: Properties of AP-schemes
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CHAPTER 2

STATIONARY SCHRÖDINGER EQUATION IN

THE SEMI-CLASSICAL LIMIT

Chapter based on the articles:
C. Negulescu 1

A. Arnold, N. Ben Abdallah, C. Negulescu 2

A. Arnold, C. Negulescu 3

Highly oscillating phenomena occur in several fields of application, as for example
quantum mechanics, electro-magnetics, fluid dynamics, acoustics, electrodynamics,
plasma transport, molecular dynamics and so on. The difficulty with high oscillations
becomes immediately visible if one attempts to produce accurate numerical results.
In principle, increasing the resolution of the computation by choosing finer and finer
grids, improves the precision of the results. However this procedure requires hugh
computational resources and long simulation times, which become rapidly unaccept-
able. An adequate treatment of such problems requires hence a multi-scale approach,
as will be seen in this chapter.

In the focus of this chapter stands the stationary linear Schrödinger equation in
the semi-classical regime

ε2ψ′′(x)+a(x)ψ(x) = 0 , x ∈R , (2.1)

where 0 < ε ≪ 1 is a very small parameter and a(x) a piecewise, sufficiently smooth
function. This equation describes the ballistic electron transport through nanoscale
devices like resonant tunnel diodes (RTD) or MOSFET transistors. The here introduced
multi-scale treatment of the problem is based on WKB-basis functions, permitting to
filter out the oscillations and transform the problem into a smoother one.

1"Numerical analysis of a multiscale finite element scheme for the resolution of the stationary
Schroedinger equation", Numerische Mathematik 108 (2008), no. 4, 625–652.

2“WKB-based schemes for the oscillatory 1D Schroedinger equation in the semi-classical limit”,
SINUM (SIAM J. on Numerical Analysis) 49 (2011), no. 4, 1436–1460.

3“Stationary Schrödinger equation in the semi-classical limit: numerical coupling of the oscillatory
and evanescent regions”, submitted.

19



I. THE MATHEMATICAL PROBLEM

I THE MATHEMATICAL PROBLEM

The application we are interested in here, stems from the electron transport in
nanoscale semiconductor devices. In a 1D model setting, which is appropriate for
RTDs or for the longitudinal dynamics in each transversal mode in MOSFETs, the gov-
erning equation is the stationary Schrödinger equation:





−ε2ψ′′(x)+V (x)ψ(x) = Eψ(x) , x ∈ (0,1) ,

εψ′(0)+ i
√

a(0)ψ(0) = 0 , if a(0) > 0 ,

εψ′(0)−
√

|a(0)|ψ(0) = 0 , if a(0) < 0 ,

εψ′(1)− i
√

a(1)ψ(1) =−2i
√

a(1) .

a(x) := E −V (x) , (2.2)

This equation describes the state of an electron that is injected with the prescribed en-
ergy E > 0 from the right lead into an electronic device, modelled on the interval [0,1].
The corresponding (complex valued) wave function is denoted by ψ(x), where |ψ(x)|2
is related to the spatial probability density of the electron.
The boundary conditions in (2.2) are the so called open or transparent boundary condi-

tions, permitting an electron wave to enter or leave the device without reflections [63].
For this we assumed that the given electrostatic potential V is constant outside the
device. To allow for an injection at x = 1, we have to require that a(1) > 0. In fact,
E > V (x) characterises the oscillatory, classically allowed regime, whereas E < V (x)
characterises the evanescent, classically forbidden regime. Fig. 2.1 sketches a tunnel-
ing structure similar to the one we shall consider, including both regimes.

X

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-0.5

0

0.5

1

1.5

2

2.5

3

3.5

E

V(x)

Re(ψ)

Figure 2.1: Tunnelling structure with injection of a plane wave from the right (x = 1). Red curve:

piecewise linear potential V (x) with applied bias. Blue curve: ℜ(ψ(x)), real part of the wave function that

is partly transmitted, but mainly reflected in this example; ε = 0.01. Green line: energy of the injected

plane wave with E < maxV (x).
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LIMIT

The goal of this chapter is to introduce a numerical method coupling the oscil-
latory and evanescent regimes of our device via WKB-ansatz functions for both situa-
tions. On the one hand, for a(x) > 0, the solution is highly oscillatory, with the small
(local) wave length λ(x) = 2πεp

a(x)
. On the other hand, for a(x) < 0, the wave function ψ

is (essentially) exponentially de/increasing, typically exhibiting a thin boundary layer
with thickness of the order O

(
εp

|a(x)|
)
. A key aspect of this work is that a(x) takes both

signs, such that we have to cope with a classical multi-scale problem, combining dif-
ferent types of arduousnesses and multi-scale behaviours. Numerically, we aim at re-
covering these fine structures of the solution, without having to use a fine spatial grid.
For this we shall develop a (non-overlapping) domain decomposition method (DDM)
to separate the oscillatory and evanescent regions, as they require very different nu-
merical approaches.

In the oscillatory regime we shall use the marching scheme from [14], and in the
evanescent regime a FEM like in [?]. In the first case, the key idea is to eliminate an-
alytically the dominant oscillations of the solution to (2.1). The transformed problem
then has a much smoother solution, in the sense that the amplitude of the residual
oscillations is much smaller than in the original problem – often by many orders of
magnitude. Hence, the new problem can be solved numerically on a coarse grid, still
yielding a very accurate approximation. In the evanescent regime, the key idea of the
WKB-FEM method is to use WKB-ansatz functions (of exponential type), rather than
the standard polynomials. The strategy is the same as in the oscillatory region: filter
out the boundary layers via well-chosen basis functions. Since WKB-basis functions
are asymptotic solutions to (2.1) (as ε → 0), this method is very accurate on coarse
grids.

For the solvability of the model (2.2), the following simple result holds:

Proposition 1. [15] Let a ∈ L∞(0,1) with a(0) 6= 0 and a(1) > 0.4 Then the boundary

value problem (2.2) has a unique solution ψ ∈W 2,∞(0,1) ,→C 1[0,1].

Let us remark finally that turning points (zeros of the function a) are excluded
in our analysis, so that we shall concentrate on devices with abrupt jumps in a. The
reason for this is that the WKB-approximation presented below is not valid at turning
points.

The WKB-technique

Both parts of the hybrid numerical method we shall introduce in §III are based on
WKB functions. Hence, let us first review the well-known WKB-approximation (cf. [60])

4Here and in the sequel, a(0) and a(1) are not meant as the point values of the function a (which
would not be defined for an L∞–function), but rather as the const. pot. in the left and right leads.
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for the singularly perturbed ODE (2.1). In the standard approach, for the oscillatory
regime (i.e. a > 0), the WKB-ansatz

ψ(x) ∼ exp

(
1

ε

∞∑

p=0
εpφp (x)

)
, (2.3)

is inserted in (2.1) and after comparison of the εp -terms, leads to

φ0(x) = ±i
∫x

0

√
a(y) d y+const . ,

φ1(x) = ln a(x)−1/4 +const . , (2.4)

φ2(x) = ∓i
∫x

0
β(y)d y+const . , β :=− 1

2|a|1/4
(|a|−1/4)′′ .

Truncating the ansatz (2.3) after p = 0, 1, or 2, yields the asymptotic approximation
ψ(x) ≈Cϕos

p (x), with the following oscillatory WKB-functions:

ϕos
0 (x) = exp

(
± ı

ε

∫x

0

√
a(y)d y

)
,

ϕos
1 (x) =

exp
(
± ı

ε

∫x
0

√
a(y) d y

)

4
p

a(x)
, (2.5)

ϕos
2 (x) =

exp
(
± ı

ε

∫x
0

[√
a(y)−ε2β(y)

]
d y

)

4
p

a(x)
.

Proceeding analogously for the evanescent regime (i.e. a < 0) yields the following
evanescent WKB-functions (of the three lowest orders in ε):

ϕev
0 (x) = exp

(
±1

ε

∫x

0

√
|a(y)|d y

)
,

ϕev
1 (x) =

exp
(
±1

ε

∫x
0

√
|a(y)|d y

)

4
p
|a(x)|

, (2.6)

ϕev
2 (x) =

exp
(
±1

ε

∫x
0

[√
|a(y)|+ε2β(y)

]
d y

)

4
p
|a(x)|

.

In the hybrid numerical method analysed in §III we shall use the first order WKB
ansatz functionsϕev

1 for the FEM in the evanescent region. And in the oscillatory region
we shall use the second order WKB functions ϕos

2 to transform (2.1) into a smoother
problem that can be solved accurately and efficiently on a coarse grid. The choice
of a first order WKB-method in the evanescent region is due to the reduction of the
complexity of the numerical scheme. Furthermore the choice of a second order WKB-
method in the oscillatory region is done in order to use the results from [14]. Anyhow,
our hybrid method is second order with respect to h and asymptotically accurate with
respect to ε. More accurate methods can naturally be developped by working more
and choosing ϕev

2 as FEM-basis functions.
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LIMIT

II DOMAIN DECOMPOSITION OF THE SCHRÖDINGER

BOUNDARY VALUE PROBLEM

Let us now consider the Schrödinger BVP (2.2) with a given coefficient function
a(x) as illustrated in Figure 2.2: It consists of three regimes, two oscillatory regions
at the interval boundaries and an evanescent region in the middle. Since we exclude
turning points here, a is assumed to have jump discontinuities (and sign changes) at
the interfaces x = xc and x = xd , satisfying:

Hypothesis a1 Let a ∈ L∞(0,1) with a
∣∣

(xc ,xd ) < 0, a
∣∣

(0,xc )∪(xd ,1) > 0, a(0) > 0, and

a(1) > 0.

x

V (x)

E

sol ve

a(x) > 0 a(x) < 0 a(x) > 00 xc xd 1

1 2 3

ψ(x) =βζ(x) ψ(x) =αχ(x) ψ(x) =αϕ(x)

Figure 2.2: Tunnelling structure: While electrons are injected from the right boundary with energy E ,

the decomposed problem has to be solved from left to right (as an IVP–BVP–IVP). a(x) := E −V (x).

Following the basic idea from [14] we shall solve the BVP (2.2) as an IVP-BVP-IVP
problem in the opposite direction of the injection direction, i.e. starting at x = 0. In
contrast to [14], (2.2) includes the evanescent region (2), cf. Fig. 2.2, which still has to
be formulated as a BVP. For efficiency reasons it would be more intersting to solve the
whole problem as an IVP, by using the marching method. However, the solution in the
evanescent region is a linear combination of exponentially in/decreasing functions.
Stability reasons impose then the solution of a BVP in that region. This leads to the
following domain decomposition and coupling for the auxiliary wave functions ζ, χ, ϕ:
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PROBLEM

Step 1 – IVP for ζ in region (1):





ε2ζ′′(x)+a(x)ζ(x) = 0 , x ∈ (0, xc ) ,

ζ(0) = 1 , (auxiliary Dirichlet BC)

εζ′(0) =−i
√

a(0) . (due to the left BC in (2.2))

(2.7)

Step 2 – BVP for χ in region (2):





ε2χ′′(x)+a(x)χ(x) = 0 , x ∈ (xc , xd ) ,

ζ′(xc )χ(xc )−ζ(xc )χ′(xc ) = 0 , (Robin BC for χ implies continuity of
ψ′

ψ at xc )

εχ′(xd ) = 1 . (auxiliary Neumann BC)
(2.8)

Step 3 – IVP for ϕ in region (3):





ε2ϕ′′(x)+a(x)ϕ(x) = 0 , x ∈ (xd ,1) ,

ϕ(xd ) =χ(xd ) , (implies continuity of ψ at xd )

ϕ′(xd ) =χ′(xd ) . (implies continuity of ψ′ at xd )

(2.9)

Step 4 – scaling of the auxiliary wave functions:

ψ(x) :=





βζ(x) , x ∈ (0, xc ) ,

αχ(x) , x ∈ (xc , xd ) ,

αϕ(x) , x ∈ (xd ,1) ,

(2.10)

with the scaling parameters α, β ∈C still to be defined.

This procedure can be explained as follows: First we note that the BCs of (2.7)
imply εζ′(0)+ i

p
a(0)ζ(0) = 0, just as in the left BC of the BVP (2.2). Hence, the IVP (2.7)

coincides on region (1) with the BVP (2.2), except for the auxiliary Dirichlet BC ζ(0) = 1.
The true solution of (2.2) satisfies instead ψ(0) = β with some a-priori unknown β ∈
C. Hence, the auxiliary wave function ζ is related to ψ by the scaling ψ

∣∣
[0,xc ] = βζ, as

postulated in the first line of (2.10). Clearly, this implies
ψ′

ψ = ζ′

ζ on [0, xc ]. In the above

Step 2, the Robin BC allows to carry over this relation to region (2):
ψ′

ψ
= χ′

χ
, and the

auxiliary wave function χ is related to ψ by the scaling ψ
∣∣

[xc ,xd ] = αχ, with some α ∈ C

to be determined. The initial conditions for the auxiliary wave function ϕ in Step 3
imply C 1–continuity of ψ when using again the scaling ψ

∣∣
[xd ,1] =αϕ.
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So far, the wave function ψ defined in (2.10) neither satisfies continuity at xc nor
the right BC from (2.2). Therefore we define the scaling parameters α, β ∈C via

α [εϕ′(1)− i
√

a(1)ϕ(1)] =−2i
√

a(1) , (due to the right BC in (2.2)) (2.11)

βζ(xc ) =αχ(xc ) . (implies continuity of ψ at xc ) (2.12)

Remark 2. The key aspect of the above algorithm is to prescribe in the BVP (2.8) the

continuity of
ζ′

ζ to
χ′

χ at xc . Note that this continuity is invariant under the scaling

(2.10). Hence it is inherited by
ψ′

ψ , implying (with the continuity of ψ) the required C 1–

continuity of ψ. The simpler alternative to prescribe in (2.8) continuity of ζ to χ would

typically be paired with a discontinuity of ζ′ toχ′ at x = xc (as a result of solving the BVP).

Then, the scaling of (2.10) would lead to an unwanted discontinuity of ψ′ at x = xc .

Lemma 3. Let Hypothesis a1 be satisfied. Then:

(i) The IVPs (2.7), resp. (2.9) admit∀ε> 0 unique solutions ζ∈W 2,∞(0, xc ) ⊂C 1[0, xc ],
resp. ϕ ∈W 2,∞(xd ,1)⊂C 1[xd ,1].

(ii) The BVP (2.8) has ∀ε> 0 a unique solution χ ∈W 2,∞(xc , xd ) ⊂C 1[xc , xd ].

(iii) The scaling parameters α, β ∈C\ {0} are well-defined by (2.11), (2.12).

Proof. Part (i) is straightforward. For (ii), let us first consider the IVP (2.7). Its unique
solution ζ has the property: ζ(xc ) and ζ′(xc ) are linearly independent over R. Other-
wise, the backward IVP (starting at xc ) would yield “final values” ζ(0) and ζ′(0) that are
linearly dependent over R, which is in contradiction with the initial condition in (2.7).

To solve the BVP (2.8), let χ1, χ2 be a (real valued) basis of solutions for that
Schrödinger equation on (xc , xd ), with

χ1(xc ) = 1 , χ′
1(xc ) = 0 ,

χ2(xc ) = 0 , χ′
2(xc ) = 1 .

Setting χ = c1χ1 + c2χ2 with some c1, c2 ∈ C, the BCs of (2.8) give rise to the following
linear equation: (

ζ′(xc ) −ζ(xc )
εχ′

1(xd ) εχ′
2(xd )

) (
c1

c2

)
=

(
0
1

)
. (2.13)

The determinant of this system satisfies ε[ζ′(xc )χ′
2(xd )+ζ(xc )χ′

1(xd )] 6= 0, since χ′
1,2(xd )

∈R, but ζ(xc ) and ζ′(xc ) are linearly independent over R. Hence, (2.13) is uniquely solv-
able for c1, c2, thus providing the unique solution to (2.8).

For part (iii) we shall first argue that (2.11) yields a well-defined α ∈ C \ {0}. For this,
prove that εϕ′(1) 6= i

p
a(1)ϕ(1), using the quantum mechanical current of model (2.2):

j (x) := εℑ[ψ̄(x)ψ′(x)] . (2.14)
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Assume now that εϕ′(1)= i
p

a(1)ϕ(1). Then, (2.10) implies on the one hand

j (1) = ε|α|2 ℑ[ϕ̄(1)ϕ′(1)] = |α|2
√

a(1) |ϕ(1)|2 ≥ 0 . (2.15)

But, on the other hand, (2.7) yields

j (0) = ε|β|2ℑ[ζ̄(0)ζ′(0)] =−|β|2
√

a(0) |ζ(0)|2 ≤ 0 .

Since the current in a stationary quantum model is constant in x, this implies j ≡ 0.
Since a(1) > 0 and α 6= 0 (otherwise ψ(1) =ψ′(1) = 0 would contradict the BC at x = 1
in (2.2)), (2.15) shows that ϕ(1) = 0, and hence –by our assumption– ϕ′(1) = 0. But this
leads to a contradiction in the BC at x = 1 in (2.2). Hence, (2.11) yields indeed a unique
α ∈C\ {0}.

Finally, (2.12) yields a well-defined β ∈ C since ζ(xc ) and ζ′(xc ) are linearly inde-
pendent over R. Moreover, β 6= 0 since χ(xc ) = c1 6= 0 (otherwise the first line of (2.13)
would also yield c2 = 0).

The above lemma shows that the domain decomposition algorithm (2.7)-(2.12)
yields a unique function ψ that is piecewise in W 2,∞ and piecewise (on the three re-
gions) a solution to the Schrödinger equation (2.2). Moreover, one has the proposition:

Proposition 4. Let Hypothesis a1 be satisfied. Then the function ψ obtained from (2.7)-

(2.12) belongs to W 2,∞(0,1) and is the unique solution of (2.2) (as guaranteed by Propo-

sition 1).

Proof. The matching conditions in (2.8) and (2.12) imply C 1–continuity of ψ at xc , and
the initial conditions in (2.9) imply C 1–continuity of ψ at xd . Hence, ψ ∈ C 1[0,1], and
this proves the claim.

III HYBRID WKB-METHOD AND ERROR ESTIMATES

Let us now present the hybrid WKB-method we developed and give the corre-
sponding error-estimate.

Variational formulation and FEM for the evanescent region BVP

We start by introducing the variational formulation of the evanescent region problem
(2.8), on which the FEM shall be based. As pointed out previously, we consider in the
current work only situations with an abrupt potential jump, avoiding turning points,
such that we shall suppose:
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Hypothesis a2 Let V ∈W 2,∞(xc , xd ), 0 < ε< 1 be arbitrary and E > 0 satisfy

0 < τev ≤−a(x) :=V (x)−E ≤ Mev , ∀x ∈ (xc , xd ) .

We are now searching for a weak solution of (2.8) in the Hilbert space

V := H1(xc , xd ) , (χ,θ)V := (χ,θ)L2(xc ,xd ) +ε2(χ′,θ′)L2(xc ,xd ) .

This ε–dependent norm gives rise to the following weighted Sobolev embedding, where
the Gagliardo-Nirenberg inequality for bounded domains is used in the first estimate:

ε‖χ‖2
C [xc ,xd ] ≤ C‖χ‖L2(xc ,xd )

(
ε‖χ′‖L2(xc ,xd )

)
+Cε‖χ‖2

L2(xc ,xd )

≤ C
(
‖χ‖2

L2(xc ,xd ) +ε2‖χ′‖2
L2(xc ,xd )

)
=C‖χ‖2

V
.

(2.16)

The variational formulation reads now: Find χ ∈ V , solution of

b(χ,θ) = L(θ) , ∀θ ∈ V , (2.17)

with the sesquilinear form b : V ×V →C and the antilinear form L : V →C defined as

b(χ,θ) := ε2
∫xd

xc

χ′(x)θ
′
(x)d x −

∫xd

xc

a(x)χ(x)θ(x)d x +ε
√

|a(xc )|χ(xc )θ(xc ) , ∀χ,θ ∈ V

L(θ) := εθ(xd ) , ∀θ ∈ V .
(2.18)

The BVP (2.8) is a standard elliptic problem, meaning that the forms b(·, ·) and L(·) are
continuous and b(·, ·) is coercive, i.e. there exists a constant C > 0 independent of ε,
such that for all χ,θ ∈ V one has

|b(χ,θ)| ≤C ‖χ‖V ‖θ‖V , |L(θ)| ≤C
p
ε‖θ‖V , b(θ,θ) ≥ min{1,τev }‖θ‖2

V
.

The Lax-Milgram theorem implies then for each ε> 0 the existence and uniqueness of
a weak solution χ ∈ V of (2.17).

The multi-scale WKB-FEM method we shall use for an efficient resolution of the
evanescent region problem (2.8) is now based on (2.17) as well as on a specific choice
of WKB-basis functions from (2.6), in particular ϕev

1 . In more detail, the Hilbert space
V will be approximated by an appropriate finite-dimensional Hilbert space Vh ⊂ V ,
spanned by well chosen basis functions, and the continuous problem (2.17) will be
approximated by the following discrete problem: Find χh ∈ Vh, solution of

b(χh ,θh) = L(θh) , ∀θh ∈ Vh . (2.19)

To introduce the finite-dimensional space Vh , let us partition the interval [xc , xd ] into
xc = x1 < x2 < ·· · < xN = xd and denote the mesh size by hn := xn+1 − xn as well as
h := maxn=1,··· ,N−1{hn}. The appropriate Hilbert space Vh is then defined as

Vh :=
{
θh ∈ V

∣∣∣ θh(x) =
N∑

n=1
zn ζn(x) , zn ∈C

}
,
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with the WKB-hat functions defined as

ζn(x) :=





vn−1(x) , x ∈ [xn−1, xn] ,

wn(x) , x ∈ [xn , xn+1] ,

0 , otherwise.

(2.20)

Here we used the notation

wn(x) :=αn(x) qn(x) ; vn(x) :=βn(x) qn+1(x) ,

αn(x) :=−sinhσn+1(x)

sinhγn
; βn(x) := sinhσn(x)

sinhγn
,

σn(x) := 1

ε

∫x

xn

√
|a(y)|d y ; γn := 1

ε

∫xn+1

xn

√
|a(y)|d y ,

qn(x) := (V (xn)−E )1/4

(V (x)−E )1/4
.

(2.21)

To summarize, the FEM for the evanescent region BVP (2.8) corresponds to the
formulae (2.19)-(2.21).

IVP and marching method for the oscillatory region (2.9)

In this subsection we shall first investigate the IVP (2.9) on the continuous level, in
particular rewrite it in vectorial form, via a non-standard transformation that is appro-
priate for the subsequent numerical WKB-marching method. For the next analysis let
us make the following assumptions on the potential:

Hypothesis a3 Let V ∈C 5[xd ,1] and E > 0 satisfy the bounds

0< τos ≤ a(x) := E −V (x) ≤ Mos , ∀x ∈ [xd ,1] .

Following [14] it is convenient to pass from the second-order differential equa-
tion to a system of first-order, introducing the following notation for ϕ(x) on [xd ,1]:

U (x) =
(

u1

u2

)
:=

(
a1/4ϕ(x)
ε(a1/4ϕ)′(x)p

a(x)

)
=

(
a1/4ϕ(x)

ε
(

1
4 a−5/4a′ϕ+a−1/4ϕ′)(x)

)
. (2.22)

The norm of U is equivalent to the norm of the vector (ϕ, εϕ′)⊤. Indeed, the transfor-
mation matrix between these two vectors reads

A(x) :=
(

a1/4(x) 0
ε
4 a−5/4(x)a′(x) a−1/4(x)

)
i.e. U (x) = A(x)

(
ϕ

εϕ′

)
, (2.23)

where the matrix A and its inverse are bounded, uniformly w.r.t. x and ε.
Let ϕex ∈ W 2,∞(xd ,1) be the exact solution of (2.9) as guaranteed by Lemma 3. In the
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above vector notation it will be denoted by Uex (x) or simply U (x), and it is the unique
solution to 




U ′(x) =
[

1

ε
A0(x)+εA1(x)

]
U (x) , xd < x < 1 ,

U (xd ) = A(xd+) (χex (xd ),1)⊤ ,
(2.24)

with the two matrices

A0(x) :=
√

a(x)

(
0 1
−1 0

)
; A1(x) :=

(
0 0

2β(x) 0

)
.

Here, β = − 1
2a1/4 (a−1/4)′′ was already defined in (2.4), and the matrix elements a(xd+)

resp. a′(xd+) of A(xd+) denote the right-sided limit of a resp. a′ at the jump disconti-
nuity xd .

Let us now come to the discretization of the IVP (2.24). Following [14] the numer-
ical method consists of two parts, first an analytic transformation of (2.24) into a less
oscillatory problem, and second the discretization of the smooth problem on a coarse
grid in an ε-uniform manner. The analytic WKB-transformation reviewed here is re-
lated to using oscillatory WKB-functions of second order, ϕos

2 (x) (see (2.5)).

Part 1 – analytic transformation: The starting point is the vectorial IVP (2.24). The vec-

tor function U ∈C
2 is then transformed to the new unknown Z ∈C

2 by introducing

Z (x) =
(

z1

z2

)
:= exp

(
− i

ε
Φ

ε(x)

)
P U (x) , ∀x ∈ [xd ,1] ,

with the matrices

P := 1
p

2

(
i 1
1 i

)
; Φ

ε(x) :=
(
φε(x) 0

0 −φε(x)

)
,

and the (real valued) phase function

φε(x) :=
∫x

xd

(√
a(y)−ε2β(y)

)
d y . (2.25)

This change of unknown leads to the smooth ODE-system





d Z

d x
= εNεZ , xd < x < 1 ,

Z (xd ) := P Uex(xd ) .
(2.26)

Here, the 2×2–matrix function

Nε(x) :=β(x) exp(− i

ε
Φ

ε)

(
0 1
1 0

)
exp(

i

ε
Φ

ε) =β(x)

(
0 e− 2i

ε φε(x)

e
2i
ε φε(x) 0

)
,
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is off-diagonal and bounded independently on ε, which is the main advantage as com-
pared to (2.24). This finishes the analytical transformation, and the goal of the second
part is to provide an ε-uniform discretization of (2.26) that is second order w.r.t. the
mesh size.

Part 2 – numerical discretization: First we partition the interval [xd ,1] into xd = xN <
xN+1 < ·· · < xM = 1. As in §III.1 we denote the mesh size by hn := xn+1 − xn as well as
h := maxn=1,··· ,M−1{hn}.

Given the initial condition ZN := P UN ∈C
2 and UN :=Uex(xd ) ∈C

2, the marching
scheme for the resolution of (2.26) reads as follows (see [14]):

Zn+1 = (I + A1
n + A2

n) Zn , n = N , ..., M −1 , (2.27)

with the 2×2–matrices

A1
n :=

−iε2




0 β0(xn)e− 2i
ε φ(xn ) −β0(xn+1)e− 2i

ε φ(xn+1)

β0(xn+1)e
2i
ε φ(xn+1) −β0(xn)e

2i
ε φ(xn ) 0




+ε3




0 β1(xn+1)e− 2i
ε φ(xn+1) −β1(xn)e− 2i

ε φ(xn )

β1(xn+1)e
2i
ε φ(xn+1) −β1(xn)e

2i
ε φ(xn ) 0




+iε4β2(xn+1)




0 −e− 2i
ε φ(xn )H1(−2

ε
Sn)

e
2i
ε φ(xn )H1( 2

εSn) 0




−ε5β3(xn+1)




0 e− 2i
ε φ(xn )H2(−2

εSn)

e
2i
ε φ(xn )H2( 2

εSn) 0


 ,

A2
n := −iε3(xn+1 −xn)

β(xn+1)β0(xn+1)+β(xn)β0(xn)

2

(
1 0
0 −1

)

−ε4β0(xn)β0(xn+1)




H1(−2

ε
Sn) 0

0 H1(
2

ε
Sn)




+iε5β1(xn+1)[β0(xn)−β0(xn+1)]




H2(−2

ε
Sn) 0

0 −H2(
2

ε
Sn)


 .

Here we used the notation

β0(y) := β

2(
p

a −ε2β)
(y) ; βk+1(y) := 1

2φ′(y)

dβk

d y
(y) , k = 0, 1, 2,
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H1(η) := e iη−1 , H2(η) := e iη−1− iη ,

and the discrete phase increments

Sn :=φ(xn+1)−φ(xn) =
∫xn+1

xn

(√
a(y)−ε2β(y)

)
d y .

Remark that for notational reasons we omitted in the aforementioned description of
the scheme the ε-index. Furthermore we assumed that the two functions φ and β (the
latter involving the derivatives a′, a′′) are explicitly “available”. Alternatively, φ, a′ and
a′′ could be approximated numerically. Note that the marching procedure (2.27) is
obtained by combining the truncation of a Picard iteration (explicit formula for Z (x))
with the discretization of highly oscillating integrals via IPP.

Finally we have to transform back to the U -solution vector via

Un = P−1 e
i
εΦ

ε(xn ) Zn , n = N +1, ..., M . (2.28)

This concludes the presentation of the WKB-marching algorithm, which corresponds
to (2.27)-(2.28).

Convergence results for the overall hybrid WKB method

The following error-estimate result for our WKB-hybrid scheme is the main result of
the paper [15] and will be only cited here.

Theorem 5. (Convergence WKB-hybrid) Let Hypotheses a2 and a3 be satisfied and let

the phase φε be explicitly calculable via (2.25). Then ψh , the numerical solution to the

hybrid scheme (2.19)-(2.21); (2.27)-(2.28) satisfies the following error estimates, as com-

pared to the exact solution ψex of the DDM (2.7)-(2.12):

‖ẽh‖∞ ≤C
p

h min{ε3/2,h3/2} , ε‖ẽ ′
h‖∞ ≤Cε

p
h min{

p
ε,
p

h} , (2.29)

with the notation ẽh(x) :=ψex (x)−ψh (x) for the evanescent region; , ẽh,n := ψex (xn)−
ψh,n and ẽ ′

h,n :=ψ′
ex (xn)−ψ′

h,n for the oscillatory region, and finally

‖ẽh‖∞ := max{‖ẽh‖L∞(xc ,xd ) ; max
n=N ,...,M

|ẽh,n |}.

Remark 6. As one can observe from the estimate (2.29), our hybrid-method is second

order in h and asymptotically correct for ε→ 0.

IV NUMERICAL TESTS OF THE HYBRID WKB-METHOD

The aim of this section is to present the numerical results obtained with the WKB-
coupling scheme and to compare these results with the error analysis established in
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Section III.3. In particular, we present the results for 3 zones (oscillating-evanescent-
oscillating) corresponding to the flow of electrons through a tunnelling structure simi-
lar to the one in Fig. 2.1, with a piecewise linear and, respectively, piecewise quadratic
potential V (x), chosen such that the phase φε(x) is explicitly calculable. The reason
for such a choice is to avoid having to care about an hγ

ε –error term appearing in the
marching method [14]. In this case, our scheme is an asymptotically correct scheme
for fixed h > 0 and ε→ 0.
Example 1: We start with the piecewise linear potential graphed in Fig. 2.1. Note the
small applied bias with V (0) = 0, V (1)= 0.2.

In Fig. 2.3 we plotted the numerical errors of the coupling method associated
to the wave function ψ (left plot) and to its derivative εψ′ (right plot), as functions of
the mesh size h (in log− log scale) and for three different ε-values. In the oscillating
regions we chose the second order method (2.27)-(2.28) and in the evanescent region
the FEM (2.19). The plotted errors are the L∞-errors between the numerical solution
on the whole interval [0,1] and a reference solution, computed with the same scheme
but on a finer grid of 218 points. It can be observed that the slopes in these two plots
are approximatively one (for h & 3 ·10−5) and improving to 1.5 for smaller values of h.
For ε= 0.1 the slope of the ψ–error even improves up to 2 for the smallest values of h.
This behaviour is in accordance with our numerical analysis in Theorem 5.

The ε-dependence seems to be like O (
p
ε) (for large values of ε), improving to

O (ε) (for small values of ε), and even O (ε3/2) (for small values of ε and large h). Sum-
marizing, the error of ψ shows to be of order O (min{h2,

p
εh3/2, εh, ε3/2

p
h}), which

corresponds exactly to the estimates given in Theorem 5. The error of εψ′ shows to
be of order O (min{

p
εh3/2, εh, ε3/2

p
h}), which is even slightly better than the estimate

from Theorem 5 (in the sense of including also an O (
p
εh3/2)–behaviour).
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Figure 2.3: Absolute error (in the L∞-norm and log− log scale) between the computed solution and

a reference solution (obtained with h = 2−18 ≈ 4 ·10−6), for a piecewise linear potential. Left: ||ψr e f −
ψnum ||∞. Right: ||εψ′

r e f
−εψ′

num ||∞.

We mention that the obtained numerical errors are mainly those introduced by
the WKB-FEM of the evanescent region. Indeed, in this evanescent region, the numer-
ical error of the WKB-FEM is larger than the one obtained from the second order WKB
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marching method of the oscillating region [14].

Example 2: Next we consider a piecewise quadratic potential given by

a(x) := c1(x +c2)2 , ∀x ∈ [0, xc ]∪ [xd ,1] ; a(x) :=−c1(x +c2)2 , ∀x ∈ (xc , xd ) ,

with xc = 0.5, xd = 0.5+2−5 = 0.53125 and

E = 1.5 , V1 =V (1)= 0.2 , c2 =−E +
√

E 2 −V1 E

V1
, c1 =

E

c2
2

.

The corresponding error plots are similar to those of Fig. 2.3 and are plotted as well as
commented in the paper [15].

Let us consider however in this case the condition number associated to solving
the discrete variational problem (2.19) in the (intermediate) evanescent region. In Fig.
2.4 we plot this condition number as a function of h, for three different values of ε. For
ε = 10−1, 10−2 it grows like O (h−2) when h → 0, and for ε = 10−3 it grows like O (h−1)
(on the shown interval of h-values). We remark that this behaviour is not a problem
in practice: For large ε, the solution ψex is not highly oscillatory and hence does not
need a high spatial resolution. For small values of ε, even a fine resolution would only
lead to moderate condition numbers. Indeed, one observes a decrease of the condi-
tion number when ε gets smaller. This important feature is somehow related to the
asymptotic-preserving property of the scheme.
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Figure 2.4: Condition number for the discrete BVP in Ex. 2, as a function of h, for three values of ε.

To summarize, these numerical tests show clearly that the WKB-hybrid method
presented in this chapter provides an accurate solution of the 1D Schrödinger equation
in the semi-classical regime, and this even on coarse grids, chosen independently on
the parameter ε (Planck constant). Hence the WKB-method is an asymptotic-preserving
scheme, fact which was also confirmed via a detailed numerical analysis in [15]. To
complete the scheme, one should next treat also turning point situations.
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CHAPTER 3

TWO-BODY SCHRÖDINGER EQUATION

MODELLING THE INTERACTION OF A

HEAVY PARTICLE WITH A LIGHT ONE.

Chapter based on the articles:
R. Adami, C. Negulescu 1

C. Negulescu 2

R. Adami, M. Hauray, C. Negulescu 3

Systems with multiple time scales are frequently encountered in molecular dy-
namics, chemistry, plasma physics, etc. One of the major problems in these fields is the
presence of both fast and slow processes in the problem. Small time steps have hence
to be chosen to have stable numerical methods and follow accuratly the rapid dynam-
ics, however this implies necessarly extremly large computational resources and has to
be avoided if possible. A multi-scale treatment can hence be of rescue.

In the centre of this chapter stands the linear, time-dependent two-body Schrö-
dinger equation, describing a quantum system (modelled by a heavy particle) interact-
ing with the surrounding environment (modelled by a light particle). The interaction of
a quantum system with the environment leads to the suppression of interference pat-
terns in the quantum system, which are typical quantum mechanical features. This su-
pression phenomenon is the so-called “quantum decoherence” and is nowadays con-
sidered as the key concept in the description of the transition from the quantum to the
classical world. Its study is the central problem of this chapter. Asymptotic techniques
are used to cope with the rather different dynamics of the heavy and light particles.

1"A numerical study of quantum decoherence", CiCP (Communications in Computational Physics)
12 (2012), no. 1, 85–108.

2"Numerical error analysis of a splitting method for the resolution of the anisotropic Schroedinger
equation", submitted.

3"Decoherence for a heavy particle interacting with a light one: new analysis and numerics", CMS
(Communications in Mathematical Sciences) 14 (2016), no. 5, 1373–1415.
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I THE MATHEMATICAL PROBLEM

Quantum decoherence is nowadays considered as the key concept in the de-
scription of the transition from the quantum to the classical world [23, 25, 27, 51, 52,
58, 75].

As it is well-known, the axioms of quantum mechanics allow superposition states,
namely, normalized sums of admissible wave functions are once more admissible wave
functions. It is then possible to construct non-localized states that lack a classical in-
terpretation, for instance, by summing two states localized far apart from each other.
The observable mark of such a quantum mechanical superposition state is the pres-
ence of interference fringes in the probability distribution associated to the state (see
e.g. [34]). We stress that this phenomenon does not have a classical explanation: clas-
sically, a probability distribution evolving freely in the phase space of a single particle
follows the free Liouville equation, so, by linearity, two colliding probability densities
sum up without creating an interference pattern.

Nonetheless, at human scale no interference is revealed, so the question arises,
on how does the interference pattern disappear. Such a phenomenon is called decoher-

ence and its explanation lies in the fact that macroscopic objects undergo a continuous
interaction with an external environment (such as air molecules, fields), which causes
the loss of the phase relations between the different states in the superposition. Thus,
the state of the system becomes a statistical mixture in which the quantum effects are
suppressed. In this sense, the system loses its quantum nature and then its state admits
a classical interpretation.

Understanding decoherence is important not only in the foundations of quan-
tum mechanics, but also in applied physics. For example, in quantum computation
(QC), electron spin resonance (ESR), and nuclear magnetic resonance (NMR) it is of
paramount importance to preserve the quantum behaviour, so decoherence is not de-
sired and efforts are made in order to avoid it [89, 95]. On the other hand, in quantum
interference effect transistors (QuIET) decoherence is exploited to control the quan-
tum current flow [92]. In such devices, decoherence acts like a switch to modulate the
current flow, the device being switched “off” in the completely coherent state and “on”
when interference disappears.

We remark that the transition from the quantum to the classical regime due to
decoherence is different from the semi-classical limit, where the classical behaviour is
recovered exploiting the smallness of Planck’s constant. Let us stress three main dif-
ferences to this regard: first, decoherence requires an open system, i.e. a system that
interacts with an environment; second, decoherence acts at the length-scale of the in-
terference pattern, whereas a typical semi-classical procedure consists in evaluating a
macroscopic observable on a fast oscillating probability distribution; third, decoher-
ence is a dynamical effect: it grows with time, whereas the semi-classical limit can be
performed in the stationary framework too. Furthermore, at least qualitatively, ħ plays
no role in the mechanism of decoherence: nevertheless, from a quantitative point of
view, in many models of physical relevance the time-scale of the decoherence owes its
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shortness to the smallness of ħ (see e.g. [75]).

Our aim in this chapter is to analyze the dynamics of a quantum system com-
posed of a heavy and a light particle, interacting with each other. We consider the heavy
particle as the “system”, and monitor the decoherence induced on it by the light one,
that plays the role of the “environment”. According to the axioms of non-relativistic
quantum mechanics, the evolution of the two-particle wave functionψε(t , X , x) is driven
by the time-dependent Schrödinger equation





i∂tψε = − 1

2M
∆Xψε−

1

2εM
∆xψε+

1+ε

ε
V (x −X )ψε, ∀(t , X , x) ∈R

+×R
2d ,

ψε(0, X , x) =ψ0
ε(X , x) ,

(3.1)
where we used units in which ħ = 1, M is the mass and X the spatial coordinate of the
heavy particle, while εM is the mass and x the spatial coordinate of the light one. So ε

is the ratio between the mass of the light particle and the mass of the heavy one, and
we study the regime ε≪ 1, which we call the small mass ratio regime.

The interaction is described by the potential 1+ε
ε

V ; the uncommon coupling con-
stant is chosen to be of order ε−1 so that even a single collision leaves an observable
mark on the heavy particle; furthermore, the factor 1+ ε hardly affects the dynamics
and simplifies some expressions. We shall always choose a factorized initial state, i.e.
ψ0

ε will be the product of functions depending only on the variable X and the variable
x, respectively, i.e.

ψ0
ε(X , x) = ϕ(X )[U0(−ε−γ)χ](x), (3.2)

where ϕ (heavy part.) and χ (light part.) are regular functions and γ ∈ (0,1). The pres-
ence of the free propagator U0(−ε−γ) in the definition of the initial state of the light
particle is useful to describe a situation in which the light particle comes from infinity
and reaches x = 0 in a time of order ε1−γ. Physically, this means that initially the two
particles are uncorrelated. We shall always assume that ψ0

ε, and consequently ψε(t ), is
normalized in L2(R2d ).

The numerical resolution of system (3.1) poses extremely challenging problems.
It is an example of a multi-scale problem, due to the small parameter 0 < ε≪ 1. The
light particle has a rapid dynamics (rapid dispersion), whereas the heavy one responds
on relatively long time scales. The decoherence effect, which is the phenomenon we
want to study, appears clearly in the limit ε→ 0, as explained in [5]. For very large ε-val-
ues, deformation-effects eclipse the desired decoherence effect. However, very small ε-
values lead to sever numerical problems. We are thus in a sort of dilemma: On the one
hand, for large ε-values we have precise, but uninteresting results (with deformation)
and on the other hand, very interesting decoherence results can be studied for 0 < ε≪
1, but much work and attention is needed to avoid numerical difficulties and to get
precise results. This leads naturally to the idea of an asymptotic study of the solution
as the parameter ε tends to zero, and this strategy will be adopted in the sequel.
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To simplify the following composition, let us fix at the beginning some notation.

• We denote the free Hamiltonian operator in L2(Rd ) by

H0 :=−1

2
∆, H0 : H2(Rd ) ⊂ L2(Rd ) → L2(Rd ) ,

which is self-adjoint in L2(Rd ) and generates the free Schrödinger propagator,
denoted in the following by U0(t ). At fixed t , U0(t ) acts as the convolution with
the integral kernel

U0(t , x) = 1

(2πi t )d/2
e i

|x|2
2t , x ∈R

d .

• Whenever a tensor product appears, the first factor refers to the heavy particle
or to its state, while the second refers to the light particle or to its state. The
convention applies to operators and wave functions. Given a wave function χX

for the light particle, where the coordinate X of the heavy particle enters as a
parameter, ϕ⊗χX will denote the wave function defined by

[ϕ⊗χX ](X , x) :=ϕ(X )χX (x).

• We denote by HV the Hamiltonian

HV :=−1

2
∆+V ,

where V is the multiplication by V (x). In all cases we consider, HV is self-adjoint,
and UV (t ) denotes the unitary group generated by HV , i.e.

UV (t ) := e−i HV t .

• We denote by S the scattering operator corresponding to the potential V , i.e.

SV := lim
t ,t ′→+∞

SV (t , t ′) , where SV (t , t ′) :=U0(−t ′)UV (t + t ′)U0(−t ), (3.3)

and the limit holds in the strong operator topology. In all cases we consider, SV

is well-defined, unitary and relates incoming and outgoing, scattered particles.

• Consider the self-adjoint Hamiltonian operator HV , its unitary group UV and the
related scattering operator SV . Then, the shifts by any X ∈ R

d , denoted respec-
tively by H X

V
, U X

V
and S X

V
, are also well-defined and share the properties of the

unshifted ones. More explicitly,

H X
V :=−1

2
∆+V (·−X ), U X

V (t ) := e−i H X
V t ,

S X
V := lim

t ,t ′→+∞
S X

V (t , t ′), where S X
V (t , t ′) := U0(−t ′)U X

V (t + t ′)U0(−t ).
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When no confusion is possible, we will forget the subscript V and use the short-
hand notation H ,S,U and H X ,U X ,S X .

• The two-particle free Hamiltonian operator and the Hamiltonian operator con-
taining the interaction among the two particles shall be denoted respectively by

H
f
ε :=−1

2
∆X − 1

2ε
∆x , Hε :=−1

2
∆X − 1

2ε
∆x +

1+ε

ε
V (|X −x|).

Both are unbounded self-adjoint operators on L2(R2d ). The associated unitary

groups will be represented respectively by U
f
ε (t ) and Uε(t ).

The unitary group generated by H
f
ε factorizes as

U
f
ε (t ) = U0(t )⊗U0(t/ε).

• The space of self-adjoint trace-class operators (see [82]) on L2(Rd ) or L2(R2d ) is
denoted by L

1 and the norm of a generic element ρ in that space is given by

‖ρ‖L 1 := Tr|ρ| , ∀ρ ∈L
1,

where Tr denotes the trace functional (see [82]). The subspace of the positive
elements of L

1 is denoted by L
1
+.

Asymptotic approximations

Let us now provide in this section an approximate solution to the problem (3.1)-(3.2),
valid in the regime ε≪ 1 and permitting considerable computational savings both in
memory and time, as compared to standard methods. The main idea of our asymptotic
approximation is based on the fact that the characteristic evolution time is of order one
for the heavy particle and of order ε for the light one, so the light particle diffuses al-
most instantaneously, while, during the interaction, the heavy particle hardly moves.
Thus, the main effect of the interaction on the heavy particle is the reduction of the
quantum interference among the two bumps. This, roughly speaking, is the content of
the celebrated Joos-Zeh’s heuristic formula (see e.g. formula (3.43) in [58]), which es-
tablishes that the state of the heavy particle has hardly changed, while the state of the
light particle is transformed by the action of a suitable scattering operator. We stress
that the small mass ratio hypothesis is the key aspect of this approximation.

In Theorem 7 the case of a pure state (i.e. a wave function) is considered, and we
give an approximate solution in which the evolution of the heavy particle is decoupled
from the evolution of the light one, provided that the initial state has been suitably
modified. In Theorem 10 we generalize the result to the case of a mixed state (i.e. a
density operator), in which the problem (3.1)-(3.2) is replaced by the operator differ-
ential equation (3.6). Theorem 10 provides an approximate density operator for the
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heavy particle whose dynamics is governed by a free evolution problem with modified
initial data. The modification of the initial data is given by the action of the collision
operator Iχ.

Theorem 7. [6] Let us assume suitable regularity conditions on the potential V as well

as on the initial wave-functions ϕ and χ. Furthermore, let ψε(t ) denote the solution

to (3.1)-(3.2) with M = 1; moreover let ψa
ε (t ) denote the solution to the free two-body

Schrödinger equation

{
i ∂tψ

a
ε =−1

2∆X ψ
a
ε − 1

2ε∆xψ
a
ε = H

f
ε ψ

a
ε

ψa
ε (0) =ϕ⊗U0(−ε−γ)S Xχ.

(3.4)

Then, the error introduced by approximating ψε by ψa
ε is estimated as

‖ψε(t )−ψa
ε (t )‖2 ≤C1

(
1+ε

ε
t −ε−γ,ε−γ

)
+C2ε+C3 ε

1−γ, (3.5)

with limτ,τ′→+∞C1(τ,τ′) = 0 and the constants C2,C3 > 0 dependent only on ϕ, χ and V .

This theorem states that for small ε-values, one can replace the resolution of the
two-body interacting Schrödinger system (3.1) by the free Schrödinger equation (3.4)
however with a modified initial condition, which contains now the whole information
about the heavy-light interaction. The light particle is instantaneously scattered by the
heavy particle, and this one evolves then freely, after this spontaneous interaction at
t = 0.

Let us now generalize Theorem 7 to the formalism of density operators. Such a
step is necessary in order to describe the dynamics of the heavy particle when interact-
ing with several light particles: indeed, as we can see from (3.4), the initial condition
for the asymptotic model is not factorized, so after one collision the heavy particle lies
in a mixed state that has to be described by the appropriate density operator.

Assume that the initial state of the heavy particle is given by the density operator
ρM (0) ∈L

1
+, while, as before, the light particle at time zero lies in the state represented

by the wave function U0(−ε−γ)χ. Then, the density operator ρε(t ) that represents the
state of the two-body system at time t solves the Von Neumann equation

{
i∂tρε(t ) = [Hε,ρε(t )]

ρε(0) := ρM (0)⊗ |U0(−ε−γ)χ〉〈U0(−ε−γ)χ|,
(3.6)

where the symbol [A1, A2] denotes the commutator of the operators A1 and A2.
For the sake of studying the dynamics of the heavy particle, the interesting quan-

tity is the density operator of the heavy particle, which is denoted by ρM
ε (t ) and defined

as
ρM
ε (t ) := Trmρε(t ) =

∑

j

〈χ j |ρε(t )|χ j 〉, (3.7)
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where {χ j } j∈N is a complete orthonormal set for the space L2(Rd ), and Trm denotes the
so-called partial trace w.r.t. the light particle.

Let us be more precise on how to compute such a partial trace. As ρε(t ) is com-
pact, it can be represented as an integral operator whose kernel can be denoted, with a
slight abuse of notation, by ρε(t , X , X ′, x, x′). The integral kernel of the reduced density
matrix for the heavy particle then reads

ρM
ε (t , X , X ′) :=

∫

Rd
ρε(t , X , X ′, x, x)d x. (3.8)

There is no closed equation for the time evolution of ρM
ε , but, as we shall see, as ε goes

to zero and for any t 6= 0, the operator ρM
ε (t ) converges to an operator ρM ,a (t ) that

satisfies a closed equation. In order to state this result properly, we need to introduce
a further operator on L1 which we call the collision operator.

Definition 8 (Collision operator). Under suitable regularity conditions, we define the

collision operator

Iχ : L 1(Rd ) →L
1(Rd ) , ρM 7→ Trm

(
ρM ⊗|S X χ〉〈S X ′

χ|
)
. (3.9)

Remark 9. It can be verified that the operator Iχ is well-defined and completely pos-
itive (in particular it preserves positivity). Moreover, in terms of integral kernels, the
action of the collision operator reads

[Iχρ](X , X ′) = ρ(X , X ′) Iχ(X , X ′), (3.10)

where the collision function Iχ is defined by

Iχ(X , X ′) := 〈S X ′
χ|S X χ〉, X , X ′ ∈R

d . (3.11)

Notice that Iχ reaches its maximum modulus at X = X ′, where it equals one.

Theorem 10. [6] Assume sufficient regularity for the potential V and the initial con-

dition. Denote furthermore by ρε(t ) the solution to equation (3.6) and by ρM ,a (t ) the

unique solution to the problem
{

i∂tρ
M ,a (t ) = [H0,ρM ,a (t )]

ρM ,a (0) :=Iχρ
M (0).

(3.12)

Then, the error introduced by replacing ρM
ε by the solution ρM ,a is given by

‖ρM
ε (t )−ρM ,a (t )‖L 1 ≤ C̃1

(
1+ε

ε
t −ε−γ,ε−γ

)
+C̃2ε+C̃3 ε

1−γ, (3.13)

with limτ,τ′→+∞ C̃1(τ,τ′) = 0 and the constants C̃2,C̃3 > 0 dependent only on ϕ, χ and V .

This theorem, which is the main theorem of this work, states that one can replace
the resolution of the two-body interacting system (3.6) by the freely evolving system
(3.12) for the heavy particle, which embodies the information on the heavy-light inter-
action in the collision operator Iχ occurring in the initial condition only. Therefore,
one can get rid of any variable related to the light particle and thus of the fast time
scale. The initial multi-scale problem then reduces to a one-scale problem, allowing a
considerable gain in efficiency as compared to the method employed in [7].
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One-dimensional systems. Computation of Iχ

Now, we restrict to one-dimensional problems and provide a general expression for the
collision function Iχ (see (3.15), (3.16), (3.17)) whose form shows that it depends on the
reflection and transmission amplitudes associated to the potential V and on the wave
function of the light particle. Consider a particle moving on a line under the action of
the potential V . We define the transmission amplitude tk and the reflection amplitude

rk as the two complex coefficients s.t. the action of the scattering operator S, defined
in (3.3), reads

(Sχ)(x) = 1
p

2π

∫

R

[
tk χ̂(k)+ r−k χ̂(−k)

]
e i kx dk , ∀x ∈R, (3.14)

for any χ ∈ L2(R). We stress that definition (3.14) corresponds to the following formal
action on plane waves

S(e i kx ) = rke−i kx + tk e i kx ,

which, in turn, agrees with the definition of reflection and transmission amplitudes
usually found in physics textbooks.

Proposition 11. [6] For a one-dimensional two-particle system, endowed with an in-

teraction potential V , the collision function Iχ defined in (3.11) can be expressed as

Iχ(X , X ′) = 1−Θχ(X −X ′)+ i Γχ(X )− i Γχ(X ′), (3.15)

with the definitions

Θχ(Y ) :=
∫

R

(
1−e2i kY

)
|rk |2|χ̂(k)|2 dk, (3.16)

Γχ(X ) := i

∫

R

e2i kX r−k tk χ̂(−k)χ̂(k)dk. (3.17)

In the case in which the initial state of the incoming light particle is represented
by a Gaussian wave function, i.e.

χ(x) = 1

(2πσ2)1/4
e
− (x−xl )2

4σ2 +i px
, (3.18)

where xl ∈R is the centre of the wave packet, σ its spread, and p its mean momentum,
one has

χ̂(k) =
(

2σ2

π

)1/4

e−σ2(k−p)2−i (k−p)xl .

We shall make this choice of state for the light particle in Section III, when dealing
with numerical simulations. In this case, definitions (3.16) and (3.17) yield simplified
expressions

Θσ,p (Y ) = σ
√

2
π

∫
R

(
1−e2i kY

)
|rk |2e−2σ2(k−p)2

dk ,

Γσ,p (X ) = iσ
√

2
π

e−2σ2p2 ∫
R

tk r−k e−2σ2k2+2i k(X−xl ) dk,
(3.19)

which are more manageable for our simulations.
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Particular potentials of interest.

Here, we briefly introduce three particular potentials that we used in the numerical
simulations, and give the corresponding reflection and transmission amplitudes, nec-
essary for the computation of Iχ via (3.15), (3.16), (3.17).

Dirac’s delta potential In the case V =αδ0, with α> 0, the reflection and transmis-
sion amplitudes are given by

rk =− α

α− i |k| , tk =− i |k|
α− i |k| , ∀k ∈R. (3.20)

Potential barrier A further potential for which the scattering matrix can be explicitly
computed is the potential barrier, i.e.

V (x) :=V01[−a,a], V0 =
α

2a
a > 0,

where 1 denotes the characteristic function and α > 0 measures the strength of the

interaction. Letting E = k2

2 denote the energy of the incoming wave and defining k0 :=p
2(E −V0) ∈C, the transmission and reflection amplitudes have the forms

tk = 4kk0e−2i ka

(k +k0)2e−2i k0a − (k −k0)2e2i k0a
, ∀k ∈R\{0}, (3.21)

rk =
(k2 −k2

0)e−2i ka (e−2i k0a −e2i k0a)

(k +k0)2e−2i k0a − (k −k0)2e2i k0a
, ∀k ∈R\{0}. (3.22)

Numerical approximation for more general potentials In the case of more general
potentials, there is no analytic expression for the amplitudes rk and tk , however, we
can compute them numerically.

We assume that the potential V is rapidly decreases at infinity, and choose a suf-
ficiently large a such that we can approximate V by 0 on R\[−a, a]. To calculate the re-
flection and transmission amplitudes, we look for generalized eigenfunctionsψk of the

Hamiltonian −1
2∆+V associated to the eigenvalue E = k2

2 . Thanks to our approxima-

tion, these eigenfunctions are combinations of the plane-waves e i kx and e−i kx outside
the interval [−a, a]. For k > 0 we look for solutions satisfying

ψk (x) :=
{

e i k(x+a) + rke−i k(x+a) for x <−a,

tk e i k(x−a) for x > a.
(3.23)
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In order to find the values of tk and rk , one must solve the stationary Schrödinger equa-
tion associated with transparent boundary conditions in the interval [−a, a]





−1
2ψ

′′
k

(x)+V ψk = Eψ , x ∈ [−a, a],

ψ′
k

(−a)+ ikψk (−a) = 2ik,

ψ′
k

(a)− ikψk (a) = 0.

(3.24)

Transparent boundary conditions express the fact that the wave function as well as
its derivative are continuous at ±a. Using the continuity of the wave function and of
its derivative at x = ±a, it can be checked that the boundary conditions in (3.24) are
indeed satisfied if and only if conditions (3.23) are satisfied for some rk and tk . The
reflection and transmission amplitudes are then given by

tk :=ψk (a) , rk :=ψk (−a)−1 , ∀k > 0. (3.25)

For a wave coming from the right, i.e. k < 0, the procedure is analogous.

III NUMERICAL SIMULATIONS

In this section we shall finally use the approximations introduced in Section II
and II.2 in order to efficiently resolve the two-body Schrödinger equation (3.1)-(3.2) in
the regime ε≪ 1. The final aim is to quantify and study numerically the decoherence
effect induced on the heavy particle by the interaction with the light one.

Model and initial data

According to Theorem 10, for small values of ε we can replace the resolution of the two-
body Schrödinger equation (3.1)-(3.2) or, equivalently, of equation (3.6) for density op-
erators, by the resolution of system (3.12) for the reduced density operator of the heavy
particle. Rephrasing the latter as an equation for the integral kernel ρM ,a(t , X , X ′) of the
operator ρM ,a (t ), one gets




i ∂tρ
M ,a (t , X , X ′) =− 1

2M
(∆X −∆X ′ )ρM ,a (t , X , X ′) , ∀(X , X ′) ∈R

2 , ∀t ∈R
+

ρM ,a (0, X , X ′) = ρM
0 (X , X ′) Iχ(X , X ′),

(3.26)

where the collision function Iχ is given by formulas (3.15), (3.16), (3.17), and ρM
0 (X , X ′)

is the integral kernel of the operatorρM
0 , which represents the state of the heavy particle

before the collision. We set

ρM
0 (X , X ′) :=ϕ(X )ϕ(X ′), (3.27)

where
ϕ(X ) := N

(
ϕ−(X )+ϕ+(X )

)
(3.28)

44



CHAPTER 3. TWO-BODY SCHRÖDINGER EQUATION MODELLING THE

DECOHERENCE

with

ϕ±(X ) := 1

(2π)1/4pσH

e
− (X∓X0)2

4σ2
H e∓i pH X (3.29)

N :=
p

2


1+e

−
X 2

0
2σ2

H e−2σ2
H

p2
H




1
2

. (3.30)

The parameters X0, pH and σH are positive and defined in Table 3.1.
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Figure 3.1: Left: Probability density associated to the initial state of the heavy particle. Right: Prob-

ability density associated to the state of the heavy particle in the case of no interaction, at the time of

maximal overlap of the two bumps

Then, the integral kernel (3.27) can be rewritten as

ρM
0 (0,X , X ′) = N 2[ϕ−(X )+ϕ+(X )

][
ϕ−(X ′)+ϕ+(X ′)

]

= N 2
[
ϕ−(X )ϕ−(X ′)+ϕ−(X )ϕ+(X ′)+ϕ+(X )ϕ−(X ′)+ϕ+(X )ϕ+(X ′)

]
. (3.31)

The two terms ϕ±(X )ϕ±(X ′) are called diagonal, while the two terms ϕ±(X )ϕ∓(X ′)
are called antidiagonal. In fact, in view of definition (3.29) the products ϕ±(X )ϕ±(X ′)
rapidly decay outside of a diagonal region {|X−X ′| ≃σH }, while the productsϕ±(X )ϕ∓(X ′)
are essentially supported in the region {|X +X ′| ≃σH }.

Physically, the density matrix “before the collision” ρM
0 or, equivalently, the ini-

tial wave function (3.28), describes a state consisting of a quantum superposition of
two localized bumps centred respectively at ±X0 and moving against each other with
relative speed 2pH /M , as illustrated in the left plot of Figure 3.1. If no light particle or,
more generally, no interaction is present, then one should use ρM

0 (X , X ′) as initial data
in (3.26). Thus, at time M X0/pH the non-diagonal terms in (3.31) give rise to an inter-
ference pattern, shown in the right plot of Figure 3.1. The emergence of interference
is due to the non-diagonal terms in (3.31). On the other hand, due to the collision,
the initial data in (3.26) is replaced by ρM ,a

0 (X , X ′) = Iχ(X , X ′)ρM
0 (X , X ′). We will see in

Section III.3 that the presence of the factor Iχ damps the interference.
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Numerical domain and discretization

Here we give some brief explanation about the numerical resolution of equation (3.26).
First, we truncate the spatial domain R

2 to a bounded simulation domain Ω
2
X

:=
(−H , H)× (−H , H) and impose boundary conditions on ∂ΩX . To simplify computa-
tions, we choose homogeneous Neumann boundary conditions, which prescribe that
the particle is reflected at the boundaries. However, if the domain is sufficiently large,
the presence of the boundaries has negligible influence on the dynamics of the heavy
particle.

Second, we discretize equation (3.26). For the discretization in time we employ
the Peaceman-Rachford scheme which is unconditionally stable and second-order ac-
curate. Let us explain in more detail the steps in the scheme. We start by discretizing
the time interval [0,T ] and the simulation domain of the heavy particle ΩX = (−H , H).
Let us introduce the time and space steps

∆t = T

L
> 0, hX := 2H

J −1
> 0, with L, J ∈N ,

and define the homogeneous discretization tl := l∆t , X j =−H + ( j −1)hX , so that

0 = t0 ≤ ·· · ≤ tl ≤ ·· · ≤ tL = T, −H = X1 ≤ ·· · ≤ X j ≤ ·· · ≤ X J = H .

Then, defining the operators A,B : H ⊂ L2(ΩX ) → L2(ΩX )

A :=− 1

2M
∆X , B := 1

2M
∆X ′ , H := {φ ∈ H2(ΩX ) / ∂nφ= 0, on ∂ΩX },

where ∂n denotes the outward normal to the boundary ∂ΩX , the Peaceman-Rachford
scheme for the system (3.26) writes

ρl+1 = (i I d − ∆t

2
A)−1(i I d + ∆t

2
B)(i I d − ∆t

2
B)−1(i I d + ∆t

2
A)ρl , l = 0, · · · ,L−1,

(3.32)
where ρl (resp. ρl

i j
) denotes the approximation of ρM ,a (tl ) (resp. ρM ,a (tl , Xi , X j )). No-

tice that (3.32) is a sequence of Euler-explicit, Crank-Nicolson and Euler-implicit steps.
Equivalently, one performs a sequential resolution of two 1D systems

(i I d − ∆t

2
B)ρl+1/2 = (i I d + ∆t

2
A)ρl , (i I d − ∆t

2
A)ρl+1 = (i I d + ∆t

2
B)ρl+1/2.

Finally, we discretize the operators A and B in space via a standard second-order cen-
tered method.

The parameters employed in the simulations are summarized in Table 3.1.

Let us remark here that the scheme is an alternating-direction implicit (ADI) omethod,
i.e. the actions of the two operators A and B , acting respectively on the variable X

and X ′, are separated, so that, compared to a direct resolution of (3.26) via the Crank-
Nicolson method, the computational costs are drastically reduced.
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2∗H 2∗10−1 J 201
T 1.92∗10−2 L 120∗20+1
ħ 1 pH 3.4∗M

M 100 p 1.25; 2.5; 3.5∗102

σH ,σ 10−2,2∗10−2 X0, xl 5∗10−2,2∗10−1

α 0, · · · ,40∗102

Table 3.1: Parameters used in the numerical simulations.

Numerical results and interpretation

Here we present some numerical results obtained via the method introduced in the
previous section for the resolution of the evolution equation (3.26). We shall consider
in this lecture only the Dirac’s delta interaction potential, the cases of a potential bar-
rier or a Gaussian potential are presented and commented in [6]. Furthermore, we
shall also sketch the case with multiple light particles.

Dirac’s delta potential

Let us here consider the case V (x) = αδ0(x), with α ∈ R
+. The left plot in Figure 3.2

shows the quantity |ρM
0 (X , X ′)| (i.e. the state of the heavy particle before the collision

with the light one). Notice that the non-trivial values of ρM
0 (X , X ′) are concentrated in

four bumps. In accordance with the terminology introduced in Section III.1, the two
bumps located around the diagonal X = X ′ are called diagonal while the two others,
located around the set X =−X ′, are called antidiagonal. The diagonal bumps give the
probability density associated to the state of the heavy particle, while the antidiagonal
bumps are responsible for the interference. Diagonal and antidiagonal bumps share
the same shape and the same size.

Figure 3.2: Test case: Dirac potential with α= 103. Left: Plot of |ρM
0 (X , X ′)| before the collision; Right:

Plot of |ρM ,a (0, X , X ′)| immediately after the collision.
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The right plot in Figure 3.2 displays |ρM ,a (0, X , X ′)| = |Iχ(X , X ′)ρM
0 (X , X ′)| (i.e. the state

of the heavy particle immediately after the collision) in the test case α= 103. It is easily
seen that, as an effect of the collision with the light particle, the antidiagonal bumps
are damped, thus providing the expected attenuation of the interference.

To understand this Figure better, we devoted Fig. 3.3 to the collision function
Iχ. In the left plot we show |Iχ(X , X ′)| corresponding to the right plot of Figure 3.2,
while in the right plot of Figure 3.3 we give |Iχ(X ,−X )| for different values of α. One
can observe that, as the strength of the potential varies, the band width of |Iχ(X ,−X )|
remains unchanged; on the other hand, notice that the more the potential is intense,
the more the quantity |Iχ(X ,−X )| is reduced for large values of X . It is precisely this
reduction which causes the damping of the antidiagonal bumps in Figure 3.2.
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Figure 3.3: Left: Plot of |Iχ(X , X ′)| for α= 103. Right: Plot of |Iχ(X ,−X )| for several values of α.

In order to examine how the decoherence effect varies with the momentum of
the light particle, in Figure 3.4 we plot |Iχ(0.05,−0.05)| for several values of α and three
different momenta p of the light particle. We observe that the larger the momentum
is, the smaller the decoherence effect on the heavy particle is. This can be explained by
the fact that most of the light particle is transmitted when its momentum is large.

Finally, in Figure 3.5 we display the probability density ρM ,a (t∗, X , X ) associated
to the state of the heavy particle at the time t∗ = X0M/pH of maximal overlap of the two
diagonal bumps. The left plot in Figure 3.5 corresponds to a collision with a light par-
ticle arriving from the right with mean momentum p =−2.5∗102, for several potential
strengths α. One sees that the probability density associated to the state of the heavy
particle splits into a component that exhibits complete interference and a bump that
travels with mean momentum pH +p > pH towards the right without experiencing in-
terference. We refer to the component that displays interference as the coherent part,
while the component in which interference is absent is referred to as the decoherent

part.
In the right plot, the light particle has momentum p = 0 and is located at the centre xl =
0. The interference pattern exhibits a clear decoherence effect. In particular, notice
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Figure 3.4: The quantity |Iχ(0.05,−0.05)| as a function ofα for three different values of the momentum

of the light particle.

that inside the pattern there are no points with zero probability. The corresponding
plot is similar to the ones exhibited in [7] through a direct use of the Joos-Zeh formula.
In fact, this plot too can be understood as the simultaneous presence of a coherent and
of a decoherent part, except that here, since the momentum of the decoherent part is
zero, the two components share the same support. A theoretical explanation of the
appearance of the decoherent bumps is given in [6].
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Figure 3.5: Attenuation of the interference pattern of the heavy particle, in the case that the light

particle comes from the right with p =−2.5∗102 (left Fig.) resp. p = 0 (right Fig.)

Several light particles

We suppose now that many light particles are injected one-by-one into the computa-
tional domain, in such a way that the heavy particle undergoes a finite sequence of
collisions at times tk := 4k ∆t . At any collision, the state of the light particle is sup-
posed to be the same, i.e., the k.th colliding light particle lies in the state represented
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by the wave function U0(tk − ε−γ)χ. During any time interval (tk , tk+1), between two
collisions, the heavy particle evolves freely. The state of the heavy particle after each
collision ρ(t+

k
) is then related to the state before collision ρ(t−

k
) by

ρ(t+k ) =Iχ[ρ(t−k )].

On the left plot of Figure 3.6 we show the probability density ρM ,a (t∗, X , X ) associated
to the state of the heavy particle at the time of maximal overlap. The plot refers to the
case of a Dirac’s delta potential with strength α = 10, momentum of the light particle
p = 0 and N = 1,2,3 collisions. As expected, multiple collisions enforce the destruction
of the interference pattern.

−0.1 −0.08 −0.06 −0.04 −0.02 0 0.02 0.04 0.06 0.08 0.1
0

10

20

30

40

50

60

Decoherence effect, α=10, p=0

X

|ρ
M

,a
(t

* ,X
)|

 

 

1 collision

2 collisions

3 collisions

−0.1 −0.08 −0.06 −0.04 −0.02 0 0.02 0.04 0.06 0.08 0.1
0

10

20

30

40

50

60

Decoherence effect, α=10/N
1/2

, p=0

X

|ρ
M

,a
(t

* ,X
)|

 

 

N=1 collision

N=2 collisions

N=3 collisions

Figure 3.6: Attenuation of the interference pattern of the heavy particle in the case of several colli-

sions. Test case: Dirac’s delta potential, p = 0. Left: Fixed α= 10 and several collisions N = 1,2,3. Right:

N = 1,2,3 with α= 10/
p

N .

All these numerical simulations permitted us to study the dynamics of a quan-
tum heavy particle undergoing a repulsive interaction with one or several light parti-
cles, in the aim to better understand the so-called decoherence phenomenon. If one
is interested in the study of infinitly many incoming light particles, then a significant
re-scaling of the potential should be done, namely of strengthα/

p
N with fixed α: with

this scaling, the decoherence effect should remain of order one (see the right plot in
Figure 3.6). A detailed mathematical study of this effect in the case N →∞ would be
an interesting forthcoming work.
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CHAPTER 4

NONLINEAR SCHRÖDINGER EQUATION

WITH DELTA-DIRAC POINT INTERACTION.

Chapter based on the article:
R. Carlone, R. Figari, C. Negulescu 1

Nonlinear Schrödinger equations arise in several fields of application, as have
been mentioned in the ouverture of this course. The modelling of crystals with defects
or the scattering mechanism from impurities in a crystal, motivates the introduction of
a special class of short-range nonlinearites, concentrated in a bounded region, as for
example the Delta-Dirac point interactions or so-called δ-potentials. These artificial
potentials are very interesting, as they approximate more complexe, realistic poten-
tials, and permit explicit computations.

The core of this chapter concerns the modelling of the quantum beating-effect
of the nitrogen nucleus N of an ammonia molecule (N H3), performed in the double-
well potential created by the hydorgen atoms. The beating-effect is a periodic motion
of the N-atom, passing from one well to the other via tunneling effect and is a typical
quantum feature. We are interested in this chapter in the study of the destruction of
this N-beating effect, as a consequence of the nonlinearity of the problem, and the
ensuing localization of the N-atom in one well (classical picture).

The model we shall use for the investigation of this phenomenon is a nonlin-
ear Schrödinger equation with 2-point δ-interactions, which sketches the ammonia
double-well potential. Highly oscillatory integrals are central to this study and consti-
tute essentially the most challenging part from a numerical point of view. They have to
be treated with adequate, efficient methods in order to get accurate results and inves-
tigate the delicate long-time behaviour of the N-atom wave-function.

1"The quantum beating effect and its suppression”, submitted.
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I THE MATHEMATICAL PROBLEM

Quantum beating may nowadays refer to many, often quite different, phenom-
ena studied in various domains of quantum physics, ranging from quantum electro-
dynamics to particle physics, from solid state physics to molecular structure and dy-
namics. A paradigmatic example in the latter field is the inversion in the ammonia
molecule observed experimentally in 1935. The ammonia molecule (N H3) is pyrami-
dally shaped. Three hydrogen atoms form the base and the nitrogen atom is located
in one of the two distinguishable states (enantiomers) on one side or the other with
respect to the base (chirality). Experimentally it was tested that microwave radiation
could induce a periodic transition from one state to the other, phenomenon called
“quantum beating” and which appears to be a typical quantum mechanical feature.
However, in non-isolated systems, for ex. in particular organic compounds contain-
ing ammonia-molecules, the pyramidal inversion is suppressed, as a consequence of
a too large pressure, and the N-nucleus becomes localized in one of the two wells.
Thus we observe in such non-isolated systems a rather classical behaviour, which is
due to the interaction of the ammonia-molecule with the environment (decoherence
phenomenon).

A theoretical explanation of the quantum beating phenomenon was obtained by
modeling the nitrogen atom as a quantum particle evolving in a double-well poten-
tial created by the three hydrogen atoms [41, 46, 86]. The beating effect appears then
as a manifestation of superpositions of the ground state and the lowest exited state,
concentrating periodically inside one well or the other. To reduce complexity, one can
use two-point interactions instead of the two-well potential, description which renders
the theoretical as well as computational aspects of the problem more easier to handle.
Such point-interactions represent a non-trivial however entirely solvable limit model
for potentials with very short range.

In order to introduce now the quantum-beating model we shall investigate in the
present chapter, let us first briefly recall the definition of point interaction hamiltoni-
ans in L2(R) (see [12] for further details). For two point scatterers placed in Y = {y1, y2}
and with strength γ= {γ1,γ2} , γi ∈R, the formal hamiltonian reads

Hγ,Y ψ := “−∆ψ+γ1δy1ψ+γ2δy2ψ“ ,

where the Planck constantħhas been taken equal to one and the particle mass m equal
to 1/2. The wave-function ψ(t , x) represents here the probability of finding at instant t

the nitrogen atom at the position x, the H-atoms being situated at the origin x = 0.
A mathematical rigorous definition of Hγ,Y in dimension d = 1 has been given in the
early days of quantum mechanics, when such kind of hamiltonians were extensively
used to investigate the dynamics of a quantum particle in various kinds of short range
scatterer arrays. A complete characterization of point interaction hamiltonians in di-
mension d = 2,3 was only made available in the second half of last century [12].
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We shall detail in this work the case d = 1, corresponding to our physical context.
Assume that the two points are placed symmetrically with respect to the origin with
|yi | = a > 0. Then

D(Hγ,Y ) :=
{
ψ ∈ L2(R) | ψ=φλ −

2∑

i , j=1

(
Γ
λ
γ

)−1

i j
φλ(y j )Gλ(·− yi ), φλ ∈ H2(R)

}
, (4.1)

(
Hγ,Y +λ

)
ψ=

(
− d 2

d x2
+λ

)
φλ , (4.2)

are domain and action of a selfadjoint operator in L2(R), which acts as the free laplacian
on functions supported outside the two points y1,2 = ±a. In (4.1) the Green function
Gλ and the matrix Γ

λ
γ are defined by

Gλ(x) := e−
p
λ|x|

2
p
λ

,
(
Γ
λ
γ

)

i j
:= 1

γi
δi j +Gλ(yi − y j ) , (4.3)

and the positive real λ ∈ R
+ is large enough to make the matrix Γ

λ
γ invertible. It is im-

mediate to check that the derivative of Gλ(x) has a jump in the origin, equal to −1.
This in turn implies that every function ψ belonging to the domain D(Hγ,Y ) satisfies
the “boundary” or “interface” conditions in the points y1,2 =±a, i.e.

ψ′(y+
j )−ψ′(y−

j ) = γ j ψ(y j ) , j = 1,2 . (4.4)

Additionally, let us also mention here the important property that the self-adjoint op-
erator Hγ,Y admits for γ1,2 6= 0 at most two eigenvalues which are negative and simple.

To be more precise, one has that −λ ∈ σp (Hγ,Y )∩ (−∞,0) if and only if detΓλ
γ = 0 and

the corresponding eigenfunction is of the form

ϕλ(x) =
2∑

j=1

c j Gλ(x − y j ) , c j ∈R ,

where (c1,c2) is an eigenvector of the matrix Γ
λ
γ , corresponding to the eigenvalue zero.

To summarize, the dynamics generated by Hγ,Y is thus characterized by a free
dynamics outside the two scatterers and the fulfilment at any time of the boundary
conditions (4.4). Our aim in this work is now to investigate the behaviour of the solu-
tions to the non-autonomous evolution problem





i∂tψ= Hγ(t),Y ψ , ∀(t , x) ∈R
+×R ,

ψ(0, x) =ψ0(x) ∈D(Hγ(0),Y ) , ∀x ∈R ,

γ j (t ) := γ|ψ(t , y j )|2σ , γ< 0 , σ≥ 0 ,

(4.5)

where the time dependence of γ is non-linearly determined by the values of the solu-
tion itself in the points y1,2 =±a.

53



I. THE MATHEMATICAL PROBLEM

An alternative way to examine the Cauchy problem (4.5) is to write down the
solution under the form of a Duhamel’s formula, with a forcing term concentrated on
the two points y1,2 =±a. In detail, let U (τ, y) be the integral kernel of the unitary group
U (t ) := e it∆, defined as

U (τ, y) := e i |y |
2

4τ

p
4iπτ

, (U (t )ξ)(x) =
∫∞

−∞
U (t ; x − y)ξ(y)d y ∀ξ ∈ L2(R) .

Then from Duhamel’s formula, one gets

ψ(t , x) = (U (t )ψ0)(x)− iγ
2∑

j=1

∫t

0
U (t − s; x − y j )|ψ(s, y j )|2σψ(s, y j )d s , (4.6)

yielding in the scatteres y1,2 =±a the formula

ψ(t , yi ) = (U (t )ψ0)(yi )− iγ
2∑

j=1

∫t

0
U (t − s; yi − y j )|ψ(s, y j )|2σψ(s, y j )d s. (4.7)

It is easy to check that a function of the form (4.6) satisfies the non-linear boundary
conditions at all times (see [8] for details). Following now a standard use in higher di-
mensional cases, we shall introduce in this work the two functions q1(t ) ≡ψ(t ,−a) and
q2(t ) ≡ ψ(t , a), which satisfy the following coupled nonlinear Volterra integral equa-
tions, called also “charge equations”





q1(t )+ γ

2

√
i

π

∫t

0

q1(s) |q1(s)|2σ
p

t − s
d s + γ

2

√
i

π

∫t

0

q2(s) |q2(s)|2σ
p

t − s
e i a2

t−s d s

= (U (t )ψ0)(−a) ,

q2(t )+ γ

2

√
i

π

∫t

0

q2(s) |q2(s)|2σ
p

t − s
d s + γ

2

√
i

π

∫t

0

q1(s) |q1(s)|2σ
p

t − s
e i a2

t−s d s

= (U (t )ψ0)(a) .

(4.8)

Let us underline that ϑ(t , x) := (U (t )ψ0)(x) is the solution of the free 1D Schrödinger
equation {

i∂tϑ=−∂xxϑ , ∀(t , x) ∈R
+×R ,

ϑ(0, x) =ψ0(x) , ∀x ∈R .
(4.9)

The solution of the Cauchy problem (4.5) is now simply reduced to the computa-
tion of the free evolution (U (t )ψ0)(±a) and the solution of the two coupled nonlinear
Volterra integral equations (4.8). The whole wave-functionψ is then recovered via (4.6).
This strategy shall permit us to do considerable savings in memory and time, as will be
noticed in Sections II and III. Indeed, system (4.8) is only time-dependent, and the free
Schrödinger equation (4.9) can be simply solved via a spectral method.
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In order to better understand how the beating effect occurs and the reasons why
one expects suppression of this phenomenon by nonlinear perturbation, we study in
Sections I.1 and I.2 a symmetric and anti-symmetric linear case in some detail.

Linear point interactions - Symmetric double well

Let us consider the symmetric linear case, corresponding to σ = 0 and γ1 = γ2 = γ.
We will show that the eigenstates relative to the lowest eigenvalues are explicitly com-
putable for the hamiltonian we consider.

First of all, if we consider only a one point interaction in y = 0 of strength γ, then
the Hamiltonian

Hγ,0 := “−∂xx +γδ′′0 , γ< 0 , (4.10)

admits a unique bound state (−λ,Gλ), meaning Hγ,0 Gλ =−λGλ (in the distributional
sense), with eigenvalue E =−λ< 0 and eigenfunction Gλ given by

Gλ(x) := e−
p
λ |x|

2
p
λ

, λ= γ2/4> 0 . (4.11)

The stationary solutions to the evolution equation

i∂tψ=−∂xxψ+γδ0ψ , (4.12)

are hence of the form ψ(t , x) = N e iλ t Gλ(x), with N > 0 a normalization constant.

Coming now to our two-point interaction case, the Hamiltonian Hγ,Y admits two
bound state (−λ f ,φ f ) and (−λe ,φe). To be more precise, −λ will be a negative eigen-

value of Hγ,Y if and only if det(Γλ
γ) = 0. In the case of two point interactions of the same

strength this condition reads

det




1
γ +

1
2
p
λ

e−2
p
λa

2
p
λ

e−2
p
λa

2
p
λ

1
γ
+ 1

2
p
λ


 = 0 ⇐⇒ 1+ξ/γ=±e−ξa , with ξ := 2

p
λ . (4.13)

For γ<− 1
a

there are two solutions λ f ,e > 0 to the previous equation. The indices " f ,e"
stand for “fundamental” resp. first “excited” state. The associated eigenfunctions are

φ f (x) = N f

(
Gλ f (x +a)+Gλ f (x −a)

)
, (4.14)

φe(x) = Ne

(
Gλe (x +a)−Gλe (x −a)

)
, (4.15)

where N f and Ne are easily computable normalization factors.
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In Fig. 4.1 we plotted the two eigenstates φ f (x) and φe(x), corresponding to the
ground state (symmetric function) and the first excited state (anti-symmetric func-
tion). Notice that the two eigenstates are relative to energies getting closer and closer
as the value of |γ| increases. In the same limit the absolute values of the two eigenfunc-
tions tend to coincide.

Figure 4.1: Plot of the functions φ f (x) in blue and φe(x) with a dashed line

The stationary solutions corresponding to these eigenstates are given by

ψ f (t , x) = e iλ f tφ f (x) , ψe (t , x) = e iλe tφe(x) . (4.16)

A superposition of the two stationary states,

ψ0(x) =αφ f (x)+βφe (x) , α, β ∈R ,

evolves as
ψ(t , x) =αe iλ f tφ f (x)+βe iλe tφe(x) .

An initial condition with α 6= 0 and β 6= 0 gives rise to a beating dynamics. If one of both
parameters α,β is zero, we are in a stationary state as (4.16).
The special superposition

ψL
beat ,0(x) := 1

p
2

(
φ f (x)+φe (x)

)
, (4.17)

is concentrated in the left well and will evolve in time as

ψL
beat (t , x) = 1

p
2

(
e iλ f tφ f (x)+e iλe tφe(x)

)
, (4.18)

with a probability density given by

P (t , x) = 1

2

[
|φ f (x)|2 +|φe(x)|2 +2φ f (x)φe(x)cos

(
(λ f −λe )t

)]
. (4.19)

It is now clear that ψL
beat

is an oscillating function with period TB = 2π

λ f −λe
concen-

trated successively on the left and on the right well, justifying hence the definition of
(4.18) as a beating state.
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Linear point interactions - Asymmetric double well

Let us now investigate the changes in the beating mechanism when the two zero range
potentials have different strengths γ1 6= γ2, γ1 < γ2. In this asymmetric case the equa-
tion for finding the eigenvalues of the Hamiltonian Hγ,Y is:

detΓλ
(γ1,γ2) = det




1
γ1

+ 1
2
p
λ

1
2
p
λ

e−2
p
λa

1
2
p
λ

e−2
p
λa 1

γ2
+ 1

2
p
λ


 = 0 , (4.20)

leading to (
1

γ1
+ 1

2
p
λ

)(
1

γ2
+ 1

2
p
λ

)
−

(
1

2
p
λ

)2

e−4
p
λa = 0 . (4.21)

Defining ξ := 2
p
λ the last equation can be rewritten as

ξ2

γ1γ2
+ξ

(
1

γ1
+ 1

γ2

)
+1 = e−2ξa . (4.22)

The number of positive solutions to (4.22) depends on the values of the parameters
γi and on the distance 2a. Straightforward computations show that (4.22) admits two
distinct positive solutions (ξ0,ξ1) in the case that both γ′s are negative, 1/|γ2| < 2 a and
that |γ1|≫ |γ2|. The corresponding eigenvalues are denoted in this case by (λ0,λ1).

The eigenfunction relative to the lowest eigenvalue E0 = −λ0 < 0 as well as the
first excited state E1 > E0, E1 =−λ1 < 0, have the form (see Theorem 2.1.3 in [12])

φ0(x) = N0

[
Gλ0 (x +a)+α0 Gλ0(x −a)

]
, α0 :=

√
γ2

γ1

√√√√2
√
λ0 +γ1

2
√
λ0 +γ2

, (4.23)

φ1(x) = N1

[
Gλ1 (x +a)−α1 Gλ1(x −a)

]
, α1 :=

√
γ2

γ1

√√√√2
√
λ1 +γ1

2
√
λ1 +γ2

, (4.24)

where N0 > 0, N1 > 0 are normalization constants.
Special choices of γ1,γ2 permit to render φ0 orthogonal to φ1 in the sense that

φ0(x)φ1(x) ≈ 0, leading to a suppression of the oscillating term in (4.19) and, as a con-
sequence, the beating will be locked only around one interaction point. This symmetry-
breaking and hence beating-destructing phenomenon will be investigated numerically
in Section III. Starting from an initial condition of the form

ψas y,0(x) :=αφ0(x)+βφ1(x) , α,β ∈R , (4.25)

the exact time-evolution of this state is given by

ψas y (t , x) :=αe iλ0 t φ0(x)+βe iλ1 t φ1(x) . (4.26)
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Nonlinear point interactions

A detailed analytical study of the non linear case σ > 0 (which is no longer explicitly
solvable) can be found in [8, 9]. The authors obtained general results about existence
of solutions either local or global in time and proved existence of blow up solutions for
σ larger than 2.
In Section III we present the numerical simulation results for the evolution of a beating
state, i.e., an initial state giving rise in the linear case to a beating motion of the particle,
namely

ψ0(x) :=αφ f (x)+βφe (x) , α,β ∈R . (4.27)

Our aim is to study how the nonlinearity influences the beating phenomenon. As we
already mentioned we expect that even if the initial condition is almost-symmetric, the
nonlinearity will have the effect of braking the symmetry. The numerical simulations
will be based on the resolution of the Volterra system (4.8), as mentioned above.

Let us further observe that from [8] (Theorem 6) we know that, if 0 ≤ σ < 1 and for an
initial data ψ0 ∈ H1(R), the Cauchy problem has a unique solution which is global in
time. Moreover in [8] (Theorem 23) it is proved that if γ< 0 and σÊ 1, there exist initial
data such that the solutions of the Cauchy problem will blow-up in finite time.

II THE NUMERICAL DISCRETIZATION OF THE

VOLTERRA-SYSTEM

Let us come now to the numerical part of this work, namely the discretization
and later on simulation of the Volterra-system (4.8), in order to investigate the deli-
cate phenomenon of beating. Linear (symmetric and asymmetric) as well as nonlinear
cases will be treated, starting from an initial condition under one of the forms

ψL
beat ,0(x) :=αφ f (x)+βφe (x) , ψas y,0(x) :=αφ0(x)+βφ1(x) , (4.28)

with some given constants α,β ∈ R and (φ f ,φe) resp. (φ0,φ1) defined in (4.14)-(4.15)
resp. (4.23)-(4.24).

The discretization of the Volterra-system (4.8) passes through the discretization
of two different kind of integrals, an Abel-integral, which is of the form

A b(t ) :=
∫t

0

g (s)
p

t − s
d s , (4.29)

and a highly-oscillating integral of the form

H o(t ) :=
∫t

0

g (s)
p

t − s
e i a2

t−s d s . (4.30)
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Besides, the free Schrödinger equation (4.9) has to be solved to compute the right hand
side of the Volterra system, i.e. (U (t )ψ0)(±a), and one has also to take care of the non-
linearity, which will be treated iteratively by means of a linearization. The treatment of
all these four steps shall be presented in the following subsections.

For the numerics we shall consider the truncated time-space domain [0,T ] ×
[−Lx ,Lx ] and impose periodic boundary conditions in space. We shall furthermore
fix a homogeneous discretization of this domain, defined as

0 = t1 < ·· · < tl < ·· · < tK = T , tl := (l −1)∆t , ∆t := T /(K −1);

−Lx = x1 < ·· · < xi < ·· · < xN = Lx , xi :=−Lx + (i −1)∆x , ∆x := 2Lx/(N −1) .

The free Schrödinger evolution

We shall present now two different resolutions of the Schrödinger equation (4.9), a nu-
merical resolution via the Fast Fourier Transform (fft,ifft) assuming periodic boundary
conditions in space and an analytic, explicit resolution by means of the continuous
Fourier Transform and based on the specific initial condition we choose.

The numerical resolution starts from the partial Fourier-Transform (in space) of (4.9)




∂t θ̂k (t ) =−i k2θ̂k (t ) , ∀k ∈Z , ∀t ∈R
+ ,

θ̂k (0) = ψ̂0,k , ∀k ∈Z ,

where

ψ̂0,k := 1

2Lx

∫Lx

−Lx

ψ0(x)e−iωx k d x , ω := π

Lx
,

and hence
θ̂k (t ) = e−ik2 t θ̂k (0) , ∀(t ,k) ∈R

+×Z . (4.31)

Remark that we supposed here periodic boundary conditions in the truncated space-
domain [−Lx ,Lx ], where the appearance of the discrete Fourier-variable k ∈ Z. Using
the fft- as well as ifft-algorithms permits hence to get from (4.31) a numerical approxi-
mation of the solution ϑ(t , x) of the free Schrödinger equation (4.9).

Analytically, we shall situate us in the whole space R and shall perform the same
steps explicitly, taking advantage of the initial condition, which has the form

ψ0(x) :=αφ f (x)+βφe (x) , ∀x ∈R , α,β ∈R , (4.32)

where we recall that (see (4.3), (4.14), (4.15))

φ f (x) = N f

[
Gλ f (x +a)+Gλ f (x −a)

]
, φe(x) = Ne

[
Gλe (x +a)−Gλe (x −a)

]
.
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Thus one has with the definition of the Fourier-transform and its inverse

φ̂(ν) := 1
p

2π

∫∞

−∞
φ(x)e−i xνd x , φ(x) = 1

p
2π

∫∞

−∞
φ̂(ν)e i xνdν ,

that

ψ̂0(ν) =αφ̂ f (ν)+βφ̂e (ν) ⇒ ϑ̂(t ,ν) =αφ̂ f (ν)e−iν2 t +βφ̂e(ν)e−iν2 t (t ,ν) ∈R
+×R .

Let us now compute explicitly the Fourier transform ofφ0 andφ1 and finally the inverse
Fourier transform of ϑ̂(t ,ν). For this, remark that one has

Ĝλ(ν) = 1
p

2π

1

λ+ν2
, ∀ν ∈R ,

leading to

φ̂ f (ν) =
2N fp

2π

cos(νa)

λ f +ν2
, φ̂e(ν) =−2 i Nep

2π

sin(νa)

λe +ν2
.

Now, in the aim to resolve numerically the Volterra-system (4.8), one needs only to
compute the solution of (4.9) in the points y1,2 =±a, which means

ϑ(t ,−a) =
αN f

2π

∫∞

−∞

1+e−2 i aν

λ f +ν2
e−iν2 t dν+ βNe

2π

∫∞

−∞

1−e−2 i aν

λe +ν2
e−iν2 t dν .

ϑ(t , a) =
αN f

2π

∫∞

−∞

1+e2 i aν

λ f +ν2
e−iν2 t dν− βNe

2π

∫∞

−∞

1−e2 i aν

λe +ν2
e−iν2 t dν ,

To compute these two integrals, we shall take advantage of the following two formulae

IλA :=
∫∞

−∞

1

λ+ν2
e−iν2 t dν= π

p
λ

e iλ t
[

1−erf(
p

iλ t )
]

,

IλB :=
∫∞

−∞

e±2 i aν

λ+ν2
e−iν2 t dν=

∫∞

−∞

cos(2 aν)

λ+ν2
e−iν2 t dν ,

where erf(·) is the so-called error-function, defined by

erf(x) := 2
p
π

∫x

0
e−t2

d t .

After some straightforward computations, one gets

IλB = π

2
p
λ

e iλ t

{
e2

p
λa

[
1−erf

(p
iλ t + a

p
i t

)]
+e−2

p
λa

[
1−erf

(p
iλ t − a

p
i t

)]}
.

With the two expressions Iλ
A

and Iλ
B

one has now

(U (t )ψ0)(−a) =ϑ(t ,−a) =
αN f

2π

[
I
λ f

A
+ I

λ f

B

]
− βNe

2π

[
I
λe

A
+ I

λe

B

]
,

(U (t )ψ0)(a) =ϑ(t , a) =
αN f

2π

[
I
λ f

A
+ I

λ f

B

]
+ βNe

2π

[
I
λe

A
+ I

λe

B

]
,

which permits to have the right-hand side of the Volterra-system (4.8) analytically.
Let us observe that the same computations hold also for the asymmetric initial condi-
tion (4.25) with (φ f ,φe) replaced by (φ0,φ1), as well as (N f , Ne) by (N0, N1).
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The Abel integral

Let us now present a discretization of an Abel-integral of the form (4.29), based on a
Gaussian quadrature. The time interval [0,T ] is discretized in a homogeneous man-
ner, as proposed above, such that one can now approximate A b(tl ) for l = 1, · · · ,K as
follows

A b(tl ) =
∫tl

0

g (s)
p

tl − s
d s =

l−1∑

k=1

∫tk+1

tk

g (s)
p

tl − s
d s =

l−1∑

k=1

p
∆t

∫1

0

g (tk +ξ∆t )
√

l −k −ξ
dξ .

Now, introducing the notation

r (l )
k

:= l −k , ϕk (ξ) := g (tk +ξ∆t ) , p(l )
k

(ξ) := 1
√

r (l )
k

−ξ

,

we will use a Gaussian quadrature formula with one point and the weight-function
p(l )

k
(ξ) to approximate the last integral as follows

∫1

0
p(l )

k
(ξ)ϕk(ξ)dξ= w (l )

k
ϕk (ξ(l )

k
) ,

with the “Gauss-points” given by

w (l )
k

:=
∫1

0

1
√

r (l )
k

−η

dη , ξ(l )
k

:= 1

w (l )
k

∫1

0

η
√

r (l )
k

−η

dη . (4.33)

This leads to

A b(tl ) ≈
p
∆t

l−1∑

k=1

w (l )
k

g (tk +∆t ξ(l )
k

) .

As the function g is known only at the grid points tk , we shall linearize g in the cell
[tk , tk+1] to find finally the approximation formula we used for the Abel-integral

A b(tl ) ≈A bnum (tl ) :=
p
∆t

l−1∑

k=1

w (l )
k

[
ξ(l )

k
gk+1 + (1−ξ(l )

k
) gk

]
, ∀l = 1, · · · ,K , (4.34)

where w (l )
k

and ξ(l )
k

are given by (4.33) and gk := g (tk ). Let us remark here that the func-
tion g (s) is known up to the instant tl−1, such that we have to keep in mind that there
is a term in this last formula, which is unknown, i.e. gl , and which has to be computed
at this present step via the Volterra-system. This procedure shall be explained in sub-
section II.4, however let us here introduce some notation, to simplify the subsequent
analysis. We shall denote

A b1
num (tl ) :=

p
∆t

l−2∑

k=1

w (l )
k

[
ξ(l )

k
gk+1 + (1−ξ(l )

k
) gk

]
+
p
∆t w (l )

l−1 (1−ξ(l )
l−1) gl−1 , ∀l = 1, · · · ,K ,

and
A b2

num (tl ) :=
p
∆t w (l )

l−1
ξ(l )

l−1
gl ,

such that (4.34) becomes simply

A b(tl ) ≈A bnum (tl ) =A b1
num (tl )+

p
∆t w (l )

l−1ξ
(l )
l−1 gl , ∀l = 1, · · · ,K . (4.35)
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The Highly-oscillating integral

Let us come now to the treatment of the highly oscillatory integral (4.30), which is the
most delicate part of our numerical scheme. Indeed, as one can observe from Fig. 4.2,
the integrand function (here with g ≡ 1, t = a = 1) is a rapidly varying function such
that its integration has to be done with care. We shall present here different procedures
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-40
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30
Highly-oscillating integrand-function

Figure 4.2: Evolution in time of the integrand function h(s) := 1p
1−s

ei 1
1−s with s ∈ [0,1].

for its computation or approximation. The first procedure is more analytical and based
on integral-tables [1]. The second one is a numerical approach and uses integration-
by-parts to cope with the high oscillations.

The analytic procedure starts with linearizing the function g in the cell [tk , tk+1],

g (s)= gk+1 − gk

∆t
(s − tk )+ gk , ∀s ∈ [tk , tk+1] ,

in order to approximate

H o(tl ) :=
∫tl

0

g (s)
p

tl − s
e

i a2

tl −s d s

≈
l−1∑

k=1

[
gk+1 − gk

∆t

∫tk+1

tk

s − tkp
tl − s

e
i a2

tl−s d s + gk

∫tk+1

tk

1
p

tl − s
e

i a2

tl −s d s

]

=
l−1∑

k=1

[gk+1 − gk

∆t
I k,l

1 + gk I k,l
2

]
, ∀l = 1, · · · ,K ,

where we denoted

I k,l
1 :=

∫tk+1

tk

s − tkp
tl − s

e
i a2

tl −s d s , I k,l
2 :=

∫tk+1

tk

1
p

tl − s
e

i a2

tl −s d s .

The I k,l
1 -integral can be further developped as follows

I k,l
1 =

∫tk+1

tk

s − tlp
tl − s

e
i a2

tl −s d s + (tl − tk )

∫tk+1

tk

1
p

tl − s
e

i a2

tl −s d s =−I k,l
3 + (tl − tk ) I k,l

2 ,
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where we introduced

I k,l
3 :=

∫tk+1

tk

√
tl − s e

i a2

tl −s d s .

The integrals I k,l
2 and I k,l

3 have now explicit expressions. Indeed, one can find, using
[1], that

I k,l
2 = 2

∫Dk

Dk+1

e i a2/ξ2
dξ= 2

[
p
−iπa erf

(p
−i a

ξ

)]Dk

Dk+1

, Dk :=
√

tl − tk ; (4.36)

and

I k,l
3 = 2

∫Dk

Dk+1

ξ2 e i a2/ξ2
dξ= 2

3

[
ξ3]Dk

Dk+1
+4

p
iπ(TDk

−TDk+1
) , (4.37)

with

TD =
[
ξ3

3
erf

(p
−i

D
ξ

)
+e

i
D2 ξ2 D

3
p
−iπ

(
ξ2 + i D2)

]a

0

, for D = Dk ,Dk+1 .

Using now these explicit formulae (4.36)-(4.37) we get an approximate formula for the
highly-oscillating intergral H o, i.e.

H o(tl ) ≈
l−1∑

k=1

[gk+1 − gk

∆t
(−I k,l

3 + (tl − tk )I k,l
2 )+ gk I k,l

2

]
, ∀l = 1, · · · ,K , (4.38)

This formula is quasi-analytical, and is based on the linearization of the function g .
This linearization is possible, if the function g itself is not highly-oscillating. We re-
mark here also that (4.38) involves the still unknown value gl .

A second idea can be used to approximate these highly oscillating integrals, based
more on a numerical discretization. Let us start from

H o(tl ) =
∫tl

0

g (s)
p

tl − s
e

i a2

tl −s d s

=
N (l )

i t
−1∑

k=1

∫tk+1

tk

g (s)
p

tl − s
e

i a2

tl −s d s +
l−2∑

k=N (l )
i t

∫tk+1

tk

g (s)
p

tl − s
e

i a2

tl−s d s +
∫tl

tl−1

g (s)
p

tl − s
e

i a2

tl −s d s

=: IH1 + IH2 + IH3 , ∀l = 1, · · · ,K .

This decomposition follows the evolution of the integrand-function, meaning that the
index N (l )

i t
∈ [1, l − 1] ⊂ N will delimitate the regions of smooth evolution resp. rapid

variation and shall permit two different treatments of the integrals. This index is cho-
sen in our case in the following manner:

The highly oscillating function e
i a2

tl −s has a period which diminishes monotonically as

s → tl . The extrema of this function are localized at the points s j := tl − a2

j π
, j ∈ N

and s j → j→∞ tl . A function is smooth in our sens, if between two extrema we have at
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least 5 time-steps. Hence, letting J ∈ N being the index, such that 5⋆∆t ∼ s J+1 − s J =
a2

π

[
1
J
− 1

J+1

]
∼ a2

π J 2 , we define N (l )
i t

such that t
N (l )

i t
< s J < t

N (l )
i t

+1
.

Now for k < N (l )
i t

the integrand function is not so oscillating, and a standard quadrature-
method (for example rectangle or trapez-method) can be used to approximate IH1. In
particular, using the trapez-method leads to

IH1 ≈
N (l )

i t
−1∑

k=1

∆t

2

[
gk+1p

tl − tk+1
e

i a2

tl−tk+1 + gkp
tl − tk

e
i a2

tl −tk

]
.

For k ≥ N (l )
i t

the integrand function is becoming too oscillating to use any more stan-
dard quadrature methods, such that we shall rather make use of an integration-by-
parts (IPP) technique, i.e.

∫tk+1

tk

g (s)
p

tl − s
e

i a2

tl −s d s =
(
− i

a2

) ∫tk+1

tk

g (s) (tl − s)3/2
(

ia2

(tl − s)2
e

i a2

tl −s

)
d s

= i

a2

∫tk+1

tk

[
g (s) (tl − s)3/2]′ e

i a2

tl−s d s − i

a2

[
g (s) (tl − s)3/2 e

i a2

tl −s

]tk+1

tk

≈
(
− i

a2

) [
gk+1 (tl − tk+1)3/2 e

i a2

tl −tk+1 − gk (tl − tk )3/2 e
i a2

tl −tk

]
;

∫tl

tl−1

g (s)
p

tl − s
e

i a2

tl −s d s ≈ i

a2
gl−1 (∆t )3/2 e ia2/∆t .

Using these formulae, and remarking the telescopic summation, one gets immediately

IH2 + IH3 ≈
i

a2
g

N (l )
i t

(tl − t
N (l )

i t
)3/2 e

i a2

tl −t
N

(l )
i t .

Hence, we get altogether

H onum (tl ) =
N

(l )
i t

−1∑

k=1

∆t

2

[
gk+1p

tl − tk+1
e

i a2

tl−tk+1 + gkp
tl − tk

e
i a2

tl −tk

]
+ i

a2
g

N (l )
i t

(tl−t
N (l )

i t
)3/2 e

i a2

tl −t
N

(l )
i t .

(4.39)
Remark at this point that in this case, we do not need gl for the computation of H o(tl ).

The Non-linearity

The non-linearity is treated iteratively, by linearizing the non-linear term. To explain
this procedure, let us first summarize what we performed up to now in the discretiza-

tion of the Volterra-system (4.8). Denoting for simplicity the constant κ := γ
2

√
i
π

and
using the approximations (4.35) as well as (4.39), we have for l = 1, · · · ,K





q l
1 +κ

p
∆t w (l )

l−1
ξ(l )

l−1
q l

1 |q l
1|2σ+κA b1,−

num (tl )+κH o+
num (tl ) =ϑ(tl ,−a)

q l
2 +κ

p
∆t w (l )

l−1
ξ(l )

l−1
q l

2 |q l
2|2σ+κA b1,+

num (tl )+κH o−
num (tl ) =ϑ(tl , a) ,

(4.40)
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where in the Abel and highly-oscillating terms we introduced a sign ± in order to un-
derline which function g (s) = q1,2(s) |q1,2(s)|2σ they involve, in particular the one cor-
responding to y1 =−a or to y2 =+a.
The resolution of the non-linear system (4.40) consists now in introducing the linearization-
sequence {q l ,n

1,2 }n∈N as follows

q l ,0
1,2 := q l−1

1,2 ,

and where the terms q l ,n
1,2 are solution for n ≥ 1 of the linearized Volterra-system





q l ,n
1 +κ

p
∆t w (l )

l−1
ξ(l )

l−1
q l ,n

1 |q l ,n−1
1 |2σ+κA b1,−

num (tl )+κH o+
num (tl ) =ϑ(tl ,−a)

q l ,n
2 +κ

p
∆t w (l )

l−1
ξ(l )

l−1
q l ,n

2 |q l ,n−1
2 |2σ+κA b1,+

num (tl )+κH o−
num (tl ) =ϑ(tl , a) .

(4.41)
This procedure is stopped at k = M , either when two subsequent iterations do not vary
any more, meaning |q l ,n

1,2 −q l ,n−1
1,2 | < 10−3, or when a maximal number of interations, as

k = 10 is reached, and one defines finally

q l
1,2 := q l ,M

1,2 .

Solving now the system (4.41) permits us to get a numerical approximation of the so-
lution to the Volterra-system (4.8) and in the next section we shall present the simula-
tions based on the just presented scheme.

III NUMERICAL SIMULATION OF THE BEATING PHENOMENON

Let us present in this section the numerical results obtained with the scheme
presented in Section II. First we shall investigate the symmetric and asymmetric linear
case and compare the obtained results with the exact solutions in order to validate the
code. A particular attention is paid to the asymmetric linear case, which does not allow
for a beating motion of the particle, the initial symmetry being destroyed. Secondly we
shall pass to the non-linear simulations and study the destruction of the beating due
to the manifestation of the non-linearity.

The symmetric linear case

In this section we set σ = 0 and consider the linear Volterra-system (4.8)-(4.9) associ-
ated with the initial condition given in (4.32), namely

ψL
beat ,0(x) :=αφ f (x)+βφe (x) , α,β ∈R , (4.42)

and corresponding exact solution




q1(t ) =αφ f (−a)e iλ f t +βφe(−a)e iλe t ,

q2(t ) =αφ f (a)e iλ f t +βφe(a)e iλe t ,
∀t ∈R

+ . (4.43)
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In the following linear tests, we performed the simulations with the parameters

a = 3 , α=
p

0.01, β=
p

0.99, γ=−0.5 . (4.44)

Figure 4.3 presents on the left the time-evolution of the numerical solutions of the
Volterra-system (4.8)-(4.9), associated to the parameters presented above, and on the
right the relative error between the exact solution and the numerical solution. One
can firstly observe the so-called beating motion of the system between the two “stable”
configurations, which correspond to the first two energy states of the nitrogen atom.
Secondly, one remarks also a nice overlap of the numerical with the exact solutions.
This overlap begins to deteriorate in time, effect which comes from the accumulation
of the numerical errors, arising during the approximations we perform in the simula-
tion. These linear tests permitted us to validate the linear version of our code.
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Figure 4.3: The beating effect. Left: Evolution in time of the numerical solutions |q1|2(t) resp. |q2|2(t).

Right: Relative error: abs
[
|qex

1,2|
2 −|qnum

1,2 |2
]

/||qex
1,2||∞.

The asymmetric linear case

In contrast to the previous case, we shall now choose an asymmetric initial condition
of the form

ψas y,0(x) :=αφ0(x)+βφ1(x) , α,β ∈R ,

with φ0, φ1 defined in (4.23)-(4.24). The exact solution is equally known in this case,
and is given by similar a formula as (4.43) (see (4.26)). Two plots are presented in Fig.
4.4, corresponding to the two sets of parameters:

• (A) γ1 =−8, γ2 =−4, a = 1/2, α=β= 1/
p

2 ;

• (B) γ1 =−10, γ2 =−4, a = 5, α=β= 1/
p

2 .
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As expected, the beating motion of the nitrogen atom is completely annihilated, and
this due to the asymmetric initial conditions. In Fig. 4.4 (A) one observes that the
particle remains with a certain probability in each potential well, without crossing the
barrier by tunneling and jumping in the other well. In each well, the particle is per-
forming a periodic motion, permitting to show that the particle is not at rest in the
well. In Fig. 4.4 (B) the parameters are more extreme and the particle seems even to
be at rest in the two wells. The small oscillations one can observe in Fig. 4.4 (B) are
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Figure 4.4: The asym. lin. case. Left: Evolution in time of the numerical solutions |q1|2(t) resp. |q2|2(t)

with the set of parameters (A). Right: Same plots with the set of parameters (B).

due to numerical errors, the exact solution is quasi constant in time, oscillating with
an amplitude of approx. 10−7, as shown in the zoom of Fig. 4.5 for the unknown q2.
The relative error in this case between the exact solution and the numerical one is of
12%.
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The non-linear case

Let us now come to the study of the non-linear case and a detailed investigation of
the destruction of the beating phenomenon. We start by choosing the same initial
condition and the same parameters as in the symmetric linear case (4.42), (4.44) and
go on by raising step by step the parameter σ> 0. The following Figures correspond to
the following nonlinearity exponents

σ= 0.3 ; σ= 0.6 ; σ= 0.7 ; σ= 0.8 ; σ= 0.82 ; σ= 0.9 ; σ= 0.98 .

What has to be mentioned here, is the choice of the parameter γ. We recall that

γ±(t ) = γ |ψ(t ,±a)|2σ .

Using this formula at the initial instant t = 0 with γ±(0) given as in the symmetric linear
case, namely γ±(0) =−0.5, permits after insertion of ψ0(±a) to choose γ< 0 as follows

γ := 2γ±(0)/[|ψ0(a)|2σ+|ψ0(−a)|2σ] .

In the following Figures 4.6 and 4.7 we plotted the numerical solutions of the Volterra-
system (4.8)-(4.9), i.e. |qnum

1 |2(t ) resp. |qnum
2 |2(t ) (in blue resp. red) as functions of

time, and for the different non-linearity exponents given above. At the same time, we
plotted in the same Figures, as a reference, the exact solutions of the symmetric linear
system, i.e. |qbeat ,1|2(t ) resp. |qbeat ,2|2(t ) (in cyan resp. magenta). One remarks step by
step, how the non-linearity destroies the beating-effect.
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Figure 4.6: The non-linear time-evolution of the numerical solutions |qnum
1 |2(t) resp. |qnum

2 |2(t)

(in blue/red full line) and corresponding linear beating solutions |qbeat ,1|2(t) resp. |qbeat ,2|2(t) (in

cyan/magenta dashed line), for σ= 0.3 (left) and σ= 0.6 (right).

To conclude, let us remark that as noticed by many authors, the quantum beating
mechanism is highly unstable under perturbations breaking the inversion symmetry of
the problem. We also observed this feature in the present work, by analyzing the sup-
pression of the quantum beating in a zero range, non linear, double-well potential.
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We decided to perform the numerical studies of the evolution of a beating state in the
presence of a non-linear perturbation of a zero-range, double-well potential, when the
evolution equation is rephrased as a system of two coupled, weakly-singular Volterra
integral equations. In doing this, our aim was to test the effectiveness of this reduction,
in order to simplify the numerical simulations of the Schrödinger evolution equations.
Furthermore, the very same reduction is possible in dimension two and three, in spite
of the fact that much more singular boundary conditions have to be satisfied at any
time in those cases. As a consequence, the generalization to higher dimensions is ex-
pected to be a feasible task that we want to complete in further works.
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Figure 4.7: The non-linear time-evolution of the numerical solutions |qnum
1 |2(t) resp. |qnum

2 |2(t)

(in blue/red full line) and corresponding linear beating solutions |qbeat ,1|2(t) resp. |qbeat ,2|2(t) (in

cyan/magenta dashed line), for σ= 0.7, σ= 0.8, σ= 0.9 and σ= 0.98.
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CHAPTER 5

CUBIC NONLINEAR SCHRÖDINGER

EQUATION FOR THE BEC

Chapter based on the article:
W. Bao, D. Jaksch, P.A. Markowich 1

The cubic nonlinear Schrödinger equation arises as a model for different phe-
nomena. In particular, it describes the time-evolution of the Bose-Einstein conden-
sate (BEC), which is a gas of atoms evolving at very low temperatures and trapped in
a potential well. The particles condensate thus and occupy the single lowest energy
state, being not constrained by the Pauli principle (bosons). The effects of the inter-
actions between particles is described via a mean field potential term which gives rise
to the nonlinear term in the equation. In this area the governing equation is called the
“Gross-Pitaevskii” equation (GPE).

The study of the properties of BECs, like for ex. the stationary ground states,
collective excitations, superconductivity, formations of vortices etc, passes amongst
others through numerical studies. Simulations of a BEC permit in a cheap manner to
explore condensed matter physics and open some new pathes for applications.
The main difficulties in the resolution of the GPE are the dimension (3D), the nonlin-
earity as well as the preservation of specific quantities. Time-splitting spectral methods
are used in literature to cope with these problems and construct efficient numerical al-
gorithms. The presentation of such schemes is the aim the present chapter.

1"Numerical solution of the Gross-Pitaevskii equation for Bose-Einstein condensation", JCP 187
(2003), 318–342.
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I THE BOSE-EINSTEIN CONDENSATE

Superconductivity, superfluidity and Bose-Einstein condensation are very capti-
vating phenomena, which can be explained by means of quantum mechanics. They
occur only at very low temperatures, in particular below a certain critical temperature
Tc , where quantum mechanical effects enter into play. One of their particularities con-
sists in the fact that these three phenomena are different types of macroscopic quan-
tum mechanical revelations, while other quantum mechanical manifestations occur
only at atomic or sub-atomic space-scales.

Let us focus on Bose-Einstein condensates. A BEC is a state of matter in which a
gas of atoms is cooled down to nearly zero temperature, at which the different atoms
saddle together and take the same, lowest energy state (bosons). At this point, the
atoms have all the same quantum state, can be considered as identical, obey the Bose-
Einstein statistics and start to behave as a whole. Not all atoms give rise to a BEC,
in particular not all atoms remain in the liquid state at so small temperatures; one of
those leading to a BEC is for ex. the isotope of helium 4He . The discovery and study
of BECs in dilute gases opened new paths to the understanding of quantum mechan-
ics. Fundamental phenomena like coherence, superfluidity, quantum phase transi-
tion, nonlinear matter-wave behaviour were studied in this new state of matter. Some
typical illustrations of these phenomena are BEC interferences, vortices and vortex lat-
tices, dark and light solitons and so on. In addition to these fundamental aspects, BEC
are also thought to have some practical applications, as for example BEC atom lasers
for precision measurements, etching, lithography or superposition of BECs to encode
quantum bits as a basis for quantum computation. For all these multiple reasons, the
study of BECs got very popular in the last years and a vast literature exists [47, 80].

The properties of a BEC at low temperatures, smaller than the critical tempera-
ture Tc , are well described by a nonlinear Schrödinger equation for the macroscopic
wave function ψ(t , x). Let us remark that the condensate is described by a system of
N indistinguishable particles, each one being represented by the same wave-function
ψ(t , x), which represents the density probability to find a particle at instant t in the
position x. The evolution equation of this wave-function, called also Gross-Pitaevskii
equation (GPE), incorporates the trapping potential of the condensate as well as the
interaction between particles, which is modelled via a nonlinear mean-field term

iħ∂tψ(t , x) =− ħ2

2m
∆ψ+V (x)ψ(t , x)+W (|ψ(t , x)|2)ψ(t , x) , ∀(t , x) ∈R

+×R
3 , (5.1)

where the mean-field term is defined as

W (ξ) := N U0 |ξ|2 , U0 := 4πħ2 as

m
,

with as the wave scattering length, N the number of atoms in the condensate and U0

the effective interaction-strength between the particles. There are a lot of studies con-
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cerning the numerical resolution of the time-independent Gross-Pitaevskii equation
in order to investigate the ground-states of a condensate, methods based on a direct
minimization of the energy functional []. Equally, there are also many studies deal-
ing with the numerical resolution of the time-dependent equation (5.1), studies based
among others on time-splitting spectral methods [16, 17, 35, 37]. These schemes are
very appreciated as they have several advantages, they are explicit, unconditionally sta-
ble, time-reversible and conserve the particle density. In fact, spectral methods have
particularly good accuracy properties and splitting procedures simplify drastically the
resolution, permitting considerable computational time and memory savings.
The goal of this chapter will be to introduce such methods for the resolution of (5.1).
However, let us first rescale the physical equation in order to identify interesting regimes
to be studied.

II SCALING OF THE GROSS-PITAEVSKII EQUATION

The scaling of a physical model, as for ex. (5.1), permits to identify small param-
eters, describing specific regimes of the Bose-Einstein condensate. Several asymptotic
studies can then be carried out, giving rise to a hierarchy of limit models. The scaling
procedure starts by identifying the characteristic scales of the phenomenon. Let us
thus write each quantity as follows n = n̄ n′, where the constant n̄ is the characteristic
scale and n′ is the new adimensional variable. In the following, the external trapping
potential is given under the form of a harmonic potential, i.e.

V (x, y, z) := m

2
(ω2

x x2 +ω2
y y2 +ω2

z z2) ,

where ωi are the trapping frequencies. With this notation, one has then

x := x̄ x′ , t := t̄ t ′ , ψ(t , x) := ψ̄ψ′(t ′, x′) , V (x) := V̄ V ′(x′) , W (ξ) := W̄ W ′(ξ′) .

Denoting by ω⋆ := min{ωx ,ωy ,ωz }, the characteristic length of the condensate cloud
and the chosen observation time are given by

L :=
√

ħ
mω⋆

, t̄ := 1/ω⋆ .

Now, there are some relations between all these quantities, as for example

ψ̄2 = 1

x̄3
, V̄ = mω2

⋆
x̄2 , W̄ = N U0 ψ̄

2 .

Writing now the GPE in the new dimensionless variables, yields

i∂t ′ψ
′(t ′, x′) =− ħ

2m

t̄

x̄2
∆ψ′+ t̄ V̄

ħ
V ′(x′)ψ′(t ′, x′)+ t̄ W̄

ħ
W ′(|ψ′(t ′, x′)|2)ψ′(t ′, x′) . (5.2)
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Let us finally define the regime we are interested in. For this, we introduce the
two scaling parameters ε and κ, defined as

ε :=
(

L

x̄

)2

, κ := ε5/2 N
4πas

L
= W̄ t̄ 2

m x̄2
,

which represent on one hand the ratio between the characteristic condensate length
and the observation scale and on the other hand the rescaled interaction-strength pa-
rameter. This last parameter can be seen as the ratio between W̄ and the kinetic energy
of the particle. Omitting the primes for simplicity reasons, the dimensionless Gross-
Pitaevskii equation writes now

iε∂tψ(t , x) =−ε2

2
∆ψ+V (x)ψ(t , x)+κ |ψ(t , x)|2 ψ(t , x) , ∀(t , x) ∈R

+×R
3 , (5.3)

where

V (x) = 1

2
(γ2

x x2 +γ2
y y2 +γ2

z z2) , γi := ωi

ω⋆

.

Two different regimes can now be clearly identified, namely

• the case where ε∼ 1 and κ≪ 1: weakly interacting condensate;

• the case where ε≪ 1 and κ ∼ 1: strongly interacting condensate, semi-classical
regime .

The first case is a regular perturbation case, and shall not be treated in the present
lecture. The study of the second case, which is a singularly perturbed problem and
hence more difficult to treat, will be the main objective of this chapter.

III SPLITTING SCHEMES

Our resolution strategy for (5.3) will be based on a spectral splitting technique,
such that we shall first rapidly recall in this section the main idea of splitting methods
for the resolution of abstract evolution equations of the type

{
∂t u(t ) = L u(t ) = (A+B)u(t ) , ∀t ∈ (0,T ] ,

u(0) = u0 ,

with unknown u : [0,T ] → X (X Banach space) and where L : X → X can be seen as an
abstract linear operator (e.g. differential operator), which can be decomposed into two
distinct parts, the two operators A and B . Such type of problems arise in the modelling
of complex physical situations involving phenomena of rather different kind (convec-
tion, diffusion, reaction, etc), fact which is translated in partial differential equations
containing operators that are mathematically very different. This difference in the var-
ious terms make the study of these models very challenging from a theoretical as well

74



CHAPTER 5. CUBIC NONLINEAR SCHRÖDINGER EQUATION FOR THE BEC

as numerical point of view. However, splitting techniques permit to take advantage of
this difference in the operators.
Indeed, a splitting method is a strategy consisting in the decoupling of an initially given
system (with operator L) into several sub-problems (with operators A resp. B), each
one describing a different phenomenon. The aim is then to solve iteratively each of
these sub-problems, permitting in this way the use of different analytical or numeri-
cal techniques for the respective sub-problems and gaining thus in efficiency. Indeed,
one can combine specific numerical methods for each sub-problem, which are con-
ceived for a particular type of equation (parabolic, hyperbolic, ...) in the aim to gain in
computational power and reduce memory requirements. There exists a vast literature
on splitting methods, we shall only give here the main ideas and refer the interested
reader to [42, 48, 91].
Let us however give first some examples of models where splitting schemes can bring
some advantages:

Reaction-diffusion equations:

Reaction-diffusion equations arise in biology, epidemology, physics, chemistry etc, and
can take the form

∂t u(t , x) =∇· (κ∇u)+ f (u) , ∀(t , x) ∈ (0,T )×Ω , Ω⊂R
d ,

where u(t , x) is a concentration or density function, f (u) describes a local, non-linear
reaction (birth-death, chemical reaction) and κ > 0 is a diffusion matrix. A splitting
procedure between A =∇·(κ∇) and B = f (·) should permit to treat the non-linearity in
a different manner than the linear diffusion operator.

Convection-diffusion equations:

Models that involve a combination of convective and diffusive phenomena arise very
often in fluid mechanics, astrophysics, meteorology etc, and have typically the form

∂t q(t , x)+∇· f (q)−∇· (κ∇q) = 0 , ∀(t , x) ∈ (0,T )×Ω ,

where q(t , x) is a concentration (e.g. pollutant in a river), f is a possibly non-linear
convective flux-term and κ> 0 a diffusion matrix. A splitting technique should permit
to treat the two rather different phenomena of convection and diffusion in a different
way.

Vlasov equation:

The Vlasov equation is an advection equation, describing for ex. the evolution of a gas
of charged particles (plasma) in an external or self-consistent electro-magnetic field
(E,B). It takes the form

∂t f +v ·∇x f + q

m
(E+v ×B) ·∇v f = 0 , ∀(t , x, v) ∈ (0,T )×R

2d ,
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where the distribution function f (t , x, v) stands for the density of particles located at
the position x ∈ R

d and having the velocity v ∈ R
d at instant t ≥ 0. A splitting proce-

dure in the case without magnetic field B ≡ 0 permits for example to decompose the
system into two constant coefficient advection equations, corresponding to the oper-
ators A = v ·∇x and B = q

m
E ·∇v , which can be solved explicitly.

Gross-Pitaevskii equation:

As we have seen, the Gross-Pitaevskii equation arises in several fields of application,
and has generally the form

iħ∂tψ(t , x) =− ħ2

2m
∆ψ+V (x)ψ(t , x)+W (|ψ(t , x)|2)ψ(t , x) , ∀(t , x) ∈R

+×R
d .

In this case, the splitting between the linear part A =− ħ2

2m
∆+V and the non-linear part

B ψ=W (|ψ(t , x)|2)ψ(t , x) or even more simpler, between the free evolution A =− ħ2

2m
∆

and the remaining potential-term, can bring several advantages, as will be seen in the
following.

Directional splitting (ADI):

Diffusion equations in two or three dimensions, namely

∂t u(t , x, y, z) = ∂x (κx ∂x u)+∂y (κy ∂y u)+∂z (κz ∂z u) , ∀(t , x, y, z) ∈R
+×Ω ,

can be very cumbersome to solve, due to the high dimensionality. It can be then more
advantageous to split the operator with respect to the different directions, and solve in-
stead of one 3D diffusion problem, three 1D problems with A = ∂x (κx ∂x ), B = ∂y (κy ∂y )
and C = ∂z (κz ∂z ). This procedure reduces drastically the memory requirements, the
computational time and can be sometimes even the only feasible method.

Splitting procedures can have several big advantages, as mentioned above. For
example reduction of the dimensionality, in the ADI-case, or different numerical treat-
ment for the different physical phenomena, like convection and diffusion, or separa-
tion of linear and non-linear parts for a better handling. Tailor-made numerical meth-
ods can then be used for each sub-system, increasing the efficiency and permitting
furthermore the consideration of more complex, realistic problems involving several
different physical phenomena.
There are however also some drawbacks with splitting techniques. Indeed, the splitting
introduces splitting-errors in the modelling, which have to be estimated with care, in
order to evaluate their magnitude as compared to the usual discretization error mag-
nitude. Furthermore, the splitting procedure can also destroy some positivity or con-
servation properties of the initially given physical problem. For all these reasons, one
has to do a detailed study, before applying splitting methods.
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Lie and Strang splitting procedures

Let us present now the two most popular splitting methods. For simplicity reasons, we
shall consider here a finite-dimensional linear framework and start from the evolution
problem {

u′(t ) = L u(t ) = (A+B)u(t ) , ∀t ∈ (0,T ) ,

u(0)= u0 ∈R
m ,

(5.4)

with the unknown function u : (0,T ) →R
m and where A,B ∈R

m×m are two given matri-
ces. One can imagine that these matrices are obtained via a space semi-discretization
of some spatial partial differential operators. Introducing now the exponential-matrices

A (t ) := e t A ∈R
m×m , B(t ) := e tB , L (t ) := e tL , ∀t ∈ [0,T ] ,

the unique exact solution of (5.4) reads u(t ) =L (t )u0 for all t ∈ [0,T ].

One would like now to solve the system (5.4) in a splitted manner, for the reasons
mentioned above. For this, let us introduce a time-discretization of our interval [0,T ]:

0 = t0 < ·· · < tn < ·· · < tK = T , tn = n ∗∆t , ∆t := T /K ,

and pass from time-step tn to tn+1 by solving iteratively

(L)1





u′
1(t ) = B u1(t ) , ∀t ∈ (tn , tn+1] ,

u1(tn) = un
sp ,

(L)2

{
u′

2(t ) = A u2(t ) , ∀t ∈ (tn , tn+1] ,

u2(tn) = u1(tn+1) ,
(5.5)

setting
u0

sp := u0 , un+1
sp := u2(tn+1) . (5.6)

The splitting procedure (5.5)-(5.6) is called “Lie-splitting”. If we solve the two systems
(5.5) in an exact manner, the splitting-solution and the exact solution of (5.4) at time
step t n+1 have the exact forms

un+1
sp =A (∆t )B(∆t )un

sp , un+1 =L (∆t )un , ∀n ∈N .

If the two matrices commute, i.e. AB = B A or equivalently [A,B] = 0, then the splitted
and not-splitted solutions would be the same, namely un

sp = un for all n ∈ N, due to

the fact that e t (A+B) = e t L . However, for not-commuting matrices (or operators more
generally) there will be a splitting error, which shall be estimated in the next section.

The Lie-splitting is a first-order accurate method (see Section ??), in the sense
that the splitting error is of the order O (∆t ). Let us thus introduce a second order
splitting-procedure, called “Strang-splitting”, given by the following iterative resolu-
tion for the passage tn → tn+1:

(S)1





u′
1(t ) = A u1(t ) , ∀t ∈ (tn , tn+1/2] ,

u1(tn) = un
sp ,

(S)2

{
u′

2(t ) = B u2(t ) , ∀t ∈ (tn , tn+1] ,

u2(tn) = u1(tn+1/2) ,
(5.7)
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and

(S)3

{
u′

3(t ) = A u3(t ) , ∀t ∈ (tn+1/2, tn+1] ,

u3(tn+1/2) = u2(tn+1) ,

u0
sp := u0 ,

un+1
sp := u3(tn+1) .

(5.8)

This time the error between the exact splitting solution of (5.7)-(5.8) and the exact so-
lution of (5.4), meaning between

un+1
sp =A (∆t/2)B(∆t )A (∆t/2)un

sp , un+1 =L (∆t )un ,

is of the order O ((∆t )2), yielding a second-order splitting technique.

It is now very complicated or impossible to compute the exponential matrices
A (t ) resp. B(t ) analytically, such that numerical discretization procedures have to be
taken into consideration. Choosing for example the implicit Euler schemes for both
systems in (5.5), yields the Lie-scheme

un+1
sp = (I d −∆t A)−1 (I d −∆t B)−1 un

sp , u0
sp := u0 ; ∀n ≥ 0 . (5.9)

Choosing the Euler explicit method for the first system in (5.7), the Euler implicit method
for the second system (5.7) on (tn , tn+1/2) only and then the Euler explicit for the re-
mainder of the interval (tn+1/2, tn+1), and finally the Euler implicit method for the third
system (5.8), gives rise to the Peaceman-Rachford-scheme

un+1
sp = (I d − ∆t

2
A)−1 (I d + ∆t

2
B) (I d − ∆t

2
B)−1 (I d + ∆t

2
A)un

sp , u0
sp := u0 ; ∀n ≥ 0 .

(5.10)

IV NUMERICAL APPROXIMATION OF THE GPE IN THE

SEMI-CLASSICAL LIMIT

The goal of this section is now to introduce a time-splitting Fourier method for
the numerical resolution of the following Gross-Pitaevskii equation in the semi-classical
limit

iε∂tψ(t , x) =−ε2

2
∆ψ+V (x)ψ(t , x)+κ|ψ(t , x)|2 ψ(t , x) , ∀(t , x) ∈R

+×R
3 , (5.11)

where

V (x) = 1

2
(γ2

x x2 +γ2
y y2 +γ2

z z2) , γi ∈R ,

and 0 < ε≪ 1 is a small perturbation parameter, describing the semi-classical asymp-
totics. For simplicity reasons, we shall rather focus on a 1D periodic case, such that our
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starting problem reads





iε∂tψ(t , x) =−ε2

2
∂xxψ+γ2 x2

2
ψ(t , x)+κ|ψ(t , x)|2 ψ(t , x) , ∀(t , x) ∈ (0,T )× (a,b)

ψ(0, x) =ψ0(x) , ∀x ∈ (a,b) ,
(5.12)

associated with periodic boundary conditions in x = a and x = b. Let us also introduce
the discretization of our domain (0,T )× (a,b), as follows

0 = t0 < ·· · < tn < ·· · < tK = T , tn = n ∗∆t , ∆t := T /K ,

a = x0 < ·· · < xi < ·· · < xM = b , xi = a+ i ∗∆x , ∆x := (b −a)/M .

The quantity ψn
i

shall denote in the sequel a numerical approximation of the exact
solution ψ(tn , xi ) for all (n, i ) ∈ [0,K ]×[0, M −1] ⊂N

2. The periodicity conditions imply
the relations

ψn
0 =ψn

M , ψn
−1 =ψn

M−1 , ∀n ∈N .

Our splitting procedure will be based on the following choice of the splitting-
operators A and B

A :=−ε2

2
∂xx , B ψ := γ2 x2

2
ψ+κ|ψ|2 ψ ,

such that we shall solve in a certain iterative manner (Lie or Strang) the two systems

iε∂tψ(t , x) =−ε2

2
∂xxψ(t , x) , (t , x) ∈ (t1, t2)× (a,b) , (5.13)

and

iε∂tψ(t , x) = γ2 x2

2
ψ(t , x)+κ|ψ(t , x)|2 ψ(t , x) , (t , x) ∈ (t1, t2)× (a,b) . (5.14)

Equation (5.13), which is linear and periodic, shall be solved via a Fourier spectral
method, whereas (5.14) is solved explicitly, as the quantity |ψ(t , x)|2 remains invariant
in time, such that (5.14) is equivalent to

iε∂tψ(t , x) = γ2 x2

2
ψ(t , x)+κ|ψ(t1, x)|2 ψ(t , x) , (t , x) ∈ (t1, t2)× (a,b) . (5.15)

Indeed, multiplying (5.14) by ψ̄ and taking the imaginary part, yields immediately that
∂t |ψ(t , x)|2 = 0. Let us present now the resolution of these two sub-systems.

Fourier spectral method for (5.13):

For the Fourier method, we shall choose an odd integer M ∈N in the space-discretization,
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denote m := M−1
2 and represent the x-periodic, unknown function ψ(t , x) as a partial

Fourier series, i.e.

ψ(t , x) =
∞∑

k=−∞
ψ̂k (t )e iωk x , ψ̂k (t ) := 1

b −a

∫b

a
ψ(t , x)e−iωk x d x , ω := 2π

b −a

ψ(t , xi ) ≈
m∑

k=−m

ψ̂k (t )e iωk xi , ψ̂k (t ) ≈ 1

M

M−1∑

i=0

ψ(t , xi )e iωk xi .

(5.16)
Taking now the Fourier-transform of (5.13) yields an evolution equation for the func-
tions ψ̂k (t )

iε∂t ψ̂k (t ) = ε2

2
ω2 k2 ψ̂k (t ) , ∀(t ,k) ∈ (t1, t2)×Z ,

which gives immediately

ψ̂k (t ) = e−i ε
2 ω

2 k2 (t−t1 ) ψ̂k (t1) , ∀(t ,k) ∈ (t1, t2)×Z ,

permitting thus to compute ψ
t2
i

for all i ∈ [0, M −1], via (5.16), supposing ψ
t1
i

known.

Exact integration of the ODE (5.15):

The solution of the ODE (5.15) is immediately given by

ψ(t , x) = e− i
ε [γ2 x2/2+κ |ψ(t1 ,x)|2](t−t1 )ψ(t1, x) , ∀(t , x) ∈ (t1, t2)× (a,b) .

Global time-splitting Fourier spectral method for (5.12):

Altogether, using a Strang-splitting technique, our numerical scheme for the resolution
of the GPE (5.12) writes for all n ≥ 0, i = 0, · · · , M −1:

(Sp)





ψ(1)
i

:= e− i
ε

[
γ2 x2

i
/2+κ |ψn

i
|2

]
∆t
2 ψn

i , ψ0
i :=ψ(0, xi ) ,

ψ(2)
i

:=
m∑

k=−m

e−i ε2 ω
2 k2

∆t ψ̂(1)
k

e iωk xi , ψ̂(1)
k

:= 1

M

M−1∑

i=0

ψ(1)
i

e−iωk xi

ψ(3)
i

:= e
− i

ε

[
γ2 x2

i
/2+κ |ψ(2)

i
|2

]
∆t
2 ψ(2)

i
, ψn+1

i :=ψ(3)
i

.

For comparison, one can think to use a standard Crank-Nicolson finite difference scheme
for a direct resolution of (5.12), which simply writes for all i = 0, · · · , M −1 and n ≥ 0 as
follows

(C N )

iε
ψn+1

i
−ψn

i

∆t
=−ε2

4

[
ψn+1

i+1 −2ψn+1
i

+ψn+1
i−1

(∆x)2
+
ψn

i+1 −2ψn
i
+ψn

i−1

(∆x)2

]

+γ2
x2

i

2

ψn+1
i

+ψn
i

2
+κ|ψn

i |
2
ψn+1

i
+ψn

i

2
.

(5.17)
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This method is unconditionally stable, time-reversible and conserves the total particle
density. The big drawback comes from the fact that a linear system has to be solved,
which in three dimensions can become very expensive.

For a detailed comparison of these two different schemes (accuracy, stability,
mesh-size strategy), we refere the interested reader to the simulation results presented
in [16].
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