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Motivation 2

Aim: obtention of a hybrid model (kinetic resp. hydrodyn. ions
/ adiabatic electrons) for the description of strongly confined
plasmas with mass disparate and energetic particles.

Phys. context: study of tokamak fusion plasmas (ITER reactor)

Characteristics:
m high temperatures = instable medium
% strong magn. fields = anisotropic medium

m diff. electron/ion masses = multi-scale dynamics

Models:
m particle description (very precise, unpracticable)
m  kinetic description (pI'CCiSC, too COSﬂY)

w fluid description (not accurate enough, reasonable costs)
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Motivation 3

Starting model: Fokker-Planck equations for the two species (ions, electrons)

(O fi v Vafit — (B+vxB) Vol = Qii(fi) + Qic(fi, fo)

my;
e

atfe + v vacfe -

\ me

(E—|—V X B) . vvfe — Qee(fe) + Qei(feafi):

coupled to Poisson’s equation for the electrostatic potentiel

N imi —ne), E=-Vo.

Collision operator: Fokker-Planck or Fokker-Planck-Landau type

kT,
Qozﬁ(foufﬁ) = V@va' ((V_uaﬁ)fa+ i”b BV’UfOé) .

(07

Aim: Design of an effective numerical scheme for the adiabatic plasma regime.
% introduction of multi-scale Fokker-Planck collision operator (modelling);
% find right scaling, leading to the electron Boltzmann relation in the low mass limit;

% obtain hybrid model via an asymptotic study, design an efficient numerical scheme
(Hermite spectral approach).
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Hybrid modelling of fusion plasmas in the
low mass ratio regime

Main features/small parameter:

m Study electron/ion dynamics on 1on scales
w = m,/m; < 1

- Electrons will thermalize quickly

C. Negulescu, 25/05/2022



Kinetic ion/electron model 5

Starting model: Fokker-Planck equations for the two species (ions, electrons)

( Otfi +v0zfi + % E Oy fi = Qii(fi) + Qie(fi, fe)
(V)e 3 ez , (t,z,v) ERT xTxR
atfe+vamfe— Eavfe:Qee(fe)+Qei(feafi)

\ me

coupled to Poisson’s equation for the electrostatic potentiel

e
- xm¢:_(ni_ne): E=-0.¢.
€0

Collision operator:

kgT,,
Qup(far f5) = Vapdy ((v—uaﬁ)favL Erop am) C {8 = [ £v)dv

o R

na(t, @) = (fo), Nata = (U fa), %anaTa ::%qv—uaﬁf@,

Ue + U;  myTe + meT; mime |Ue — u;|?
, Tei = Tie :=
2 Me + My m; + me 2kp

Uei — Uie +—

Properties: Mass, momentum, energy conservation; entropy decay; thermal equilibrium; H-theorem.
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Physical scaling 6

e Definition of characteristic quantities and regime of interest (4 indep. parameters):

m _ e
g2 .= = (disparate masses) ; To =T T(; ; v o= gb_
m; kB T
_ kT _ kpT 1 _ . .
Vi = Vth.i = ; Ve '= Uth e = = —v; (micro. velocity scales)

Te := Tii s le :=U; Te, (micro. time/space scales — collisons)

U = Vo (macro. velocity scales)

x _ AD 60]€BT
—, T := — (macro. time/space scales), A\ := —, Ap = —
U t T e2n

. T v R T
, Uje s Ui i Vee Ve =€ 1e:1:1

3

Qaﬁzﬂaﬁfav fa:

s

e Non-dimensional kinetic system: (v = 1)

( Ofi+ v 0ufi + Oy f; = % Qui(fi) + £ Qie(fi £o)]

1 1 1
\ atfe + g Uaxfe - g Ea’ufe — 5_7' [Qee(fe) + QeZ(feafz)]
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Asymptotic study ¢ — 0 7

Aim: Describing plasma phenomena (instabilities) occurring on ion scales
= Electrons will be approx. by an adiabatic model, obtained via adequate asympt. limit € — O.

e Starting point: Electron Kinetic model: (1 =)A=~y =1)

< O fs+ Lv0pfe — T E0,f5 = 1 [Qee(fE) + Qei(fE, f7)]
_aazaz¢€ — nzg —n; Ef = — LE¢€

e

e Fokker-Planck collision operator:

Qee = Vee Ov [(V—ug)fe +T¢ Oufel, Qei =VeiOv[(v—ug;)fe +T¢; Ovfe]

e Inter-species macro-quantities:

us + eus
uZi: . 2 - :uz('ge
1 Ue — EU; |2
Tei® =Tie" = 1+ e2 (Te+€2Tz’+‘ - 5 Z| )
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Asymptotic study ¢ — 0 8

e Macroscopic quantities:

ne(t, z) = Jp fE(t,z,0)dv,

n(t, x)us(t, ) = Jpvfi(t,z,v)dv,

we(t, ) =3 Ju [0 fE(t,z,v)dv = 5 ngTE + g ng [ug]?,
p et a)TE(ta) =g fp lo —ugl fE(t @ v)dv,

4:(t, ) =5 Jo(v —ug)? fE(t 2, 0)dv,

e Corresponding (not closed) fluid model:

(eon + 0z (nSul) =0,

(3 (3
ué — eut
g € IS5 12 g e IS5 € e e 7
<&tcfi?t(neue)—|—5?aj (g |ug]® + nE TS| + ni B = —ve; ng 5 :
ut — eut
E & E & g & & & E & & & E (& )
eOtws + Oz [wWE ul +nE TS ul + qS] + niug B = —veynt (TS — TS, + ut — L
.
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Obtention of Limit-model/Ingredients

e Starting rescaled Fokker-Planck equation:

1 1 1
0ufE + 200 fE = 0uS5 = ~[Qeef9) + QuilfE S5
e H-theorem: Entropy H5, () = [ [y, 5 fSIn(f2) dvdae, hE = 2o
a3

LR + HE®) = =L frp [vee TE ha  |0uhE[? + vei T,

et hE
ff’]I‘XR [V” 11

{]dvd:c
‘F—E
| —I—svzeTfe h€ {Gh {]dvd:c.

h€

Ji Jo Qee(fO) In(fO)dvdz =0 = f0 =
foRQei( g,f?)ln(fg)dvda::o =

e Kinetic hierarchy:

o ,0 0
Ng,Ug, g

0 _
fe = Mng,o,Tg

00 fO — E°0u f2 = QY. () + Q% (£, )

e Electron Boltzmann relation: Inserting fO = M0 o o in the first eq. of the kinetic hierarchy
e re

0 xTe r—¢ r
Uaang’O’Tg_E aU-MTLg,O,Tg — O <~ v [ n. —|_ (2T€ 2) Te :| —v T€
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Limit model 10

e ¢ — 0 electron asymptotics: X] == Jpx(x)dw
0 o v2 ¢O(t x) ﬁ
ot x,v) = fr;itf;;)(t) e 2Te®  pnOt ) =c(t)e €O | ¢(t) =m/ [e Tg]

e [Limit-model:

(O f) 00, f2 4+ B0, £ = 1330y (v — ud) f2 + TP0, £7)

09 (t,)
(L) § 0@’ +c(t) e P20 =nf

X [w?} (t) + gTe(t) + % [\axcbo\z](t) = &

e Initial conditions:

- total mass: m := [ [ [V (¢t = 0,2, 0)dvdx

" total energy: ¢, = |uw(t = 0)} w2 =0)] + 5 [10:0°(t = 0)[
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Existence/Uniqueness of a solution 11

Fix (nY,w?) € L®(RT; LY(T); RT), m > 0, ;,,; > 0
"W Search unique solution (¢, T") of
—Opx® + c(t)e¢/T = n? , period. BC.

associated to the constraints [ ¢ (¢, x) de = 0 and

c(t) /e¢/de:/ngdx:m,
T T

1
E(T) := ET—|— — /|8gccb|2 daz—l—/wgdaz = Cini -
2 2 JT T

% For each T > 0 there exists a unique ¢ € H := {g € H'(T) / Jp gdx =0} sol. to
the nonlin. elliptic eq. (minimization of a strictly convexe functional)

®  The function &(T) is strictly increasing in 7" and satisfies

E(T) 27500 00, €ET) =10 /’w? dr < €;pn;
T

% There exists a unique 7 > 0 s.t. &(T%) = &;,,; and hence a unique associated ¢ € H.
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Conclusions mathematical part 12

Achieved;

= introduction of a mixed Fokker-Planck collision operator,

satisfying the three conservation laws and the entropy decay;

= found the right kinetic scaling, leading to the electron Boltzmann

relation (adiabatic electrons);
s Electron Limit-model obtained for ¢ — 0.
Next step :
® design an efficient scheme, describing the 1on/electron mixture;

s jdeally design of an A P-scheme, permitting an -independent

mesh.

C. Negulescu, 25/05/2022



13

Numerical simulation of fusion plasmas in
the low mass ratio regime

Main features:

m Hermite spectral approach in the velocity variable;

m Standard FD/Fourier/Galerkin approach in the space
variable;

m Crank-Nicolson (implicit) time-discretization;

- Investigation of an AP-property (¢-independent mesh).

C. Negulescu, 25/05/2022



Hermite spectral approach 14

e Study of the electron dynamics (given ion dyn.):

2

eOLf® + vOrf® — E°O0uf° = Qee(f°) + Qei(f°),

— qubs:nzg_naj E® = — x¢€°

e Standard Hermite polynomials {.J} }rcn, orth. basis of L?(M dv):

VEk4+ 1 =vJi(v) — VkJe1, Jo=1, Ji=v.
e Fokker-Planck specific Hermite basis {1 (¢, v) }ren:

Pi(t,v) = vthl(t) Tk (vt:(t)) M (vt:(t)) |

1 Ik
M, (1) (V) = Vomom(®) =P (- 22 (t)) ;o ven(t) = 4/TO(1),

vk + 1¢k—|—1(t7’0) — L ’ka(t,’U) — \/E¢k_1(t,v) ) 'QbO = Mvth ) ¢1 — UMUth/Uth .

Uth
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Hermite spectral approach 15

e Decomposition of f¢ in the orth. basis of L? (M, }7, dv):

fe(t,xz,v) := Za (t,x) Y (t,v)
k=0

e Hermite coef. {a} }ren sol. of infinite, coupled, nonlin. PDE syst.:

/

€ (875042 -+ rUt—h [k
Uth

E€
+VE—a_| + Vee <kak \/_—ozk 1+

Uth

2

e 1 (k- 1)ka;_2D + v O (VEaf_, + VE+1af,,)

g

T
] V(k—1) k@i—2>
Uth
Ut TE.
+ Ve <ka2—\/E;€;ail—|— 1 — vgz] (k—l)kai2> =0
th

\ —aa;a';¢€ — nf - OzS, E€ - — CU¢€ .

N\

e Observe that:

n® u® o
g g g g g
n —/f (t,z,v)dv =af, af = , T° =g,
R
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Hermite spectral approach

16

e Advantages of Hermite spectral approach:

™ basis fct. {1y, }en are well-adapted to approach Maxwellian-like distribution fct.;

% Jower order coef. are related to the lower order moments of f¢;

% permits to make the link between kinetic and fluid world, due to oz,iséo —e—0 0.

e Asymptotic limit € — O:

e Unique sol. of this PDE syst:
0

2
vade 1 (a—§>

i
0 0
(8% 8%
0 0
0
< «
+ Vei (kozg — \/Eﬁag_l - a0
1
0 2
agdr = m, —/ v
[ —n [

0
EY
o1

Uth

Gy

V(k—1) kO‘%Q)
vV (k—1) ka2—2>

0,

2a0

(048 +\/§oz8> + |02¢°|? +2w?} dr = ¢

Electron Boltzmann relation

E Ot
vip Ozag + —ad =0 =  a(t,z) = c(t) exp(¢(’x)>.

Uth

TO(t)

C. Negulescu, 25/05/2022



Numerical simulations: One species test case

17

e Initial condition: T :=

L=12,

(2 4+ 5v%) exp <—f> ,

cos(2k x) + cos(3k x)

0, L],
1
fe(t=0,z,v) = T
ni(xr) = 1—|—/<,{

1.2

k=2, k=0.04

2

+ cos(ha)]| |

o Left: Conservations; Right: L?-norm ev. of Hermite coef; ¢ = 10~

Deviation of mass
Deviation of momentum
Deviation of energy

f* '3 l"-“n £‘ '} l"-“n z‘ '3 l"-“n

<

4e-10
2e-10 |
0¢ . '} l;n
¢ ¢
¢
-2e-10 o
° 9

-4e-10 |
-6e-10 |

0 0.1

0.01 [},

0.0001 | \

le-06 i
1le-08
le-10

le-12 |

le-14

' L2 norm of a;¢
L norm of 02
L2 norm of as®

L2 norm of 04
L2 norm ofc15
L2 norm of ag®
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Numerical simulations: One species test case 18

e Left: Pot. & Kin. energy evol.;

0.02 f
0.015
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0.005

-0.005
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-0.015
-0.02 ¢t

.

Deviation of kinetic energy
Deviation of potential energy ——
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e Left: Pot. & Kin. energy evol.;
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Right: Density n¢ (¢, -) at diff. ¢;

e=10""°

Right: Density n¢ (¢, -) at diff. ¢;

e=1

Maxwell-Bolt

trtrt et et
nnnnn

LOoOoOoOo
SNGINO
JOoOunouno

n

N
3
o

o 2 4 6 8 10 12

X

C. Negulescu, 25/05/2022



Numerical simulations: Two species test case 19

o Initial condition T :=[0,L], L=12, k=25, k=0.01

1 02

£(0, 2, v) = exp (—— ) (1+ rcos(kz)),
(-7

ni(x) =1 4+ 0.2 cos(kx),

(2

e Left: L?-norm ev. of Hermite coef; Right: Density nt(t, -) at diff. ¢;
e=10""

1.3

1 LZ norm of a¢ ' ' ' ' ' '
L2 norm of a,° E
0.1 L2 norm of as® ] 1.2
' L2 norm of a,®
0.01 | L2 norm of as® ]
L2 norm of ag® 1.1 \ /
0.001 | 1 \ J
0.0001 | 1 % o
\ s
le-05 0.9t \—/,t = 0.000 ——
16-06 | \/ t = 0.002
: t=0.005 ——
1e-07 | 0.8 | t =0.007 ——
? | t =0.010
1e-08 0.7 | t=0.200
1e-09 5 . . . ' . . Maxwell-Boltzmann
0 0.05 0.1 0.15 0.2 0 2 4 6 8 10 12 14
t X
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Numerical simulations: Two species test case 20

e Left: Pot. energy evol.; Right: Global temp. evol.; & = 1073

1] Potential energy (32 x 32) 112 TE (32x32) ——
0.6 Potential energy (128 x 128) O 1 12 TeF (32x32) — —— |
TE(128x128) A
0.5 ] 1.1 T.E(128x128) o
0.4
0.3

.“ 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2

t t
Ve e—0 . Vto
e Different e — 0 and ¢t — oo asymptotics
~+ ~+
\ \
8 8
VVOEO e—0 . V:OO
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Numerical simulations: Two species test case 21

e Left: Global temp. evol.;
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1.08
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e Left: Global temp. evol.;
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A
<
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A
<

Right: L?-norm ev. of Hermite coef;
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le-05 |

1e-06

Right: L?-norm ev. of Hermite coef;
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Conclusions numerical part 29

Achieved;

= the advantage of a Hermite spectral approach for small e-regimes

was shown;

= asymptotic regime was recovered for small e-values, however still

with an e-dep. mesh. (for the moment not AP).
To be done :

W Asymptotic-Preserving approach, permitting to choose

e-independent At-meshes;

 tricky discretization of the Poisson-Boltzmann nonlin, elliptic eq.
(L-model);

 design an efficient scheme, describing the full 1ion/electron dyn.
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