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DUALITY-BASED ASYMPTOTIC-PRESERVING METHOD FOR HIGHLY
ANISOTROPIC DIFFUSION EQUATIONS

PIERRE DEGOND'#, FABRICE DELUZET'#, ALEXEI LOZINSKIT, JACEK NARSKIf, AND CLAUDIA
NEGULESCU$

Abstract. The present paper introduces an efficient and accurate numerical scheme for the solution of a highly
anisotropic elliptic equation, the anisotropy direction being given by a variable vector field. This scheme is based on
an asymptotic preserving reformulation of the original system, permitting an accurate resolution independently of the
anisotropy strength and without the need of a mesh adapted to this anisotropy. The counterpart of this original procedure
is the larger system size, enlarged by adding auxiliary variables and Lagrange multipliers. This Asymptotic-Preserving
method generalizes the method investigated in a previous paper [I1] to the case of an arbitrary anisotropy direction field.

1. Introduction

Anisotropic problems are common in mathematical modeling of physical problems. They occur in
various fields of applications such as flows in porous media [3| 20], semiconductor modeling [29], quasi-
neutral plasma simulations [I0], image processing [37 [38], atmospheric or oceanic flows [36] and so on,
the list being not exhaustive. The initial motivation for this work is closely related to magnetized plasma
simulations such as atmospheric plasma [24] [26], internal fusion plasma [4], [12] or plasma thrusters [IJ.
In this context, the media is structured by the magnetic field, which may be strong in some regions and
weak in others. Indeed, the gyration of the charged particles around magnetic field lines dominates the
motion in the plane perpendicular to magnetic field. This explains the large number of collisions in the
perpendicular plane while the motion along the field lines is rather undisturbed. As a consequence the
mobility of particles in different directions differs by many orders of magnitude. This ratio can be as
huge as 10'°. On the other hand, when the magnetic field is weak the anisotropy is much smaller. As
the regions with weak and strong magnetic field can coexist in the same computational domain, one
needs a numerical scheme which gives accurate results for a large range of anisotropy strengths. The
relevant boundary conditions in many fields of application are periodic (for instance in simulations of
the tokamak plasmas on a torus) or Neumann boundary conditions (atmospheric plasma for example
[5]). For these reasons we propose a strongly anisotropic model problem for wich we wish to introduce
an efficient and accurate numerical scheme. This model problem reads

—V-AV¢*=f in Q,
n-AVe¢*=0  on 0Qy, (1.1)
¢*=0 on 0Qp,

where Q CR? or Q CR3 is a bounded domain with boundary 92 =0QpUdQ N and outward normal n.
The direction of the anisotropy is defined by a vector field B, where we suppose divB=0 and B#0.
The direction of B is given by a vector field b= B/|B|. The anisotropy matrix is then defined as

1
A= Ap@b+ (Id—bob)AL (Id—b®D) (1.2)

and 0Qp={x €I | b(x)-n=0}. The scalar field A >0 and the symmetric positive definite matrix
field A; are of order one while the parameter 0 <e <1 can be very small, provoking thus the high
anisotropy of the problem. This work extends the results of [I1], where the special case of a vector field
b, aligned with the z-axis, was studied. An extension of this approach is proposed in [6] to handle more
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realistic anisotropy topologies. It relies on the introduction of a curvilinear coordinate system with one
coordinate aligned with the anisotropy direction. Adapted coordinates are widely used in the framework
of plasma simulation (see for instance [4], 14l [31]), coordinate systems being either developped to fit
particular magnetic field geometry or plasma equilibrium (Euler potentials [35], toroidal and poloidal
[18, 23], quasiballooning [15], Hamada [19] and Boozer [7] coordinates). Note that the study of certain
plasma regions in a tokamak have motivated the use of non-orthogonal coordinates systems [21]. In
contrast with all these methods, we propose here a numerical scheme that uses coordinates and meshes
independent of the anisotropy direction, like in [33]. This feature offers the capability to easily treat time
evolving anisotropy directions. This is very important in the context of tokamak plasma simulation,
the anisotropy being driven by the magnetic field which is time dependent.

One of the difficulties associated with the numerical solution of problem (1) lies in the fact that
this problem becomes very ill-conditioned for small 0 <e < 1. Indeed, replacing € by zero yields an
ill-posed problem as it has an infinite number of solutions (any function constant along the b field
solves the problem with ¢ =0). In the discrete case the problem translates into a linear system which
is ill-conditioned, as it mixes the terms of different orders of magnitude for e < 1. As a consequence
the numerical algorithm for solving this linear system gives unacceptable errors (in the case of direct
solvers) or fails to converge in a reasonable time (in the case of iterative methods).

This difficulty arises when the boundary conditions supplied to the dominant O(1/e) operator
lead to an ill-posed problem. This is the case for Neumann boundary conditions imposed on the part
of the boundary with b-n#0 as well as for periodic boundary conditions. If instead, the boundary
conditions are such that the dominant operator gives a well-posed problem, the numerical difficulty
vanishes. One can resort to standard methods, as the dominant operator is sufficient to determine the
limit solution. This is the case for Dirichlet and Robin boundary conditions. The problem addressed
in this paper arises therefore only with specific boundary conditions. It has however a considerable
impact in numerous physical problems concerning plasmas, geophysical flows, plates and shells as an
example. In this paper, we will focus on Neumann boundary condition since they represent a larger
range of physical applications. The periodic boundary conditions can be addressed in a very similar
way.

Numerical methods for anisotropic problems have been extensively studied in the literature. Dis-
tinct methods have been developed. Domain decomposition techniques using multiple coarse grid
corrections are adapted to the anisotropic equations in [I7, 27]. Multigrid methods have been studied
in [16], B2]. For anisotropy aligned with one or two directions, point or plane smoothers are shown to
be very efficient [28]. The hp-finite element method is also known to give good results for singular per-
turbation problems [30]. All these methods have in common that they try to discretize the anisotropic
PDE as it is written and then to apply purely numerical tricks to circumvent the problems related to
lack of accuracy of the discrete solution or to the slow convergence of iterative algorithms. This leads
to methods which are rather difficult to implement.

The approach that we pursue in this paper is entirely different: we reformulate first the original
PDE in such a way that the resulting problem can be efficiently and accurately discretized by straight-
forward and easily implementable numerical methods for any anisotropy strength. Our scheme is related
to the Asymptotic Preserving method introduced in [22]. These techniques are designed to give a precise
solution in the various regimes with no restrictions on the computational meshes and with additional
property of converging to the limit solution when ¢ — 0. The derivation of the Asymptotic Preserving
method requires identification of the limit model. In the case of Singular Perturbation problems, the
original problem is reformulated in such a way that the obtained set of equations contain both the limit
model and the original problem with a continuous transition between them, according to the values
of €. This reformulated system of equation sets the foundation of the AP-scheme. These Asymptotic
Preserving techniques have been explored in previous studies, for instance quasi-neutral or gyro-fluid
limits [9] [12], as well as anisotropic elliptic problems of the form (LIl) with vector b aligned with a
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coordinate axis [11] [@].

In this paper, we present a new algorithm which extends the results of [II]. The originality of
this algorithm consists in the fact, that it is applicable for variable anisotropy directions b, without
additional work. The discretization mesh has not to be adapted to the field direction b, but is simply a
Cartesian grid, whose mesh-size is governed by the desired accuracy, independently on the anisotropy
strength . All this is possible by a well-adapted mathematical framework (optimally chosen spaces,
introduction of Lagrange multipliers). The key idea, as in [II], is to decompose the solution ¢ into
two parts: a mean part p which is constant along the field lines and the fluctuation part ¢ consisting
of a correction to the mean part needed to recover the full solution. Both parts p and ¢ are solutions
to well-posed problems for any €>0. In the limit of € -0 the AP-reformulation reduces to the so
called Limit model (L-model), whose solution is an acceptable approximation of the P-model solution
for e <1 (see Theorem 22). In [II] the Asymptotic Preserving reformulation of the original problem
was obtained in two steps. Firstly, the original problem was integrated along the field lines (z-axis)
leading to an e-independent elliptic problem for the mean part p. Secondly, the mean equation was
subtracted from the original problem and the e-dependent elliptic problem for the fluctuating part
q was obtained. This approach however is not applicable if the field b is arbitrary. In this paper we
present a new approach. Instead of integrating the original problem along the arbitrary field lines, we
choose to force the mean part p to lie in the Hilbert space of functions constant along the field lines
and the fluctuating part ¢ to be orthogonal (in L? sense) to this space. This is done by a Lagrange
multiplier technique and requires introduction of additional variables thus enlarging the linear system
to be solved. This method allows to treat the arbitrary b field case, regardless of the field topology
and thus eliminates the limitations of the algorithm presented in [II]. We note that an alternative
method, bypassing the need in Lagrange multipliers, is proposed in [8]. It is based on a reformulation
of the original problem as a fourth order equation.

The outline of this paper is the following. Section [2] introduces the original anisotropic elliptic
problem. The original problem will be referred to as the Singular- Perturbation model (P-model). The
mathematical framework is introduced and the Asymptotic Preserving reformulation (AP-model) is
then derived. Section [3is devoted to the numerical implementation of the AP-formulation. Numerical
results are presented for 2D and 3D test cases, for constant and variable fields b. Three methods are
compared (AP-formulation, P-model and L-model) according to their precision for different values of €.
The rigorous numerical analysis of this new algorithm will be the subject of a forthcoming publication.

2. Problem definition

We consider a two or three dimensional anisotropic problem, given on a sufficiently smooth, bounded
domain Q CR? d=2,3 with boundary 0. The direction of the anisotropy is defined by the vector
field be (C°°(Q)), satisfying |b(z)| =1 for all z €.

Given this vector field b, one can decompose now vectors v €R?, gradients V¢, with ¢(x) a scalar
function, and divergences V-v, with v(z) a vector field, into a part parallel to the anisotropy direction
and a part perpendicular to it. These parts are defined as follows:

vy = (v-b)b, vy :={Id—-b®b)v, such that v=wv+v,
Vig:=(b-Vo)b, Vig:=(Id—bRb)V¢, such that Vo=V ¢+V ¢, (2.1)
Vijvi=Vey, Vi-v:=V-u, such that V.o =V, -v+V v,

where we denoted by ® the vector tensor product. With these notations we can now introduce the

mathematical problem, the so-called Singular Perturbation problem, whose numerical solution is the
main concern of this paper.



2.1. The Singular Perturbation problem (P-model) We consider the following Singular
Perturbation problem

=1V (A4)V)¢°) = VL (ALVL¢*) =] in Q,
(P) { Lny-(A4)Vy¢*) +n1-(ALV1¢5)=0  on dQn, (2.2)
¢°=0 on 0)p,
where n is the outward normal to €2 and the boundaries are defined by
O0p={xe€d | b(x) n=0}, 0NN =00\ 00p. (2.3)

The parameter 0 <e <1 can be very small and is responsible for the high anisotropy of the problem.
The aim is to introduce a numerical scheme, whose computational costs (simulation time and memory),
for fixed precision, are independent of €.

We shall assume in the rest of this paper the following hypothesis on the diffusion coefficients and the
source terms

Hypothesis A Let feL*(Q) and 00p#@. The diffusion coefficients AjeL>(Q) and Al €
Mgy a(L®(2)) are supposed to satisfy

0<Ag<Ay(z) <A, faa xel, (2.4)

Aol|v|? <ot AL (z)v < Ayl|v|]?, YweR? and fa.a. 2 €. (2.5)

As we intend to use the finite element method for the numerical solution of the P-problem, let us put
(Z2) under variational form. For this let V be the Hilbert space

Vi={p€H" (Q)/ doa, =0}, (6,9)v:=(V$,V||¥))r2+e(VL,VLith)L2.

Thus, we are seaking for ¢° €V, the solution of

a(¢°,¢9) +ear(¢°,9) =e(f,9), YPeV, (2.6)

where (-,-) stands for the standard L? inner product and the continuous bilinear forms aj:VxV—R
and ay :VxV—R are given by

ay (¢, ) = /QAHVH(b'VW/)dI, Cu((bﬂ/f)ZZ/Q(ALVM))'Vﬂ/)dI- (2.7)

Thanks to Hypothesis A and the Lax-Milgram theorem, problem (2:2)) admits a unique solution ¢ €V
for all fixed € > 0.

2.2. The Limit problem (L-model) The direct numerical solution of ([2:2) may be very
inaccurate for ¢ < 1. Indeed, when ¢ tends to zero, the system reduces to

=V (4 V¢) =0 in Q,
(25:0 on 8QD



This is an ill-posed problem as it has an infinite number of solutions ¢ € G, where
G={¢eV |V p=0}, (2.9)

is the Hilbert space of functions, which are constant along the field lines of b. This shows that the
condition number of the system obtained by discretizing (2.2)) tends to co as € — 0 so that its solution
will suffer from round-off errors.

For this reason, we should approximate (Z.2) in the limit e — 0 differently. Supposing that ¢¢ — ¢°
as £ — 0 we identify (at first formally) the problem satisfied by ¢°. From the above arguments we know
that ¢° € G. Taking now test functions ¥ € G in ([Z.6), we obtain

/ALqusE-vwd:c:/fwdx. (2.10)
Q Q

Passing to the limit € — 0 into this equation yields the variational formulation of the problem satisfied
by ¢° (Limit problem): find ¢° € G, the solution of

(L)/QALVLQSO-VLwd:E:/wadx,Vweg, (2.11)

which is a well posed problem. Indeed, the space G CV is a Hilbert space, associated with the inner
product

(0.¥)g:=(Vio, Vi), Yo0€G, (2.12)

and the norm ||-||g is equivalent to the H* norm. This is due to the Poincaré inequality, as
16llZ: <ClIVelIL: =ClIV 8ll12 + ClIVLElIL: =ClIVL9ll1, VoEG.

Hypothesis A and the Lax-Milgram lemma imply the existence and uniqueness of a solution ¢" € G of
the Limit problem (2.1T).

REMARK 2.1. Let us restrict ourselves for the moment to the simple special case (considered in a pre-
vious paper [11)]) of the two dimensional domain Q= (0,L,) % (0,L,) in the (z,z) plane with a constant
b-field aligned with the Z-axis:

b= (?) . (2.13)

The functions in the space G are independent of z so that G can be identified to H}(0,L,). The limit
problem 211) now reads: Find ¢° in H3(0,L,) verifying

Ly

AL @0 @)@ do— [ F@ypl@)ds, Ve H0.Ly),
0 0

where A (z)= (l/Lz)fOLz Ay 11(z,2)dz and f(x)= (l/Lz)foLz f(x,2)dz are the mean values of A and
f along the field lines. The limit solution ¢° thus verifies a one-dimensional elliptic equation whose
coefficients are integrated along the anisotropy direction:

=0, (AL(@)9:¢" (@) = F(@) on (0,L.),
¢0(0) = ¢O(L1) =0.
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We see now that ¢°(x) is a solution to the one dimensional elliptic problem so that it belongs to
H?%(0,L,) provided feL?*(). Since ¢° as a function of (x,z) does not depend on z, we have also
#° € H*(Q). This conclusion (¢° € H*(Q)) remains valid in the case of a cylindrical three dimensional
domain Q= Qy, x (0,L,) in the (z,y,z) space with any sufficiently smooth Qg in the (x,y) plane and the
field b aligned with the Z-azis, b= (0,0,1)t. Indeed, it is easy to see that ¢° = ¢°(x,y) solves in this case
an elliptic two dimensional problem in Qy, similar to (2.17) so that we can apply the standard regularity
results for the elliptic problems. These examples show that it is reasonable to suppose ¢° € H?(Q) also
in more general geometries of 0 and b. This can be indeed proved under the hypotheses in Appendix
Al by specifying the (d—1) dimensional elliptic problem for ¢°. The proof being rather lengthy and
technical, we prefer to postpone it to a forthcoming work [13).

2.3. The Asymptotic Preserving approach (AP-model) In this section we introduce the
AP-formulation, which is a reformulation of the Singular Perturbation problem (Z2)), permitting a
“continuous” transition from the (P)-problem (Z2]) to the (L)-problem (2I1I), as e — 0. For this purpose,
each function is decomposed into its mean part along the anisotropy direction (lying in the subspace G
of V) and a fluctuating part (cf. [I1]) lying in the L2-orthogonal complement A of G in V, defined by

A:={¢peV |(¢,0)=0, YpeG}. (2.15)

Note that (-,-) denote here and elsewhere the inner product of L?(2).
In what follows, we need the following

Hypothesis B The Hilbert-space V admits the decomposition
V=ga'tA, (2.16)

with G given by (2.9) and A given by (Z13) and where the orthogonality of the direct sum is taken with
respect to the L?-norm. Denoting by P the orthogonal projection on G with respect to the L? inner
product:

P:V—G such that (Pé,)=(6,1) YoV, veQG, (2.17)

we shall suppose that this mapping is continuous and that we have the Poincaré- Wirtinger inequality

l[¢—PollL2) S ClIV)8lL2), VPEV. (2.18)

Applying the projection P to a function ¢ is nothing but a weighted average of ¢ along the anisotropy
field lines of b. The space G is the space of averaged functions (the parallel Gradient of these averaged
functions being equal to zero), whereas the space A is the space of the fluctuations (the Average of the
fluctuations being equal to zero). Note that the decomposition ([ZI6]) is not self evident and it may in
fact fail on some “pathological” domains €. Indeed, although one can always define an L2-orthogonal
projection P¢ on the space of functions constant along each field line, for any ¢ with square-integrable
V| ¢, one cannot assure in general that P¢ belongs to V for ¢ €V since one may lose control of the
perpendicular part of the gradient of Pé. Fortunately however, Hypothesis B is typically satisfied for
the domains of practical interest. The interested reader is referred to Appendix[Alfor an example of a set
of assumptions on {2 and b which entail Hypothesis B and which resume essentially to the requirement
for the field b to intersect 92y in a uniformly non-tangential manner and for the boundary components
d0n and 0Qp to be sufficiently smooth.
Let us also define the operator

Q:V—A, Q=I-P. (2.19)
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Each function ¢ €V can be decomposed uniquely as ¢ =p+q, where p=Pp € G and ¢=Q¢ € A. Using
this decomposition, we reformulate the Singular-Perturbation problem (2.2)). Indeed, replacing ¢°:=
p®+¢° in problem (22]) and taking test functions n€G and £ € A leads to an asymptotic preserving
formulation of the original problem: Find (p°,¢°) € G x A such that

{aL(ps,n)Jral(qsm):(fm) Vneg,

(2.20)
a||(q87€)+Eal_(q87§)+8al_(p87§) :E(fvg) V§ e A

Contrary to the Singular Perturbation problem (22)), setting formally e =0 in (Z20) yields the system

{aL(pO,n)JraL(qOm) =(fm), Vneg

(2.21)
a)(¢,€) =0, VE€A,

which has a unique solution (p°,¢°) € G x A, where p° is the unique solution of the L-problem (Z.I1) and
q°=0. Indeed, taking £ =¢" as test function in the second equation of ([2.2ZI)) yields Vquzo, which
means ¢° €G. But at the same time, ¢° € A, so that ¢° € GNA={0}. Setting then ¢"=0 in the first
equation of (221)), shows that p® is the unique solution of the L-problem.

THEOREM 2.2. For every € >0 the Asymptotic Preserving formulation (Z20), under Hypotheses A
and B, admits a unique solution (p°,q°) € G x A, where ¢° :=p°+¢° is the unique solution in V of the
Singular Perturbation model (2.2).

These solutions satisfy the bounds

6% ) SCl 2@y, N llmr @) SCllfllzzw), Pl @) S Clfll2@) (2:22)
with an e-independent constant C'>0. Moreover, we have
=, p°—=¢° and ¢ —0 in HYQ) ase—0, (2.23)

where ¢° € G is the unique solution of the Limit model (2.11)).

Proof. The existence and uniqueness of a solution for the P-problem as well as L-problem are

consequences of the Lax-Milgram theorem. The existence and uniqueness of a solution of ([2:20) is then
immediate by construction, remarking that the decomposition ¢*=p*+¢° is unique.
The bound [|¢°|| g1 (o) < C||f|z2(q) is obtained by a standard elliptic argument. Furthermore, p* = P¢*
where P is the L2?-orthogonal projector on G, which is a bounded operator in V by ([[4)). This implies
the estimates for p® and ¢° in ([Z22). Since p° €G and ¢° € A are bounded, there exist subsequences
p°n and ¢ that weakly converge for £, —0 to some p’ €G and ¢° € A. Taking ¢ =¢,, in (Z20) and
passing to the limit &, — 0 we identify (p°,¢°) with the unique solution of Z2I)), i.e. p’=¢° is the
unique solution of ZI) and ¢° =0. Since the limit does not depend on the choice of the subsequence,
we have the weak convergence as € — 0, i.e.

p°—c0p® in HY(Q), ¢ —.500 in HYQ).
We shall prove now that these convergences are actually strong. Introducing e® =p® —p°, we have
ar(e®,n)+ar(¢®,n)=0, eg.

Taking now 7= e in this relation and adding it to the second equation in (Z20), where we put £ =¢° /e,
yields

1
—a(q",q7) Far(d +e g +et) = (f,0) —ar ®°,q°). (2:24)
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Due to the Poincaré-Wirtinger equation (28], there exist a constant C' >0 such that
lallzz() < Cay(g.0)'?, Vg€ A. (2.25)

In combination with a Young inequality this gives (f,¢%) <||f||z2||¢¢]|r2 < 5%2||f||%2 + 5a;(¢%,¢%). Us-
ing this in the right hand side of (Z24]), we arrive at

2

1 C
(@) oL g € q ) S eI — a0, 00)

Noting that ¢°+e° = ¢ —p° and V) e? =0 we can rewrite this last inequality as

1 c?

5287 =p" 0 =p") +ar (67 —p"07 =) <e (Il —ar (0. 0°).

Since a1 (p°,q°) — 0 as € — 0 (thanks to the weak convergence ¢ — 0) we observe that ¢° — p® strongly
in H'(Q2). Reminding again that p®=P¢° and P is bounded in the norm of H'(Q), we obtain also
pf — PpY =p°, which entails ¢° —0. O

REMARK 2.3. Let us return to the simple special case discussed in remark[2], i.e. Q=(0,L;) % (0,L,)
and the b-field given by (Z13). Remind that the space G can be identified in this case with the space
of functions constant along the Z-axis, which means G:={¢p€V /0,¢=0}. The space A is orthogonal
(with respect to the L*-norm) to G and thus contains the functions that have zero mean value along
the Z-axis, i.e. A:={peV/ fOLz ¢(x,2)dz=0}. Therefore, for ¢ =p°+q° €V, the function p® is the
mean value of ¢° in the direction of the field b:

(> 1 Lz (>
pF=— ¢°dz, (2.26)
Lz 0

and q° s the fluctuating part with zero mean value:

1t
qE:(bE——/ o dz. (2.27)
LZ 0

Hypothesis B is thus easily verified. The results obtained in this special case were presented in a previous
paper [I1]. In the case of an arbitrary b-field, formula (220) is generalized as (I.3) in Appendiz [4]
where the length element along the b-field line is weighted by the infinitesimal cross-sectional area of
the field tube around the considered b-field-line. This formula can be thus interpreted as a consequence
of the co-area formula. Note that in the special case of a uniform anisotropy direction, the limit
problem can easily be formulated as an elliptic problem depending on the only transverse coordinates
(see equation [2ZI4l)). The size of the problem is thus significantly smaller than that of the initial one.
This feature still occurs for non-uniform b-fields as long as adapted coordinates and meshes are used.
In our case, aligned and transverse coordinates are not at our disposal and the solution of the limit
problem must be searched as a function of the whole set of coordinates.

2.4. Lagrange multiplier space The objective of this work is the numerical solution of system
(220) and the comparison of the obtained results with those obtained by directly solving the original
problem (22)). In a general case, when the field b is not necessarily constant, the discretization of
the subspaces G and A, is not straightforward, as in the simpler case [II]. In order to overcome this
difficulty a Lagrange multiplier technique will be used.
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2.4.1. The A space To avoid the use of the constrained space A, we can remark that A can
be characterized as being the orthogonal complement (in the L? sense) of the G-space. Thus, instead
of [2.20), the slightly changed system will be solved: find (p,¢%,l¢) €G x ¥V x G such that

ay(p®,n)+ax(q,m)=(fmn) vneg,
ay(¢%,6) +ear(q®,§) +ear (pF,8) +(I5,8) =e(f,€) YE€V, (2.28)
(¢°,x)=0 Vx €G6.

The constraint (¢%,x) =0, Vx € G is forcing the solution ¢° to belong to A, and this property is carried
over to the limit € —0. We have thus circumvented the difficulty of discretizing A by introducing a
new variable and enlarging the linear system.
PROPOSITION 2.4. Problems (2Z20) and (228) are equivalent. Indeed, (p®,q°) €G X A is the unique
solution of (220) if and only if (p°,q%,15) €G xV x G with I =0 is the unique solution of (2.28).
Proof. Let (p®,¢°) € G x A be the unique solution of (Z220). Then, it is immediate to show that
(p°,¢°,0) solves (Z2]). Let now (p°,¢°,1)€G xV x G be a solution of (Z2])). Then, the last equation
of (2.28)) implies that ¢° € A. Choosing in the second equation as test function £ € G, one gets

ar(q,) +ear(p®. &)+ (5,8 =2(f.8), VEeT,
which because of the first equation in (Z28)), yields (I%,£) =0 for all €€ G. Thus I=0. O

2.4.2. The G space In order to eliminate the problems that arise when dealing with the
discretization of G, the Lagrange multiplier method will again be used. First note that

Vip=0 /A Vip-ViAdz=ay(p,\)=0, VAEL
peg@{ o J AP Vrde=ay(p.A) (2.29)
pGV pe]),

where £ is a functional space that should be chosen large enough so that one could find for any peV a
A€ L with V)A=Vp. On the other hand, the space £ should be not too large in order to ensure the
uniqueness of the Lagrange multipliers in the unconstrained system. A space that satisfies these two
requirements under some quite general assumptions to be detailed later, can be defined as

L:={\eL*Q)/VAeL*(Q), Naq,, =0}, with 9Q;,:={z€0N/b(z) n<0}. (2.30)

Using the characterization ([229]) of the constrained space G, we shall now reformulate the system
[228)) as follows: Find (p°, A%, ¢%,1°, u) €V X L XV x V X L such that

aL(p®m)+ar(d,n)+ay (. %) =(fn), Vnev,

a)(p®,k)=0, VreLl,

(AP) < ay(q°,€) +eai(q%,€) +ear (p°,6) +(I5,§) = (f,§), V€V, (2.31)
(¢°,x) +a)(p7)=0, VxeV,

aj(l5,7)=0, VrecL.

The advantage of the above formulation, as compared to (Z20), is that we only have to discretize the
spaces V and L (at the price of the introduction of three additional variables), which is much easier than
the discretization of the constrained spaces G and A. More importantly, the dual formulation (2.3T])
does not require any change of coordinates to express the fact that p® is constant along the b-field lines
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and that ¢° averages to zero along these lines. Therefore this formulation is particularly well adapted
to time-dependent b-fields, as it does not require any operation which would have to be reinitiated as
b evolves. The system (2Z.31]) will be called the Asymptotic-Preserving formulation in the sequel.

To analyse this Asymptotic-Preserving formulation, we need the following

Hypothesis B’ The trace A aq,, is well defined for any NeV as an element of L*(0Q;y,), with contin-
uous dependence of the trace norm in L*(0y,) on ||N||y;. Moreover, the Hilbert space

V={oeL*(Q)/ V9 L* )}, (8,9)p:=($,4)+ (V)4 V), (2.32)
admits the decomposition
v=Gar, (2.33)
where G is given by
G={peV/V, =0}, (2.34)

and L is given by (Z.30). The spaces G and G=GNV are related in the following way: if g€G is such
that [yo ngdo=0 for all n€G, then g=0.

The decomposition ([2:33) is quite natural. It tells simply that any function ¢ can be decomposed on
each field line as a sum of a function that vanishes at one given point on this line and a constant (which
is therefore the value of ¢ at this point). Hypothesis B’ will be thus normally satisfied in cases of
practical interest. For example, we prove in Appendix [A] that the set of assumptions on the domain
and the b-field which can be used to verify Hypothesis B, is also sufficient (but far from necessary) for
Hypothesis B’. We are now able to show the relation between systems (Z28)) and (Z31]).
PROPOSITION 2.5. Assuming Hypotheses A, B and B’, problem (2.31]) admits a unique solution
(p%, A%, ¢5, 15, uf) eV X LXV XV X L, where (p®,¢%,1°) €G XV X G is the unique solution of (2.28).

The proof of Proposition is based on the following two lemmas
LEMMA 2.6. Assume Hypothesis B’ and let peV be such that a(p,A\) =0, VA€ L. Then pe G.

Proof. Take any nef/ and decompose n=A+g with A€ L and gEC;. We have a|(p,g) =0, hence
aj(p,n) =0 for all neV. This entails V| ip=0, hence peg. O
LEMMA 2.7. Assume Hypothesis B’ and let F € V* be such that F(n)=0 for allneG. Then the problem
of finding A\ € L such that

aj(n\)=F(n), ¥nev, (2.35)

has a unique solution. o
Proof. Consider the bilinear form b on V xV

b(u,v):a||(u,v)+/ uvdo
aﬂin

By Hypothesis B’, this is an inner product on V. Indeed, if b(u,u) =0 then weGNL so that u=0.
Riesz representation theorem implies that the problem of finding © €V such that

b(n.p)=F(n), Vnev,

has a unique solution. We can now decompose p1=A+g with A€ £ and g €G. This yields

a||(77,/\)+/ ngdo=F(n), Ynev,

in
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so that, in particular, faﬂm ngdo =0 for all n€ G which implies g=0. We see now that A is a solution
to (Z33). The uniqueness follows easily. O

Let us now prove Proposition

Proof of existence in Proposition Take (p®,¢%,1°) € G x V x G as the unique solution of (2.27).
Then, equations 2,3,5 in ([Z31)) are immediately satisfied. It remains to choose properly the Lagrange
multipliers A%, u¢ € £ to satisfy equations 1,4 in ([237]). For this, let us define Fy,Fs € V* by

Fi(n):= éau (¢5m), Fa(n)=—(¢"m), VneV. (2.36)

These functionals are indeed continuous in the norm of V since their definitions do not contain the
derivatives in directions perpendicular to b. Since Fj(n)=Fx(n)=0 for all n€ G, Lemma 27 implies
the existence of A°* € £ and pu® € £, such that

aj(mA)=Fi(n), a(x.p)=Fa(x), Yn.x€eV. (2.37)

Taking 7, x €V CV we observe (cf. the second line in (Z28) where ¢ =0)

a(n,X%) = éan(qa,n): (fim)—ar(p®m)—ar(q®m), Vnev,

aj (k) =—(¢%x), VYxeV,

which coincides with equations 1,4 in (2.3T]).

Proof of uniqueness in Proposition[2.5l Consider the solution to system (Z31]) with f =0. Lemma
implies then that p=,l°€ GNV =G and (p°,¢%,I°) €Gx V x G verifies (Z28) with f=0 so that p° =
¢° =1¢ =0 by Proposition 24l Equations 1,4 in (Z31)) now tell us that A\°,u° € G, but GNL= {0}, hence
A =pf=0. O

The presence of 1/¢ in the formulas [236)), (Z37) defining A® indicates at a first sight that A\* may
tend to co as € —0 which would be disastrous for an AP numerical method based on (231)) at very
small . Fortunately A® remains bounded uniformly in ¢ in the cases of practical interest. It suffices to
suppose that the limit solution ¢° is in H?(€2) which is a reasonable assumption as discussed in Remark

2.1
PROPOSITION 2.8. Assume Hypotheses A, B, B’ and ¢° € H*(Q) where ¢° is the solution to (Z.11).
Then A® introduced in (2.31]) satisfies

IV X2 < Cmax(||f]] 22, [|¢°] | 22) (2.38)

with a constant C independent of €.

Proof. We will denote all the e-independent constants by C' in this proof. We start from relation
224) in the proof of Theorem [Z21 Dropping the positive term a ] (¢° +e°,¢° +€) it can be rewritten
as

éau(qg,qg) <(f.4)—an(¢".0°).

Since ¢° € H?(Q) we can integrate by parts in the integral defining a, (¢*,¢%):
—as(@) = [ AT Voo
Q

:—/ (Id—bbt)Alva-nqsdaJr/(VLALva)qsdx
0N Q

<N lrr2 (Ila° ] L2 oen) + 1105 | L20))
11



since V@° has a trace on 9 and its norm in L?(9Qy) is bounded by C|[¢°||z2. Thus,

1 C
g||vuqs||%2 < gan(qqus) <C||fz2lla |2y + ClE° a2 (16| L2o0m) + 10| L2 (0)) -
By Poincaré-Wirtinger inequality (2.I8) (note that P¢® =0) and by Hypothesis B’ we have

max(||¢°|[ 22, 1a° || L2 (00n)) S ClIV 6% L2

so that
1
IV allze < Cmax(|If| 2 [16°] 1)
This is the same as ([Z38) since V|| A* =1V ,¢° according to ([Z36) and (Z37). O

REMARK 2.9. The Limit model (Z11)), reformulated using the Lagrange multiplier technique, now
reads: Find (¢, \°) €V x L such that

/ALVld)O'VLU)dI—I—/AHVHi/}'VH)\OdJZ:/fU)d:E VeV
(L/) Q Q Q (239)

/AHVH(bO'VHIidI:O VeeLl.
Q

Problem (2.39) is also well posed assuming Hypotheses A, B, B’ and ¢° € H*(Q). Indeed, the uniqueness
of the solution to (Z.39) can be proved in exactly the same manner as in the proof of Proposition
above. To prove the existence of a solution, it suffices to take the limit e —0 in the first two lines of
(Z231). Indeed, we know by Theorem that p* — ¢°, the solution to (Z11), and ¢ —0 in H ().
Moreover, the family {V | X} is bounded in the norm of L*(2) by Proposition[2.8. We can take therefore
a weakly convergence subsequence {V X"} and identify its limit with {V X’} with some \°€ L (cf.
Lemma[27) to see that (¢°,\°) €V x L solves (Z.39).

3. Numerical method

This section concerns the discretization of the Asymptotic Preserving formulation (23T), based
on a finite element method, and the detailed study of the obtained numerical results. The numerical
analysis of the present scheme is investigated in a forthcoming work [13], in particular we are interested
in the convergence of the scheme, independently of the parameter € > 0.

Let us denote by V;, CV and L; C L the finite dimensional approximation spaces, constructed by
means of appropriate numerical discretizations (see Section Bl and Appendix B). We are thus looking
for a discrete solution (p5, A7, g5, 15, 15,) € Vi X Ly X Vi x Vp, X Ly, of the following system

aL(Pp,m+ar(gn.n)+ay(nAy)=(fn), YneWn,

a(p; k) =0, VKeLy,

) (a5,€) +ea1 (g;,8) +ear (py.&) + (15,6) =< (f.§), VEER, (3.1)
(@h:X) +ay (X, #3) =0, VYXEVp,

ay(15,7)=0, VreLn.

Our numerical experiments indicate that the spaces V;, and L;, can be always taken of the same
type and on the same mesh. The only difference between these two finite element spaces lies thus in
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the incorporation of boundary conditions. In general, let X} denote the complete finite element space
(without any restrictions on the boundary) which should be H! conforming but otherwise arbitrarily
chosen. We define then

Vi ={vn € Xp/vnloa, =0}, (3.2)

Ly ={An € Xn/Anlog;,vo0, =0}. (3.3)

While this choice of V}, is straight forward, the boundary conditions in £ require special attention.
Indeed, nothing in the definition (230) of space £ on the continuous level indicates that its elements
should vanish on 9Qp. However, this liberty on 9Qp is somewhat counter-intuitive. Indeed, the
Lagrange multiplier A* € £ serves to impose V| p® =0 for some function p® taken from the space V. But,
for peV the trace on dQp is zero so that V| p®=0 there without the help of a Lagrange multiplier.
Of course, this argument is not valid on the continuous level since the trace of functions in £ does not
even necessarily exist. However, this may become very important on the finite element level. Indeed,
we provide in Appendix [Bl an example of a finite element setting without incorporating Ap|aq,, =0 into
the definition of £;,, which leads to an ill-posed system (B)). To avoid this difficulty, we choose L}, as
in (33) in all our experiments, thus obtaining well-posed problems.

3.1. Discretization Let us present the discretization in a 2D case, the 3D case being a simple
generalization. The here considered computational domain 2 is a square Q=1[0,1] x [0,1]. All simula-
tions are performed on structured meshes. Let us introduce the Cartesian, homogeneous grid

where N, and NN, are positive even constants, corresponding to the number of discretization intervals
in the - resp. y-direction. The corresponding mesh-sizes are denoted by h, >0 resp. h, >0. Choosing
a Q3 finite element method (Q2-FEM), based on the following quadratic base functions

2h2 IG[.IZ',Q,{EZ'], % yG[yj—myj],
Oz, = _(M”_mzzz(?:iﬂ_m) w€lri,mipal, » Oy = —(yﬁz_g)h(gﬁl_y) Y€ 5, y5+2]; (3.5)
0 else 0 else

for even 7,7 and

7 —@M*ng*“*l) TE[wi_1,2i41], B —(y”l_y,zgy_yjfl) YEYj—1,Yj+1)s
0, = z . 0, = :

(3.6)
0 else 0 else

for odd 1,7, we define
Xpi= {Uh = Zvij 6‘11 (‘T) eyj (y)} )
]
We then search for discrete solutions (p5, ¢5,15) € Vi X Vi, x Vi, and (A5, p5) € L, X Ly, with Vy, and Ly,

defined by (B2) and @3). This leads to the inversion of a linear system, the corresponding matrix
being non-symmetric and given by

A Ao A 0 0
Ao O 0 0 0

A= EAl 0 A0+8A1 cC 0 . (37)
0 O C 0 Ao

0 0 0 Ao 0
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- AP scheme Limit model Singular Perturbation scheme
L? error H' error L? error H' error L? error H' error

10 7.2x107% | 4.7x1073 5.0 x 10° 3.51 x 10! 7.2x1076 4.7x1073

1 7.3x1077 | 4.7x107* || 5.0x107! 3.51x10° 7.3x10°7 4.7x107*
107! || 1.47x1077 | 9.6x107° || 5.0x1072 | 3.51x107" || 1.45x 10~ 7 9.4x107°
1074 || 1.28x1077 | 83x107° || 5.0x107° | 3.61x10* || 1.26x 1077 8.2x107°
1076 || 1.28x1077 | 83x107° || 5.2x1077 | 84x107° 5.9%x 107 8.2x107°
10710 || 1.28x1077 | 8.3x107° || 1.28x1077 | 83x107° 9.9x1073 3.12x 1072
1071 || 1.28x1077 | 83x107° || 1.28x10°7 | 8.3x107° 7.1x107! 2.23 x 10°

Table 3.1 — Comparison between the Asymptotic Preserving scheme, the Limit model and the
Singular Perturbation model for A=0.005 (200 mesh points in each direction) and constant b:
absolute L?-error and H'-error, for different e-values.

The sub-matrices Ao, A; resp. C correspond to the bilinear forms aj(-,-), a.(-,-) resp. (-,-), used in
equations (2.31) and belong to RWe+D(Ny+1)x(No+1)(Ny+1) - The matrix elements are computed using
the 2D Gauss quadrature formula, with 3 points in the x and y direction:

/_11/_11f )= Y v (o),

3,j==—1

(3.8)

where g =1y9=0, x4+1 =y41 =+ %, wo=38/9 and w41 =>5/9, which is exact for polynomials of degree
5.

3.2. Numerical Results

3.2.1. 2D test case, uniform and aligned b-field In this section we compare the numerical
results obtained via the Q2-FEM, by discretizing the Singular Perturbation model (2.2)), the Limit model
ZI1) and the Asymptotic Preserving reformulation (Z31]). In all numerical tests we set A} =Id and
Aj=1. We start with a simple test case, where the analytical solution is known. Let the source term
f be given by

f=(4+e)m%cos(2nmx)sin (my) + 72 sin (ry) (3.9)

and the b field be aligned with the x-axis. Hence, the solution ¢° of ([Z2) and its decomposition
¢F = p® +q° write

(3.10)
(3.11)

¢° =sin(7y) +ecos(2mx)sin (7y),

p®=sin(ry), ¢°=ecos(2mx)sin(my).

We denote by ¢p, ¢, ¢pa the numerical solution of the Singular Perturbation model ([22), the
Limit model (ZI1]) and the Asymptotic Preserving reformulation (231]) respectively. The comparison
will be done in the L?-norm as well as the H'-norm. The linear systems obtained after discretization
of the three methods are solved using the same numerical algorithm — LU decomposition implemented
in a solver MUMPS|2].

In Figure B0 we plotted the absolute errors (in the L? resp. H'-norms) between the numerical
solutions obtained with one of the three methods and the exact solution, and this, as a function of
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the parameter € and for several mesh-sizes. In Table B.1] we specified the error values for one fixed
grid and several e-values. One observes that the Singular Perturbation finite element approximation
is accurate only for € bigger than some critical value €p, the Limit model gives reliable results for




method H # rows ‘ # non zero | time L?-error H'-error
AP 50x 103 | 1563 x10% | 13.212s | 1.02x 1076 | 3.34 x 10~
L 20 x 103 469 x 103 5227s | 1.14x 1076 | 3.34x 1074
P 10 x 103 157 x 103 3.707s | 1.02x1076 | 3.27x1074

Table 3.2 — Comparison between the Asymptotic Preserving scheme (AP), the Limit model (L)
and the Singular Perturbation model (P) for h=0.01 (100 mesh points in each direction) and
fixed e =10"°%: matrix size, number of nonzero elements, average computational time and error
in L? and H"' norms.

smaller than e, whereas the AP-scheme is accurate independently on €. The order of convergence for
all three methods is three in the L?-norm and two in the H'-norm, which is an optimal result for Qs
finite elements. When designing a robust numerical method one has therefore two options. The first
one is to use an Asymptotic Preserving scheme, which is accurate independently on ¢, but requires the
solution of a bigger linear system. The second one is to design a coupling strategy that involves the
solution of the Singular Perturbation formulation and the Limit problem in their respective validity
domains. This is however a very delicate problem, since we observe that the critical values ep and €,
are mesh dependent, namely €p inversely proportional to h and € proportional to h. Therefore for
small meshes there may exist a range of e-values, where neither the Singular Perturbation nor the Limit
model finite element approximation give accurate results. For our test case, this is even the case for
meshes as big as 200 x 200 points, if one regards the L?-norm. This mesh-size is generally insufficient
in the case of real physical applications.

Another interesting aspect with respect to which the three methods must be compared, is the
computational time and the size of the matrices involved in the linear systems. Table shows that
the Asymptotic Preserving scheme is expensive in computational time and memory requirements, as
compared to the other methods. Indeed, the computational time required to solve the problem is almost
four times bigger than that of the Singular Perturbation scheme. Moreover, the Asymptotic Preserving
method involves matrices that have five times more rows and ten times more nonzero elements than
the matrices obtained with the Singular Perturbation approximation. It is however the only scheme
that provides the h-convergence regardless of €. In order to reduce the computational costs, a coupling
strategy for problems with variable ¢ will be proposed in a forthcoming paper. In sub-domains where
€ > ep the Singular Perturbation problem will be solved, in sub-domains where € < £, the Limit problem
will be solved and only in the remaining part, where neither the Limit nor the Singular Perturbation
model are valid, the Asymptotic Preserving formulation will be solved.

3.2.2. 2D test case, non-uniform and non-aligned b-field We now focus our attention on
the original feature of the here introduced numerical method, namely its ability to treat nonuniform b
fields. In this section we present numerical simulations performed for a variable field b.

First, let us construct a numerical test case. Finding an analytical solution for an arbitrary b
presents a considerable difficulty. We have therefore chosen a different approach. First, we choose a
limit solution

¢° =sin (ry+a(y® —y) cos(mz)), (3.12)

where « is a numerical constant aimed at controlling the variations of b. For a=0, the limit solution
of the previous section is obtained. The limit solution for =2 is shown in Figure We set a=2
in what follows. Since ¢ is a limit solution, it is constant along the b field lines. Therefore we can
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Figure 3.2 — The limit solution for the test case with variable b.

determine the b field using the following implication

o8 9¢°
0= a —_— =
VIer=0 = bay by =0, (3.13)
which yields for example
_B _ [ (2y—1)cos(rx) +m
b_IBI’ B_< Ta(y? —y)sin(rr) : (3.14)

Note that the field B, constructed in this way, satisfies divB =0, which is an important property in the
framework of plasma simulation. Furthermore, we have B #0 in the computational domain. Now, we
choose ¢ to be a function that converges, as € — 0, to the limit solution ¢°:

¢° =sin (ry+a(y® —y)cos(rz)) +ccos (2mz) sin (ry). (3.15)

Finally, the force term is calculated, using the equation, i.e.
1
==V (ALV.i¢")— Vi (A V) 9°).

As in the previous section, we shall compare here the numerical solution of the Singular Perturbation
model ([22)), the Limit model (ZII)) and the Asymptotic Preserving reformulation (Z31)), i.e. ¢p, ¢r,
¢4 with the exact solution (B.I5) . The L? and H'-errors are reported on Figure and Table
Once again the Asymptotic Preserving scheme proves to be valid for all values of €, contrary to the
other schemes. There is however a difference compared to the constant-b case. For a variable b , the
threshold value ep seems to be independent on the mesh size and is much larger than that of the
uniform b test case. This observation limits further the possible choice of coupling strategies, since
even for coarse meshes there exists a range of e-values, where neither the Singular Perturbation nor the
Limit model are valid. The coupling strategy, involving all three models, remains however interesting
to investigate.
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AP scheme Limit model Singular Perturbation scheme

L? error H! error L? error H! error L? error H! error
10 7.2%x1076 4.6x1073 5.0 x 10° 3.50 x 10! 7.2x10°6 4.6x1073
1 71x10°7 4.6%x1074 5.0x 1071 3.50 x 109 7.1x1077 4.6%x1074

1072 || 2.05x 1077 | 1.33x107* || 5.0x107% | 3.50x 1072 || 2.05x 1077 1.33x107%
1074 || 212x1077 | 1.38x107* || 5.0x107° | 3.77x107* || 1.74x 1076 1.43x 1074
1077 || 217x1077 | 1.41x107% || 2.22x 1077 | 1.41x107* || 1.68 x 1073 1.26x 1072
10719 || 217x 1077 | 1.41x 1074 || 2.17x 1077 | 1.41x10~* || 3.93x 107! 1.35x 10°
1075 || 2.17x1077 | 1.41x107% || 2.17x1077 | 1.41x107% || 6.7x 107! 2.32 x 10°

Table 3.3 — Comparison between the Asymptotic preserving scheme, the Limit model and the
Singular Perturbation model for A=0.005 (200 mesh points in each direction) and variable b:
absolute L?-error and H'-error.

In the next test case we investigate the influence of the variations of the b field on the accuracy of
the solution. We would like to answer the following question: what is the minimal number of points per
characteristic length of b variations required to obtain an acceptable solution. For this, let us modify
the previous test case. Let b= B/|B|, with

B (a(2y—1)cos(m7mz)—|—7r>7 (3.16)

— \mra(y? —y)sin(mnz)
m being an integer. The limit solution and ¢° are chosen to be

¢° =sin (ry+ a(y® —y) cos(mmz)) (3.17)
¢° =sin (ry+a(y® —y) cos(mnz)) +ecos (2rz)sin (my). (3.18)

We perform two tests: first, we fix the mesh size and vary m to find the minimal period of b for which
the Asymptotic Preserving method yields still acceptable results. We define a result to be acceptable
when the relative error is less then 0.01. In the second test m remains fixed and the convergence of the
scheme is studied. The results are presented on Figures B.4] and

For e=1 and 400 mesh points in each direction (h=0.0025) the relative error in the L?-norm,

defined as W, is below 0.01 for all tested values of 1<m<50. The relative H!-error
L

16 —dallpg(a
H¢’A||H1(Q)
ror is acceptable in both norms is 20. The minimal number of mesh points per period of b variations is

40 in the worst case, in order to obtain an 1% relative error.

Figure and Table 3.4] show the convergence of the Asymptotic Preserving scheme with respect
to h for m=10 and £ =10710. We observe that for big values of h the error does not diminish with h.
Then, for h < 0.025 the scheme converges at a better rate then 2 for H'-error and 3 for L2-error. For
h < 0.00625 (160 points) the optimal convergence rate in the H!-norm is obtained (which is 32 mesh
points per period of b). The method is super-convergent in the whole tested range for the L?-error.

These results are reassuring, as they prove that the Asymptotic Preserving scheme is precise even
for strongly varying fields for relatively small mesh sizes, which was not evident. Indeed, the optimal
convergence rate in the H'-norm is obtained for 32 mesh points per b period, and an 1% relative error
for 40 points. It shows that accurate results can be obtained in more complex simulations, such as
tokamak plasma for example. The application of the method to bigger scale problems is the subject of
an ongoing work.

exceeds the critical value for m>25. For e=10"29 the maximal m for which the er-
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Figure 3.3 — Absolute L? (left column) and H' (right column) errors between the exact solution
¢° and the computed solution ¢4 (AP), ¢ (L), ¢p (P) for the test case with variable b. Plotted
are the errors as a function of the small parameter ¢, for three different meshes.
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Figure 3.4 — Relative L? and H' errors between the exact solution ¢° and the computed solution
¢a (AP) for h=0.0025 (400 points in each direction) as a function of m and for € =1 respectively
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Figure 3.5 — Relative L? and H' errors between the exact solution ¢° and the computed solution
b4 (AP) for m=10 and e=10""" as a function of h.

3.2.3. 3D test case, uniform and aligned b-field Finally, we test our method on a simple
3D test case. Let the field b be aligned with the X-axis:

1
b=1{0|. (3.19)
0

Let Q=10,1] x [0,1] x [0,1], and the source term f is such that the solution is given by

¢° =sin(my)sin(7z) +ecos (2nzx) sin (my) sin (7z), (3.20)
p® =sin(my)sin(rz), ¢ =ccos(2mz)sin(my)sin(nz). (3.21)

Numerical simulations were performed on a 30 x 30 x 30 grid. Once again all three methods are com-
pared. The L? and H'-errors are given on Figure The numerical results are equivalent with those
obtained in the 2D test with constant b. Note that it is difficult to perform 3D simulations with more
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h ‘ # points per period H L?-error H'-error
0.1 2 4.7x1071 1.05
0.05 4 5.2x1071 1.29
0.025 8 1.82x 107t | 4.3x107!
0.0125 16 1.89x 1072 | 6.4x1072
0.00625 32 1.41x 1072 | 1.00x 1072
0.0003125 64 9.3x107° | 2.21x1073
0.0015625 128 6.1x1076 5.5x 1074
0.00078125 256 46%x1077 | 1.36x 10~

Table 3.4 — Relative L? and H' errors between the exact solution ¢° and the computed solution
$a (AP) for m=10 and ¢ =10"'? as a function of h.

refined grids, due to memory requirements on standard desktop equipment as we are doing now. Every
row in the matrix constructed for the Singular Perturbation model, can contain up to 125 non zero
entries (for Qo finite elements), while matrices associated with the Asymptotic Preserving reformulation
have rows with up to 375 non zero entries. Furthermore the dimension of the latter is five times bigger.
The memory requirements of the direct solver used in our simulations grow rapidly. The remedy could
be to use an iterative solver with suitable preconditioner. Finding the most efficient method to inverse
these matrices is however beyond the scope of this paper. In future work we will address this problem

as well as a parallelization of this method.
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(b) H?! error for a grid with 30 x 30 x 30 points.
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(a) L? error for a grid with 30 x 30 x 30 points.

Figure 3.6 — Absolute L? (left column) and H' (right column) errors between the exact solution
¢° and the computed solution ¢4 (AP), ¢r (L), ¢p (P) for the 3D test case. The errors are
plotted as a function of the anisotropy ratio e.

4. Conclusions
The asymptotic preserving method presented in this paper is shown to be very efficient for the

solution of highly anisotropic elliptic equations, where the anisotropy direction is given by an arbitrary,
but smooth vector field b with non-adapted coordinates and meshes. The results presented here gener-
alize the procedure used in [I1] and have the important advantage to permit the use of Cartesian grids,

21



independently on the shape of the anisotropy. Moreover, the scheme is equally accurate, independently
on the anisotropy strength, avoiding thus the use of coupling methods. The numerical study of this
AP-scheme shall be investigated in a forthcoming paper, in particular the e-independent convergence
results shall be stated.

Another important related work consists in extending our methods to the case of anisotropy ratios
€, which are variable in 2 from moderate to very small values. This is important, for example, in plasma
physics simulations as already noted in the introduction. An alternative strategy to the Asymptotic
Preserving schemes whould be to couple a standard discretization in subregions with moderate € with
a limit (¢ —0) model in subregions with small £ as suggested, for example, in [5 25]. However, the
limit model is only valid for € < 1 and cannot be applied for weak anisotropies. Thus, the coupling
strategy requires existence of a range of anisotropy strength where both methods are valid. This is
rather undesirable since this range may not exist at all, as illustrated by our results in Fig. Bl

Appendix A. Decompositions V=G&+ A, V=& L and related estimates.

We shall show in this Appendix that all the statements in Hypotheses B and B’ can be rigorously
derived under some assumptions on the domain boundary 9 and on the manner in which it is inter-
sected by the field b. We assume essentially that b is tangential to 9Q2 on 0Q2p and that b penetrates
the remaining part of the boundary dQp at an angle that stays away from 0 on 9Qy. We assume also
that 0Qy consists of two disjoint components for which there exist global and smooth parametrizations.
This last assumption can be weakened (existence of an atlas of local smooth parametrizations should be
sufficient) at the expense of lengthening the proofs. The precise set of our assumptions is the following:

Hypothesis C The boundary of  is the union of three components: 9Qp where b-n=0, 0Q;,
where b-n<—«a and 0Q,,; where b-n >« with some constant «>0. Moreover, there is a smooth
system of coordinates &1,...,64_1 on 0, meaning that there is a bounded domain T, € R4~ and
a one-to-one map Ay, : I, — R? such that h;, € C?(T;,,) and 0Q, is the image of hin(£1,...,64-1) as
(é1,...,€4—1) goes over I';;,,. The matrix formed by the vectors (Oh;, /01, ..,0hiy /0&1,n) is invertible
for all (&1,...,€4_1) €yp. Similar assumptions hold also for 9Q,,; (changing I';,, to Ioyr and by t0 Aoyt ).

Using this hypothesis we can introduce a system of coordinates in 2 such that the field lines of
b coincide with the coordinate lines. To do this consider the initial value problem for a parametrized
ordinary differential equation (ODE):

ox
04

Here X (¢/,¢4) is R%valued and &’ stands for (£1,...,64_1). For any fixed & €Ty, equation (ILI) should
be understood as an ODE for a function of &;. Its solution X (£',&,) goes then over the field line of b
starting (as 4 =0) at the point on the inflow boundary 9€;,, parametrized by ¢’. This field line hits

the outflow boundary 9.+ somewhere. In other words, for any &' €T, there exists L(¢') >0 such
that X (¢',L(£")) € 0Qout- The domain of definition of X is thus

(glvgd):b(X(glvgd))a X(glvo):h’ln(gl) (11)

D={(¢,&)eR? /] ¢ €Ty, and 0< &g < L(E)}.

Gathering the results on parametrized ODEs, from for instance [34], we conclude that X (¢',&4)=
X (&,...,&4) is a smooth function of all its d parameters, more precisely X € C?(D). Evidently, the
map X is one-to-one from D to  and thus & ,...,&, provide a system of coordinates for Q. Moreover this
system is not degenerate in the sense that the vectors 0X/0¢1,...,0X/0¢; are linearly independent at
each point of €. Indeed, if this was not the case, then there would exist a non trivial linear combination
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M OX/OE+ -+ Xg0X/O€, that would vanish at some point in Q. But, ODE (I)) implies

d

P ). - , 0X
75, 2 Mg (€ 6a) = VBX(E,60))- Z igg, (€6)

i=1 i=

so that, the unique solution of this ODE, i.e. the linear combination Z'j 1N g? , would vanish on the

whole field line, in particular on the inflow. But this is impossible since g? agg? ,i=1,...,d—1 on the

35 061 77" O€a—
Tin. We see thus that the Jacobian J = det(0X;/d¢;) does not vanish on Q so that we can assume that
m < .J < M everywhere on 2 with some positive constants m and M (assuming that J is positive does
not prevent the generality since if J is negative in Q than one can replace &; by —&;). Since X € C%(Q),
we have also that J € C1(Q).

One also sees easily that the top of D is given by a smooth function L(£'). Indeed, L(¢') is
determined for each &' € T;,, from the equation X (', L(£)) = howt(n) with some = (n1,...,M4-1) € Lout.
We know already that this equation is solvable for £g=L({’), n1,...,1m4—1 for any & €T';,. To conclude
that the solution depends smoothly on & we can apply the implicit function theorem to the equation

F(§/§§d77717---777d—1) :X(§/7§d) _hout(nlu"'and—l) =0.

Indeed, the R?valued function F is smooth and the matrix of its partial derivatives with respect to
€dsM,---,Nd—1 is invertible since OF/0&q=0b and OF/0n; = —0hout/On; at some point at the outflow
and the vectors Ohyy:/0n; lie in the tangent plane to 9€,,; while b is nowhere in this plane. We have
moreover that L € C1(T';;,). Indeed, we can prove that all the derivatives of L are bounded. In order to
do it, let us remark that the differential of X (¢',L(’)) represents a vector in the tangent plane at some
point on 0, so that it is perpendicular to the outward normal n. We have thus for any i=1,...,d—1

0=n-(aX<§',L<£’>> 0% ¢ (e 2k <§’>) (5 . L<£>>+b<£’,L<s'>>aL<s'>)

inflow, while 2X =b and the vectors (ah“‘ ‘9’”"1 ,b) are linearly independent for all (&1,...,64-1) €

o&; 04 0&; 0&; 0&;
so that
OL ) MBS LE)
& nb(E,L(E)

and this is bounded since X has bounded partial derivatives and n-b> « by the hypothesis. Note also
that L is strictly positive. _
e We can now establish the decomposition V=G @&+ A. Take any ¢ €V NC'(Q) and introduce

pEL?(Q) by
L&) e /
o) J (¢ )dt
p(x)=p(¢',¢a) =p(£) = Jo 1) - (1.2)
Jo DI t)at
(from now on we switch back and forth between the Cartesian coordinates z = (z1,...,24) and

the new ones (¢,&4) = (&1,...,€q)). Evidently, p is constant along each field line. Moreover, p is
the L2-orthogonal projection of ¢ on the space of such functions. Indeed, if ¥ =1 (¢") € L*(Q)
is any function constant along each field line then

L(¢")
/prdxz /D puJde = /F pEE) /0 (€ e0)deade

L)
=/ / ¢(§’,§d)¢(€’)J(§’,§d)d§dd§’=/Wd:v.
LinJ0 Q



Let us prove that p€V, i.e. that its derivatives are square integrable. The change of variable
t=L(¢')s yields the function

Ji ot L e
fo Ns)ds

,,,,, d—1 denoting a=a(€') = (f, J(¢/,L(€")s)ds) ",

p&')=

Now we have 9p/0¢q=0 and for all Op/0&; ;—1
d»=¢(&',L(¢")s) and same for J we obtain

Op (9(;5 oL
3 a&/“”d”“/ a&”* 9e, 08,7 %

va | oG [ o G

Using all the previous bounds on the functions L and J and skipping the details of somewhat
tedious calculations, we arrive at

/Q<gg>2da:—/m/“£/)<621)2Jd§ddfl
<c[ [ e <¢2 <§2) (3—2)7 Jdads’

(1.3)

implying

e[ 2] 2] ) <ololine
Ha& r2Q) ( ) 9&i L2(Q) 9¢a L2(Q) e

Thus pe H(Q2), hence p€G and ¢=¢—p€.A. Since the dependence of p on ¢ is continuous
in the norm of H'(f2), a density argument shows that the decomposition ¢=p+q with p€ G
and g€ A exists for any ¢ € V.

Let us now introduce the operator P as the L?-orthogonal projector on G, that means

P:V—=G, ¢eV—PopeG givenby (2.

Then, the estimates in the preceding paragraph show that the operator P is continuous in the
norm of H(Q):

V(P2 £CIIVP|lL2(), VoeV (1.4)
We have also the following Poincaré-Wirtinger inequality:

l[p—PollL20) <Cl|IV) 1822y, VoEV. (1.5)

To prove this, it is sufficient to establish that ||q||12(q) < C||V|q]|L2(q) for all ¢ € A. We observe
that

L(¢)
||Q||i2(ﬂ):/ﬂ /0 ¢*(€',€a)J (€ €a)dEadE'

IVl = // ( )5&1) (€' €a)d€ads’.

and



The requirement g € A is equivalent to

L(¢")
| s enaa=0 tanger,. (1.6)

We have thus to prove for every &’

L& 2(¢1 ! 2 L& 8‘] ? / /
[ e asc [ (5L ¢ e gds
0 0 d

provided ([L6]). Fixing any &', making the change of integration variable ;= L(&’)t and intro-
ducing the functions w(t) =q(&’, L(&")t)J (&', L(&")t) and J(t)=J (&', L(&)t), we rewrite the last

inequality as
Yar(e) o C L) al) )
/0 N0) dt§L2(§’)/0 (J(t) _JQ(t)J (t)) J(t)dt. (1.7)

Since fol u(t)dt =0 we have by the standard Poincaré inequality

1 1
/u2(t)dt§0123/ (' (£)) 2 dt. (1.8)
0 0

e Let us turn to the verification of Hypothesis B’. Take any u € V. We want to prove that one can
decompose u=p+q with pe G and g€ £ and the trace of u on 9, (denoted g) is in L2(9,,).
In the £-coordinates we can write a surface element of 99, as do = S(¢')d¢’ with a function S
smoothly depending on &’'. We see now that for u suffuciently smooth

19122000 = / (€S (€)de

inl / / 1 ou 2 ’ , , ,
gc/o /F [u%é,L(é )8)+L(§’) (8—@> (¢ L(¢ )s)] S(€")de ds

(by a one-dimensional trace inequlity)
<Olulf},

By density, the trace g is thus defined for any u €V with 1911 2(69,,) < C|lul|5;. Taking p=
p(§')=g(¢’) we observe by a similar calculation that |[p||z2q) < C|ully so that peg. By

definition g=u—pe L.

Appendix B. On the choice of the finite element space L.

Let © be the rectangle (0,L;) x (0,L,) and the anisotropy direction be constant and aligned with
the y-axis: b=(0,1). Let us use the Q finite elements on a Cartesian grid, i.e. take some basis function
0z, (2), i=0,...,N, and 0y, (y), j=0,...,N, and define the complete finite element space X} (without
any restrictions on the boundary) as span{f,,(x)f,, (y) 0<i < N, 0<j < N,}. The following subspace

is then used for the approximation of the unknowns p,q,l €V
Vh:{'UhEXh/UthQD ZO}.
We want to prove that taking for the approximation of A\, u € L the space £ under the form

Ly ={An € Xn/Anloq,, =0}, (2.1)
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leads to an ill posed problem (BI).

Claim There exist Ap € Ly, Ay #0, such that aH()\h,ph) =0 for all p, € V). In fact there are exactly
2N, linearly independent functions having this property.

REMARK B.1. In the continuous case, the equation
aj(p,A)=0, VpeV,

implies A=0 by density arguments. These density arguments are lost when discretizing the spaces V
resp. L.

Proof of the Claim. We can suppose that the basis functions 6;;(z,y) := 6., ()0, (y) are enumerated
so that 6;;(0,y) =0 for all > 1 and 6y, (0,y) #0. Hence for all p, =3 p;;0:; € Vi, the coeflicients satisfy
po;j =0 since the part of the boundary {z=0} is in 0Qp. Let M = (mix)o<ik<n, be the mass matrix
in the z-direction: m; = [0, ()0, (z)dz. This matrix is invertible, hence there is a vector a € RN="1
that solves Ma=e with e RN=T1 ¢=(1,0,...,0)". Take any fixed integer j, 1<j<N, and define
A ELE as A\p = Eaieij. Then, for all p, = Epklekl €V}, we have

00,;; 00
aj(An,pn) Zazpkl/ 778 qady

ikl o 0y Oy
Ly
= aiu | 0y () () 6, ()6, (y)dy
ikl 0

= Z5kopkz / 0,,()0,, (y)dy=0.
k,l 0

As we can do this for all (4,5), i=0, 1 <j <N, and in the same manner for all (¢,7), i=N,, 1 <j<N,,
there are 2V, linearly independent functions with the property a)|(An,pn) =0 for all pj € Vy.

We see now that the system (BI) with zero right hand side f=0 possesses non-zero solutions
(05, A5, a5, 15, 15,) = (0, )\fl,O 0,0) where )\fl is any of the functions constructed in the preceding para-
graph. It means that ([B1) is ill posed, i.e. the corresponding matrix is singular.
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