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Abstract

This paper presents a hybrid numerical method to solve efficiently a class of
highly anisotropic elliptic problems. The anisotropy is aligned with one coordinate-
axis and its strength is described by a parameter € € (0, 1], which can largly vary
in the study domain. Our hybrid model is based on asymptotic techniques and
couples (spatially) an Asymptotic-Preserving model with its asymptotic Limit
model, the latter being used in regions where the anisotropy parameter ¢ is small.
Adequate coupling conditions link the two models. Aim of this hybrid procedure
is to reduce the computational time for problems where the region of small e-
values extends over a significant part of the domain, and this due to the reduced
complexity of the limit model.

Keywords : Anisotropic elliptic problem, Singular Perturbation model, Limit model,
Asymptotic-Preserving scheme, Hybrid model, Dirichlet-Neumann transfere conditions.

1 Introduction

The present work is a contribution to the numerical resolution of highly anisotropic
elliptic equations, the anisotropy being aligned with one coordinate axis and described
by a perturbation parameter ¢ € (0, 1], varying considerably in the study domain.
The approach presented here is based on a coupling strategy, solving an Asymptotic-
Preserving reformulation of the elliptic problem there where ¢ is non-negligible and
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solving the corresponding asymptotic Limit model, there where ¢ is quasi vanishing.
The strategy we propose is particularly well suited for physical systems in which the
anisotropy parameter € is very small in a large part of the study domain.

Such kind of directionally anisotropic diffusion systems are common in many physi-
cal applications, such as medical diagnostics via Diffusion Tensor Magnetic Resonance
Imaging [1], flows in porous media [2]|, image processing [26], semiconductor model-
ing [21] and plasma physics [25].

The application which was at the origin of the present work comes from strongly
magnetized ionospheric plasmas [3,14,20]. The problem we shall study here is extracted
from the Dynamo model and represents an elliptic equation for the computation of the
electric potential in 2D, i.e.

—V - (AVu) = f, inQ:=Q, xQ,,
(P) ¢ (AVu)-n=g,  onQ, x 8, (1.1)
u =0, on 02, x €2,

where 2, C R, €2, C R are intervals and 0f) denotes the boundary of €2, with outward
normal n. We assume that the anisotropy direction is fixed and aligned with the z-
coordinate, the diffusion matrix A being thus given by

A, 0
A= , (1.2)
0 1A,

with A, and A, of the same order of magnitude. The high anisotropy of the problem
is parameterized by € € (0,1] that can become very small in some regions of . In
the ionospheric plasma framework referred above, this parameter € is the ratio of the
collision frequency to the cyclotron frequency. The aim of this paper is to propose a
domain decomposition strategy for an efficient numerical resolution of this singularly
perturbed system (1.1)-(1.2) (P-model) in situations where ¢ undergoes large varia-
tions along the z coordinate. Generalizations of this strategy to 3D problems, where
x = (x,y) € Qx C R?, Ax(x,2) € R?*? while the anisotropy is remaining aligned with
the z-direction, are straightforward.

A naive resolution of (1.1)-(1.2) leads to an unusable scheme in the limit ¢ — 0,
because (1.1)-(1.2) degenerates into an ill-posed problem. Indeed, supposing € constant
and letting it tend formally towards zero, yields the reduced model

-0, (A,0,u) =0, for (z,2) € Q, x ),
(R) ¢ d.u=0, on €, x 9., (1.3)

u =0, on 0f), x €1,.

All functions which are constant along the z-coordinate and which satisfy the boundary
condition on 0f), x €1, are solutions of this ill-posed R-model. This non-uniqueness



leads to an ill-conditioned linear system for the discretized P-model, when ¢ — 0. To
avoid this degeneracy, one way is to use an asymptotic-preserving AP-scheme, notion
introduced firstly by Jin in [16]. These schemes are based on asymptotic techniques and
consist in a reformulation of the singularly-perturbed problem (P) into an equivalent
problem (AP), which in the limit ¢ — 0 yields the “right” Limit-model, defined as the
problem satisfied by the e — 0 limit of the solution-sequence {u®}.~o. In this case, the
L-model is given by
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where the bars signify the average over the z-direction (ansiotropy-direction). We refer
the reader to Section 2.2 for its obtention. This AP-procedure permits to solve special
types of singularly-perturbed problems, equally accurate with respect to ¢, and in par-
ticular even its limit case ¢ = 0. In recent works, such AP-schemes have been developed
for this type of highly anisotropic elliptic problems of type (1.1). In [8], Degond et
al. present an AP-scheme for the e-constant case, based on the decomposition of the
unknown w into its mean part along the z-direction and the fluctuation part (so-called
duality-based strategy). The reformulated system is solved iteratively, starting from an
approximation of the fluctuation. A direct resolution is proposed in [4,27], as well as
a generalization to a variable anisotropy strength e (z2), presenting steep gradients. A
further extension to a variable anisotropy direction, given by a known vector field, is
treated in [6], using in addition Lagrange multiplier techniques.

Aim of this paper is to increase the efficiency of the duality-based method of [4] (
anisotropy aligned with one coordinate axis), in the particular case of an anisotropy-
strength e(z) which is very small in a large part of the domain. A full AP-scheme like
in [4,8] would be one possibility to solve such kind of problem. It appears however
that in the region of small e-values, solving the Limit-model is computationally more
interesting in the framework of an anisotropy direction aligned with one coordinate
axis. The reason for this is that the Limit-model is a lower-dimensional problem, in the
present case a 1D, z-independent, elliptic problem.

These considerations lead us to the introduction of a domain decomposition strat-
egy, where the AP-model is used there where € (2) is of order one, and the L-model in
the regions where € (z) is "small” enough, both models being coupled with appropriate
interface conditions. Such a coupling is studied in the one-dimensional framework in [7].
We propose here to extend this coupling strategy to 2D problems and to provide the
first analysis results.

Domain decomposition methods [23] are standard techniques to derive computation-
ally efficient numerical schemes for problems showing different behaviors in different
regions of the domain. For example in many-particle dynamics, microscopic models
(Boltzmann equations, corresponding to our P-model) are coupled to macroscopic mod-
els (Euler equations, corresponding to our L-model) via appropriate interface condi-
tions [12,18,19]. Usually the P-model is singularly perturbed, meaning that its asymp-
totic limit model is of different nature (for ex. kinetic compared to fluid models), such



that the coupling of both models is very delicate. Indeed, the positioning of the interface
requires the existence of a zone, where both models are valid and an automatic detec-
tion criteria. Moreover the design and computation of appropriate coupling conditions
is generally challenging from an analytical as well as numerical point of view. In the
transition from a kinetic equation to its hydrodynamic or diffusion limit, an issue has
been proposed in [9,10] to avoid interface conditions. It consists in using a buffer zone,
where both models have to be solved. However, it is not always possible to find such a
buffer zone, where both models are accurate. Our (AP /L)-coupling strategy overcomes
all these difficulties, thanks to the fact that the L-model is automatically recovered from
the AP formulation as ¢ — 0. In other words, the AP-model is a regular perturbation
of the L-model, fact which permits their coupling via simple interafce conditions. More-
over, the AP-formulation gives accurate results for all values £ € (0, 1], such that the
positioning of the interface is no more a problem.

The outline of this paper is the following. Section 2 presents the Singular-Pertur-
bation P-problem, its asymptotic limit L-model and an Asymptotic-Preserving AP-
reformulation, which was introduced in previous works (see [4,6,8]). Section 3 is devoted
to the coupling of the AP-reformulation with the L-model via Dirichlet-Neumann trans-
fer conditions. We first explain this coupling-strategy and then analyze it rigorously.
We present in Section 4 the numerical discretization based on a finite element method
and comment the obtained numerical results. Section 5 is devoted to some conclusions
and perspectives.

2 The elliptic problem and its Asymptotic-Preser-
ving reformulation

The anisotropic, two dimensional elliptic problem we shall consider, is posed for sim-
plicity reasons on a rectangular domain ©Q = €, x €, where Q, := (z_,z,) C R and
Q, :=(2_,2z,) C R are two intervals of respective length L, and L,.

Aim of this section is firstly to present the Singular-Perturbation problem we are
interested in, then to recall the corresponding asymptotic limit model as well as an
Asymptotic-Preserving reformulation, introduced in some previous works [4, 6]. For
more mathematical details, we refer the reader to these works.

2.1 The Singular-Perturbation problem: P-model

We are interested in an efficient resolution of the following Singular-Perturbation prob-

lem
4

—0,; (A O0pus) — 0, (%8Zu€> =f, for (z,2) € Q, xQ,,

(P) < AZEZ;E)@uE (,24) = g+ (2), for x € Q,, (2.4)
Ue (x4, 2) =0, for z € Q,



where we suppose that the coefficients and source terms satisfy the following hypothesis.

Hypothesis A: We consider A,, A, € L>®(Q), f € L*(Q), g+ € L*(Q,) and
e € L™ (), satisfying

0<m, <A (x,2) <My, 0<m, <A (,2) <M, 0<éenin<e(2)<ecpu<1,
with My, My, My, M., €min, Emaz SOMeE given positive constants.
Let us now introduce the Hilbert-space
Vi={pecH (Q) /Y (rs,2) =0 for z € Q.},
associated with the scalar product

(¢, 77/))]; = (ax¢a am¢)L2(Q) + (az¢7 az¢)L2(Q) :

To simplify the notations, we shall denote in the following by (-,-)z2 resp. (-,-)2 the
corresponding scalar-products in L?(Q) resp. L?(Q,). The variational formulation of
problem (P) reads then:

Find u. € V, such that

/ A, Oyug 0.0 dedz + / 0, u. 0,1 dxdz
Q Q€ (2) (2.5)

- (f7 w)L2 + (g—i-aw ('7Z+))L2 - (9—a¢ ('72—>>L§: V¢ eV.

x

Under Hypothesis A, this model admits a unique solution (Lax-Milgram), however
this solution is numerically not computable for ¢ < 1, by simply discretizing (2.4).
Indeed as explained in the introduction, (P) degenerates for ¢ — 0 into an ill-posed
problem (R), called reduced model, leading to the inversion of an ill-conditioned linear
system. This degeneracy motivates the construction of an Asymptotic-Preserving refor-
mulation of (P), which shall permit to get automatically the "right” asymptotic limit,
when ¢ is vanishing. To do this, we shall first identify this limit model.

2.2 The limit model: L-model

Let us consider in this subsection that € is constant. In the limit ¢ — 0, the solution
of the singular-perturbation model (P) is shown to converge towards some function u,
solution of a limit model to be identified here. This solution is a particular solution of
the R-model and it is thus independent on the z variable.

To simplify the following computations, let us introduce the following notation: for
a function f, we denote by f the average over the z-direction (anisotropy direction) and
by f’ the fluctuation part, given by

T@=1 [ fwsas -7



We then have the following properties:
_/:Oa %):%7 E:?g—i_ﬁa
o f! - !/ ! —_— — _
[=%, () =04, (f9) = fg —Fg+Fg+[73

Now, integrating (2.4) along the z-coordinate, passing to the limit ¢ — 0 and assum-
ing that u. —. 0 ug in H'(Q) with uy = ug (), permits to obtain the system satisfied
by the limit solution ug, i.e.

(2.6)

Q

, forxz e,

. L (2.7)

(L) L.
up (x4) = 0.

=~

This so-called L-model is well-posed due to the Lax-Milgram theorem and provides an
accurate solution of the P-model for very small values of €.

The basic idea of Asymptotic-Preserving schemes is now to reformulate the P-model in
such a manner to lead automatically towards the L-model in the limit ¢ — 0, and not
towards the ill-posed R-model (1.3). This procedure seems reasonable if one wants to
treat, with no huge computational costs, problems with highly variable anisotropies e
within the domain.

2.3 The fully Asymptotic-Preserving reformulation: AP-model

Decomposing each quantity of the P-model in its average and fluctuation part, u. (z, z) =
U (x) +ul (x, z), permits to get an equivalent reformulation of the Singularly-Perturbed
problem (P), called Asymptotic-Preserving model (AP-model).

Indeed, taking first the mean of the P-model over z, we obtain an e-independent problem,
to be solved for . (z):

s

_aa: A_xaoc—a = f + g_+ -
)y T
Ea (I:I:) = 0.

— 4+ 0, (ALO,ul),  for x € Q,
z (2.8)

h

Secondly, decomposing now simply u. (x, 2) = U. (x) +u. (z, z) in (P), yields the follow-
ing equation for u. (x, z):

( A
—0, (AgOpul) — 0, (Tz)ﬁzu;) = f+0,(A0,u.), for (x,z)€ Q, xQ,
A, (z,24)
— 0, (v,24) = x), for z € €,
(AP/> c (Z:I:) ( i) 9+ ( )
ul (x4, 2) =0, for z € Q,,
| e =0, for x € Q, (constraint).

(2.9)
The coupled system (E) — (AP") is the Duality-Based AP-reformulation introduced
in [6] and shown to be completely equivalent to the P-system for fixed ¢ > 0, leading



however in the limit ¢ — 0 towards the well-posed L-model. The important ingredient
in this reformulation is the constraint /. = 0, which is automatically satisfied for € > 0,
but helps to get in the limit & — 0 the constraint «/y = 0, which is the missing informa-
tion in (R) to get the well-posed L-model. For more details we refer the reader to [6],
in particular for the rigorous existence, uniqueness and € — 0 convergence proofs.

Let us introduce the following Hilbert-space

Wi={y e H (%) /¥(z+) =0}, ($,9)y = (000, 0u1) 2

Introducing a Lagrangian multiplier in order to cope with the constraint W, = 0, the
variational formulation of problem (AP) — (AP’) writes:
Find (u.,ul, P) € W x V x L*(S,) such that

(

LA o, 0,010

(A_x axﬂaa 81E)L3 = (?7 J)L% + - L2 — L_

Lz<g - W)

Y e W,

A, / / - 1 /
(AP){ (As DL, 0pt)) 2 + (? Ouug, 09" )2 + Ly (P, z V)2 = (f,9)12
+(g+7 ¢/('7 Z-&—))L% - (g—v ¢/('7 Z—))L% - (Aa: aa:ﬂay 8:577//)L27 quzjl € V7

| (Qul)iz =0, VQeL* ().

(2.10)
Solving (2.10) instead of (2.4) is numerically much more appropriate, as one gets
automatically the limit problem (2.7) for vanishing e, which means (2.10) is not degen-
erating for € — 0. However, if the computational domain contains a large region, where
the value of the parameter ¢ is very small, it can be more efficient from a computational
point of view (simulation time and memory storage) to solve there directly the L-model,
the latter model being of lower dimension. These considerations lead naturally to the
idea of a coupling strategy between the AP-model (2.10) (in regions where ¢ ~ O (1))
and the 1D L-model (2.7) (where ¢ < 1).

3 The (AP/L)-coupling

This section is devoted to the coupling of the Asymptotic-Preserving reformulation (2.8)-
(2.9) with the asymptotic limit model (2.7). Firstly we shall explain the strategy and
then analyze it rigorously. For simplicity reasons, we shall omit in the following the
index ¢ of the unknown w..

Let us remark here that a coupling of the P-model with the L-model, which is usually
done in literature [12,18,19], is not always advantageous. Indeed, one important issue
in developing such a (P/L)-coupling strategy, is the definition of a region where both
models can be solved with a limited computational effort and a sufficient accuracy.
These two requirements are generally met with great difficulty, and there may be even
configurations with regions where none of these two problems ((P) and (L)) can be



used (see discussion of section 4.2.2). In contrast to this, the AP-formulation gives
accurate results for all values of ¢ € [0, 1], such that a coupling is always possible.
Furthermore, due to the fact that the AP-formulation is a regular perturbation of the
L-model, coupling interface conditions are easy to design. All these arguments underline
the importance of the here presented strategy.

3.1 Presentation of the coupling strategy

Let us assume that in a large region of the computational domain the anisotropy param-
eter ¢ is very small. For simplicity reasons, we assume that ¢ is a strictly increasing func-
tion and that the domain is decomposed in the z-direction into two subdomains, delim-
ited by an interface z, € (z_, zy). Let us introduce the following notation Q! := (z,, 2, ),
02 = (2_,2), Q1 = Q x QL and Qy := Q, x Q2 and assume ¢ to be small in 2, as
illustrated in Figure 1. Our approach is now to use in €2, the Limit-model and elsewhere
the AP-model, with the aim to reduce the overall computational costs for the resolution

of (1.1). Let us detail here the coupling strategy and its variational formulation.

£(2)
o
o
T
I

L L L L I I I L L
z=-1 -0.8 -0.6 04 z=-02 0 0.2 0.4 0.6 08 z=1
z

Figure 1: Hlustration of £ (z2).

For the mathematical investigations of the here presented coupling strategy, we shall
suppose more regularity on the diffusion matrices and sources terms, i.e.

Hypothesis B: Additionally to Hypothesis A we shall assume that A, , A, € W1 (Q)
and e € W1 (Q.) is strictly increasing. Moreover let f € HY(Q) and g+ € H*(£,).

3.1.1 The coupling strategy

Let us decompose the unknown wu as follows u = u + u} + u), where
uy =u'l d uy:=u'l
1= Qx0L  and Uy = U Lo, x02

are the restrictions of the fluctuation on the two subdomains. As mentioned above, we
shall suppose that in €2, the parameter ¢ is very small. This feature is formalized as
e(z) = 0¢(z) for z € Q% with a scaling constant 0 < § < 1. In the sequel § will be
defined as § := (z,). Let us now rewrite the AP-model for this new decomposition



(w,uy,uy) coupling the two subdomains via Dirichlet-Neumann transfere conditions,
which translate the fact that the solution as well as its normal derivative d,u are contin-
uous at the interface z,. This new system, called in the following (AP /AP)-reformulation
is completely equivalent to the AP-model (2.8)-(2.9) and is given by

T a7 9+ 9-
9. (A - 4 _J=
i 1
(AP) + —0, (/ Al O uidz +/ A;@zu’zdz> , for x € Q,,
ﬂ(xi) = Oa
( / AZ / _
—0, (A 0,u}) — 0, (—azul) = f+ 0, (A,0,1u),
e (2) for (z,z) € Q,
AZ ($, Z-i-) /
€(Z+) az’ul (1],24_) =0+ (1‘)7 for » € Q:cy
(AP;) uh (z4,2) =0, for z € QL
Mazull (Q;’ ZL) = Mazué ((L’, ZL) , for x € QI (DN-COI’Id)
£ (2,) £ (2) .
o, (2. 2) d +/ iy (2, 2)dz = 0, for x € €, (constraint),
A 25
( / Az / _
_ar (AxaxUQ) — az %@uz = f -+ 896 (Axﬁxu) » for (:C, Z) c 927
A, (z,22)
/ S0 (2 ) = g (x), for x € Q,,
(ar) { ey )= @) o
u'2 (24, 2) =0, or z €12,
(2, 2) =, (2, 2), for z € ), (DN-cond).

(3.11)

For the mathematical and numerical study, we shall need the weak form of this
system. In this aim, and in order to get rid of the non-homogeneous Dirichlet interface
condition, it will be more convenient to introduce the new variable (lifting procedure)

& (w,2) = ub (v, 2) — ) (x,2,) for (z,2) € Q, x Q2 (3.12)

where we remark that v (z, z,) € H*(€,), as by Hyp. B, the solution u of the P-model
belongs to H?(£2). This leads to the completely equivalent formulation, called in the
following also (AP /AP)-reformulation, for the unknowns (@, u}, £}):



( A 9- / /
(AP) +/ Al 0l (, zL) dz +/ A;@wfgdz) , for x € Q,,
02 02
L ﬂ(xi) = Oa
(—a(Aau’)—a i(‘) 1) = [+ 0. (A0.1)
v “\e(2) “ T for (z,2) € Q x QL
A, (x,z
/ ﬁazull (I? Z—l—) =09+ ($) ) for x € Qx,
(AP1> ull (gji,z) =0, for z € Qi,
%@u’l (,2,) = %@5& (x,2,), for x € (1,
u (z,2) dz + Lgu’l (z,2,) +/ & (x,2)dz =0, for x € €, (constraint),
\ /0l 2
(0, (M08 —0. (=0 - f
x VxS z 8(2) 252 -
+ 0, (A 0u) (x, 2,)) + 0, (A0,T0) for (z,z2) € Q, x Q2
A %% (2,2) = g_ ()., for 7 € O,
€(z_
2
gé (LU:bZ) = 07 for = € QZ’
& (x,2,) =0, for x € Q.

\

(3.13)
We shall prove in Section 3.2 that in the limit of vanishing anisotropy strength in (s,

i.e. 6 =¢e(z,) — 0, this system yields the following hybrid-system, called (AP /L)-model:

o (Tom) T I o= ' 5l
Oy (Axf)xu) =f+ L. L + — I 835 (/% Al 0yuydz
(AP) +/ AL oyl (2, 2,) dz) , for z € Q,,
02
L E(Ii) = O,
( / AZ / _
—0, (A 0puy) — 0, | —=0,u] | = f + 0. (A0,1),
e (2) for (z,2) € Q, x QL
AZ (377 Z+) /
€(Z+) aZul (I’,Z_,_) =g+ ({L‘), for x € Qaza
(AP]) uy (s, 2) =0, for z € QL
A
Z€<(x ZL) az /1 (m)zb) =0, for x € Qz
ZL
o, (2, 2) dz + D24l (2, 2) = 0 for z € Q, (constraint),
o
(L) {f (x) =0, for x € €.

(3.14)

10



Formally, one can immediately observe that the solution &, of (APj) converges (in some
sense to be defined later on) in the limit £(z,) — 0 towards zero. Indeed, letting formally
0 = €(z,) — 0 implies that the limit function &, is independent on z. The z-dependence
is then given by the Dirichlet interface condition in z = z,, hence &, = 0 in the limit
e(z,) — 0.

The rigorous mathematical study of the approximation error introduced by using (3.14)
instead of (3.13) if e(z,) < 1, will be the subject of Section 3.2, and shall permit to find
a criterium determining where to put the interface. Aim of this paper is to show that
using the hybrid AP/L-model instead of the fully AP-model is computationally more
efficient when the parameter £(z) is small in a large part of the domain.

3.1.2 Variational formulations

Our numerical simulations will be based on finite element discretizations of the former
systems. For this, we shall introduce now the variational formulations of the (AP/AP)-
model (3.13) as well as of the (AP/L)-model (3.14), and define the Hilbert-spaces

Vi = {¢(,) € H () [/ ¢(xe,:) =0},
Vo = {y () €H (D) [ (zy,) =0, ¢(,z)=0},
w o= {¢() EHl(m)/¢$i ) =0},

associated to the scalar products

(¢7 w>v1 = (ax(b, aw¢)L§ + (&z@ &ﬂb)Lg )
(¢7 w>v2 = (ax¢v axl/J)L% + (az¢7 8%?)@ )
(¢) 1/})1/\} = (ame, azl/J)L% y

where we denoted by (-,-)z2 resp. ()2 the L? scalar-products in Q resp. Q. To

simplify the writing, we define further for v € V,, ¢/ € V,, 7€ W, v eW, PeL?(9,)
and @ € L?(€,), the following bilinear forms

Q2% (Ulu W) = fQ; fQI ;?_Zz)azvl zi//dxd%

trpe (V' 0) = [o, fo, AcOpv'Op¢p'dadz, tza (V,0) = [q, Ae0p00,1pd,

b (Po) = Jo, P fon oz¥'dada, bee (v, Q) = 2 [y, @ fop. 'z,

cre (@Y= fo, Jo, 40,00, dadz, Cas (V) = [ Jo, Ap0pv'Opdadz,

d, (v, ) =l B0 (2, 2) ¢ (v, 2) de, 0 st 2L2H0 (- 2) € LA(S),
(3.15)

where * takes the value 1 or 2. The variational formulation of the (AP/AP)-model
(3.13) writes:  Find (u,u}, &, P) € W X V; x Vo x L? () such that

11



— 2 (Car (uh, ¥) + a2 (W) (-, 2) ,¥) + ca2 (8, 9)), VP eEW,
Gags (U, 04) + @zt (uh, 041) + b (Po0%) = (F.04) 2
(AP/AP) (g1 (o 24)) 2 — (&, 00) — e (W), VY €Wy,
agya (§,V5) + az2 (§,13) = (fs )13 — (9- 005 (1 2-)) 12 — cpa (W 1)

— Qgf2 (ull ('7 ZL) 71/}5) ) leé S V27

| e (uh,Q) = —bea (U} (,2),Q) — b2 (&, Q) vQ € L2

(3.16)
Equally, we obtain the following variational formulation for the (AP /L)-model (3.14):
Find (u,u), P) € W x V; x L*(Q,) such that

¢

oo (@0) = (F.9) 13 + 2= (00 —9-.70) 1

ke (WD) +ew (W (,2),5),  VBEW,
(AP/L) § agp (Wh,¥)) + ax (u), ¥7) + bn (P, 4)) (3.17)
= (£ + (9004 (2 — e (@), W € W,

ber (ull’a) = —be2 (ull ('7 ZL) a@) ) VG c L? (Qx) .

It will be this (AP/L)-model which will be used in our numerical simulations (Sec-
tion 4) in order to compute the solution of the highly anisotropic elliptic equation (1.1).

3.2 Mathematical study

Aim of this section is to study the approximation error introduced when using the Limit-
model in the subdomain €, x Q% (where the anisotropy strength e is small) instead of
the original problem. In other words we are interested in the error between the solution
of the (AP/AP)-model and the (AP/L)-model. This error will depend on the position
of the coupling interface, more precisely on € (z,).

Let us denote in the following by (u,u},&5) € W x Vi x Vs the solution of (3.13) or
(3.16) and by (v,v1,0) € W x V; x Vs the solution of (3.14) or (3.17). Remark that
the existence and uniqueness of a solution of (3.13) can be straigthforwardly shown by
equivalence with the AP-model (2.8)-(2.9). Moreover the existence and uniqueness of a
solution of (3.14) is shown by standard arguments, proving the boundedness of (u, u}, &)
in W x V; x Vy, uniformly in £(z,), inducing thus weak convergences and passing finally
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to the limit in the variational formulation. We leave the details to the reader and prefer
to concentrate on the error estimate. We will begin with estimating firstly &), showing
its convergence towards zero for € (z,) — 0 (Theorem 3.2). Using this convergence result,
we shall estimate in a second step the errors ||a — ||y as well as ||u)] — v}||y, (Theorem
3.3). For the convergence of &, we will need the following regularity result.

Lemma 3.1 Under Hypothesis B, the solution u of the P-model (2.4) belongs to H* (2)
and one has the following estimates

ullm2) + 1| g2 ) + 1l m2.) + 1w (- 2) (@) < Clrge s (3.18)

with some constant Cy 4, > 0 independent on €, however dependent on the source terms
f respectively gi. Recall that w is the average of u over z and v’ := u — .

Proof: The proof of this lemma uses standard “energy”-estimates and density ar-
guments as well as the Poincaré and trace-theorems. See [5,11,13] for more details.

Standard elliptic results permit to show, that under the additional hypothesis of this
theorem, the solution of (2.4) is more regular, i.e. u € H*().

Remark then that multiplying (2.4) by u and integrating over € yields by integration
by parts the H'-estimate

1
[10zullz> + Hm O:ullz2 < CUIAIL: + g+l + llg-IIZz) - (3.19)

Rewriting now the equation as
A,
—A,0pu — 0, (—@u) = [+ (0:A4,)0u,
£(2)

multiplying it by —d,,u and integrating over ) yields (by integration by parts)

A 0. A
A, Oull? + —= 0,.u 2+/ T2 0,u 0y, udrdz
VA P+ 11y | 25 el + [ 25

< 1 1Baztl] + Cll0stul|||noel| + / 0, g Dvul, 21) dr — / Opg-Oyulz, =) de.

(3.20)
Using now the H'-estimate (3.19) and the fact that ||0u(x, z4)||2 < C||0yul|r2 +
C||0z2u|| 12, yields the first H?-estimates

1
10rwal e + || Orctlf2 < Cp (3.21)
Ve(z)
Coming now back to the equation
—a(AZ dyu) = f+ 0,(A; Oyu)

13



one gets with (3.21)

Hence, remarking that

permits to show an improved H!'-estimate

1 A,
— 2 < Ny = s < . 22
15 O=ullee < Cllg-lIzz + C1IO-( S5 0)lz2 < Crs (3.22)

Finally, with all these estimates, one has

.0 — 0. (? % 8zu) — 5, (@) A w23y, ( A 8Zu> ,

yielding

e(z A, A,
f0cullz < 110, (=)l 11275 0uullaz + Coa 0. (2500 o < e (323)

which concludes the proof together with (3.21).

Theorem 3.2 Under Hypothesis B, the function & € Vs, part of the solution of the
(AP/AP)-model (3.13) converges towards zero in H' () as € (z,) — 0. If we assume
moreover that u} (-,2,) € H*(Q,), then there exists a constant ¢ > 0, independent on
e(+), such that

10:85112(00) < eV/E(2)  and [[0:6][ 120y < ce(2) - (3.24)

Proof: The proof of this theorem is very similar to the proof of the previous lemma.
Let us only recall that &) is the solution of a diffusion problem with slightly different
boundary condition on one side, when compared with the P-problem, i.e.

)
~0.(4,0.8) - 0. (Z50.8) =hfor (0.5) €2 x 02
AZ (37, Z*) / _
A 0.8 (x,2-) = g_ (2), for x € Q, (3.25)
& (x,2,) =0, for z € €,

\ & (e, 2) =0, for z € Q2|

14



where we denoted, for simplicity reasons h := f + 0, (A,0,u] (x, z,)) + 0, (A0, ). Let
us first assume that v} (-, z,) € H?(€,), such that h € L?(Qy). Multiplying now the
system (3.25) by &, and integrating over £, x Q? yields

!!\/_852!!L2+!M/ s0.60; = [ negaadz— [ o @6 (@) do

Remarking that ( ;> oy in 2

Poincaré’s inequality

165 (5 22) [l 20y < |06l 2 and  [165]2(0y) < cll0:65 22 (00), (3.26)

we obtain by Cauchy-Schwarz

and that & (x,z,) = 0 for all z € €, such that by

1026511720y + 0z )Ilf9 2651l < C[lIRllz2a) + 9= Iz [ 10:€5 20,

leading to

£ (2) 10265117 20y + 110:62]1 20y < €2 (2)7, (3.27)
which completes the proof in the regular case. Remark that it is at this point that our
proof differs from the H'-estimates (3.19), (3.22) of the previous proof, and this thanks
to the Poincaré inequality (3.26), valid due to the boundary condition & (z,z,) = 0,
Vx € Q,. It is exactly this condition which implies the convergence of &, towards zero.

Density arguments permit to conclude the proof in the general case. Indeed, let us
denote by F':= (f, g4, Az, A,,€) € B the set of data corresponding to our problem (2.4),
with

B:={(f,gs, Az, A, e) € H(Q)x H (Q)* x WH°(Q)* x WH>(Q,) satisfying Hyp. B} .

We consider the linear, continuous mapping
U:FcBr——UF):=¢& € H(Q) sol. of (APy). (3.28)

This mapping has to be understood in the following way: To F := (f, g+, Az, A,,¢) € B
we associate the solution u € H*(Q) to problem (P), then compute u'(+,2,) € H'(£,)
as well as u € H*(,), to finally get & € H'(€)y) solution of the (AP,) problem.

Let now F' € B. Then for each § > 0 there exists by density a more regular data F
(C*) such that [|U(F)||z1, < cy/e(z,) by the estimate (3.27) obtained previously
and ||F — F||z <, where the norm corresponds here to the composition of the norms
of the data-set. As the map U is continuous and linear, one has then

U |02y < NWUCE—=F) a1 o) HIUE ) [1110) < el F=Fllstey/e(2) < cdrey/e(z).

Thus, for all 7> 0, one can find 0 > 0 and (z,) > 0 such that |[U(F)||g1 (o, < 7 for all
e < &(z,), which proves the convergence of U(F) towards zero in H'(€y), as e(z,) — 0.
]

Let us now come to the study of the error on the mean part u —v and the fluctuation
part v} — v}, when approximating the (AP/AP)-model with the (AP/L)-model.
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Theorem 3.3 Let (u,u},&,) € W x Vi x Vy be the solution of (3.13) and (v,v],0) €
W x Vi x Vs the solution of (3.14) and let us assume Hypothesis B to be satisfied. Then
one has

U—e(z)m0 U 0 W and ) =20 V] i Vi.
If we suppose moreover that vy (-, z,) € H*(§,), then there exists a positive constant c,
independent on (), such that

102 (@ =) 22(20) + 100 (W4 = V) |22y + 0= (uy = v)llz20n) S ev/e(z). (3.29)

Proof: To simplify the notations, we shall denote in this proof the difference
between the two solutions of (3.13) resp. (3.14) by (w,w}, &), where w :=u—v € W
and w} = v} — v} € V;. Aim is to show that both w and w/ converge towards zero in
the respective spaces. This shall be done in several steps.

First, let us suppose that v} (-,2z,) € H?(,) and start by writing the system of
equations satisfied by w and wj:

( o, (A_zaxw) = Li@x (/ Al 0,widz
Qf

z

+/ Al 0w (z,2,)dz +/ A;8w§§d2> ,  forxeQ,, (3.30)
02 02
L w(l’i) = 0,
( , A, _ 1
—0, (A0, wy) — 0, %(‘L = 0, (A,0,w), for (z,2) € Q, x Q,
Az ($7 Z-i-)
— 120, 0, f Q,
Y wy (z,24) = orzx €
wi (z4,2) =0, for z € Q,
AZ (x) ZL) AZ (x7 ZL)
W&Lw’l (1,2,) = W@&g (2,2,), for z € Q,
/ wy (z,2)dz + L2w| (z,2) + | & (v,2)dz=0, forx € Q, (constraint).
\ JOlL 02
(3.31)
Introducing on Q, x Q! the variable w(z, z) := w(x) + w(x, 2), this one solves:
—9, (Aydyw) — 0, (&a w) —0, for (z,2) € Q x QL
Az (z,z
(z+)+ O.w(x,zy) =0, for x € €1, (3.32)
w(xg,z) =0, for z € QL
\ E A22) g (2, 2,) = bz, z,), for x € Q.

1. Step: H'-estimate of w:
Multiplying (3.32) by w and integrating on Q, x ! by parts, yields

A A, (x,2,)
2, z 2 g gl , 3 =0. (3.33
||\/Am8mw||L1—|—||1/€(z) 82w||L1—|—/QI e (2) 9,85 (z,2z)w (z,2,)de =0. ( )
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The difficulty in estimating w comes now from the term fﬂx AZ EZ’?) 0.8 (x,z,)w (x, z,) dz.

To be able to reformulate this term, we shall we shall come back to (3.30)-(3.31).

The constraint in (3.31) can be reformulated as

0=20, (A_xax [/ widz —I—/ wi (z,2,)dz —|—/ §§dz]>
Ql 02 Q2

=0, </ A_mﬁzwlldz—k/ A 0w (z, zL)dz—l—/ A_rﬁzgdz) :
Ql Q2 Q2

which allows to rewrite (3.30) as

S 1
—0, (A,0,w) = L—am </ A 0,wydz +/ A 0w (z,2,) dz +/ Az&pfédz> .
Q! Q2 Q2

z

(3.34)
Integrating now (3.31) on Q! gives
A
0, (At )z + 2282 g ey 2 [ o, (A,0,m)de (3.35)
ol e(z) Ql
and (3.34) becomes then
1 1 A
Lz (9] LZ (928 € <ZL)
: : (3.36)
0y (ApOwy (z,2,))dz + | 0, (A0.&) dz) :
Q2 2
which is finally equivalent to
A
M@fg (r,2,)=— 0 (ApOyw (z,2,))dz — 0, (AL0,&) dz. (3.37)
€ (ZL) 02 Q2

Using this last equation in (3.33), permits to get

H\/_awHLGLIM/ 8w||L2— e (Aapw (+,2,)) = O (A00285) W (-, 2,)) 13 = 0.
(3.38)

Integrating by parts in the last two terms, yields

v/ Az O w”L?"_”M (2 )8w||L2+||V 2O0xw (-, 2, ||L2 __<Axax§éa8mw('vzt))Lg )

(3.39)

which permits to obtain, as == > —— in ),
e(z) Emaz

Ha:va%?(Ql) + “827“0”%2(91) + 0w (- 2,) H%%Qz) < CHa:vféHB(Qz)”@xw (-, 2) ||L2(Qx)7
(3.40)
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leading thanks to Theorem 3.2 to the H!'-estimate of w

10zl 720, + 102wl 0y + 105w (-, 2) T2, < cl0a8allTo,) S e (). (3.41)

2. Step: H'-estimate of w and wyj:
To estimate from this last inequality the functions w and w}, we shall use the constraint.
Indeed, one has

/ w(z,2) (z,2)dz + L2w (z,2) + [ & (x,2)dz =L, w(x), VreQ,,
a1

02
implying
19| 20,y < e ([l z2n) + 1wl 20|z, + 118 r202) < e Ve (2). (3.42)

As furthermore w}| = w — w, we can conclude the proof in the regular case. In the
less regular case, Theorem 3.2 as well as formulae (3.41), (3.42) permit to get the
convergences in H*. .

Estimates (3.24) and (3.29) will permit in the following to measure the error done by
using the computationally more advantageous (AP /L) hybrid model instead of a full
AP-model for the resolution of (2.4), and to place the interface-position z,.

4 Numerical discretization and investigations of the
hybrid model

The aim of this section is the discretization of the (AP /L)-coupling model (3.17) by
means of a finite element method, and the discussion of the obtained numerical results.

4.1 Finite element discretization

Let us present here in some details the finite element method we used.
The computational domain Q, x Q, with Q, = [x_,z,]| and Q, = [2_, z;] is decom-
posed into a set of rectangular cells [x;, z;41] X [2k, zx+1] Where

v, =x_+iAx, 1=0,...,N,+1, Arx=(ry —xz_)/(N,+1),
2 =2_+kAz, k=0,...,N,+1, Az=(zy —2_)/ (N, +1).

The domain €, is decomposed into Q! and Q2. z, with € {1,..., N,} denoting the
interface delimiting these two subdomains so that Q! is composed of the cells [z, zx 1]
for k=u¢,...,N,.

The functional spaces V resp. V; are approximated by Q; finite element spaces,
denoted V), resp. V; . The mean functions and the Lagrangian belonging to W and £
are approximated by a Py finite element interpolant giving rise to the definition of W,
and L. In the sequel, y;(z) and ki (z) denote the standard P; hat functions respectively
centered in x; and zj.
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The weak formulation of the hybrid (AP/L)-model (3.17) is approximated thanks to
a three points Gauss quadrature formula, yielding the following linear system

Ave 7 (Car +Cly) 0 a Fy
(AP/L), Chn Agpi + An By B | = Fu’l ) (4.43)
0 Ba + B, 0 v 0

where A, (resp. B, C,) is the matrix associated to the bilinear form a, (resp. by, c,)
introduced in (3.15). Note that the matrices C,p, Bep € RN*Ne associated to ag2, beo
involve only the nodes located on the interface, such that they are expanded to C!,, B!,
by adding zero elements in order to conform with the size of Cyy, By € RNexNa(No+2-1)
to define the system (4.43). The right hand side definition is specified here

— 1 .
(FU)Z = (f’Xi)LQ(Qx)—i_L_(g+_g_7xi)L2(Qx)’ Vi= 17"'an7
(Full)ik = (f,ka)LQ(Ql) + (94, Xikk (Z+))L2(Qz)v Vi=1,...,Ny, k=1¢,..., N, + 1,

and the unknowns of the system are three vectors o € RMe, g € RNe(N=+2-1) gpd
v € RNe+2

a = (Ch te OéNz)T ) po= (51L e 'ﬁlNz+1 e '/BNZL T BNENZ—H)T,

vo= (’YO“"VNIH)T

As a comparison, the linear system corresponding to the AP-model (2.10) writes

Axa LLZCa 0 « FH
(AP), C; A +A. B 3 l=|F |, (4.44)
0 B, 0 v 0

where A, (resp. A,s, By, B., C, and C}) is associated to the bilinear form similar to
a1 (resp. a1, b, ber, Ca1 and cpp) but integrated on €, instead of QL. The right hand
side F,/ is defined fori=1,...,N,, k=0,...,N,+ 1, by

(Fu)y = (f, Xi’flc)m(g) + (945 Xikix (Z-&-))L?(Qm) — (9.xitx (Z—))Lz(gm) )
and the unknown 8 € RN>(V=12) writes

Bi= (B Bins1 B0 Branot1)

The gain of the hybrid (AP/L)-model as compared to the fully AP-model results
from the size reduction of the fluctuation unknown. Indeed, § is a N, (N, + 2)-vector,
while 5 is a N, (N, + 2 — ¢)-vector.

As for the P-model (2.5), the corresponding linear system is of the form
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where the second member is defined for:=1,...,N,, k=0,...,N,+ 1, by
(F)y, = (f, Xi/{k)LQ(Q) + (94, Xikik <Z+))L2(Qz) — (9, Xk (Z—))m(gz) )

and the unknown § € R>(N=+2) writes
T
6= (610 O1nt1 ON0- ONyN.41)
Note that the linear system providing the fluctuation in (4.44) is nothing but the
P-model matrix (4.45) augmented with the two sub-matrices B; and B, discretizing the
zero mean value constraint.

4.2 Numerical investigations
4.2.1 Test case setup

The efficiency of the hybrid model is illustrated in this section. For this an anisotropy
ratio with large variations within the computational domain is constructed thanks to
the following definition

1
e(z) = ) (5max (1 + tanh (rz)) + € (1 — tanh (rz) )), (4.46)
where €,,;, > 0 and €,,,, € R™ > 0 define the range of values covered by ¢, r € R
defining the rate of change. The different heterogeneous anisotropy ratios used for the
numerical investigations are represented on Figure 2 as a function of z.

1 T T K

le-05

le-10

£(z)

le-15

1e-20 10 P<e<1 - |
W

107 "<e<10
le—2§15 X KK L

.
-1 -0.5 0 0.5
z

Figure 2: Anisotropy ratio ¢ as a function of z, for different values of €,,;, and €42
with r = 30.

The diffusion coefficients are defined as
Ay (2,2) =c + a2, A (1,2) =cy + 22, (4.47)

with ¢; € R, ¢; € R two constants chosen to meet the requirements A, (z,z) > m, >0
and A, (x,z) > m, >0 for (z,2) € Q.
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With these definitions an analytic setup is manufactured thanks to the exact solution

e (2, 2) = sin (i—”x) (1 e (2)sin @—”z)) , (4.48)

by inserting this expression into (1.1)-(1.2) for the computations of the second member
of the problem f as well as g, and ¢g_. A second setup is investigated with the following
definitions for the diffusion coefficients

Ay (z,2) =1+cos(c; +x2), A.(x,2) =1+sin’(cy +22), (4.49)

and the exact solution

e (2, 2) = sin (i—”x) (1 + sin (QL—% (2) z)) , (4.50)

The simulations are performed with ¢; = ¢ = L., on the domain 2, = Q, x Q, =
[0,1] x [—1,1] for homogeneous ¢ and with €, = €, x Q, = [0,1] x [-1.5,0.5] for
defined by (4.46). The results obtained for both setups (4.47)-(4.48) and (4.49)-(4.50)
being very similar, only the computations performed thanks to the first definitions are
reported in the sequel.

The linear systems stemming from the discretization of the singular perturbation
problem (2.5), the AP-model (2.10) and the hybrid (AP/L)-model (3.17) are solved
using the same solver. For the computations carried out in this paper, the sparse direct
solver MUMPS [22] is used.

4.2.2 Choice of the interface

The choice of the interface location z, is of great importance because it influences the
performance of the scheme, in terms of precision and computational time.

This question is often pointed out in hybrid models based on domain decomposition
strategies. As explained in the introduction and the beginning of section 3, the motiva-
tion of our (AP /L)-coupling strategy is that it is always possible to situate the interface,
which is not always the case in a (P/L)-coupling method. The position of the interface
has to be chosen on one hand in order to preserve the precision of the numerical scheme
and on the other hand to achieve a gain in the computational time (i.e. largest possible
L-subdomain). This means, the approximation error between the AP-solution and the
hybrid (AP /L)-solution has to be of the order of the precision of the numerical scheme.

The analytic investigations carried out in section 4 (see Theroem 3.3) demonstrate
that the error produced by the use of the limit problem in one subdomain is bounded
by the value of the asymptotic parameter at the interface, i.e. y/e(z,). In order to
prevent any deterioration of the numerical method precision, the interface should hence
be located in a region of the computational domain where the following condition is met

£(z,) ~ h™, m being the order of the numerical method and h the mesh interval.

To verify numerically the statements of Theorem 3.3, in particular the approximation

error induced by using the L-model in the subdomain of small values of ¢, we performed
some new tests, reporting the approximation error as a function of the interface value
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Figure 3: Relative error evolution as a function of the asymptotic parameter value at

the interface. Error norm computed between a reference solution carried out thanks to
the AP-scheme and the approximation computed by the (AP /L)-scheme.

£(z,) on Figure 3. These computations are carried out on a 521 x 512 mesh, with an
anisotropy ratio defined by equation (4.46) where g3, = 1072° and €, = 1. The right
hand side of problem (2.4) is defined by

f(z,2) =1 +exp(—(16 (x — 1/2)* +82%)), (4.51)

and the diffusion coefficients A, and A, are given by (4.47). For this set up it is un-
fortunately not possible to explicit the exact solution of the problem, thus a reference
solution is computed thanks to the full AP-scheme (2.10) used in the whole computa-
tional domain on a refined mesh of 1024 x 1024 cells. What we observe from Figure 3
is a linear decrease of the hybrid method approximation error (between the numerical
and reference solutions) with respect to £(z,). A decrease of the approximation error
proportional to /e(z,) was expected, as proved in Theorem 3.3. This test case has been
reproduced with different set-ups obtaining the same decrease rate of the approxima-
tion error. However, the \/e(z,)-estimate of Theorem 3.3 is the only estimate we can
guarantee such that the condition /e(z,) ~ A" should be used to locate the interface.

Remark 4.1 The hybrid model requires two subdomains verifying: QL # 0 and Q% # 0.
This means that for e ~ O(1) uniformly in the domain, the method introduced here
cannot provide accurate computations since the limit problem will be used in one part of
the domain where the asymptotic parameter is large. In such a situation the P-model or
the AP-formulation should be preferred.

4.2.3 Accuracy of the numerical method

The precision of the numerical method is first examined. The relative H!-error between
the exact solution (4.48) and its numerical approximation via the (AP/L)-model is
plotted on Figure 4(a) as a function of the mesh size h := (AzAz)z. These errors
are computed for the constant e-case with ¢ ranging from 1078 to 1072°. The same
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computations are performed and plotted on Figure 4(b) for heterogeneous anisotropy
ratios € defined by (4.46) with &,,4, set to 1 and &,,;, ranging from 10~° to 1072,

1 T T T 1
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slope 1 — slope 1 —
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sqrt(AxAz) sqrt(AxAz)
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Figure 4: H! relative error between the exact solution and its numerical approximation
as a function of the mesh size h := (AzAz)2: (a) accuracy for constant anisotropy
ratios € = 107% and € = 1072%, (b) accuracy for heterogeneous anisotropy ratios defined
by (4.46) with epa = 1, and e, = 1078 or ey, = 10720,

The hybrid method is observed to be first order accurate for both sets of computa-
tions as soon as the interface is located in a region where the value of ¢ is small enough
compared to the precision of the spatial discretization.

4.2.4 Asymptotic preserving property of the hybrid model

The Asymptotic-Preserving property of the hybrid model is now investigated. The
error between the solution and its numerical approximations computed thanks to the
hybrid (AP /L)-model (3.17), the standard AP-scheme (2.10) and the discretized singular
perturbation problem (2.5), as well as the condition number of the corresponding linear
systems, are plotted on Figures 5 and 6. These computations are carried out on meshes
with 64 x 64 and 1024 x 1024 cells with the heterogeneous anisotropy ratio defined by
(4.46). The condition numbers reported on these figures are estimated by the MUMPS
solver. Concerning the condition number, remark that the relative error of the linear
system solution, carried out by the solver, is upper bounded by two parameters denoted
by CN; and CNy (see subsection 2.3 of [22]) and plotted on Figures 5(b) and 6(b).
The condition number of the singular perturbation problem increases almost lin-
early with vanishing e,,;,. When the condition number is comparable to the computer
arithmetic precision, the accuracy of the solution is significantly altered as depicted on
Figures 5(a) and 6(a). On the coarsest mesh the accuracy of the computations is al-
tered for &yi,-values smaller than 107! (see Figure 5(b)). For these values the condition
number of the linear system is reported by the solver to be as large as 10*3. For the
computations carried out on the refined mesh, this threshold is reached for larger values
of the emin, precisely emim = 1077, corresponding to an estimate of condition number
value above 10'2. On this refined mesh, the solution cannot be accurately approximated
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by MUMPS) as a functions of €,,;, (with €,,4, = 1).
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Figure 6: Comparison of the hybrid (AP/L)-model, the AP-scheme and the singular
perturbation P-model accuracy for heterogeneous anisotropy ratios as defined by
(4.46) on a 1024 x 1024 mesh: (a) relative L?-error between the exact solution and its

numerical approximations and (b) condition number of the linear systems (estimated
by MUMPS) as a functions of &,,;, (with £,,4, = 1).

via the singular perturbation problem for variations of the anisotropy ratio larger than
107, as depicted on Figure 6(a). The range of anisotropy variations tractable by the
P-model is getting narrower with the mesh refinement.

The AP property on the standard AP-scheme translates into a condition number as
well as a precision almost independent of the anisotropy strength.

As for the hybrid model, the condition number is observed to be very similar to that
of the standard AP-scheme, with almost no variations with respect to the anisotropy
strength. Concerning the precision, two regimes can be identified. For small enough
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Emin-values the accuracy of the computations are comparable to the standard AP-scheme.
For computations with ,;,-values that are not so small (see the growth of the error on
Figures 5(a) and 6(a) for the largest values of e,,;,), the limit regime is used in a subdo-
main where the asymptotic parameter is too large to guarantee a good approximation
of the solution. The approximation error explained by the use of the limit problem in
one subdomain is thus larger than the numerical error of the discretization, producing
computations with a poor accuracy. Since the precision of the space discretization in-
creases with vanishing mesh sizes, the accuracy of the computations carried out by the
hybrid model is improved by a mesh refinement if the coupling interface is immersed in
an area where the value of the asymptotic parameter is small enough. For the coarsest
mesh, this requirement is met for ey, values smaller than 10~% while this threshold
equals 10~ for the refined mesh.

4.2.5 Efficiency of the hybrid numerical method

Finally, the numerical efficiency of the hybrid method (in terms of simulation time and
memory usage) is compared to that of the fully AP-scheme and the discretized singular
perturbation problem. Two different sets of computations have been performed. The
first one is related to an anisotropy ratio defined by (4.46) with €. = 1 and £, = 1078
and with a domain decomposition verifying |Q!| = 2/5 |Q,| (| -| denoting the length) and
|Q2] = 3/5 |€2,]. For the second setup the subdomain 2 is enlarged with a decomposition
yielding to || = 3/10 |€2.| and |Q2]| = 7/10 |[2.|. The anisotropy ratio obeys the same
definition (4.46) but with £, = 107° and &,,;, = 107°. The main characteristics of the
computations are gathered in Table 1 for the first setup and in Table 2 for the second one.
Columns 5 and 6 display the number of rows and the number of non zero elements in
the matrices stemming from the discretization of the three methods. The computational
time required to solve these linear systems using the same solver (MUMPS) with two
different matrix ordering algorithms (METIS [17] and AMF [24]) are collected in column
3. The entries of this column are relative to the computational time of the P-model.
The number of non zero elements in the factorized matrix is precised in column 4 for
the two matrix orderings mentioned above. The last column gives the relative L2-error
between the exact solution and the numerical approximations. The numerical method
is specified in the first column and the mesh size in the second one.

The AP-scheme requires a larger memory amount than the P-model to store the
linear system matrix. This growth is marginally explained by the increase in the number
of unknowns due to the computation of the solution mean part, on the one hand, and
to the introduction of the Lagrangian, on the other hand. Fortunately, both unknowns
only depend on the x coordinate and explain thus a moderate increase in the number
of the matrix rows : from N, x (N, + 2) for the P-model to (N, x (N, + 4)) for the
AP-scheme. However, the AP-scheme matrix exhibits an amount of non zero elements
((TN, +13)(3N, — 2), see also [4, Figure 1]) significantly increased, by a factor of about
/3 ~ 2.33, compared to that of the P-model ((3N, + 4)(3N, — 2)). This is equally
explained by the B, and B, sub-matrices, introduced in (4.44) for the discretization of
the fluctuation zero mean value constraint, and by the coupling between the mean and
the fluctuating parts of the solution by means of the C, and C; sub-matrices. These
sub-matrices have a large amount of non zero elements compared to the A,, sub-matrix
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Scheme | N, = N, | Time (AMF) #entries in factor (AMF) #rows | #non zeros LZ-error
AP/L | 250 83% (72%) 3 705 458 (2 859 836) | 26 000 533 324 | 1.06 x 10~
AP 250 247% (187%) 10 742 572 (9 301 072) 63 500 1318 724 | 1.06 x 104
P 250 100% (100%) 5614 870 (5 726 236) 63 000 563 992 | 1.06 x 1074
AP/L 500 83% (72%) 18 461 132 (13 736 886) | 102 000 | 2116 674 | 2.64 x 107°
AP 500 311% (219%) 61 429 052 (40 562 916) 252 000 5262 474 | 2.65 x 107°
P 500 100% (100%) 26 697 996 (26 940 422) 251 000 2252 992 | 2.70 x 107°
AP/L 1000 72% (61%) 85 235 506 (61 449 488) | 404 000 | 8 433 374 | 6.52 x 10°°
AP 1000 357% (213%) 319 347 622 (183 083 450) | 1 004 000 | 21 024 974 | 6.64 x 1076
P 1000 100% (100%) 130 031 284 (121 110 920) | 1 002 000 9005 992 | 2.23 x 107°
AP/L 2000 74% (43%) | 527 455 320 (289 307 676) | 1 608 000 | 33 666 774 | 1.54 x 107°
AP 2000 351% (146%) | 1 678 279 706 (802 178 884) | 4 008 000 | 84 049 974 | 1.66 x 1076
P 2000 100% (100%) 600 370 134 (557 859 738) | 4 004 000 | 36 011 992 | 8.88 x 1075

Table 1: Efficiency of the Hybrid and AP methods compared to the discretized
singular perturbation model: computational time relative to that of the P-model with
the MUMPS solver and the METIS (AMF) ordering, number of non zero elements
after factorization with the METIS (AMF) ordering, number of rows and of non zero
elements in the matrices, and precision of the computations (relative error L?-norm)
carried out with |Q| = 2/5 [Q2.] and |Q?| = 3/5 |€2.| on different mesh resolutions.

and explain thus most of the increase in the AP-scheme memory usage. A similar
conclusion can be drawn from the comparisons of the factorized matrices. The fill-in of
the factorized AP-matrix ranges from 140% to 280% that of the P-model (column 4 of
Tables 1 and 2).

The improvement in the hybrid method efficiency is obtained thanks to the reduction
of the fluctuation computational domain size. This offers a significant decrease in the
row number of the hybrid (AP/L)-model matrix (4.43) as well as a reduction in the size
of the sub-matrices with the poorest sparsity. Compared to the AP-scheme, the number
of non zero elements stored in the (AP /L)-matrix is roughly divided by 2.4 for the first
setup (Table 1) and by 3.3 for the second one (Table 2). Compared to the P-model, a
gain in the matrix size of the (AP /L)-scheme can be anticipated as soon as the interface
position verifies ¢ > 4/7N, ~ 0.57N,. The fill-in is reduced by 5% to 9% for the first
setup (v = 3/5N,) and 20% to 30% for the second one (¢ = 7/10N,). Importantly also for
the linear system solver used for these investigations, this advantage is amplified for the
sparsity of the factorized matrix. For the most favorable setup, the fill-in of the (AP /L)
factorized matrix is only 43% to 59% that of the P-model matrix for the METIS ordering
and 26% to 56% for the AMF algorithm. This gain results in a significant reduction of
the computation time with a speed-up, relatively to the P-model, ranging from 1.2 to
3.8 over the data collected in these investigations.

Finally the last column of Tables 1 and 2 illustrates the precision of the different
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Scheme | N, = N, | Time (AMF) #entries in factor (AMF) #rows | #non zeros LZ-error
AP/L | 250 57% (56%) 2 431 654 (1 999 636) | 19750 | 402 424 | 5.61 x 10~
AP 250 232% (213%) 10 737 412 (9 301 072) 63 500 1318724 | 5.61 x 107°
P 250 100% (100%) 5614 870 (5 728 812) 63 000 563 992 | 1.51 x 1074
AP/L 500 58% (53%) 13 975 832 (9 861 960) 77000 | 1592374 | 1.41 x 107°
AP 500 301% (203%) 61 469 878 (40 655 248) 252 000 5262 474 | 1.41 x 107°
P 500 100% (100%) 26 699 956 (26 940 422) 251 000 2252992 | 3.35 x 1073
AP/L 1000 43% (39%) 60 103 598 (45 148 064) | 304 000 | 6 334 774 | 3.58 x 107°
AP 1000 329% (190%) 320 132 040 (183 805 436) | 1 004 000 | 21 024 974 | 3.53 x 1076
P 1000 100% (100%) 130 031 284 (121 110 920) | 1 002 000 9 005 992 | 1.21 x 1072
AP/L 2000 41% (26%) | 351 816 570 (206 531 976) | 1 208 000 | 25 269 574 | 1.17 x 106
AP 2000 299% (137%) | 1 682 372 230 (804 867 106) | 4 008 000 | 84 049 974 | 8.84 x 1077
P 2000 100% (100%) 600 370 134 (557 859 738) | 4 004 000 | 36 011 992 | 1.50 x 1072

Table 2: Efficiency of the Hybrid and AP methods compared to the discretized
singular perturbation model: computational time relative to that of the P-model with
the MUMPS solver and the METIS (AMF) ordering, number of non zero elements
after factorization with the METIS (AMF) ordering, number of rows and of non zero
elements in the matrices, and precision of the computations (relative error L?-norm)
carried out with [Q!| = 3/10 |Q.| and |Q?| = 7/10 |2.| on different mesh resolutions.

methods. For the first setup, both AP-methods produce accurate computations with a
small advantage for the hybrid method (at most, less than 10%, for the largest system
size). For the second setup, the hybrid (AP/L)-method fails to reach the accuracy of
the standard AP-method for the most refined meshes. The mesh refinement increases
the precision of the space discretization and necessitate, in order to improve the overall
method accuracy, an interface immersed in a region with small enough e-values. This
requirement is met for the first setup, but not for the two most refined meshes with the
second one. Note that the accuracy of the hybrid (AP/L)-method may be recovered by
moving the interface location into a region with smaller e-values.

These numerical investigations demonstrate a significant advantage of the hybrid
method as soon as the limit model can be used on a subdomain large enough. For
the numerical investigations performed in this section, the overhead of the AP-scheme
is completely erased. In favorable situations, the hybrid method is more efficient in
terms of storage requirements as well as in the computational time than the standard P-
model. Of course, these results should be worsen or improved accordingly to the domain
decomposition authorized by the anisotropy ratio values and the precision required.
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5 Conclusion and perspectives

In this paper, we studied a 2D highly anisotropic elliptic problem, whose initial formula-
tion (called P-model) leads to an ill-conditioned system when the anisotropy parameter
e tends to zero. Degond et al. developed recently an asymptotic-preserving AP-model
to overcome this problem (see [8] for example). It is uniformly accurate for any value
of € € [0, 1], but more costly than the P-model.

In the context of ionospheric plasmas, € appears to be very small in a large region of
the domain, such that, in this region, the use of the 1D limit L-model can be interesting
from a computational point of view. The coupling of the L-model to the P-model is
not always possible, because their validity domains may not overlap. That is the reason
why we proposed to solve the L-model in the region where ¢ is close to zero, while an
AP-model is used in the rest of the domain. The two models are coupled thanks to
Dirichlet-to-Neumann interface conditions.

The coupling strategy has been detailed and mathematically analyzed. Then, we
have presented the numerical discretization and applied our new method in some test
cases. The obtained (AP /L)-model is shown to be accurate and well-conditioned even
if € presents steep gradients with values closed to zero in one part of the domain and
of order one in the other. Moreover, the computational time is significantly reduced
compared to the full AP-model, due to the use of the 1D L-model in a large part of the
domain.
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