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Abstract. The main concern of the present paper is the mathematical modelling and numerical4
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problem, involving different types of particles and their multiscale dynamics.13

Key words. Fusion plasma modelling, energetic particles, thermal plasma bulk, Fokker-Planck14
kinetic equations, collisional processes, hybrid modelling, multi-scale numerical scheme.15

MSC codes. 68Q25, 68R10, 68U0516

1. Introduction. In the core region of thermonuclear tokamak fusion plas-
mas, which are mainly constituted of thermal ions and electrons, characterized by
Maxwellian distribution functions (and called in the following bulk plasma), one also
observes the occurrence of highly energetic particles. These particles (of mass m) are
characterized by the fact that their kinetic energy Eh is much higher than the thermal
energy kB Tc of the bulk plasma, and their density is much lower, namely one has

Eh =
1

2
m |vh|2 ≫ kB Tc , nh ≪ nc ,

where the index ”h” stands for the energetic (hot) population and the index ”c” for17

the thermal (cold) population (hence nc (resp. nh) denotes the density of cold (resp.18

hot) particles). The energetic particles we shall consider in the present work are ion19

populations, generated via different mechanisms, such as20

• neutral beam injection;21

• nuclear fusion reactions (α-particles);22

• radio frequency waves or ion cyclotron resonant heating.23

Let us say some words about all these mechanisms. At ignition, the fusion plasma is24

self-heated by energetic ions (α-particles) produced during the fusion reaction at en-25

ergies of about 3.5 MeV and which transfer their energy to the bulk plasma through26

collisional processes. Additional heating systems are however required to bring the27

fusion plasma to ignition. These are based either on the injection of highly energetic28

neutral particles, which become ionized as they penetrate into the dense bulk plasma29

and thermalize there through multiple Coulomb collisions. Another heating mech-30

anism is based on the injection of electromagnetic wave energy into the plasma, in31

particular accelerating minority species of ions to high energies by radio-frequency32

waves, using a frequency equal to the cyclotron frequency of the minority ions (reso-33

nance). Altogether, the energetic particles generated via the mechanisms mentioned34
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2 N. CROUSEILLES AND C. NEGULESCU

above, interact with the bulk plasma and have various impacts on the overall behav-35

iour of the fusion plasma, for example36

• driving instabilities, such as the TAE (toroidal Alfvén eigenmodes), fishbone37

modes;38

• stabilizing sawteeth (internal kink modes);39

• heating the thermal bulk via Coulomb collisional processes.40

The success of magnetically confined fusion reactors relies upon a proper confinement41

of the energetic fusion products, and this for sufficiently long times such that they42

can transfer sufficient energy to the fuel ions in order to permit the fusion reaction43

to take place in a self-sustained manner. Therefore a detailed understanding of the44

impact of the energetic ion population on the confinement properties, on the global45

stability as well as on the heating of the fusion bulk plasma is of crucial importance for46

fusion reactor performances. More details about this physical context can be found47

in [12, 20, 23].48

49

Widely used strategies to study the energetic particle populations are hybrid ap-50

proaches, which combine a macroscopic description of the bulk plasma via a MHD51

model, and a mesoscopic description of the energetic particles (EP) via a kinetic equa-52

tion [10, 30, 38]. Both models are coupled via current-coupling [9, 40] or pressure-53

coupling strategies [13]. These models have been introduced in the aim to account54

more precisely for the energetic particle population (which requires a kinetic descrip-55

tion), evolving in a thermalized plasma bulk. However all the above mentioned models56

suffer from an inadequate description of the collisions between the energetic particles57

and the electron/ion thermal bulk. Very often the collision terms are even neglected58

due to computational reasons, and as a consequence, all these models do not incor-59

porate momentum and energy exchange terms between the energetic species and the60

thermal bulk, effects which are fundamental in particular for the heating of the fu-61

sion plasma by the α-particles. These existing hybrid models are hence valid only for62

time-scales smaller than the characteristic collisional times of the energetic particle63

species.64

Several works exist in astrophysics [3, 39], modelling the transport of highly en-65

ergetic particles accelerated during solar or stellar flares and releasing energy by in-66

teractions with the ambient atmosphere, until an eventual thermalization regime is67

reached. Such works are based on kinetic descriptions of the energetic particles, in-68

cluding several physical phenomena, such as Coulomb collisions described via Rosen-69

bluth operators, relativistic particles, reconnection of magnetic field lines, radiation70

bursts etc. The aim of the present paper was to introduce more physics in the previ-71

ously mentioned tokamak current-coupling resp. pressure-coupling MHD models, by72

proposing a more accurate, however still simple description of the energetic α-particle73

population (emerging during the fusion reactions), permitting thus to investigate the74

longer-time dynamics of these α-particle species and their influence on the thermal75

tokamak bulk plasma. Some physical effects from the astrophysical literature are in-76

cluded in our model, however we kept this model as simple as possible in order to77

concentrate on the multi-scale nature of the mathematical problem and propose an78

efficient numerical scheme. This paper concentrates firstly only on one dimension in79

the velocity space (focusing on the slowing-down of the energetic particles, drag and80

energy scattering), and prepares the ground for a future paper, taking more velocity81

dimensions into account, hence also the deflection scattering.82

83

Our first goal is to construct a Fokker-Planck operator for the energetic ions84
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(α-particles in the following) and to study it. The background plasma is assumed85

to be composed of Maxwellian electrons and ions, and we shall suppose that the86

density nα of the energetic ions is much lower than the density of the background87

plasma (ne ∼ ni). The energetic ions are supposed to be injected or created at an88

initial velocity vα,⋆ inbetween the thermal ion and electron velocities, thus satisfy-89

ing vth,i ≪ vα,⋆ ≪ vth,e, which is a physically confirmed hypothesis [19, 37]. In a90

first step, the result of the collisions with the plasma bulk will be mainly frictional91

drag (which will cause the slowing-down of the energetic ions) and angular scattering92

(which will cause the deflection of the energetic ions from their original direction).93

By this manner, the α-particles will transfer their energy to the surrounding bulk94

plasma and will leave the energetic velocity regime, without becoming Maxwellians,95

as the inter-species α-particle collisions are rare. In a second, final step however, the96

energetic α-particle population becomes also thermalized and can be accurately de-97

scribed by a Maxwellian in the long-time limit. To describe this multi-scale α-particle98

evolution as accurately as possible, a kinetic framework is required for the energetic99

species and an adequate coupling with the thermal bulk plasma, via well-chosen col-100

lision operators. This is the goal of the present paper. The main mathematical and101

numerical difficulties of the obtained Fokker-Planck equation are linked to the multi-102

scale nature of the problem, thus requiring a delicate asymptotic analysis.103

104

The outline of this paper is the following. Section 2 presents the physical frame-105

work and introduces an α-particle Fokker-Planck collision operator, describing the106

collisions of the energetic species with the thermal bulk. Section 3 is concerned with107

the mathematical study of a simplified multi-scale α-particle Fokker-Planck equation108

(in one dimension and omitting the transport term), focusing on the existence and109

uniqueness results, as well as on the t → ∞ asymptotics. Section 4 proposes an effi-110

cient multi-scale numerical scheme for the resolution of this α-particle Fokker-Planck111

equation, the difficulty being to cope properly with the different time and velocity112

scales. Finally, we test our scheme in a physical fusion test case in Section 5 and113

conclude the paper with some remarks and prespectives.114

2. The α-particle collision operator. Let us introduce in this section the115

collision operator corresponding to the interaction of the α-particles with the bulk,116

constituted of thermalized electrons and ions. The evolution of the fast α-particles is117

described via a distribution function fα(t,x,v) which is solution of a kinetic equation118

of the form119

(2.1) ∂tfα + v · ∇xfα +
eα
mα

(E+ v ×B) · ∇vfα = Qαα +Qαe +Qαi ,120

defined for times t > 0 and evolving on the phase-space (x,v) ∈ T3 × R3 (T3 being121

the three-dimensional torus), whereas mα is the mass and eα the elementary charge122

of the considered α-particles. The electro-magnetic fields (E,B) are computed usu-123

ally via Maxwell’s equations. The intra-species collisions between α-particles Qαα124

will be neglected in the following due to the assumption of low α-particle densities,125

i.e. nα ≪ ne ∼ ni, meaning that α-particles do not encounter very often, such126

that collisions within their population are negligible. However the collisions with the127

thermalized plasma bulk are important, relaxing the α-particle population and per-128

mitting the energy-transfer to the bulk. The interested reader in more details about129

this kinetic equation and on the order of magnitude of the here occuring quantities,130

is referred to the very nice standard textbook [21].131

132
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4 N. CROUSEILLES AND C. NEGULESCU

Our starting point for the inter-species collisions is the Rosenbluth collision oper-133

ator [23, 24], which is an alternative expression of the Landau collision operator and134

is given by135

(2.2)

Qαs(v) := 4π ln Λαs

(
eα es
mα ε0

)2

∇v ·
[
−mα

ms
∇vφs fα +

1

2
Hψs ∇vfα

]
, ∀v ∈ R3 ,136

where s stands for either the thermalized electron species (s = e) or the thermalized137

ion species (s = i), lnΛαs is the Coulomb logarithm (of reasonable size ∼ 20−40), ms138

resp. mα are the masses of the corresponding particles, es resp. eα their elementary139

charge and finally ε0 is the vacuum permittivity. We denoted by Hχ the Hessian-140

matrix corresponding to a function χ (Hχ = ∇2χ) and the functions φs and ψs are141

the so-called Rosenbluth potentials, defined through the particle distribution functions142

fs as follows143

(2.3) φs(v) :=

∫
R3

1

|v − v′|
fs(v

′) d3v′ , ψs(v) :=

∫
R3

|v − v′| fs(v′) d3v′ .144

Remark that one has the following Poisson equations for the computation of the145

Rosenbluth potentials146

(2.4) −∆vφs = 4π fs , −∆vψs = −2φs .147

These potentials describe the cumulative contribution of the background plasma bulk148

to the drag and diffusion terms in the α-particle collision operator.149

150

Denoting, for simplicity reasons, the integration in the velocity variable by ⟨ξ⟩ =151 ∫
R3 ξ(v) d

3v, one can show that the inter-species Rosenbluth collision operators Qαs152

(2.2) preserve certain physical properties, such as the mass ⟨Qαs⟩ = 0, the momentum153

(2.5) mα⟨Qαs v⟩+ms⟨Qsα v⟩ = 0 , ∀s ∈ {e, i} ,154

the total energy155

(2.6) mα⟨Qαs
|v|2

2
⟩+ms⟨Qsα

|v|2

2
⟩ = 0 , ∀s ∈ {e, i} ,156

and satisfy the entropy decay relation

mα⟨Qαs ln(fα)⟩+ms⟨Qsα ln(fs)⟩ ≤ 0 , ∀s ∈ {e, i} .

These relations are useful for the coupling of the α-particle dynamics with the thermal157

bulk, described usually via fluid (MHD) models.158

159

The Rosenbluth form is rather cumbersome for numerical simulations, such that sev-160

eral approximations shall be considered in the following in order to simplify it. These161

simplifications will be based on the following assumptions:162

• thermalized plasma bulk, meaning we shall assume fe = Mne,ue,Te
and fi =163

Mni,ui,Ti ; The local thermal equilibria are Maxwellian distribution functions164

Mn,u,T (v) := n ( m
2π kB T )

3/2 exp
(
−m |v−u|2

2 kB T

)
.165

• thermal bulk characteristics: Te ∼ Ti and ne ∼ ni; me ≪ mi = mα;166

• nα ≪ ne ∼ ni, leading to the disregard of the intra-species collision operator167

Qαα;168
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• vth,i ≪ vα,⋆ ≪ vth,e, hence α-particles are created with a velocity inbetween169

the thermal ion and thermal electron velocities, where in a general manner170

we define the thermal velocity via vth,s :=
√

2kB Ts

m , for s ∈ {e, i}.171

2.1. Maxwellian approximation of the plasma background. In the case172

the species s is described by a Maxwellian distribution function, one can compute173

analytically the Rosenbluth potentials and simplify the collision operators. Let us174

first start with the simpler case of zero mean Maxwellians, and generalize then the175

expressions in subsection 2.1.2.176

2.1.1. Maxwellian background with zero mean velocities. Let us suppose
in this subsection that the bulk particles, namely the thermal electrons and ions, have
zero mean velocities ue = ui = 0, and are described by fs := Mns,0,Ts . In this case,
due to the fact that fs is spherically symmetric, the Rosenbluth potentials are likewise
spherically symmetric, and setting v := |v| one can rewrite them as

φs(v) =
ns
v
ϕ(xs) , xs :=

v

vth,s
, ∀v ∈ R ,

ψs(v) = ns vth,s

[
1

2
ϕ′(xs) +

(
1

2xs
+ xs

)
ϕ(xs)

]
, vth,s :=

√
2kB Ts
ms

,

where ϕ ∈ C∞(R) is the error function defined by177

(2.7) ϕ(x) :=
2√
π

∫ x

0

e−y
2

dy.178

We refer the interested reader to [24, 39] for more details. With these expressions for
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Fig. 1. Left: Plot of the odd error function ϕ(x). Right: Plot of the odd Chandrasekhar function
G(x).

the potentials, the Rosenbluth collision operators (2.2) can be simplified, in particular
one has

φ′
s(v) = −2

ns
v2th,s

G(xs) , ∇vφs(v) = φ′
s(v)

v

v
, ψ′

s(v) = ns [ϕ(xs)−G(xs)] ,

ψ′′
s (v) = 2

ns
v
G(xs) , Hψs

=

(
I− v ⊗ v

v2

)
1

v
ψ′
s(v) +

v ⊗ v

v2
ψ′′
s (v) ,
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with I the identity matrix and where G denotes the Chandrasekhar function G ∈
C∞(R) defined by (see also Fig 1)

G(x) :=
ϕ(x)− xϕ′(x)

2x2
, G(0) := 0.

Remark that Hψs contains two parts, a projection on the plane perpendicular to
the velocity v and a projection in the velocity vector direction. To render the ensuing
expressions more readable, let us introduce the following notation

ναs0 := cαs
ns
v3th,s

, cαs := 4π ln Λαs

(
eα es
mα ε0

)2

,

as well as the deflection, slowing down and the energy scattering collisional frequencies179

(2.8)

ναsD := ναs0

ϕ(xs)−G(xs)

x3s
, xs := v/vth,s ,

ναss := 2 ναs0

(
1 +

mα

ms

)
G(xs)

xs
,

ναs|| := 2 ναs0

G(xs)

x3s
.

180

Passing now in (2.2) to spherical coordinates (v, θ, φ) ∈ R+ × [0, π] × [0, 2π) in the181

velocity variable, yields the following formulae for the collision operator [24, 39]182

(2.9)

Qαs = ναsD L(fα) + 1
v2 ∂v

[
v2 Γαsv (fα)

]
,

Γαsv (fα) := v
[
ναss

(
mα

mα+ms

)
fα + 1

2ν
αs
|| v ∂vfα

]
,

183

where Γαsv (fα) is the collisional flux due to the drag and energy scattering and L(fα)184

is the Lorentz scattering operator, defined in spherical resp. pitch angle coordinates185

(ξ := cos θ), as186

(2.10)

L(fα) :=
1

2

(
1

sin θ
∂θ[sin θ ∂θfα]+

1

sin2 θ
∂2φfα

)
=

1

2
∂ξ
[
(1− ξ2) ∂ξfα

]
+
1

2

1

(1− ξ2)
∂2φfα .187

Remark that L corresponds to the pitch-angle diffusion operator (no energy scatter-
ing), coming from

∇v · [W (v)∇vfα] =
2

v3
L(fα) , W (v) :=

1

v

(
I− v ⊗ v

v2

)
,

and tends to make the α-particle distribution function isotropic in (θ, φ). The de-188

flection collision frequency ναsD determines how quickly the direction of the velocity189

vector of the α-particle changes during a collision with species s, or in other words190

it gives the rate at which an α-particle is diffusing in the plane perpendicular to the191

velocity v, due to collisions with the bulk. The slowing-down frequency ναss describes192

the rate at which an α-particle is decelerated by a collision with species s (drag) and193

finally the energy scattering collisional frequency ναs|| gives the parallel velocity diffu-194

sion frequency.195

196
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The collision operator (2.9) can be also rewritten, making use of only ναs0 , as follows197

(2.11)

Qαs = ναs0

ϕ(xs)−G(xs)

x3s
L(fα) + 2 ναs0

1

v2
∂v

[
v2
G(xs)

xs

(
mα

ms
v fα +

1

2
v2th,s ∂vfα

)]
.198

No approximation has been performed to obtain this collision operator from (2.9),199

we only assumed that species s is described by a Maxwellian distribution function200

with zero mean, such that the computations of the Rosenbluth potentials could be201

done analytically. Hence, all the conservation laws (see (2.5)-(2.6)) are still valid202

in this case. Later on, we shall however make use of some assumptions, such as203

vth,i ≪ vα,⋆ ≪ vth,e as well as me ≪ mi, in order to render this operator more204

tractable for numerical simulations. The asymptotic developments of the error and205

Chandrasekhar functions, for small as well as large arguments, are then required and206

summarized in Table 1.207

0 < x≪ 1 x≫ 1

ϕ(x) ∼ 2x√
π

(
1− x2

3 + x4

10 · · ·
)

1− e−x2

√
π x

(
1− 1

2x2 + 3
4 x4 · · ·

)
G(x) ∼ 2x

3
√
π
− 2x3

5
√
π
· · · 1

2x2 − e−x2

√
π x

(
1 + 1

2x2 − 1
4 x4 · · ·

)
Table 1

Asymptotic developments of the error and Chandrasekhar functions [42].

Remark that these developments permit to picture out the shape of the coefficient208
G(xs)
xs

, occurring in the second term of the collision operator (2.11) (the rather standard209

Fokker-Planck term), and plotted on Figure 2. It behaves as 1/x3 for large values210

of x, and is bounded for small x-values, which signifies that with larger and larger211

velocities, the α-particles are lesser and lesser slowed down (specificity of energetic212

particles).

0 1 2 3 4 5 6 7
x

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

G
(x
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x

Fig. 2. Plot of the coefficient term G(x)/x, occurring in (2.11).

213

2.1.2. Shifted Maxwellian background. Let us now expose the differences214

when supposing non-vanishing mean velocities for the bulk ion/electron plasma. Start-215
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8 N. CROUSEILLES AND C. NEGULESCU

ing again from (2.2) and inserting the shifted Maxwellians fs := Mns,us,Ts
into the216

Rosenbluth potentials (2.3), yields217

(2.12) Qαs := 4π ln Λαs

(
eα es
mα ε0

)2

∇v ·
[
−mα

ms
∇vφ̃s fα +

1

2
Hψ̃s

∇vfα

]
,218

where this time

∇vφ̃s(v) = − 2ns
v2th,s

G

(
|v − us|
vth,s

)
v − us
|v − us|

, xs :=
|v − us|
vth,s

,

Hψ̃s
(v) =

ns
|v − us|

{
I− (v − us)⊗ (v − us)

|v − us|2

}
[ϕ (xs)−G (xs)]

+
2ns

|v − us|
(v − us)⊗ (v − us)

|v − us|2
G (xs) .

Defining now the collisional frequencies as

ναs0 := cαs
ns
v3th,s

, cαs := 4π

(
eα es
mα ε0

)2

ln Λαs

ναsD := ναs0

v3th,s
|v − us|3

[ϕ(xs)−G(xs)] ,

ναss := 2 ναs0

vth,s
|v − us|

(
1 +

mα

ms

)
G(xs) ,

ναs|| := 2 ναs0

v3th,s
|v − us|3

G(xs) ,

permits to rewrite the collision operator as

Qαs(v) := ∇v ·
[
ναss (v − us) fα(v)− 2 ναs0 vth,sG(xs)

v − us
|v − us|

fα(v)

]
+
1

2
∇v ·

[
ναsD |v − us|2

(
I− (v − us)⊗ (v − us)

|v − us|2

)
· ∇vfα

]
+
1

2
∇v ·

[
ναs|| (v − us)⊗ (v − us) · ∇vfα

]
.

One has now to introduce the new shifted velocity variables w := v− us and to pass219

then to spherical variable (w, θw, φw) in w to recover thus the collision operator220

Qαs(w) = ναs0

ϕ(xs)−G(xs)

x3s
L(fα)221

+ 2 ναs0

1

w2
∂w

[
w2 G(xs)

xs

(
mα

ms
w fα +

1

2
v2th,s ∂wfα

)]
,222

which has the same form as (2.11).223

2.2. Rescaling of the α-particle collision operator and simplifications.
To identify the dominant mechanisms, let us start from the case of zero mean velocities
for the bulk plasma (Subsection 2.1.1) and rescale the electron resp. ion part of
the α-particle collision operator (2.11), by making use of the assumptions vth,i ≪
vα,⋆ ≪ vth,e, me/mi ≪ 1, ne ∼ ni ≫ nα and Te ∼ Ti. We recall here, that vα,⋆
is the creation velocity of the α-particles, these ones being afterwards slowed-down
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by collisions towards smaller and smaller velocities. Let us introduce some small
parameters describing the situation we are interested to describe. Firstly we define

ε :=
vth,i
vα,⋆

=
vα,⋆
vth,e

≪ 1 , δ2 :=
me

mi
≪ 1 .

Remarking that vth,s :=
√

2kB Ts

ms
, one has

vth,i
vth,e

=
vth,i
vα,⋆

vα,⋆
vth,e

= ε2 but also
vth,i
vth,e

=

√
Time

Temi
∼ δ ,

such that we will fix δ := ε2 in the following and shall continue with only one fixed,224

but small parameter ε ∈ (0, 1), having thus a mass ratio of me

mi
= ε4.225

226

Having introduced the characteristic scales of our problem, let us rescale now the
α-particle collision operator (2.11), performing the following change of variable

v = vα,⋆ v
′ , fα(v) = fα f

′
α(v

′) , v′ ∈ [0, 1] ,

which leads to227

Qαs(v
′) = ναs0 fα

ϕ(xs)−G(xs)

x3s
L(f ′α)228

+ 2 ναs0 fα
1

(v′)2
∂v′

[
(v′)2

G(xs)

xs

(
mα

ms
v′ f ′α +

1

2

v2th,s
v2α,⋆

∂v′f
′
α

)]
,229

where we recall that ναs0 = cαs
ns

v3th,s
and xs =

vα,⋆

vth,s
v′. Remarking that cαi ∼ cαe, let

us rewrite the collision frequency as

ναs0 = cαs
nα
v3α,⋆

ns
nα

v3α,⋆
v3th,s

= ν̄0
ns
nα

v3α,⋆
v3th,s

, setting ν̄0 := cαs
nα
v3α,⋆

,

and introducing furthermore the characteristic value Q̄ := ν̄0 fα. The α-particle230

density being small as compared to the electron/ion bulk density, we introduce finally231

another small parameter β ≪ 1 defined as β := n̄α

n̄s
, yielding232

(2.13)
Qαs(v

′) = Q̄
β

v3α,⋆

v3th,s

{
ϕ(xs)−G(xs)

x3
s

L(f ′α)

+ 2
(v′)2 ∂v′

[
(v′)2 G(xs)

xs

(
mα

ms
v′ f ′α + 1

2

v2th,s

v2α,⋆
∂v′f

′
α

)]}
.

233

This rescaled operator (2.13) will be the starting point of the next sections. But234

before passing to the mathematical and numerical investigations, let us comment at235

the end of this section a little bit on this operator, to get a feeling of its action, in236

particular focusing on its asymptotic, simplified forms in the regime of small ε ≪ 1.237

For this we summarized in Table 2 the asymptotic behaviours of some of its coeffi-238

cients.239

240

For the electrons the situation is rather simple, as we always have xe =
vα,⋆

vth,e
v′ =241

ε v′ ≪ 1, such that skipping the primes in (2.13) for notational simplicity leads to242
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10 N. CROUSEILLES AND C. NEGULESCU

0 < x≪ 1 x≫ 1

ϕ(x)−G(x)
x3 ∼ 1

x3

[
4x
3
√
π
− 4x3

15
√
π
+O(x5)

]
1
x3

[
1− 1

2x2 + 1
x3

√
π
e−x

2

+O(x−5)
]

G(x)
x ∼ 1

x

[
2x
3
√
π
− 2x3

5
√
π
+O(x5)

]
1
x

[
1

2x2 − e−x2

x
√
π

(
1 + 1

2x2 +O(x−4)
)]

Table 2
Asymptotic developments of the coefficients occurring in (2.13).

the rescaled and simplified (suprathermal) electron collision operator (in the new243

variables)244

(2.14) QSTαe =
1

ε

4

3
√
π

Q̄

β

{
ε2

v2
L(fα) +

1

v2
∂v

[
v2
(
vfα +

ε2

2
∂vfα

)]}
.245

For the ions, we have to consider two cases. Immediately after the α-particle creation,246

we are in the situation vth,i ≪ vα,⋆ v
′ ≪ vth,e, such that xi =

vα,⋆

vth,i
v′ = 1

ε v
′ ≫ 1,247

which leads to the rescaled and simplified (suprathermal) collision operator248

(2.15) QSTαi =
Q̄

β

{
1

v3
L(fα) +

1

v2
∂v

[
v2

1

v3

(
vfα +

ε2

2
∂vfα

)]}
.249

However, when the α-particles are so much slowed down, that their velocity is of the250

order of vth,i, thus xi ∼ 1, the approximation (2.15) for the collision operator Qαi251

is no longer valid, and one has to go back to the more general form (2.13). In the252

extreme case of xi ≪ 1 one can simplify this operator to the thermal form253

(2.16) QTαi =
4

3
√
π

Q̄

ε3 β

{
ε2

v2
L(fα) +

1

v2
∂v

[
v2
(
vfα +

ε2

2
∂vfα

)]}
.254

The rescaled versions (2.14)-(2.15) permit to identify the dominant collisional pro-
cesses during the primary suprathermal α-particle evolution process. One remarks
that once created, the α-particles are firstly slowed down by the Coulomb collisions
with the electrons (dominant term QSTαe ∼ 1/ε). In this term, the deflection colli-
sion frequency (term ε2 L(fα)) and the energy-scattering frequency (term ε2∂vfα) are
negligible for electrons, and this due to the small electron-to-ion mass ratio (ε ≪ 1).
Then when slowed-down up to a certain critical velocity vc, the thermal ions take the
overhand and dominate the final suprathermal relaxation process of the α-particles
via QSTαi (slowing-down (term v fα) and deflection (term L(fα)) are now comparable,
whereas the energy-scattering is small). The critical velocity vc, called also cross-
over velocity [19] as it delimitates the main influence of each operator QSTαe and QSTαi ,
can be computed by equating the electron to the ion frictional drags (terms vfα) in
(2.14)-(2.15), namely putting

4

3
√
π

1

ε
=

1

v3c ,

leading to

vc :=

(
3
√
π

4
ε

)1/3

.

Finally, when the α-particle velocity becomes close to the thermal ion bulk velocity255

vth,i or even lower, the thermal collision operator QTαi (2.16) takes the overhand. We256
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are thus in a typical situation of a multiscale process, and to be able to describe257

accurately all the divers phenomena, we shall separate in Section 4 the velocity domain258

in distinct parts, another good idea being the separation of the α-particle population259

in a suprathermal and a thermal population.260

3. Study of the multi-scale α-particle collision operator. The aim of this261

section is to investigate from a more mathematical point of view the one-dimensional262

v-part of the collision operator (2.11) (corresponding to the drag and energy scatter-263

ing), in particular to underline its multiscale nature, study its mathematical prop-264

erties and prepare thus the design of an adequate multiscale discretization strategy.265

The investigation of the multi-dimensional problem, with the inclusion of the Lorentz266

scattering operator L(fα) (2.10), will be the aim of a forthcoming paper.267

3.1. Multiscale α-particle slowing-down. Goal of this subsection is to in-268

vestigate in more details the influence of each part of the one-dimensional α-particle269

collision operators, Qαe resp. Qαi, on the whole particle dynamics. Starting from270

(2.2)-(2.3) with fs = Mns,0,Ts
leads in one dimension to the operator271

(3.1) Qαs(v) = 2 ναs0 ∂v

[
G(v/vth,s)

v/vth,s

(
mα

ms
v fα +

v2th,s
2

∂vfα

)]
, ∀v ∈ R ,272

where ναs0 := cαs
ns

v3th,s
and cαs := 4π

(
eα es
mα ε0

)2
ln Λαs. Let us introduce as previously273

the collision frequency ν̄0 := cαs
nα

v3α,⋆
, depending only on the α-particle characteristics.274

275

To compute the dynamics associated with the α-particles, we consider the follow-
ing equation

∂tfα = Qαe +Qαi , ∀(t, v) ∈ R+ × R ,

forgetting for the moment about the transport term. Under an appropriate scaling276

(discussed in subsection 2.2) in the velocity variable, namely v = vα,⋆ v
′ with vth,i <277

< vα,⋆ << vth,e, and rescaling also the time variable as t = t̄ t′, one gets278

(3.2)

∂tfα = 2
ν̄0 t̄

ε β
∂v

[G(εv)
εv

(
vfα +

ε2

2
∂vfα

)]
︸ ︷︷ ︸

Qαe

+2
ν̄0 t̄

ε3 β
∂v

[G(v/ε)
v/ε

(
vfα +

ε2

2
∂vfα

)]
︸ ︷︷ ︸

Qαi

.279

Defining now for simplicity reasons η := 2 ν̄0 t̄
ε2β (ε-dependent), we can rewrite equation280

(3.2) as281

(3.3)

∂tfα = η ∂v

[
Dε(v)

(
vfα+

ε2

2
∂vfα

)]
, Dε(v) :=

1

v
[G(εv) +G(v/ε)] , ∀v ∈ R .282

The goal of the next subsection will be to analyze this equation from a mathematical283

point of view. However, to get a first insight into its main features we plotted on284

Figure 3 the different rescaled Chandrasekhar functions G(v), G(ε v) and G(v/ε) as285

well as the corresponding diffusion coefficient Dε(v) for ε = 0.1 and ε = 0.05. What286

one can remark from these Figures is the following:287

(a) the two functions G(ε v) and G(v/ε) are nothing else than a rescaling of288

the original Chandrasekhar function G(v), and they intersect at some value289

vc =
(

3
√
π

4 ε
)1/3

≈ 0.51 for ε = 0.1;290
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12 N. CROUSEILLES AND C. NEGULESCU

(b) the diffusion coefficient is positive, strictly decreasing, with Dε(0) =
2

3
√
π
(ε+291

1
ε ), which is approximately equal to 3.8 for ε = 0.1, and Dε(v) → 0 as v → ∞.292

Fig. 3. Left: Plot of the Chandrasekhar functions G(v), G(ε v) and G(v/ε) for ε = 0.1. Right:
Plot of the corresponding diffusion coefficient Dε(v) for ε = 0.1 and ε = 0.05.

From these two Remarks and Figures one can now understand some features of293

the kinetic equation (3.3). Firstly, the two functions G(ε v) and G(v/ε) act in different294

velocity regions, in particular G(ε v), which comes from the electron/α-particle colli-295

sion operator Qαe, acts at large velocities, thus in the initial phase of the α-particle296

injection, and G(v/ε), which comes from the ion/α-particle collision operator Qαi acts297

at smaller velocities, thus after the α-particles have been slowed-down. The influence298

of these two operators becomes equal at the crossing velocity vc approximately. Sec-299

ondly, the diffusion coefficient Dε(v) has a very fine boundary layer at small velocities,300

which gets finer and finer with smaller ε, as one can observe from the right plot of301

Figure 3. Thus, in order to precisely take into account for this diffusion coefficient,302

one has to adopt a grid which is finer in the small velocity ranges and larger in the303

rest of the velocity domain, leading naturally to a choice of an adaptive grid or a304

domain-decomposition method (see Section 4).305

3.2. Mathematical study. Let us come now to the more theoretical investiga-306

tions of the kinetic equation307

(3.4)

 ∂tfα = η ∂v

[
Dε(v)

(
vfα +

ε2

2
∂vfα

)]
, Dε(v) :=

1

v
[G(εv) +G(v/ε)] ,

fα(0, v) = fα,in(v) , ∀v ∈ R ,
308

for fixed, independent parameters ε ∈ (0, 1) and η ∈ R+. We are interested in309

particular in the existence and uniqueness of a solution to (3.4), which is a standard310

result based on Lions’ theorem [41]. Furthermore, we aim to investigate the time311

decay of this solution towards the corresponding stationary state fα,∞(v) = nα√
π ε
e−

v2

ε2 ,312

with nα :=
∫
R fα,in(v) dv obtained from the conservation of mass property, namely313

∂t
∫
R fα(t, v) dv = 0.314

Remark 3.1. The factor η in front of the collision operator can be eliminated315

with a simple change of variable in time. This shall be done in this more theoretical316

section (setting hence η = 1 by performing the change of time scale τ = η t), however317

for the physical and numerical part, we shall further keep this factor η, which has a318

physical meaning, namely it determines the collisional frequency. At the same time,319
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the ε-dependence of the diffusion coefficient Dε(v) is very important and shall be kept320

in the whole paper.321

For all this theoretical investigations an adequate functional framework is re-322

quired, and we shall adopt for theoretical reasons the functional transformation fα =323

h feq, where feq(v) :=
1√
π ε
e−

v2

ε2 is an equilibrium of the Fokker-Planck equation, sat-324

isfying vfeq+
ε2

2 ∂vfeq = 0. This leads finally to the following evolution problem (called325

also Ornstein-Uhlenbeck equation) for the unknown distribution function h(t, v)326

(3.5)

 ∂th =
1

feq(v)
∂v

[
Dε(v) feq(v) ∂v h

]
, ∀(t, v) ∈ R+ × R ,

h(0, v) = hin(v) , ∀v ∈ R ,
327

associated with an initial condition hin and with the corresponding stationary state328

h∞ ≡ h̄in =
∫
R hin(v) feq(v) dv, which is obtained from the fact that329

∂th̄ = ∂t
∫
R h(t, v) feq(v) dv = 0.330

331

Standard arguments, such as Hille Yosida’s theorem respectively Lions’ theorem,332

permit to show the following existence and uniqueness result of a solution to the333

Fokker-Planck equation (3.5).334

Proposition 3.2. (Existence/uniqueness of a solution) Let us denote the
second order differential operator occurring in (3.5) by

LD,eq(h) := − 1

feq
∂v [Dε feq ∂v h] , Dε(v) :=

1

v
[G(εv) +G(v/ε)] .

Then one can show that LD,eq(h) : D(LD,eq) ⊂ L2
eq → L2

eq is a linear, unbounded,335

self-adjoint and positive operator on the weighted Hilbert-space336

(3.6)

L2
eq :=

{
h : R → R measurable ,

∫
R
|h|2 feq dv <∞

}
, (h, g)L2

eq
:=

∫
R
h g feq dv ,337

with definition domain338

(3.7) D(LD,eq) = {h ∈ L2
eq, LD,eq(h) ∈ L2

eq} .339

Furthermore, for each hin ∈ D(LD,eq) there exists a unique solution h ∈ C1([0,∞);L2
eq)340

∩C([0,∞);D(LD,eq)) of the Fokker-Planck equation (3.5). For less regular initial con-341

ditions hin ∈ L2
eq and arbitrary T > 0, one has nonetheless a unique weak solution342

h ∈W 1
2 (0, T ;H

1
eq, L

2
eq) ⊂ C([0, T ];L2

eq), where343

(3.8)

H1
D,eq := {h ∈ L2

eq /
√
Dε(v) ∂vh ∈ L2

eq} , ||h||2H1
D,eq

= ||h||2L2
eq

+ ||
√
Dε ∂vh||2L2

eq
.344

Finally one has also a maximum principle, meaning that if furthermore hin ∈ L∞(Rv),
then

||h(t, ·)||L∞(Rv) ≤ ||hin||L∞(Rv) , ∀t ≥ 0 .

Let us pass now to the decay of the solution h of (3.5) towards the stationary345

solution h∞.346
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14 N. CROUSEILLES AND C. NEGULESCU

Theorem 3.3. (Time decay) Let h be a solution of the evolution problem (3.5),347

with an initial condition hin ∈ L∞(Rv) ⊂ L2
eq. Then the following estimate holds348

∥h(t)− h∞∥2L2
eq

≤
[
∥hin − h̄in∥−2/r

L2
eq

+Kε,r
t

r

]−r
, ∀t ≥ 0 , ∀r > 0 ,(3.9)349

350

where h∞ = h̄ =
∫
R hfeq dv = h̄in and Kε,r > 0 is a constant explicited in the proof.351

The corresponding time-decay for the Fokker-Planck evolution equation (3.4) writes352

∥fα(t)− fα,∞∥2
L2(f−1

eq dv)
≤
[
∥fα,in − ⟨fα,in⟩∥−2/r

L2(f−1
eq dv)

+Kε,r
t

r

]−r
, ∀t ≥ 0 , ∀r > 0 ,

(3.10)

353
354

where ⟨fα,in⟩ :=
∫
R fα,in dv = nα and fα,∞ = nα feq.355

We have only a ”super-algebraic decay” rate, and not an exponential one as in the356

standard Fokker-Planck case, because although the functional space we are working357

with enjoys a Poincaré-Wirtinger inequality, the operator on the right-hand side of358

(3.5) features a vanishing diffusion coefficient, such that we need a Nash-type inequal-359

ity. The proof of this theorem is based on the following Poincaré inequality.360

Lemma 3.4. (Poincaré-Wirtinger inequality) Let Dε(v) be the diffusion co-361

efficient given in Proposition 3.2. Then, the following Poincaré inequality holds362

∫
R
|h− h̃|2Dε(v)feq dv ≤ CP,ε

∫
R
|∂vh(v)|2Dε(v) feq dv , ∀h ∈ H1(R; feqdv) ,

(3.11)

363
364

where h̃ :=
∫
R hDε(v)feq dv and CP,ε > 0 is the Poincaré constant, dependent on365

ε ∈ (0, 1).366

Proof of Lemma 3.4. The proof of this Lemma is based on Corollary 1.6 of [5],367

with V (v) := v2

ε2 + ln(
√
π ε)− ln(Dε(v)) .368

Proof of Theorem 3.3. To prove the time-decay of the solution, let us integrate369

equation (3.5) against h(t, v) feq dv, to get370

(3.12)
1

2

d

dt
∥h(t)−h̄∥2L2

eq
= −

∫
R
Dε(v)(∂vh)

2 feq dv ≤ − 1

CP,ε

∫
R
|h−h̃|2Dε(v)feq dv ,371

where we used the Poincaré inequality (3.11). Concluding at this stage is problematic,372

due to the occurrence of the diffusion term Dε(v) on the right-hand side. To overcome373

this difficulty, let us proceed as follows374 ∫
R
|h(t)− h̄|2 feq dv = inf

c∈R

∫
R
|h− c|2 feq dv , h̄ :=

∫
R
h feq dv375

⩽
∫
R
|h− h̃|2 feq dv , h̃(t) :=

∫
R
h(t)Dε(v) feq dv376

Hoelder
⩽

(∫
R
|h− h̃|2Dε(v) feq dv

) 1
p
(∫

R
|h− h̃|2Dε(v)

− 1
p−1 feq dv

) p−1
p

,377
378

where we applied the Hoelder inequality (∥fg∥L1 ≤ ∥f∥Lp∥g∥Lq with 1/p+ 1/q = 1)379

to f = (|h− h̃|2 feqDε)
1/p and g = D

−1/p
ε (|h− h̃|2 feq)1/q. Now, since the Maxwellian380
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has bounded moments, we have for all p > 1381

Mε,p :=

∫
R
Dε(v)

− 1
p−1 feq dv <∞ ,(3.13)382

383

where Dε is given in (3.4). And secondly, the maximum principle permits to show
that

|h− h̃|2(t, v) ≤ ||hin||2L∞(Rv)

(
1 +

∫
R
Dε(v) feq dv

)2

, ∀(t, v) ∈ R+ × Rv ,

such that one gets∫
R
|h(t)− h̄|2 feq dv ≤

(∫
R
|h− h̃|2Dε(v) feq dv

) 1
p

K
p−1
p

ε,p ,

where

Kε,p :=Mε,p

(
1 +

∫
R
Dε(v) feq dv

)2

||hin||2∞ <∞ .

Introducing the constant Kε,p :=
2

CP,ε Kp−1
ε,p

, permits thus to obtain altogether

d

dt
∥h− h̄∥2L2

eq
≤ −Kε,p

(∫
R
|h− h̄|2 feq dv

)p
, ∀p > 1 .

We can conclude finally at this stage with Gronwall’s lemma, leading for all p > 1 to

∥h(t)− h∞∥2L2
eq

≤
[
∥hin − h̄in∥−2 (p−1)

L2
eq

+ (p− 1)Kε,p t
]− 1

p−1

, ∀t ≥ 0 .

Setting then r := 1
p−1 ∈ (0,∞) yields (3.9).384

Remark 3.5. Let us remark here that we investigated the time-decay of the solu-385

tion h to the Ornstein-Uhlenbeck evolution equation (3.5) in the L2-weighted frame-386

work, related to the energy of the system. Studies of the convergence towards the387

equilibrium are usually based on the proof of the time-decay of specific Lyapunov388

functionals, in our case the L2-weighted distance, making then use of Poincaré-type389

(Hardy-Poincaré, weighted-Poincaré) or Nash-type inequalities (see [7] for more de-390

tails). Different strategies, set-up on the L1-framework, are based on the relative391

Shannon entropy functional, and make use of other types of functional inequalities,392

such as the logarithmic-Sobolev and convex-Sobolev inequalities, the Csiszár-Kullback393

inequalities. Such techniques are encountered for Fokker-Planck equations arising in394

socio-economic contexts or swarming modelling (see [18] for more details) and require395

less regular initial conditions.396

4. Multi-scale numerical scheme. Let us say some words about the difficul-397

ties encountered when trying to solve the multiscale problem (3.4) with a standard398

method. Concerning the velocity grid, we mentioned earlier that a non-homogeneous399

grid will be necessary in order to get an accurate resolution of the stiff gradients of400

the diffusion coefficient Dε(v), arising in the small velocity region v ∈ (0, ε1/3). What401

about the time-discretization? An explicit discretization is linked with a CFL-type (or402

parabolic-type) stability condition, which restricts the time steps ∆t > 0. This one403

will be driven by the small cells in v, localized in the velocity region v ∈ (0, ε1/3), and404
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will lead immediately, by forcing an overall small time-step, to very long simulation405

times. One way to overcome this problem is a domain decomposition strategy, sepa-406

rating the velocity domain in the boundary layer region v ∈ (0, ε1/3) (fine grid in (t, v))407

and the outer region v ∈ (ε1/3, 1) (coarse grid in (t, v)). The coupling between both408

regions can be done either via adequate boundary conditions (Dirichlet-to-Neumann409

for example) or by separating the α-particle population in supra-thermal and ther-410

mal particles, evolving separately on the two distinct velocity regions (with distinct411

discretizations), and permitting an exchange between both populations. In this pa-412

per we shall remain in one dimension in the velocity space, and shall rather use an413

implicit scheme for the resolution of the Fokker-Planck kinetic equation, which is414

unconditionally stable, thus not requiring any restriction on the time-step. Implicit415

schemes require however the resolution of a linear system, which is not so drastic416

in one dimension. When dealing however with the multi-dimensional case, including417

also the Lorentz collision operator, more performant schemes are required, based for418

example on the above mentioned ideas of decomposition, and will be the aim of some419

forthcoming papers.420

4.1. Scaling of the Fokker-Planck kinetic equation. Let us consider in the
following the full α-particle Fokker-Planck kinetic equation

∂tfα + v ∂xfα +
eαE

mα
∂vfα = Qαi +Qαe ,

with Qαs defined in (3.1) (or rescaled version (3.2)). To propose a scaling of this equa-
tion, we introduce characteristic values for all the occurring quantities and perform a
change of variables, which leads to

∂tfα +
v̄ t̄

x̄
v ∂xfα +

eα Ē t̄

mα v̄
E ∂vfα =

Q̄ t̄

f̄
Q(f) .

The characteristic scales are summarized here:421

• Microscopic velocity scale (Parameter: ε)

v̄ := vα,⋆ , ε :=
vth,i
vα,⋆

=
vα,⋆
vth,e

≪ 1 , vth,s :=

√
2 kB T̄s
ms

;

• Disparate masses (Parameter: ε) and same bulk temperatures

ε4 =
me

mi
≪ 1 , T̄i = T̄e .

• Macroscopic time and length scale (Parameter: α)

x̄ , t̄ : observation time and distance , α :=
v̄ t̄

x̄
;

• Electric energy versus kinetic energy (Parameter: γ)

γ :=
e ϕ̄

mα v̄2
;

• Energetic versus thermal particle densities (Parameter: β)

β :=
n̄α
n̄s

, n̄i = n̄e ;
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• Collisional frequency (Parameter: η)

η := 2
ν̄0 t̄

ε2 β
, Q̄ = ν̄0 f̄α .

Introducing these parameters permits to obtain the rescaled kinetic equation422

(4.1)

∂tfα+
1

α
v ∂xfα+

γ

α
E vfα=η ∂v

[
Dε(v)

(
vfα+

ε2

2
∂vfα

)]
, Dε(v) :=

1

v
[G(εv)+G(v/ε)] .423

Several asymptotic regimes can now be investigated. As we are interested in the pres-424

ent work in an efficient discretization of the multi-scale α-particle collision operator,425

we shall set α = γ = 1 and keep only ε, η ∈ (0, 1) as parameters.426

4.2. Velocity discretization. To propose a numerical scheme for (4.1), we shall427

start by considering first the following homogeneous equation428

(4.2) ∂tf = η ∂v

[
Dε(v)

(
vf +

ε2

2
∂vf

)]
, ∀(t, v) ∈ (0, tmax)× (−vmax, vmax) ,

f(0, v) = fin(v), ∀v ∈ [−vmax, vmax] ,
429

associated with homogeneous Dirichlet boundary conditions. For the discretization of430

this evolution problem a non-uniform grid is required in the velocity variable. Indeed,431

on one hand, in order to capture correctly the stationary state f∞ = n√
π ε
e−

v2

ε2 ,432

n =
∫∞
−∞ fin dv, a very fine mesh is required close to v = 0, namely ∆v ≈ ε. On the433

other hand, to take into account for the rapid α-particle dynamics a large velocity434

domain [−vmax, vmax] is mandatory. Considering both constraints necessarily leads,435

if a uniform velocity grid is employed, to a very large number of points.436

For this reason, we shall rather consider a non-uniform velocity mesh {vj}Nv
j=0437

and define the mid-points vj+1/2 := (vj + vj+1)/2 on which equation (4.2) will be438

approximated via a finite volume scheme which preserves mass. Let us mention that439

the discretization of Fokker-Planck operators has been the subject of several works440

[11, 25, 32]. Integrating (4.2) on [vj−1/2, vj+1/2] and using the finite volume notation441

fj(t) :=
1

∆vj

∫ vj+1/2

vj−1/2
f(t, v)dv with the cell length ∆vj := vj+1/2 − vj−1/2, leads to442

d

dt
fj(t) = η

1

∆vj

[
Dε(vj+1/2)

(
vj+1/2f(t, vj+1/2) +

ε2

2
(∂vf)(t, vj+1/2)

)
443

−Dε(vj−1/2)
(
vj−1/2f(t, vj−1/2) +

ε2

2
(∂vf)(t, vj−1/2)

)]
444

≈ η
1

∆vj

[
Dε(vj+1/2)

(
vj+1/2

fj(t) + fj+1(t)

2
+
ε2

2

fj+1(t)− fj(t)

vj+1 − vj

)
445

−Dε(vj−1/2)
(
vj−1/2

fj(t) + fj−1(t)

2
+
ε2

2

fj(t)− fj−1(t)

vj − vj−1

)]
446

= η
1

∆vj

[
fj−1(t)Dε(vj−1/2)

(
−
vj−1/2

2
+

ε2

2(vj − vj−1)

)
447

+fj(t)
(Dε(vj+1/2)vj+1/2 −Dε(vj−1/2)vj−1/2

2
− ε2

2

(Dε(vj−1/2)

vj − vj−1
+
Dε(vj+1/2)

vj+1 − vj

))
448

+fj+1(t)Dε(vj+1/2)
(vj+1/2

2
+

ε2

2(vj+1 − vj)

)]
, ∀j = 1, · · · , Nv − 1 ,(4.3)449
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18 N. CROUSEILLES AND C. NEGULESCU

whereas we set for the boundary values f0 = fNv
≡ 0. Having discretized the equation450

in the velocity variable, one has still to generate the non-uniform mesh. The first451

criteria for the mesh is to have a velocity step size of order ε close to the origin,452

in order to capture the asymptotic state f∞. Our strategy for constructing a non-453

uniform velocity mesh is the following: for a given vmax, large enough to take into454

account for the support of the distribution function, one defines firstly wmax := v
1/pow

max455

and a uniform mesh {wj}Nv
j=0 as wj := −wmax + j∆w, with ∆w := 2wmax/Nv and we456

deduce then the non-uniform mesh {vj}Nv
j=0 from the relation vj := wpow

j for all indices457

j. This simple non-uniform mesh construction permits to obtain refined cells close to458

the origin v = 0, since vj = O(∆vpow) whereas far from the origin, ∆v = O(1). In459

practice, we choose pow= 2 or pow= 3. Figure 4 illustrates the mesh obtained with460

a cube rule (pow= 3).

Fig. 4. Example of a non-uniform mesh with a ’cube’ rule (pow= 3). Here vmax = 10.

461

4.3. Time discretisation. In what concerns the time discretization, one has to462

care about the fact that, due to a very refined velocity mesh close to the origin v = 0,463

any explicit time integrator will suffer from a very stringent CFL parabolic condition464

∆t = O(∆v2), with ∆t > 0 the time step. Moreover, the presence of the factor η465

(which may be very large) in front of the collision operator leads to ∆t = O(1/η).466

Hence, we shall prefer an implicit time discretization which requires however the467

solution of a linear system induced by (4.3). Introducing the time discretization468

tn = n∆t, n ∈ N, the numerical unknown is denoted by fnj ≈ 1
∆vj

∫ vj+1/2

vj−1/2
f(tn, v)dv469

and the vector fn ∈ RNv−1 (with components {fnj }
Nv−1
j=1 and Dirichlet boundary470

conditions fn0 = fnNv
= 0) satisfies the following linear system Afn+1 = fn with A a471
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tridiagonal matrix of size (Nv − 1)× (Nv − 1), given by472

Aj,j−1 := − η

∆vj
Dε(vj−1/2)

(
−
vj−1/2

2
+

ε2

2(vj − vj−1)

)
,473

Aj,j := 1− η

∆vj

[Dε(vj+1/2)vj+1/2 −Dε(vj−1/2)vj−1/2

2
474

−ε
2

2

(Dε(vj−1/2)

vj − vj−1
+
Dε(vj+1/2)

vj+1 − vj

)]
,475

Aj,j+1 := − η

∆vj
Dε(vj+1/2)

(vj+1/2

2
+

ε2

2(vj+1 − vj)

)
.476

4.4. Transport approximation. When one is interested in the coupling be-477

tween the transport and collision operator, splitting methods are very popular so that478

dedicated methods can be used for each specific operator (transport or diffusion). In479

this work we shall use a 3-step splitting procedure, consisting of:480

• Advection in the x-direction: ∂tf+v ∂xf = 0. Here a Fourier spectral method481

is employed since we are supposed to be periodic in the space-variable x,482

the equation becoming then an ODE in the Fourier space. Denoting by483

f̂k(t, v) the k-mode of f(t, x, v), the solution of this transport equation writes484

f̂k(t, v) = e−ikv(t−t
n)f̂k(t

n, v).485

• Poisson equation: ∂xE(t, x) =
∫
R f(t, x, v)dv − 1. The electric field is ap-486

proximated equally using Fourier spectral method and we impose zero space-487

average, to fix the constant.488

• Advection in the v-direction: ∂tf+E ∂vf = 0. For this step, let us recall that489

a non-uniform velocity mesh has to be taken into account. For a fixed position490

x, we have to deal with a linear transport equation since E does not evolve491

during one time-step. Hence, we use a semi-Lagrangian method, approach492

based on the fact that the function f is constant along the characteristics:493

f(t, x, v) = f(tn, x, v− (t− tn)E(tn, x)). Since the foot v− (t− tn)E does not494

coincide with a grid point vj , an interpolation is performed. The update of f495

can then be written as f(t, x, v) = I[f(tn, x, ·)](v−(t−tn)E(tn, x)) with I an496

interpolation operator (a cubic spline interpolation is used). Let us remark497

that as we are using a non-uniform mesh, the localisation of the foot of the498

characteristics v− (t− tn)E(tn, x) is not as straightforward as in the uniform499

mesh case. We refer to [1, 8] for related approaches.500

• Collision part: ∂tf = η Qε(f). For this part, a time-implicit method, com-501

bined with a finite volume method on a non-uniform velocity mesh, is used,502

as described in the two previous subsections.503

These steps are solved successively to get a first order in time approximation of the504

collisional Vlasov-Poisson equation. Of course, a Strang splitting extension enables505

to get second order accuracy. The so-obtained scheme, which is halfway between an506

Eulerian and a Lagrangian method, does not require any CFL condition due to the507

implicit treatment of the collisional part and the semi-Lagrangian method for the508

transport parts. It allows larger time-steps ∆t > 0 compared to Eulerian codes, while509

avoiding numerical noise, standard in Lagrangian methods.510

5. Numerical results and interpretations. In this section we shall present511

some numerical results for the resolution of the Fokker-Planck Vlasov-Poisson problem512

in different physical situations, results obtained with the previously introduced nu-513

merical scheme. Firstly, a study in the spatially homogeneous case is provided. Then,514
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some tests will be given, including at the same time the collision operator and the515

free flow transport term, before investigating the fully coupled Fokker-Planck-Poisson516

problem. Aim is to validate the numerical scheme, in particular the discretization517

of the Fokker-Planck collision operator, to observe the different relaxation mecha-518

nisms in the energetic α-particle dynamics (slowing-down as a consequence of the519

collisions with the thermal bulk) and to verify the mathematical time-decay Theo-520

rem 3.3, predicting a super-algebraic decay of the solution towards the steady state521

f∞(v) = n√
π ε
e−v

2/ε2 .522

5.1. Spatially homogeneous case. Let us illustrate in this subsection the
dynamics of the solution of (4.2), obtained with the numerical scheme presented in
Section 4. The initial condition is chosen as

fin(v) :=
1√
2π T

e−
(v−u)2

2T , with u = 5 , T = 0.2 and ∀v ∈ (−vmax, vmax) .

This initial condition describes α-particles generated by fusion reactions at a certain523

temperature and with a certain mean velocity, our goal being to study their slowing-524

down and relaxation through the collisions with the thermal bulk. In our context,525

the dynamics of the α-particles is supposed to converge in the long-time limit t→ ∞526

towards the asymptotic state given by f∞(v) = n√
π ε
e−v

2/ε2 , with the constant density527

n =
∫∞
−∞ fin(v) dv ≡ 1.528

529

First, we consider ε = 0.1 (which is close to the relevant physical value) and530

η = 1/ε2 in (4.2), with a mesh generated from Nv = 300, vmax = 10 and pow= 3,531

whereas the time step is chosen as ∆t = 10−2 (the final time being tmax = 2). The532

results are given in Figure 5: on the left plot are represented the α-particle velocity533

distributions f(t, v) for different times, whereas on the right plot we displayed the534

difference between the final numerical solution (at tmax = 2) and the stationary state535

f∞(v). We can observe the two stages in the dynamics: firstly a slowing-down of the536

α-particles can be observed between t = 0 and t = 0.4 (due to collisions with the light537

bulk electrons) and secondly a thermalization occurs in the long-time limit t → ∞538

(due to collisions with the heavy bulk ions). After t = 1, the solution becomes very539

close to the stationary state f∞. Finally, let us remark that the discrete total mass,540

defined as mn =
∑Nv−1
j=1 (vj+1/2 − vj−1/2)f

n
j , is preserved with machine accuracy.541

The same test is performed with a smaller value of ε = 0.01 (η = 1/ε2) and the542

results are displayed on Figure 6. The two scales in the α-particle dynamics can be543

equally observed here (slowing-down and thermalization), but at a much faster rate,544

due to the presence of a larger η = 1/ε2 in front of the collision operator Qε. Com-545

paring the two absolute-error plots on the right of Figures 5 and 6 permits to remark546

that the error is more localized for smaller ε-values, however it is larger due to the547

fact that with smaller ε-values the steady-state f∞(v) = n√
π ε
e−

v2

ε2 becomes higher,548

the relative error being nevertheless similar for both ε-values.549

550

The goal of a second test case was to illustrate the time-decay Theorem 3.3, stated

in subsection 3.2, by computing the quantity H(t) := ∥h(t)−h∞∥L2
eq

=
( ∫

R |f(t, v)−

f∞(v)|2 f−1
eq (v) dv

)1/2
. In particular, we are interested in the ε-dependence of the

constant Kε,r > 0, which was not explicited in the theoretical part. To do so, we run
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a simulation with a close to equilibrium initial condition

fin(v) :=
1√
π ε

e−
(v−u)2

ε2 , with u = 0.01 .

Indeed, due to the presence of f−1
eq = ε

√
π ev

2/ε2 in the entropy H(t) and the fact that551

ε≪ 1, the numerical approximation of H(t) is very delicate and to be able to evaluate552

it correctly, one has to start close to f∞. For different values of ε = k × 10−1, k =553

1, . . . , 10 and setting here η = 1, we consider the time evolution of the entropy H(t)554

in semi-log scale, and compute the decay rate for each value of ε. On the right plot555

of Figure 7, the time evolution of H(t) (in semi-log scale) is illustrated for ε = 0.4556

and one observes clearly an exponential decay towards the equilibrium, whereas the557

theory predicts a super-algebraic one (Theorem 3.3). The decay rates (or slopes) are558

supposed to be an approximation of Kε,r for large r. On the left plot we displayed559

the decay rates of H(t) for different ε-values. One notices that this constant depends560

on ε, in particular when ε becomes small, the constant seems to increase, this being561

linked to the ε-dependent velocity diffusion-part in the collision operator.

Fig. 5. Case ε = 0.1. Left: Relaxation of f(t, v) towards f∞(v) = 1√
π ε

e
− v2

ε2 . Right: Distance

to the stationary distribution function at final time tmax = 2, i.e. f(t = 2, v) − f∞(v). Here
Nv = 200,∆t = 0.01.

562

5.2. Including space transport. Let us include now the free-flow transport
term and consider the following equation{

∂tf + v∂xf = η Qε(f) , ∀(t, x, v) ∈ (0, tmax)× (0, L)× (−vmax, vmax) ,

f(0, x, v) = fin(x, v), ∀(x, v) ∈ [0, L]× [−vmax, vmax] ,

associated with periodic boundary conditions in x and homogeneous Dirichlet bound-
ary conditions in v. The splitting method briefly described in Section 4 is used for its
resolution. The chosen initial condition is

fin(x, v) :=
1√
2π

e−
|v−u|2

2 (1+ 0.5 cos(kx)) , with k = 0.5, x ∈ [0, 2π/k] , u ∈ {1.3, 5},

which corresponds to a perturbation of a Maxwellian distribution in velocity by a563

“sinusoidal” density in space. The aim is to investigate the decay towards the sta-564

tionary state, given by the global Maxwellian f∞(v) := n√
π ε
e−

v2

ε2 with the density565
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Fig. 6. Case ε = 0.01. Left: Relaxation of f(t, v) towards f∞(v) = 1√
π ε

e
− v2

ε2 . Right:

Distance to the stationary distribution function at final time tmax = 2, i.e. f(t = 0.2, v) − f∞(v).
Here Nv = 500,∆t = 0.01.

Fig. 7. Illustration of the entropy H(t)-decay from Theorem 3.3. Left: exponential decay rates
as a function of ε. Right: Time evolution (in semi-log scale) of the entropy H(t) for ε = 0.4.

n independent on (t, x), fact which is a consequence of the competition between the566

collision operator Qε and the transport operator. The parameter ε as well as the567

initial α-particle mean velocity u are playing here an important role in particular568

in the determination of the different relaxation time-spans. The collision operator,569

acting only on the velocity variable, is responsible for the relaxation towards a local570

Maxwellian, the signification of “local” being that the macroscopic variables are still571

(t, x)-dependent. Simultaneously, the transport operator mixes space and velocity572

variables, leading in the long-time limit t → ∞ to the global (space-independent)573

equilibrium. This is the well-known hypocoercivity theory [15].574

575

In the following simulations, the number of points in space is Nx = 64 (with576

periodic boundary conditions) whereas Nv = 512 points are considered in velocity for577

the velocity domain [−9, 9] and with pow=2. We choose a time-step of ∆t = 0.5.578

579

Figures 8 and 9 investigate the local/global relaxation phases for two different ini-580

tial α-particle mean velocities, namely u = 1.3 resp. u = 5, however for fixed ε = 0.1581
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and η = 1. On the left plots of both Figures we plot the space-integrated distribution582

function v →
∫
f(t, x, v)dx for different times (t = 0, 20, 100). As in the spatially583

homogeneous case (see Figures 5 resp. 6), we observe the two regimes corresponding584

to collisions with the bulk electrons first and then with the bulk ions, leading to a585

slowing-down of the α-particles. This slowing-down is visible also on the right plots586

of Figures 8 and 9, the plotted mean velocity is indeed fastly decreasing towards zero587

with time. On the middle and right plots of these two Figures, we explored the relax-588

ation of the macroscopic quantities (depending on (t, x)), meaning we are interested589

in the relaxation of the distribution function towards the global equilibrium. One can590

observe clearly (comparing Figures 8 and 9) that a different initial mean velocity can591

induce different relaxation times, and this is due to the fact that the two relaxations592

towards a local (microscopic relaxation) resp. a global equilibrium (macroscopic re-593

laxation) are the result of the interplay between the collision operator (acting only on594

the velocity variable) and the transport term (mixing x and v variables).595

At first glance, it seems to be quite surprising to observe that mixing occurs at596

different time-scales according to the choice of the initial mean velocity u. Indeed, for597

u = 1.3 one can see that the solution still enjoys some space dependency at t = 100598

(Figure 8, middle) whereas for u = 5, still at the same time t = 100, the solution599

has already reached the homogeneous state f∞ (Figure 9, middle). One possible ex-600

planation could come from the fact that for a larger u, the interaction between the601

transport and collision terms is stronger so that the global relaxation is faster. For602

smaller u however, the distribution function fastly relaxes towards a space dependent603

equilibrium centered around v = 0 and with a small temperature ε = 0.1. Hence the604

transport operator v∂x is not very efficient to mix the x and v variables, in order to605

relax towards the global equilibrium and this global relaxation takes more time. Some606

tests with larger values of ε confirm this point. A theoretical study would enable to607

understand this phenomena more in depth and is the aim of a future work.608

609

Figure 10 studies now the influence of the ε-parameter in the relaxation process610

towards the global equilibrium, by plotting for two different ε values (ε = 1 and 0.1)611

the evolution t → ∥f(t) − f∞∥L2
xv

for η = 1 and fixed u = 1.3. When ε = 1, the612

distribution function becomes homogeneous in space in short times since at t ≈ 20613

one has ∥f − f∞∥L2
xv

≈ 10−3 (see Figure 10, left). Considering a smaller value of614

ε (see Figure 10, right, for ε = 0.1) reduces the effect of the velocity-diffusion part615

in the collision operator Qε, so that the space homogenization occurs much later, at616

times of about t = 2000. Indeed, even if the mean velocity U(t) is very small at time617

t = 100 (see Figure 8 (right)), f still enjoys important space variations and becomes618

close to the homogeneous equilibrium f∞ later on (around t = 2000).619

5.3. Fokker-Planck-Poisson. To get more insight into the behaviour of the
full non-linear problem, let us consider in this part the following collisional Fokker-
Planck-Poisson equation satisfied by (f,E), with E(t, x) the self-consistent electric
field, i.e.


∂tf + v ∂xf + E ∂vf = η Qε(f) , ∀(t, x, v) ∈ (0, tmax)× (0, L)× (−vmax, vmax) ,

∂xE =

∫
R
fdv − 1 , ∀(t, x) ∈ (0, tmax)× (0, L) ,

f(0, x, v) = fin(x, v) , ∀(x, v) ∈ [0, L]× [−vmax, vmax] .
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Fig. 8. Space transport case for ε = 0.1, η = 1 and u = 1.3. Left: Time evolution of the
space integrated distribution function v →

∫
f(t, x, v)dx. Middle: Time evolution of the density

n(t, x) =
∫
f(t, x, v)dv. Right: Time evolution of the mean velocity U(t) =

∫
vf(t, x, v)dv.

Fig. 9. Space transport case for ε = 0.1, η = 1 and u = 5. Left: Time evolution of the
space integrated distribution function v →

∫
f(t, x, v)dx. Middle: Time evolution of the density

n(t, x) =
∫
f(t, x, v)dv. Right: Time evolution of the mean velocity U(t) =

∫
vf(t, x, v)dv.

A 3-stage splitting procedure (described in subsection 5.1) is used to approximate
this collisional Vlasov-Poisson equation. In the sequel, we will use the following usual
notation for a Maxwellian Mn,u,T

Mn,u,T (v) :=
n√
2πT

e
−|v−u|2

2T , ∀v ∈ (−vmax, vmax) ,

and we will be interested in the time evolution of the electric energy through the com-620

putation of the L2-norm ∥E(t, ·)∥L2
x
. The goal is here to evaluate the influence of the621

collision operator on the well-known Landau damping as well as on the bump-on-tail622

instability.623

624

The first test is a Landau damping test-case for which the initial condition is a
small perturbation of a Maxwellian steady state

fin(x, v) :=M1,0,1(v)(1 + a cos(kx)), x ∈ [0, 2π/k] , a = 10−3 , k = 0.5 ,

and whose decay towards a steady state can be interpreted as a stability effect. In625

Figure 11, we plot the time evolution of the electric energy for η = 0 (which cor-626

responds to the standard collisionless Vlasov-Poisson equation), for η = 0.1, ε = 1627

(weakly collisional regime) and for η = 103, ε = 1, in order to investigate the effect628

of the collision operator Qε on the Landau damping phenomena. First, when η = 0,629

we observe the usual Landau damping with the expected rate of 0.15 obtained by630
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Fig. 10. Space transport case. Time evolution of ∥f(t) − f∞∥L2 . Left: η = 1, ε = 1. Right:
η = 1, ε = 0.1.

analytical computations [36]. When η = 0.1, we can observe that the collisional ef-631

fects are combined with the mixing effects of the transport part, leading to stronger632

Landau damping rates. Finally, when η = 103, the system is close to the fluid regime633

resulting in essentially no damping on the electric energy, the reason being that the634

Landau damping is a pure kinetic effect. This has already been observed for the635

Vlasov-Poisson-BGK in [17].636

637

We then consider a second test-case from [34], for which the initial condition is
of the form of a perturbed two-bump Maxwellian (x ∈ [0, L])

fin(x, v) :=
(
Mι,0,1(v) +M(1−ι)/2,4,0.2(v) +M(1−ι)/2,−4,0.2(v)

)
(1 + a cos(2πx/L)).

This initial condition is known to generate a two stream instability in the collisionless638

case. The parameters are chosen as in [34], namely a = 0.00056 , L = 22 , ι = 0.97.639

Here, we investigate the effect of the collision operator Qε on the Vlasov-Poisson640

instability. In Figure 12, we plot the time evolution of the electric energy ∥E(t, ·)∥L2
x

641

for η = 0 (which corresponds to the collisionless Vlasov-Poisson equation), for η =642

ε = 0.1 and for η = 0.1, ε = 1. For η = 0, the instability is observed with the expected643

growth rate in the linear stage of the evolution, rate of about 0.076 (see [34]). The644

nonlinear evolution-phase starts at t ≈ 100, where the amplitude of the electric energy645

oscillates around a saturation value, fact which corresponds to trapped particles in646

phase-space vortex structures. For η = 0.1, we can observe that the linear growth647

phase of the instability is modified, since the growth rate does not correspond any648

more to the collisionless one (kept in red in the middle and right Figures 12). For large649

times, we can even observe that the electric energy decreases towards zero, meaning650

the non-linear evolution-phase is affected by collisions, these one reducing the trapping651

vortex structures and pushing the distribution function towards a Maxwellian. This652

is more clear from Figures 13 where v →
∫
f(t, x, v)dx is plotted at different times for653

η = 0 (left), η = ε = 0.1 (middle) and η = 0.1, ε = 1 (right). When η = 0, one can see654

trapped particles around v = ±4 in the final distribution function at t = 400 (left of655

Figure 13). When η = ε = 0.1, the trapping does not occur and we observe instead656

the distribution function converging towards the Maxwellian equilibrium f∞ (middle657

of Figure 13). For the same value of η but with ε = 1, the equilibrium is almost658
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reached at t = 400 (right of Figure 13). Similar comments are available for Figure 14659

where the phase-space contour-plot of the final distribution function is displayed for660

η = 0, η = ε = 0.1 and η = 0.1, ε = 1. The vortices around v = 4 can be observed in661

the collisionless case (typical signature of the particle trapping), whereas Maxwellian662

profiles are obtained in the collisional case.663

Fig. 11. Vlasov-Poisson case: Time evolution of the electric energy ∥E(t)∥L2 . Left: η = 0 (no
collision). Middle: η = 0.1, ε = 1. Right: η = 103, ε = 1

Fig. 12. Fokker-Planck-Poisson case: Time evolution of the electric energy ∥E(t)∥L2 . Left:
η = 0 (no collision). Middle: η = ε = 0.1. Right: η = 0.1, ε = 1.

Fig. 13. Fokker-Planck-Poisson case: Time evolution of the electric energy ∥E(t)∥L2 . Left:
η = 0 (no collision). Middle: η = ε = 0.1. Right: η = 0.1, ε = 1.

6. Concluding remarks and perspectives. Let us conclude this paper by664

summarizing what was done, and what remains to be done in some forthcoming pa-665

pers. Energetic particle collisions with the thermal bulk can have significant effects on666
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Fig. 14. Distribution function at the final time t = 400 (Fokker-Planck-Poisson case). Left:
η = 0 (no collision). Middle: η = ε = 0.1. Right: η = 0.1, ε = 1.

plasma instabilities and plasma heating, such that an accurate description is crucial for667

plasma simulations. The main goal of the present paper was to model mathematically668

in a precise manner energetic α-particles generated through nuclear fusion reactions.669

Several dynamics have been identified in the dynamics of these energetic particles,670

linked firstly to the collisions with the light thermal electrons, and secondly with the671

heavy thermal ions. In the long-time limit, after having been slowed-down, the α-672

particles become thermalized, their distribution being thus accurately described by a673

Maxwellian. The overall particle dynamics being a multi-scale problem, an adequate674

and efficient numerical simulation of these energetic particle population is essential.675

We proposed in this first work a simple implicit time-discretization, together with a676

non-uniform velocity grid, in order to get in contact with the main numerical diffi-677

culties. In more dimensions, such scheme could become very time-consuming, such678

that we shall propose in a future work a more performant method, based on domain-679

decomposition strategies, taking into account also for the Lorentz collision operator680

(2.10), describing the pitch-angle diffusion operator (no energy scattering). Hence,681

the extension to higher dimensions brings us to face the following challenges: from682

a theoretical point of view, the extension of Theorem 3.3 has to be performed, us-683

ing a suitable Poincaré type inequality ; from the numerical point of view, we first684

plan to investigate the axisymmetric case (the initial condition being assumed to be685

independent of φ) so that the collision operator will depend on (v, θ) which already686

induces several problems (large linear system to solve, boundary conditions, mass687

preservation, etc).688
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