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Abstract

We show that, dealing with appropriate basis, the cumulants for N X N random matrices
(Ai,...,A,), we previously defined in [2] and [3], are the coordinates of E{II(4; ® --- ®
Ap)}, where I denotes the orthogonal projection of A; ®---® A,, on the space of invariant
vectors of M%” under the natural action of the unitary, respectively orthogonal, group.
In that way the paper makes the connection between [5] and [2], [3]. We also give a new
proof in that context of the properties satisfied by these matricial cumulants.
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1 Introduction

For any N x N complex matrix X, we constructed matricial cumulants (CY(X)),<y in [2]
(resp. (C9(X))n<n in [3]) such that if X,Y are N x N independent complex matrices and U
(resp. O) is a Haar distributed unitary (resp. orthogonal) N x N matrix independent with
X,Y, then for any n < N,

CUX +UYU") =CY(X)+CY(Y),

CO(X +0YO0") =C2(X)+ CO(Y).

We defined the CY(X) (resp. CY(X)) as the value on the single cycle (1...n) of a cumulant
function CY(X) (resp. C°(X)) on the symmetric group S, (resp. Sa,) of the permutations
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on {1,...,n} (resp. {1,...,n,1,...,n}). Note that we defined more generally cumulant func-
tions for a n-tuple (Xi,...,X,) of N x N complex matrices. The aim of this paper is to
give a geometrical interpretation of the values of the cumulant function CY(Xy,..., X,,) (resp.
CO(Xi,...,X,)). It derives from the necessary confrontation of our results with the work of
Collins and Sniady on the “Integration with respect to the Haar measure on unitary, orthogonal
and symplectic group", see [5].

Let us roughly explain the key ideas of this interpretation and first introduce briefly some no-
tations. Let m be a permutation in S,,, denote by C(m) the set of all the disjoint cycles of 7 and
by vn(m) the number of these cycles. Let € = (e1,...,¢,) € {—1,1}". We set for any n-tuple
X = (Xj,...,X,) of N x N complex matrices

re(X) =ra(X1,.. . X)) = [ T (H}g). (1)

Cec(r) jec
and
M)%(g(wr)) = TW(X?, e ,Xfl").

In this last expression we set X ~! for the transpose X’ of the matrix X and 9(e,m) denotes some
particular permutation on the symmetric group Ss,, we will precise in section 3.1.

These n-linear forms r., 7™ € S, or Mi(g(m)), w € S,,e € {—1,1}", introduced on M?; for any
integer n > 1, are respectively invariant under the action of the unitary group Uy for the first
ones and the orthogonal group Oy for the second ones. From the point of view of [5], they
canonically define linear forms on the tensorial product M%" which also are invariant under
the corresponding action of Uy, respectively Oy. As M$" is naturally endowed with a non
degenerate quadratic form (u,v) — (u,v), these linear forms correspond in the first case to
vectors uy, m € S, of MS" which are Uy-invariant, and in the second one to vectors Un(ge.r)s
e € {—1;1}", 7 € S,,, which are Oy-invariant ( will be defined in section 3.3). They thus
satisfy

T’W(Xl,...7Xn) = <X1 X ... ®Xn,u7r>

respectively
Mx (9em) = (X1 @ ... ® X, (. 1))

Actually, for n < N, {u, ; 7 € S,} forms a basis of the space [M%$"]"~ of Uy-invariant
vectors, while a basis of the space [M%S"]°V of Qy-invariant vectors can be extracted from
{tngeyie € {=1;1}", m € S,}. Note that this last one needs the double parametrization by
S, and some ¢ in {—1,1}". This is the reason why, contrary to the unitary case where the
adjoints are not involved, the transposes of matrices naturally occur in the orthogonal case.
We then prove that our matricial cumulants CY(Xj,...,X,) (respectively C°(Xy,...,X,))
are the coordinates in this appropriate basis of E {f UXUr®...® UXnU*dU} (respectively
E {f O0X0'®...® OXnOtdO}), where the integration is taken with respect to the Haar mea-
sure on Uy (resp. Oy).

The paper is split in two parts. The first one concerns the matricial U-cumulants and the
second one is devoted to the O-cumulants. In each part we first recall the definition and funda-
mental properties satisfied by these cumulants (sections 2.1, 2.2 and similarly 3.1, 3.2). Then
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we describe a basis of [M%"]¢ in each case (G = Uy in section 2.3 and G = Qy in section 3.3)
before giving the geometrical interpretation of our cumulants and ending with a new proof in
that context of the properties they satisfy (sections 2.4 and 3.4).

Note that the same development as for the orthogonal group can be carried out for the sym-
plectic group Sp(N). We just provide the corresponding basis of Sp-invariant vectors of M
in a last section at the end of the paper without anymore details.

Throughout the paper, we suppose N > n.

Before starting we would like to underline that the description of the subspace of invariant
vectors relies on the following ideas. Note this first simple remark :

Lemma 1.1 Let G and G’ be two groups acting on a vector space V' through the actions p and
o and let [V]Y denote the subspace of G-invariant vectors of V.. Then, when p and p' commute,
for any vector v # 0 in [V], {p'(¢)-v ;¢ € G'} C [V]°.

Hence [V]% is well-known as soon as we can find a suitable group G’ and some vector v in [V]%

for which we get {0'(¢')-v ; ¢’ € G’} = [V]“. For the considered groups, the Schur-Weyl duality
leads to the right G'. Thus for G = GL(N,C) and Uy, G’ is chosen equal to S,,. For G = Oy
or Sp(N), G’ is Sy,,. The description is well done in [8], see Theorem 4.3.1 for GL(N,C) and
Theorem 4.3.3 or Proposition 10.1.1 for Oy and Sp(/N). As Uy is concerned, note that any
analytic function which is invariant by Uy is invariant by GL(N,C) too (see Weyl’s Theorem
about analytic functions on GL(N,C), |9]). For any u € [M%"]"V, the analytic function on
V, A — (A,u) is Uy-invariant, hence is GL(N,C)-invariant. Thus, for any A in M%$" and
any G € GL(N,C), (A, u) = (A,G"'uG) and hence u € [MF'|FFWC) 1t readily comes that
[M®n]GL NC) _ [M®n]UN

2 Matricial U-cumulants

We refer the reader to [2] where the present section is developed and we just recall here the
fundamental results.

2.1 Definition and first properties

Denote by * the classical convolution operation on the space of complex functions on S,

Frglm) =" flo)gloe™ n) =D f(xp g(p)

oESH peSn

and by ¢d the identity of §,,. Recall that the x-unitary element is

PN 1 if m=1d
id = 0 else ’



that is f % 0;g = d;qa % f = f for all f. The inverse function of f for x, if there exists, is denoted
by fU and satisfies f * fC) = fU x f = §;5. In particular the function 7 — 27(™ is
s-invertible for n — 1 < |z| (see [6]). Moreover, since v, is central (that is, constant on the
conjugacy classes), 27" and thus (z7)(~! commute with any function f defined on S,,.

Let us recall the definition of the U-cumulants introduced in [2].

Definition 2.1 For n < N, for any n-tuple X = (X1,...,X,) of random N x N complex
matrices, the n-th U-cumulant function CY(X) : S, — C, 7 +— CY(X) is defined by the relation

CY(X) :=E(r(X)) * (N™),

The U-cumulants of X are the CY(X) for single cycles 7 of S.
For a single matriz X, CY(X) where X = (X, -+, X) will be simply denoted by CY(X).

For example, if try = %Tr,

Cly(X) = E(try(X))
NE{TI‘(X1>TI'(X2)} — E{Tr<X1X2>}

Clyp (X1, Xa) =

N(N2Z-1)
—E{TI'<X1)T1"(X2)} + NE{TI‘(XlXQ)}
U _
0(12)<X17X2) - N(N2 . 1) :
Here are some basic properties remarked in [2]. First, for each = in S,, (Xi,...,X,) —
CY((Xy,...,X,)) is obviously n-linear. Moreover it is clear that for any unitary matrix U,

cYUrx U,...,.U*X,U) = CY(Xy,..., X,).
Now,

1. For any 7 and ¢ in S,,,
Cfrj((XU(l)v e 7X0(n))) = Co['/;ra_l((Xh s 7Xn)) (2)

2. CY(X) depends only of the conjugacy class of 7.

™

Thus the cumulants CY(X) of a matrix X for single cycles 7 of S, are all equal so that
we denote by CY(X) this common value. We call it cumulant of order n of the matrix X.
In particular, C¥(X) = E(tryX) and CY(X) = £ [E{try(X?)} — E{(tryX)?}]. We also
proved the following

Proposition 2.1 For any k <n < N, any 7 in S, then

Cg(Xl,...,Xk) ifmt=(n)...(k+1)p for some p € Sk,
0 else.

Cfr](Xl,...,Xk,IN,...,IN):{

Now let us recall the fundamental properties we proved in [2| and that motivated the terminol-
ogy of cumulants.



2.2 Fundamental properties
2.2.1 Mixed moments of two independent tuples

In 2] we have proved the following theorem with great analogy with the results of [10] about
the multiplication of free n-tuples.

Theorem 2.1 Let X = (Xy,...,X,,) and B = (By, ..., B,) two independent n-tuple of N x N
random complex matrices such that the distribution of X is invariant under unitary conjuga-
tions, namely VU € Uy, LUX U*,...,UX,U*) = L(X4,...,X,). Then we have for any 7 in
Su:

E(rr(BiX1, ..., BuX,)) = {E(r(B)) * CY(X)}(7) = {CY(B) * E(r(X))}(r)

From Theorem 2.1 we readily get the following convolution relation which has to be related to
Theorem 1.4 in [10].

Corollary 2.1 With the hypothesis of Theorem 2.1,
CY(X\By, ..., X,B,) = CY(X) « CY(B).

If X = (Xy,...,X,) and B = (By,...,B,) are two independent n-tuple of N x N ran-
dom complex matrices such that the distribution of X is invariant under orthogonally con-
jugations, namely VO € Oy, L(0X,0,...,0X,0") = L(X,...,X,), the mixed moments
E (r(B1X1,...,B,X,)) can still be expressed by a convolution relation but on S,,; we were
led in consequence to introduce in [3] another cumulant function C© : S, — C we recall in
section 3.

2.2.2 Linearizing property

Proposition 2.1 together with Corollary 2.1 imply that the cumulants CY(X1, ..., X,,) vanish
as soon as the involved matrices (X1,...,X,) are taken in two independent sets, one having

distribution invariant under unitary conjugation; therefore they do linearize the convolution,
namely if X, X, are two independent matrices such that L(UX,U*) = L(X), VU € Uy, then

Cg()ﬁ + Xy) = Cg(Xl) + Cg(Xz).

2.2.3 Asymptotic behavior

We refer the reader to [12| for noncommutative probability space and freeness and to [11]
and [10] for free cumulants. Let (A, ®) be a noncommutative probability space. For any
noncommutative random variables (a1, ..., a,) in (A, ®) and for any 7 = [[I_; m; in S, with
mi= (L1, lia, ... lin,), we write

r
Qbﬂ(al, s 7an) = H ¢<ali,1ali,2 T alz’,ni)7
=1



,
kr(ay,... a,) = H ko, (ay, ,,aq,,, ... ,ali’ni),
i=1

where (k;,)nen stand for the free cumulants. For any n-tuple (Xi,...,X,,) of N x N matrices,
we define the normalized generalized moments E(rng) (X1,...,X,)) where 7 is in S,, by setting

1 1
E(Tng)(Xl,..‘,Xn)) = N,Yn(ﬂ)E(rw<X1a---7Xn)) =E H NTY(HXJ)
ceC(m) jeC

We also define the normalized cumulants by
(CHYM(X,, ... X,) = N@OU (X, LX),
In [2] we prove the following equivalence.

Proposition 2.2 Let (X1,...,X,) be a n-tuple of N x N matrices. Let (x1,...,x,) be non
commutative variables in (A, ¢). The following equivalence holds,

E(T(N)(Xla"'an)) - ¢7T(x17“'71:n)’ Vﬂ- 6 Sn

™ N — 4+

S (CHW(Xy, ..., X)) —  ke(xy,...,20), Y7 € S,

N — 400

2.3 Action of the unitary group on the space of complex matrices

We first need to precise some basic generalities and notations. Let (eq,...,ex) be the canonical
basis of CV. Endow C" with the usual hermitian product (Y, u;e;, > ; viei)en = Y., u;v;. Thus
the dual space (C)* is composed by the linear forms v* : C¥ — C,u +— (u, v)c~ with v € CV.
Let (€},...,ey) be the dual basis. Let us first consider the tensorial product CV @ (CV)* with
orthonormal basis e; ® €7, 4,7 = 1,..., N with respect to the hermitian product

(w1 @ vy, up ® U§><CN®(<CN)* = (u1, ug)en (Va, V1)eN
The unitary group Uy acts on CV @ (CV)* as follows:
ﬁ(U)(GZ ® 6;) = Uel- ® (Uej)*.

Now let us consider My with canonical basis (E,p)qp=1,..n defined by (Eqp)ij = 04,0, and
hermitian product (A, B)y, = Tr(AB*). It is well-known that My and CY @ (CV)* are
isomorphic hermitian vector spaces when we identify any M = (M;;)1<ij<ny € My with M =
Zlgi,jSN Mije; ® €} (and hence Ea,b = e, ® ¢;). Besides the action p corresponds on My to

p(U)(M)=UMU".
Note also that the inner product AB in My corresponds to the product defined by

(u1 ® v7).(u2 ® v3) = (u2, v1)en U1 ® V3,
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and the adjoint A* to the following rule: (u ® v*)* = v ® u*.

More generally, for any n, the tensorial products MJ" and (CV @ (CV)*)®" are isomorphic
through themap: A=4,®.. ® A, — A=A, ®...%® A, and with hermitian product
<A1 ®X...x An, Bl ®...® Bn>M%" = HTI(AzB;k) = H<AZ, Bz’>(CN®((CN)*
i=1

=1

= <A‘“1 ® e ® A/n, El ® P ® Bn)(CN®((CN)*)®"-
Here again the following actions of Uy are equivalent:

on (CN @ (CN)")=" pu(U)(e;, @€ @ -~ ®e;, @e; ) = Uey, @ (Uey)* @ --- @ Ue;, @ (Uey, )",
on Mg pn(U) (A1 ®...®A) =UAU*®...0 UAU".

Let us denote by [V]Y¥ the subspace of Uy-invariant vectors of V with V = M$" or (CY ®
(CM)*)®n. Clearly M5 and [(CN @ (CV)*)®"]U~ are isomorphic too. Consequently from
now on we identify M%" and (CY @ (CV)*)®". We also simply denote the hermitian product by
(.,.) from now on throughout section 2. Note lastly that the inner product in M%" is defined
by

(A®..0A,).(Bi®...®B,) =A41B®...0 A,B,,

and the adjunction by (A; ® ... ® A,)* = A} ® ... ® A%. They satisfy for any u,v,w € MF™":
(w.v,w) = (v, u*w) = (u,w.v"). (3)

In the following proposition we determine a basis of [M%"]"~. We use the previous identification
in the proof.

Proposition 2.3 For any permutation o in S,, define

Uo == § : By @ @ Bi i

Then {u, ; 0 € S,} generates [MS'|V¥. Moreover when N > n, it is a basis of [MS"]U.

Proof: The first part of Proposition 2.3 derives from Theorem 4.3.1 in [8]. Let us briefly
recall how this set is introduced before showing that it forms a basis of [M%"]"~. We work
on (CN @ (CN)*)®" where we consider another group action and a specific invariant vector in
order to apply lemma 1.1. Define

O, =Iy®..01y= Zeil®e;®~~®ein®e;.
ﬁf_/ .
n times

It is clear that ©,, € [M%"]"~. Consider now the natural action p’ of S,, x S,, on (CN @ (CN)*)®n
defined for any permutations o and 7 in S, acting respectively on {1,...,n} and {1,...,7} by

p(o,7)(ei, ®ef. @ e, @ej)=e _, Qe | @@ €iprmy ® e

1) t—1(1) t—1(m)”
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The actions p, and p’ obviously commute. Hence, according to Lemma 1.1, for all (o,7) in
S X S, p'((0,7)) - ©, belongs to [MS"]V~. Note that, since (o,7) = (o771,id)(7,7) and
p((r, 7)) 6, =06,, then

{0 ((0,7)) -6, (0,7) €S x S} ={p'((0,id)) - ©,, ; 0 € S,.}.
Thus we simply denote p'((o,id)) by p/(c) and we set
u, = p'(0) - O,

Remark that u,q = ©,,. Note also that u, corresponds to p (o) in [5].

From Theorem 4.3.1 in [8], the set {p/(c) - O, ; 0 € S,} generates [MF"]|FEWNC) = [MGUn
(see [9]). We now prove that it is a basis when N > n.

One can easily see that the adjoint of p'((c, 7)) satisfies p'((c,7))* = p/((¢71,771)) so that

<u07ua/> - <@n7ua—1ol> - <uo’*lav ®n>

Now from (1) we get :

(O, ug) = Z H(Su iy = O TolBiins- - Eiyi) = ro(Iy, ..., Iy) = N1,

so that w
(Ug,uyr) = N0,

Let G = ((Ug, Uy )y o' cs,xs, D€ the Gramm matrix of {u, ; 0 € S,}. Let a = (aq)oes, and
b= (by)ses, be in C*. We have :

Ga=b & Z (Ug,uy)ay = by, Yo eS8,
o' €Sy
1—1
& Y N g, =b, VoeS,
o €Sy
& b=ax N7
& a=Dbx(N)EY
when N > n since in that case N7 is x-invertible. Therefore G is invertible when N > n and
{u, ; 0 € 8,} is a free system of vectors of [(My)®" ]V, O

Here are some basic properties satisfied by the u,,o € S, which can be easily proved. For any
ocand 7in S, and Ay,..., A, € My,

u; = Ug-1, (4)
Up Uy = Ugr, (5)
<ua-(A1 Q- ®An)>ur> = <A1 - ®An>u0*17>7 (6)

(A1®- @ Ap)us,ur) = (A1 Q- ® Ay, Urg1),



the two last ones coming from (3), (4) and (5).
Moreover, for any k < n, if 7 in S, is such that 7 = (n)--- (k + 1)p for some p in S, then

uﬂ:up®[N®...®IN (7)

n—k times
and more generally, if T = p1ps with py € S{1,...,k} and py € S{k+1,...,n}, then
Ur = Up, @ Up,. (8)
Lastly note the following straightforward equality :
P ((0,0)) - tr = tgmo-1. (9)

Here is an immediate interpretation of the generalized moments in terms of hermitian products
with the u,.

Lemma 2.1 For any Ay ® -~ ® A, in M and any 7 € S,
T7r<A1,...,An>: <A1®®An,uﬂ-> (10)
Proof: We have:

<A1 ® e ® An, UTF> = Z Tr(AlEiliﬂ71(1>> “ee Tr(AnEini.,r—lm))

= T’F(Al, P ,An)

2.4 Geometrical interpretation of the U-cumulants

In |5| the authors introduce the linear map IT of M5" on [M$"]" defined for any A; ®---® A,
by :

A ®...0 A,) ::/ UAlU*®...®UAnU*dU:/ pn(U) (A1 ® - ® A,)dU
Un U

N

where the integration is taken with respect to the Haar measure on Uy. Note that they call it
the conditional expectation onto [M%"]Y~ and denote it by E(A; ® ... ® A,) but we prefer to
adopt the previous notation II(A; ® ... ® A,,) in order to stay faithful to our notations of the
expectation in |1] and |3] and also to underline the property of orthogonal projection mentioned



in [5] instead of conditional expectation. Indeed it is easy to verify that for any B € [M5"]U~
and any A € MY"

(I(A), B) :/IU <pn(U)(A)>B>dU=/U (A, pn(U7)(B))dU = (A, B).

We first get the following proposition in the same spirit as formula (10) in [5]. It will be one of
the key tools in the recovering of the properties of section 2.2.

Proposition 2.4 Let A = (Ay,...,A,) and B = (By,...,B,) be two independent sets of
N x N matrices such that the distribution of A is invariant under unitary conjugation i.e
for any deterministic unitary matriz U, (UAU*, ..., UA,U") and (A1, ..., A,) are identically
distributed. Then

E(II(AIB®..0AB,))=EI(4®..®A4,)) E(II(B®...® B,)). (11)
Proof:

—
S
=

/E </ U Uy AU BIUT @ ... @ UyUs AU BuUS dU1> dU,

—~
=
=

© < / / UAUUBUS ® ... @ UAU*Uy B,U; dUldU)

—

9 B[4 e @A) ENBE. @5,

where we used the invariance under unitary conjugaison of the distribution of A in (a), a change
of variable U for U;U, in (b) and the independence of A and B in (c). O

Here is the main result of the section:

Theorem 2.2 Let Ay, -+, A, bein My, N > n. Then the matricial U-cumulants of (A, -+, A,),
CY(Ay,..., A,) with o € S, are the coordinates of E(II(A; ® ... ® A,)) in the basis {u,,o €
Sn}:

E((A®...0A,) =Y Cl(A..., A)u,

O'ESn

Proof: According to Proposition 2.3, there exist {C, (A1, ..., A,),0 € Sy} in C such that
MA®... @A) =Y Co(Ar,..., A)u,.

UES’n

Then, using (10),
re(Ar, . AL = A ®... @A), uy) = Co(Ar, ... A (uy, uy)

T = C(Ay, ..., Ay) x NY(m).



Thus,
E(rp(Ay,..., A)) =E (é(Al,...,An)> « N(m).

On the other hand, by definition of the CY(A,, ..., A,), we have
E(r.(A1,...,A,)) =CY(A, ..., A,) * N'(n).
Since N7 is invertible for the x-convolution, we can deduce that for any o € S,,,
E (C*U(Al,...,An)> — CY(A,,..., A).
O

The key properties of these cumulants taken from [2| and recalled in section 2.1 can be
recovered using this geometric interpretation.

e Proof of Formula (2) (or Lemma 3.1 in [2]):
Note that A,y @ -+ @ Ay = p'(o1, 07 1) (A @ -+ ® A,). Thus since the actions p,
and p’ commute we have II(A,1) @ Q@ Agn)) = p'(o™ o HII(A; ®---® A,). Using (9)
and Theorem 2.2, Formula (2) follows from the linear independence of the u,, 7 € S,,. U

e Proof of Proposition 2.1 :
On one hand, from Theorem 2.2 we have

E(H(A1®®Ak®[N®®[N)): ZCg(Al,...,Ak,IN,...,[N)UU.

O'ESn

On the other hand, we also have

EM(A®.. @ 40y ®1y) = E(A®.. 0 4) @Iy @Iy
PESK
= Z C/[)](A]J)Ak) uO’?
oes,
o=(n)(k+1)p
for some p € Sy,

the last equality coming from (7). The result follows by the linear independence of all
the u,. O

e From the two previous points we easily get Corollary 3.1 in [2]| that we recall here:
Let V={ie{l,...,n},A; # In} = {i1 < -+ <ig}. Then

CY(Ai,...,Ay) i e =1id d =,
Cg(Al,...,An) = {Opélse. ) if Mye =id and Ty = p
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e Proof of Theorem 2.1 :
Let us write :

E(r (AB,...,A.By) = E(II(AB ®...® ABy),us))

O S AN (B, & & B )
o€Sn

© > CYAE(II(B; ®...® By), tg-17))
oESy

= Z Cg(A)E(Tgflﬂ(B))a
o€S

where (a) comes from (11), (b) from Theorem 2.2 and (c¢) from (6). Similarly, developing
E(I(B; ®...® B,)), we also get

E(re(A1By,...,AyB,) = > CYBE(II(A @ ... ® Ay, trg1))
oES,
= ) CU(B)E(rro-1(A)) = > E(r,(A)CY1,(B).
0ESK TESH
O
e Proof of Corollary 2.1 :
Using (11), Theorem 2.2 and then (5), we get
=Y " CY(A)CY Blugu, =Y (Y CY(A)CY. (B))us.

The result follows from the linear independence of the .. 0]

Note that Theorem 2.1 or Corollary 2.1 enable to compute the coordinates of E {II(AB)}
in the basis {u,, 7 € S,}. This also was the aim of formula (10) in [5].

e The linearizing property followed from Proposition 5.1 in [2]. We propose here a slightly
modified version of this proposition :

Proposition 2.5 Let A and B be two independent sets of N x N matrices such that the
distribution of A is invariant under unitary conjugation. Let Xi,..., X, be in AUB and
define V.={i € {1,...,n}, X; € A}. Denote X; by A; if i € V and by B; else. Denote
also by Ay the tuple composed by the X;,i € V' and by Byye the complementary tuple.
We assume that V # 0 and V # {1,...,n}. Then

U A U B . _
c,rU(Xl,...,Xn)_{ ch.v( v)Crpye (Bive) Z;(V)

12



Proof : Without lost of generality, thanks to formula (2), we can assume that V =
{1,...,k}, 1 <k <mn,sothat (Xq,...,X,) = (A1,..., Ak, Bks1, ..., Byn). Then write

E(I(X; ®...® X,))

E((AIN®...0 Apln @ INBiy1 ® ... ® INBy,))

= EMA®.. A4 RQIN®..0IN) EMIIn®... INQ Br1 ®...Q B,))
{(EI(A®... @A) @ In®...0Int {IN®... 0 INnQE (I(By1 ® ... ® By))}
E(II(A ®...0 Ap)) @ E(II(Bry1 @ ... ® By))

> CY(Ay, ..., Ay) CY(Bisa, ..., By) tor
oceS{1,....k},reS{k+1,...,n}

i1z

—
=
=

where (a), (b) respectively come from (11), (8). Thus the coordinates of E (II(X; ® ... ® X,,))
in the basis {u,, ™ € S, } are null unless 7 = o7 with o € S{1, ..., k}, 7 € S{k+1,...,n}.
In that case they are CY(Ay, ..., A) CY(Bii1,- .., Bn). O

In particular if 7 is a single cycle we have CY(X7, ..., X,,) = 0 from which the linearisation
property follows.

3 Matricial O-cumulants

In order to underline the parallel with the previous section, we first begin with a summary of
the definitions and main results of |3|. Note that this work |3] has been greatly inspired by the
paper of Graczyk P., Letac G., Massam H. [7].

3.1 Definitions

Let us introduce some objects. Let Sa, be the group of permutations of {1,...,n,1,...,n}.
Denote by (i j) the transposition sending ¢ onto j and j onto . Define

H, = {h € San,0h = ho}.
H, is the hyperoctahedral group. For ¢ = (e1,---,&,) in {—1,1}", set
i;Ei:—l

For any m € §,,, define the permutation s, € Sy, as follows: for all j =1,...,n,

sx(7) = 7(7) sx(7) = 7(7).

13



Note that H,, = {s,7, (7, e) € S, x {—1,1}"}. If 7 € S, we still denote by 7 its extension on
S,,, which is equal to the identity on {1,---,n}. For € in {—1,1}" and 7 € S,,, we define

g(a,w) =TT T,

Note that it is easy to deduce g ) from 7, since one have just to put a bar on ¢ if ¢; = =1 in
the writing of 7.

Example: = (134)(25), T(1,-1,-1,1,1) = (22)(33) then g((17_1’_171 1),(134)(25)) — (134)(25)

Definition 3.1 A pair (e,7) € {—1;1}" x S, is particular if for any cycle ¢ of ™ we have
g; = 1 when i is the smallest element of c. The permutation g ) is called particular too.

There are K = (,2,)1 particular pairs (¢(1),m;) which define K particular permutations ¢, =

9(=(1),m) and it is easy to deduce from Theorem 8 in [7] (see also [3]|) that we have the partition

K
S/ Hy = JaH
=1

We are going to extend the generalized moments (1) defined on S, into two functions defined
on Sy, respectively H,-right and H,-left invariant:

Definition 3.2 Let g;,l = 1...,K be the particular permutations of Ss,. For any n-tuple
X =(X1,...,X,) of complex random matrices, let us set for any g € Sa,

Mi(g) = re(X2 . XO) when g € g,H,,
Mx(g) = E{Mx(9)},
Mx(9) = ra(X7"V,.. X50) when g € Hag:
Mx(9) = E{Mx(9)}.
Note that M(”;N ..... ) = M. 1y and we will denote this H,-biinvariant function by M, .

Note also that
Mry (gem) = N, (12)

We denote by A~ the space of H,-left invariant functions on Sy, by A™ the space of H,-right
invariant functions and by Ag the space of H,-biinvariant functions. For any ¢ in A" and any
1 in A~ let us define the convolution ® on A" x A~ by

0 ®Y(9) = ,H‘mw Zm )

where x stands for the classical convolution on S,.

We showed in [3] that M, is ®-invertible when n < N and its ®-inverse relies on the Wein-
garten function W introduced in [5]. Denoting by (M, )®(~Y this inverse function, we intro-
duced two cumulant functions CZ", C{~ : Sa, — C by setting

Cx"=Mg ® (M;,)*Y,
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O™ = (Mp,)*"V @ M.
(We slightly modified the notation C9*(X) we adopted in the introduction and for the U-
cumulant functions CY(X) in order to lighten the indices when we consider for instance
O (g(e.m)), that seems more readable than Cgo(siﬁ) (X)).)
Note that 7

Cx*(9) = CX(097'0).

These functions are respectively H,-right and H,-left invariant and coincide on the g. ),
(e,m) € {=1,1}" x S,..

Definition 3.3 The functions C’)%L and C’)O(_ are respectively called the right and left O-cumulant
functions of order n.

Thus, for example,

YT (1) = E(THX),

O+ D) — (N + DE{Tr(X,)Tr(Xy)} — E{Tr(X1 X5)} — E{Tr(X; 'X,)}
% o (D(2) D) ,
—E{Tr(X1)Tr(X2)} + (N + 1)E{Tr(X1 X5)} — E{Tr(X; ' X3)}

OO y((12)) = NN = 1)(N +2) |

The analogue of formula (2) and Proposition 2.1 are the following :
Lemma 3.1 If X® = (X7{',---, X;") and if X = (Xrq), -+, Xag)), then
Mx:(9) = Mx(7eg) and Mx (g9) = Mx (sxg).
C%f(9) = Cx (rg)  and  CRF(g) = OXF(s49). (13)

Proposition 3.1 Let Xy,---, X be k N X N matrices. Then

o+ (g) = C(OXJ;._’X}C)(g') if there exists g’ in Sop such that g € ¢'H,
(le"’vX/mINv'“vIN) g - O else

3.2 Fundamental properties
3.2.1 Mixed moments of independent tuples

In |3] we established the general convolution formula for mixed moments involving the cumulant
functions C9* or CO.

Theorem 3.1 Let X and B be two independent sets of N x N random matrices such that B is
deterministic and X 1s random whose distribution is invariant under orthogonal conjugation.
Then for any 1 <n < N, X = (Xy,...,X,) a n-tuple in X, B = (By,...,B,) in B, and for
any (e,e',m) e {—=1;1}" x {—=1;1}" x S,

E{rﬂ(Bilesll, LB XEY = (Mg ® CY) (remre) = (C§T ® My) (rom7r).
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In particular, we have

E{r.(B1X1,...,B. X))} = (Mg ®Cg{)(n)
= (Cg* ® M) (m).

3.2.2 Linearizing property

Note that unlike the U-cumulants the Q-cumulants C{=(7) of a matrix X do not depend
only on the class of conjugation of m (Nevertheless, when X is symmetric, ]\4):(IE and C’;E are
bi-invariant). Thus the linearizing property has the following meaning.

Proposition 3.2 Let A and B be two independent N X N matrices such that the distribution
of A is invariant under orthogonal conjugation. Then for any single cycle m in S, and any
ee{-1,1}",

Coip9em) = O3 (9em) + C5 T (9em)-

3.2.3 Asymptotic behavior

We now come to the asymptotic behavior of the moment and cumulant functions. We need the
following normalization:

Definition 3.4 Let X be a n-tuple of N X N complex random matrices. The functions defined
for all g € Sy, by:

1
(N

MEM(g) = —N%(g)Mgg(g)
(CX) M (g) = N"THICEE(g)

where

f)/n(g) = 7”(77-) Zf g€ g(s,w)Hn

are respectively called the normalized right/left moment and Q-cumulant functions of X on Sa,.

Proposition 3.3 Let X = {X;,i € N*} be a set of N x N complex random matrices and
let x = {x;,i € N*} be a set of noncommutative random variables in some noncommutative
probability space (A, ). Denote by k the corresponding free cumulant functions. Then for all
n, iy, ..., € N*, the two following assertions are equivalent:

. +(N
Z) v &g, MXED.)-.,XM (g(svﬂ')) - ¢7"(xf11’ T ,.CE;’:),
N —

ZZ) v 87 ™ (C)O(Zil,,Xm)(N) (g(&ﬂ)) - kﬂ'(ngllv sty xf:)
N — o0
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3.3 Action of the orthogonal group on the space of complex matrices

We start again with some basic generalities and notations. Endow now CY with the Ssym-
metric non degenerate bilinear form B(), w;e;, Y, vie;) = Y. wv; so that (eq,...,en) is B-
orthonormal. Then the tensorial product CY ® CV is endowed with the bilinear form

Ez(m ® vy, ug ® v2) = B(uy, us)B(v1,vs)

and e; ®ej, 4,7 =1,...,Nisa Bs-orthonormal basis of (CV)®2
The orthogonal group Oy acts on (CY)®? as follows:

ﬁ(O) (61' X ej) = OGZ‘ X Oej.

On the other hand endow My now with the symmetric non degenerate bilinear form B(X,Y") =
Tr(XY"). Here again, My and C¥ @ C are isomorphic vector spaces when we identify any
{( = (Xij)1<ijen € My with X = > 1<ij<n Xijei ® €; (and hence Eup = eq @ ¢,). The action
p gives on My

p(0)(X) =0X0"

Note also that the inner product XY in My corresponds to the product defined by

(u1 & 01)-(U2 ® Uz) = B(U1,U2) Uy & va, (14)

and the transposition X' to the following rule: (u ® v)! = v ® u.
Now for any n, the tensorial products My" and (CV ® CV)®" = (CY)®*" are isomorphic
through the map: X =X;®...® X,, — X = X; ®...® X,, and with bilinear forms

B,(X1®..0X,Y1®..0Y,) = [[TXY)=]]BAX:,Y)

= Bo(X190..9X,,V1®...0Y,).
Here again the following actions of Qy are equivalent:

n (CY)#2" 5,(0)(einy ® exay -+ @ ein) @ € n)) Oei1) ® Oe;1 - ® Oeimy ® Oy,
on MY p(0)(X1®...9X,) =0X,0'®...®0X,0"

Let us denote by [V]%¥ the subspace of Qy-invariant vectors of V with V = M§" or (CV)®2",
Then [MS"]%¥ and [(CY)®20]O~ are still isomorphic and we identify M$" and (CV)®2", We
also simply denote the bilinear form B, or Bs, by (.,.) (even if it is not a scalar nor an hermitian
product). Note lastly that the inner product in M%" is defined by

(X1®..0X,).V1®..0Y,) =X1V1®...0 X,,Y,,
and the transposition by (X1 ®...®X,)! = X{®...® X!. They satisfy for any u, v, w € M$":
(uv,w) = (v, u'.w) = (u, w'). (15)
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In order to present a basis of [M5"]%¥ in Proposition 3.4 below, we need to introduce the
second action of group. We always denote by

@n :IN®®[N: Z ei1®ei1®"'®ein®ein
h\/—/ . .
n times Hoestn
and we now consider the natural action p’ of Sy, on (CV)®2" defined for any permutation ¢ in
Son acting on {1,...,n,1,..., 0} by
P(9)(ein) @ einy @ -+ ® eim) @ i) = €i(g-1(1)) @ Cifg1(1) @ -+ @ €i(g—1(m) @ €ig1(a)- (16)

Note first that
(o' (9)u,v) = (u, p'(g7")v). (17)
Now the actions p and p’ commute. Hence, according to Lemma 1.1,
{0'(9) - Onig € Son} C [MFN.
But writing

p(g) - Op = > <H 5i(l)i(l)> €i(g=1(1)) ® €i(g-1(1)) ® - - - €ifg=1(n)) @ Ei(g1(a)
i)

(1) eeri(n)i(1),evi(m) \I=1

it is easy to see that

0(9) 6,=06, < VI, g '(l)=g)=0g"0() (where 6 =[], (i1).)
= fO=ghg!
— g€ H,

so that g — p'(g) - ©,, is H,-right invariant. Actually Theorem 4.3.4 in [8] precises this first
result :

Lemma 3.2 Let =, C Sy, be a collection of representatives for the cosets Ss,,/ H,. Then
[MFPY = Span{p'(g) - On; g € Ep}.
We will use the parametrization of Sy, H,, by the subset Ps, of Sy, composed with the pairings

of {1,...,2n}. Let
n: SQn - PQn

n

g~ nlg) =g0g7" = [](s(i) 9(2)).
i=1
Clearly n(g) = n(¢') <= ¢ € gH,. We thus get a bijection from S, H, onto Pa, (see
Proposition 17, [7] or Lemma 4.1, [2] for more details).
Therefore we set for any p € Py, :

u=p(9) O, if nlg)=p. (18)

The vector u, corresponds to pp(p) in [5]. Note that n(id) = 0 and uy = Ox.
The u,,p € Pay, satisfy the following properties :
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Lemma 3.3

1. For all Ay,--- A

nin My, for any m € S,, and € € {—1,1}", we have:

and more generally:

and hence

Proof: 1.) Let us write j = (j(1),---

D=2, <g m))

and

Un(

Thus

<A1®...

2

i7j

T

(e

k=1

Thus for any s in {1,..
get i(g(t))) = i(g0(t)) =

<A1®...

)uk)z(k) <H5 i@ ) (lf[ Di(g-10) ) (

re(Af e AT) = (A1 ® - ® A, Un(ge )
M3 (9) = (A1 ® - @ Ay, ty(y) (19)
(O tn(ge 1)) = N = My (g(eimy)
(Un(g), Un(g)) = (On, Uy(g—1¢)) = My (97'9). (20)
,j(n),j(1),--+,4(n)) a 2n-tuple of integers in {1,..., N}

n

) ® €i(g-17)))
j =1

® Ap, Uy g)>

k)z(k) <H5 00 ) (ein) ® i) ® eitg11) © €j(g-1(1)))
=1

o)

||z:

o, 1, 0k, i(s) = (g (s )) = j(0g~(s)), and setting s = g(t) we
( ) for all tin {1,...,n,1,...,n}. Hence
® Ap, Uy(g)) = Z (H i(k)i(k ) (H Oi(g(1)) )

i \k=1

In particular for ¢ = g(. ), this is formula (18) in [3| (or formula (2.10) in [7]) which gives

Tﬂ'(Aila Ty

Asr). Now (19) comes from definition 3.2.

2.) The first line follows by taking the A; equal to Iy and from the definition of M, (see (12)).
The second one comes from (17). O

The following proposition is essential for our purpose. It relies on a result in |5| that we
found in a different way in [3| from mixed moments.

Proposition 3.4 The set {uy;p € Pan} is a basis of [MJ"]°N (when N > n).
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Proof: let p; = n(g),l =1,..., K and G = ((up,, up,))r =1 be the Gramm-matrix of {u,,p €

Py }. It exactly corresponds to the matrix of the operator ® in [5] which is shown to be in-
vertible with inverse operator the Weingarten function Wy (see Proposition 3.10 in [5]). O

Here are some differences with the unitary case which can explain the intricate development
we did for the O-cumulants. We give the proof below.

1. We have u!

Memy) = Un(oll): In particular

u;(ﬂ) = Un(wfl). (21)

But in general UZ(g) # Up(g-1y. Instead we have

Up () = Un(og)- (22)

In fact define the transposition in P, by setting p* = n(fg) for p = n(g). Then u) =

up. Note that this corresponds to the parametrization of Ps,, by H,\Sa, = U{il H,q.
Indeed consider n~ : g — n~(g) := n(fg~") from Ss, on P,,. It induces a one-to-one
mapping from H,\ S, onto P, such that 17 (gex) = 7(ger). Then ug(g) = Uy (g-1)-
Consequently

Mp(9) = (A1 @ @ Anyuy-(g) = (A1 @ -+ @ An, Un(gg))- (23)
2. In general wy(g,).Uy(g) 7 Un(gigs): DU

Uy (r)-Un(g) = Un(ng) aNd  Up(g)-Un(r) = Uy(or-10g)- (24)

Here again this relation could be understood in introducing the inner product in C (Py,) =
{ Z app; a, € C} described in [8] section 10.1.2, for which C (Ps,) is called the Brauer

pEPQn
algebra. This product is of the form p.q = N*®9r(p, q) with a(p, q) € Nand r(p, q) € Pa,
and we get

Up. Ug = Na(p,q)ur(p’q)_ (25)

As we do not use it in the following, we choose not to detail it here.

(Up(m)- (A1 ®@ - ® Ap) up(g)) = (A1 ®: - ® Ay, un(ﬂflg)> - MX(W_19)>
<u77(g)'<A1 (SR An); un(ﬂ')> - <A1 Q- An; un(&ﬂflg)> (26)
= (4® An,un—(g_l,,)) = M;(gilﬂ).
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4. Itpe P{L,...,k1,...,k}), if O, = [[,_.( 1), then
Upg, = Up @ Iy @ Iy (27)

and more generally if p € P({1,...,k,1,....,k}) and g € P{k+1,...,n,k+1,...,7}),
then the juxtaposition pq is in Py, and

Upg = Up @ Ug. (28)

Proof: 1.) We simply write : u = 3 (IT1 85m50) Ry (e )® €j(g-1(1)))
= 25 (T4 d0i0) @it (Citg-10a) @ €ig-100))
= Un(og) -
Now 7(0g) = n(0g0) # n(g~') in general. For instance if g = (122), then g0 = (122) and
n(0gh) = (12)(12). On the other hand ¢! = (122) and n(g~') = (12)(12) # n(0g0).
Nevertheless 7(0g(e.x)) = (g(;lﬁ)) since 0g(c.n0 = 7.0m07. = 7.7 o (Te5,Te) € g(;}ﬂ)Hn.

2.) Take g = (12) so that ¢* = id, n(g*) = 0 and ug = Iy @ In. Now uy(g) = >, ;, €i, @€y @
ei, ® e;, and therefore, with (14), wyg)-tn) = D24, 4, 1 i (0inja)€in @ €5, ® €1y @ €, = Nuy(g) #
In ® Iy.

Now write
Up-Un(g) = Z ®€l a=1(1) & €y | - (Z (H OO ) ) ® €j(g- 1(0)))

i), =1 =1

-y (H b (H6 o) @ e s )

i(1),...,3(n),j \I=1 =1

=> (H5 zw) ) (estg-1a-10n @ €j-1a1)
j = =1

= Up(ng)-

For the second one we have

Unp(g)-Ur = <Z (H ) ® €i(g=1(1) ®6J‘(g‘1(l—)))> : Z ®€Z x=1(1)) & €i()
=1 =1

Jj i(1),...,i(n)

= 2 (H J030) ><H5 )it )(lél)(@]( 1) ® i)

i(1),--5i(n).J

= ; (H5 zw) 0% ( €i(g -%W)))

=1
> (H 05 ) & (€i6-10) © €s65-10mo)
i \i=1 I=1
= Un(on—169)-
3.) comes from (15), (21) or (22), and (24). Finally Property 4.) is clear from the definition of
the wu,,. O
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3.4 Geometrical interpretation of the O-cumulants

Consider now, as in [5], the orthogonal projection I of M%" onto [M%5"]°~ defined by
A ®...0 A,) ::/ OA0'®...® 0A,0"dO :/ p(0) (A ® - ® A,)dO
@N @N

where the integration is taken with respect to the Haar measure on Qp. As for the unitary
case, it corresponds to the conditional expectation on [M%"]9% (which is still denoted by E(A)
in [5]).

Note first that IT commutes with the action of p’: for any A in M%" and g in Sy,

P (9)I1(A) =T1p'(9)(A). (29)

Here is Proposition 2.4 we have completely translated for models invariant under orthogonal
conjugation. Its proof can be carried on in a very similar way.

Proposition 3.5 Let A = (Ay,...,A,) and B = (By,...,B,) be two independent sets of
N x N matrices such that the distribution of A is invariant under orthogonal conjugation.
Then

E(II(AB®..0AB,)) =E(I(4®..®A4,)) E(II(B®...®B,). (30)
Now we get :

Theorem 3.2 Let g;,l = 1,...,K be all the particular permutations of Sa,; denote by p;
the pairing n(g1). For any Ay, -, A, in My, denote by CQ(g;) the matricial Q-cumulants
CLE(gr) of A = (Ay,---,A). Then {CUUag),l = 1,...,K} is the set of coordinates of
E(I(A; ®...® Ay,)) in the basis {uy,,l =1,...,K}:

E((A®...0A) =Y CR(a)up (31)
=1

Proof: As {u;,l = 1,...,K} is a basis of [M%"|V, we can write E(II(4; ® ... ® A,)) =
SO i(A)uy,, and hence, using (19),

Mj(gr) = E(II(A®...® A, Up;))

= Zal( upz’upk Z@l MIN 9 gk)

=1

from (20). Let us define Ca on Sy, by CN’A(g) = qy(A) if g € g H,, so that the previous equality
gives M (gr) = Ca ® M, (gx). Since My, is ®-invertible, it follows that C'a = C§+ and hence
a(A) = CR(q)- 0

We now review the properties of the O-cumulants expressed in sections 3.1 and 3.2.
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e Proof of lemma 3.1:
Note that X¢ = p/(7.)X and X, = p/((s;)"')X. Then use (19), (17) and the definition
(18). We get the expression of M. (g) and My (g). Then use (29) in writing

K K

E{I(X)} = p()E{IX)} = CL(9)p (7)up, = Y CL () tnrgy  (32)
= Z Tegk Un(gy)s

what gives OZ<. And a similar development can be led with X,.
e Proof of Proposition 3.1: It is the same to the proof of Proposition 2.1 in using (27).
e Proof of Theorem 3.1 :

E{m<BilXﬁ,...,BzﬂX5@>}=E<< (BEX]' @ ... ® B Xon), ()

K
(a) c b !
= (E(I(B%)) EI(X 2 Z )t (reg) E(TL(XT)), ty ()
(o) = _
= ZC§+(91)<E(H(XE )): Un(or—17.q1) ZCO+ gEILX)), tn(or, m17.g:))
(e) -
— Z CO+ gl ))’ 77 (gl enT, / g Z Cg+(gl)MX<gl 17—67‘-7—6/)

=1

= Cﬁ* ® Mg (7.772),

(a) comes from (30), (b) from (32), (¢) from (26), (d) uses 07. = 7.6 and finally (e) comes
from (23).
We conduct the second equality in an identical way.

e Lastly the linearizing property can be led in a very similar manner as for the U-cumulants.
Just translate Proposition 2.5 in using (28) and Proposition (3.5).

Note that Theorem 3.1 here again gives (E(AB), u,) but only for the particular p = n(n),
m € S,. Likely formula (19) in [5] only gave (E(AB),©,). Actually it is impossible to get
(E(AB), u,) for all p as a convolution formula, what we yet did for U-invariant models. This
is due to the structure of P,, as Brauer algebra that we briefly mentioned in (25). In fact we
have :

E(II(AB)) = ZCA k) CB (90) Uy, Uy,

- ZCA gk CB(gl)Na(phpl)uT(kapz)'
k,l
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3.5 About matricial Sp-cumulants

Let us end this section with some words about the symplectic case. Here NN is even. Recall

0 Iy
that if J = ( N, 07 ), then Sp(N) ={T € GL(N,C);T"JT = J}. Now identify My and

CY ® C¥ through

X = (Xij)lgmgjv € My — X = Z Xije; ® J_lej. (33)

1<i,j<N
Endow M with the non degenerate skew-symmetric bilinear form
Q(X1®... 90X, V1®...0Y,) =[] Tr(XY¥})
i=1

where Y;* = JY!J~! and consider the two following group actions: first the action of Sp(V)
defined by p(T)(X1®...0X,) =TX|T*®...QTX,T*, secondly the action of Sy, corresponding
to (16) on (CV @ CN)®" via the previous identification (33) and which we still denote by p'.
Then the fit basis of [M%"]°?(™) is composed by the vectors Up, p € Pap now defined by

up, = sgn(g)p'(9) - O, if  n(g) =p

where sgn(g) denotes the signature of the permutation g in Sy, and where ©,, = Iy ® ... ® Iy.
It can be proved that, denoting A* by A; !,

Qn(Al QK- ® A’m un(g(sm))) = sgn(ﬂ')rﬂ(Ail, T Ain)

We thus are led to introduce :

M (g) i= (X, g MR (g) = (X, tty-(g)) = (X, ul o))
ME* (g) = BE{MZ"" (9)} M~ (9) := BE{MZ"(9)},

Cx (9) = MY ® (M) V}g) X (9) = {(M)")*) @ My }(g).

With these definitions the geometrical interpretation of the Sp-cumulants as in (31) holds true
and similar properties as exposed in section 3.2 can be proved like in section 3.4.
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