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Abstract

In this paper, we study the fluctuations of the extreme eigenvalues of a spiked finite rank
deformation of a Hermitian (resp. symmetric) Wigner matrix when these eigenvalues separate
from the bulk. We exhibit quite general situations that will give rise to universality or non
universality of the fluctuations, according to the delocalization or localization of the eigenvectors
of the perturbation. Dealing with the particular case of a spike with multiplicity one, we also
establish a necessary and sufficient condition on the associated normalized eigenvector so that the
fluctuations of the corresponding eigenvalue of the deformed model are universal.

1 Introduction

Adding a finite rank perturbation to a GUE matrix, S. Péché [Pe] pointed out a sharp phase transition
phenomenon : according to the largest eigenvalue of the perturbation, the largest eigenvalue of the
perturbed matrix should either stick to the bulk and fluctuate according to the Tracy-Widom (or
generalized Tracy-Widom ) law or should be extracted away from the bulk and have then fluctuations of
Gaussian nature. In the lineage of this work, in a previous paper [C-D-F], we have studied the limiting
behavior of extremal eigenvalues of finite rank deformations of Wigner matrices. We established their
almost sure convergence. The limiting values depend only on the spectrum of the deformation Ay
and on the variance of the distribution of the entries of the Wigner matrix. On the contrary the
fluctuations of these eigenvalues strongly depend on the eigenvectors of Ay. Indeed, in the particular
case of a rank one diagonal deformation whose non-null eigenvalue is large enough, we established
a central limit theorem for the largest eigenvalue which deviates from the rest of the spectrum and
proved that the fluctuations of the largest eigenvalue vary with the particular distribution of the
entries of the Wigner matrix. Thus, this fluctuations result differs from that of the full rank one
deformation case investigated in [Fu-K] and [Fe-Pel] since this latter case exhibited universal limiting
distributions.
Let us recall these results in the complex setting, having in mind that similar results hold in the real
symmetric case. In the following, given an arbitrary Hermitian matrix M of size N, we will denote by
M(M) > - > An(M) its N ordered eigenvalues; we will denote the centered gaussian distribution
with variance v by N (0,v).
The random matrices under study are complex Hermitian matrices (Mpy )y defined on a probability
space (€, F,P) such that
Wy

My \/N + Ay. (1.1)
Ay is a N X N deterministic Hermitian matrix of fixed finite rank and whose spectrum does not
depend on N. The matrix Wy is a N x N Wigner Hermitian matrix such that the N? random
variables (W )i, ﬁ%e((WN)ij)Kj, \/i%m((WN)ij)Kj are independent identically distributed with
a centered distribution y of variance o2.
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As the rank of the A x’s is assumed to be finite, the Wigner Theorem is still satisfied for the Deformed
Wigner model (My )y (cf. Lemma 2.2 of [B]): the spectral measure 3 Zivzl dx;(My) of My converges
a.s. towards the semicircle law ps. whose density is given by

dptse 1
K ($) = \/ml[fﬁrﬂa](m)' (1'2)

dx T 27102

When Ay =0, it is well-known that once p has a finite fourth moment, the first largest (resp. last
smallest) eigenvalues of the rescaled Wigner matrix Wy /v/N tend almost surely to the right (resp.
left)-endpoint 20 (resp. —20) of the semicircle support (cf. [B]). The corresponding fluctuations,
which have been first obtained by Tracy and Widom [T-W] in the Gaussian case and then extended
by Soshnikov [So| for any symmetric probability measure g having subgaussian moments, are gov-
erned by the so-called Tracy-Widom distributions. Note that the exponential decay condition (with
symmetry assumption) has been replaced by a finite number of moments in [R], [K]. Under the
subexponential decay assumption, the symmetry assumption on u in [So] was replaced in [T-V] by
the vanishing third moment condition and very recently, Erdés, Yau and Yin [E-Y-Y] proved the edge
universality under the subexponential decay assumption alone.

Let us describe how the asymptotic behavior of the extremal eigenvalues of the perturbed Wigner
matrix may be affected by the perturbation by considering the particular case of a rank one pertur-
bation Ay with non-null eigenvalue 6. For a large class of probability measures y, it turns out that
the largest eigenvalue A\ (My) still tends to the right-endpoint 20 if 8 < o whereas A;(Mpy) jumps
above the bulk to pg = 6 + "; if & > 0. This was proved by Péché in her pionnering work [Pe] when
1 is gaussian, extended in [Fe-Pel] when p is symmetric and has subgaussian moments but in the
particular case of the full rank one deformation A given by

(ANn)ij =0/N foralll<i,j<N (1.3)

and finally established in [C-D-F] for general Ay when p is symmetric and satisfies a Poincaré in-
equality.

Moreover, considering the perturbation matrix defined by (1.3), Féral and Péché [Fe-Pel] proved that
the fluctuations of A\;(My) are the same as in the gaussian setting investigated in [Pe] and in this
sense are universal. Here is their result when 6 > o

Proposition 1.1. If u is symmetric and has subgaussian moments

VN(AL(My) — pg) -5 N(0,03)

2
where o9 = 04/1 — 7.

The proof of this result relies on the computations of moments of My of high order (depending on
N) and the knowledge of the fluctuations in the Gaussian case, established by Péché [Pe].
On the other hand, for the strongly localized perturbation matrix of rank 1 given by

Ay = dlag(97 0,--- ,0)

with @ > o, we proved in [C-D-F] that the fluctuations of A; (M y) vary with the particular distribution
of the entries of the Wigner matrix so that this phenomenon can be seen as an example of a non
universal behavior :

Proposition 1.2. Let p be symmetric and satisfy a Poincaré inequality. Define

02 1 /my — 30* ot
=gz od w=3(TG ) E 14
where my := [xtdu(z). Then
C@W()\l(MN)—p(g) £, {M*N(O,Ug)}. (1.5)



In the present paper, we consider perturbations Ay of higher rank of Wigner matrices associated
to some symmetric probability measure p satisfying a Poincaré inequality. The a.s. convergence of
the extreme eigenvalues has already been described in [C-D-F] (see Theorem 3.1 below). Whenever
the largest eigenvalues of My are extracted away from the bulk, we describe their fluctuations which
depend on the localization of the eigenvectors of Ay, as already seen in the above rank 1 examples.
We investigate two quite general situations for which we exhibit a phenomenon of different nature.
To explain this, let us focus on the largest eigenvalue 6; of A. We assume that ; > o so that the
largest eigenvalues of My converges a.s towards pg, = 61 + ‘;—12 > 20 .

First, when the eigenvectors associated to the largest eigenvalue 6, of Ay are localized, we establish

that the limiting distribution in the fluctuations of A\;(My), 1 < i < ky, around py, is not universal

and we give it explicitely in terms of these eigenvectors and of the distribution of the entries of the

Wigner matrix, see Theorem 3.2.

Secondly, if the eigenvectors are sufficiently delocalized, we establish the universality of the fluctuations

of \i(My), 1 < < ky, see Theorem 3.3 .

Actually, in the rank one case, this study allows us to exibit a necessary and sufficient condition

on a normalized eigenvector of Ay associated to the largest eigenvalue 6, for the universality of the

fluctuations (see Theorem 3.4 below). Moreover if such an eigenvector of Ay is not localized but

does not satisfy the criteria of universality, the largest eigenvalue of M may fluctuate according to a

mixture of © and normal distributions generalizing (1.5). We will describe some of such intermediate

situations.

We detail the definition of localization/delocalization and these results in the Section 3.

Our approach is close to the proof of (1.5), with more involved computations and are in the spirit

of the works of [P] and [B-B-P]. It is valid in both real and complex settings. Actually, we assume

that the eigenvectors associated to the largest eigenvalues of Ay belong to a subspace generated by
k

k(= k(N)) canonical vectors of CV and the method requires that N — k — oo (and even ~ 0).

In particular, this approach does not cover the case of Proposition 1.1 studied by [Fe-Pel] where k = N.

The Deformed Wigner matrix model may be seen as the additive analogue of the spiked population
models. These are random sample covariance matrices (Sy)n defined by Sy = %YI’\}YN where Yy
is a p x N complex (resp. real) matrix (with N and p = px of the same order as N — oo) whose
entries satisfy first four moments conditions; the sample column vectors are assumed to be i.i.d, cen-
tered and of covariance matrix a deterministic Hermitian (resp. symmetric) matrix ¥, having all but
finitely many eigenvalues equal to one. In their pioneering article on that topic [Bk-B-P], Baik-Ben
Arous-Péché pointed out a phase transition phenomenon for the fluctuations of the largest eigenvalue
of Sy according to the largest eigenvalue of 3, in the complex Gaussian setting; their results were
extended in [P] to the real case when the largest eigenvalue of 3, is simple and sufficiently larger than
1 and in [O] to singular Wishart matrices. In the non Gaussian case, the fluctuations of the extreme
eigenvalues have been recently studied by Bai-Yao [B-Ya2] and Féral-Péché [Fe-Pe2].

The paper is organized as follows. In Section 2, we present the matricial models under study and
the notations that will be used throughout the paper. In Section 3, we present the main results of
this paper. We give a summary of our approach in Section 4. Section 5 is devoted to the proof of
Theorem 3.2, Theorem 3.3 and Theorem 3.4. Finally, we recall some basic facts on matrices, a CLT
for random sesquilinear forms and prove some technical results in an Appendix.

2 Model and notations

The random matrices under study are complex Hermitian (or real symmetric) matrices (M y )y defined
on a probability space (2, F,P) such that

Wy
My =——
N Wi

where the matrices Wy and A are defined as follows:

+ Ay (2.1)



(i) Wy isa N x N Wigner Hermitian (resp. symmetric) matrix such that the N? random variables

N(N .

(W )iss \/§§Re((WN)ij)i<j, \/ﬁ%m((WN)ij)Kj (resp. the % random variables %(WN)“»,
N)ij, < J) are mdependaent iaentically distriputed wi a symmetric distripution g oI vari-
Wn)ij, ] ind dent identically distributed with tric distributi f i
ance o2 and satisfying a Poincaré inequality; the latter condition means that there exists a

positive constant C' such that for any C! function f: R — C such that f and f’ are in L?(u),
vin <c [ irfan

with V(f) = E(|f — E(f)[*).
Note that when p is Gaussian, Wy is a GU(O)E(N x N, 0?) matrix.

(ii) Ay is a deterministic Hermitian (resp. symmetric) matrix of fixed finite rank r and built
from a family of J fixed real numbers 6; > --- > 60; independent of N with some jo such
that 6;, = 0. We assume that the non-null eigenvalues 0; of Ay are of fixed multiplicity
kj (with >, k; = r). Let Ji, be the number of j’s such that #; > 0. We denote by
kig:=ki+---+kj_ . Weintroduce k > k, as the minimal number of canonical vectors among
the canonical basis (e;; i = 1,..., N) of CV needed to express all the eigenvectors associated to
the largest eigenvalues 61,...,0;,  of Ay. Without loss of generality (using the invariance of
the distribution of the Wigner matrix Wy by conjugation by a permutation matrix), we can
assume that these k4, eigenvectors belong to Vect(ey,...,eg).

All along the paper we assume that k < V'N.

Let us now fix j such that 1 < j < Jy, and let Uy be a unitary matrix of size k such that
diag(Uy, In—r)Andiag(Uk, IN—r) = diag(0;1k;, (0idk, i<, 1255 ZN—k ) (2.2)

where Zn_j,, is an Hermitian matrix with eigenvalues strictly smaller than 67, .

Define K; = K;(N) as the minimal number of canonical vectors among (e1, ..., e;) needed to express
all the orthonormal eigenvectors vf , 1 <@ < kj, of Ay associated to 6;. Without loss of generality,
we can assume that the vf , 1 <i <E;, belong to Vect(eq,..., eKj). Considering now the vectors vj-
as vectors in C*7, we define the K; x k; matrix

Uk xk; == (v{,...,vij) (2.3)
namely Uy, x; is the upper left corner of Uy, of size K; x kj;. It satisfies
U}k(jxijKjka =Iy;. (2.4)

All along the paper, the parameter ¢ is such that ¢ = 4 (resp. ¢ = 2) in the real (resp. complex)
setting and we let my := [ ztdu(z).

Given an arbitrary Hermitian or symmetric matrix M of size N, we will denote by A\ (M) > --- >
An (M) its N ordered eigenvalues.

3 Main results

We first recall the a.s. convergence of the extreme eigenvalues. Define

o2

J
Observe that pg, > 20 (resp. < —20) when 0; > o (resp. < —0) (and py, = +20 if 0; = +0).
For definiteness, we set k1 + -+ kj_1 := 0 if j = 1. In [C-D-F], we have established the following
universal convergence result.



Theorem 3.1. (a.s. behaviour) Let Ji, (resp. J_,) be the number of j’s such that 6; > o (resp.
Hj < 70).

(1) V1 S j S J+g, V1 S i S k], )‘k1+---+k_7_1+i(MN) — pgj a.s.
(2) /\k1+“'+k,]+0+1(MN) — 20 a.s.
(3) /\k1+"~+kJ—J,g (MN) — —20 a.s.

(4) Vi>J—-J ,+1,V1<i< kj, )\k1+~~~+kj_1+i(MN) — po; Q.s.

3.1  Fluctuations around py,

From Theorem 3.1, for all 1 < i < kj, A\gyq.qr,_,+i(Mn) converges to pg; a.s.. We shall describe
their fluctuations in the extreme two cases:

Case a) localization of the eigenvectors associated to 6;: The sequence K;(N) is bounded,

sup K;(N) = K;
N

and the the upper left corner Ug ., of Uy, of size K; x kj converges towards some matrix ﬁijk]-
when N goes to infinity;

Case b) delocalization of the eigenvectors associated to 0;: K; = K;(N) — co when N — oo
and U}, satisfies

ki K
mas ma1x|(Uk)ip| —0 as N — o0. (3.2)
p=1 i=

The main results of our paper are the following two theorems. Let ¢y, be defined by

62
Cyp. = J . (33)
J 9]2 — o2

In Case a) (which includes the particular setting of Proposition 1.2), the fluctuations of the corre-
sponding rescaled largest eigenvalues of M are not universal.

Theorem 3.2. In Case a): the kj-dimensional vector

(CGJ\/N(Akl—&-A..-&-kj,l-&-i(MN) —po;);i=1,.. -,k‘j)

converges in distribution to (Ni(Vi,xx,);i =1,...k;) where X\i(Vy,xx,) are the ordered eigenvalues of
the matriz Vi, <k, of size k;j defined in the following way. Let ij be a Wigner matriz of size K;
with distribution given by p (cf (1)) and Hz be a centered Hermitian Gaussian matriz of size K

independent of Wf(j with independent entm‘estpl, p <1 with variance

t rmy — 30* t ot ~
2 4
Upp:E(pr):Z(T) §m7p:15""Kja
e i (3.4)
Upl = E(|le|2) == m, 1 S p < l § Kj
J

Then, Vi, xk; is the kj X k; matriz defined by

Vi iy = 0;i(j><kj (Wf{] + Hf{j) J KXk (3.5)

Case b) exhibits universal fluctuations.



Theorem 3.3. In Case b): the k;-dimensional vector
(CGJ\/N(Ak1+...+kj,1+i(MN) —pe;);i=1,.. -,kj)

converges in distribution to (A;(Vi;xk;); @ = 1,...k;) where the matriz Vi, is distributed as the

GU(O)E(k; x kj, s ).

Remark 3.1. Note that since p is symmetric, analogue results can be deduced from Theorem 8.2 and
Theorem 3.3 dealing with the lowest eigenvalues of My and the 0; such that 6; < —o.

Example:
AN = dlag(AP(el)a 92[k2a ON—P—k2)

where A,(61) is a matrix of size p defined by A,(61);; = 61/p, with 61,02 > o, p < V/N. Then
k=p+ke, ki =1, K1 =p, Ky = k. For j = 1, we are in Case a) if p is bounded and in Case b) if
p=p(N) — +oo. For j =2, we are in Case a).

3.2 Further result for a spike 0; > o of multiplicity 1

Dealing with a spike 6; > o with multiplicity 1, it turns out that case b) is actually the unique
situation where universality holds since we establish the following.

Theorem 3.4. If k; =1, 0; > o, then the fluctuations of A, 1.4k, ,+1(Mn) are universal, namely

C t o2
\/N()\lir...Jrkjle(MN) — po,;) — N(0, §a§j) where o9, = 0y |1 — 7
J

if and only if
max |(Ug)n| — 0 when N — oo. (3.6)
I<K;

Moreover, our approach allows us to describe the fluctuations of A, 1..4%;_,+1(My) for some
particular situations where the corresponding eigenvector of Ay is not localized but does not satisfy
the criteria of universality max;<x; |(Ux)i1| — 0 (that is somehow for intermediate situations between
Case a) and Case b)). Let m be a fixed integer number. Assume that for any [ =1,...,m, (Ug); is
independent of N, whereas max,,, <<k, |(U)i1| — 0 when N goes to infinity. We will prove at the end
of Section 5 that cg, V'N (Ag,+...4k,_,+1(Mn) — pg,) converges in distribution towards the mixture of
p-distributed or gaussian random variables 22:1 a;&i+N in the complex case, > 1 <« <o @&t + N
in the real case, where &;, (4,1) € {1,...,m}?, N are independent random variables such that

e for any (i,1) € {1,...,m}?, the distribution of &; is y;

V2S((Uk)i (Ug)a) if i < 1
® a; = VIR(Uk)i1 (Uk)a) if i > 1
\/%|(Uk)l1|2 ifi=1;

e N is a centered gaussian variable with variance

2
t [m4 —304] S Ukt ¢ ot t - 9 9
° = L - (Y .
4 62 +29§fa2+2 l:1|( Kul 7

4 Sketch of the approach

Before we proceed to the proof of Theorems 3.2 and 3.3, let us give the sketch of our approach which
are similar in both cases. To this aim, we define for any random variable A,

En(A) = co, VN(A = py,) (4.1)



with cg; given by (3.3). We also set l;:j_l = ki1 + ...+ k;j_1 with the convention that I%O =0.

The reasoning made in the setting of Proposition 1.2 (for which k& = k4, = 1) relies (following ideas
previously developed in [P] and [B-B-P]) on the writing of the rescaled eigenvalue &y (A (My)) in
terms of the resolvent of an underlying non-Deformed Wigner matrix. The conclusion then essentially
follows from a CLT on random sesquilinear forms established by J. Baik and J. Silverstein in the
Appendix of [C-D-F] (which corresponds to the following Theorem 6.2 in the scalar case). In the
general case, to prove the convergence in distribution of the vector (fN()\,%j71+i(MN));i =1,..., kj),
we will extend, as [B-Ya2], the previous approach in the following sense. We will show that each of
these rescaled eigenvalues is an eigenvalue of a k; x k; random matrix which may be expressed in
terms of the resolvent of a N — k x N — k Deformed Wigner matrix whose eigenvalues do not jump
asymptotically outside [—207;20]; then, the matrix Vi, x; will arise from a multidimensional CLT on
random sesquilinear forms. Nevertheless, due to the multidimensional situation to be considered now,
additional considerations are required. Let us give more details.

Consider an arbitrary random variable A which converges in probability towards pg,. Then, applying
factorizations of type (6.1), we prove that \ is an eigenvalue of My iff {5 () is (on some event having
probability going to 1 as N — oo) an eigenvalue of a k; x k; matrix ij,N()\) of the form

ij,N()\) = ij,N+Rkj,N(/\) (4.2)

where Vi, v converges in distribution towards Vi, xk, and the remaining term Ry, ~(A) turns out to
be negligible. Now, when k; > 1, since the matrix ij,N()\) (in (4.2)) depends on A, the previous
reasoning with A\ = )\,;j71+i(MN) for any 1 <4 < k; does not allow us to readily deduce that the k;
normalized eigenvalues &y ()\,;jil 4+i(Mpy)), 1 < i < k; are eigenvalues of a same matrix of the form
Vi;,~ + op(1) and then that

En(Ag, i MN)); 1< i < Ej) = (Ni(Ve, v ); 1 <0 < kj) + op(1). (4.3)

Note that the authors do not develop this difficulty in [B-Ya2] (pp. 464-465). Hence, in the last step
of the proof (Step 4 in Section 5), we detail the additional arguments which are needed to get (4.3)
when k; > 1.

Our approach will cover Cases a) and b) and we will handle both cases once this will be possible.
In fact, the main difference appears in the proof of the convergence in distribution of the matrix Vi, n
which gives rise to the ”occurrence or non-occurrence” of the distribution p in the limiting fluctuations
and then justifies the non-universality (resp. universality) in Case a) (resp. b)).

The proof is organized in four steps as follows. In Steps 1 and 2, we explain how to obtain
(4.2): we exhibit the matrix )v(;%N and bring its leading term Vi, v to light in Step 2. We establish
the convergence in distribution of the matrix Vi, v in Step 3. Step 4 is devoted to the concluding
arguments of the proof.

5 Proofs of Theorem 3.2, Theorem 3.3 and Theorem 3.4

As far as possible, we handle both the proofs of Theorem 3.2 and Theorem 3.3. We will proceed in
four steps. First, let us introduce a few notations.

For any matrix M € My (C), we denote by Tr (resp. try) the classical (resp. normalized) trace. For
a rectangular matrix, ||M|| is the operator norm of M and ||M||gs := (Tr(MM*))*/? the Hilbert-
Schmidt norm.

For an Hermitian matrix, we denote by Spect(M) the spectrum of M. For z € C\Spect(M),
Gu(z) = (zIny — M)™! denotes the resolvent of M (we suppress the index M when there is no
confusion). We have the following :

1

For z > A\ (M); G ()] < =MD (5.1)

For a m x ¢ matrix B (or B) and some integers 1 < p < m and 1 <1 < ¢, we denote respectively by

[B]p\xl, [B]pfxl, [B}p/xl and [B]p\xl the upper left, upper right, lower left and lower right corner of size



p x 1 of the matrix B. If p = [, we will often replace the indices p x [ by p for convenience. Moreover
if p =m , we may replace / or \, by — and  or \ by «. Similarly if I = ¢, we may replace /" or

by T and  or \ by |.
For simplicity in the writing we will define the k& x k, resp. N —k x N — k, resp. k X N — k matrix
Wi, resp. Wn_g, resp. Y, by setting

(W, Y
wo (WX ). o2

Given B € My(C), we will denote by B the N x N matrix given by

B := diag(U;, In—x) Bdiag(Uy, In—) = ( 2 o ) :

By_kxr Bn—k

One obviously has that BN_k = BN_k. R
In this way, we define the matrices My, Wy and Ay. In particular, we notice from (2.2) that

A’Zlk AkxN—k ) )

I 5.3
AN—kxk ANn—k (5:3)

Ay = diag(0; 1y, , (0Ik, i<, 12js ZN—ky,) = (

Note also that since Ay_x is a submatrix of Zn_j,, all its eigenvalues are strictly smaller than o.
Let 0 < 6 < (pp; — 20)/2. For any random variable ), define the events

Au%

Qg})(/\) = {/\1 <\/NN + diag(Ug, In—k) diag(0k+g, ZN_;C“)diag(U,:,IN_k)) <204 6> Po; — 5} )
Whn_

02 = {)\ ( Nk Ane ) <2a+5},
N 1 \/N N—k | >
and u "
v\ =y ()[R (5.4)
On Qx (M), neither A nor pg; are eigenvalues of My _j 1= W\]/VN"“ + Apn_y, thus the resolvent é(ac) of

My i is well defined at © = A and = = py,. Note that from Theorem 3.1, for any random sequence
Ay converging towards pg, in probability, limy ., o P(Qn(An)) = 1.

Let us now introduce on Qn(\) some auxiliary matrices that will be of basic use to the proofs.

Bin = Wi + —— (Y@(pg.)Y* — (N - k)‘ﬁ]k). (5.5)
’ VN ’ 0;
Vio N = [U;Bk7NUk]k\+U . (5.6)
() = (A 0, )Y GG, )2V, (57)
ON = —— (YG(p9])2Y* — > TrGlps.) Ik) 7 (5.8)
. 1
Yy = —0? (tI'N—k G(po;) 9? UQ)Ika (5.9)
co, D, N(A) = Tn(A) + dn + YN (5.10)
1 R /!
Tn(\) = |UF (Wi + ——=Y G\)Y*)U , 5.11
N = [0 oveon] )
. ~ /!
AvO) = [ O AN a] T (5.12)
P oxb—tkin(A) =TN(A) + An(A). (5.13)



Qin(N) = My + My n kG My g, (5.14)

Skk,(N) = ([Qk,N(/\)}k\ik“ - >\Ik—k+,,>_1- (5.15)

Note that we will justify that ¥, _j, ()) is well defined in the course of the proof of Proposition 5.1
below. Finally, set
X nA) = [UiBenUsly + VNdiag (Ok,, (6 — 0,) Ik, L =1,..., Jy0,l # j)
kio,N kPENVElL, g \Yk;, (b1 LD ) y o J

+En (V) [UF Dy VU

o2 &N k k o2
tlpp—= ~ = =7 | ko
9j — 0% Cy,; N v N Gj
1
=T h—kye M) Eh—tey s Mk bty , (A" (5.16)

VN

STEP 1: We show that an eigenvalue of My is an eigenvalue of a matrix of size k1. More, precisely,
we have:

Proposition 5.1. For any random variable A and any ki, X ki, random matriz Ay, , on Qn(N),
\ is an eigenvalue of My + diag(Ay, _,0) iff En(N) is an eigenvalue of Xy, n(A) +VNAy,  where
Xk, ,N(A) is defined by (5.16). Moreover, the k — k1o X k — ko matriz Xy, () defined by (5.15)
s such that

1Ek—kio M < 1/(pg; — 20 = 20).

Proof: Let A be a random variable. On Qx()\),

det(My — My) = det(My — My)
— et ( My = A, Myxn—k )
My —kxk  MNy—k —ANN-—k

= det(MN_k — /\IN—k) det (Mk — M, + kaN—ké(/\)MN—kxk) .

The last equality in the above equation follows from (6.1). Since on Qn()), A is not an eigenvalue of
Mpy_r, we can deduce that A is an eigenvalue of My if and only if it is an eigenvalue of

Qiun(\) = My + My n kGO My_pxck.
Now, note that we have also from (6.1) that

Wy
det —
l VN

N
+ZNkiy — MN_ky,

N—kyio

W _k AN N
= det < \/N =+ [ZN_kW’]ka — >\IN—k> x det ([kaN()\)]kfk_Fg — )\Ik_kJra) .

~ N
The matrix {M}
VN IN_ky,

(on Q2 (X)) smaller than 20 +4. So, since on Qx(A), A is greater than pp, —6 > 20 +4, we can conclude

+ZN—k,, is a submatrix of % +diag (O, , » ZN—k,, ) Whose eigenvalues are

51\
that A cannot be an eigenvalue of [%} N + ZN—k,,, and then neither of [Qk’N(A)]k\_k“. Thus,

we can define
-1
Yhok,(A) = ([Qk,N()\)}k\_kM - )\kak“) .

Moreover on £2x(\), one can see using (6.1) that if Ao is an eigenvalue of [Qk’N()\)]k\;k+ -~ Mgy,
then X is an eigenvalue of

Wy .
{J} +ZN-k,, — diag(Nolk—k,,,ON—k)-

VN

N—kio



Hence, R
Wy
A< A ([7} Iy ) A
<A1 N N7k+a+ N—kyo ) 1| Ao
and then
Aol > pa, — 6 — 20— 4,
so that finally
1

DN M| < ——n——.
2 QS oy

(5.17)

Using oncemore (6.1), we get that on Qn(A), A is an eigenvalue of Qg n(X) if and only if it is

an eigenvalue of [Qk7N(A)},>+U - [Qk7N()‘)]k/+a><k—k+a Yh—ky, (N) [QkxNO‘)]k/—kaker or equivalently if
and only if £5(\) is an eigenvalue of

co, VN ([Qk,N(/\)]E_U = P91k, — [Qk,N(A)]k/‘_,_,,xk—k_,_a Sk—kyo (A) [kaN()‘)]k/—k+cxk+a> :

Now using

G(A) = Glpo,) = —(A = p,)Glpa, )G(N),

one can replace G(\) by @(pgj) + [f()\ - pgj)@(pgj) ((A;(pgj) - (A= pgj)@(pgj)@()\)ﬂ and get the
following writing

YOO = ¥ Gl V" + En (D () = v (ogi k(519
where
o, Den(N) = = p)YEONE(p0, )2V — < (Y@, )Y" — 0 Tr Glpo, 1
_2 Nk (trn—s Glos,)? - 9?_102)1,€
Then

VN 0,
+VNdiag (Or,, (61 = 0;)Iu, L= 1, Joo L # )

co, VN ([Qk,N()\)]k\“ - ,o@j[k“) = { [U;; (Wk b (Y@(pgj)y* (N - k)"%@) Uk} h

kio

k o2 o? Env(A)k
FEN(A) [Ug Die, v (MU N 0 e + 0?02 o, N Fto

02

_mfN()‘)Ikﬁ .
J
The proposition (adding an extra matrix Ay, = for future computations) readily follows. O
Throughout Steps 2 and 3, Ay denotes any random sequence converging in probability towards

po,- The aim of these two steps is to study the limiting behavior of the matrix Xy,  ~(An) (defined
by (5.16)) as N goes to infinity.

STEP 2: We first focus on the negligible terms in Xy, ~(Ax) and establish the following.

Proposition 5.2. Assume that k < VN. For any random sequence Ay converging in probability
towards pg,, on Qn(An),

X, N(AN) = Vi, v + VNdiag (Ok,, (00— 0) I, L=1,..., Jyo, 1 # ) + (L4 [En(An)])0p(1),

(5.19)
with Vi, , N defined by (5.6)
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The proof of this proposition is quite long and is divided in several lemmas. Although our final
result in the case k infinite holds only for & < v/ N, we will give some estimates for k& < N once this
is possible.

Lemma 5.1. Let k < N. Then, on Qn(AN),
(U Dy, v (An)Uily . = os(1). (5.20)

Proof of Lemma 5.1: Dy y(An), Tn, ¢~ and ¢y are respectively defined by (5.10), (5.7), (5.8)
and (5.9) .
Since Y is a submatrix of Wy, limsupy I < 9 ang X0 = Op(1). Thus,

VN
I7n ]l = Op(AN — po,) = op(1). (5.21)
where we used that [|G(\)|| < TQ&) for X = pp, or A = An. Therefore,
Uz~ Uil || = os(1).

It follows from Lemma 6.3 in the Appendix that

" N —k ~ 1
[Uk¢NUk]k\+a = 70'2 N |:trN_k G(pgj)z — m} Ik;_*_(7 = O]P(l).
J

Now, we have

E (I UionUy, loxamlis) < E (I 0EonUR, low Irs)
k‘+o- 1 .
< > 3B (M) Cloo,)Ulq) = o TrClpa )6, T )
P,q=1

where for any p = 1,..., k4o, we let U(p) = [(Y*Uk)1p,---» YV Uk)N—kp]. We first state some
properties of the vectors U(p).

Lemma 5.2. Let U denote the N — k x ki, matriz [Y*Ugli . Then, the rows U;;i < N — k)

are centered i.i.d vectors in CFt+e | with a distribution depending on N. Moreover, we have for all
1<p,q<kyo:

E(Uiplhy) = 640  with EUUi,) =0 in the complex case,
27, |2 t 4 - 2
B[ty |*Vhiq|*] = (1 + 50p.)0" + [E(Wra|") — oI WUl Unegl®. (5:22)
=1
Since Zle |(Uk)1p|* < 1, the fourth moment of Uy, is uniformly bounded.

We skip the proof of this lemma which follows from straightforward computations using the indepen-
dence of the entries of Y and the fact that Uy is unitary.
Then, according to Theorem 6.1 and using (5.1),

1 ~ K ~
E ([U(p) oo, ?U(p) — 0> T Glpo, PP layny)) < o (brn Glon,) 1o )
N? N N
K
< FE(IG(0) ")
s KB 1
- N ( Po; —20—5)4.
Besides for p # ¢, using the independence between (U(p),U(q)) and G( ), we have:
E ([U(p) Gloo,U@) P ) = D Elthp(G?)isiolin(C?)imbima L]
i,5,L,m
N—k
= Z E[ulpujqulp mq] [(GQ)zJ(GZ)lm Q(2)]
i,5,L,m

11



where we denote by G the matrix CA}'(pgj) for simplicity. From Lemma 5.2, for p # ¢, the only terms
giving a non null expectation in the above equation are those for which:

1) i=1,j=mand i # j. In this case,

E(UspU;UipUsq) = ElUipUip|E[U; ;4] = o*
and
N—k
> E[(G")ij(G?ijlg@] < ETr(GMye).
i i

2) i =j =k =1. In this case, using (5.22), there is a constant C' > 0 such that

E[Z/_{ipuiquipaiq] = E[|uip‘2|uiq|2} <C.

Moreover

N—k ~
> ElGHGH e < ETr(G ),
i=1

Therefore,

I (Iu (p)*G(po,)’U (Q)|219<2>) < (C+0*) ETr(G(ps,) 1) (5.23)
N N
Hence,
1 C + 0'4 < C + 0.4 1

L * A 2 2 A 4
2B (U0 Clon, PP lop) < =5 (1600 *lap ) < =17 (50—

Thus
k2, 1
N (pgj — 20 — 5)4 .

E (| Ui onU, [Payiay ) < (C+0%)

The convergence in probability of [U¢nU, k]k\+ towards zero readily follows by Tchebychev inequality.
Lemma 5.1 is established. O

For simplicity, we now write
E(AN) = Zp—ky, (AN).

Let us define

k 02 (72 §N(AN) k 1
R Ay)i=——=— R — Iy, ———T _ AN)E(AN)T _ An)*.
kN (AN) N G, k+g+9jz —o? c, N kio N ko xk—kpo (AN)E(AN)Tk o xk—kyo (AN)
(5.24)
To get Proposition 5.2, it remains to prove that if k < v/N,
Ry n(An) = (1 +[En(An)])?0p(1). (5.25)

Once k < VN, we readily have that

o2 o2
- fﬁ % o + AN F (1 e (Aw))Pos(1).
J

9? — O’2 ng N
Hence, (5.25) will follow if we prove

Lemma 5.3. Assume that k < V/N. Let Ty, xi—r,,(\) and £(\) be defined as (5.13) and (5.15).
On QN(AN),

Tlﬁfk+axk—k+a (AN)EAN)Tk k- (AN)* = (14 [Ex(AN)])?0p(1). (5.26)

12



For the proof, we use the following decomposition (7% (A) and Ax(A) being defined by (5.11) and
(5.12)):

Ciyysb—tyg (AN)EAN)T ko xk—ky, (AN)T

=TNETN + TNEAN(AN) + AN(AN)ZAN(AN)" + AN (AN)ET N (5.27)
where (using (5.18))
1 ) e
Tn =Tn(Ay) = |Us(Wi+ ﬁYG(AN)Y*)Uk e

= [UiBiNUL, iy, + VAN [UF Dl (ANURIE i,
and we replaced X(Ay) by X. We will prove the following lemma on T .

Lemma 5.4. If k < N,
| U D ANURE x| = 0(1). (5.28)

Ifk < VN, y )
[ UE Bk, N(AN)URLE, xip,, 1S = 0p(NF). (5.29)

and therefore, for k < V/'N, )
ITn || = op(NT)(1 + [Ex(AN)])-

Proof of Lemma 5.4: To prove (5.28), we use the decomposition

[Uka N(AN)U’CLH xk—kyo [U;TNUk]é_ﬂxkfk_,_‘, + [UI:¢NUk}k/+(,><kfk+d :

As in the proof of Lemma 5.1, we have

« kk. o 1
N s Pstonin) = 4o L

so that, for k¥ < N and using Tchebychev inequality, we can deduce that
N UEENURI, , shors, lisTayan) = op(1).

From (5.21),
| [UICTNUk}kJr Xk—Fkto | = op(1).
and therefore
| Uz D AU Il = 00(1).
Thus, (5.28) is established.
For (5.29), recall that [U,jBkNUk},ﬁ )hehyy = [U,;‘WkU,C],jHX,C_,C+ [UkYG(pg )Y*Uk]k+ ke
Since ||[Wi|| = Op(Vk), we have ||[UkaUk]k+,,><k kio I? = Op(VE). Hence7 as k < VN, we can de-

duce that [Tz WeUJ{ i, s = 0p(NT).
Now, let us prove the same estimate for the remaining term. Using the same proof as in (5.23), one
can get that for p # ¢, for some constant C' > 0,

E (1U(p)" Glps, U() 1o ) < CETH(G o, 1)

and then that for some constant C' > 0,

E[

1

[UkYG(p9 Y* Uk]k“xk k+C,HHSIQ<2)] < Ckk+UM'

H\ﬁ

Then using that

P (1 02 Gon )Y VI i, Nirstegy > N ) € Bl U Gl YOI s

13



we deduce since k < v/N that

VY Clpo, )Y UL, iy, lmslge = op(N).

H\ﬁ

Thus (5.29) and Lemma 5.4 are proved. O

Using that
1
< — 5.30
121 g (530)
one can readily notice that Lemma 5.4 leads to
1 .
TNET5 = (1 + [En(An)])%op(1). (5.31)

VN
We now consider the remaining terms in the r.h.s of (5.27). We first show the following result where
we recall that Ay (pg,) = [U;YG(pgj)AN,kxk]k/Jra kb

Lemma 5.5. X/%TNZAN(;)%)*,
(14 [En(An)|)op(1).

Proof of Lemma 5.5 : We will show that, on Qn(Ay), for any u > 0,

\/%AN(pgj)ZAN(pgj)* and T%AN(pgj)ZTX, are all equal to some

AN([)QJ.) = O]P(Nu). (532)

One can readily see that this leads to the announced result combining Lemma 5.4, (5.30) and (5.32).
First, using the fact that U;Y is independent of 1,2 G(pp,) and that for any p, the random vector
N

Up) = [(Y*Ur)1,ps-- -, (Y*Ur)N—k p) has independent centered entries with variance o2,

one has that
E(loy @y TrAn(p;)An(po,)") < E(lge Tr An(pe,)An(ps,)")

= k+002]E {1955) Tr[(?(poj )AN—kxkfk+aA>Il(\/—k><k—k+ﬂ] }

< kio0’E {IQS\?)Hé(ij)”QTI'AN—ka—kJrUA}FV—ka—IwU}
k+0-0'2 2

< —  __TrA

= (po; — 20 —9)? N

k_;,_UO'
N (po, —20 =9 QZklol

Therefore, P(1o, (ax)|An(po,)lls = eN*) < e 2N"2E(lg, (ax)|An(po,)|l3rg) goes to zero as N
tends to infinity. Hence (5.32) holds true on Qx(Ax) and the proof of Lemma 5.5 is complete. O

Let us now prove that
Lemma 5.6. Ax(An) = An(ps;) + Op(|{n(AN)I)-

Proof of Lemma 5.6: We have
An(Ax) = An(ps,) = —(An = po, )IUZY Glpo,) GAN) AN kxk){. shop, -

Let us define Vi, = [U,jYé(pgj)G(AN)AN_kxk},ﬁaxkfk“. Then for some constant C > 0 depend-

ing on the matrix Ay _gxk,

CllGpo)IPIG(AN)II* Trd*U)
S O
(po, — 20 —26)*

Tr(Vi,, VZ+U)

IN

IN

Te(U*U)

14



where we denote as before U = [Y*Ugl; . Thus letting ¢ := C’ce_jz,

1 1

I18n(An) = S s < 'l () (o555

Te(U*U).

From Lemma 5.2, it follows that

% TrUU) D ko

implying that ||Ax(An) — An(pe,)l|zs = Op(|En(AN)]). O

We are now in position to conclude the proof of Lemma 5.3. Indeed, writing
AN(AN)ETyY = (AN(AN) = An(ps,;)) BTN + An(pg;) 2T
and
An(AN)EAN(AN) = An(po;)EAN(po,)"
+ (An(AN) — An(po,)) BAN(po,)*
+ (AN(AN) = An(pe;) Z (An(An) — An(ps,))
+AN(po,)Z (AN (AN) — An(ps,)) ",
we deduce from Lemmas 5.4, 5.6 and (5.30), (5.32) that \/#NAN(AN)ZTJ’C, and —= AN (An)SAN(An)*
are both equal to some (1 + [En(An)|)op(1). Using also (5.31), we can deduce that
1
ﬁFkJrnxk—kJra (AN)ET ke k—kyo (AN)* = (1 + [En (An)])?0p(1) (5.33)

which gives (5.26) and completes the proof of Lemma 5.3. O

*

Combining all the preceding, we have established Proposition 5.2. We now prove that provided it
converges in distribution, with a probability going to one as N goes to infinity, {x(Ay) is actually an
eigenvalue of a matrix of size k;.

Lemma 5.7. For all u > 0,
[Viso N |l S
+N7“ = op(1).

Proof: Straightforward computations lead to the existence of some constant C' such that
E (| i Wilily,, ns) < C.

The convergence of || [UiW;,Ug] . |I|/N* in probability towards zero readily follows by Tchebychev

inequality. Following the proof in Lemma 5.1 of the convergence in probability of [U;®nUg] oy

towards zero, one can get that

* 1 ~ * A~ h (C+O—4)k20’
E <|| {Uk\/ﬁlﬂﬁ? (YG(pg].)Y —o? TrG(pej)Ik)UkL ||2IQN(AN)> = M’
o J

and the convergence in probability towards zero of the term inside the above expectation follows by
Tchebychev inequality. Since moreover according to Lemma 6.3,

%199 <Tr@(ﬂej) - (V- k);j) = op(1),

we can deduce that

—u * 1 el * o’ b

kio

The proof of Lemma 5.7 is complete. O
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Proposition 5.3. Let Ay, be an arbitrary k; x k; random matriz. If {n(An) converges in distribution,
then, with a probability going to one as N goes to infinity, it is an eigenvalue of Xy, ~N(An) +
diag(Ag,,0) iff En(An) is an eigenvalue of a matriz ij,N(AN) + Ay, of size kj, satisfying

X, N(AN) = Vi, v + 0op(1) (5.34)

where Vi, N is the k;j x k; element in the block decomposition of Vi, n defined by (5.6); namely

Vi, v = Uk, i, [Bk,N]kj Uk, xk;
with Ug; xx; and By n defined respectively by (2.3) and (5.5).

Proof of Proposition 5.3: Since {ny(Axn) converges in distribution, we can write the matrix
X, ,n(AN) given by (5.19) as

Xy, N (An) = VNdiag(Ok,, (0 — 0;) Ik, )15) + R, N(AN)

where Ry, n(An) := Vi, ~ +op(1). Let us decompose Xy,  n(An) in blocks as
Xk, N Xy xhyo—kj,N
X A = J» J A Rte =R, .
ko (AN) ( Kby o—kyxk; N Xkypo—k; N

We first show that {x(Ay) is not an eigenvalue of Xp, _, n. Let o = inf;.; [6; — 6;] > 0. Since,

Xy -y = VNdiag(((6: — 0;)Ix, )irtj) + Ricp—ky N

if p is an eigenvalue of Xy, x;, then

lul/VN > a = || Rk, , &, ~||/VN.
Now, using Lemma 5.7, }
|1 Riey oy N ||/ VN = 08(1).
Hence £n(Apn) cannot be an eigenvalue of Xy, +o—k;,N- Therefore, we can define

—1
Xi, N = Xy N = Xyshypo—ky N (X oty N = ENAN) kyy ;) Xk by xk; N

= Viyn — Riysiyo—ty N Xiyo k8 — ENAN) Ty —ky) " Ricy s — iy iy N+ 0p(1).
To get (5.34), it remains to show that
R, s o —te N (Xiey o=ty N — ENAN) sy —1,) ™ Ry —ky x| | = 0p(1).

This follows from the previous computations showing that (for some constant C' > 0)
(X y g = EN (AN Ty —k,) M < (C + 02(1)) /VN,

combined with the definition of Ry, +.,N(An) and Lemma 5.7. The statement of the proposition then
follows from (6.1). O

STEP 3: We now examine the convergence of the k; x k; matrix Vi, n = Ul*(j «k; [Bk7N]>j Uk, xk;

Proposition 5.4. The k; x k; matriz Vi, v = Uj . [Bk,N]}j Uk, xk,; converges in distribution to
2 2
a GU(O)E(k; x kj, 07‘70—) if and only if max};j:1 Inaxf{:j1 |(Uk)ip| converges to zero when N goes to

23
Oj o

infinity.

Proof

Assume that maxlgjzl InaXiK:j1 |(Uk)ip| converges to zero when N goes to infinity. We decompose the
e e 630% | .

proof of the convergence of Ug ... [BkJV]}j Uk, xk,; in distribution to a GU(O)E(k; x kj, 912]_70—02) into

the two following lemmas.
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Lemma 5.8. If maX]; 1 maxf{"1 |(Uk)ip| converges to zero when N goes to infinity then the k; x k;

matriz Ug . (Wil Uk, xk, converges in distribution to a GU(O)E(k; x kj,o?).

Proof of Lemma 5.8: First we consider the complex case. Let o,y € C, 1 < p < g < k; and
app € R, 1 <p < kj, and define

Ly(a):= Z (apq (U WiUs)pg + tpg (U WUk )pg) Z 200pp (U WUk pp
1<p<q<k; 1<p<k;
We have
K
Ly(@) = DiWn)u+ Y Ra(V2Re(Wn)a))+ Y Ta(V23m((Wn)a)),
i=1 1<i<I<K; 1<i<I<K;

where

Di:Q%e( > a,,q(Uk),-q(Uk)ip>,

1<p<q<k;

Ril = \/§§R€< Z O(pq((Uk:)lq@ip + (Uk)quk)lp))7

1<p<q<k;

= vam( Y w0, 0 - T U0 )

1<p<q<k;

2
Hence Ly(a) = ZZ] 1 Bm.N¢m where ¢, are i.i.d random variables with distribution p and G, N
are real constants (depending on the oy,,) which satisfy max | Bm,n| — 0 when N goes to infinity.

Therefore the cumulants of Ly («) are given by i) = Zm:l B nCn(p) for any n € N* where
Cn (1) denotes the n-th cumulant of p (all are finite since p has moments of any order). In particular

C’%N) = 0. We are going to prove that the variance of Ly («) is actually constant, given by

C(N) K7

Zﬁ2N—2 Yo a4 Y el (5.35)

1<p<q<k; 1<p<k;

One may rewrite Ly () as
Ly(a) = Tr (HU; W, Uy)

where H is the k x k Hermitian matrix defined by
Hpyy=oaq if p>q and Hpp = 20p,.

Hence using
E[(Wi)ji(Wr)qp] = 8jp0iq0

it is easy to see that
E[Ly(a)?] = o2Tr [(UkHU;;ﬂ
= o’TrH”.
Then (5.35) readily follows. In the following, we let const = Ziil B2 N

. K?
Since \C,(LN)| < constmax,,’ | |Bm.n|"2|Cn(1)], i) converges to zero for each n > 3. Thus we
can deduce from Janson’s theorem [J] that Ly («) converges to a centered gaussian distribution with
variance 03(2 37, <y, [@pql? + 4301 <<y, [pp|?) and the proof of Lemma 5.8 is complete in the
complex case.
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Dealing with symmetric matrices, one needs to consider the random variable

Ly(a):= Z g (UgWiUy)pg + Z pp (U WiUg) pp

1<p<q<k; 1<p<k;

for any real numbers oy, p < ¢. One can similarly prove that Ly («) converges to a centered gaussian
e . . . . 2 2 2
distribution with variance 0*(232; <, o<p, @pg + 221 <p<i; Qpp)- O

Remark 5.1. Note that Lemma 5.8 is true under the assumption of the existence of a fourth moment.
This can be shown by using a Taylor development of the Fourier transform of Ly(«).

Lemma 5.9. Ifmaxﬁil maxfijl |(Uk)ip| converges to zero when N goes to infinity then the k; x k; ma-
4

~ AN
triz \/%Ul*gxk:j [(YG(poj)Y* — (N - k)%:lk)]K. Uk, xk,; converges towards a GU(O)E(k;jxkj, g2=—s).

2
91’

Proof of Lemma 5.9: We shall apply a slightly modified version of Theorem 6.2 (see Theorem 7.1
in [B-Ya2]) but requiring the finiteness of sixth (instead of fourth) moments. Let K = k;(k; +1)/2.
The set {1,... K} is indexed by { = (p,q) with 1 < p < g < k;, taking the lexicographic order. We
define a sequence of i.i.d centered vectors (z;,v;)i<n—r in CX x C¥ by z; = Uy, and yy; = U, for
I = (p,q) where U is defined in Lemma 5.2. The matrix A of size N — k is the matrix @(pgj) and is
independent of U. Note that we are not exactly in the context of Theorem 7.1 of [B-Ya2] since the i.i.d
vectors (z;,y;); depend on N (and should be rather denoted by (x; n,¥; n)i) but their distribution
satisfies:

1. p(l) = E[Zjyn] = 6,402 for I = (p, q) is independent of N.
2. E[Znyi] = 0pg0?if 1= (p,q),l' = (p',q') (see By in (6.2)).

3. Complex case: E[Z;1Z1] = Elynyri] =0if l = (p,q),! = (p',q’) (see Bs in (6.2)).
Real case: E[Zj1Zy1]) = 026, and Elyjyi] = 02044 if 1 = (p,q),l' = (', ¢).

=~

. (see Bj in (6.2))

ElznynZiiyn] = 0*(0pg0p . + 5p,q’5p}{,q)+
[IE(\W12|4) _ 204] Ei:jl(Uk)i,q(Uk)i,p(Uk)Lq’(Uk)i,p' in the complex case,

ElznynZinyn] = 0*(0pgdp.q + 5P»Q’5P}5q + 0p,p 6,9 )+
[E(|Wi2|*) — 30%] Zi:"l(Uk)i,q(Uk)i7p(Uk)i7q/(Uk)m,/ in the real case.

Under the assumption that max];j:1 maxfij1 |(Uk)i,p| converges to zero when k goes to infinity, the last
term in the r.h.s of the two above equations tends to 0.
It can be seen that the proof of Theorem 7.1 still holds in this case once we verify that for e > 0 and
for z = x or y, for any [,

Ellzi |12 5en1/09] — 0 as N — oc. (5.36)

We postpone the proof of (5.36) to the end of the proof. Assuming that (5.36) holds true, we obtain
the CLT theorem 7.1 ([B-Ya2]): the Hermitian matrix Zy = (Zn(p,q)) of size k; defined by

1 ~ ~
ZN(p,q) = ——]| Z uipG(Pﬂj)ii/ui/q - 5p,q02 Tr(G(P0j))]
VN —k i,i'=1,...N—k

converges to an Hermitian Gaussian matrix G. The Laplace transform of G (considered as a vector
of CX, that is of {G,q, 1 <p < q < k;}) is given for any ¢ € CX by

Elexp(c’'G)] = exp[%cTBc]
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where the K x K matrix B = (B(l,1")) is given by: B = limy B1(N) + Bs + B3 with

Bi(N)(LT) = wEEnynziye] —pl)pl'),
By(Ll") = (0 —w)E[znyElZriyn]
Bs(l,lI") = (7 —w)E[ZnZv1|E[yinyi]

and the coefficients w, 0,7 are defined in Theorem 6.2. Here A = é(pgj) so that w = 1/9]2 and
0= 1/(0? — 02) (see the Appendix).
From Lemma 5.2,

By(l,l') = (0 = )08y, 0 = (0 = w)0 " Lpmgmpr=g-

Moreover in the complex case, B3 = 0 and in the real case,
Bs(1,1') = (6 — w)a*dypr.

From 4., in the real case,
Jim By (N)(1, 1) = S pwot (L4 6p4),

and in the complex case,
Jim By (N)(1, 1) = S1rwotsy, .

It follows that B is a diagonal matrix given by:

B(l,1) = (1+ 6,,)00* = (1 4+ 0,4) 5%  in the real case,
B(l,1) = 6, 400 = 5p’q% in the complex case.
J
In the real case, the matrix B is exactly the covariance of the limiting Gaussian distribution G. It
follows that G is the distribution of the GOE(ki, X kyq,0/(65 — 0?)).
In the complex case, from the form of B, we can conclude that the coordinates of G are independent (B
diagonal), G, has variance 04/(6’? — 0?) and for p # q, Re(Gpy) and Im(G,,) are independent with
the same variance (since B(l,l) = 0 for p # ¢). It remains to compute the variance of Re(Gp,). Since
the Laplace transform of Re(Zy(p,q)) and Sm(Zn(p,q)) can be expressed as a Laplace transform
of Zn(p,q) and Zn(p,q), we shall apply Theorem 7.1 to (Zn(p,q), Zn(p,q)) that is to the vectors
z; = Uip,Uiy) and y; = (Uiq,Uip) in C2. We denote by B the associated ”covariance” matrix of
size 2. The variance of Re(G,,) is given by %limNHoo Bis (since Bi1 = Byy = 0 from the previous
computations) with 3 ) ) )
Bis = Biy2(1) + B12(2) + B12(3)

where here 312(3) =0,
Bia(1) = wE[|Up|*|thg*) = wo'  and  Bi2(2) = (6 — w)E[[Us,*|E[|thg]*] = (0 — w)o™.

Therefore, var(Re(Gpy)) = 00*/2 = 0*/(2(67 — 0?)). We thus obtain Lemma 5.9 by using that

~ ~

Te(Glpo,)) = (N — k) trn_r(G(ps,)) and try_(G(po,)) — 1/6;.

It remains to prove (5.36). The variable ay = |le|4l(|zll|26Nl/4) tends to 0 in probability. It is
thus enough to prove uniform integrability of the sequence ay, a sufficient condition is given by
/4

sup E[a?\, ] < oo. It is easy to see that for any 1 < p < kj, supy E[[U1,[%] < oo since the Wigner
matrix Wy has finite sixth moment and Uy, is unitary. This proves (5.36) and finishes the proof of
Lemma 5.9. O
Assume now that the matrix Vi, N = U}*(jx K, [Bk, N]}j Uk, xk; converges in distribution towards a
0252 . .
GU(O)E(k; x kj, 9]21712‘) whereas max’];;1 maxfil |(Uk)ip| does not converge to zero when N goes to
infinity. There exists po € {1,...,k;} such that maxf(:j1 |(Uk)ip| does not converge to zero. Let iy be

such that max;, |(Uk)ip| = |(Uk)ixp,|- Now we have

(ij’N)Popo = |<Uk)ino|2WiNiN + XN
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where Xy is a random variable which is independent with |[(Ug)iypo|*Winin- One can find a sub-

sequence such that |(Uk)i¢(N)p0|2Wi¢(N)i¢<N> converges in distribution towards c¢£ where ¢ > 0 and
¢ is p-distributed. This leads to a contradiction using Cramer-Lévy’s Theorem since (Vk,-,dn( N))

PoPo
converges towards a gaussian variable. The proof of Proposition 5.4 is complete. O

In the case a), condition of Proposition 5.4 are obviously not satisfied and we have the following
asymptotic result.

Proposition 5.5. In case a), the Hermitian (resp. symmetric) matriz Vi, n converges in distribution
towards the law of Vi, xk; of size kj defined in the following way. Let Wf(j be a Wigner matriz of size
f(j with distribution given by p (cf (1)) and Hp . be a centered Hermitian (resp. symmetric) Gaussian

matriz of size f(j independent of Wf(j with independent entries Hyy, p <1 with variance

t rma — 30t t ot .
2 4
vpp = E(Hp,) = Z(T) 592 g2 p=1,...,Kj,
ot T (5.37)
vpt = E(|Hy|?) = 2 g2 1<p<Ii<K;.
J

Then, Vi, xk; is the kj X k; matriz defined by

Vi ey = ﬁ;’(jxkj(WRj +Hg Ui ;- (5.38)

The proof follows from Theorem 6.2 and is omitted since we have detailed the similar proof of Lemma
5.9.

STEP 4: We are now in position to prove that
L
(fN(A];j71+1(MN))’ e ’gN()\l%j71+kj (MN))) — (Al(vk] Xk?j)? ey )\kj (Vk_,»xk_,»)) . (5'39)

To prove (5.39), our strategy will be indirect: we start from the matrix Vi, y and its eigenvalues
(Ai(Vi;,v); 1 < < kj) and we will reverse the previous reasoning to raise to the normalized eigen-
values fN()‘fcj,l-s-i(MN))v 1 <4 < k;. This approach works in both Cases a) and b) as we now explain.

First, for any 1 < i < k;, we define Ag\i,) such that
fN(A%)) = Xi(Vi, ),

that is Ag\i,) = po; + Ai(Vi, ,N)/co,VN.
Since Vi,;,n converges in distribution towards Vi, xk;, , )\i(ij’ ~) also converges in distribution towards
Ai(Vi;xk;). Hence &y (Ag\lj)) converges in distribution and AS\Z,) converges in probability towards pg,.

Let X,ij) = ij7N(A%)) = Vi, .~ +op(1) as defined in Proposition 5.3. This fit choice of Ag\i,) gives that

M) =ev(AY) + e, with e = op(1).

)

Hence, §N(A%)) is an eigenvalue of X,gj —€ily;.

According to Propositions 5.1 and 5.3, on an event Qy whose probability goes to one as N goes to
infinity, there exists some [; such that

€
vN

The following lines hold on Q. By using Weyl’s inequalities (Lemma 6.1), one has for all i €
{1, ceey kj} that

AQ =, (My — —diag(Z,, 0x-4,)).

AL (MN - %diag(fkj,ON—kj)) — A (MN)‘ <

€

N
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We then deduce that
(v O M), e O, (MND) ) = (M (Vi w)s o Ay (Vi) ) +0p(1) (5.40)

and thus
(v O MN)), € O (MND)) =50 (M1 (Vi s My (Vi) ). (5.41)

Now, to get (5.39), it is sufficient to prove that
]P’(li:Aj_1+i;z':l,...,kj>Hl, as N — oo. (5.42)

Indeed, one can notice that on the event {l; = l%j_l +i;¢=1,...,k;} the following equality holds
true

(En Oy VD)o En O, (M) = (Ex O (M), e O, (M) ) - (5:43)

Hence, if (5.42) is satisfied then (5.43) combined with (5.41) imply (5.39).

We turn now to the proof of (5.42). The key point is to notice that the k; eigenvalues of Vi, xx;
have a joint density. This fact is well-known if Vi, «, is a matrix from the GU(O)E and so when K
is infinite (Case b)). When K is bounded (Case a)), we call on the following arguments. One can
decompose the matrix U *J <k H i, U &y xk; appearing in the definition (5.38) of Vi, xx, in the following
way

UI*< x k; Hf(jUf(jxkj = Qx, —|—ij

with Hy, distributed as GU(O)E (using the fact that (7;1( ik Ui(j <y = Ix;) and Qy,; independent from
! _ %k . .

Hy,;. Hence, the law of Vi, is that of the sum of two random independent matrices: the first one
being the matrix H, k, distributed as GU(O)E associated to a Gaussian measure with some variance 7
and the second one b?ing a matrix Zj, of the form U ;%jx . Wf(j ﬁf(jxk]- + Qk,- Using the density of
the GU(O)E matrix Hy, with respect to the Lebesgue measure dM on Hermitian (resp. symmetric)
matrices, decomposing dM on Uy x (RM)< (denoting by Uy the unitary (resp. orthogonal) group),

one can easily see that the distribution of the eigenvalues of Hy, + Zj, is absolutely continuous with
respect to the Lebesgue measure d\ on R™ with a density given by:

a N
f1,...,AN) = exp ——Z)\Q H (N —)\j)t]E(exp{—TtTrZ,fj}I(()\l,...,)\N),ij)> d\

1<J

where I((A1,...,AN), Zk;,) = [exp (%N Tr(Udiag(My, ..., )\N)U*ij)) m(dU) denoting by m the
Haar measure on the unitary (resp. orthogonal) group.

Thus, we deduce that the k; eigenvalues of Vi, are distinct (with probability one). Using Port-
manteau’s Lemma with (5.41) then implies that the event

Qy = {fN(/\ll(MN)) > ¢ (A, (My) }ﬂQN

is such that limy P(2y) = 1. By Theorem 3.1, we notice that the event

= {0 (M) > o, + 0> A M) )2 {h, (MN) > 00, = 6> A4y (M) }
also satisfies limy P(Q)y) = 1, for § small enough. This leads to (5.42) since Uy C {li =i+ kj_1, i =
Skt

The proof of Theorems 3.2 and 3.3 is complete. O

According to Theorem 3.3, in order to establish Theorem 3.4, we only need to prove that the
condition (3.6) is actually necessary for universality of the fluctuations. Hence assume that

\/N(/\k1+‘-~+kj71+1(MN) — po;) £, N(0, %Ugj). Proposition 5.1 and Proposition 5.3 lead to

0, VN My ooty +1(MN) — po,) = Vv + op(1)
J J J
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where
Vin = Uk, Xl[Bk,N]kj Uk;x1-

t 9,2-02

It follows that V4 n converges towards the gaussian distribution N(0, 597—5=) and then according to
J

Proposition 5.4, maxfijl |(Ug)i1| converges to zero when N goes to infinity. O

Let 6; such that 6; > o and k; = 1. Let us prove now the description given in subsection 3.2 of
the fluctuations of Ag, ...k, ,+1(Mn) for some intermediate situations between Case a) and Case
b). Let m be a fixed integer number. Assume that for any | = 1,...,m (Uy);; is independent of
N, whereas max,,<i<x, [(Ur)i1] — 0 when N goes to infinity. Following the proofs of Lemma 5.8
and Lemma 5.9, one can check that V; y converges in distribution towards Zm:l ay&; + N in the
complex case, Y, <jcic,, @i + N in the real case, where &, (i,1) € {1,...,m}?, N are independent

random variables such that
e for any (i,1) € {1,...,m}?, the distribution of &; is y;

ﬁ%((Uk)ll(Uk)u) ifi<l
® q; = VIR((Ug)in (Ug)ar) if i > 1
(

\/§| Un)n|? if i = I;

e N is a centered gaussian variable with variance

2
[my =30 X%, [Uk)ul* & o* t - 2 2
+§9J2 +§ 1- ;KUk)ll\ o

t
n 2 2
4 ej 2 _ o

Now, following the lines of Step 4 (using the results of Steps 1 and 2), we can conclude that
o, VN Xy 4.1k, +1(Mn) — pp,) converges in distribution towards the mixture of p-distributed or
gaussian random variables Zzli:l ag&y + N in the complex case, > jc;<,, @utéi + N in the real
case.O T

6 Appendix

In this section, we recall some basic facts on matrices and some results on random sesquilinear forms
needed for the proofs of Theorems 3.2 and 3.3.

6.1 Linear algebra

For Hermitian matrices, denoting by \; the decreasing ordered eigenvalues, we have the Weyl’s in-
equalities:

Lemma 6.1. (¢f. Theorem 4.3.7 of [H-J]) Let B and C be two N x N Hermitian matrices. For any
pair of integers j, k such that 1 < j,k < N and j+ k < N 4+ 1, we have

Njgk—1(B +C) < \j(B) + A (C).
For any pair of integers j, k such that 1 < j,k < N and j+k > N + 1, we have
Ai(B) + M (C) < Njye—n(B +O).
In the computation of determinants, we shall use the following formula.

Lemma 6.2. (c¢f. Theorem 11.3 page 330 in [B-S2]) Let A € My (C) and D be a nonsingular matriz
of order N — k. Let also B and 'C' be two matrices of size k X (N — k). Then

det < ‘é g > = det(D)det(A — BD'C). (6.1)
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6.2 CLT for random sesquilinear forms
In the following, a complex random variable x will be said standardized if E(x) = 0 and E(|z|?) = 1.

Theorem 6.1. (Lemma 2.7 [B-S1]) Let B = (b;;) be a N x N Hermitian matriz and Yy be a vector of
size N which contains i.i.d standardized entries with bounded fourth moment. Then there is a constant
K > 0 such that

E|Y3BYy — TrB|*> < KTr(BB*).

This theorem is still valid if the i.i.d standardized coordinates Y (%) of Y have a distribution depending
on N such that supy E(|Y (i)]*) < oo.

Theorem 6.2. (¢f. [B-Ya2] or Appendiz by J. Baik and J. Silverstein in [C-D-F] in the scalar case)
Let A = (a;j) be a N x N Hermitian matriz and {(x;,y;),i < N} a sequence of i.i.d centered vectors
in CK x CE with finite fourth moment. We write x; = (x;;) € CX and X(I) = (z11,...,2n5)T for
1 <1< K and a similar definition for the vectors {Y(1),1 <1 < K}. Set p(I) = E[Zjnyn]. Assume
that the following limits exist:

(i) w=limy_ o % vazl a?,

(it) 0 =limy_cc xTrA? =limy_oo + Zﬁ’ijl lag[2,
(iii) 7 =lmy oo 5 TrAAT = limy oo 5 Y0y 0.

Then the K-dimensional random vector ﬁ(X(l)*AY(l) — p(l)TrA) converges in distribution to a

Gaussian complex-valued vector G with mean zero. The Laplace transform of G is given by
1
Vee CK, Elexp(c’G)] = e><p(§cTBc)7

where the K x K matrix B = (B(l,1")) is given by B = By + By + Bz with:

Bi(L,lI") = wEznynziiyn] — p)pl"))
Bo(l,U) = (0 —w)E[Znyn]EZviyn] (6.2)
Bs(l,l") = (1 —w)E[Znzi]|Elyinyi]

6.3 CLT for the empirical distribution of a Wigner matrix and applications

Theorem 6.3. (Theorem 1.1 in [B-Yal]) Let f be an analytic function on an open set of the complex
plane including [—20,20]. If the entries (Wn)a)i1<i<i<n of a general Wigner matrizc Wy of variance
o? satisfy the conditions

(i) for i # 1, B(|(Wn)al*) = const,
(i) for any n >0, Mmy— oo sz 22 E [|(WN)il|4 ]]{I(WN)u\Zn\/N}} =0,

then N(trN(f(ﬁWN)) —f fd,usc) converges in distribution towards a Gaussian variable, where pig.

is the semicircle distribution of variance o2.

We now prove some convergence results of the resolvent G used in the previous proofs.

Let 1 < j < Jy, and k such that ﬁ — 0.

Lemma 6.3. Each of the following convergence holds in probability as N — oo:
i) VN (trN_k Cpo,) — 1/9j> 0,

i) tTN—k GQ(pgj) — [ (pej%x)zd,usc(x) =1/(67 — 0°),
R S\ 2
i) 5 I (Gl ) — ([ 22) = 162,
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Proof of Lemma 6.3: We denote by G the resolvent of the non-Deformed Wigner matrix
Wn_r/VN.

i) By Theorem 6.3, one knows that v/ N (tr N—kG(po,) — [ dp‘;ic_(?) converges in probability towards
J

0. Now, we have [ %{? = 9% (see [H-P] p. 94). It is thus enough to show that

trv_x é(p(.)j) —try—g G(Pb‘j) = Op(l/m).

Let then Uy_, := U (resp. Dy—_) be a unitary (resp. diagonal) matrix such that Ay_x = U*Dyn_U.
Then, one has

[ trn—g G(Poj)—tl"ka G(po,)| = |trn—p (G(pe JAN-1G(po,))]
= |try—k (Dn—rU*G(po,)G(po,)U)|
= |try—x (Dn—rA(po,))| < (r/(N = k)| Dn ][l A(pg,)l

where 7 is the finite rank of the perturbed matrix Ay_g.
One has | Dy_k|| < ||An]| := ¢ (with ¢ = max(64,]0;]) independent from N). Moreover on the event
On == Q% N {||Wa_r/VN|| < 20 + 6}, [|A(ps,)]| < (po, — 20 — 6)72 (use (5.1)) so that we deduce

that

A re
[ trn—k(G(po,)) — trn—k(G(po, ), < ——
NTN-k
Using Theorem 6.3 and the fact that P(Qx) — 1, we obtain the announced result.

(po, —20 —68)"* = 0.

i) It is sufficient to show that try_j G2(ps ) — trn—k G*(pg,) — 0 in probability since, by Theorem
6.3, one knows that try_j G?(py) converges in probability towards [ o d,uéc( ).

Using the fact that Tr(BC) = Tr(CB), it is not hard to see that
tryk G2(po,) =tk G2(po,) = trw ((Gloo,) + Glpa,))(Glpa,) = Glon,)))
= trnk (Gloo, ) An-1Glp0,)(Gpa,) + Glp,)))
= vk (Dv-kUG(p0,)(Glpa,) + Glpo,))Gpa,)U”)

= try—k (Dn—iA'(po,))

where the matrices p ~—k and U have been defined in i). We then conclude in a similar way as before
since on the event Qu, [|A'(pg, )| < 2(ps, — 20 —6) .

For point iii), we refer the reader [C-D-F]. Indeed, it was shown in Section 5.2 of [C-D-F] that the
announced convergence holds in the case & = 1 and for G instead of G. It is easy to adapt the
arguments of [C-D-F] which mainly follow from the fact that, for any z € C such that Im(z) > 0,

s z:fi_lk(é'(z)”)2 converges towards g2(z). But this latter convergence was proved in Section 4.1.4
of [C-D-F]. O
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