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Abstract

The main purpose of the present paper is to study from a numerical analysis point
of view some robust methods designed to cope with stiff (highly anisotropic) elliptic
problems. The so-called asymptotic-preserving schemes studied in this paper are very
efficient in dealing with a wide range of e-values, where 0 < ¢ < 1 is the stiffness
parameter, responsible for the high anisotropy of the problem. In particular, these
schemes are even able to capture the macroscopic properties of the system, as ¢ tends
towards zero, while the discretization parameters remain fixed. The objective of this
work shall be to prove some e-independent convergence results for these numerical
schemes and put hence some more rigor in the construction of such AP-methods.

Keywords: Anisotropic elliptic problem, Asymptotic-Preserving scheme, Nu-
merical analysis, Saddle-point problem, Inf-sup condition, Stabilization, Conver-
gence.

1 Introduction

In a series of previous works [4, 5, 6, 11, 12] some efficient numerical schemes
were introduced in the aim to solve at a moderate computational cost some highly
anisotropic elliptic and parabolic problems. The interest in solving such problems
comes for example from their regular occurrence in the modeling of magnetically
confined plasmas [3, 9] and ionospheric plasmas [13], where the strong magnetic field
creates anisotropy. An accurate and not resource demanding description of tokamak
plasma dynamics is crucial for succeeding in the construction of a thermonuclear
fusion reactor, producing clean energy for the future.

The problems cited above involve a small parameter 0 < ¢ < 1 measuring the
anisotropy ratio in the diffusion matrix. This feature makes their numerical treatment
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rather involved, since the problems degenerate in the limit € — 0 leading to a break-
down of traditional schemes for ¢ very small. This is caused both by the huge,
e-dependent condition number of the discretized problem and by locking phenomena
(the strong diffusion along a magnetic field line makes the solution to be almost
constant along these lines, which is incompatible with an approximation by piecewise
polynomials unless the computational mesh is well aligned with the field). In the
previous works some efficient so-called asymptotic-preserving schemes were proposed
and were shown to be able to cope with the deficiencies of traditional schemes. Their
basic idea is to mimic on the discrete level the asymptotic behaviour of the continuous
solution u® in the limit € — 0, thus making the diagram in Fig. 1 commutative.
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Figure 1: Properties of AP-schemes

In the present paper, we restrict out attention to the case of elliptic linear prob-
lems and are interested in two Asymptotic-Preserving schemes proposed in [6] and
[12]. The efficiency and advantages of the different schemes was put into evidence
numerically. However, the rigorous numerical analysis of these schemes is still lacking
and is the subject of the present paper. The trick that makes these schemes work
is the introduction of an auxiliary variable ¢ which serves as a Lagrange multiplier
in the limit ¢ — 0 corresponding to the constraint on u®, which results from the
degeneracy of the governing equations. We are thus in the realm of mixed problems,
their penalized variants and the discretizations thereof, as in [I, 8]. One cannot
adapt though directly the techniques from these books to the present case as the
inf-sup conditions are not satisfied on the discrete level, when one discretizes with
standard finite elements as in the above cited papers. In fact, the choice of appro-
priate functional spaces even on the continuous level is not straightforward. We are
going here to propose an adequate functional setting with the inf-sup condition being
introduced in a non standard way. We shall develop then a complete analysis of the
finite element schemes with e-independent constants in the error estimates, relying
on some discrete inf-sup conditions in h-dependent norms.

This paper is organized as follows. In Section 2, we introduce the anisotropic ellip-
tic problem, which is the starting point of this work. A first Asymptotic-Preserving
scheme for this problem, slightly modifying that proposed in [6] and well adapted for
open field-line configurations, is then presented and analyzed in detail. Section 3 is
concerned with the introduction of a different Asymptotic-Preserving reformulation



of the same anisotropic elliptic problem, being able to cope even with closed field-
line configurations, which are often encountered in tokamak plasma modeling. This
leads to the scheme proposed in [12]. A detailed numerical analysis of this scheme is
then carried on. In Section 4 we validate numerically the error estimates obtained.
Finally, some technical lemmas are postponed to the Appendices A and B.

2 An AP-scheme for open field-line configura-
tions

Before presenting our model problem, let us first define some important quantities.
Let b be a smooth field in a domain Q C R, with d = 2,3, and let us decompose the
regular boundary I' = 9€2 into three components following the sign of the intersection
with b:

I'p:={xel /bx) nx)=0}, I'n:=TpnUly={xel /b)) n(x)s0}.

The vector n is here the unit outward normal to T'.

The direction of the anisotropy of our problem is defined by this vector field
b € (C=(Q))?, which is supposed to satisfy |b(x)| = 1 for all 2 € Q. Given this
vector field b, one can decompose now vectors v € R? gradients V¢, with ¢(z) a
scalar function, and divergences V - v, with v(z) a vector field, into a part parallel to
the anisotropy direction and a part perpendicular to it. These parts are defined as
follows:

v = (v-b)b, vy :={Id-b®b)v, such that v =v) +wv,
Vidi=(b-V)b, Vig:i=(Id—bxb)Ve, suchthat Vé=Vp+V,g,

Vi-v:=V- -y, Vi-v:=V- v, such that V.-v =V -v+V  -v.
(1)

Given these notations we can now introduce the highly anisotropic elliptic problem
we are interested in, namely

—IV) - (4 V) = Vi (ALVi) = f in @
%n” . (A”V”ue) +ng - (AJ_VJ_’LLE) =0 on I'y, (2)
u® =0 onI'p.

The parameter 0 < € < 1 is very small, inducing rather sever numerical difficul-
ties, when solving (2) via standard methods. Indeed, this elliptic system becomes
degenerate in the limit ¢ — 0, leading to the reduced problem

—V” . (A”V”u) =0 in Q,
(R) n” . (A”V”u) =0 on PN, (3)

u =10 onI'p,



which has an infinite amount of solutions, all of them being constant along the field
lines. Numerically this degeneracy translates in a very ill-conditioned linear system
to be solved when 0 < € < 1.

The aim of the present section will be the mathematical study of the elliptic problem
(2), in particular the investigation of its asymptotic behaviour as e tends towards zero,
the introduction of an Asymptotic-Preserving reformulation, better suited to pass to
the limit ¢ — 0, and the detailed numerical analysis of the designed AP-scheme.
The reformulation of the singularly-perturbed problem (2) is based on asymptotic
arguments and is a sort of “reorganization” of the problem into a form, which al-
lows for an automatic numerical transition from (2) towards the limit-model (to be
determined) as £ — 0, while keeping the discretization parameters fixed.

2.1 Inflow Asymptotic-Preserving reformulation

In order to avoid all the above mentioned difficulties corresponding to the non-
uniqueness of the reduced problem (R), one has to pick up within all its solutions the
right limit solution, by fixing in an adequate manner its value on the field lines. This
was done in the previous works [4, 5, (], via the introduction of Lagrange multipliers,
which are necessary to recover the uniqueness in the limit € — 0. The numerical res-
olution of the thus obtained Asymptotic-Preserving reformulations was shown to be
stable and accurate independently on the parameter ¢, which is a great advantage as
compared to standard discretizations for (2). This essential property of the designed
AP-scheme was proved numerically, its rigorous numerical analysis being the subject
of the present paper.

For the mathematical study, let us assume that the diffusion coefficients and the
source term satisfy the following hypothesis:

Hypothesis A Let f € H™Y(Q), 0 < € < 1 be a fized arbitrary parameter and

Ip # @. The diffusion coefficients A € W2>(Q) and Ay € Mgyq(W?>(Q)) are
supposed to verify the bounds

0<Ag<Ay(z) <A1, foraa z€, (4)

Ag|lv))? < vPAL(z)v < Ayllv)?, VYo e RY with v-b(z) =0 for a.a. z€Q, (5)

with some constants 0 < Ag < Aj.

Before we shall pass to a brief presentation of an AP-reformulation of (2), we
shall rewrite this problem in a slightly different form, masking the perpendicular
derivatives, which turn out to be cumbersome for the numerical analysis. Indeed,
the following reformulation, called in the following (P)-problem

2V (4 u) V- (AVe) = f i
(P { =fn - (A)Vyuw) +n-(AVWF) =0 on Ty, (6)

u® =0 onl'p.



is easily seen to be equivalent to problem (2) by setting
A=(0b2b) A (bxb)+{Id-bxb) Ay (Id—-bx0D).

Remark that by Hypothesis A, we have immediately Ag||v||? < v'A(z)v < Aql|v]|?
for all v € R? and for a.a. = € , which is a sort of coercivity and boundedness
property for the diffusivity matrix A.

Let us now introduce the mathematical framework and define the Hilbert space
Y as follows

V:={ve H(Q), such that v|r, = 0}, (7)
equipped with the scalar product
(u,v)y = alu,v) := / AVu - Vudz. (8)
Q

In the following, the bracket (-,-) will stand for the standard L?-scalar product. We
shall also frequently use the bilinear form a| : V x ¥V — R and the corresponding
semi-norm | - [ : V — R defined by

a”(u,v) = /QA”VHU . V”U d.%', \u]” = 1/a||(u,u) . (9)

The weak formulation of problem (6) can be now written as: Find u® € V such that

1—¢

(P —

aj(u®,v) +a(u®,v) = (f,v), YveV. (10)

Thanks to Hypothesis A and to Lax-Milgram theorem, problem (10) admits a unique
solution u® € V for all € > 0.

The design of efficient schemes, which are uniformly stable along the transition
e — 0, is based on the fundamental fact, that the solutions u® € V of (10) tend for
e — 0 towards some function u°, constant along the field lines of b, i.e. belonging to
the following Hilbert-space

G ={v eV, such that Vo =0}, (u,v)g:=(Viu,V )20, (11)

which consists of functions belonging to V with zero gradient along the field lines.
Taking the test functions in (10) from G, and passing formally to the limit ¢ — 0,
permits to identify the problem satisfied by u® € G, the so-called Limit model

(L) a(u’,v) = (f,v), Yweg. (12)

Again, the Lax-Milgram theorem permits to show the existence and uniqueness of a
solution u" € G of this Limit problem (12). Remark that this Limit model is defined
on a constrained space G, and shall be equivalently reformulated in the sequel, on a
constraint-less space.



The main idea behind the first AP-reformulation of problem (6) is to rescale the
parallel derivative of u® by introducing the auxiliary variable ¢¢ such that

1
V”qE = EVHUE (13)

To ensure the uniqueness of ¢, we require in this section that ¢ = 0 on I';;,. Remark
that this is only possible if all the field lines are open and enter the domain (by I';,).
For closed field lines, completely contained in €2, fixing ¢° on I';;,, would be not enough
for the uniqueness and other methods shall be developed in Section 3.

We thus introduce the Hilbert space

Lin={q¢€ L2(Q) / Vg € LQ(Q) and ¢|r,, = 0}, (14)
equipped with the scalar product a(-,-), inducing the norm |- |;|. Note that this is
indeed a norm on L;, since |q||| = 0 for ¢ € L;,, means V”q = 0 on 2, which in

combination with the boundary condition on I';, implies ¢ = 0.

Substituting the definition (13) of ¢ into (10) yields the following problem, called
in the following Inflow Asymptotic-Preserving reformulation of (P)®: Find (u®,¢%) €
VY x Ly, satisfying

{ a(u®,v) + (1 —¢€)a(¢°,v) = (f,v), YveVy
(AP (15)

a”(ue, w) — 6a||(q€, U)) =0, Yw € Ly, .

The notation (AP;,)® emphasizes the fact that we are introducing an Asymptotic-
Preserving reformulation of (10), based on the Lagrange multiplier ¢, which is
uniquely determined through the inflow boundary condition on I';,;. The reformula-
tion (15) is completely equivalent to the starting model (10). However, remark that
putting formally ¢ = 0 in (15) and introducing for some technical reasons explained
in the next subsection a larger space Em D L, leads to the well-posed problem :
Find (u,¢°) € V x L;, such that

a(u’,v) +ay(¢®,v) = (f,v),  VweV
(LG) 0 _ (16)
aj(u”,w) =0, Yw € Liy ,

which is an equivalent (saddle-point) reformulation of the Limit-problem (12). In-
deed, instead of setting the problem on the constrained space G, one introduces a
Lagrange multiplier ¢° € L;,,, enabling us to solve the problem on the constraint-free
space V X Em.

2.2 The Inf-Sup condition

Let us now focus on the mathematical study of the continuous problem (AP;,)® and
its asymptotic behaviour as € tends towards zero. Due to the saddle-point structure
of this problem, we shall make use of the traditional inf-sup theory [1, 7]. The goal
is to prove an e-independent inf-sup condition corresponding to (15), which ensures



the existence and uniqueness of a solution, as well as the convergence of the AP-
solution (uf,q%) towards the L-solution (u’,¢") as ¢ — 0. For this, we shall need a
more adequate norm on the space Ly, in contrast to the one proposed in [6] (see (14)).

Indeed, we would like that the form a(-,-) satisfies an inf-sup estimate on the
pair of spaces V plus the space of functions gq. This would be trivially the case, if
we would search for ¢ in the space L;y,, defined as the closure of £;, in the following
norm |q|«

_qlg,v)
lgls = sup LY

17
vev |Vl (7

Note that for all ¢ € L4, one has |g|, < |q|||, which means that the injection L;;, C Lin

is continuous, however L;, # L;, in general, as can be seen from the subsequent
remarks.

Remark 1 One can extend the continuous bilinear form to a : Lin x V — R by
defining for each q € Ezn\ﬁm

aj(q,v) = li_)m ay(qn,v), Yvey,

for some {qn}nen C Lin such that ¢, —p—oo q in Lin.

Indeed, the sequence {qn}nen being a Cauchy-sequence in Lin, one deduces immedi-
ately that {a)(qn,v) tnen is also a Cauchy-sequence for each fived v € V, being hence
convergent.

aj(q,v)
[vly
with the function v* € V, which is solution to the problem

Remark 2 For any fized ¢ € Lipn, the mazimum of over v € V is attained

(0", w)y = q)(q,w) YweV. (18)

Indeed, let us fix q € Lin and v* € V be the corresponding solution to (18). Then,

any v €V can be decomposed as v = av* +v" with o == %
v

(v*,v")y = 0. We observe then that

and v' € V verifying

W@ oy ey, = U@
vy

R

RemNark 3 In order to prove that Ly, # Em it suffices to verify that the norms in L;,
and Ly, are not equivalent, i.e. that there is no constant ¢ > 0, such that |q| < c|ql«
for all g € Lyy,. For this, it suffices to construct a sequence {qx}ken C Lin, such that

ay(qr, v)
vev qel)vly

IN

c c k
g \%!*S%!%!” = \%!HZE!%!*, Vk €N, (19)

with ¢ > 0 a constant. One can easily do it in the following simple setting: let
Q= (0,7) x(0,m), Ay =1, A| = Id, b = ez. Taking qx = sinkz(cosy — cos2y),

7



which is a function in L, for any integer k > 0, we can find the solution vy to
problem (18) corresponding to q = gy, as

1
k241

vy = sinkx ( cosy — cos 2y).

k244

Now, in view of Remark 2

vev laklylvly — larlylorly Tl 5

aj(ge,v)  ayg,vp)  |vily 1\/ L 16
k241 k244

This gives an example of (19).

Searching now for a solution (u, q) belonging to V x L,y is the proper setting for
our problem in the limit case € = 0. Indeed, in this particular case, we have to cope
with a standard saddle point problem (L;,) and the inf-sup condition is satisfied in
the space V x L;,. However, this choice does not work any more for € > 0, as the
term a) (¢, w) makes no more sense if we suppose only (g, w) € Lin X Lin. Hence, we
propose to work for € > 0 in the previous space L;, for the Lagrange multiplier ¢,
associated however with the following slightly different norm

1
lale := (al? +¢lalf)? . Va € Lin, (20)

which is equivalent to the old norm |-|; of £;, with e-dependent equivalence constants
exploding as ¢ — 0 :

1
gl < V1 +elq|) and [qf) < $|Q|s-

The space (Lip, | |c) is a Hilbert one equipped with the scalar product

(q1,q2)e = (v1,v3)y +eay(q1,q2) . Va1, q2 € Lin
Il

where v}, v5 are the unique solutions of problem (18). In the limit ¢ — 0, this space

transforms into the Hilbert space (Lip,| - |«) with the scalar product (q1,q2)« =
(v1, v3)p-

We are finally able to introduce the right mathematical setting for a rigorous
study of the AP-problem (15) and its convergence towards the Limit-problem (16).
The Hilbert space adapted to our problem is

1/2

VX Ly for >0
Xi= { Ju-glle = (|l + lafZ + elalf) 2.

Vxﬁm for e=0,

and the problem we are interested in, can now be simply written as: Find for each
e € [0,1] the solution (u®,¢°) € X: to

a(u®,v) + (1 —&)ay(q°,v) = (f,v),

(AP;,)° { , V(v,w) € X (21)
a (v, w) —eay(¢°,w) =0,

8



For the further developments, we shall also introduce the coupled bilinear form C. :
X, x X — R defined as

Ce((u,q), (v,w)) = a(u,v) + (1 — )ay(g,v) + a(u, w) — ea)(q,w) . (22)
This bilinear form C; is uniformly continuous in € € [0, 1], i.e.
Ce?((“? q)?(v7w)) < 2Hu7qHXsH7}7wHXs > V(u, q)?(v7w) € Xe, (23)

as, using Cauchy-Schwarz inequality, one has

Ce((u, ), (v, w))

IN

lulvloly + lgl«|vly + [uly|w]« + elqlylwl)

=

IN

1
2 2 22 2 2 2
(20t} + a2 + elal?) * (200l + ol + efof?)
The form C; enjoys furthermore the inf-sup property

inf sup Ce((v,9), (v,w)) > 8, (24)

(w,q)€Xe (v,w)eX. Hu7 qHXs va wHXs

with a constant S > 0 that does not depend on e. This is established in the following
lemma which is recast to a slightly more general and abstract setting. Our particular
result is recovered from this lemma setting the bilinear forms a(-,-), b(-,-) and c(-, -)
from the lemma to, respectively, a(-,-), a|(-,-) and a)(-,-). Note that this result is
very close to those from Section 4.3 of [8] but we do not require here an inf-sup
condition for the form b in V' x L.

Lemma 4 (Inf-Sup condition) Let V and L be Hilbert spaces with their respective
scalar products a(-,-) and c(-,+) inducing the norms || - ||y and || - ||. Let moreover
L O L be another Hilbert space with the norm | - ||z such that ||q|; < |lqllr for
allge L. Letb: L xV — R be a bilinear form satisfying the continuity relation
16(g, 0)|| < llvllvligllz for allv eV, g€ L and

=a>0. (25)
geLvev llallzllvllv

Set L. := L for any € > 0, Lo := L and let X, for any € > 0 denote the Hilbert
space V' x Le equipped with the norm ||lu, q||x. == (|ul|} + ||qH%+€Hq||%)1/2. Introduce
for any € € [0,1] the bilinear form C. : X, x X, - R

Ce((u, ), (v;w)) = afu,v) + (1 = £)b(g,v) + b(w, u) — ec(g, w) .

Then C. is continuous, with continuity constant M = 2, and satisfies moreover the
nf-sup condition
Ce((u, ), (v,w))

inf sup >f, (26)
(wa)eXe wuyex. 1t allx.[lv, vl x.

with a constant B > 0 that depends only on «.



Proof. To prove (26), let us fix an arbitrary (u,q) € X, and denote

gy Gl )
(v,w)EXe ||U,’U)HXE

We want to prove that Z > f||u, q||x,. First, we have

1—¢)b(q,v C:((u,q), (v,0 a(u,v
(1—-¢e)alql; < supw < sup (. 9), (v,0)) + sup (u,v) < Z+||ully .
eV [vllv veV [[v]lv vev vllv
Now, we take v = u, w = —q and observe that
Ce((u,9), (u,—q)) = a(u,u) —eb(q,u) +ec(q, q)
€ €
> (1= )l + Sl
implying altogether
1 € a?(1—¢)? 1
Sl + Sl + S 2 <l a), (0, —0) + (2 + ul)?
1 1
< Zllu,—allx. + 72+ S|l
4 4
Thus,
Lo g0 0P(l—g)? L s 1 2 IL+7,
- = YL <z ~72 < — Tz
Tl + Slall + S0l < Zhwallx, + 522 < lhwall, + 5222,

for any v > 0 by Young inequality. Besides, we have for any ¢ € [0, 1]

2 2
€ a*(l—¢)
§IIQ\I%+78 lall = collall? +ellall?)
with a constant ¢y > 0 depending only on «. Indeed, for € € [0,1/2] we can observe
that (1 —e)? > 1 and conclude. For € € [1/2,1], we can neglect the term with HqH2Z
on the left-hand side and use ||q||; < ||q/z-
Thus, assuming without loss of generality that ¢y < i we have

1 14+
2 L 2 72
collw.alf. < - lwal, +—
Taking finally a sufficiently big 7 gives immediately ||u,¢||x. < (1/8)Z with a con-

stant § > 0, independent of . m

The following theorem is the main theorem on the continuous level, which shows
that the AP-reformulation (15) of problem (10) is well-posed and better adapted to
capture the macro-scale behaviour of u in the limit € — 0. This AP-model provides
thus a link between the micro-scale (¢ ~ 1) and the macro-scale (¢ ~ 0) behaviour of
the system.

10



Theorem 5 (Existence/Uniqueness/c-Convergence) Let hypothesis A be sat-
isfied. The AP-problem (21) is well-posed for each e € [0,1], i.e. for any f € V' and
any € € [0,1] there exists a unique solution (u®,q%) € X., which satisfies

1
[0, " lla. < SNl

with B > 0 the constant given by the inf-sup condition (26). Moreover, we have the
g-convergences
||u€—u0,q€—q0\|;\g£—>0, fOT e—0.

If we suppose more reqular data, as f € L*(Q), then one has even ¢° € Ly, and the
estimates

juf —ully <CVE, |¢f =" < CVE, (27)

with C' > 0 some e-independent constant.

Proof. The existence and uniqueness of a solution (u®,¢%) € & for each € > 0, is a
simple consequence of the Banach-Necas-Babuska (hereafter BNB) theorem [7]. To
prove the convergence (uf,¢%) — (u°,¢") we assume first that f € L?(2). We have
proved in [6] that ¢° € L£;, in this case. Subtracting now (16) from (15) yields

Ce((u® —ul, ¢° — ¢°), (v,w)) = aa”(qo,v +w), Y(v,w) eV x L.

Thus, for any € > 0, by the inf-sup property, there exist (v,w) € A =V x L;, such
that

Blluf —u®,¢" = °|la v, wlla. < eay(a® v +w) < elg®|jlo+wly < V2elg®|yllv, wl|x.

with some 0 < 8" < 3, for ex. 8 := 3/2, which implies ||u® —u°, ¢ —¢°||x. < \2—2,75 14°ly,
leading to the convergence estimates (27).

We are now going to generalize this result to any f € V' by a density argument. Let
us denote simply by U¢(f) the solution (u®,¢°) € X. of (21) associated to f € V'.
Now fix some f € V'. Since L%(Q) is dense in V', for any § > 0 there exists fs € L?(12)
such that f = fs + Ry with || Rs|ly < 576/. Hence, there exists g > 0 such that for
all € < gq

U= (F)=U°(Hllae. < NUS(£5)=U°(f5)lla.+IIU* (Rs)=U°(Rs) | 2. < g+%llRallw <9,

Here we used the fact that fs € L2(Q2) which implies ||U¢(fs)—U%(fs)||x. < C% —0
ase—0. m

2.3 The numerical analysis of the inflow AP-scheme

Having reformulated on the continuous level the singularly-perturbed problem (P)¢
into a system (AP;,)° which is better suited to capture the macroscopic limit as
€ — 0, we shall now discretize via a standard approach this new system and analyse

11



the obtained AP-scheme in detail. In particular error estimates are deduced and the
convergence of the scheme independently on the anisotropy parameter ¢ is shown.

Let us introduce a mesh 7 on  consisting of triangles (resp. rectangles) of
maximal size h, let Vj, C V be the finite dimensional space of Py (resp. Q) finite
elements on 7;, and let us define Ly, := Vi, N Lin = Vi N Lin as well as X, := Vi, X Ly,
Note that we require Ly, C V3, which signifies that we enforce the boundary conditions
on I'p for functions in Ly, cf. [6]. We are thus looking for a discrete solution
(u5,,q7) € Vi x Ly, of

a(ug,vp) + (1 = €)ay (g5, vn) = (f,vn), Von € Vi

a”(ui,wh) — 6a||(qz,wh) =0, Ywp€ Ly.
The analysis of this scheme would be straightforward if the discrete inf-sup condition

ay(qn,v
inf sup 7”(% h) > a, (29)
Gh€LR v, eV, lgn|«|vnly

were satisfied with an e- as well as mesh-independent constant a > 0. However,
this constant is unfortunately mesh dependent, as shown in Appendix C. In order to
circumvent this difficulty we introduce the following mesh-dependent norm on Ly,

o 1= sup 20110
hlxh = T
) v EVE |Uh|v

Note that this is indeed a norm, since |gs|«, = 0 implies aj(gn,qn) = 0 due to the
inclusion L, C Vj, and thus Vg, = 0, which in combination with the boundary
conditions on I';, yields g, = 0.

We now equip the space X}, with the norm

s anllx.., = (lunl + lgnl2, + elanli?

By Lemma 4, the bilinear form C. is continuous on X} with this norm, and enjoys
the inf-sup property

o Ce((un, qn), (vn, wp))
(uth}l)exh (Uhywh)eXh Huh? qhHXs,h H/Uh’ whHXs,h

> B, (30)
with a constant 8 > 0 that does not depend neither on the mesh nor on . This

implies the discrete version of theorem 5.

Theorem 6 (Discrete Existence/Uniqueness/c-Convergence) The discrete AP-
problem (28) admits for each fized h > 0 and ¢ > 0 a unique solution (u},q;) €
Vi, X Ly, satisfying

1
lur, aillx., < BHfHV’
and one has the e-convergence

|up, — U%a qp — ngXE,h —0 for £—0.
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Moreover, the condition number of the matriz corresponding to problem (28) is
bounded by a constant independent of € (assuming that the same bases of Vi, and Ly,
are chosen for all values of €).

Proof. The existence and uniqueness of a solution (uj,q;,) € X}, for each € > 0, is a
simple consequence of the BNB theorem [7]. The convergence (u5,q5) —e—0 (u?,q})
can be established by the same arguments as in the proof of Theorem 5.

We turn now to the study of the condition number. Let {¢Y,..., ¢%.} (resp.
{o1,...,¢%4q}) be a basis of Vj, (resp. Lp). We shall identify every function uj, € V3
(resp. qn € Ly) with a vector @ € RV« (resp. ¢ € RM4¢) consisting of the expansion
coefficients of uy (resp. ¢) in these bases. Denoting the Euclidean norm of a vector
by ||-||2 and using the equivalence of norms on a finite dimensional space, we observe
that for all up, € V}, and q;, € L;, we have

pulllle < lunly < valldlle,  plldlle < lanly < vglldllz,  palldlle < lanla < vil|dl]2

with some positive constants p’s and v’s. We shall moreover identify any ®; =
(un,qn) € Xp, with a vector deRN, N=N,+ N, such that d = (@’ q")T. We
observe for any such ®;, that ||®]|2 = ||@]|2 + ||¢]|3, which in combination with the
estimates above gives

min{sg, pf + € pg} | @13 < [|@nll%, , < max{v,v? +ev 7}

Let now A denote the N, x IV,, matrix with entries a;; = a(¢Y, (b;?), B the N, x N,
matrix with entries b; = a) (¢}, gb?), and C the N, x Ny matrix with entries ¢;; =
aH( g, (bg). The matrix corresponding to problem (28) can be then written in the

following block form
A (1—-¢)B
€ _
A= < BT eC > ’

Its 2-norm denoted by || - ||2 is bounded for all € € [0, 1] by

_— ‘ U-ATG C. (D, Uy)
1A%l = sup  =mmom = s T
g,0erM\(o) [[R1I[W]l2  @nwnexi\(oy [|P]l][ W]l

®nllx_, 1¥nllx_, _ )

max(v2, v + I/q2)

< M

sup = =
e wheXn\ {0} [|®]]2][¥]]2

where M is the (e-independent) continuity constant of C.. Similarly, using the inf-
sup property of this bilinear form we know that for all ®;, € X}, there exists ¥}, € X,
such that

B win{pg, p2}|B[la][Fll2 < BlIPallx. | ¥hllx., < Ce(®n, ¥p)
= U AP < || F[[o]|A°D |2,
with an e-independent constant 8 > 3’ > 0. This simplifies to

B min{g, pZ}H|P[l2 < ||A°]2,
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or equivalently

§ min{p2, p2}|(A9)1B|]y < 18], v e RY.
Thus, the condition number can be estimated as
M max(vg,v2 + 1)

wur ok

B min{p2, p2}

condz(A%) = ||A®[|2]|(A%) 7|2 < (31)

which is an e-independent bound. =

Remark 7 Let us try to be more quantitative in our estimate of conds(A®). In
what follows, the symbols < and ~ will hide the constants of order 1, independent of
the mesh. Consider the standard finite element setting: the bases of Vi, and Ly are
formed by the hat finite element functions on a quasi-uniform mesh. We know in
this case that ||up||2, ~ R?(|@])3 and |uply < Crh=Y|upl|z2 by the inverse inequality
with a constant Cp > 0 that depends only on the mesh reqularity [7]. We also recall
the Poincaré inequality ||up||r2 < Cpluply. The same holds for q, and leads to

fu ~ g ~ hoand vy ~ vy ~ 1.

We also have |qnl«n < |qnl)|, hence vi < v,. Moreover, for any qn € Ly we prove,
using the inverse and Poincaré inequalities, that

a|(qn> qn) lanl lanl
|Qh|*h > = >
lqnlv ) NE o2 N
(lnl2 +lan2) ™ (C3Alanll3 +lanl?)
B 1/2
CRC2lanl} + lanl? (C3n=2llanli2: + lanl?)

iz < CpCPh—2 +1
(C3C3h=2+1) (C?h—ZthH%z + Wﬁ) o

(C3n=2+ )"
T CiC%h2+1

llanllzz ~ hllanllL2 ~ h?[|qll2 -

> h2, so that (31) becomes finally

~

This tmplies ji4

1

conda(A®) < e

Theorem 8 (h-Convergence) Let k > 1 and Vi, C V be the Py (or Q) finite
element space on a reqular mesh Ty. Suppose moreover that problem (21) has a
solution (uf,q°) € X., having the regularity u¢ € H**1(Q), ¢° € H*1(Q). Then one
has the estimate

0 — gy < ehP(uf|grer + g7 grer) (32)

with a constant ¢ > 0 that depends neither on the mesh, nor on €.
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Proof. Let 4j € V), and ¢; € Lj be the standard nodal interpolant of u® and ¢°
{

satisfying [7]
[0 — 85 1 < Rl gues and g — Gl < hElGE o

We can now derive the error estimates in the H'-norm for u in the way similar to
Cea’s lemma: by the inf-sup property, there exists (vn,wp) € Xp with [Jvp, wp| x., =
1 such that (with some 0 < 8’ < f3)

. . . 1 . .
i = @l < i = @ @i = Gillxe < 57 C((h = @y g = G4), (vn, wn)) (33)

1 . .
= EC&‘((UE - U,i, qE - qi)v (Uh7 wh))
< el =B+ 1 — G52+ eld” — a2
< c(lu® —aglm + 19" — aplm)

since (¢ — &)
N a(¢° — g, vn N .

4" = Gilsn = sup —————— <|¢" = G|y < |¢" — Gplm-

v EVR |Uh|v

We can now employ the interpolation error estimates to conclude. m

Remark 9 The error estimate (32) would be of course useless if the norms |u®| e,
|% | ge1 were e—dependent and exploding in the limit ¢ — 0. Fortunately, it is not
the case. We expect indeed that |u|gr1 is bounded uniformly in € by the norm of
[ in H*1(Q) and |¢°| gr+1 is bounded uniformly in & by the norm of f in H*1(Q).
This can be easily proved in the case of a simple aligned geometry, see Appendiz A.
We conjecture that this remains true also in a general setting.

Remark 10 If we do not omit the norm of qj, — G;, in the left-hand side of the first
inequality in (33), we also get an error estimate for q;

hk
4" = ail) < C%(\Us\mﬂ + ¢ gw+1) 5

which degenerates as € goes to 0. We are not sure, if this estimate is sharp, but we
recall that ¢° is an auxiliary variable, without any intrinsic meaning.

3 Second AP-reformulation for general field lines

The fundamental idea of the AP-reformulation introduced in Section 2 is the intro-
duction of a Lagrange multiplier ¢° € L;,, in order to handle well with the constraint
V”uo = 0 in the limit ¢ — 0. This Lagrange multiplier was uniquely determined up
to a constant on the field lines, which was fixed by imposing qfrm = 0. The disad-
vantage of this scheme is that it requires to identify the inflow part of the boundary,
which can be cumbersome in practice or even not possible if some of the field lines
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are closed and lie completely inside the domain €2. It is thus tempting to abandon
the zero inflow boundary condition and to search for the auxiliary ¢®-variable in the
Hilbert space

L={cL*Q)/ Vi€ e LX)}, (u,v)r = (u,w) + (Vju, Vjjw). (34)

The problem with this idea is that we loose now uniqueness of the solution if we
attempt to implement the AP-reformulation (15) just changing L;, to L. To cir-
cumvent this difficulty, it was proposed in [12] to introduce a stabilization term into
the AP reformulation so that it becomes: Find (u®7,£7) € V x L such that

a(u®?,v) + (1 —€)ay(§7,v) = (f,v), Yv eV
(APs) (3)

a||(u€7o—? ZU) - 6a||(£5’a, ZU) - 0(5670’ ZU) =0, Vw e L,

where o > 0 is a small stabilization parameter, chosen consistently with the overall
discretization error. It is this term which permits to have the uniqueness, as will be
shown in Lemma 13.

In the limit ¢ — 0 this system yields: Given o > 0, find (u%?,£%9) € V x L2
solution to

a(u®?,v) + a)(*7,v) = (f,v), WweV

Ls)? 36
(Ls) a”(uo"’,w) — (€%, w) =0, Vw € L2, 30

where £2 is, loosely speaking, the closure of £ in the |- |, semi-norm (17) intersected

with L?(9), i.e.
L% = {{ e L*(Q) / sup a(&,v) < oo} :
vey vy

This space is a Hilbert-space associated with the scalar product
(u,w) 2 = (u,w) + (v w2, V(u,w) € ENQ,

where u* resp. w* are the unique solutions of (18) corresponding to u resp. w. We
need this special space, first of all, to be able to treat the limit-problem (Lg)? with
the inf-sup theory, similar to the inflow-case, and also in order to be able to define
the stabilization term o(£%7, w).

Remark 11 Remark also that we have £2 # L. Let us prove it in the following
simple setting: let Q = (0,7) x (0,7), Ay =1, Ay = Id, b = e3. For any q =
sz’lzl qrr sin kx cosly, the calculation as in Remark 3 gives
2 - I 2
‘q’* = k;l 12 i 2 ’(Jk:l‘ )

so that taking qp; such that qu = % if k =1? and qi; = 0 for any k # 1* we have
2 — I
lqls = ZZ; P <00,
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so that g € L. Moreover, clearly ¢ € L*(Q). However,

[e.e]
lalf = > Plgul* = oo
k=1

3.1 Mathematical analysis on the continuous level

To analyze the well-posedness of problem (35) ans its asymptotic limit behaviour for
e — 0, we shall rewrite it in an equivalent manner, better suited for mathematical
studies. For this, we observe first that the second equation in (35) gives for all e, > 0

(5%, w) =0, VweGe, with Ge:={veLl|Vjy=0},
which means that £ belongs to the following space

A={¢el/(Ew) =0 Ywege), (37)

which consists thus of functions from £ with zero (weighted) average along the field
lines. Remark that one has the decomposition £ = G, &+ A. Problem (35) can be
hence rewritten as: Find (u®7,£%7) € V x A such that

a(u®?,v) + (1 —¢)a (&7, v) = (f,v), Yo eV

(APs)=7 { (38)
ay(u®?,w) —ea) (7, w) — o (§7,w) = 0, Vw e A.

We emphasize that this reformulation is completely equivalent to (35) for all e > 0 and
o > 0 and is done solely for the purposes of mathematical analysis. The formulation
used for the numerical discretization will be (35).

Note that A becomes a Hilbert space when equipped with the scalar product
a|(+,-) and corresponding norm |-[;. Indeed, if £ € A and [¢]; = 0 then £ € G, which
implies £ = 0 since A is orthogonal to G,. For the same reasons, the semi-norm | - |,
(17) is actually a norm when applied to .A. We can thus introduce the closure Aof A
with respect to |- |«, needed as usual, for the ¢ — 0 limit model. The (Ls)?-problem
will be shown to be equivalent to: Find (u®?,£%7) € V x (AN L?(Q)), solution to

a(u®?,v) +a)(€*7,v) = (f,v), VveV
wer { 0 N (39)
a(u™?,w) —a(§7,w) =0, Vw e AN L% Q).

As mentioned earlier, formulations (38) and (39) are better adapted for the math-
ematical study, then the completely equivalent ones (35) and (36). In particular in
the limit 0 — 0, they permit to get the following problems: Find (u®,£%) € ¥V x A
solution of

a(u,v) + (1 —¢)a (&, v) = (f,v), Yv eV

(APa)® { (40)
a)(u,w) —ea)(§°,w) =0, Yw e A.

which is equivalent to the original problem (10) and hence also to the inflow AP-
reformulation (15). In the present case, we fix the Lagrangian variable £° by requir-
ing zero average along the field lines, i.e. £&¢ € A, in the former case we fixed the
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corresponding Lagrangian variable ¢° by setting ¢° zero on the inflow boundary I';,,
i.e. ¢¢ € L. Note that we do not want here to discretize the space A directly. This
space arises only in the limit ¢ — 0, which is never performed in practice when one
implements the scheme of this paper. On the contrary, the scheme from [1] relies on
a direct discretization of A which results in a rather complicated numerical method.
Remark also that we abandoned in (40) the requirement that the ¢-variable has to
belong to L%(Q), as there is no more need, for o = 0.

Letting now formally € — 0 in (40), we obtain the problem: Find (u?,£%) € V x A
such that
a(u’,v) +ay(&%0) = (f,v), YoeV
(La) ~ (41)
a”(uo,w) =0, Yw e A,

which is an equivalent (saddle-point) reformulation of the original limit problem (12).

For the reader convenience, we draw in Figure 2 a scheme, with all the problems
we introduced so far, and their relations. In the following Lemmata and Theorems,
we shall prove some of these relations and convergences, adapting the results from
the previous section 2.2 to the present case containing two parameters, € and o.

equiv. o—0 equiv.
(P)* (APa)® (APg)=? (APg)=?
e—0 e—0 e—0
o—0 , equiv.
(La) (Ls)? (Ls)”

Figure 2: Stabilized reformulations of the original problem (P)e.

Lemma 12 (Inf-Sup condition) LetV, L, L, L be Hilbert spaces such that L C L
and L C L with continuous inclusions and 1€ll; < 1€l for all & € L. Let a(-,-),
c(-,-), d(-,-) denote the scalar products on respectively V, L, L and b(-,-): LxV =R
be a bilinear form satisfying ||b(&,v)| < ||vl|v||&|l; for allv € V', £ € L as well as the
inf-sup condition

inf sup (&, v)

ceLvev |IEllzllvllv
Define furthermore the Hilbert space X, , for e >0, o >0 by

=a>0. (42)

VXL,ife>0,02>0
X.o:={ VX(LNL),ife=0,0>0 ,
VXL, ife=0,0=0
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and equip it with the norm ||u,&||x. , = ([ull}, + [€]13 + €ll€]I7 + olI€]12)1/2.
For anye >0 and 0 > 0 let C. 5 : Xc o X Xc o — R be the bilinear form defined
by

CE,U((U7§)7 (Ua w)) = a(u7 U) + (1 - E)b(§7 U) + b(w7 u) - 80(57 w) - Ud(§7 w) :
Then C; o is continuous and satisfies the inf-sup condition

C
inf sup E,U((u7§)7 (an))
(W& EXewr (vu)eXe,, |1t Ellxe, v, wllx.

>3, (43)

with a constant B > 0 that depends only on .

Proof. The proof of this lemma follows the same lines as that of Lemma 4 and we
give here only a short version of it. For any (u,{) € X. ,, denoting

Ceo((u,§), (v, w))

Z = sup ,
(vvw)EXs,o ”U7wHXE,O'
we can prove that (1—¢)al/¢]|; < Z+ |lully. Now, taking v = u, w = —§ we observe

that

Ceo((w,). (0, =€) = alu,w) = eb(€u) + c(€,§) + od(€. &)
(L= Dl + Sl +oliel?

v

implying altogether

1 £ a?(1—¢)? 1 1
Sllull} + S 1l + =—=——=1l13 + oll€ll} < Zllu, ~€llx.,, +32° + lullp-

Following again the inequalities from the proof of Lemma 4, we see that there exists
a constant ¢ € (0, 3] depending only on « such that for any v > 0 and ¢ € [0, 1]

1 1+~
collu, €%, < ZHu,SH?(E,(, + 2"

Taking finally a sufficiently big ~ yields ||u,&||x. < (1/8)Z with a constant 8 > 0
depending only on .. m

Lemma 13 (Ezistence/Uniqueness for ¢ > 0 and o > 0) Let hypothesis A be
satisfied. The stabilized AP-problem (APs)®° (resp. (Ls)?) is well-posed for each
e €(0,1] and o > 0 (resp. € = 0,0 >0), i.e. for any f € V' there exists a unique
solution (u$7,£5°) € V x L (resp. (u%?,£%9) € V x L£2), which satisfies

[u=7, &% |x., < Clfllvr (44)

with |lu, &l x. , - =(ul3 + €2 + 6|£|ﬁ + O'||£H%2)1/2 and some C' > 0 independent on e
and o. Moreover we have the e-convergence

47 — % €57 — ||y, =0 for &—0.
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Proof. The existence and uniqueness of the solution to the reformulated problems
(APg)®? and (L)? follows directly from Lemma 12 by setting V =V, L = A,
L =A, L = L*). Now, the equivalence of (APs)*? and (AP§)=7 is easily seen
from the decomposition £ = G, @+ A. Similarly, the equivalence of (Ls)? and (L)
can be derived from the decomposition £ = G, &+ A =

Theorem 14 (Existence/Uniqueness for ¢ > 0 and o = 0) Let hypothesis A be
satisfied. The (APA)¢-problem (40) (resp. (L.a)-problem (41)) is well-posed for each
e € (0,1] (resp. € =0), i.e. for any f € V' and any € € [0,1] there exists a unique
solution (u®,&%) € X. o, which satisfies

[0, & 2.0 < CllSlbvr s
with some C > 0 independent on . Furthermore, one has the e-convergence
luf = u®,& =€ xy =0, for e—0.

If we suppose more reqular data, as f € L*(Q), then one has even £ € A and the
estimates

[ —u0ly < OVE, €8 — €9, < CVE,

with C' > 0 some e-independent constant.

Proof. The existence and uniqueness of a solution (u%,£%) € V x A to (AP4)° resp.
(u®,€%) € V x A to (L4) is easily established using Lemma 4. The statements about
the convergence as € — 0 follow in the same way as in the proof of Theorem 5. =

Theorem 15 (0-Convergence) Let hypothesis A be satisfied and moreover, (u®?,£57) €
VY x A be solution to (APs)®? and (u®,£%) € V x A solution of (AP)®, with € > 0.
Suppose that £ € HY(Q). Then

™7 =, 57 = &lx., < col€|m (45)
with a constant ¢ > 0 independent of o and €.

Proof. We turn now to the convergence as ¢ — 0. Using the combined bilinear form
C:,» and recalling the problems (APg)%7 resp. (AP4)%, we can write

Ceo((u®7,657), (v,w)) = (f,v), Y(v,w)eVxA,

CE,O((U67§6)7 (U7w)) = (f,?)) ) V(v,w) eV x -’47

where
CE,J((U, 5)5 (U, ’U))) = a’(u? U) + (1 - 6)(1” (55 ’U) + a (u? ZU) - 6a’|| (5’ ZU) - O'(f, ZU) :
Note that C; o coincides with C; as defined by (22). Taking the difference gives

Ceo((u™? —u®,657 = ), (v,w)) = (&, w) < o|&|y|why < col€|y|wls .
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We have used here the bound |wl|y < c|wl|, valid for w € A as proved below (Corollary
19).
Now, remind that the form C. , enjoys the inf-sup property

Ceo((u,§), (v,w))

inf sup > f
(u7§)eX57<7 (U,w)EXE,U Hu’ £||Xs,o' ||U, wHXE,o' ’

where [|u,€]|x. , = (lufy + €2 + elg]f + oll€lF2)"/?, so that [wl. < [lv,w]x.,. We
can thus conclude that there exists (v, w) € A s such that ||v,w|x., =1 and

Bl —u®, 7 =& |, , < Ceo(u™7 =0, €77 =€7), (v,w)) < col€lyllv, wl|x., = col¢|m,
with some 0 < 8/ < 3, for example ' = /2. This concludes the proof. m

Remark 16 Without the additional hypothesis £ € H'(Q), we can easily prove a
sub-optimal estimate

[u7 = u, 697 = &lx., < eVol[E¥l2 -

Indeed,
Ce o (u™7—u®, 657 =€°), (v,w)) = 0(&%,w) < a2 w2 ) < VallE¥ | L2)llv, wllx., -

Remark 17 The conclusions of Theorem 1/ remain true (after an obvious rephras-
ing) in the limit case € = 0 since the proof relies on the estimates in the norm of X »
which remains a valid norm in the limit € — 0.

It remains to prove the bound |w|y» < ¢|w|« valid for w € A. This will be done
using the following result:

Lemma 18 Let u € V and consider v € A being the unique solution to
a(v,w) = (u,w), Yw € A. (46)
Then v € HY(Q) and there exists a constant ¢ > 0 such that ||v|| g1 < c|uly.

Proof. To simplify the notations, let us restrict ourselves to the 2D case in this
proof (the extension to d > 2 is rather straightforward). There is an evident bound
[[Vvllz2 < cllul[z2 which implies ||v[|z2 < C||u||z2 by a Poincaré type inequality [1].
To continue, let us change the coordinates on €2 and suppose that there exist new
coordinates (£1,&2) so that {2 becomes the unit square Q¢ = (0,1)? and V|| becomes
a(&,gg)% with some positive function . Problem (46) is written in these new
coordinates as

Nﬁa—wd&dﬁz =/ Juw d&dgy
Q. 08 08 Qe
where J = J(£1, &) is the Jacobian and N = N(&1,&) = A)| J o?, which are positive

functions given by the geometry.
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Let us now replace here w by 5 with arbitrary and sufficiently smooth function
w such that w = 0 at & = 0 and at & = 1. Integration by parts with respect to &;
yields then

ON 0v Ow 920 Ow B (Ju)
o, 061 96206 "%/ 510, 08 “11 = /ng og @t

Noting that w is not differentiated in the last formula wrt £ we can use den-

sity arguments and extend this relation to a broader class of test functions w, not

necessarily vanishing at & = 0,1. In particular, we can now set w = —” and get

v\’ [ () @ ON dv  0%v
/%N (8@8@) d&d&_/gg o6 96 1%~ |, 5 o6 oe,08 1

L < c||V||v||L2 < ¢||ul|z2, entails by Young inequality

ov

5 +cuuu%2 , (47)

H sess| L < Ml + 2

with a fixed constant ¢ > 0 and arbitrary v > 0.
Applying a Poincaré type inequality to J gg’ , we can write V& € (0,1)

L7 ov ov 2
/0(8_&> dgg_C/ <a&a&) d£2+0</ a&d@) L s)

Remind that v € A, which means

1
/ J(€1,62) v(€1, €2)dés =0 Ve, € (0,1),
0

or, after differentiation wrt &1,

ov Log
/ 8§1d§2+ A aglvd@—o Vfle(o 1)

Relation (48) can be now rewritten as

NS L% L og ?
/0 <5_§1> d&SC/o (5513§2> d§2—|—C< o 061 Ud&)

which, after integrating over & € (0,1), with the aid of (47) and the the bound
[lvl|2 < Cllul|fz2, gives

Ce

ov
+ Cllv]|7> < Cerllul|fn + — 5

+é 2
| . [l 7

H6§1 L H3§15§2
This implies, taking ~ sufficiently big.

|5

L2

< Cllullpr
2

(%’ L <cllul|fz. m
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Corollary 19 Let £ € A. Then one has |y < c||« with some constant ¢ > 0.

Proof. One can immediately see that ||y = |u|y where u € V solves

(Vu,Vw) = (§,w), Yw e V. (49)
This means in particular that £ = —Awu. Let now v € A be the solution to (46),
corresponding to u solution to (49). Lemma 18 implies thus that v € H*(2) and one
has

—Au,u &u ay(v,§) ay (&)

|uly lulgr Julp [0l g

[

3.2 Numerical analysis for the stabilized AP-scheme

Let us introduce a mesh 7, on € consisting of triangles (resp. rectangles) of maximal
size h and let V;, C V be the space of Py (resp. Q) finite elements on 7. We want
now to discretize the stabilized problem (35) and remark that we can use V}, for both
variables u and £&. We are thus looking for a discrete solution (u;’a, {Z’U) e Vi, x Vj, of

co a(uzﬂ?vh) + (1 - 6)(1”(5270—,’0]1) = (f’ Uh) , Yup €Vy
(APs)y (50)

a”(u}i’g, wh) — aa”({,i’a, wh) — O’(fi’a, wh) =0, Yw,€eV,.

Let us decompose now V;, = G, @ Ay, with G, = V, NG = V;, NG, and Ay,
being the L?—orthogonal complement of Gj. Taking test functions from G in the
second equation of (50), we see that 52’0 € A; so that this problem can be in fact
equivalently rewritten as: Find (u;?,£;7) € V, x A, such that

Je.o a(u;’o?vh) + (1 - 5)&”(5}?0,2}}1) = (f’ Uh) , Yup €Vy
(APs)y (51)

a”(u}i’a, wh) — 6(1”(5;’0, wh) — U(&Z’U, wh) =0, VYwe€ Ah .

The advantage of the last reformulation is purely analytical, as we can now reintro-
duce the mesh dependent norm on Aj,

Eplen = sup M
xh — .
oV |vnly

= (Junly, +
1€n)2, + g\gh\ﬁ + 0|¢[2,)Y/2. By Lemma 12, the bilinear form C.,, is continuous on

We now equip the space X := Vj, x Ap, with the norm ||up, &l x

e,0,h

(Xn, I -llx..,.,,) and enjoys the inf-sup property

inf Ca,a((uha &n), (vp,wp))
(uns€n)E€Xn (v, wp)EX, |un, £h|Xs,o,h|Uh, wh|X57(,7h

>, (52)

with a constant 8 > 0 that does not depend neither on the mesh nor on ¢ and o.
This implies
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Theorem 20 (Discrete Existence/Uniqueness/o,c-Convergences) The dis-
crete AP-problem (50) admits a unique solution (u;°,&;7) € Vi, X Vj, satisfying

Hu5 Nea

1
& xe o < 17l

Moreover, for any € > 0 fized, one has the convergences

£,0 €0, £,0 e,0
Uy~ o0 Uy 3 gh 00 Sh )
where (uzo, ZO) € Vi, x Ay, is the unique solution to (51) with o = 0. We also have
£,0 0,0 £,0 0,0
Uy~ —rem0 Up 3 & —es0 &y )

where (ug’o,gg’o) € Vi, x Ay, is the unique solution to (51) with e = o = 0.

The condition number of the matriz corresponding to problem (50) is bounded by
a constant that depends on o but not on £ (assuming that the same bases of Vi, and
Ly, are chosen for all values of €,0).

Proof. The existence and uniqueness of a solution (u;?,&;7) € Vi, x Vj, for each
e >0, 0 > 0 is a simple consequence of the BNB theorem [7]. As mentioned already

this solution lies in fact in Vj, x A, and it is thus also the solution to (51). By the
same arguments, the latter problem admits a unique solution (uh ,§ ) e Vi, x Ay,
also in the case ¢ = 0. To prove the convergence (u; 7, &) — (uy ,£h %) for e > 0
fixed, we observe

Ceo((u” — 3 657 — €7°), (vn,wp)) = o(&°,wn) < o)|&° | 2] wn |l 2
< Vo 167 2 llvn, wallx.. V(vp, wp) € Vi, X Ap,

and we conclude using the discrete inf-sup property for C; ,. The proof of the other
convergence € — 0 while ¢ = 0 is done exactly in the same way as in Theorem 6.

We turn now to the study of the condition number. We recall the notations from
the proof of Theorem 6 with the only change that there is no longer the space Ly,
which has been replaced by Vj,. In particular, the constants pg, v4, 14, Vx are now
evaluated on V}, instead of Lj, and one can have p, = ps« = 0. Denoting by i and ©
the minimal and maximal eigenvalues of the mass matrix (¢}, QS;‘) 12(0) we conclude
for any £,0 > 0 and any ®;, = (up, &) € Vi, X Vj,

min(ug, o) ||B|I3 < [|@allk, ,, < max{vy,v? +cvg +00°}|P|2.

Introducing the matrix of problem (50), denoted by A%?, and repeating the calcula-
tions of Theorem 6 we obtain

1451y < M max{vy, v +evg +00°}, B min(ug, 0i)|||l2 < [|A“7S]2,

for any ® € RV, so that one has finally

M max{v},vZ + ev? 4+ o0?}

conda (A7) = [|AZ7 ||| (A=) ]2 < Bmin(y2, o7i?)

)

which is an e-independent bound. =

24



Remark 21 As already observed in Remark 7 we have
i~ ~h, py~hand vy, ~ vy~ v~ 1

Hence, assuming €,0 € [0,1], one obtains

1
do(A®7) < — .
conds( ) S s

Theorem 22 (h-Convergence) Let k > 1 and Vj, be the Py or Qy finite element
space on a regular mesh Tn. Suppose moreover that problem (35) has the solution
ut’ € HM(Q), €7 ¢ H*Y(Q) and problem (40) has a solution u® € H(RQ),
€ € HY(Q). Then

[u® =y | < CR* ([0 | grsr + €5 | gan) + Co € g (53)
with a constant C > 0 that depends neither on the mesh, nor on ¢ or o.
Proof. In the same way as in the inflow case we prove that
€,0 €,0 k|, € £
[u™ =y [ < ChP([u [ gres + (€5 )
It remains to invoke Lemma 14 and the triangle inequality to conclude. m

Remark 23 The error estimate (53) would be of course useless if the norms [u? | gr+1,
|€5:7| i1 were dependent on € and o. Fortunately, it is not the case. We expect in-
deed that [u¥|grs1 is bounded uniformly in € by the norm of f in H*Y(Q) and
|€5°9 | it is bounded uniformly in € by the norm of f in H*1(Q). This can be easily
proved in the case of simple aligned geometry, see Appendiz A.

Remark 24 One can also easily obtain

C
657 =& |m < Ve ([ geer + 1657 ) + o165 ]

which degenerates as in the inflow case, as € goes to 0. Again, we are not sure, if
this estimate is sharp, but we recall that €57 is an auxiliary variable, without any
ntrinsic meaning.

4 Numerical tests

Let us now study numerically both AP-reformulations, the inflow as well as the
stabilized one. We consider in the following a square computational domain 2 =
[0,1] x [0,1] and the non-uniform and not coordinate-aligned b field:

B _ [ o2y —1)cos(mz) +
b= |B|’ B < ma(y? — y) sin(rz) ) ’ (54)
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as well as a sample function u” which is constant in the direction of the b-field:

u® = sin (my + a(y® — y) cos(rz)) . (55)
Here o > 0 is a parameter to be fixed in the following different test cases and describes
the variations of b. We choose u” to be the ¢ — 0 limit solution of the anisotropic
problem (P)?, hence solution of (12), and construct an exact solution of (10) by
adding a perturbation proportional to €, i.e.

u® = sin (1y + a(y® — y) cos(rz)) + £ cos (2mz) sin (1y + a(y® — y) cos(wz)) . (56)
Note that the auxiliary variable ¢¢, solution of (15), is in this case equal to
¢° = cos (2rx) sin (Ty + aly® —y) cos(rx)) — sin (my + a(y? — y) cos(mz)) . (57)

Finally, we compute the right hand side accordingly and have thus constructed
an exact solution of problem (10). All simulations (unless stated otherwise) were
performed using a Qs finite element method.

Aim of this section is to study and validate from a numerical point of view the error
estimates established in the last two sections. In particular, we investigate firstly the
error introduced by the stabilization procedure in the (APs)®? formulation, meaning
the o-convergence estimate of (45) in Theorem 14 is verified numerically. Then the h-
convergence of both methods is studied and the estimates (32) and (53) are confirmed
in both anisotropic (¢ < 1) and isotropic (¢ ~ 1) regimes. Next, we show that both
methods are Asymptotic-Preserving in the parameter €. The conditioning of the
corresponding linear systems appear effectively to scale in agreement with Remarks
7 and 21. Finally, the case of a less regular force term f, belonging merely to L?(Q)
(and not to H(Q)) is studied — the convergence of the schemes is tested beyond
the validity of Theorems 8 and 22.

4.1 Stabilization error (¢ > 0, h > 0 fixed, 0 — 0)

Let us start by studying the error introduced by a stabilization term proportional
to o in the (APg)*? reformulation, in particular we shall estimate numerically for
fixed ¢ > 0 and h > 0 the L% resp. H'-errors between the exact solution u® con-
structed in (56) and the numerical stabilized solution w;", solution of (35) or (50),
i.e. |[u® —uy||. The mesh size h is fixed to 0.01. Numerical simulations are per-
formed for the stabilization constant o varying from 1 to 107'°, considering three
different regimes : no anisotropy (¢ = 1), strong anisotropy with direction aligned
with the coordinate system (¢ = 107! o = 0) and strong anisotropy with variable
direction (¢ = 1071, o = 2). The L?- and H'!-errors are presented as a function of
o in Figure 3.

In the first regime, with no anisotropy present in the system, the stabilization con-
stant does not influence the precision at all. Indeed, it is exactly what is expected as
the terms involving £ do not appear for € = 1 in the first equation of (APs)*?. In
the second regime, with strong and aligned anisotropy, the precision of the scheme is
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Figure 3:  Absolute error [|u® — u;?||r2 (on the left) and ||u® — u;?|[z (on the right)
with respect to the exact solution u®, as a function of o, for h = 0.01 and three regimes
: no anisotropy, strong and aligned anisotropy as well as strong anisotropy with variable
direction.

influenced by the stabilization procedure only for o-values greater than 107 in the
L?-norm and greater than 10~2 in the H'-norm. The error dependence in o is here
linear, according to the Theorem 14, and is explained simply by the fact that the
stabilization influences the results for large o > 0.

For o-values smaller than these critical values the accuracy of the scheme in both
norms remains unchanged and is given only by the mesh size. This holds true even if
the value of the stabilization constant is close to the machine precision (107!%) and
can be explained by the fact that we are in an aligned test-case. Indeed, normally
for ¢ — 0 the error should increase, due to the non-uniqueness of the &-solution.
Here we are however plotting the error corresponding to the u®-function, which is
uniquely determined. The non-uniqueness of €57 steps in only in the not-aligned
case, which is our third regime of strong anisotropy with variable direction. In this
case, the curves show an expected o-behaviour, the optimal value of ¢ being between
108 and 107 for the L?-error and between 107!° and 10~3 for the H'-norm. To
explain this, observe that in the limit ¢ — 0 the auxiliary function £ is uniquely
determined up to a constant on the field lines. This constant will normally not in-
terfere in the computation of 47, as only the parallel derivatives of {7 are present

&9%-equation. However, if the mesh is not aligned with the field lines, this

in the u
parallel derivative mixes the directions, introducing errors which lead to the observed

behaviour of the error as o — 0.

Having tested the o-dependence of the error |[u® — u}?|| for fixed h > 0, we are
now interested in how these curves remodel for different h-meshes. The o-convergence
is hence compared for different mesh sizes in the most difficult setting, that is to say
when a strong anisotropy with variable direction is present in the system (¢ = 10710,
a = 2). Numerical simulations were performed for the mesh size ranging from 0.1 to
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Figure 4: Absolute error ||u® — u;?||z2 (on the left) and ||u® — u;”|[z (on the right) as a
function of o, for different values of h and for ¢ = 1071 and a = 2.

0.003125. Cumulative results are presented on the Figure 4. The plateau for which
the accuracy of the scheme does not depend on the stabilization parameter is clearly
dependent on the mesh size. As a consequence, the value of o should be clearly made
mesh dependent. We observe that in the case of Q5 finite elements the upper and
lower bounds for the optimal value scale like h® and h* for the L2-error, while for the
H'-error the respective scaling is approximately h? and hS. It is therefore reasonable
to put o = h3 (or ¢ = h? if one is interested in the H'-precision only). Note that
this scaling depends on the finite element method used. In general, if a Py (or Q)
method is used, the optimal choice of o is h¥*1, which ensures optimal h-convergence
of the method in the L?-norm.

4.2 h-convergence (¢ > 0 fixed, o = h®, h — 0)

Let us now turn our attention to the h-convergence of both Asymptotic Preserving
reformulations (21) and (35). Since the AP-scheme with inflow boundary conditions
was studied in a previous work [(] we are mainly interested in the behaviour of
the scheme with stabilization. As in the previous subsection, numerical tests are
performed in three regimes : an isotropic one (¢ = 1 and a = 0) and two anisotropic
regimes (¢ = 10719 and @ = 0 or @ = 2 ). The stabilization coefficient is set to
o = h3 as a consequence of the last subsection. The convergence rate in the L?- and
H'-norms is presented on Figure 5. As expected the optimal convergence rate (of a
Q2-FEM) is found in both norms. Next we compare the results with the convergence
of the AP-scheme with inflow boundary conditions in Tables 1 and 2. Note that in
the case of no anisotropy or anisotropy aligned with the coordinate system (a = 0),
both schemes give quasi exactly the same precision for both L? and H'-norms. In
the last regime the stabilized scheme is slightly less accurate compared to the (AP;,)*
scheme. A small loss of the convergence rate of the stabilized scheme is observed for
the smallest mesh size in both norms.
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b e=1,a=0 e=10"1 a=0 e=10"1% =2
(APy)" | (APs)™ || (AP, | (APs)™ | (AP, | (APs)™

0.1 539 x 1073 | 539 x 1073 || 1.19 x 1073 | 1.19 x 1073 || 2.81 x 1073 | 2.18 x 103
0.05 6.97 x 107* | 6.97 x 107* || 1.49 x 107* | 1.49 x 10~* || 3.16 x 10~* | 2.87 x 10~*
0.025 8.79 x 107> | 8.79 x 107° || 1.86 x 107> | 1.86 x 107° || 3.77 x 107> | 3.53 x 107°
0.0125 || 1.10 x 107° | 1.10 x 107® || 2.33 x 1079 | 2.33 x 1076 || 4.57 x 1076 | 4.31 x 1076
0.00625 | 1.38 x 107% | 1.38 x 1079 || 2.91 x 1077 [ 2.91 x 1077 || 5.60 x 107 | 5.29 x 1077
0.003125 || 1.72x 1077 | 1.72 x 1077 || 3.64 x 107 | 3.64 x 1078 || 6.89 x 1073 | 6.52 x 1078
0.0015625 || 2.15x 1078 | 2.15 x 1078 || 5.51 x 1072 | 4.78 x 102 || 1.07 x 1072 | 8.05 x 10~

Table 1: Comparison of the L? relative precision ||u® — u3?||r2/||u; |12 of both reformu-
lations in both isotropic and anisotropic regimes for different mesh sizes and stabilization
constant set to o = h3.

b e=1,a=0 e=10"" a=0 =107 aa=2
(APw)* | (APs)™® || (APw)® | (APs)*™ || (APw)® | (APs)*”

0.1 448 x 1072 | 448 x 1072 || 1.46 x 1072 | 1.46 x 1072 || 2.44 x 1072 | 2.33 x 102
0.05 1.13x 1072 | 1.13x 1072 || 3.67 x 1073 | 3.67 x 107 || 6.34 x 1072 | 6.12 x 1073
0.025 2.84 x 1072 | 2.84 x 1073 || 9.19 x 107% | 9.19 x 10™* || 1.60 x 1073 | 1.54 x 1073
0.0125 || 7.11 x 107* | 7.11 x 107 || 2.30 x 10~* | 2.30 x 107* || 3.99 x 10~* | 3.83 x 10~
0.00625 || 1.78 x 107* | 1.78 x 107* || 5.75 x 107° | 5.75 x 107° || 9.93 x 107° | 9.53 x 10~°
0.003125 || 4.45 x 107° | 4.45 x 1077 || 1.44 x 107° | 1.44 x 107 || 2.46 x 107° | 2.37 x 10~°
0.0015625 || 1.11 x 107® | 1.11 x 107° || 3.76 x 1076 | 3.76 x 10~ || 6.08 x 107¢ | 5.87 x 10~¢

g,

Table 2: Comparison of the H' relative precision ||u® —u3|| 1 /]us ||z of both reformu-
lations in both isotropic and anisotropic regimes for different mesh sizes and stabilization
constant set to o = h3.
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(a) L? error (b) H! error

Figure 5: Absolute error ||u® — u;?||z2 (on the left) and ||u® — u;”|[z (on the right) as a
function of i and fixed o = h3. One isotropic regime (¢ = 1, a = 0) and two anisotropic
ones: € = 1071 and o = 0 or @ = 2 are investigated. The optimal convergence rate is
found.

4.3 AP-property (h >0 fixed, 0 = h3, ¢ — 0)

Next, we test if both schemes are indeed Asymptotic Preserving as € — 0. The mesh
size is fixed to h = 0.01, ¢ is set to 0 = h? and numerical simulations are performed
for a variable anisotropy direction (v = 2) with an anisotropy strength ¢ varying
from 1072° to 10. Both schemes exhibit the desired property, as shown in Figure
6. In particular, the absolute error for both reformulations and in both norms is
independent of € (for € < 0.1). The error curves are practically indistinguishable.
For large e-values, the errors are increasing due to the fact that the here presented
schemes are designed to cope with € < 1 singularities.

4.4 Matrix conditioning

Finally, let us now turn our attention to the conditioning of the matrices associated
with the numerical resolution of both schemes (AP;,) resp. (APs)®?. The strong
anisotropy case with variable direction (o = 2) is considered for different mesh sizes
h > 0. The stabilization constant o is set to k3 in the (APg)*? reformulation and
the anisotropy strength e is set to 107!0. Sparse matrices were assembled in every
case and the condition number was estimated using the matlab function condest ()
returning the estimate of cond;. The results are displayed on Figure 7. As expected,
the conditioning scales as 1/h* for the inflow reformulation and as 1/ch? = 1/h°
for the stabilized method. The first method results in better conditioned matrices in
this setting. However, if one is interested mainly in the H! precision the stabilization
constant ¢ could be set to h? resulting in a conditioning proportional to 1/h* for the
stabilized method, discretized with the Qs finite elements.

30



10t . . . . 10t . . . .
(AP)E'i---- (AP)E,G____
10° F (AP = = ] . AP~ -
10° } E
107t b ]
-2 L 4
10 lo-l L i
10% | ]
10* f 4 107 /]
/ /
10° | /1 !
s 10° } P
e o e e e e e e e e ot b o o
10° | ]
10-7 L L L L 10-4 L L L 1
1020 101% 1010 10 10° 10%° 101° 1010 10° 10°
€ €
(a) L? error (b) H' error

Figure 6: Absolute error ||us, —u%? ||r2 (on the left) and ||us, —uS? ||g1 (on the right) as
a function of e for an anisotropy not aligned with the coordinate system (« = 0) and the
mesh size h = 0.01, 0 = h3. The error curves are superposed, both schemes show similar

accuracy independently of ¢.
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Figure 7: Conditioning (cond;) of the matrices associated with both AP schemes as a
function of the mesh size for strong and nonaligned anisotropy (¢ = 1071°, o = 2). The
predicted scaling is found.
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4.5 The case of f ¢ H'(Q)

Aim of this subsection is to investigate the error estimates in a case where the right
hand side f is less regular than supposed in the theoretical part of the last two
sections. All simulations in this section are preformed with a Q; finite element
method and the stabilization parameter in the (APs)®?-formulation is set to h%. In
this case we have the h-estimates (32) resp. (53) with & = 1 and we recall Remark 9
resp. 23. Let us now choose u° to be defined by

u = ((y + a(y® —y) COS(7T3:)/7T)2 In (y + aly® —y) cos(rz)/m) — 1.5)

(58)
+75(y+ aly® —y) cos(mx)/m)

so that the right hand side for the limit problem is a function that belongs to L?

and not to H!. If a = 0 (the field is aligned), then the right hand side of the limit

problem equals to Iny.

We remind that in view of our theoretical result, the H'-norms of ¢° and £5° are
not guaranteed to be bounded if the force term is not H'(2). Nothing can be said
on the convergence of the numerical methods in this test case since the right hand
side (58) is not in H?(2). We consider two anisotropic regimes (¢ = 1071Y): with
anisotropy direction aligned with the coordinate system (a = 0) resp. with variable
direction (a0 = 2).

Numerical simulations show that the H'-norms of q;, and 52’0 grow as h ap-
proaches 0 for the variable anisotropy direction. This seems to confirm our expec-
tations. On the other hand, the H'-norm remains constant when the anisotropy is
aligned with the coordinate system. The L2-norm seems to be bounded regardless of
the method for both studied regimes. The results are displayed on Figure 8. To our
surprise, optimal convergence rate of uj and uZ’e is conserved in the tested h range
— see Figure 9.

5 Conclusions

A detailed numerical analysis of some asymptotic-preserving numerical schemes, de-
signed to cope with highly anisotropic elliptic problems, was carried out in the present
work. In particular, we have shown rigorously that in the limit regimes where tra-
ditional schemes become inadequate, AP-schemes are perfectly able to capture the
macroscopic behavior of the solution. Convergence results for the schemes were
proven, with an accuracy and stability which are shown to be e-independent, € being
the perturbation parameter responsible for the stiffness of the problem. The devel-
opment of AP-schemes is based on asymptotic arguments and permit hence to create
a link between the various scales in the considered problem, while the numerical
parameters remain independent on the stiffness parameter.
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Figure 8: L? (on the left) and H' (on the right) norms of 57 and ¢ as a function of the
mesh size h > 0, for ¢ = 107°, ¢ = h? and o = 0 or « = 2. The H'-norms of both
auxiliary variables increase with decreasing mesh size for variable direction of anisotropy.
The L?-norms seem to be bounded.
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Figure 9: Absolute error |[u® — u;?||z2 (on the left) and [Ju® — u;”||z (on the right) as

a function of the mesh size h > 0, for ¢ = 107°, ¢ = h? and @ = 0 or @ = 2. Optimal
convergence rate is observed for both methods and both anisotropy configurations.
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A The regularity of the solution in the case of
a simple geometry

Consider the case of Q2 = (0,7)? and the field b looking upwards, i.e. b = e,. More-

over let Ay =1and A; = Id. We want to explore in this Appendix the regularity of

the solution (u®?,£57) to (35) when f belongs to H*(f2) and considering an aligned
geometry case.

To start, let us first remark that the functions {/2/7 sin kx}1>1 as well as {{/2/7 coslz};>0
form an orthogonal basis in L?(0, ) [2], such that each f € L?(Q2) can now be written
under the form

oo oo
=33 fusinkzcosly, {futren C1°,
k=1 1=0
which implies immediately that
[e.e] oo

L g2 +12+(

SIE frrsinkx cosly,

5l2+a

k=
o o0 l2
50 _ . .
§ -%' y ;; €l2—i—o' k;2_|_l2) ( _€)l4fk181n x cosly

~

Now, if f € H*(Q2), Parseval’s equality permits to show that

s ~ DD (B2 + 1) f

k=1 1=0
so that
oo oo co oo
k‘2 + l2)s+2
o2 2, 52 2
ju® |HS+2N§:§ 1o 2 < E E (K + 1) fiiy ~ | f e
k=1 [=0 <k2 + 12 m) k=1 1=0

0 (k> + 1)1t S (K + 12)°f 2
€5 3s ~ ZZ (Pt o) 2+ 1 (1) kal ZZ + i~ | f s -

k=1 1=1 k=1 1=1

Moreover, in the case ¢ = 0 one has

€12 (k> + 121" e 2 20 £12
|Oyyu ’HSNZZ kal sz + 1) iy~ €N f e -

k=11=1 ( ) k=11=0

In conclusion, if f € H*(Q) then u®? € H52(Q), £&5° € H*(Q) and d,,u € H(Q)
and there is a constant C' > 0 independent of ¢ and o such that

[u® | a2 < C|flas, 1€ s < Clflgs and  |Oyyu|pgs < Ce|f|ms.
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The same estimates hold true in the inflow case, problem (15), i.e. when ¢°
associated with zero boundary conditions on the inflow part. Indeed, the link between
¢ and &9 can be explicited as

¢*(w,y) = €°(z,y) — €%(x,0).

Hence, it suffices to study the regularity of the trace function x¢(z) := ¢%9(z,0). We
have

ZZdQ k:2—|—l2 +(1 _€)l4fklsinkm,

k=11=1
implying
Pt & el2(k2 +12) +
S (S k) (k) <03 S0 s~

=1 =1 k=1 1=1

2
X[ (Tin)

2 o
=T fkl) < Z 25 (Z sz)

—_

st

IN

We conclude thus x° € H*(I';,) so that ¢° € H*(€2) with the e—independent estimate
|| s < Cf .

B On the discrete inf-sup condition

As mentioned earlier, the numerical analysis in this paper would be more convenient,
if the discrete inf-sup condition (29) were true, i.e.

a)(qn, vn)
inf sup ————

> o, (59)
Gh€LR yu eV, ‘Qh’*‘?)h‘v

with a mesh independent o > 0. In more explicit form, this means

a ) a , U
Yqn € Ly, : sup 7”(% ) > « sup 7”(% ) .

(60)
o€V |Unly vev vl

We show first that (59) holds true in a simple aligned geometry. Secondly, we
provide a numerical study of a non-aligned case where (59) turns out to be false.

B.1 The case of the aligned geometry

Assume Q = (0, L;) x (0,L,) and b = es. Choose V}, as the finite element space Q)
(k > 1) on a rectangular grid 7, aligned with the coordinate axes. More precisely,
we choose some node points 0 = xg < 27 < -+ < xn, = L, on [0,L;] and 0 =
Yo <y1 <---<yn, = Ly on [0, L,] with all the steps of order h and introduce 7y,
as the collection of rectangles [x;, zi+1] X [y;,y;j+1] that constitutes a partition of €.
Moreover, &, shall denote the set of all the edges of the mesh 7j, with the exception
of those lying on I'p.
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Our strategy to prove (59) is to use Verfiirth’s trick [14] by first establishing the
inf-sup conditions with respect to an auxiliary mesh dependent norm and then going
to the original norm with the aid of Clément interpolation. Thus, we want to prove
first that for all g, € L, there exists vy, € V}, such that

N Z/y dyan)l’ds + 3 / 10,y an|2da <c““(Qh’”h) (61)

E€5 KET;, l[vn|lr2

where [0yqp] denotes the jump of 0,q;, across an edge E € & if the edge is internal,
and [0,qn)=0yqn on an edge E lying on the boundary I'.
A convenient reformulation of this is: For all ¢, € L; there exist v, € V} such
that
llonl72 < CLNG (gn) and aj(gn, vn) > C2Ni (gn)- (62)

The quantities above can be written in a more explicit manner as

Ni(qn) = hZ/ Byaqn]|* (i dw+2/ / |Oyyan|*dydz
Yi—1

Le Ly
/ / v%dydx ,
) (qn,vn) = Z/ Oyqn)(x, yi)on(z, yi)dzr — Z/ / Oyyqnvndydz.

The construction of vy, is particularly easy in the case of bilinear finite elements
(k =1): we can take vj, € V}, such that for all i =0,..., N,

|[vnl 3

o, 00) = 310,01 1) (63)

Then the second inequality in (62) becomes equality with Cy = 1. Moreover, one
easily gets by a scaling argument

Ny

Ly
[ ey < iny o (64)

1=0

for all x € [0, L,] which gives the first inequality in (62).
We describe now a more complicated construction in the case k > 2. For a given
qn € Ly we construct vy, € Vj, as v, = v,(Ll) + v,(f) where v,(Ll)

x € [0,L,] and any y €[y;—1,vi), i = 1,..., Ny by

€ V}, is defined for any

v’(ll)(x’ y) = —Oyyan(z,y) = yz;g(yl —y)
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and v}(f) € V}, is such that

1 ,
o) (@,y) = 2 Om) (@), i=0,....Nay @ €[0,Ld]

and U/(12)|y€[yi71,y¢} for any z fixed is a polynomial of degree k that is orthogonal in
L?(y;_1,y;) to all the polynomials of degree < k — 2. We get for this vy,

_ 2 (¥ —vi-1) (Wi —y)
aH(Qhavh =7 Z/ th yz dw‘i‘Z/ /yZ 1 ‘anyh‘ 2 dydx

This yields immediately the second inequality in (62) with some Cy > 0. In order to
prove the first inequality in (62) we employ again a scaling inequality of type (64):
for any = € [0, L]

Ny

Ly LU Ly
/0 vidy < 2/0 ‘U}(Ll)’2dy+2/0 \U](f)’wy <4 Z/ |Oyyan|?dy + + Z Lan)? (yi)

i=1 7 Yi-1

Now, (61) being established, take any g € Lj. By the definition of the norm
| - |+, there exists v € V such that |v]y = |gx|s and a)j(qn,v) = |gn|?. Let o, € V4 be
the Clément interpolant of v such that [7]

2

o — iz < Chlelv, fonly < Clobv | 3 o= 0l | < OVlely.
Eegy,

Observe that

lanl2 = ay(an,v) = a)(qn, v — Tp) + a;(qn, )
(qn,vn) N ) (qn,vn)
< a(qn,v — ) + |On]y sup Andm ) o a)|(qn,v — on) + Clgnl« sup R R
on€Vn VRl wneVi VRV

Integrating by parts element by element in the first term of the last line yields

a) (qn,v — ) = /Vth V(v — op)dx
KeTy,

= Z/n Vth U—Uh ds— Z/ VH Vth U—Uh)d

Eegy, KeTy,

a||\qhn; Un a||\qn; Un

< Ni(gn) < Chlv|y sup H(qi) < Clovly sup H(qi)
voneVi |lvnllr2 veVi  lvnly

We have used here (61) and the standard inverse inequality. This enables us to

conclude

a|\gn, Un a|\gn, Un a|\gn, Un
lgn|2 < Cloly sup L)Jrclqh!* sup @@, 0n) < Clgpl« sup @ (an, v)

onevi lunly o€V |URlY eV, lonly

since g, € Vj, and |v]y = |qn|«. The last inequality gives the desired result (59).
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B.2 A numerical study in the case of a general geometry

The aim of this section is to investigate the validity of (59) or equivalently (60) in
a more general context by a series of numerical experiments. As in Appendix B.1,
we shall assume that Q = (0, L;) x (0, Ly), b = ez, however this time the grid is no
more aligned with the field lines of b. Indeed, we are using here a regular grid made
of triangles such that their hypotenuses are no longer aligned with b. Numerical
simulations are performed with FreeFem++ [10].

Let V}, be the P; finite element space on a mesh described above of size h > 0.
Observe that the first supremum in (60) is attained on v € V}, that satisfies

a(vy, wp) = ay(qn,wn), Ywy € Vj. (65)

In order to explore the second supremum in (60), we use the finer finite element
space Vhf/2, constructed via Py finite elements on mesh of size h/2, i.e. a two-times
refinement of the mesh above. The goal in introducing this finer space Vhf/2 is to
approximate the infinite-dimensional space in (60).

Consider U;;J/; € Vhf/2 that satisfies

*f oy f f f
a(Vy79, Wy o) = @) (dny2, Wy 9) s VW 10 € Vig - (66)

If (60) holds true, than we have

|U;§|v
Yap € Ly, : o > .
vife
Unfortunately, this is false as shown in the following numerical experiment. Let

L, = Ly =1 and let us choose on each mesh of size h = 1/n the function ¢, € V},
defined by its values at the mess nodes as

qn(wi, y;) = x;sin(rny;/2), (67)
where z; = ih, y; = jh, i,j = 0,...,n. Note that this function satisfies all the
boundary conditions provided n is even. In Fig. 10 we plot the quantity %

Upy2lv

computed for such a g, on a series of meshes versus h = % It shows clearly that the
constant « in (59) is mesh dependent, i.e. it tends to O (in general) when the mesh
size tends to 0.
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