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ABSTRACT. Biological processes reveal abilities which are very impressive and cannot be
adequately explained with the only use of traditional (classical) approaches. A certain
amount of quantum mechanics is thought to be used by nature in order to enhance the
efficiency of the underlying processes. The question which arises then is: How can quantum
features survive in an open quantum system subject to a permanent environmental noise?
In this paper we shall present a mathematical model for the illustration of the excitation
energy transfer in photosynthesis complexes, with the aim to study the “constructive”
interplay between the coherent quantum excitation transfer and the vibrational classical
motion of the underlying molecular structure. The model is based on the Schrodinger
equation associated to a time-dependent Hamiltonian, describing the propagation of an
absorbed photon through a spin-chain towards the reaction center of the photosynthesis
apparatus (Spin-Boson model).

Keywords: Quantum mechanics, excitation energy transfer in photosynthesis com-
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1. BACKGROUND AND MOTIVATION

Classical physics seems to be not satisfactory to explain some life processes in living
systems which are very performant, letting their technical counterparts far behind and
rendering thus humans desirous. To give only some examples, it is for the moment not
at all understood how our brain, constituted of a dense network of neurons, is able to
deal with such an incredibly large amount of information and what is more, even on very
short time scales. Vision and olfaction are other examples of biological processes for which
traditional (classical) approaches give no satisfactory answer for explaining their efficient
functioning. There are indeed several processes in biological organisms for which it is
thought that quantum coherence is used by nature in order to enhance the efficiency of the
underlying evolution, see for example [17,19,21]. However quantum mechanics requires
an isolated framework, and in contrast to classical systems, it is very difficult to protect
a quantum system from external noise [5,18,24]. Furthermore, quantum features are very
sensitive to perturbations, fact which makes the implementation of quantum technology so
complicated. Thus the essential question which arises spontaneously is: How does nature
maintain quantum features in an open quantum system, which is in permanent contact
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with a noisy environment? In this sense, the aim of the present paper is to go a step fur-
ther in the understanding of the performances of a fundamental biological process, namely
the excitation energy transfer in photosynthesis complexes. Some evidence of quantum
coherence in the photosynthesis process can be found in [13,20,25,26]. This paper is the
follow-up of a first work by one of the authors [23] and it is based on the Schrédinger
equation (spin-boson model), describing the propagation of an absorbed photon along a
spin-chain (representing the chlorophyll molecule-chain) embedded in a vibrational envi-
ronment. The focus is on the influence of the classical vibrational motion (thermal motion)
of the molecular (chlorophyll) structure on the quantum coherent excitation transfer.

1.1. Open quantum systems and aim of this paper. The dynamics of open quantum
systems has captivated the attention of several researchers in the last years, due to essen-
tial applications in quantum computing [6], quantum thermodynamics [22] and quantum
biology [1]. The center of activity is the understanding of the effect of the surrounding
environment on the central, open quantum system, and the design of simple mathematical
models permitting to describe solely the dynamics of interest, namely the one of the central
quantum system. Two approaches are mainly considered:

(a) the fully quantum approach, which is the most general and precise description,
based on the whole “system + environment” modelling. In order to render the
system more tractable, in particular to describe only the central system dynamics,
one makes use of the reduced density matrix formalism, taking the partial trace of
the full density matrix over the environment, eliminating thus the environmental
degrees of freedom and leading to the so-called master equation of the central quan-
tum system. This type of asymptotic reduction is mathematically very rigorous.

(b) the hybrid, quantum-classical approach, which is an approximate theory, based
on a classical description of the (macroscopic) environment. The central system
is supposed to evolve via a Schrodinger equation, but governed this time by a
time-dependent Hamiltonian, depending on external parameters or stochastic fields,
which describe the interaction with the environment. The statistical properties of
the stochastic fields determine the properties of the environment and have to be
carefully chosen. This type of approach is empirical.

Due to the complex structure of realistic environments and of the environment-system
interactions, it is rather hard to obtain in a rigorous mathematical manner a master equa-
tion (approach (a)). Most of the time, the description of open quantum systems relies
on approximations (approach (b)), which are often mathematically not-justified and may
lead to erroneous conclusions. The two approaches presented above differ in the way the
environment is modelled, namely as a quantum or a classical bath. At high temperatures,
the picture of a classical environment (stochastic noise) is a valid description of the envi-
ronment. However at low temperatures, the vibrational bath cannot be described any more
by an external random, classical field, and requires a full quantum-mechanical description,
taking into account for the back-action of the central system on the environment. For more
details about these approaches and their limitations see [12,15] and references therein. A
quantitative comparison between the influence of classical and quantum environments on
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small quantum systems can be found in [11].

Open questions which are for the moment at the heart of the modelling of open quan-
tum systems are: how to model open quantum systems in a precise and also mathematical
tractable manner; how to identify clear signatures of quantum phenomena; is it possible for
this to consider the hybrid approach (b) or is the fully quantum approach (a) necessary; is
it finally possible to show that quantum systems have clear advantages over their classical
counterparts etc. The goal of such studies is among others to identify clearly if quantum
features are really responsible for an enhancement of biological processes. The present
paper tries to give some answers in this direction.

The toy model of this paper is the excitation energy transfer in photosynthesis complexes.
The aim is to model mathematically and study numerically how (or if) the interaction with
a vibrational environment (heat bath) permits to enhance the transfer of a photon from
one end to the other end of a spin-chain, which represents the chlorophyll molecules in a
plant leaf. The former paper [23] was based on a fully quantum mechanical approach, and
was kept simple in order to be able to do some numerics (only one common environmental
bath). However, the model was finally too simple to clearly separate quantum and classi-
cal features in the excitation energy transfer. The present paper focus rather on a hybrid
quantum-classical approach. The particular question in this paper is to understand the
role of the deterministic vibrations of the underlying molecular structure on the quantum-
coherent propagation of the excitation through the spin-chain. This is in contrast to a
stochastic disturbance by the environment.

This paper is organized as follows. In Section 2 we present the fundamental Spin-Boson
model for the description of the excitation transfer in a spin-chain as well as the driven
excitation transfer model, where the transfer is guided by the vibrations of the underlying
molecular structure. Section 3 is concerned with the analytic computations in the case of a
chain consisting of N = 2 molecules, permitting to understand the cooperation between the
deterministic vibrational motion and the quantum excitation transfer. For longer chains
(N = 7 in our case) analytical solutions are no more available and numerical simulations
are presented and analysed. The paper ends with some conclusions and prospectives.

1.2. Applications of the Spin-Boson model. Before going on, let us mention that ef-
ficient transfer of (quantum) excitation/energy is essential in various fields of application,
ranging from molecular technology, quantum biology to quantum heat-engines. The proto-
type mathematical model for the description of such transfer phenomena is the Spin-Boson
model we shall introduce in subsection 2.1. To understand its extent, let us say some words
about three main applications.

FEzcitation energy transfer in the photosynthesis process [4]:
Photosynthesis is one of the most important biological process on Earth, notably the basis
of life on Earth, permitting to capture the abundant sun’s energy and to transform it
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into chemical energy. In particular chlorophyll-containing plants, algae and cyanobacteria
capture via their leafs a broad spectrum of the energy of the sun, transfer the absorbed
photons (excitation transfer through a network of pigments) towards a reaction centre,
where these are used to enable the photosynthesis reaction to take place, namely

6002 + GHZO _>photons 602 + C@leOG s AG = 2.87 % 103 kJ/mol .

The sun’s energy is thus transformed into a chemical energy, stored in the carbohydrate
molecule, necessary for the growth of the plant (see Fig 1).
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FIGURE 1. The photosynthesis process in plants on the left [https://study.com] and
the carbon cycle on the right [https://quizizz.com].

Biological systems are very complex, in particular the photosynthesis process involves
many distinctive stages. In this paper we are only interested in the modelling and the
understanding of the efficient excitation energy transfer, from the absorption of the pho-
tons to their delivery to the reaction center. This energy transfer in plants is remarkably
efficient, in the sense that the probability of an absorbed photon, to contribute to the
charge-separation in the reaction center, is nearly 100%. A better comprehension of this
perfect efficiency would be a very important step in the domain of information processing.

Signal transfer in neural networks [10]:

Other biological processes seem to exploit the role of the environmental noise in order to
enhance the excitation transfer. Indeed, there are certain aspects in the activity of the
brain that appear to have no obvious explanation based on traditional, classical neuro-
science. For example all proposed biological memory models lack to explain the obvious
correlations between distant neurons, which fire simultaneously. Furthermore, classical ap-
proaches are deficient in explaining the phenomenal speed with which our brain processes
the information. Modelling the brain as a quantum system could allow to understand
better some of these problems.
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Neurons (cells within the nervous system) are the basic working unit of the brain, and are
constituted of a cell-body (soma), dentrities which are cellular extension able to receive
signals (electrochemical stimulations) coming from neighbouring neurons, and an axon,
which transmits a signal across the so-called synapses towards the other neurons (see Fig.
2). The human brain consists approximately of 10 nerve cells. They are organized in a
dense network, and are designed to receive and transmit information to other nerve cells.
One of the unique features of nerve cells is their capability to communicate with each other
with great precision, even if they are separated by long distances. The basic ingredients of
a neuronal network are:

e the processing element (neuron);

e the inter-connection structures between neurons;

e the network dynamics;

e the learning rules which govern the modification of the inter-connection strengths.
The simplest caricature of a neuron is a two-level system, with two states, namely

e the ground state (neuron is at rest);

e the excited state (neuron fires).

Each neuron plays the role of a switch whose connections (synapses) to other neurons are
weighted according to its past experience (learning).
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FIGURE 2. The axon (https://www.enchantedlearning.com) and the signal transfer
through the nervous system (https://socratic.org)

The Spin-Boson model introduced in Section 2.1 can be used to describe the firing
in a simplified neuronal network and the ensuing decoherence due to interaction with
the surrounding environment. The property of non-locality (correlations between distant
molecules) observed also in the excitation energy transfer of photosynthesis systems may
be one of the fundamental properties permitting to explain the exceptional speed with
which our brain treats informations.
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Information transfer via spin chains [3, 14]:

Classical communications run through constructions such as radio channels, optical fibers
or cooper wires, which transfer the processing element (classical bit) in form of electromag-
netic waves or optical pulses. On very small scales however (quantum scales), one needs a
new concept to transfer the quantum bit in an effective way.

For the operation of a quantum computer it is fundamental to communicate efficiently
between the different components of the computer, such as quantum processors, memories
etc. This communication is essential not only to transfer information from one point to
another, but also to generate entangled states of spatially distant particles (specificity
of a quantum computer). From this necessity to communicate emerged the concept of
"quantum channel” and a promising class of systems which can serve as reliable quantum
channels are spin chains. These chains are defined as a collection of interacting two-level
systems (spins) on a graph (see Fig. 3), whose dynamics is governed by an appropriate
Hamiltonian. The Spin-Boson model we shall present in the next section is at the basis of
this issue.
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FIGURE 3. Information transfer through quantum channels composed of TLS.

2. THE SPIN-BOSON MODEL AND THE VIBRATIONAL DRIVEN MODEL

The Spin-Boson model is one of the fundamental models in the description of the in-
teractions of an open quantum system (constituted of two-level systems - TLS) with its
bosonic environment. Apart from providing a comprehensive and tractable description of
fundamental phenomena, such as quantum entanglement, decoherence etc, it finds appli-
cations in a wide range of topics, as mentioned in the introduction. Let us thus introduce
this model briefly in the next subsection and refer the reader interested in more details to
the work [24].

2.1. Presentation of the full quantum model. Let us consider a simple version of
the Spin-Boson model, consisting of a chain of N coupled two-level systems (1/2-spins)
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interacting with a bath of harmonic oscillators (K bosonic modes). The dynamics of this
open quantum system is governed by the Schrodinger equation

ihop = Ha, (1)

where the quantum state is completely described by the wavefunction (t) in the Hilbert-
space H = C?N @ F where F is a boson Fock space. The Hamiltonian of the whole system
consists of three components, corresponding to the dynamics of the central spin-chain
(S), the vibrational bosonic environment (€) as well as the interaction between these two
subsystems (Z), and writes

H=Hs®1r+ ey ® He + Hr, (2)
with
B N-1 K 1
Hs = B lz:; wioy + ;)\l ((Tl+ O to; 0;;1) ., He:=h kz:;w}w’k (azak + §Id) ,
(3)
and

A K N
HI = 5 ZZ O‘f (glkaLJrgl*kak) .

k=1 1=1
For the definition of these three Hamiltonians, it is useful to index an operator acting only
on the I*" two-level system by [, as follows

of =N @o, 0, 1€, VI=1,--- N,

=1 "1

and for [ < j to define

- . 1—1 7C2 j—1 C2 — N C2
o oy =, L ® oI, I ®o”® LIRS F (4)
where 0% 1= @ are the raising (+) resp. lowering (—) operators of the corresponding

two-level atoms and ]I(Z»C2 is the identity operator on C2. The action of the operator o;" o;

is the raising of the spin at position [ and the lowering of the spin at position j. We recall
here for completeness the standard complex Pauli matrices o,, o, and o, given by

(01 (0 —i (10
%2={10) %= \i o) %27 \o —-1)"

Furthermore, we denote by \; the strength of the interaction (of dipole-dipole type) between
two neighbouring TLS, by hw; the transition energy between ground and excited state of
the I*" TLS and by wp, the quantum harmonic oscillator’s frequency, where a resp. a' are
the so-called phonon annihilation resp. creation operators. Finally g; is the interaction
strength between the TLS and the bath. As explained in [23] we shall restrict this study
to the single-excitation subspace and shall also assume that the molecules are sufficiently
distant from each other, so that their mutual dipole-interactions can be reduced to the
dominant interaction between neighbouring molecules.
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For a more detailed explanation of this fully quantum model, we refer the interested
reader to the first part of this work [23], where it was used to study the influence of a bath-
environment on the excitation transfer. The distinctive feature of this dephasing model,
is that there is no relaxation between the spin-chain and the environment. Indeed, due to
[Hz, 0] = 0 which yields [Hz, Hs] = 0, the excitation is conserved, such that decoherence
is induced here by dephasing only, a situation where we deal with entropy-exchange rather
than energy-exchange.

2.2. Different mathematical descriptions. Different levels of mathematical descrip-
tions are available for the modelling of the dynamics of open quantum system. The three
approaches presented below differ in the modelling point of view, complexity and preci-
sion. For more details we refer the interested reader to the works [8,15] and the references
therein. In a first work [23] one of the authors focused on a fully quantum model in order
to investigate in more details the influence of an environment on the coherent transfer of
the excitation, however the model was finally too simple (due to computational reasons)
in order to get a conclusive answer. In this second work we focuse rather on a hybrid
classical-quantum model, simplifying the environmental modelling by introducing a time-
dependence in the Hamiltonian.

The quantum description of the complete “central system + environment” (considered
as a single quantum entity) is based on the Schrédinger equation or the equivalent von
Neumann equation for pure states

ihOpp = Hpgtp resp. ihOp = [Hyy, pl, (5)

where H, is the full quantum Hamiltonian given in (2), and where v is the wavefunction de-
scribing both central system and environment with associated density matrix p := [¢) (¢,
using the bra-ket notation.

The knowledge of the dynamics of the environment is not so meaningful, essential is
rather its influence on the central system. To render the numerical computations more
tractable, one can then reduce the problem by tracing out the environment, and considering
only the central system dynamics. This average over the environmental degrees of freedom
leads to the problem

ihOps = tre [Hyg p),  ps =tre(p).

Remark that this system is not closed. Different approximations and simplifications (for ex.
the Born-approximation) permit to close the system and yield a so-called master equation

i1 01pgua = L Paua » (6)

with £ an operator (called sometimes super-operator) which incorporates the effects of
the environment. The master equation gives the evolution of an open quantum system,
replacing the von Neumann equation (5) for isolated systems. To draw a parallel with clas-
sical mechanics, this passage from a microscopic (reversible) world to a more macroscopic
(irreversible) level of description (separating time-scales and averaging) is similar to the
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passage “Newton’s equation” — “Boltzmann’s equation” in classical statistical mechanics.

More often than one may think, the irreversible dynamics of the open quantum system
may be modelled entirely without invoking a quantum environment. The dynamics turns
out to be (sometimes!) indistinguishable from a random unitary evolution, which can be
thought of as arising from classical random fluctuations. This mixed ”quantum-classical”
approach describes the dynamics of the open central system under the influence of an
external environment via the following von Neumann equation (for mixed states)

ihatpqc = [Hqca ,Oqc] s Hqc = HS + Hperta Hper‘t =

o | St

Z nl(t>alz ) (7)

=1

where Hg is the standard central system Hamiltonian (2) and H, is the perturbation
Hamiltonian. This last one represents the influence of an external, macroscopic and classi-
cal environment on the central system, via some random classical source of noise, such as
stochastic Gaussian fields 7;(¢). This mixed quantum-classical equation has to be compared
with the resembling quantum master equation (6). To demonstrate the quantum < mixed
quantum-classical equivalence (if any), one has to be able to find an adequate perturbation
Hamiltonian (or equivalently adequate stochastic fields 7,(t)), such that pguq(t) = pe(t) for
all times. This is not so evident and not all quantum models have a classical analogue. If
one would find such an equivalence, this would mean that while the evolution of isolated
quantum systems is fully deterministic, open quantum systems are stochastic in nature.
The effect of a dephasing environment on the system of interest would then consist in solely
introducing stochastic perturbations in the eigenvalues of the central system.

Finally, a complete classical description of the problem can be written under the form
of Liouville’s equation

atpcl - {Hclapcl} ) {f7 g} = axf apg - apf a’Bga (8)

with Hy(x,p) the classical Hamiltonian, {-, -} the Poisson bracket and p.(z,p) the phase-
space density matrix corresponding to the classical system.

2.3. A driven excitation energy transfer model. The present paper is based on a hy-
brid quantum-classical model for describing the quantum excitation energy transfer (EET)
in a spin-chain (photosynthesis complex), where the spins undergo classical mechanical os-
cillations, corresponding to the thermal vibrations of the underlying molecular structure.
One important point to be investigated is the question if an ingenious choice of the under-
lying mechanical motion (external frequency) can enhance the EET.

Before introducing the time-dependent model, let us recall the single-excitation frame-
work used throughout this work. The full Hilbert space of the spin chain is H = (C?)®V,
of total dimension 2%, corresponding to all possible spin configurations. However, since
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the Hamiltonian (3) commutes with the total excitation-number operator

N

& of +1

N_g 5
=1

the total number of excitations is conserved during the evolution. Consequently, H de-
composes into invariant subspaces labeled by the number of excitations. In this work we
restrict to the single-excitation subspace Hi, spanned by the orthonormal basis {|e;) }Y ,,
where |¢;) denotes the configuration in which only the [-th spin is in the excited state while
all the others remain in their ground state:

lef) = |— — - — ).

Within this subspace, the quantum state of the system can be written as

W) =S v,

so that the wavefunction can be represented as an N-component spinor wave-vector W(¢) =
(1(t), ..., ¥n(t)T € CN. The effective Hamiltonian acting on this reduced state vector
is then an N x N matrix, whose entries are determined by the coupling coefficients \;(t)
between neighbouring sites. This reduction is fully justified because, starting from a single
initial excitation, the entire dynamics remains confined within the subspace H;.

Given this framework, we can now introduce the driven model, which describes how the
excitation propagates along the spin-chain when the molecular sites are subject to classical
vibrations. Let us start with the model presented in subsection 2.1, however we shall not
consider the interaction of our spin-chain with a random, noisy, dephasing environment.
Instead we shall rather concentrate on the coherent excitation energy transfer in a spin-
chain embedded in a wibrational classical environment, whose effect is to introduce an
oscillatory motion of the molecules constituting the spin-chain (see Fig. 4). Hence, the
dynamics of the wavefunction ¥ is governed by Schrodinger’s equation

iho,U(t) = Hs(t) W(t),  Vt>0, (9)

where Hg(t) is of the form (3), however with time-dependent coupling coefficients ().
We shall start at instant ¢ = 0 from the configuration of an absorbed excitation by the first
two-level system, whereas all other spins are in the ground state. As already mentioned, in
the single-excitation framework the participating configurations are regrouped in a spinor
wave-function

vech, U(t) = (1)L, Di(t) =g

where the + sign represents the excited state and the wave-function () corresponds to
the configuration with the excitation localized at the [** atom.

In [23] we considered constant (in time) transition energies w; as well as constant cou-
pling coefficients \;. The vibrational motion of the underlying molecular structure induces
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FIGURE 4. Sketch of the considered spin-chain, embedded in an exteriour vibrational
environment. The first TLS is initially excited, and this excitation is then transferred
towards the receiver.

however a time-dependence of these coefficients and hence a time-dependent Hamilton-
ian Hs(t). Indeed, the vibrations of the molecules change the relative distances between
the two-level systems, and thus the distance-dependent dipole couplings );. At the same
time, the small changes in the positions of the molecules can also induce a modulation of
the transition energies w;, due to the fact that these two-level systems can be immersed in
a space-dependent magnetic field B(z). This last point will be however not considered here.

Denoting by z(t) the displacements of the molecules with respect to their equilibrium
positions, the distance between the [ and the (I 4+ 1) spin is given by

dl<t) = do - [Zl(t) _Zl—i-l(t)] ) vt > 07 [ = 17 7N_ 17

where dy > 0 is the constant equilibrium distance between the spins. For example a driven,
simple sinusoidal motion, with vibrational frequency w, > 0, is described by

di(t) :=do [1 — 2a; sin(w, t + ¢)] , Vti>0, Il=1,---,N—1, (10)

with a; the amplitude and ¢; the phase of the individual sites. A different driving motion,
mainly used in engineering applications, is given under the form of a Gaussian wave-packet

_ [(1=1)dg—vt]?

di(t) :==do |1 —ae 202 , vt>0, [=1,---,N—1,

with ¢ > 0 the pulse width, a > 0 the amplitude and v the velocity of the wave-packet.
This motion corresponds to an exteriour guiding of the underlying molecular displace-
ments, under the form of a pulse which propagates along the spin-chain, with its center
at the position ldy = vt + dy. The effect of the pulse is to concentrate the molecules in a
certain region of the chain (which moves) and thus to couple more strongly these molecules,
whereas the coupling of the rest part of the chain remains unaffected. This type of external
guiding shall however not be treated in this paper, we shall rather focus on the oscillatory
motion (10).
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The coupling strengths \;(¢) are now imposed by the distances between the neighbouring
spins, via the formula (dipole-dipole interactions)

)\l(t)::m, Vt>0, l=1,--,N—1, (11)

where X, are the time-independent couplings of the molecular static chain. This formula
underlines the fact that the closer the TLSs are, the stronger the coupling is.

Given all these coefficients, one can solve the Schrodinger equation (9) and compute now
the site occupation probabilities P;(t) of the (" two-level system via

Pl(t) = |¢l(t)|27 VI = 1. ’N> (12)

quantities which shall permit to localize the excitation in the spin-chain, and thus to study
the excitation transfer from one end-point to the other of the spin-chain. These probability
functions depend naturally on {\;(¢)};' and hence on the external mechanical frequency
wy. Thus, an effective interplay between the mechanical oscillations (w,) on one hand, and
the eigen-frequencies of the non-perturbed spin-chain (w; for [ = 1,--- , N) on the other
hand, could improve the excitation energy transfer. Our aim is to tune the model in such
a manner to get a perfect excitation energy transfer in the shortest possible time t; (i.e.

Pa(ty) = 1).

To summarize, the hybrid model presented here is based on a cooperative interplay
between the quantum coherent dynamics of the excitation along the spin-chain and the
mechanical classical vibration of the underlying molecules. The Hamiltonian governing the
quantum excitation motion will acquire a time-dependence, induced by the determinisitic
motion of the molecular structure, which is a consequence of the thermal classical environ-
ment. This leads necessarily to a driven coherent excitation dynamics (Rabi oscillations),
which shall be tuned to get an efficient excitation energy transfer from the first to the last
two-level system of the spin-chain.

2.4. Analytical solutions in some specific situations. Our aim is now to understand
how the information (or excitation) is transferred within the spin chain. As explained in
the previous subsection, the model is treated within the single-excitation framework, where
the total excitation number is conserved. To obtain the dynamics of this excitation, one
has to solve the Schrodinger equation (9). Even if this linear equation looks simple, it
is in general not possible to obtain analytical solutions when the interaction coeffcients
{N(t)}N ]! are time-dependent. There are however situations for which this Schrédinger
equation can be solved analytically, situations we shall explicit in this subsection.
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For this we decompose the Hamiltonian into the constant, diagonal unperturbed spin-
chain part Hy, and the time-depending, hermitian interaction part H;,(t), namely

€1 0 0 0 )‘1 (t) 0

0 e 0 0 Ni(t) 0 @) 0
Hs(t) == Ho+ Hiu(t) = | : N : : ]

0 0 0 ey 0 0 Ay_u(t) 0

with the eigenstates of Hj (energy-levels of the different possible configurations in our
unperturbed spin-chain) given by

h 0
€= d sVw;,  Vi=1,--- N,
j=1
where sg-l) := =41 is the sign of the j* atom in the [*" configuration, namely +1 for the ex-

cited state and —1 for the ground state. The first Hamiltonian H incorporates the energies
of the quantum spin-chain in the absence of spin-interactions. The second Hamiltonian
H;pi(t) describes the interaction of the spin-chain with the vibrational environment. The
fact that H;,,(t) is not diagonal leads to transitions between the different eigenstates of H.

Filtering out the diagonal part, the solution of the Schrodinger equation (9) can now be
expressed as

U(t) = SN aq(t)e /ey Hoep = ¢ey, (13)
called also interaction representation of the wave-function, and where {¢;, e}, are the

eigenvalues resp. eigenvectors of Hy. Inserting Ansatz (13) into (9) permits to get a
coupled ODE system for the expansion coefficients a;(t), namely

o (1) 0 A (t)e—iezma)t/h 0 aq(t)
ah(t) i Ni(t)ellez—e)t/h 0 Ao (t)e i es—et/h as(t)
T h
aly(t) 0 0 Ny (t)ellev—ev-1t/h g an(t)
(14)

In the absence of interaction \;(¢) = 0 for all l = 1,--- N, we immediately observe that the
coefficients oy(t) are constant in time, which signifies simply that we are in the situation
of a stationary solution, with time-independent occupation probabilities. At this point,
the idea is now to try to solve system (14). Unfortunately this apparently very simple
ODE system cannot be solved analytically in general, and numerical simulations are the
only rescue. Explicit computations can be done however in some specific situations we shall
precise now, in order to get a feeling of the phenomenon of driven excitation energy transfer.
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For example in the case one considers equal, but time-dependent coupling coefficients
Ai(t) = A(t), and uniform local energy-levels €; = ¢, the computation of the solutions to the
Schrodinger equation (9) is trivial. The eigenvalues resp. eigenvectors of the Hamiltonian
Hg are given in this case by

— ml mly B
El(t).—5+2)\(t)cos(N+1) =4/ +1Z ( )e], l=1,--- N,

and the solution to ih 0,V (t) = HsW¥(t), with initial condition ¥(0) = ey, takes the form

—i ] 2 . i
\I'(t):Zl]\ipBle Gl(t)/erl, 61:\/N—%—181D(N+1)’ l=1,---,N, (15)

with the primitive of the eigenvalues given for [ =1,--- | N by

E(t) =ct+ mAt), Uy =2 cos (Nﬂ—il) . A(t) = /Ot)\(s)ds.

This yields for each component of the wave-function the exact expression

N
2 . ml kml i
£ = —iet/h ; i —iAQ)/n k=1,...,N
Yi(t) _N+1e ZIZl SID<N+1)Sm(N+1>e ’ o

and in particular for the last spin-up conﬁguration (k=N)

_ o—ict/h ml —imA(t)/h
Yn(t) = — N+1 c Z Sm( +1)e’“ .

The occupation probability of each spin k: =1,..., N is then given by
) mkl ) mh _ mhk
Pr(t) = N+1 ZZsm( )sm( +1) s1n(N+1) sin <N+ )

N
o ) o)) e e ) (2

in particular, one has for the last spin (k = N)
ZZ 1) sin? ™! sin? mh *
N—i—l N +1 N +1
N
2 ml mh 4
ZA(t _
con (30 o () o ()] + b e ()
(17)

What can be observed from these formulae is that the effect of the magnitude of a constant
coupling strength A is nothing but a time-scaling. Furthermore, we can check that the
excitation transfer is no more fully achieved for N > 3 and constant A, in particular the
probability of the excitation to reach the final spin reduces with the length of the chain,

2).

Pn(t) =
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the reason being the dispersion of the initial excitation over the whole chain (see [9] and
Figure 5). For N = 3 one can prove the following property.

Lemma 2.1. If we consider a driven model with three spins (N = 3) and equal, positive
as well as time-depending coupling coefficients A(t) > 0, then there exists a time t; > 0 at
which the occupation probability Ps(t), which reads

1
Pyt :sin4(—At), vVt >0,
1s equal to one, thus we have complete excitation transfer in a finite time.

Proof. Using formula (17) for N = 3 one gets

P = oo (a0 —geus (a0 11 4 fos(2aw) i ]| v

2k+1)7h
\/§ )
As A'(t) = A(t) > 0, the function A(t) is strictly increasing, starting from A(0) = 0, such

that one can find several complete transfer times ték) = A1t <%> > ( for each k € N,

for which P3(t{") = 1. O

Ps(ty) =1 <= cos (x/FEA(tﬁO: —1<<=Aty) = Vk € N.

These computations become difficult in the time-dependent general case (g7, A;(¢))5Y.; and
we shall turn in subsection 3.2 towards numerical methods.

FIGURE 5. Plot of the time-evolution of the occupation probability Py (t), for several
N =3,7,12,15,25 and constant coupling strength A = 2.4.
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3. STUDY OF THE VIBRATIONAL INDUCED ENHANCEMENT OF THE EXCITATION
TRANSFER

3.1. Driven model for two spins. Let us investigate in this subsection a chain consti-
tuted of only two spins and examine the occupation probabilities {P;(t)}7, in order to
understand in more details in this simplified framework the influence of the mechanical
vibration on the quantum excitation energy transfer. Denoting by Z(t) := (ay(t), as(t))*
the coefficients arising in (13), we have to solve

i 0 e_i(%t €y — €1
Z'(t) = ~ A(t) ( . ) Z(t), We 1= =, (18)

iwet 0

for an initial condition Z(0) = (1,0)*. The parameter w. > 0 represents the transition
frequency between the two energy-levels of the system. An explicit solution to (18) can be
found only in some specific situations, we shall study now.

3.1.1. Constant coefficient case: A > 0 and w. = 0. In the case of constant coupling coef-
ficients and equal energy levels £, = £ one can easily compute the occupation probabilities
via (17), yielding

Pt = o 0F —co (1) Pl = (0 =sin? (1) >0,

A beating phenomenon is observed, the excitation is transferred regularly forth and back
between the first and the second TLS, with an angular frequency of wg := 2 % This phe-
nomenon is known as Rabbi oscillations (see left of Fig. 6). Rabi oscillations are a quantum
mechanical phenomenon where a two-level system undergoes periodic oscillations between
its states when exposed to an exteriour resonant electromagnetic field. Essentially, Rabi
phenomenon describes the continuous exchange of energy between the quantum system
and the driving field, leading to observable oscillations in the population of the two levels.

Coming back to our spin-chain, we have always in this situation a perfect transfer from
site one towards site two, with a transfer time of t; = Z—Z\r, which decreases with the increase
of the coupling strength. In order to catch the excitation at the end-point of the spin-chain,
one has to know exactly when this excitation arrived at destination, this knowledge being
crucial for applications.

3.1.2. Constant coupling X > 0, different energy levels w. # 0. The situation is different
when the energy-levels are not any more equal. In this case, there is no more full excitation
transfer. Indeed, one can compute analytically in this case the solution to (18), yielding
forall t > 0

_ (A\/h)? 2 (WR W
P = e+ e (70 T

|Ql\')

W qem
- PO R ez <7’29’)

jes V]
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FIGURE 6. Site occupation probability P;(t) in blue (full line) resp. Pa(t) in red
(dashed line), for a constant coupling strength A = 2.3. Left: w. = 0. Right: w. = 3.

where wg is the so-called (angular) Rabi-frequency, defined as
wh =4 (Nh)* +w?.
One can observe that the excitation oscillates forth and back, with Rabi-frequency wgr and
2
an amplitude of %, which never reaches one for w. # 0. Even if the transfer is
not perfect, its transfer time is given by t; = ﬁ In the limit of vanishing w. or strong
coupling strength, meaning for hw, < 2 X one gets exactly the previous case

At h
lim Py(t) = sin® (—) : lim t; = o

See right of Fig. 6 for the occupation probabilities P, o(t) in a case of a constant coupling
strength A = 2.3 and non-vanishing w. = 3.

3.1.3. Time-varying coupling \(t) and equal energy levels w. = 0. Coming now to the time-
dependent case (18) with w. = 0, the site occupation probabilities {P;(¢)}7, are given

via (17) by
Pi(t) = cos® (% /O A(s) ds), Py(t) = sin? (% /O A(s) ds). (20)

The interpretation of these formulae is more delicate and to make concepts more concrete,
we shall perform several numerical tests with specific A(¢), in the aim to study the excitation
transfer.

But before, let us start by making some observations. Firstly, recall that the coupling
coefficient A(t) relies on the distance between the molecules of the chain (see expression
(11)), and hence depends on the frequency w, of the underlying vibrational motion of the
molecules. Now, a tricky coordination between the mechanical oscillation frequency w,
and the Rabi frequency wg of the macroscopic oscillations may be beneficial for a quick
and complete transfer of the excitation between site one and site two. To be more precise,
take a look at formula (20) and remark for example that the period of the integrand A(s)
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is T, = ==. If the vibrational motion is now synchronized such that one gets the relation

Lo ds = m, then the probabilities {P,(¢)}7, are T,-periodic with Rabi frequency
WR = wv For periods T, which does not satisfy such a relation, the excitation transfer is
no more periodic.

Let us go into more details and investigate the effect of the specific time-depending
coupling strength A(¢), given by

/\(15) 2:m, d(t) 2:d0 [].—QCLSiIl(wvt"i_Qp)}, a—1/4 d() )\ 1, @:71'(/22:[;

on the occupation probabilities {P;(¢)}?_,, where we fixed for these tests i = 1. In par-
ticular, we are interested in understanding the influence of the underlying vibrational
frequency w, on the excitation transfer. Thus, to underline the dependence of A and hence
of its primitive on w,, let us denote

M) = [ Aanlo) s

and study some of its properties in the next lemma.

Lemma 3.1. The function

Mew) = [ t g e

2 — cos(wys)]?

is strictly increasing in t, namely OA(t,w,) > 0 for all w,, and satisfies moreover

lim  A(t,w,) = ! / - 5 ds— 2 w0
im wy) =t, S 5= — ,
wy—btoo 7 7 T, Jo [2— cos(wys)]? V3

with T, = i—” Thus, one has for the occupation probabilities

1 2k+1)mh
Py(t,) = sin? <ﬁ A(tﬁ,wv)) — 1= AP, w,) = %

leading to a w,-dependent transfer time, which is oscillating in w, and satisfies (for k =1)

mh V3

. VkeN, (22)

ty(Wy) —w, 00 =— = — mh =~ 0.68.
Remark 3.2. To vizualize the properties of this Lemma, we plotted on Figure 7 the phase-
factor A(t,w,) := fo s)ds as a function of time, and this for different w,-values, as well

as the eazcztatzon tmnsfer time ty(wy), for which Pa(ty(w,)) = 1.
Proof. A simple change of variable yields (denoting w, = w for simplicity)

Alhw) = l/o‘“ [Ldr (23)

w 2 — cos(7)]?



EXCITATION TRANSFER IN THE PHOTOSYNTHESIS SYSTEM

Assuming now that wt € [2km, 2(k + 1)7) for some k € N, permits to show that

T 2m )y [2— cos(7)]? w o [2—cos(7))? 21w/ /3
therefore
lim A(t,w) < ﬂ
w—~400 ’ - \/g

In the same way

k 1 2(k,‘+1)7r 8 1 2(k:+1)7r 8
S e T S
w Jo [2 — cos(7)]? w St [2 — cos(T)]3
t [ 8 1 /2” 8 t 1\ 8w
> — —_— —dr — — T=(———|—,
21 Jo  [2 — cos(7))? w o [2—cos(7))? 2 w/) /3
hence A
. t
m Al w) = 5.

19

(24)

(25)

(26)

U

But it is not only the transfer time which is of importance for the excitation transfer
from site one towards site two. Indeed, another important aspect to be investigated is
the time the transferred excitation spends on the second site. A tricky modulation of the
coupling strength can elongate the effective time the excitation rests at site two, fact which
enables this excitation to “jump” more rapidly to the next site (if the spin-chain is longer),
and not to come back to the first site. This aspect, strictly related to the time-dependence

of the coupling strength, will be discussed now in detail.

Phase

—_—mw,=4.62
8= = mwmw2
w=2 w,

7 w=4.14

N Plot of the transfer time f4(w)
T T T T
; 0.8

/ 0.7+
06~

— -
- 0.5
______

.- ! 04
-
w2 p 03
1 5;/7
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01 | . | .
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FIGURE 7. Left: Plot of the phase function A(t,w,) := fot A(s) ds. The plot for

L
a0

w, = w, corresponds to Fig. 8. Right: Plot of the transfer time #;(w) with respect to the

vibrational frequency ws,,.
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In Figure 8 we plotted the shape of the coupling-strength A(t) given in (21) and the corre-
sponding site occupation probabilities. Due to the mechanical oscillations of the underlying
molecular structure, the coupling of the TLS exhibits narrow regions of strong interaction
and larger regions of weaker interaction, this asymmetry is coming from the form of the
dependence of A(t) upon the distance between the spins d(t). What is expected is a faster
excitation propagation between the sites whenever the coupling is stronger (meaning when
two spins are closer to one another). A beating between the two spins is observed, similarly
to the uniform coupling case of subsection 3.1.1, beating plotted on the right of Figure 8.
But, contrary to the static coupling case, in the time-dependent configuration we observe
the so-called quick-transfer-and-locking-phenomenon (term used in [2]). In other words,
during the short time-interval of strong coupling, the excitation is quickly transferred from
one site to the neighbouring one, whereas during the longer time-interval of weaker cou-
pling, the excitation is locked on one site. One cannot visualize in this simple case with
N = 2 spins the advantage of this quick-transfer-and-locking-effect on the excitation energy
transfer, as for N < 3 the excitation is always completely transferred from the first to the
last spin. However, the simple fact that, after being rapidly (and completely) transferred
from spin 1 towards spin 2, the excitation remains locked at site 2 for some time, can be
very advantageous. Indeed, the excitation has then a bigger probability to be carried over
to a next site 3 (if the chain is longer) or to a sink, instead of being transferred back to
site one. In this manner a transfer along the chain will be possible.

5 Time-dependent coupling strength Ny Site occupation probabilities, w=w,=4.62
R R I “

P A
T
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FIGURE 8. Left: Time evolution of A(¢) for w, = 4.62. Right: Corresponding site
occupation probabilities P;(¢) (full blue line) and Pz (t) (dashed red line).
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In order to render this quick-transfer-and-locking-phenomenon efficient for the overall
excitation transfer, a particular synchronization is required between the underlying classical
oscillations and the quantum (Rabi) excitation oscillation, pictured for example by the
formula of the occupation probability in the uniform energy-level case

Py(t) = sin® <% /OtA(S) dS) = sin’ (%A(tawv)) :



EXCITATION TRANSFER IN THE PHOTOSYNTHESIS SYSTEM 21

In this simplified case a synchronization arises when one requires that during half of the
period of the mechanical oscillation T, /2 the excitation is completely transferred from site
one towards site two (see Fig. 8 for a better comprehension). This is achieved when asking
for which w, (if there is one) one has

Ty/2
AT, /2,0,) = / Ao (B)dt =T 1 leading to P(T,/2) = 1.
0

This shall permit to obtain an optimal frequency w, for which the excitation spends a
maximal time on the second site. To compute this optimal frequency w,, we use a change
of variable 0(s) := A(s/w,) with A(¢) given in (21), leading to

T Tv/2 0 2 ﬂe
T = _ L == ds ~ 4.62.
5 /0 / = W Wh/o (s)ds 6

One can think it could be better to ask (as in [2]) that during a quarter of the mechanical
oscillation period T, /4 (during which the coupling is strong, see left of Fig. 8) the excitation
is completely transferred from site one towards site two, namely to ask rather

Ty /4 2 /2
/ A(t) dt = 5 “h leading to  P2(7,/4) =1 and @ = — O(s)ds ~ 4.14.
0 s

The occupation probabilities corresponding to w = 4.14 are plotted on Fig. 9. One remarks
firstly that the curves are no more periodic, and secondly that the excitation arrives more
rapidly at the last spin, however it remains there not as long as for w, = 4.62.

Site occupation probabilities, w=4.14
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FIGURE 9. Time evolution of the site occupation probabilities P;(¢) (full blue line)
and Ps(t) (dashed red line) for w, = & = 4.14.

i

On Figure 10 we plotted the site occupation probabilities for the two different vibra-
tional frequencies wy := w,/2 and wy := 2w,. When comparing these plots with the right
plot of Fig. 8, which corresponds to the ”optimal” frequency w,, we observe clearly a
non-synchronization in these non-optimal frequencies wy, ws, which leads to a non-efficient
excitation transfer within the spin-chain. Indeed, in this case one observes that the exci-
tation, after being transferred to the second site (more or less rapidly), remains there only
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for a short time and is transferred back to site 1. Thus, it would not have enough time to
be transferred to a further spin, if the chain was longer.

Site occupation probabilities, w=2 w,_

Site occupation probabilities, w=w,/2
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FIGURE 10. Site occupation probabilities Py o(¢) for the two frequencies wy = w, /2
on the left and ws = 2w, on the right.

To summarize, the observed effects of a modulation of the coupling strength A(t) (via
the underlying mechanical oscillations) in the case of a chain of N = 2 spins, are:

e the transfer time from one end towards the other end of the chain is w,-dependent,
however the excitation is always completely transferred;

e the time the excitation spans on the second site is also w,-dependent, with a max-
imum for a well-identified frequency w,.

3.2. Driven model for N = 7 spins. For longer spin-chains, as for example when con-
sidering the coupled pigments in a photosynthesis complex constituted of N = 7 sites, the
excitation is no more completely transferred from the first to the last spin, and this due to
the dispersion of the initial excitation over the whole spin-chain. What is now expected is
an improvement of the transfer by manipulating the coupling strength, via the underlying
mechanical oscillations of the molecular structure. In the former paper [23], one of the au-
thors showed that for a particular static coupling configuration given by A; := A\ y/I(N — 1)
one obtains a perfect excitation transfer for all possible chain lengths, however this con-
figuration is very sensitive to exteriour perturbations. In the present paper we follow a
different idea, by introducing into the model the inevitable vibrational motion of the un-
derlying molecular chain, and investigate its influence on the excitation energy transfer.

For long spin-chains with N > 3, one cannot do any more explicit computations, and we
shall present in this section some numerical results for the driven sinusoidal model, with

m m m . mml .
bt i=do = [470 0] A0 = doasin () sinfent+ ),
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A
NE) = — ) WE>0, [=1,---,N—1,
[du(t)/do]
where m = 1,--- , N corresponds to the considered normal mode and

=0, a=1/4, dy=N=1, p=7n/2, h=1, w,€[2,10].

Choosing the mode m = N means that we are considering again the breathing mode, as
for the 2-spin chain, mode which can be associated with a human chain (bucket brigade
for firefighting) transferring for example a water bucket from the reservoir towards the fire
(see Fig. 11). This mode is the most appropriate one for an efficient excitation transfer,
as shall be seen in the sequel, and this again if a certain synchronization is maintained
between the underlying mechanical frequency and the quantum Rabi frequency.

water from a well or some other source. Sometimes the

brizades formed two lines, with men and women passing -
filled buckets ta the fire, and children returning empticd R oS — S =t
buckets o the well Assmssmsassssmaa

FIGURE 11. Human chain representing the breathing mode of our spin-chain,
inspiring a bucket-brigade device for an efficient excitation transfer
(http://www.sylvesterdesign.com).

The numerical simulations are based on a resolution of the ODE system (14) via the
Crank-Nicolson method. Let us discretize the time interval [0,7%;,] in a homogeneous
manner, with At := T, /Ny, t, == kAt, k =0,--- , N, and where N; € N is the number
of time intervals. Then the ODE system (14), written under the more general form

{ Z't)=At) Z(t),  t€ (0, Ty

Z(0) =2y € RV, ) Z(t) == (aq(t),--- 704N(t))t’

is approximated by the following second-order A-stable Crank-Nicolson scheme
At At
[Id B A(tkH)} ZH = [Id + — A(tk)] Z5 Yk=0,---,N, —1

Z EZO.

In order to demonstrate how the presence of an underlying mechanical vibration can en-
hance the EET, we shall compare now the occupation probability at the last site Pz (¢) for
different coupling-strengths A(t), varying the frequency w, of the underlying oscillations,



24

R. CARLONE, I. DI GIORGIO, AND C. NEGULESCU

as well as comparing the results with a static configuration (constant \).

P, (t)

Site occupation probabilities for w=3 and N=7
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FIGURE 12.

Site occupation probabilities for w=4 and N=7
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FIGURE 13. Site occupation probabilities Py (t) for the two frequencies w, = 6 and

wy = 8.6, and form=7, N =7.

What can be observed from the series of Figures 12-14 is firstly that for a fixed mode
(m = 7 for ex.) not all frequencies of the underlying motion are equally efficient for the
excitation transfer from one end to the other end of the spin-chain. Indeed, for w, = 3
(left of Fig. 12) one remarks that the excitation is trapped between the first three spins,
and does not reach the last spin. On Figures 12 (right) and 13 (left) we observe that the
evolution of the excitation is that of a dispersed wave, which is not fully attaining the end
point, but is somehow distributed over the whole chain. Finally it seems that starting from
one particular frequency (w, =~ 8.6 in the breathing-case m = 7) the excitation is quasi
fully transferred, frequency which corresponds again to a synchronization as for the chain
of two spins (see right of Fig. 13 as well as Fig. 14).
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FIGURE 14. Site occupation probability P;(¢) as a function of the mech. frequency
wy and for mode m =1 (left) and m = 7 (right).

Secondly, we observe that there is a difference in the efficiency when comparing different
modes of the mechanical oscillations, the ”breathing” mode m = 7 being the most efficient
one, as observed in Fig. 14, where for m = 1 one gets P7(t;) ~ 0.87 at ¢; ~ 4.45 and for
m =7, Pr(ty) = 0.983 at t; ~ 3.45.

Finally a moving configuration surpasses the maximal static configuration (with A, =
ﬁ, Pr(ty) ~ 0.882 at t; ~ 0.56) in the sense that the occupation probability Pz(t)
attains values closer to one for the dynamical, synchronized configuration. Remark however
that the fastest transfer, even if not complete, occurs for the maximal static coupling
strength A,,.,. Figure 15 presents a plot of the occupation probability for constant A4,
which is simply a time-dilatation or rescaling of the identical probabilities for \,,.. and
compares this plot with a driven configuration.

Site occupation probabilities, Ay N=7

9’

1 1 Site occupation probabilities for =200 and N=7

FIGURE 15. Site occupation probabilities Py (t) for N = 7 and a constant coupling
strength A,.q (left) as well as a very high frequency w, = 200 in the mode m = 7.



26 R. CARLONE, I. DI GIORGIO, AND C. NEGULESCU

Some explanations for all these observed phenomena are the following;:

e the quantum coherent excitation transfer allows to transfer the entire excitation (if
there is a synchronization) from one site to the next one, fact which is not possible
in a classical excitation transfer (via hopping);

e a modulation of the coupling strength can extend the effective time during which the
excitation is localized close to the next site, as compared to the static configuration,
and in this way permits a more efficient excitation transfer.

The fact that a well-orchestrated time-dependent coupling strength permits to enhance
the excitation transfer as compared to a uniform coupling with strength \,,.., is a pure
quantum mechanical effect. This provides a first evidence that biological systems (handling
at room temperature) take advantage of non-trivial quantum mechanical effects in order
to render its underlying processes efficient.

4. CONCLUSIONS AND PROSPECTS

The aim of the present paper was to investigate how vibrations are involved in the exci-
tation energy transfer (EET) of photosynthesis complexes, in particular the authors were
interested in studying in more details the effect of the inevitable classical vibrations of
a molecular chain on the quantum excitation energy transfer. In contrast to a previous
work [23] where one of the authors used a fully quantum model, a hybrid quantum-classical
model was used here in order to describe the EET. Furthermore the molecular motion is
treated here as a coordinated dynamics, driving the excitation transfer, rather than a
source of noise.

The here performed numerical simulations permitted to observe that, in order to be
performant the pigment molecules in the photosynthesis complex are performing a con-
certed dynamics. Indeed, a well-arranged synchronization between the vibrational motion
of the molecular chain and the wave-like quantum excitation transfer permits to boost the
efficiency of the excitation transfer beyond the one of a static configuration. This mecha-
nism of motion-induced excitation transfer enhancement is a veritable quantum signature
of biological processes occurring in nature.

What is interesting to be observed is that the coupling strength A(¢) enters into the com-
putation of the site occupation probability via an integration. Thus, small perturbations
of these coupling coefficients, due for example to environmental noise, will probably not
be so dramatic, as compared to a static coupling case. This remains to be investigated in
a future work.

Another question which remains to be studied in subsequent works is to generalize
this model or concepts to more general, multi-dimensional settings, working on quantum
networks. The presence of multiple paths between the photon-acceptor and the photon-
receiver, which could coherently interfere with each other, could reinforce even more the
excitation energy transfer.
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