Table of contents Models Eigenvalue problems to solve: the notion of criticality Homogeneization results Coupling hydrodyna
[e] 00000000 00000000 [e] [e]
0000 000

o0 00000000

Les différents modeles utilisés en neutronique:
une revue et quelques résultats mathématiques

Olivier Lafitte!

Centre de Recherches Mathématiques (U de Montréal)-Université
Sorbonne-Paris-Nord (LAGA)

30 juin 2022, journées MAIA

with the collaboration of S. Dellacherie (Hydroquebec et CEA) F. Dubois
(CNAM), M. Duguey (MACS), E. Jamelot (CEA), J. C. Le Pallec (CEA), F.
Madiot (CEA), R. Mouhamad (MACS), A. Moussa (Centrale:Casablanca)



Models

Eigenvalue problems to solve: the notion of criticality

Homogeneization results

Homogeneization of the transport equation

Homogeneization of the diffusion equation

Coupling hydrodynamics and neutronics
Systems of equations

Exact 1D solution for the coupled problem

«Or «Fr o«

it
v
it
v
[y

nae



Table of contents Models
L]

00000000 00000000

o]
0000
[e]e]
Models

Eigenvalue problems to solve: the notion of criticality Homogeneization results Coupling hydrodyna
o

000
00000000

Eigenvalue problems to solve: the notion of criticality




Table of contents Models Eigenvalue problems to solve: the notion of criticality Homogeneization results Coupling hydrodyna
[ ] 00000000 OOOO0000 o] o]
0000 000

[e]e] 00000000

Models
Eigenvalue problems to solve: the notion of criticality

Homogeneization results
Homogeneization of the transport equation
Homogeneization of the diffusion equation



Table of contents Models Eigenvalue problems to solve: the notion of criticality Homogeneization results Coupling hydrodyna

o 00000000 00000000 [e] [e]
0000 000
o0 00000000

Models
Eigenvalue problems to solve: the notion of criticality

Homogeneization results
Homogeneization of the transport equation
Homogeneization of the diffusion equation

Coupling hydrodynamics and neutronics
Systems of equations
Exact 1D solution for the coupled problem



00

00000000
Contents
Models

Eigenvalue problems to solve: the notion of criticality
Homogeneization results

Homogeneization of the transport equation
Homogeneization of the diffusion equation

Coupling hydrodynamics and neutronics
Systems of equations

Exact 1D solution for the coupled problem

«O> «Fr «=»

«E)»

DA



Models
0®000000

The basic initial model: Boltzmann's equation
Linear Boltzmann equation with a linear collision kernel

O f(t,x,v) + 0.V f(t,z,v) = /K(t, z,0,0) f(t,z, v )dv'. (1)

Another vision of this kernel, which decomposes into two
nonnegative parts

K(t,z,v,v") = vKf(t,z,0,0") — K4(t, z,0v,0") (2)

LAt 2) = Ap(t, x) — Ag(t, )
(A stands for the number of neutrons in a volume (Lagrangian)),
A,(t,x) is the number of neutrons produced by unit of time,
Aq(t, z) is the number of neutrons absorbed by unit of time,
Ap(t,z) is produced by fission.
Based on m} v} + mhvh = myvi + movs + d, where particles 1 and
2 interact, and produce neutrons of impulse d.
Remark: $m/ (v])? + imb(vh)? < 3ma(v1)? + 3ma(v2)?.
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Multi group neutron diffusion equation

Based on v = ||[v]|f2, where € is of norm 1, and selects a direction.
ey 1p) = 1+ 35z (0= [Ipl|Q as well).
[0ef + Ve fl(t, 2, [0]|9) = s FESHES (1,2, 07)do!

([l

oo ||p']]? ,
= Jor W dlp')] [go Kt @, 0], [1V]19) £ (¢, 2, - -0nagy.

As p’ € [0,+00), v' € [0,¢), replace f0+°° by a discrete sum.

Recall v =




problems to solve: the notion of criticality mogeneization results ipling hydrodyna

wa\( of contents Models t
O0®00000 ¢

Multi group neutron diffusion equation

Based on v = ||[v]|€2, where Q is of norm 1, and selects a direction.

Recall v = X, y(p) = /1 + 7] 62 (p = lIp||$2 as well).

my(
[ 100 + Qa1 |0l = = fpo B £ (2, 2, o) do!
= [y Wl | fgo K (2, [ol]62, [[0']10) £ (£, il

As p’ € [0,+00), v' € [0,¢), replace f+ by a discrete sum.

“+oo c K
/0 @(p’)dllp’H:/O @(v’)p(llv’ll)dlv’\l%;lgso(v;)

where v is the 'mean’ of [[v'|| in the interval I, of length I.

g: called a group of energy (K groups).
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After discretization of the integral,

HTlﬂatf + vaf + Zg’ ISQ ka('v ) ||UHQ7vg’Q,))(Ug’)2lg’f('7 . 'Ug’Q,)dQ/
== Zgl fSQ l/kf(., . UgQ, Ug/Q/)f(., . Ugl|Q,)(Ug/)2lg/dQ/,

Same with v: for each v, in the list g € {1,.., K}

Lo+ + %, f52 092y kia(er s 09 0 U f o oy 0 V)Y
=3 Js2 (vg)2lgvks (-, 0gQ g ) (1, 0y ) dQ.
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After discretization of the integral,

T Oef + QVaf + 30 [o2 kals o 1011209 Q) (0g) 21 F (-, - 0 Q) dSY
== Zgl fSQ ka(., . UgQ, Ug/Q/)f(., . Ugl|Q/)(Ug/)2lg/dQ/,

Same with v: for each v, in the list g € {1,.., K}

[iatf + szf] + Zg/ fsz (’Ug/)ng/ka(., . ng, ’l)g/Q/))f(.7 . ’Ug/Q/)dQ/
= Zg’ fsg (Ug/)2lgll/kf(., . ’UgQ, 'Ug/Q/)f(., . ’Ug/Q/)dQ,.

Called multi-group transport equation for neutrons.
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More precisely, with ®4(t, z,(2) f[ ft 2, ||v|)]|v]|2d]|v]|
(Kgg = 8% x Iy x Iy):

[5;0:Pg + Q. v <1> J]
+Z fK g/)Qk‘a(.,.,ng,vng/))f(.,.,vg/Q')dQ/
=2y fK (Vg )2V (s g 0y ) f (., vy Q)Y

Modeled by using @, as well:

Zg/ fKM/(vg)Q(vg/)szf(.,.,UgQ,vg/Q’)f(.,.,Ug/Q’)dQ’
%
Yoy S VE (s 0gQ, 0 Q) Py (., Q) dSY.



Table of contents Models Eigenvalue problems to solve: the notion of criticality Homogeneization results Coupling hydrodyna
o] 00000800 OOOOOOOO o] o]
0000 000

[e]e] 00000000

Final model

Multi-group (®4 > 0 on O):

iatcpg + VP + 3, fQ,(ga)g’(.’ LD (., ., QA
Zgl fQ’ V(Ef):gl(7 hl Q’ Q/)q)g/('7 *y Qa Q/)dQ,

(3)
One group (® > 0 on K):

109 + Q.V,® + [ Sal., -, Q,Q)P(., ., Q)dY

- (4)
Jor vE5 (L Q) ®(., ., Q)dY.



Table of contents Models Eigenvalue problems to solve: the notion of criticality Homogeneization results Coupling hydrodyna

000000@0 O000000C

What is found in neutronics books

Standard representation of the previous equation (other
formulation) (¢(t,z, E) = [o ¥(t, z, E,Q)dQ, x(E): spectrum of
enery of fission neutrons):

SOtz B,Q) + Vet , B, Q) + By(t, B, 2)y(t,z, B, Q)

S [eo(Sa) ey (£ 2)b(t, 2, B, Q)dQY
+X£f) fEmaz sz(E/)SO(t,x,El)dEl

mi other terms
other terms: all isotopes and the delayed neutrons.
Critical stationary transport equation
QVY(tx, B, Q) + S4(t, B, 2)¢(z, B, Q)

e Lol e, . 0 ¢ 2

P B B 5 (B Yo, EY)dE

min
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Classical approximations

Approximation of transport by diffusion (analogous of what
financial mathematicians do), ¢ > 0

%Gtcp —div(d(t,2)Vap) + ou(t, x)(t, ) = vos(t,z)p(t, x). (5)

Boundary conditions: ®; = ® = ¢ = 0 on 90, O bounded.
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Criticality condition

Start in the case of one group, coefficients independent on ¢,

bounded below by strictly positive constants on K:

%&gcp — div(d(z)V,p) + 0a(x)p(t, ) = vos(x)p(t, x).

Subcase: d, 04,07 independent on x. Solutions of the form
k(t)e(x). Separation of variables
(

S ()
Obtain % =71 and
(@) Vaip(@)) + 0a(@)p(a) = (voy (@) -

This problem is Ap = B(7)¢ on Hi(K), where

T
v

A — —div(d(z)Vyp(x)) + oo(x)p(z), B : ¢ = (vos(x) —

) = k(t )[d'V(d( )Vep) = oa(@)p(x) + vos(z)e(z)].

Jo ().

.
;)<p
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Mathematical result 1

Proposition

1. For T < minpvoy(x), the problem Ay = B(T)p on
HE(0),¢lao = 0 is equivalent to

ATEB(r)A” 3¢ = ¢, € HY(O).

2. The operator A_%B(T)A_% is a self-adjoint compact
operator, hence admits an infinite countable decreasing
sequence i, (T) of eigenvalues.

3. The unique nonnegative solution of A = B(7)p in H}(O) is
obtained for p1(7) = 1.
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Proof: A is a symmetric self-adjoint coercwe operator hence by Lax
Milgram lemma, is invertible, and A~ 3is WeII defined. Denote by
1 such that A~ 2¢ . Deduce Ap = A2¢ B(1)A 2w which
is the desired equation. The second item follows (because B(7) is

an operator on H}(0)). The third item is a consequence that the
first eigenvector of a positive self-adjoint compact operator is of
constant sign, and all others are orthogonal in L2(0O) to this one.



Eigenvalue problems to solve: the notion of criticality
000@0000

Proof: A is a symmetric self-adjoint coercwe operator hence by Lax
Milgram lemma, is invertible, and A~ 3is WeII defined. Denote by
1 such that A~ 2¢ . Deduce Ap = A2¢ B(1)A 2w which
is the desired equation. The second item follows (because B(7) is

an operator on H}(0)). The third item is a consequence that the
first eigenvector of a positive self-adjoint compact operator is of
constant sign, and all others are orthogonal in L2(0O) to this one.

Now, solve uy(7) = 1.

If 7> 0, unique family of growing in time solution (surcritical).
If 7 < 0, unique family of decaying in time solution (subcritical).
If 7 =0, criticality condition, solution is stationary in time.
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Simple classical application
Further reducing: constant coefficients, O = [0, L]: Spectrum of
A iy, = nQE—zd + 0g.
Eigenvectors z — sin “7*.
Spectrum of AféB(T)Afé:

voy — =
pn(T7) = 55—
n( ) nngd—’— 0’a
Resolution of uy (1) = 1:
2
T 77
E:VUf—O'a—ﬁd.
Criticality condition
2
vof =04+ —d (6)

L2
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New formulation of the eigenvalue problem

Replace voy — by ,:;ff
. vos(x)
—div(d(2)Ve(2)) + 0a(2)p(z) = — L Ppo0 = 0.

N

Means k¢ is an eigenvalue of A*%(ng(_)_)A
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New formulation of the eigenvalue problem

Replace voy — by 1::4
. vos(x)
()T o(0) + 0n(o)o(a) = S0 g o =0

Means k¢ is an eigenvalue of A~ (I/O'f( ). )Afé.

A lot different, except for vo; constant or k. = 1.

In particular: nothing can be said if k.fy # 1 for a value of 7.
Only information: if the spectrum of A_%(yaf(.).)A_% lies in
(0,1), the spectrum of voy — A lies in (—00,0), always subcritical.
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Multi-group presentation of the eigenvalue problem

1 , .

o 0i®y — div(Dy V) + E %Y 9P, = § :1/2? 99,

9 - -
9 g

Critical value equation

—div(DyVdy)+Y %Y 90, =) Vgg’—>9¢>g,_vlq>g, for all g
g’ g g

MODEL (Allaire-Capdebosc, 1998)

. r_ 1 r_
_dlv(z Dg/,>gV(I)g/> —|— Zzg >g@g/ == Kff ZVE? >g@g/7
! gl /

’ (7)

with (I>g|8K =0.



Eigenvalue problems to solve: the notion of criticality
0000000@

Mathematical result on the multi-group problem

Hypotheses: D, _~, = Dy (block-diagonal) and Dy(x).£.{ > a&.&
(coerciveness),

Exists C' > 0 such that ¥ 9 < 0 when qd #g X979 >C,
—Eg">9 >Cfor0<|g —gl <1,

27779 >0 forall g, g, X} K > €,

K g —>g K g'—>g
Dg—1%a >Cvy g Dy :

Proposition

Problem (7) has at least one, and at most a countable number of
eigenvalues. The first eigenvalue is real and simple, and a
corresponding eigenvector can be chosen with all positive
components.

Habetler-Martino 1958.
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Homogeneization result: Allaire-Bal: transport equation

Equation (4):

/

v.Vapo+ 3a(z,v)p = ﬁ fV vE¢(z, v, v)e(z,v")dv
+ [y fl@, v v)p(z,v")dv’

Y4: absorbing, f scattering, ¥;: fission cross-sections. k:;flf
smallest eigenvalue, ¢ associated eigenvector.
Assumption: K is e—periodic. X% (z,v) :=Xf4(%,v),

[z, v’ 0) = f(E 0, 0).

0.V + TG (2, 0)p = A [y, vEG (2,0, 0)p(z, v")dv’
+ Jy fo(z, v v)p(z, v)d’
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Hypotheses and general result (Dautray-Lions)

e Velocity space is compact, K is compact.
o Ef($ v’ ,v) > C,
fV z, v v)dv > C,
fV x,v,v")dv > C,
Introduce W20 x V) ={ue L*(OxV),v.Vue L*(O xV)}

Proposition

The problem has at most a countable number of eigenvalues. The
eigenvalue of smallest modulus is real positive, associated with a
positive eigenvector.
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The cell problem (notations)

Let Ao, ¥ the first eigenvalue-eigenvector of the cell problem
(periodicity condition)

v.Vat) + Za(y, )¢ = /V[)‘oonf(ya Vo) + fy, o o)l (s o) d
Let ¢* solve (periodicity condition)
—U.Vﬂﬁ“@a(y, U)w* = /V[)‘oo’/zf(ya v, v’)+f(y, v, v/)]l/)* (mv vl)dvl

Assume the drift flux is zero

/ oy, ) 4" (g, v)do = 0.
cellxv
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The general problem: theorem (Allaire-Bal)
Let ¥ given by
i = fce||><V2 Ef (y7 Ulv U)l/)*(y, Ul>w(y7 U)dydvdvl-
Let D identified as Djj = — [afjxy 050 (4, )™ (y, )0 (y, v)dyduv.
Let #* solves a cell problem
v.VO + Q(0') = —v;,
where (@ is a scattering operator constructed from the cell problem.

Theorem

Let ;. be the k—th eigenvalue of (4) in the periodic case. Denote
by ;. a normalized eigenvector.
1. This eigenvalue satisfies NS, = Aoo + €2[VF + 0(1)]
x

2. The associated eigenvector satisfies ¢, (z,v) ~ ¢(£,v)u"(z),

3. The couple (u*,v*) satisfies

—div(DVUF) = v*SuF(Q), uF |90 = 0.



e

For the model with diffusion (Allaire-Capdeboscq)

e One group: already mentioned,
e multi-group

ROy — div(A(z)Vp) + Eap = v3 5.

¢ :R3 xR, — RE (K groups of energy),

R diagonal matrix of all v, !,

Ais a 3 x 3 x K matrix (block-diagonal), symmetric in 3 x 3,
Y4, 2y are K x K matrices,

Separation of variables:

—div(A(z)Ve) + Eap = (vE; — TR)gp,

Replaced by
viy

Kery
with same solution if k.fy = 1 or 7 = 0 equivalently.

—div(A(z)Vep) + Xap =

s
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Rescaled problem and theorem (Allaire-Capdebosc)

—CdVAC)VE) + Ba(D)ef = n (D)t (8)
A,%,, 3y are periodic functions on [0, 1]3, system with K
equations (number of groups), ¥, and ¥ are K x K matrices,
and € is a vector of K components.

Hyp: A is a block-diagonal tensor (coupling only with Oth
order terms).

Theorem

Let u®°, 1) the smallest eigenvalue of the cell problem, and v an
associated eigenvector. Let ™ the m—th eigenvalue of (8), and
=™ and associated eigenvector. Then one has
Q™ () = u™(@)P(L), ut™ = p™® + €™ + o(e?),
where V'™ is the m—th eigenvalue and u"" an associated scalar
eigenvector for the problem with Dirichlet boundary conditions in 2
—div(DVu) = vXu.



Table of contents Models Eigenvalue problems to solve: the notion of criticality Homogeneization results Coupling hydrodyna
o] 00000000 OOOO0000 o] [ ]
0000 000

[e]e] 00000000

Contents

Coupling hydrodynamics and neutronics
Systems of equations
Exact 1D solution for the coupled problem



Coupling hydrodyna

@00

Systems of equations (1)

Neutronics hypothesis: One group. Transport — diffusion:
1 .
70w — dv[D(H)Ve] + [Ea(H) = vEf(H)(1 = B)lp = Ae =0,

Oic+ Ae —vE(H)pp = 0.

(9)
Thanks to E.Jamelot and F. Madiot, ¢ converges rapidly to its
equilibrium (% ~1072), hence A\c = v (H)B¢ and
1 ) v e(H
V&ggp —div[D(H)Vy| + [E.(H) — kf;f)]ap =0. (10)

Seek keyy: multiplication factor. Ideal: kg = 1.
Boundary conditions are needed for .
Natural ones: ¢ > 0 on the domain and ¢|sq = 0.
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Systemes (lI1): hydrodynamics equations
(p, @, E usual unknowns of density, velocity, energy (that is
enthalpy or temperature), p given by an equation of state

Op + div(pt) =0, (a)
O (pti) + div(pti @ 1) + Vp(p, H)] = pg, (b) (11)

0y (pE) + div(ptiE) = Sgo(t,x) + pg.d  (c)

Source term of energy: Sy ,(t,x) := EZf(H) (t,x), associated
with the power of energy produced P(t fQ Su,(t,x)dx. The
last equation rewrites

EX;(H)p(t, )
/Q EXf(H)p(t, x)dx

O (pE) + V - (piE) = P(t) x + pgiii. (12)

Note that we assume no diffusion in the heat equation.



Coupling hydrodyna

ooce

Systemes (IV): the main assumption on the problem: low
Mach number (Dellacherie 2011)

The model studied fits into a category called the quasi-isobaric
models.

Indeed, in a low Mach number approximation, in (11)(b), the
pressure (given by the e.o.s) is replaced by what S. D et al call a
'dynamic pressure’ 7, and in the last equation p is considered as
approximately constant:

plp, H) = p+ M°x(t, x)
Equation of state p = Py := p(p, H) <> p := p(H) thanks to
0,p < 0. The equation (11)(c) is replaced by the equation for the
enthalpy p(0;H + u.VH) = Oip+ 1 - Vp+EX(H)p(t, ), hence

p(H)(OH + @.VH) = ES;(H)p(t, v). (13)
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1d set-up

Coefficients D(h), X4(h), vX¢(h) are given functions of h (h
replaces H and is linked with T" through h = c,p(h)T).

Result: exact computation of the unique solution on [0, L] of the
coupled problem.

Finding k.rs such that the system has a stationary solution.
Boundary conditions ¢(0) = ¢(L) =0, h(0) = h. and h(L) = hs
given, D, = p(h(0))u(0) (incoming flux):

One too many conditions if we impose keyp = 11!

Historical remark: the equation on ¢ only is a generalized
eigenvalue problem, and has been solved, with success.
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Coupled 1D model
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System:

(D) + Ta(h)p = T

d%(p( ( )u(2)h(z)) = EvXig(h)e(z) (14)
4 (p(h(2))u(z)) = 0

dz
Non linear system of ODEs of order three with one parameter and
four boundary conditions.

I}
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Auxiliary functions

Define X et Y the two C? vanishing at h. and h, functions such
that

~ Za(h)
~ vEp(h)

(D(h)vE(h) X' (h)) , (D(h)vE ()Y’ (h)) = 1. (15)

v

X and Y are known explicitly.
Remark: with a change of unknown z(h), reduce to solve

L X (h(x))) = (Do) (h(x)), LY (h(z))) = (DvSy)(h(z)).

Remark: if EE‘Z((}Z}Z) and D(h)vE¢(h) are interpolation polynomials,
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Main theoretical result

Theorem
Assume ¥,(h) > X, > 0, qu(h) >3%,>0, D(h) > Dy >0,
continuous functions.

1. For any L, the equation

hs
/he v3(h \/2 h)):L (10)

has a unique solution, denoted by k..

2. Let h be the solution of the implicit equality

h dh oy _

The set (¢, h, p,u ) is the unique solution of (14) satisfying
the boundary conditions ¢(0) = ¢(L) =0, h(0) = he and
h(L) = hs.
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Calculus

Le débit D, est donc constant, et ap{‘e)s manipulations
E d Za(h) dh 1 dh
~ oo (D)) + vSp(h) dz - ey dzo
que I'on integre exactement (S’(h) = éaf((hh))):
—ED(h)42 + S(h(2)) = - + Co.
En multipliant par g(z> _ D, (2

ey
") = E vS;(0) D) on obtient

X(h) — v (n) = (=

2 2
keff Q(De)
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Proof of item (i): Finding ke sy

As o >0, I'(z) = yEf(h)\/2(X(h) — 5=V (h), with kegy such
that, for all h € [he, hs], X (h) — ﬁ}/(h) > 0. Necessarily,

kerr € (0, min[m,m}%)- Equation for ke y:

e dh
b= /h VS (h \/2 Y(h)

Eff

The function L(k.yy) is strictly increasing, the limit of

fhc SR \/2 X‘?Z 20 when k. ;s converges to 0 is 0, the

limit of fh S dh
e v f

\/2 X(h)— Y (h)
is 400, hence a unique solution to this equation.

when ks goes to ming,, ]
Fers
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Proof of item (i): Finding ke sy

As o >0, I'(z) = yEf(h)\/2(X(h) — 5=V (h), with kegy such
that, for all h € [he, hs], X (h) — ﬁ}/(h) > 0. Necessarily,

kerr € (0, min[m,m}%)- Equation for ke y:

e dh
b= /h VS (h \/2 Y(h)

Eff

The function L(k.yy) is strictly increasing, the limit of

fhc SR \/2 X‘?Z 20 when k. ;s converges to 0 is 0, the

limit of fh S dh
e v f

\/2 X(h) —? Y (h))
is 400, hence a unique solution to this equation.
This problem is nonlinear.

when ks goes to ming,, ]
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Numerical integration

A= 1. ¢r(h) = X (h) — AY (h). Equation (16) to solve:

/L h/

L —

0 /29 (h)

L =1 for the sequel. Integration of the system:
Meshing 0 = 29 < 21 < ... < zny_1 < 2y = 1,
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Numerical integration

A= 1. ¢r(h) = X (h) — AY (h). Equation (16) to solve:
/L h!
S —
0 /2¢n(h)
L =1 for the sequel. Integration of the system:
Meshing 0 = 29 < 21 < ... < zny_1 < 2y = 1,
Numerical integration of i (Crank-Nicolson):
J+1 J — Y + Y+l Azj—l—% = Zj+1 — %5 (17)

Azj+% 2

@i =\ ¥ahy), pjt1 = \/Va(hjt1),
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Numerical integration

A= 1. ¥a(h) = X (h) — AY (h). Equation (16) to solve:
/L h!
S —
0 /2¢n(h)
L =1 for the sequel. Integration of the system:
Meshing 0 = 29 < 21 < ... < zny_1 < 2y = 1,
Numerical integration of i (Crank-Nicolson):
J+1 J — Y + Y+l Azj—l—% = Zj+1 — %5 (17)

Azj+% 2

@i =\ ¥ahy), pjt1 = \/Va(hjt1),

Equation
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Numerical integration
A= 1. ¥a(h) = X (h) — AY (h). Equation (16) to solve:

h
/0 V29a(h)
L =1 for the sequel. Integration of the system:
Meshing 0 = 29 < 21 < ... < zny_1 < 2y = 1,
Numerical integration of i (Crank-Nicolson):

hjy1 — hj _ it 90j+1
Az,

Az]+1 = Zj41 — Zj

=/ Ur(hy), ejr1 = \/Ur(hjt1),

Equation

1—ZAZJ+1<:>QZ\/w>\ hyt1 = b =1

)+ \/%\ j+1)

genvalue problems to solve: the notion of criticality Homogeneization results Coupling hydrodyna

00000080

(17)

(18)
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Explicit result

Model case (0¢,01,01) = (14.864,11.148,5.574) yields A:
2

1.01722,1.07373,1.0043,1.01991, 1,01507. Representations of ¢
are almost not distinguishable, though precision on X is at most
1072,

—— mean value
—— other choices of interpolation

mean value
——affine interpolation

——  piecewise affine

----- piecewise affine approximated by an affine function

—— parabolic

————— parabolic approximated by an affine function

Figure: Functions z — ¢(z) on the left and z —— h(z) on the right.
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