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ABSTRACT. We derive closure relations for a plasma fluid model, issued from the BGK
equation for electrons in a strong magnetic-field. Our scaling of the BGK equation leads
in the asymptotic limit ¢ — 0 towards the adiabatic electron regime, where € embodies
the scaled Larmor radius as well as a low Mach number. In this regime the electron
density adjusts instantaneously to perturbations of the electric potential via a Boltzmann
relation, i.e. n = ce®’”. The fluid closures are obtained in the small-¢ regime from
a Hilbert ansatz of the distribution function; the ensuing hierarchy of kinetic equations
is solved exactly up to the desired order. Different closures emerge depending on the
importance of the ratio v/w. between the electron-electron collision frequency v and the
cyclotron frequency w.. Anisotropy in the transport coefficients is found when v/w, < 1.
Moreover, bringing into play the obtained closures we present a drift-fluid model valid
for ¢ < 1, and identify the correct limit model as ¢ — 0. The limit model can be used
to avoid the crude approximations ¢ = const. and T' = const. in the electron Boltzmann
relation, frequently used for plasma simulations.

Keywords: Plasma modelling, kinetic equations, fluid equations, Braginskii closure,
Boltzmann electrons, finite Larmor radius effects, Hilbert expansion, asymptotic limit.

1. INTRODUCTION

The goal of this work is to derive closure relations for a plasma fluid model describing
the evolution of electrons close to an adiabatic regime, the so-called Boltzmann regime.
The model we are investigating is significant for electrons in strong magnetic fields, for
example those in a Tokamak fusion plasma [11,19,22]. In such strongly-magnetized plasmas
the electron dynamics occur on a variety of time scales. On the longest time scale of
interest, i.e. the time scale of the macroscopic plasma drifts (guiding center motion), one
observes a quasi-instantaneous adjustment of the electron density n to any kind of potential
perturbation ¢. This behaviour is commonly expressed via the Boltzmann relation:

n(t,x) = c(t,x) exp <%

Here, kp stands for the Boltzmann constant, e denotes the elementary charge, T is the
electron temperature and c is a function to be determined. The coordinates x| and x, for
x € R? are defined with respect to the magnetic field B, with unit vector b := B/|B|, i.e.

(x1 )1 =[I-b®b)x], (x1)2 = [I—b®b)x]s, T :=x-b. (2)
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The Boltzmann relation is frequently employed for electrons in numerical simulations of
ion turbulence in strongly-magnetized plasmas [9,12, 18,24, 28], in order to avoid a time
step restriction due to the fast electron dynamics. However, there are situations where
this approximation is not adapted, for example in the sheath and pre-sheath regions of a
Tokamak, such that alternative models have to be introduced. The question we address in
this work concerns hence the validity of the electron Boltzmann relation and the derivation
of more precise (fluid) models, leading in a certain asymptotic limit to this Boltzmann
relation.

We consider the electrons in a regime characterized by a low Mach number, a strong
magnetic field and a collision frequency small compared to the cyclotron frequency. On
the kinetic level, the equation describing this specific situation is given by the following
scaled Boltzmann-BGK-equation:

8tf€+év~vzf€—%(E+éva) ~va5=@ Box(f7) - (3)

Here, € and 7(e) are small parameters with 0 < ¢ < n(e) < 1. We suppose in this work
that the electric field E and the magnetic field B are given, assuming also! E = —V¢ .
The scaling, the meaning of € and 7 as well as the detailed physical context is the subject
of Section 2. The operator Q% x () denotes a collision operator of BGK-type,

né‘

v — eu?|?
Ty P (_ o) W

where M,c .ye 7= stands for the Maxwellian function with the same moments as the distri-
bution function f¢, in particular we have

QEBGK(fa) = Mna,euf,Tf - fa , Mn575u87Ta =

n®(t,x) := . fe(t,x,v)dv, (5)
en®(t,x)u(t,x) ::/ viE(t,x,v)dv, (6)
R3
1 3 €l41€12
w0 = [ WPFexvy = e 2T
1
gne(t, x)T5(t,x) := 5 |v —eu® > fo(t,x, v)dv . (8)
R3

The kinetic model (3) is very precise for describing the physical situation we are interested
in, however it contains too much information and has some inherent difficulties, preventing
its use for numerical simulations. Indeed, it is a 6D model in phase-space and furthermore
contains multiple scales, represented by the small perturbation parameters ¢ < 1 and
n < 1 (which can be e-dependent). The idea is now to find approximate models of the BGK
equation (3), valid in the small ¢ < 1 regime and better suited for numerical simulations,
for example a closed set of fluid equations. Ideally, the asymptotic limit ¢ — 0 of these

Remark that we shall omit the index ”z” in the Nabla-operator V if it is clear that we deal with space
derivatives.
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approximate models should lead to the Boltzmann relation (1), motivating thus their use
in regions where this relation is not perfectly valid.

The fluid model associated to the kinetic equation (3) is obtained by taking the moments
of the Boltzmann equation and reads

(On®+ V- (n°u®) =0,

E14€ E.,E g 1 15 1 g g _
Oy(nu®) + V- (n°u ®u)—|—§V-IP’ +€—2n(E+u xB)=0, (9)

1
8tw5—|—V-(w5u€+IP’€-u5)+gV~q€+nsE-u€:O.
\

The collision operator Q% x (+) conserves mass, momentum and energy and therefore does
not appear in the moment equations (9). The fluid equations are not closed because the
stress tensor P and the heat flux g depend on the full distribution function f¢ via

Pe(t,x) := / (v—cu’) @ (v—eu’)f(t,x,v)dv, (10)
R3
q(t,x) := % v —euf*(v — eu®) fE(t, %, v)dv . (11)
R3

Finding adequate closure relations for the stress tensor P° and the heat flux q° means
expressing them in terms of the fluid variables n°, u® and 7. A systematic way to obtain
these asymptotic closure relations is to expand the distribution function f¢ via a Hilbert
ansatz, truncate this expansion at a limited number of terms, and use the approximated
distribution function to evaluate the two moments (10)-(11). The thus obtained set of
closed fluid equations provides an accurate approximation of the kinetic model (3) in the
case € < 1, which turns out to lead in the asymptotic limit ¢ — 0 towards the electron
Boltzmann relation (1), as will be demonstrated in what follows.

The closure relations for P* and g° depend on the choice of the parameter 7, symbolizing
the importance of electron-electron collisions in the plasma. Three cases are studied in this
paper:

(i) n = const., (ii) n=+e, (iit) n=c¢. (12)
Case (i) corresponds to the so-called ”general drift ordering”, which is frequently encoun-
tered in Plasma Physics literature, see for example [10,23,29], and has also been studied in
the Mathematics community [1,13,14]. Case (ii) is commonly referred to as the collisional
regime of neoclassical transport theory, or Pfirsch-Schliiter regime [21,26]. The authors
are unaware of existing closures for the case (iii) so far. An asymptotic study is carried
out for a similar case (however shorter time-scales) on the kinetic level in [2,7]. Other
works on asymptotic regimes for strongly magnetized plasmas where collisions are taken
into account are mentioned here for completeness [5,6,20]. The collision-less case (n = 0)
has been studied quite extensively, for example in [3,4,16,17].

Let us briefly outline the tasks we wish to accomplish in this work:
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a) Identify the right scaling (choice of space-, time- and velocity- scales, physical
regime) of the kinetic electron equation that leads in an asymptotic limit &€ — 0
towards the Boltzmann relation (1) (c.f. Section 2).

b) Derive closures for the fluid equations (9) for three different strengths of the collision
operator Q%qx, represented in (12) via the parameter n (c.f. Sections 4-6). Our
aim is to confirm fluid models appearing in the plasma physics literature by means
of the Hilbert expansion technique, and render them accessible for a mathematics-
oriented community, for future studies (c.f. Section 3.3).

¢) Find the well-posed limit model corresponding to the kinetic equation (3) in the
asymptotics € — 0 (c.f. Section 3.4).

d) Prepare the foundation (reference work) for future numerical studies of strongly-
magnetized plasmas within our group. In particular, asymptotic-preserving schemes
dealing with the asymptotic limit either from the kinetic level to the Boltzmann
regime (1D simulations) or from the derived approximated fluid models to the
Boltzmann relation (3D simulations) are in progress.

The paper is organized as follows: In Section 2 we shall present the physical context of
this work and introduce the scaling leading to (3). Section 3 summarizes the main results
of this work and comments on them. Sections 4, 5 and 6 contain finally the three different
truncation procedures related to the cases (12) and leading to closure relations for (9)-(11).
An Appendix assembles some cumbersome computations.

2. PHYSICAL CONTEXT AND SCALING

The Boltzmann equation for electrons in an electromagnetic field with BGK collision
term reads

Of +V-Vof = —(B+v x B)-V,f = v(Myur = f). (13a)

Here, e stands for the (positive) elementary charge, m is the electron mass and v > 0
denotes the collision frequency. The Maxwellian M,, , v corresponding to f is given by

3/2 5
— om _m|v —u(t,x)|
My ur(t,x,v) = n(t,x) (QWkBT(t,X)) exp ( Tt %) ) : (13b)
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where kg denotes the Boltzmann constant and n, u and T are related to the first three
moments of the distribution function f(¢,x,v), via

n(t,x) := g ft,x,v)dv, (13c¢)
n(t,x)u(t,x) := /R3 vf(t,x,v)dv, (13d)
gn(t,x) kg T(t,x) := % g v —u(t,x)]*f(t,x,v)dv. (13e)

It is easily checked that the energy w satisfies
m[u|?

2

(13f)

3
w(t,x) := % /R3 IVI2f(t,x,v)dv = §nkBT+n

We shall now write the Boltzmann equation (13a) in dimensionless form. This procedure
permits to identify small parameters, which separate the different time scales and thus
help in describing different plasma regimes. We employ the notation n = nn’, where
n is a constant denoting the density scale (characteristic density of the plasma under
consideration) and n’ = n/(¢,x) is of order one. The same is done for the other unknowns
and for the independent variables: ¢t = ¢¢/, x = #x’ and v = 9 v/, where ¢ denotes the
observation time scale, & the characteristic space scale and v the microscopic velocity scale.
The Boltzmann equation (13a) is thus written in the dimensionless variables as follows:

o Bi (& |7 v
Of 4V Vo f = B 4V x B |-V f =i Z( mA) M —f11, (14)
& m \ 9B [ \kgT
where M’ is given by
1 \%? mo? |v — Zul?
I ! _ _ v . 15
M =n < 27rT’) eXp< kol 2T (15)

We denote by L a macroscopic length scale, for example the large radius of a Tokamak,
and introduce the following relevant quantities:

]{,’BT €B Uth
Vg = A —— We i = —, Pih = — . (16)

m m We
Here, vy, stands for the thermal velocity of the electrons, w, is their characteristic cyclotron
frequency and py, denotes the electron Larmor radius related to their thermal velocity. Our

choice of scales for the independent variables is the following:
. L?
r:=1L, t:= , V= Uy, . (17)
UthPth
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The time scale ¢ is also known as ”Bohm time”. We now introduce the small parameter e
as the ratio between the electron Larmor radius and the macroscopic length scale L,

Pth
= — 1 18
€ i <1, ( )

signifying that we are interested in strongly magnetized plasmas. Remark that the chosen
Bohm time scale is much longer than the time scale w_ ! of the cyclotron waves, as well as
the time scale w;ll := L/vy, of the sound waves, as evidenced by the relations

L (19)
We = —, Wep, = — .
g2 th— ¢

Indeed, the time scale # is well-suited for observing the macroscopic plasma drifts perpen-
dicular to the magnetic field lines. We now relate the characteristic macroscopic velocity
1 to the chosen space and time scales, respectively, leading to

U

U= = =ex1 (low Mach regime) . (20)

H—>| H>

Uth

It becomes clear that the flow velocities we aim to observe are small compared to the
thermal velocity; hence we are interested in the subsonic regime, characterized by a small
Mach number. In order to complete the scaling, we suppose

f==, E=uaB, kgl =cd. (21)
Inserting the assumptions (20)-(21) into the Boltzmann equation (14) yields the scaled
equation (3) with the scaled collision operator (4), and
n:i= o (22)
The parameter n symbolizes the opposition of two competing ”forces” in the magnetized
plasma: on one hand, the strong magnetic field tends to induce a strong anisotropy in the
plasma dynamics, the transport being much faster in the parallel (toroidal) direction than
in the perpendicular (poloidal) direction. On the other hand, collisions tend to homogenize
the plasma, breaking-down the one-directional effect of the B-field. Case (i) in Eq. (12)
(n = est.) corresponds to a situation where these two antagonist forces are of the same
order of magnitude, leading in the regime ¢ < 1 to a more or less isotropic situation.
Conversely, cases (ii) (n = v/¢) and (iii) (n =€) in (12) correspond to situations where the
collision frequency v is much smaller than the cyclotron frequency w,; thus, the electrons
perform many gyrations around the magnetic field lines between two subsequent collisions.
As a result, a strong anisotropy occurs in the macroscopic transport coefficients, such as
the heat diffusivity, as will be seen from the closure relations below.

3. NOTATION AND MAIN RESULTS

For clarity reasons let us introduce here some notation as well as the main results ob-
tained in this work. The detailed calculations leading to the closure relations are presented
in the sections 4-6.
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3.1. Notation. We introduce the scalar pressure p®, the heat flux A; and the Poisson
brackets {-,-};; via

hy
p°i=nT*, hi = —gnETE@TE, h:=1h, ]|, (23a)
h.
{77,5, TE}Z'J‘ = amgﬁjTE - ajngaiTE s Z,j S {Q?, Yy, Z} . (23b)
Note that 9
Te {ns, Tg}i’j = —g ((Zhj — @hf) . (24)
Let us moreover define the rate-of-strain tensor W, by
2
W, = Vu+ (Vu)' - g(v -u) T, (25a)
and introduce the gyro-viscosity [22]
e 1
I = % 5 {(bx W) (I+3b@b) +[(bx W) (I+3b@b)|'} . (25b)
as well as the parallel viscosity [22]
ue = %(b-Wue b)(I-3b®b). (25¢)
In connection with the heat flux, we shall also use the following tensors
1 1
" = b (bx W) - (I+3b®b)+[(bx W) - (I+3b®Db)]'},
1 (25d)
HY = 5@-“@4ﬁ@—3b®b%

where Wy, is given by (25a) with u replaced by the vector h. Furthermore, we denote
hj:=(b®bh, h;:=I-b®b)h, ht:=hxb. (25€)

In the derivation of the closure relations the B-field is assumed to be constant and along the
z-direction, i.e. B =e,, |B| = 1. Tt is sometimes helpful to pass to cylindrical coordinates
(vr, v9,v,) € RT x [0,27) x R in velocity space, defined via

Uy = Uy COS Vg , v, = v, sinvy, v, = U,
2 .2, .2 _
lv|* = vl + 7, dvgdvydv, = v, dv,dvgdv, .

We denote f(v,, vy, v,) := f(v, cos vg, v, sin vy, v,) and omit the circle when no confusion
is possible. One has

afe o 8f5 sinvgafE ofe i 6f5+cosvgaf€ (26)
= COS U — =sinv .
Oy “ou, v, Ovg’ vy “ou, v, Ovg
In these coordinates the gyro operator has a particularly simple form:
. Of¢
~vxe) V. f=d 1)

61}9 ’
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We will also need the average @ of a function a(vg) along the coordinate vy, called the
gyro-average, and its fluctuation a’ := a — @, defined by

1 o 1 21
= % 0 CL('UQ) dvg — —(V X ez) -V,a = 07 % ; a dvg = 0. (28)

3.2. Closure results. Let us present here in compact form the closure relations for the
stress tensor P and for the heat flux q° obtained in this work. Theses relations may be
inserted into the fluid system (9) in order to obtain approximate models for the kinetic
equation (3), valid in the regime ¢ < 1. The detailed calculations leading to those results
are written in the Sections 4-6. Results are presented for a constant magnetic field B = e,.
The three different collisional regimes introduced in Eq. (12) yield the following closures:

- Results from Section 4: case (i) n = const. This case signifies that the magnetic field-
force is of the same order of magnitude as the collision term, stronger than the order of
the transport operator:

n? n 0

gmn € m 1—2"_2 3 5
o\ A e por o

2 2
Pen = pl + %Hf' + %(H“' —H) 22— T+ H) 4 ) 4+ 220(n) + Og(e).
(20D)

Recalling that b = (0,0,1)", the traceless matrices used in expression (29b) are given by
the definitions (25):

L 10 0

HH"zl—azhz 01 0], (30)
5 00 —2
5 10 0

Hﬁ”z—pazuz 01 0], (31)
3 00 —2

0 0 —d,h.
h)| 2
H, == 0 0  d.h. (32)

5 )
—0yh. Oyh. 0
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—0yuy — Oy, Oplly — Oy, —2(0yu, + O,uy)

Iy = g Oy — Oy OpUly + Oyt 2(0pu, + Oug) | (33)
—2(0yu, + 0,uy) 2(0yu, + O,uy) 0
5 10 0
Hi+ = — 15 (@che +0yhy) | 010 ), (34)
00 —2
Ophy — Oyhy  Oyhy 4 Oyhy  20.h,
1
HY = = | Ochy +Oyha Oy — Ochy 20:hy | (35)

20,h, 20.h,, 0

The terms of order e2O(n) have been omitted for clarity in Eq. (29b), i.e. we performed
an expansion of P*" in powers of 1. The full result for P=" can be found in Section 4.
The notation O,(e*) in (29) underlines the fact that these terms may depend on n; the
explicit dependence on 7 is not known, and one has thus to be careful when choosing small
n-values. In the higher orders e, p > 3, we expect coefficients of the form (¢/n)P. This is
a first hint that the case n = ¢ describes a certain threshold in which fluid closures may
not be readily obtained. Insight into the n-dependence of the terms O, (g%) is gained from
the study of case (i), n = 1/, which is discussed next.

- Results from Section 5: case (ii) n = /e. This case signifies that the collision term is
of an intermediate order of magnitude between the magnetic field-force and the transport
operator v -V, f* —E -V, f*:

e —e 0

C=vel|ve e 0|h+0(, (36a)
0 0 1
P = pl +cH, " + e\/E(Hﬁ‘“ - HZ“) + 52< ~ I+ HE IHIT) L O(ER?). (36b)

The anisotropy in the heat flux as well as in the stress tensor is now embodied by the single
parameter . We remark that the errors in the closure (36) are of order O(¢?) for the heat
flux and O(£%2) for the stress tensor, respectively, and are thus larger (in €) than in (29).
However, the errors in (29) may become important when n — 0. The closure (36) tells us
more about these errors as n = y/¢ — 0; on the other hand, case (i) gives more physical
insight because it shows explicitly the dependence of the different terms on the collision
frequency via the parameter 7.

- Results from Section 6: case (iii) n = €. This case seems to be a threshold case; it
corresponds to a situation where the magnetic field-force is stronger than the transport
operator and the collision term, which are at the same order of magnitude. We were able to
establish the Boltzmann relation for ¢ — 0 and to identify the limit-model corresponding
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to the kinetic equation (3), which reads
( fo=Mo= M0,

¢(t,xl,2)> |

no(t, X, Z) = C(t, XJ_) exXp (m
0\b

0o +ug - Ving+ 0.(nu.); =0, (nu.)s =0,

2
6t(n0T0) —+ ug - VJ_(TL()T()) — 5 (nuz)z‘) aqu = 0,

\

where x; = (z,y) € R? and we used the notation (44) for the mean and the fluctuation
of a function along the magnetic field lines. The limit model (L) is a system for the un-
knowns (¢, (nu, ), Tp) and is discussed in more more detail in section (3.4). The calculation
of higher-order closures however, as obtained in the previous two cases, seems to be an
interesting but complicated problem which will be studied in future works.

Let us make the following additional remarks concerning the obtained results:

e Setting in (29) formally n = /¢ and developing the heat flux in powers of /e
permits to obtain the closure (36). This is true only when Remark 5 of subsection
5.1 holds, i.e. for boundary conditions that imply A = 0 = VT = 0. Otherwise,
one finds additional terms in the stress tensor resp. heat flux in case (ii), which
appear at the orders O(e+/2) resp. O(e?). Hence, the result (36) justifies the use of
the ”conventional” closure (29) in the regime /¢ <7 < 1, also called the Pfirsch-
Schliiter regime.

e With respect to the fluid closure derived by Braginskii, well-established in plasma
physics [27], we observe that:

— the heat flux q®” in (29a) is identical with the Braginskii result up to the order
Ofen),

— the parallel viscosity in the stress tensor P given in (29b) is Hﬁ”, whereas in
Braginksii’s closure, one finds Hﬁ,

— the gyro-viscosity II% is identical to the Braginskii result,

— the stresses H related to gradients in the heat flux are not taken into account
by the Braginskii closure. They are characteristic for the employed scaling
(drift ordering) and have first been discovered by Tsypin et al. [26],

— the friction terms, usually found in literature, do not occur in our closure
relations due to the fact that we consider only electron-electron collisions,

— the coefficients recovered in our closures are not identical to Braginskii’s coef-
ficients, as we are using a BGK collision operator.

e The contributions of parallel and perpendicular flow velocity and heat flux in the
stress tensors P57 resp. P° appear at different orders in €'/2. At first appear terms
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in relation with parallel components of u and h, and only later (at higher orders)
arise the perpendicular contributions, which are apparently also independent of the
collisional regime, thus, not depending on the parameter 7 in (29b).

3.3. A drift-fluid model. The fluid models with closures (29) or (36) are reduced models
compared to the full kinetic equation (3), but they are still quite involved and difficult to
solve numerically. Further approximations are often desired. For example, in the study
of large-scale plasma instabilities in a Tokamak it is not necessary to resolve the fastest
phenomena, such as plasma waves or cyclotron waves. Plasma waves can be eliminated by
the quasi-neutrality assumption; cyclotron waves can be filtered out via the drift approxi-
mation, which we shall present in the following.

Our simplified model originates from the fluid system (9) with the closures (36); it is
derived by employing the traditional drift approximation, expressing the perpendicular
flow velocity u,, up to an error, as the sum of several plasma drifts. To be more precise,
taking the cross product of the momentum conservation law with B yields

~nExB  VpxB

nu; = B + B2 +O(e) =:nug+nup+ O(e), (38)
where ug denotes the electric-field drift velocity and up stands for the diamagnetic drift
velocity. For B = e, and E = —V ¢ one obtains hence

Vi-(nuy)=ug-Vin+0()=—{n,o}.,, +Oc). (39)

Remark that due to the fact that the equation for the parallel particle flow (nu)) contains an
error of order O(£'/?), the errors we introduce using the perpendicular drift approximation
are irrelevant. Therefore, in the drift approximation one obtains the following simplified
model for the three scalar unknowns (n, (nu.), p):

(O +ug-Vin+0.(nu,) =0(),

1 18
14 2 (40)
— —=0.(pu,) — V- (pOui) — 9.V, -h| = O(e),
NEE (p0,u,) (po,uy) 3 1 -hy (Ve)

12
Ve3
where we expressed the energy conservation in terms of the pressure p = nT". These manip-
ulations of the moment equation significantly reduce the computational burden, reducing
the number of unknowns, and keeping nevertheless still enough physics for a closed fluid
plasma description in the adiabatic regime.

0:h, = O(\/E) )

2
atp +ug - vlp + az(puz) + gpazuz +

\
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A future work will be concerned with the numerical discretization of this drift-model (40),
focusing on e-independent accuracy and stability, by making use of so-called Asymptotic-
Preserving techniques. Such schemes can be of particular interest for plasma simulations
where the parameter € varies considerably in the simulation domain.

3.4. The Boltzmann regime. The adiabatic regime of electrons, defined via the relation
(1), is readily obtained from the drift-fluid model (40) in the limit ¢ — 0. Setting formally
e = 0 yields from the momentum and energy conservation laws, respectively, the relations

5)
6Zp0 + TL()EZ = 0, c’“)zth = _582 (nng 8ZT0) = 0 . (41)

Remark that we indicate unknowns by a zero in the asymptotic limit. On one hand, as
e — 0, the pressure-gradient and electrostatic forces are in balance; on the other hand the
heat-diffusivity along the magnetic field lines vanishes. It follows (c.f. remark 5 in Section
5.1) that

0, Ty =0 for periodic boundary conditions in z, (42)

and hence the Boltzmann relation

¢(ta X1, Z)

AnAl e/ — R?2 R. teR 4
To(t7xl>)7 x, = (z,y) €eR*, zeR, teR, (43)

no(t,x1,2) = c(t,x,) exp <
with the functions ¢(¢,x, ) and Ty(¢,x, ) still to be determined. The physical meaning of
this Boltzmann relation is that the electrons, being very light and hence mobile, accelerate
to high energies very quickly, leaving behind them a region of large ion charges, which cre-
ates a retarding electric field. An equilibrium is hence achieved between the two antagonist
forces.

It remains to identify the correct equations for the functions ¢(t, x, ) and Ty(¢,x ), which
emerge in the asymptotic limit € — 0 from the drift-fluid model (40). For this, we denote
by a and a*, respectively, the mean and the fluctuation of a function a along the z-direction,

1

L,
a(z,y) = L_/o a(x,y, z)dz, at:=a—a. (44)

The evolution of the ”constant” of integration ¢(¢,x ) is obtained by taking the mean in
the particle conservation law,

at@+uE'an0:0. (45)

Clearly, for given Ty this equation can be written as a transport equation for the function
c(t,x1). The evolution of the temperature Ty(t,x ) is then obtained by averaging the
energy equation, i.e.

2
8t(n0T0) +ug - VJ_(TL()T()) + gﬂoTD (‘Luz,o =0. (46)
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The term containing u, o can be rewritten as

nolo azuz,O =Ty nOazuz,O =T Uz,0 0.ng = =1 (mbz)o az(lﬂ no)
= —To [(nu,)o + (nu,)g] 0.(Inng) = =Ty (nu,)g 0. (Inng) (47)
= —(nu.); 0.9,

where we used the periodicity in z and integration by parts. Therefore, supposing that ng

*

and (nu,)§ are given, the temperature Ty can be computed from (46). We now use the
remaining information from the particle continuity equation to compute (nu,)§. Indeed,
subtracting the average (45) from the particle conservation law yields

0.(nu,)y = —0my — (ug - Ving)*, (nu,)y =0. (48)

For given ny this last equation is readily solved by integrating with respect to z; the
constant of integration is then determined via the integral constraint (nu,)$ = 0, which

guarantees the uniqueness of the solution (nw,)j. Summarizing, we obtained the following
limit system for the unknowns (ng, (nu. )y, 7o):

( @no +ug - VJ_TLO + az(nuz)g = 07 (nuz)g = 07
8Z<TL0T0) + noEz = 0,

az (noTo azjﬂ’(]> =0 5

2
at(’n()To) —+ ug - VL(TL()T()) — 5 (nuz)g (?qu = 0 .

\

4. CLOSURE OF THE FLUID EQUATIONS FOR 1) = const.

The first closure we study is derived from the kinetic equation (3) with n = const., here
repeated for clarity,

1 1 1
atfa—l—gv-vxfa—E(E‘l‘gVXB)'vaazg_nz EBGK(-fa)' (50)

In this case, the magnetic field-force and the collision term are considered of the same
order of magnitude, which seems not to be the right scaling for strongly magnetized fusion
plasmas, as no particular difference in magnitude is observed for the dynamics in the
parallel resp. perpendicular directions, as will be seen below. However a better description
of such strongly-magnetized plasmas can be obtained by considering afterwards also small
n-regimes.

In order to solve this equation approximately for ¢ < 1 and constant 7, we seek for a
solution f¢ under the form of a power series in €, known as the Hilbert expansion, i.e.

ff=fotefi+efat OFE). (51)
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Injecting this ansatz into (50) and equating the terms of equal power in e leads to the
following hierarchy of equations:

—(vxB)-V,fo=nMo— fo), (52a)
v-V,fo—E-V,fo— (vxB) -V, fi =n(M; — fi), (52Db)
Ofo+v-Vofi —E-V,fi = (vxXB)-V,fs =n(Ms— f2), (52c)

where M; stands for the i-th order term in the expansion of the Maxwellian (4) in powers
of €, see Appendix A. For this development, the fluid variables (n®,u®,7¢) have to be
expanded in powers of € as well,

n® =mng +eny +e2ny + O(e%), (53a)
u® =g+ cuy +%uy + O(?), (53b)
T¢ =Ty + Ty + 2To 4+ O(e?). (53c)

The expansion coefficients of products a®b® of fluid variables are defined as
(aebe)o = (lobg s (G€b€>1 = a1b0 —+ CL()bl s (aebe)g = (lgb() + a1b1 + aobg s etc. (54)

Inserting the expansion of the macroscopic quantities (53) into Eqgs. (9) permits to get the
corresponding infinite fluid hierarchy, for ¢ > 0,

om; +V - (nu); =0,
8t(nu)i_2 + V- (nu X 11)2‘_2 + V- PZ = —niE — (nu)z x B s (55)
w1 + V- [(wu)ig + (P-u)ia] +V-q = —(nu)i1 - E,

where the energy at order i is given by

3 3 3 3
wi = 5pi+ (nul*/2);ies = wy= SPos Wi=g5p1, W2 =gpat (nlul*/2)o, (56)
and where we employed the convention that quantities with a negative index are not taken

into account.

Remark 1. We point out that the fluid hierarchy (55) provides balance relations stemming
from the momentum conservation law:
nu)i

E-_Lly.p_!

x B for i <1. (57)
n; n;

These force balance relations, or drift approximations for ug and uy, respectively, will be
used to simplify the expressions for the stress tensor and the heat flux. In particular, one
will often go in the following forth and back between the kinetic and already established
fluid equations.
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The goal is now to solve the hierarchy (52) for the distribution functions f;, compute
the corresponding stress tensors P; and heat fluxes q;, defined as the i-th order terms of
(10)-(11), collect all the contributions and set down a truncated fluid model. It becomes
clear that in order to obtain an evolution equation for the particle flux (nu)y (and hence
a well-posed fluid system) one needs to go up to the order i = 2 in this fluid hierarchy and
truncate the system there or at higher orders. The infinite hierarchy (55) can be truncated
at any order ¢ > 2, giving rise to more and more precise models.

Let us now start the truncation process, writing the power series of the stress tensor and
the heat flux as

P* =Py + Py + P + O(e%), o =qo+eai + a2 + O(), (58)
where from (10) one obtains
Py = / VR Vfodv, (59a)
R3
Plz/ V®Vf1dv—/(u0®v+v®u0)f0dv, (59b)
R3 R3

IPQZ/ V®Vf2dv—/ (u0®v+v®u0)f1dv—/ (uy ®Vv+veu)fodv  (59c)
R3 R3

R3

+ up ® ug fodV ,

R3
and from (11)

1

Qo = 5/ v[*v fodv, (60a)

R3

1 2 1 2

Q=5 [ [V*Vhdv —ues [ [VPfodv—ug- [ v@Vfodv, (60D)
2 R3 2 R3 R3
1 ) 1 ) 1 ,

Q2 =3 V"V fadv —ug5 V" fidv — w5 [v[" fodv (60c)
2 R3 2 R3 2 R3

1
—uo-/ V®Vf1dV—u1-/ V®Vf0dV—|—|u0|2—/ vfodv+u0®uo/ v fodv .
R3 R3 2 Jrs R3

To compute the distribution functions fy, fi and fo from the hierarchy (52), we decompose
each quantity f; into its gyro-average (with respect to vy) and its fluctuation part, f; =
fi+ fl, according to the definitions (28). Taking the gyro-average over Eqs. (52) yields

0= (Mo~ To). (61a)
V'vxfO_E'vvf():n(ml_fl)a (61b)

Ofo+v -Vofi—E-V,fi =n(My—F,). (61c)
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This is a system of algebraic equations for the f;, which is readily solved:

fo=Mo= My, (62a)
- 1 1

leMl_EV'foO‘FEE'VUan (62b)

- j - 1 1
fo=Mos—=0ifg——v-Voi+ -E-V,fi. (62c)

Ui n Ui

By subtracting the Egs. (61) from the Eqs. (52) we obtain

—(vxB)-V,fo=-nf, (63a)
(V ’ vsz)/ - (E ’ vva)/ - (V X B) ' va{ = U(Mll - f{) ) (63b)
Oifo+ (v Vafi) = (E-V,fi) = (v x B) - Vo fy = n(Mjy — f3). (63¢)

It is worth remarking that the system (61)-(63) can be solved sequentially, which means
that for the computation of f;>; one needs the distribution functions f;-;. The fluctuations
f! can be computed by passing to cylindrical coordinates in (63), which leads to ODEs of
the type

ora(t) + na(t) =r(t), n = const. , t €[0,2m), (64)

with r a function of zero average over [0, 27). The solution of this equation is simply given
by Duhamel’s formula

1 fO%T(s)e”(S_”) ds

n fo% e "5 ds

t
a(t)=c,e ™ +/ r(s)e"*Vds, e, (65)
0

The results for the corresponding stress tensor and heat flux, computed via the obtained
distribution functions f;<o and with the help of the software Maple [25], are stated in the
following subsection.

4.1. Expressions for P;,<, and q,;<; as functions of (n;<2, w;<2, Ti<2). From (62a) and
(63a) one obtains immediately

Fo= My = L. _ﬂ fi=0 (66)
0 O Qrr2 P\ Tor, ) o=

Therefore, the expressions (59) and (60) for the stress tensor and the heat flux take the
following simpler form:

]PO = pOI[ ) (678“)
P, = / v vfidv, (67b)
R3

sz/ v®vf2dv—/ (W ®@ vV +vRuy)frdv+nyuy @ ug, (67¢)
R3 R3
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and

Qo = 07 (68&)
1 9 5

Q=5 [v[*v fidv — 50 Po, (68b)

R3

1 ) 5 1 ,

9 =3 [VI*V foadv — —uypg — ug= lv|* fidv — ug - VR vVfidv. (68c¢)
2 Js 2 2 Js -

Remark 2. The fact that qo = 0 entails that the energy equation in (55) at order i = 0
contains no information for the fluid variables (it is identically zero). We thus shift the
index in the energy equation, © — 1+ 1, such that a more meaningful fluid hierarchy reads

omn; +V - (nu); =0,
O(nu); 2+ V- -(nu®u), 2+ V- -P,=—nE— (nu); x B, (69)
ath‘ + V- [(w 11)1' + (P . u)l] + V- Qi1 = —(nu)i -E.

For a given © > 0 we recall that terms with negative subscripts are not taken into account.

One might suspect that the new fluid hierarchy (69) leads to a closure problem because
of the appearance of the heat flux q;,; in the i-th order system. Indeed, we saw in the
hierarchies (61) and (63) for the gyro-averages and the fluctuations that the distribution
function f; depends on the fluid variables (n;<;, u;<;, Tj<;). Since the heat flux q; 41 depends
on fi11, c.f. (68), a fluid system for given 7 issued from (69) might contain fluid variables
of order 7 4+ 1, and thus might not be closed. Nevertheless, the following Lemma shows
that the closure of the fluid system (69) can be achieved at arbitrary order k.

Lemma 1. For a given truncation order k > 0, the fluid equations (69) with i < k and
stress tensors P; resp. heat fluzes q; 41 computed via (67) resp. (68), form a closed system
for the fluid variables (n;<k, W<k, Ti<k)-

Proof. We have to show that the k-th order fluid system (69) contains only fluid variables
(ni<k, Wi<k, Ti<). From Eqs. (67) and (68) we learn that P, = Pr(fi<x) and qx = qx(fi<k)-
It can be seen from (62) that the average f, depends on the fluid variables of order i < k.
Moreover, the fluctuations f; obtained from the hierarchy (63) depend on the fluid variables
of order i < k. Therefore, for a fixed order k£ the only problem of closure can arise from
the heat flux qg1 in the energy equation. From the hierarchy (68) one observes that

k41 = / |V| Vfer1dv + T (fi<k) = / ’V| fk—i—l + fk+1)dV + T (fi<k) , (70)

where T (fi<x) stands for the rest terms dependent on fi<y. We mentioned already that
fi41 depends on (n;,u;,T;), © < k+ 1, so that the fluctuating part in (70) does not pose a
closure problem. Neither do the terms 7 (fi<). In the average part f,; the highest-order
terms (ng41, Upp1, Trs1) stem from the averaged Maxwellian M, see (62). One can
however observe from the form of the Maxwellian (4) and its expansion (see Appendix)
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that these terms always appear with even powers of the velocity v, in particular with the
terms M, as well as |[v|> M, of the expansion of My, such that they cancel out in the
integration (70). O

We have now all the necessary ingredients to derive a closed fluid system, approximating
the fully kinetic equations (50) in the regime ¢ < 1. Computing f, from (62b) as well as
f1 from (63b), and inserting the result into the expression for q;, (68b), yields

SEY O R o
o (hz)o L Mo )
For the stress tensor from (67b) we compute
Py = (nT),1 = p1. (72)

For i = 2, in order to treat the time derivative in (62c) separately, we define and compute
first

S 1 1
Gy:=Moy—=v -V, fi+-E-V,f. (73)
n n
Remarking that f} = 0 and solving (63c) for fi permits to compute fo as follows
T / — 1 !/
f2:f2+f2:92_ﬁatM0+f2' (74)
The integrals of the term with the Maxwellian are readily obtained,

1 1
—8t / V& VM(]dV = — 8tpoﬂ s
n R3 n

(75)
1
— 8t/ [VvI*vModv = 0.
27] R3
Inserting then f; into (68c¢) leads to
) Y Gl U I

L == USRI N T B (70

(h)1 0

The components of the stress tensor [Py are computed from (67c):
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5

2 1 8
]PJQ:J:x = pot+< {_az(hz)[)

3?14+ n2)(4+n?)

+n [ — 2n0Tg(3$umo + 8yuy0 - 2azuz0) - 2T0{n0) T0}$7y:|

[2
+n2 gﬁx(hx)o - 28y(hy)0 —f- 28Z(h2)0 —I— 3n0T0(0xuy0 —f- Gyuxo)}
- g (77a)
_|_773 28x(hy)0 —+ gay(hx)o — n0T0(48xuxg -+ ayuyo — 58zuzo)}
L4 2 2
+7] —5835(]11)0 -+ gay(hy)o + gaz<hz)0 + 3n0T0(8xuyo + 8yux0)
+T]5 |:n0T0<—28xumo + (9yuy0 + (9Zuzo)} } s
2 1 8
P, — z .
=P T L0
+7 { — 21Ty (Optizo + Oytiyo — 20,uz0) — 2T {no, TO}x,y}
[ 2
+7]2 _2636(}11)0 + gay(hy)o -+ 28Z<hz)0 - 3n0T0(8zuy0 + Gyuxo)}
F g (77b)
+7]3 —gam<hy>0 — 2831(]7@)0 — noTo(axumo + 48yuy0 — 532uzo)]
e 4 2
‘H? 5aw(h:v)0 - gay(hy)o + gaz<hz)0 + 3nO,I'O(@acuyO + ayuxO)
+775 [ngTo(axuxo — 28yuy0 + @uzo)] } ,
2 1 4
Py.. = p2+§m _gaz<hz)0 + 1| n0To(Optizo + Oytiyo — 20,u40) + To{no, To}uy
2 2 4
+1 {5(917(%)0 + gay(hy)o - gaz(hz)o}

+773 |:n0T0(8muac0 + ayuyo - 282“z0)i| } )
(77¢)
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1 4 4
P?xy = PQym :(1 i 1 )(4 I 1 ) {—QnoTo(amuzo — 8yuy0) + gax(hy)o + gay(hm)o
6
‘I—T] |: 58 (h )() + 3 ( )0 — TL()T()(anyO + 8yum()):|
, (77d)
+772 [—gax(hy)o — gay(hx)o — 2n0To(8xux0 — Gyuyo)]
+773 |: — noTo(axuyo —+ @yuxo)} } ,
1 2
PQ:EZ - P2zx :m {gay<hz)0
+n |:n0T0(ayu20 + 0.uy0) + To{no, To}x,z}
,[2 4
+77 gay(hz)l) + gaz(hy)o - nOTO(axUZO + aZuCCO) (776)
L2 2
_'_77 _gax(hz)() + gaz<hz>0 + nOTO(ayUZO + azuyo)
+n4 [ - nOTO(aIEuZO + azuxO):| } )
1 2
Pyy. = Posy :W {_gatc(hz)o
+n { — noTH(Ozuz0 + O2uq0) + To{no, TO}y,z:|
[ 2 4
+77 —58x<hz)0 — gaz(hx>0 — noTo(ayuzo + (9Zuyo) (77f)

2 2
+n’ {_gay(h'z% = £0:(hy)o = n0To(Optizo + azufw)}

‘|—7]4 [ — n0T0<8yUZQ + (‘Luyo)} } .
4.2. Truncation of the fluid equations. The purpose is now to combine the obtained
results P;<s and ¢;<2 in order to set up a closed fluid model approximating at a certain

order in ¢ the kinetic equation (50) or equivalently the corresponding fluid model (9)-(11).

Let us define the fluid variables, truncated at order k (partial sums) as

k k k k
Ny 1= E e'n;, ay = g e'uy, T, = g Ty, Wy, 1= g ey, (78)
i=0 =0 =0 =0
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as well as the truncated stress tensor and heat flux
k k
Py = Zﬁlpi, Qi = 251%7 (q0 =10). (79)
i=0 i=1

For products of partial sums we have the property
arbe = (ab)y + O™ (80)
Taking now the sum in the fluid hierarchy (69) up to order k£ = 2 and remarking that

2 2
Zeiﬁt(nu)i_g = 528,5(7571)0 , Z £V - (nu®u)_y = 2V - (nu® u)y (81)

i=0 i=0
2
i lo -
Z€V'Qi+1=gv'%7 qQ =0, (82)
=0

one obtains

—_~—

(9tﬁ2+V . (nu)2 = 0,

(

— 1 —~—

1 N
O(nu)y + V- (nu®u), + 6—2V Py = e (2 E + (nu), x B), (83)

e~ —~— 1 ——

\8tw2+v-((wu)2+(P-u)2)+gV-d3:—(nu)2-E.

Replacing therein the terms a; of order ¢ # 2 according to

do = C~l2 + O(E) R 6~l1 = C~L2 + 0(82) s &3 = éQ + 0(63) s (84)
then using (80) and setting simply
n:i=nsy, u:= 1y, w = Wy, (85)
leads to the truncated fluid system
(On + V- (nu) =0+ O(%),
1 1
&y (nu) + V - (nu®u) + ?V e — —5n (E+uxB)+0(e), (86)
1
dw+V-(wu+P"-u)+-V-q°"=-nu-E+O(?).
\ 9

The indicated errors are with respect to the non-truncated fluid system, i.e. the hierarchy
(69) summed up to k = oo. The stress tensor P=7 and the heat flux q*" are computed
with the results from subsection 4.1, which leads to the expressions given in (29). Remark
that in order to get the simplified tensor formula (29b) we expanded P=" in 7 and masked
the terms of order O(n), due to the fact, that for magnetized plasmas we are interested in
n << 1.
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5. CLOSURE OF THE FLUID EQUATIONS FOR 1) = /¢

The second closure to be studied stems from Eq. (3) with n = /¢, hence the rescaled
kinetic equation is given by
of+ivovp - LB v xB) v =t (). (87)
t 5V x - EV v T NG BGK

In the same vein, to obtain closure relations for the associated fluid model, one takes the
following asymptotic expansion of the distribution function f¢ in powers of ¢'/2:

fe=fo+ Ve +efotevefs+2fi+ O(EY?). (88)

Inserting the Hilbert expansion (88) into (87) and equating the terms of the same order in

€172 yields the following hierarchy of equations:
—(vxB)-V,fo=0, (89a)
—(vxB) -V, fi=Mo— fo, (89Db)
v -Vofo—E-V,fo—(vxB) V,fo=M; - fi, (89c)
v-Vifi—E-V,fi = (vxB) - V,fs =M — fs, (89d)
Ofotv -Vifo—E-V,fo = (vxXB) -V fs=M;— [, (89)
Ofi+v-Vofs—E-V,fs—(vxB) - V,fs=My— fy. (89f)

We point out that M; in (89) stands for the expansion terms of order £"/2 of the Maxwellian
(4), specified in Appendix A and obtained by developing the macroscopic quantities as

follows:

n® = ng + \/Enl +eng + 63/2n3 + €2n4 + 0(85/2) R (90&)
U = ugy + Veuy + euy + £¥%uy + 2uy + O(?), (90b)
T° =Ty + eTy + €Ty + 3°T5 + 2Ty + O(/?) . (90c)

The corresponding fluid hierarchy is given by
on; +V-(nu); =0,
O(nu);y+V-(nu@u);4+V- -P,=-—nE— (nu); xB, (91)
Owi—o + V- [(wu)j—g+ (P-u); 2] +V-q=—(nu);_2-E,

where the energy at order ¢ > 0 has the form

3
w; = p; + (n|ul?/2)i_4 . (92)

We remind the reader that the terms with negative subscripts are not taken into account.
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Remark 3. We point out that the fluid hierarchy (91) provides balance relations stemming
from the momentum conservation law and from the energy conservation law:

1 i
E=——V.P, — (nu);
n; n;
V-q;=0 for 1 <1. (94)
These relations (drift approxzimations for w;<s) will be used to simplify the expressions for
the stress tensor and the heat fluz.

x B for i <3, (93)

Obtaining a well-posed closed fluid model from the infinite hierarchy (91) by truncation
requires to go up to order k = 4 in order to get an evolution equation for the flux (nu),
and to compute the involved stress tensors P; and heat fluxes q;, by solving the kinetic
hierarchy (89) for f;, i < 4. To do this, let us expand the stress tensor and the heat flux
in powers of £/2,

P* =Py + eP; + Py + £¥°P; + 2Py + O(%?), 5)
95
q = Qo+ Ve +eq + gy + 2qu + 0(°?),

where the terms P; and q; are stated in Appendix C.
Let us now turn to the task of solving the hierarchy (89). For this, we decompose every

function f; into its gyro-average and its fluctuating part, f; = f, + f/, ¢ < 4, according to
the definitions (28). Taking now the gyro-average in (89) leads to

0=Moy— f,, (96a)

v -Vofo—E-V,fo=M;—f, (96b)

v -V.fi—E-V,fi=My—f,, (96¢)
Ofo+v-Vofa—E-V,fo=M; —737 (96d)
Ofi+v -Vofs—E-V,fs=M,—f,. (96e)

These are algebraic equations for the gyro-averages f;. The equations for the fluctuations
read

—(vxB)-V,f;=0, (97a)

—(vxB) V,fi =M —fg, (97b)

(v Vafo) = (E-Vyfo) = (vxB) -V, fy =M — fi, (97¢)

(v Vofi) = (E-V, i) = (vxB) -V, fy =M — f3, (97d)
Ohfo+ (v -Vife) = (E-V,fo) = (vxB) -V, fj = Ms — f5. (97¢)

It is easily seen that the f; can be computed recursively from the hierarchies (96) and
(97). The fluctuations f] are computed by passing to cylindrical velocity coordinates in
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(97) and solving then an ODE of the form
owa(t) =r(t), t € l0,2m), (98)

with 7 a function of zero mean over [0,27), i.e. ¥ = 0. The solution is given by

a(t) = /0 r(s)ds + L Trr(s)s ds. (99)

2 Jo

We computed the distribution functions f;<4 using the software Maple [25]. The results
for the corresponding stress tensors and heat fluxes are stated in the following subsection.

5.1. Expressions for P;,<4 and q;<3 as functions of (n;<4, u;<4, Ti<4). From (96a) and
(97a) one obtains

— n v|? ,
fo=Mo= #exp (—u) , f,=0. (100)

Therefore, the expressions (159) and (160) for the stress tensor and the heat flux take the
simpler form:

Py = pol, (101a)
P, = /R3V®Vf1dv, (101b)
Py = /RSV@)Vfng, (101c)
IP’3:/Rsv®vf3dv—/Rg(uo®v+v®uo)f1dV, (101d)

IP’4:/ V®Vf4dv—/(u0®v+v®u0)f2dv—/(u1®v+v®u1)f1dv (101e)
R3 R3

R3
“+ ngUug X Ug ,
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and

qQ =0, (102a)
1 2

Q=75 [ [v['vfidv, (102b)
2 Jus
1 , 5

Q2=35 [V[*v fadv — 5 WP, (102c)

R3

1 ) 5 1 ,

qs = = [V|*V fsdv — —ui1pg — ug= V| fidv — ug - v R Vfidv, (102d)
2 R3 2 2 R3 R3
1 2 b 1 2 1 2

d=73 V"V fadv — —ugpy — uy - v|* fidv —uo= [V|* fadv (102e)

—ul-/ V®Vf1dv—u0-/ vV ®Vfadv.
]R3

RS

Remark 4. The fact that qo = 0 entails that the energy equation in (91) at order i = 0
contains no information for the fluid variables (it is identically zero). We thus shift the
index in the energy equation, © — 1 + 1, such that a more meaningful fluid hierarchy reads

omn; +V - (nu); =0,
at(nu)i_4 + V- (nu &® u)i_4 + V- Pz = —TLZ'E — (nu)z X B, (103)
&gwi_l + V- [(uw)i_l —+ (P . ll)i_l] + V- qi+1 = —(nu)i_l - E.

No closure problem arises due to the occurrence of the term q;i1 in the energy equation,
which can be shown via a proof similar to the one of Lemma 1.

We may now derive a truncated fluid system approximating the exact equations (9)-(11)
in the regime ¢ < 1. One obtains f; from (96b) as well as f| = 0 from (97b). Inserting
the results into the expressions P; and q; given in (101b) and (102b), respectively, yields

0
]P)l = le; q: = 0 . (104)
(hz)()
In the same fashion at the second order i = 2 we obtain
_<hy)0
Py = poll, q2 = (hx)O . (105)

(hz)l

For i > 3, in order to treat the time derivatives in (96) separately, we define

Gy =My —v - Vot E-V,fo, = fi=Ffs+fi=03— Mo+ f3, (106)
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and

Gy :=My—v -Vo(fs+ f5)+E-Vo(fs+ f3), (107)

. 1
=My —v- V(G5 + f5) + E- V(G5 + f}) + 0 (v.0.Mg) + E.0, (T’UZM())
0

— f4:74+fi:§4_at71+f;1-

To evaluate the stress tensor and the heat flux for i > 3 we shall use the integrals (75)
with n = 1 as well as the following formulae,

@/ VR Vfidv= 8t/ v Qv fidv = ol (108)
R3 R3
1 2. F 1 2
—0 |v|*vfidv = =0, |v|v fidv = Oiqy (109)
2 R3 2 R3
/ v @ vu,Mydv =0, (110)
R3
1 2 3 2
— [ |V[*Vu.Modv = —n¢T} . (111)
2 R3 2

From (101d) we find the stress tensor

A 9 10 0
Py = pyll+ (720.(h)1 + spodio) (0 10
15 3
00 =2
0 0 29, (h.)o (112)
+ 0 0 —20:(h2)o |
20,(h)0 —20.(h)o 0

a3 = | (he)1+(hy)o | - (113)
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Furthermore, from (101e) we find that the diagonal terms of the stress tensor P, read

4 2
P4:m: = P4 + _az(hz>2 + _( 8zuz)1 (114)
15 3
1 1 1
—+ 1—5(93;(]19;)0 — gay(hy)o + on(amuyo + 8yux0) ,
4 2
]p4yy =ps+ 1_58z(hz)2 + g(pazuz)l (115)
1 1 1
- gax(ha:)o + 1_58y(hy)0 - §p0<8acuy0 + ayuac[)) ’
Pa. = pa— —0.(ha)o — (pBaus) (116)
dzz = P4 152 z)2 3pzuzl
4 4
+ 15 0s(ha)o + 170 (hy o,
For the off-diagonal terms one obtains
1 1
IP)4:ch — ]P4yx - 5 [ax(hy)o + ay(hx>0] + 5]90 (ayuyo - axu:w) ) (117)
2 2
]P)4xz = ]P4zx = gay(hz)l +p0 (ayuzo + azuyO> + gaz<hx)0 y (118)
2 2
IP>4yz - ]P)42y - _gaac(hz>1 — Do (8mu20 + 8zu;t0) + 58Z<hy)0 . (119)

We refrain from giving here the rather tedious expression of q4 and remark that this term
is not needed in the following.

Remark 5. By inserting the result (104) for q; into Eq. (94) one obtains 0,(py0,1y) = 0.
Assuming that the pressure pg > 0 is positive and assuming periodic boundary conditions
i z we deduce

const.

Do

This assumption has been used to eliminate rather tedious terms in the expressions (113)-
(116), which will appear at higher orders.

5.2. Truncation of the fluid equations. Again, let us combine now all the obtained
results P;<4 and q;<3, allowing for setting up a closed fluid system, approximating the fully
kinetic one (87).
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Let us define the truncated fluid variables (partial sums) as

k k k k
= ngni, ay = Zglﬂui, Ty = Zai/zTi, wy, = Zai/Qwi, (121)
i=0 i=0 i=0 =0

as well as the truncated stress tensor and heat flux
k k
]ka = Zfi/gpi, Qi = Z5i/z(h> (@0 =0). (122)
i=0 i=1

For products of partial sums we have the property
by, = (ab)y, + O(e*+D/2) (123)

Taking now the sum in the fluid hierarchy (103) up to order k = 4, and observing that

. 4
Z €20, (nu);_y = £20,(nu), Z eV (nu@u)y =2V - (nu@u), (124)

i=0 i=0

4 4
‘ ) . 1 )
Z&?z/gwi_l = \/Ewg, ZS /2V Qi1 = TV Q5 , Qo = O, (125)
i=0 i=0 <
one obtains
(Oyiig + V- (nu), =0,
— 1 . 1 ——
O(nu), + V- (nu®@u), + 6—2V Py = = (s E + (nu), x B), (126)
N — 1 - ——
katw3+v-[(wu)3+(P-u)3]+gV-q5:—(nu)3-E.

Replacing here the partial sums a; of order i # 4 according to
g =a+O0(E?),  a=as+0E%),  a5=a+ 0@, (127)
then using (123) and setting simply

n = ﬁ4, u = ﬁ4, w = 1I)4, (128)
leads to the truncated fluid system
(O 4V - (nu) =0+ O(?),
1 1
Oi(nu) + V- (nu®@u) + ?V P = —6—2(nE +nuxB)+0(e?), (129)
1
\@w+V-(wu+Pg-u)+gV-q5: —nu-E+O(e).

The indicated errors are with respect to the non-truncated fluid system, i.e. the hierarchy
(103) summed up to k = oo. The stress tensor P=" and the heat flux q=” are computed
with the results from subsection 5.1, which leads to the expressions given in (36).
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6. STUDY OF THE KINETIC HIERACHY FOR n=e¢

The third “closure” we study is derived from the kinetic equation (3) with n = £, namely

1 1 1 1
6’th + EV . meg — g <E + gV X B) . vafe = ngBGK<f€> , (130)

which describes a long-time scaling of the so-called guiding-center regime. Remark also that
this situation corresponds once more to a situation where the magnetic force is stronger
than the collision term. However, in contrast to the case n = /¢ this time the collision
term appears at the same order as the transport terms v - V. f¢ and E - V,, f¢, fact which
will bring more difficulties in the mathematical study. Indeed, the hierarchy issued from a
Hilbert ansatz like (51) reads

—(vxB)-V,fo =0, (131a)
v-Vifo—E-V,fo—(vxB) - V,fi=Mo— fo, (131b)
Oifo+ v -Vofi—E-V,fi—(vxB) -V, fo=M; - f (131c)
Ohfi+v-Vofo—E-V,fo—(vxB) - V,f3=Msy— fo, (131d)

where the Maxwellians M, are given in Appendix A. The fluid variables are expanded
according to (53) which yields the fluid hierarchy (55). The expansions of the stress tensor
P= and of the heat flux q° are given in (59) and in (60), respectively. The resolution of
the hierarchy (131) is the difficult question of the present section. Taking the gyro-average
over the Egs. (131) leads to

v-Vofo—E-Vyofo=Mo—fo, (132a)

Ofo+v-Voi—E-V,fi =M, - [, (132b)
at71+v'vxf2_E'vvf2:M2_72- (1320)

In order to determine the fluctuations f! we subtract the Eqgs. (132) from the Eqgs. (131)

and obtain

—(vxB)-V,f;=0, (133a)
(V'foo)/_ (E'vva)/_ (V X B) vvf{ = _f67 (133b)
Ifo+ (v -Voft) —(E-V,f1) = (vxB)-V,fy =M - fi. (133¢)

We immediately get f; = 0. The further fluctuations f;5; can be computed easily once
fi—1, © > 1, have been determined, again by passing to cylindrical coordinates in (133).
Next, using relation (26), the mean Eqs. (132) can be written as

?O + Uzazfo - Ezavz70 = MO = MO s (134&)
71 + Uzaz71 - Ezavzfl =M; — 81570 —v-V.fi+E-V,f], (134b)
?2 + Uzaz72 - EZ8v272 = MZ - at?l -V szé +E- vaé : (134(3)
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The resolution of this mean hierarchy (134) is the difficult part of this study. To compute f,
from (134a), let us first observe that in the asymptotic limit ¢ — 0 the distribution function
fo is a Maxwellian, fact which follows from the H-theorem. Strictly speaking, multiplying
formally the kinetic equation (130) by log(f¢) and integrating in the phase-space (z,v)
yields

/ Qpax(f°) log(f°) dx dv = 5/ O ff log(f¢)dxdv —. 0 0, (135)

R3 xR3 R3xR3

permitting to establish that fy is a Maxwellian, in particular fy, = M, such that Py =

noTo 1 and qg = 0. Now, plugging this information into the stationary transport equation
(134a) provides that this Maxwellian has to cancel the transport term, i.e.

Uzazfo - Ezavzfo = 07 V('UT,UZ) € R* x Ra (136)
or equivalently

{@no (Uz + Uz 3) ELTO az(b
U, +

Th 1o

Un) 2TO B 5

} Mo=0, VY(v,v,)eR" xR. (137)

This permits immediately to show that

8ZT0 aznO 8z¢
=0 — =0 138
T = 7 =0 (138)
which yields the well-known Boltzmann relation
t
no(t,x,,2) =c(t,x,) exp(w) , x1=(z,9) €ER*, z€R, teR. (139)
TO (ta Xl)

After having computed fy, one can solve immediately (133b) for f{, giving

A VLT0<|V|2 5) Vi-ulg

I Y
hi [ Ty 2Ty, 2 Ty

We now wish to resolve (134b) for f,. This is the hard part, due to the fact that the
term O, f, contains V - q, leading to an integro-differential equation for f,. However, if
one is just interested in the limit model as ¢ — 0, it is not necessary to compute the full
distribution function f;. The limit model can be obtained from the fluid system (69) with
1 = 0, where we write the energy conservation law in terms of the pressure py = nyTyp,
which leads to

} M. (140)

oo+ V- (nu)y =0,

V-Pg+n0E+(nu)0 XB:O, (]_4]_)
2 2

(9tpo+V-(nTu)o+§p0V~uo+§V-q1:0.

We will now show that this system permits to compute the functions ¢(t,x, ) and To(t,x )
in the Boltzmann relation (139). For this we recall the notation (44) for the mean and the
fluctuation of a function along the z-direction. The equation for the ”constant” ¢(t,x, ) is
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obtained with the same arguments as in section 3.4, see in particular Eq. (45). Complica-
tions arise in the pressure equation, which should be used to compute Ty(¢,x ). Integrating
this equation with respect to z yields (for periodic boundary conditions)

2 2 2
Or(noLy) + Vi - (nTuy)o + 3 TonoVyi-ujp+ 310 N0, 0 + 3

The term containing u, o does not present any difficulty as demonstrated in Eq. (47). The
closure problem is due to the perpendicular heat flux q, ;. According to Eq. (68b) this
heat flux is computed via

VL~%:O‘ (142)

1 — 1 5
ai=y [ VPviTdv g [ vPvifiay - Susendy. (143)
2 Jps 2 Jgs 2
The second term on the right-hand-side in this equation is computed via (140) and gives
1 5
- ’V|2Vlf1,dV = —hJ_ +=-u,o 7’LOT0 . (144)
2 Jps 2

The trick is now to compute the first term on the right-hand-side of (143) without explicitly
solving for fi. First we observe from (134b) that

1 — 1 — —
—/ V[’V fidv = —/ VPV (=0.0.f, + E.0,. f)dv
2 R3 2 R3
) (145)
+§ VPV (M —0,fy —v-Vufi +E-V,fl)dv.
R3
Since f; does not depend on vy, it is easily seen that
/ VI*viv.0.f1dv=0. | |v|*viv.fidv=0. (146)
R3 R3
V[’V E.0, fidv = —QEZ/ v, vy fidv=0. (147)
R3 R3
Moreover, a lengthy but straightforward calculation shows that
Ml_at?o_v'vxf{—i_E'vvf{: (148)
M
= 6n070—102 [|V|2 <2n0TOazuz0 + 3ngTy + 2V - Ch)

+ vf( —noToV 1 -uy o+ 6To{T, nO}x,y) + v? <2nOTOVL ~uy o + 3To{To, no}w)

+ ’UZ(6TL()T()UZ()) + 6T02uzoazn0 — 15T02{T0, n0}$7y — 9’[’L()T()T1 + 6T02’I'Ll — 6TOV . Q1:| .

Thus, it is easily seen that

/ Vv My = 0ifg—v-Vofi +E-V,f])dv =0, (149)
R3
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which leads us to the result

1 —
—/ V[PV fidv =0. (150)
2 Jps
Therefore, q; ; has been determined entirely. We remark that
2 2 5 5
gvi “qui = —g[am(hy)o — Oy (he)o] = gTo{no,To}m,y = _gnOTOVL ‘uyp, (151)

where the last equality follows from the second equation in (141). We thus obtain, using
the same arguments as in section 3.4, the asymptotic limit model corresponding to the
kinetic equation (130), i.e.

( fO - MO - Mno,O,To )

Ng = € exp (%) ) c= C(taxL) ) TO = TO(taxL) ’
0
(L) (152)
0o +ug - Ving+ 0.(nu,); =0, (nu,)g =0,

2
\ at(nOTO) +ug - VL(“OTO) - g (nuz)é 0.0=0.

To summarize, in the case 7 = ¢ we were able to identify the ¢ — 0 limit model correspond-
ing to the kinetic equation (130), higher order closures, similar to the other two cases, seem
however very difficult to obtain and a detailed study is deferred for future works.

7. CONCLUSION

The principal purpose of the present work was to derive formally from the kinetic level
closure relations for a plasma fluid model, describing the electron dynamics in the adi-
abatic regime. Braginskii closure terms have been found from our simple scaling. The
main goal of this work was to obtain the macroscopic model (40), reducing the numerical
burden related to the kinetic approach, being however more accurate than the asymptotic
Boltzmann relation. Starting from the here obtained fluid models, our next concern affects
the associated numerical simulations, relevant for thermonuclear fusion studies.
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APPENDIX A. SERIES EXPANSIONS OF THE MAXWELLIAN

A.1. Expansion in powers of €. The series expansion of the Maxwellian (13b) in powers
of € reads

M= Mo+ My + My + O(E%) (153)

where
M, = __ M _ﬂ (154a)
0= 2n o) exp 2T, ) a

M,y = M, {—+'———<———)} , (154b)

n v-u; mv-u 5T, v-u 3T, 3mTy 15772
My = Mg |2+ LI 0o _“21 0 _ 272 27l —— (154¢)
o TO Mo TO 2T0 TO 2TU 2')7,0T0 8 TO
|'L10|2 TQ 2 nq T1 2 5T12 2 (V . UO>2 T1 2
21, +2T02|V‘ T 2T02| | 4T§|V‘ T on +2T5>M (v 1)
1T12 4
+§T_§M } ;

A.2. Expansion in powers of /e. The series expansion of the Maxwellian (13b) in

powers of £'/2 reads
Mype cue e = Mo 4+ VEM, 4+ eMy + 32 My + 2 My + O(%/?) (155)
where
M, = ﬁexp (—%) , (156a)
My = M, (”—; - %% | P%) (156b)
My = My (é*vf:O —gZ;g ?%—;%+%W %2%'“’2 (156¢)

517 1T?
—— v+ ——1|V\4> :
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The third order term reads
90 n1T2 72 ang 72 n2T1 ns 105 T13 180 T1T2 72 Tg)

Ms =M —= ol
° 0(48n0T BTy  48noTy ng A8 TP T 48 TP BT,

+v.M, (uonOT0 + T, 13 uoTOQ)
60mT? 1mT, 1nmTy 120137, 173 1057} ) (157)

vl M°< 487 T3+§nOTO2 SnoT2 & TP 2T BT

1 T 6 mT? 21T 17T
2 1 4 1 et ¥ - 142
v Mo <2 T3)+| Mo (48n T8RS 1T )

173
6 — 1
+|V| Mo <48T(§5) .
The fourth order term reads:
840 n1T13 1440 anlTQ 720 n2T12 576 (ang + TLQTQ + TL3T1) i Ty

My =M, | —— it
S { 384nT3 ' 384 nolg | 384ngTZ 384 noTy no
945 T4 2520 T2T, 72072 1440 TWTy 576 Ty 192 yu0|2]

TIRATI T 334 70 3472 334 17 3347, 384 T

+ M u s 96011 anl Tu o) it 1680 T2 960u T2 9601_1 T1 Uy
V . J— — —_— — —_—— — — —
O\ Mol 380 T2 T e, T 384 0T T 33402 T 34 e T T,
+| |2M 960 anlTQ 840 anf’ 192 (ang + TLQTQ + nng) 480 TLQTQ
V' —_—— —
Ol 384 ngT? ' 384n T ' 334 noT2 384 n, TP

384 T 38477 384 Ip 384 Ip 384 12
192 nyT; 672 T2 192 T 192 T}
2 a2 =2 4+ Py 2L
v Mo (384“% 75 34T 3Ry T 384u1T5°’)
4 168 n1T3 96 anlTQ 48 nng 378 T14
Hv[IMy 5 T agg T aga o A T aga 76
T384noIy | 384 nld | 384nelt | 384T
_504 T2, 48 T? 96 T1T;
384 17 | 384717 ' 384 I
48 T? 8 TP 36 T} 24 T
T By 6 Iy 361y | 24 T
+v[*v M, (384UOT§’> v|® M, ( )

384neTS 384T ' 384 TP
1 T
8 - 1
(158)

2520 72T, 48072 96071 Ts 1260T% 192 (T + |uol? )}
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APPENDIX B. GAUSSIAN INTEGRALS

The following integrals are important for the fluid expansion. Let Mg be the Maxwellian

_ o |V|2
My = (27TT0)3/2 exp ( QTO) .
Then one has

v vl Modv =0, Vi,5,k, Va,B,y €N, withodd a+ 3+ 7,
R3 v 73k

|v|21M0dv =214+ 1)Ty |v|21 U Modv, VI>1,

0 Ty
/ viv;Modv =< 7 1 Z 7&‘7 - [VI2PModv = 3noTy,
R3 ’I’LoTo, lf 1 = j R3

/ vivjopModv = { 3ngT2, ifi=j=k = [v[*v; Modv = 5noTy
R 0, otherwise R

/ 2 2 viModv = ngTy Vi, j,k,
R3

/ v?vf-vk./\/lodv =0 Vi,75,k,
R3

3ngTy, ifj=k
15001y, ifti=j=k,
0, otherwise

/ vajvk/\/lodv =
RS

0, if i £

4
i M dv = )
/Rg VIt Modv {35n0T§, ifi—j

0, if § # j
315nTy, ifi=j
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APPENDIX C. COEFFICIENTS OF SERIES EXPANSIONS IN POWERS OF \/g

Corresponding to the series expansions (95), the coefficients for the stress tensor read

Py = / vV Vfodv, (159a)
R3

P, = / vV ®vfidv, (159Db)
RS

IP’Q—/ V®Vf2dv—/(uo®v+v®uo)f0dv, (159c¢)
R3 R3

Pg—/ V®vf3dv—/(u0®v+v®u0)f1dv—/(u1®v+v®u1)f0dv, (159d)
R3 R3

R3

IP4:/ V®Vf4dv—/ (u0®v+v®u0)f2dv—/ (uy V+veu)fidv  (159)
RS RS R3

—/(u2®v—|—v®u2)f0dv+uo®u0 fodv,
R3 R3

and for the heat flux one has

1
= —/ Iv|*v fodv, (160a)
2 R3
1 2
= - |V| v fidv, (160b)
/ |V|2Vf2dV—u0—/ [v|* fodv — ug - / vV ® Vvfodv, (160c)

/ Iv|*v f v—ul—/ v fo V—uo—/ V]2 fidv — uy - / v ® vfodv (160d)
—ug - / vV ®vfidv,
/ v Vf4dV—112—/ v fodV—u1—/ M fldV—uo—/ |V| fadv  (160e)

—uz-/ V®Vf0dv—u1-/ v®vf1dv—u0-/ V ® Vfodv
R3 R3 R3

1
+\u0]2§ /RBVfodVﬂLuo@uo/ v fodv .

RB
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