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Abstract

We investigate the asymptotic behavior of the eigenvalues of spiked
perturbations of Wigner matrices defined by My = TlﬁWN + An, where
Wn is a N x N Wigner Hermitian matrix whose entries have a distri-
bution p which is symmetric and satisfies a Poincaré inequality and Ay
is a deterministic Hermitian matrix whose spectral measure converges to
some probability measure v with compact support. We assume that Ay
has a fixed number of fixed eigenvalues (spikes) outside the support of v
whereas the distance between the other eigenvalues and the support of
v uniformly goes to zero as IN goes to infinity. We establish that only
a particular subset of the spikes will generate some eigenvalues of My
which will converge to some limiting points outside the support of the
limiting spectral measure. This phenomenon can be fully described in
terms of free probability involving the subordination function related to
the free additive convolution of v by a semicircular distribution. Note
that only finite rank perturbations had been considered up to now (even
in the deformed GUE case).
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1 Introduction

In the fifties, in order to describe the energy levels of a complex nuclei system
by the eigenvalues of large Hermitian matrices, E. Wigner introduced the so-
called Wigner N x N matrix Wy. According to Wigner’s work [36], [37] and
further results of different authors (see [3] for a review), provided the common
distribution p of the entries is centered with variance 2, the large N-limiting

spectral distribution of the rescaled complex Wigner matrix Xy = ﬁWN is

the semicircle distribution p, whose density is given by

1
dd/;'j (x) = 503V 402 — 22125, 201(T). (1.1)
Moreover, if the fourth moment of the measure p is finite, the largest (resp.
smallest) eigenvalue of Xy converges almost surely towards the right (resp.
left) endpoint 20 (resp. —20) of the semicircular support (cf. [7] or Theorem
2.12 in [3]).

Now, how does the spectrum behave under a deterministic Hermitian per-
turbation Ax? The set of possible spectra for My = Xy + Any depends in a
complicated way on the spectra of X and Ay (see [21]). Nevertheless, when N
becomes large, free probability provides us a good understanding of the global
behavior of the spectrum of My. Indeed, if the spectral measure of Ay weakly
converges to some probability measure v and ||Ax|| is uniformly bounded in N,
the spectral distribution of My weakly converges to the free convolution u, Bv
almost surely and in expectation (cf [1], [27] and [33], [19] for pioneering works).
We refer the reader to [35] for an introduction to free probability theory. Note
that when Ay is of finite rank, the spectral distribution of My still converges
to the semicircular distribution (v = g and p, Br = u,).

In [30], S. Péché investigated the deformed GUE model M§ = W§/VN + Ay,
where W](\? is a GUE matrix, that is a Wigner matrix associated to a centered
Gaussian measure with variance 2 and Ay is a deterministic perturbation of
finite rank with fixed eigenvalues. This model is the additive analogue of the
Wishart matrices with spiked covariance matrix previously considered by J.
Baik, G. Ben Arous and S. Péché [8] who exhibited a striking phase transi-
tion phenomenon for the fluctuations of the largest eigenvalue according to the
values of the spikes. S. Péché pointed out an analogous phase transition phe-
nomenon for the fluctuations of the largest eigenvalue of M§ with respect to
the largest eigenvalue 6 of Ay [30]. These investigations imply that, if 6 is far
enough from zero (6 > o), then the largest eigenvalue of M§ jumps above the
support [—20,20] of the limiting spectral measure and converges (in probabil-
ity) towards pg = 0 + "7?. Note that Z. Fiiredi and J. Komlds already exhibited
such a phenomenon in [22] dealing with non-centered symmetric matrices.

In [20], D. Féral and S. Péché proved that the results of [30] still hold for a
non-necessarily Gaussian Wigner Hermitian matrix Wy with sub-Gaussian mo-
ments and in the particular case of a rank one perturbation matrix Ay whose
entries are all 2 for some real number 6. In [18], we considered a deterministic

N
Hermitian matrix Ay of arbitrary fixed finite rank r and built from a family of




J fixed non-null real numbers 6; > --- > 6; independent of N and such that
each 0; is an eigenvalue of Ay of fixed multiplicity k; (with E;.le kj =r). In
the following, the 6;’s are referred as the spikes of Ay. We dealt with general
Wigner matrices associated to some symmetric measure satisfying a Poincaré in-
equality. We proved that eigenvalues of Ax with absolute value strictly greater
than o generate some eigenvalues of M which converge to some limiting points
outside the support of .. To be more precise, we need to introduce further
notations. Given an arbitrary Hermitian matrix B of size IV, we denote by
M(B) > -+ > An(B) its N ordered eigenvalues. For each spike 0;, we de-
note by n;_1 +1,...,n;_1 + k; the descending ranks of 6; among the eigenval-
ues of Ay (multiplicities of eigenvalues are counted) with the convention that
ki +---4+kj—1 =0for j = 1. One has that

nj—1 :k1+"'+kj_1 if 0j >0 and nj—1 :N77"+k1+"'+]€j_1 if 0]‘ < 0.

Letting J4, (resp. J_,) be the number of j’s such that 6; > o (resp. 0; < —0),
we established in [18] that, when N goes to infinity,

a) for all j such that 1 < j < J4, (resp. j > J —J_, +1), the k; eigenvalues
(An;_1+i(Mn),1 <1 < kj) converge almost surely to pp, = 0; + gf% which
is > 20 (resp. < —20).

b) Neytooths,  +1(Mn) % 20 and AN (kg ety 1) (MN) 2% 9.

Actually, this phenomenon may be described in terms of free probability
involving the subordination function related to the free convolution of v = §y by
a semicircular distribution. Let us present it briefly. For a probability measure
7 on R, let us denote by g, its Stieltjes transform, defined for z € C\ R by

9:(2) = /R jT_(x;

Let v and 7 be two probability measures on R. It is proved in [13] Theorem 3.1
that there exists an analytic map F' : CT™ — C7, called subordination function,
such that

Vz € C+7gTB§]D(Z) = gV(F(z))7

where Ct denotes the set of complex numbers z such that Sz > 0. When
T = lis, let us denote by Fy, the corresponding subordination function. When
v = 6y and T = p,, the subordination function is given by Fos5, = 1/9g,, -
According to Lemma 4.4 in [18], one may notice that the complement of the
support of u, B do(= us) can be described as:

R\ [-20,20] = {z,3u € R*, |u| > ¢ such that =z = H,,(u)},

where Hy5,(2) = 2z + ‘772 is the inverse function of the subordination function
F,5, on R\ [-20,20]. Now, the characterization of the spikes of Ay that



generate jumps of eigenvalues of My i.e. |6;] > o is obviously equivalent to the
following
Hj eR \ supp(50)(= R*) and Hzlr,éo (9]) > 0.

Moreover the relationship between a spike 6; of Ay such that |6;| > o and the
limiting point pg, of the corresponding eigenvalues of My (which is then outside
[-20;20]) is actually described by the inverse function of the subordination
function as:

Po; = H0750(9j)'

Actually this very interpretation in terms of subordination function of the char-
acterization of the spikes of Axn that generate jumps of eigenvalues of My as
well as the values of the jumps provides the intuition to imagine the general-
ization of the phenomenon dealing with non-finite rank perturbations just by
replacing dp by the limiting spectral distribution v of Ay in the previous lines.
Up to now, no result has been established for non-finite rank additive spiked
perturbation. Moreover, this paper shows up that free probability can also shed
light on the asymptotic behavior of the eigenvalues of the deformed Wigner
model and strengthens the fact that free probability theory and random matrix
theory are closely related.

More precisely, in this paper, we consider the following general deformed
Wigner models My = Xy + An such that:

o Xy = ﬁWN where Wy is a N x N Wigner Hermitian matrix associated

to a distribution g of variance o2 and mean zero:

(WN)“‘, \/iER((WN)ij)i<j, \/ig((WN)ij)i<j are i.i.d., with distribution g
which is symmetric and satisfies a Poincaré inequality (the definition of
such an inequality is recalled in the Appendix).

e Ay is a deterministic Hermitian matrix whose eigenvalues 'yi(N), denoted
for simplicity by ~;, are such that the spectral measure p 4, = % Zivzl Oy,
converges to some probability measure v with compact support. We as-
sume that there exists a fixed integer » > 0 (independent from N) such
that Ay has N —r eigenvalues §;(N) satisfying

max_ dist(35(V), supp(v) > 0.
where supp(v) denotes the support of v. We also assume that there are
J fixed real numbers 6, > ... > 0; independent of N which are outside
the support of v and such that each 6; is an eigenvalue of Ay with a fixed
multiplicity k; (with ijl k; = r). The 6,’s will be called the spikes or
the spiked eigenvalues of Ay .

According to [1], the spectral distribution of My weakly converges to the free
convolution u, H v almost surely (cf. Remark 4.1 below). It turns out that the
spikes of Ay that will generate jumps of eigenvalues of My will be the 6;’s such



that H), ,(6;) > 0 where H,,,(z) = z + 0%g,(z) and the corresponding limiting
points outside the support of u, B v will be given by

Po; = HU,V(ej)-

It is worth noticing that the set {u € R\ supp(v), H, ,(u) > 0} is actually the
complement of the closure of the open set

UU,VZZ{uER,/Rm>012}

introduced by P. Biane in [12] to describe the support of the free additive convo-
lution of a probability measure v on R by a semicircular distribution. Note that
the deep study by P. Biane of the free convolution by a semicircular distribution
will be of fundamental use in our approach. In Theorem 8.1, which is the main
result of the paper, we present a complete description of the convergence of the
eigenvalues of My depending on the location of the 6;’s with respect to U, ,
and to the connected components of the support of v.

Our approach also allows us to study the “non-spiked” deformed Wigner
models i.e. such that » = 0. Up to now, the results which can be found in
the literature for such a situation concern the so-called Gaussian matrix models
with external source where the underlying Wigner matrix is from the GUE.
Many works on these models deal with the local behavior of the eigenvalues
of My (see for instance [14], [2] and [15] for details). Moreover, the recent
results of [26] (which investigate several matrices in a free probability context)
imply that the operator norm (i.e. the largest singular value) of some non-
spiked deformed GUE M{ = W /N + Ax converges almost surely to the
L>*-norm of a (u, B v)-distributed random variable. Here, we readily deduce
(cf. Proposition 8.1 below) from our results the almost sure convergence of
the extremal eigenvalues of general non-spiked deformed Wigner models to the
corresponding endpoints of the compact support of the free convolution u, Hv.

The asymptotic behavior of the eigenvalues of the deformed Wigner model
My actually comes from two phenomena involving free convolution:

1. the inclusion of the spectrum of My in an e-neighborhood of the support
of u, B pa,, for all large N almost surely;

2. an exact separation phenomenon between the spectrum of My and the
spectrum of Ay, involving the subordination function F, , of u, Bv (i.e.
to a gap in the spectrum of My, it corresponds through Fj , a gap in the
spectrum of Ay which splits the spectrum of Ay exactly as that of My).

The key idea to prove the first point is to obtain a precise estimate of order % of
the difference between the respective Stieltjes transforms of the mean spectral
measure of the deformed model and of u, B pa,. To get such an estimate,
we prove an “approximative subordination equation” satisfied by the Stieltjes
transform of the deformed model. Note that, even if the ideas and tools are
very close to those developed in [18], the proof in [18] does not use the above



analysis from free probability whereas this very analysis allows us to extend the
results of [18] to non-finite rank deformations. In particular, we didn’t consider
in [18] us B pa, whose support actually makes the asymptotic values of the
eigenvalues that will be outside the limiting support of the spectral measure of
My appear.

Note that phenomena 1. and 2. are actually the additive analogues of those

described in [4], [5] in the framework of spiked population models, even if the
authors do not refer to free probability. In [9], the authors use the results of
[4], [5] to establish the almost sure convergence of the eigenvalues generated by
the spikes in a spiked population model where all but finitely many eigenvalues
of the covariance matrix are equal to one. Thus, they generalize the pioneering
result of [8] in the Gaussian setting. Recently, [28], [6] extended this theory
to a generalized spiked population model where the base population covariance
matrix is arbitrary. Our results are exactly the additive analogues of theirs. It
is worth noticing that one may check that these results on spiked population
models could also be fully described in terms of free probability involving the
subordination function related to the free multiplicative convolution of v by a
Marchenko-Pastur distribution.
Moreover, the results of F. Benaych-Georges and R. R. Nadakuditi in [11] about
the convergence of the extremal eigenvalues of a matrix Xy + Ay, Anxy be-
ing a finite rank perturbation whereas Xy is a unitarily invariant matrix with
some compactly supported limiting spectral distribution u, could be rewritten
in terms of the subordination function related to the free additive convolution
of g by pu. Hence, we think that subordination property in free probability
definitely sheds light on spiked deformed models.

Finally, one can expect that our results hold true in a more general setting
than the one considered here, namely only requires the existence of a finite fourth
moment on the measure u of the Wigner entries. Nevertheless, the assumption
that p satisfies a Poincaré inequality is fundamental in our approach since we
need several variance estimates.

The paper is organized as follows. In Section 2, we first recall some results on
free additive convolution and subordination property as well as the description
by P. Biane of the support of the free convolution of some probability measure v
by a semicircular distribution. We then deduce a characterization of this support
via the subordination function when v is compactly supported and we exhibit
relationships between the steps of the distribution functions of v and p, Hv. In
Section 3, we establish an approximative subordination equation for the Stieltjes
transform gy of the mean spectral distribution of the deformed model My and
explain in Section 4 how to deduce an estimation up to the order ﬁ of the
difference between ¢gn and the Stieltjes transform of p, H 14, when N goes to
infinity. In Section 5, we show how to deduce the almost sure inclusion of the
spectrum of My in a neighborhood of the support of p,HBpa, for all large N; we
use the ideas (based on inverse Stieltjes tranform) of [23] and [31] in the non-
deformed Gaussian complex, real or symplectic Wigner setting; nevertheless,
since (i, B pa, depends on N, we need here to apply the inverse Stieltjes
tranform to functions depending on N and we therefore give the details of the



proof to convince the reader that the approach developped by [23] and [31] still
holds. In Section 6, we show how the support of i, H 4, makes the asymptotic
values of the eigenvalues that will be outside the support of the limiting spectral
measure appear since we prove that, for any € > 0, supp(u, B pa, ) is included
in an e-neighborhood of supp(pe Bv) J {pe,, 0; such that H, ,(6;) > 0}, when
N is large enough. Section 7 is devoted to the proof of the exact separation
phenomenon between the spectrum of My and the spectrum of Ay, involving
the subordination function F,,. In the last section, we show how to deduce
our main result (Theorem 8.1) about the convergence of the eigenvalues of the
deformed model M. Finally we present in an Appendix the proofs of some
technical estimates on variances used throughout the paper.
Throughout this paper, we will use the following notations.

- For a probability measure 7 on R, we denote by g, its Stieltjes transform
defined for z € C\ R by
dr(x
) = [ T
R

Z—x

- G denotes the resolvent of My and gy the mean of the Stieltjes trans-
form of the spectral measure of My, that is

gn(2) =E(tryGn(2)), z € C\ R,

where try is the normalized trace: try = %Tr.
We recall some useful properties of the resolvent (see [25], [17]).

Lemma 1.1. For a N x N Hermitian or symmetric matriz M, for any
z € C\ Spect(M), we denote by G(z) := (zIn — M)~! the resolvent of M.
Let z € C\ R,

(i) |G(2)|| < |S2|~! where ||.|| denotes the operator norm.

(ii) |G(2)i;| <[Sz|7t for alli,j=1,...,N.

(iti) Forp > 2,
N

316G < (1327 (12)

ij=1
(iv) The deriative with respect to M of the resolvent G(z) satisfies:
G (2).B = G(2)BG(z) for any matriz B.

(v) Let z € C such that |z| > ||M]||; we have

1
G| £ ——7-
1G] EE

- gn denotes the Stieltjes transform of the probability measure p, H 4, -



- When we state that some quantity Ay(z), z € C\R, is O(5 ), this means
precisely that:
P(|S271)
Np 7
for some polynomial P with nonnegative coefficients which is independent
of N.

[An(2)] <

- For any set S in R, we denote the set {z € R,dist(x,S) < €} (resp.
{z e R,dist(x, S) < €}) by S+ [—¢, +¢€| (resp. S+ (—¢, +¢)).

2 Free convolution

2.1 Definition and subordination property

Let 7 be a probability measure on R. Its Stieltjes transform g, is analytic on
the complex upper half-plane C*. There exists a domain

Dypg={u+iveClul < av,v> g}

on which g, is univalent. Let K, be its inverse function, defined on g, (Dq g),
and )
R (z) = K. (z) — P
Given two probability measures 7 and v, there exists a unique probability mea-
sure \ such that
Ry=R;+R,

on a domain where these functions are defined. The probability measure \ is
called the free convolution of 7 and v and denoted by 7 Hv.

The free convolution of probability measures has an important property,
called subordination, which can be stated as follows: let 7 and v be two proba-
bility measures on R; there exists an analytic map F': C™ — CT such that

V2eCh,  grm(2) = g,(F(2)).

This phenomenon was first observed by D. Voiculescu under a genericity as-
sumption in [34], and then proved in generality in [13] Theorem 3.1. Later,
a new proof of this result was given in [10], using a fixed point theorem for
analytic self-maps of the upper half-plane.

2.2 Free convolution by a semicircular distribution

In [12], P. Biane provides a deep study of the free convolution by a semicircular
distribution. We first recall here some of his results that will be useful in our
approach.

Let v be a probability measure on R. P. Biane [12] introduces the set

Qo i ={u+ive C*t,v> Vo (W)},



where the function vy, : R — R™ is defined by

Vg (u) = inf{u > oy/R(u:'l’;g)_kvz < 012}

and proves the following

Proposition 2.1. [12] The map
Hy, 2z 2+ 0%g,(2)

is a homeomorphism from Q,, to Ct UR which is conformal from Q,, onto
C*. Let F,, : Ct UR — Q,,, be the inverse function of H,,. One has,

VZ S (C+7 gHUEV(Z) = gy(Fa,V(Z))

and then
Fo,u(z) =z UQQ[LUEEV(Z)' (21)

Note that in particular the Stieltjes transform gy of p, B pa, satisfies
VzeCT, gn(z) = Guay (2 — o?gn(2)). (2.2)

Considering H,, as an analytic map defined in the whole upper half-plane C*,
it is clear that
Qo =H,,(CH). (2.3)

Let us give a quick proof of (2.3). Let v > 0. Since

SHe,(u+iv) =v(l — UQ/R ( dv(z) )s

u—x)2 4 v?

we have

SH,,(u+iv) > 0 <= / ( dv(z) ! (2.4)
R

u—x)?2+02 o2
Consequently one can easily see that €, is included in H, }(C"). Moreover
if u+iv € H;,(C") then (2.4) implies that v > vy, (u). If we assume that
v = Vg, (u), then v, (u) > 0 and finally

/ dv(zx) 1

g (u—12)2+02 o2

by Lemma 2 in [12]. This is a contradiction : necessarily v > vy, (u) or, in
other words, u + iv € Q,, and we are done.

The previous results of P. Biane allow him to conclude that u, B v is absolutely
continuous with respect to the Lebesgue measure and to obtain the following
description of the support.



Theorem 2.1. [12] Define ¥, , : R — R by:

U, , is a homeomorphism and, at the point ¥, ,(u), the measure p, B v has a
density given by
Vo (W)

To?

pa,u(qlo,y(u)) =
Define the set

Uy = {UGR7»/]R(51/_(Z))2 > 012} ={u e R,vy,(u) > 0}.

The support of the measure u, B v is the image of the closure of the open set
Us,, by the homeomorphism Y, ,,. ¥, , is strictly increasing on Us .

Hence, _
R\ supp(pe Br) = ¥o, (R\ Us ).

One has ¥,, = H,, on R\ Uy, and ¥} = F,, on R\ supp(ps Bv). In
particular, we have the following description of the complement of the support:

R\supp(uaEElv) = HU,V(R\WJ/)' (25)

Let v be a compactly supported probability measure. We are going to es-
tablish a characterization of the complement of the support of u, B v involving
the support of v and H,,. We will need the following preliminary lemma.

Lemma 2.1. The support of v is included in U, ,,.

Proof of Lemma 2.1: Let 79 be in R\U,,,. Then, there is some ¢ > 0 such that
[zo —€,20 + €] C R\ U,,,. For any integer n > 1, we define oy, = xg — e + 2ke/n
for all 0 < k < n. Then, as the sets [ag, ag+1] are trivially contained in R\ Uy,
one has that:

1 G dv(x)  v(lok, k)
V% - > > .
u e [OlkaOék-i-l]a 0_2 el /ak (’U, — SC)2 el (ak+1 — ak)2
This readily implies that
v([zo — € x0 +€]) < ) v(lar, axta]) <
k=0

—
—~

2¢)?
o’n’

Letting n — oo, we get that v([zg — €, 20 + €]) = 0, which implies that 2y €
R\ supp(v). O

From the continuity and strict convexity of the function v — fR (Zl:(;))z on
R\ supp(v), it follows that
[ dv(x) 1
Urs = supp(v) U u € R\supp(v), [ 2400 > 1 )
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and
R\T,, = {ueR\supp<u>,Am <

Now, as H,,, is analytic on R \ supp(v), the following characterization readily
follows:
R\ U, = {u € R\ supp(v), H(;V(u) > 0}.

and thus, according to (2.5), we get
Proposition 2.2.
x € R\ supp(p, Br) & Ju € R\ supp(v) such that z = Hy,(u), H, ,(u) > 0.

Remark 2.1. Note that H,, is strictly increasing on R\ Uy, since, if a < b
are in R\ supp(v), one has, by Cauchy-Schwarz inequality, that

Hyy(b) — Ho (@) = (b—a) {1 -0’ /R (a_dxy)((?_x)}

> (b-a) [1 - aW(g;(a))(g;(b))} |

which is nonnegative if a and b belong to R\ Uy .

Remark 2.2. Fach connected component of Uy, contains at least one connected
component of supp(v).

Indeed, let [s;, ;] be a connected component of U, . If s; or ¢; is in supp(v),
[s1,t;] contains at least a connected component of supp(v) since supp(v) is in-
cluded in U, ,. Now, if neither s; nor ¢; is in supp(v), according to (2.6), we

have
/ dv(z) _/ dv(z) 1
R(si—2)? Ja(i—2)? o
Assume that [s;,t;] C R\ supp(v), then, by strict convexity of the function

u— [o (ZV_(;”))Z on R\ supp(v), one obtains that, for any u €]s;, ],

dv(x 1
/]R(u—(x))2 <§7

which leads to a contradiction. O

Remark 2.3. One can readily see that
Us,v C {u,dist(u,supp(v)) < o}

and deduce, since supp(v) is compact, that U, ,, is a relatively compact open set.
Hence, Uy, has a finite number of connected components and may be written
as the following finite disjoint union

1
Uy = U [sl,tl] With $py, <ty < ...<s1 < 1i. (2.7)

l=m

11



We close this section with a proposition pointing out a relationship between
the distribution functions of v and u, Bwv.

Proposition 2.3. Let [s,t;] be a connected component of Uy, then

(/‘U B V)([qla,u(sl)v \I/a,u(tl)]) = I/([Sl,tl]).

Proof of Proposition 2.3: Let ]a, b[ be a connected component of U, ,,. Since
a and b are not atoms of v and pu, B v is absolutely continuous, it is enough to
show

(o BV)([Wo,(a), Yo, (0)]) = v([a, b]).

From Cauchy’s inversion formula, p, B v has a density given by p,(z) =
f%i‘s(gy(Fl,’a(x)) and

W, 0 (b)
(o B ) ([T (@), o (B)]) = — - ( / gV<Fu,a<x>>dx> |
m U, ,(a)

Weset z = F, (), thenx = H, , (%) and z = u+iv,,, (u). Note that vy, (u) >0
for uw €]a, b[ and vy, (@) = ve,(b) = 0 (see [12]). Then,

(1o BV)([You(a), Yo, (D))

b o2
= - (% / gu<u+z‘vo,u<u>><1+w;,u<u>>du+2%{93<u+wa,u<u>>1z>

1

b
= _lg/ gv(u~+ vy, (w) (1 + 0], (u))du = —*%/gu('z)d'za
T Ja ’ T Jy

where
vy={z=u+iv,,(u),u € [a,b]}.

Now, we recall that, since a and b are points of continuity of the distribution
function of v,

v([a,b]) = 21_1?%—%% (/abgy(u—kie)du) = li_{%—%% (/6 gy(z)dz> ,

where 7. = {z = u + i€, u € [a,b]}. Thus, it remains to prove that:
lim (% (/ gl,(z)dz> -9 (/ gl,(z)dz>) =0. (2.8)
e—0 v .

12



Let € > 0 such that € < supj, 4 Ve, (). We introduce the contour
Ye ={z =u+i(ven(u) N€),u € [a,b]}.

From the analyticity of g, on CT, we have

ﬂ gu(2)dz = / gu(2)dz.

Let I. = {u € [a,b],v5,(u) < €} = UC;i(¢), where C;(¢) are the connected
components of I.. Then, I, |._o {a,b}. For u € I,

|Sgu(u+ie)|:€/dl/(x)<6/(U_$dV($) <<

(u—z)> e~ )2 403, (u)

and
/ 1S9, (u + i€)|du < %(b —a).
I. a

On the other hand, for u € I,

) dv(z) €
Ry = < —.
900 0+ i, ()] = 00 1) [ e <
Moreover,
\I/au -
R -+ ity ()0, () = 22
and
v _
[ Rt ivop i e = [ =0
I. ’ I o ’

- % Z[(\Ija,u(u) - u)vgﬁy(u)]Ci(C)

L / (W (1) — 1)t ()l

o2

€

by integration by parts. Now (see [12] or Theorem 2.1),

/ U, (u)vg,, (u)du = 70 (e Bv) (¥, (1)) — 0.

I e—0

/ Vo (W)du < €(b — a).

I.
Since ¥, , is increasing on [a, b],
Z[\DU,V(U)UU,V(U)]Q(E) < G(q’a,u(w - \I/o’,,(a))

and

Z[UUU,V(U)]Q(E) <e(b—a).

The above inequalities imply (2.8). O
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3 Approximate subordination equation for gy(z)

We look for an approximative equation for g (z) of the form (2.2). To estimate
gn (%), we first handle the simplest case where Wy is a GUE matrix and then
see how the equation is modified in the general Wigner case. We shall rely on
an integration by parts formula. The first integration by parts formula concerns
the Gaussian case; the distribution p associated to Wy is a centered Gaussian
distribution with variance ¢ and the resulting distribution of X = Wy / VN
is denoted by GUE(N,0%/N). Then, the integration by parts formula can be
expressed in a matricial form.

Lemma 3.1. Let ® be a complez-valued C' function on (My(C)sa) and Xy ~
GUE(N, % ). Then,

N
E[®'(Xn).H] = ;E[@(XN)TT(XNH)], (3.1)
for any Hermitian matriz H, or by linearity for H = Ej,, 1 < j,k < N, where

(Ejr)1<jk<n 1s the canonical basis of the complex space of N x N matrices.

For a general distribution p, we shall use an “approximative” integration
by parts formula, applied to the variable & = v2R((Xn)x1) or v23((Xn)ki),
k <1, or (Xn)kk- Note that for k < [ the derivative of ®(Xy) with respect
to V2R((Xn)) (resp. ﬂ%((XN)kl)) is ®'(Xn).eps (vesp. ' (Xn).fr1), where
erl = %(Ekl + Elk) (resp. fu = ﬁ(EM — Elk)) and for any k, the derivative
of ®(X ) with respect to (Xn)wr is D' (Xn).Egk.

Lemma 3.2. Let & be a real-valued random variable such that E(]£|PT?) < oco.

Let ¢ be a function from R to C such that the first p+1 derivatives are continuous
and bounded. Then,

E(£6(€) = > “HEG@(€)) + ¢, (3.2)

a!
a=0

where kg are the cumulants of &, || < Csup, |pPTD (1) [E(|€[PH2), C only de-
pends on p.

Let U(=U(N)) be a unitary matrix such that
Ay = U*diag(v,...,yn)U

and let G stand for Gy (z). Consider G = UGU*. We describe the approach in
the Gaussian case and present the corresponding results in the general Wigner
case but detail some technical proofs in the Appendix.

a) Gaussian case: We apply (3.1) to ®(Xn) =G, , H=FE;y, 1 <14,5,l <N,
and then take % >, to obtain, using the resolvent equation GXy = —I +2G —
GAp (see [18)]),

AT UQ]E[G]'Z"CI‘N(GH + 51‘]‘ — ZE(GJI) + ]E[(GAN)JL] =0.

14



Now, let 1 < k,p < N and consider the sum Zij U3Up;Z;;. We obtain from
the previous equation

0’2E[épkt1“N(G)} + 5pk — ZE(épk) + ’ykE[épk] =0. (3.3)

Hence, using Lemma 9.2 in the Appendix stating that

~ ~ 1
[E[Gprtrn (G)] = E[Gpr]Eftrn (G)]] = O(553),
we finally get the following estimation
~ Opk 1
E(Gpr) = Pr +0(=), 3.4
where we use that |——5————| < |3z|~!, and then
z—02gn(2)—:
N N
1 ~ 1 1 1
= — E|Gi| = — O(—
gn(2) N £ [Gn] N;z—rf?gzv(z)—w +0(57)
_ ;d (z) + O(L)
- Jrz—o%gn(z) — favts N?
1
Guay (2 = o2gn(2)) + O(m)-
In the Gaussian case, we have thus proved:
Proposition 3.1. For z € Ct, gn(2) satisfies:
9 1
IN(2) = Gua (2 —07gn(2)) + O Nz ) (3.5)

b) Non-Gaussian case: In this case, the integration by parts formula gives
the following generalization of (3.4):

Lemma 3.3.

61)19 R4 E[A(p, k)]
(z—0%gn(2) = m)  2N? (2 —ogn(2) — %)

]E(épk) = +O(7)> (36)

where

A(p,ki) = Z 5:Upij {ZGlegl'i‘ZGjiGilGliGll (3.7)
,J l l

+3GuGuGLGu+Y GjiGiiGlQl}
. .

15



Proof Lemma 3.3 readily follows from (9.4), Lemma 9.2 and (9.3) established
in the Appendix. O

Thus,
N N
1 ~ 1 1
z) = —>» ElGil=—=
gN( ) N}; [ kk] N;Z—OQQN(Z)—’}%
N ~
K4 E[A(k, k)] 1
" 2N3 e~ 2 —0%gn(2) =k Ol

Let us show that the first three terms in 3 S LE[A(K, K)] /(2 — 02gn(2) — 1)
coming from the decomposition (3.7) are bounded and thus give a O(7z) con-
tribution in gy (z). We denote by Gp the diagonal matrix with k-th diagonal

entry equal to W

1
 Uj E)Y G;G3)| = [E]Y (U*GpUG)uG3
”Zk k k]Z—UQQN(Z)—’}/k [; 3Gl [;( pUG)aGi
<92 EY 1G]
.l
< |Sz|75N,

using Lemma 1.1. The second term is of the same kind. For the third term, we
obtain
1> (U*GpUG*GD);:Gyi| < |Sz|°N
where G4 is the diagonal matrix with {-th diagonal entry equal to Gy;.
It follows that

1. 1
IN(2) = Gua,, (2 — 0°gn(2)) + NLN(Z) + O(ﬁ),
where )
i _ fu 7 a2
L) =533 EijU —oton ) = ElCHCaGHL (38)
It is easy to see that Ly(z) is bounded by C|Sz|~®.
Proposition 3.2. Ly defined by (3.8) can be written as
. 1
Ly(z) = Ln(2) + O(ﬁ)’ where Ly (2) =
K
ﬁ D [(Gan(z = 0%gn(2))iilGay (2 = 02 gn ()i ([Gay (2 — 0%gn (2)) ).

il
(3.9)

16



Proof of Proposition 3.2:
Step 1: We first show that for 1 < a,b < N,

1
E[Gap] = [Gay(z = 0%gn(2))]ab + O(%)- (3.10)
From Lemma 3.3, for any 1 < p, k < N,
. S K E[A(p, k)] 1
E[G,i] = P +O0(==).
= gy =0 TNV G ot () — ) O
Let 1 <a,b< N,
E[Gaw) = Y Ui E[GulUs
p,k
= Y U ! U
— N =2 (2 — )
R4 * E[A(]% k)]
’ 2N pik Ve (z —o%gn(z) — ’Yk)Ukb
1

since Zp & \U;pUM,| < N. The first term in the right-hand side of the above
equation is equal to [Gay (2 — 0%gn(2))]ap. It remains to show that the term

involving E[A(p, k)] is of order +. Let us consider the “worst term” in the
decomposition (3.7) of A(p, k), namely the last one.

IN2 p;j 1 Uap (z _ O'2gN(Z) _ ’Yk) Ukb ikUPJE[GJZG”Gll]
1 1
= E 7 GaiGii Gl
IN?2 [kZZl (z — o2gn(2) — ,yk)UkbUsz G Gll]
1 *
= 533 ED_ (U Gpl)inGaiGGil
il
1 1
_ (d)r* 2 - -5
—2N2E[XZ:(GG U GpU)anGii] < 53192,
Step 2: Ly defined by (3.8) can be written as
R4 %
o3 O ElU"GpUG):GiGR).
il
First notice the following bound (see Appendix)
1
E(U*GpUG);iGGh] — E[(U*GpUG)4|E[Gy]E[Gu)* = O(x) (1)

17



Thus,
a K4

In() zl:IE[(U*GDUG)Z-Z-]]E[GM]]E[G”F + 0(%).

T 2NZ L

Now, note that E[(U*GpUQ);;] = E[(U*GpGU )] and, according to Lemma 3.3,

E(U*GpGU)i] = 2};(U*GD)Z-,)1E[GM]UM
= (ng}*G%U)ii+;]\‘§2 k(U*GD»pE[A(p,k)](GDU)M
30 C)ipOpi ) U
Thus "
anz i El(U*GpUG) 4 E[GHE[Gul?
= o Y l(Gan (2 — ox () IEIGHIE(Gu? (3.12)

il

e X " GolyELAG, K(GoUEIGABG (313

1 . 1
t73 2 (U"GD)ipOnk (575 UkiEIGH E[Gu)*. (3.14)
i,l,p,k

The last term (3.14) can be rewritten as

1

W)E[Gll]2,

> (UE[GNU*G p)ipOpi(

l,p;k

1
N2
so that one can easily see that it is a O(37).
The second term (3.13) can be rewritten as

Nt s ElGul?
x {[U*GDUIE[G(d)]U*GDUG]tS[Gfs + GGyt G

+{U*GpUE[GNU*G pUG)[GisGstGss + GttGis]} ,

which is obviously a O(+).
Hence, Proposition 3.2 follows by rewriting the first term (3.12) using (3.10). O

From the above computations, we can state the following :
Proposition 3.3. For z € Ct, gn(2) satisfies:

IN(2) = Guay (2 — 0%gn(2)) + %LN(Z) +0 (;2) (3.15)

where Ly (2) is given by (3.9).
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4 Estimation of gy — gy
Proposition 4.1. For z € Ct,

EN(Z) 1

gn(2) — gn(2) + N O(ﬁ)v (4.1)
where En(2) is given by
En(2) = {0%4y(2) = 1} Ln(2) (4.2)
with Ly (z) =
K ~ - -
ﬁ [(Gay (2 =g (2))JiilGay (z = 02gn (D)]i([Gay (2 — *Gn (2))]u)*.
il
(4.3)
Proof of proposition 4.1: First, we are going to prove that for z € CT,
- En(z 1
on(2) — () + PXE oy, (14

where Ey(z) is given by
En(z2) = {o%gy(2) = 1} L (2). (4.5)
For a fixed z € C*, one may write the subordination equation (2.2) :
9N (2) = Guayy (Fopay (2)) = G (2 — g (2)),

and the approximative matricial subordination equation (3.15) :

) = 8y = () + 5 Iv() +0 (37

The main idea is to simplify the difference gn(z) — gn(z) by introducing a
complex number 2z’ likely to satisfy

Fopa, (2)=2—0gn(2). (4.6)

We know by Proposition 2.1 that Fy,,, is a homeomorphism from C* to
Qo Ay whose inverse H, Ay has an analytic continuation to the whole upper
half-plane C*. Since z — o%gn(z) € CT, 2’ € C is well-defined by the formula :

2= Hypy (72— o?gn(2)).

One has
Z—z = —UQ(QN(Z) T Guay (Z—UQQN(Z)))
_ 9 Ln(2) 1
= o=y +O(m)
= o(y)



There exists thus a polynomial P with nonnegative coefficients such that

P(Sz7Y)
/
— < ===
¢ =2l < =
On the one hand, if
P32 _ |87
N - 27

or equivalently

o |—1 o |—1
| < A8 P(8 Y

(4.7)

it is enough to prove that

= 0(1). (4.8)

Indeed, if we assume that (4.7) and (4.8) hold, then there exists a polynomial
() with nonnegative coefficients such that

En(2)

on(2) — () + X < gz
o 1) 2|z T P(S2 )
< QU™ ~
(- 2|32 TLP(I1S2]7Y)
< Qa2 Dy
Hence,
on(z) —an(2) + 2D _ o L)

To prove (4.8), one can notice that both gn(z) and gy (z) are bounded by @,

and that

02

Ex(:)] < {W“} Ly 2],

where Ly (z) = O(1).
On the other hand, if

P(|Sz71) _ S|
< ;
N 2
one has : o
192" — S2| < |2/ — 2| < %
which implies 3z’ > 32 and therefore 2/ € C*. As a consequence of (2.3),

z—0%gn(2) € Qg pu,, and (4.6) is satisfied. Thus,

on () — () — 2502 < P,
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or, in other words,

on(2) — () - PE oy, (1.9
On the other hand,
i) = an(e) = () [ e )
_ (o [ e Bray)(z)
- o [
e [ e Bray) ()
He |
Taking into account the estimation of 2’ — z above, one has :
’ d(:ua & NAN)(x) o 2~/ L (Z) 1
(Z_Z)/RW__U gn(2) ]\]fv ‘f‘O(ﬁ)
and
Lo [ e Bray)(z) 501
=2 [ - O
Hence I )
in(2) — in () + o () 22 — oL, (110)
(4.4) follows from (4.9) and (4.10) since
v —an () + 2 < ) e - )

Han (') — g (2) + 02 (2) EXEL

Now, since Ey(z) = O(1), we can deduce from (4.4) that gy (2) —gn(2) = O(%)
and then that Ey(z) — Ex(2) = O(%). (4.1) readily follows. O

Remark 4.1. By combining the estimation proved above for the difference be-
tween gn and the Stieltjes transform of p, B pa, with some classical arguments
developed in [29], one can recover the almost sure convergence of the spectral
distribution of My to the free convolution u, BHwv.

5 Inclusion of the spectrum of My in a neigh-
borhood of the support of y, B 14,

The purpose of this section is to prove the following Theorem 5.1.

Theorem 5.1. Ve > 0,

P( For all large N ,Spect(My) C {x, dist(x, supp(pe B pray)) < e€}) =1.
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The proof still uses the ideas of [23] and [31] but, since p, B pa, depends on
N, we need here to apply the inverse Stieltjes tranform to functions depending
on N. Therefore we give the details of the proof to convince the reader that the
approach still holds.

Lemma 5.1. For any fized large N, En defined in Proposition 4.1 is the Stielt-
jes transform of a compactly supported distribution Axn on R whose support is
included in the support of p, B pa, .

The proof relies on the following characterization already used in [31].
Theorem 5.2. [32]

o Let A be a distribution on R with compact support. Define the Stieltjes
transform of A, 1: C\R — C by

l(z):A(Ziw).

Then 1 is analytic on C\R and has an analytic continuation to C\supp(A).
Moreover

(c1) 1(z) = 0 as |z]| = oo,

(c2) there exists a constant C > 0, an integer n € N and a compact set
K C R containing supp(A), such that for any z € C\ R,

[1(z)] < Cmax{dist(z, K)™ ", 1},

(c3) for any ¢ € C=(R,R) with compact support

e Conversely, if K is a compact subset of R and if I : C\ K — C is an an-
alytic function satisfying (c1) and (cz) above, then 1 is the Stieltjes trans-
form of a compactly supported distribution A on R. Moreover, supp(A) is
exactly the set of singular points of | in K.

We use here the notations and results of Section 2. If v € R is not in the
support of u, B pay, according to (2.5), u — o2gy(u) = Fy 4, (u) belongs to
R\ Us s, and then cannot belong to Spect(An) since Spect(An) C Uy, -
Hence the singular points of Ex are included in the support of i B 14, .
Now, we are going to show that for any fixed large N, Ey satisfies (¢1) and (cz2) of
Theorem 5.2. Let C' > 0 be such that, for all large N, supp(usBua,) C [-C;C]
and supp(pay) C [-C;C].

Let o > C + 0. For any z € C such that |z| > «,

o? o? (a—C)?

2G < < =a—
‘GgN(Z)‘_|z|—C_a—C< a—C =0
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and
12— 0®gn(2)| > |I2] = l0%gn (2)]] > |2 = (a = C) > C.

Thus we get that for any z € C such that |z| > a,

1
—_ 525 <
HGAN(Z o gN(Z))” = |Z—O’2§N(Z’)|—C
1
S H-@-0-C
1
< .
2] —

We get readily that, for |z| > «,

- Kq 1 o2
ExEIS 5 oy <<|z| —op 1) '

Then, it is clear than |Ex(z)| — 0 when |z| — 400 and (¢1) is satisfied.
Now we are going to prove (cg) using the approach of [31](Lemma 5.5). Denote
by En the convex envelope of the support of p, B 4, and define

Ky = {z € R;dist(z,En) < 1}

and
Dy ={z € C;0 < dist(z, Ky) < 1}.

e Let z € Dy N(C\R) with R(z) € Ky. We have dist(z, Ky) = |Sz| < 1.
We have

~ K4 2 1 1
E < — 1 .
o< 5 (s 1) o

Noticing that 1 < =i, we easily deduce that there exists some constant

‘SZP’

Cy such that for any z € Dy N C\ R with R(z) € Ky,

|En(2)] Co| 2|~
Codist(z, Ky)~ "

<
< Cpmax(dist(z, Kn)~7;1).

IN

e Let z € DyN(C\R) with ®(z) ¢ K. Then dist(z, supp(pu, Bpra,)) > 1.
Since Ey is bounded on compact subsets of C\ supp(pe B piay ), we easily
deduce that there exists some constant Cy (V) such that for any z € Dy
with R(z) ¢ Ky,

|En(2)] < CL(N) < C1(N) max(dist(z, Kx) 75 1).

e Since |Ex(z)] — 0 when |z| — 400, Ex is bounded on C \ Dy. Thus,
there exists some constant Co(N) such that for any z € C\ Dy,

|En(2)] < Co(N) = Co(N) max(dist(z, Ky) 75 1).

23



Hence (c2) is satisfied with C(N) = max(Cy, C1(N),C2(N)) and n = 7 and
Lemma 5.1 follows from Theorem 5.2. O

Proof of Theorem 5.1: Using the inverse Stieltjes tranform, we get respec-
tively that, for any ¢y in C*°(R,R) with compact support,

An(pnN)

E[“N(%’N(MN))]—/RsDNd(MaEEMAN)— N

1
= lim S iy)d
L S [ pn(ora(e +in)ds,

where ry(2) = gn(2) —gn(2) + ﬁEN (z) satisfies, according to Proposition 4.1,
for any z € C\ R,

1 _
Ira(2)] < ﬁp(\sd b

We refer the reader to the Appendix of [17] where it is proved using the ideas
of [23] that if h is an analytic function on C\ R which satisfies

h(2)] < (2] + K)*P(|S2]7)
for some polynomial P with nonnegative coefficients and degree k and for some

numbers K > 0 and « > 0, then there exists a polynomial @ such that

limsup| [ pn(x)h(z + iy)dz|
y—0+ R

<//+°°|(1+D)k+1 @ -
< on (2)|(|z] + V2t + K)*Q(t) exp(—t)dtdx
RJO

where D stands for the derivative operator. Hence, if there exists K > 0
such that, for all large N, the support of ¢y is included in [—K, K] and
SUp N SUP.e[—k k] |[DPen(2)] = Cp < oo for any p < k + 1, dealing with
h(z) = N2ry(z), we deduce that for all large N,

. , C
limsup| [ pn(@)rn(z+iy)dx| < el
y—0t R

and then

An(pn) 1

Eftrn (¢on (MnN))] — /RSONd(Mo Bpay) - ——— = O(W)' (5.1)

N

Let p > 0 be in C®(R,R) such that its support is included in {|z| < 1} and
[ p(z)dx = 1. Let 0 < € < 1. Define

2 2
Ky (e) = {x,dist(x, supp(pe B ray)) < €}
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and

fn(€)() = / Liex (0 W)0s (& — y)dy.

the function fx () is in C*(R,R), fy(e) =1 on Kn(5); its support is included
in Kn(2¢). Since there exists K such that, for all large N, the support of
toBra, is included in [— K; K], for all large N the support of fx(¢€) is included
in [-K —2; K + 2] and for any p > 0,

K+1
sip |DPin(O@)] < sup / ID%ps (2 — )|y < Cyle).
z€[-K—-2;K+2] r€[-K—-2;K+2]J—-K—1

Thus, according to (5.1),

Eftry (fn(e)(Mn))] — /RfN(e)d(ua Bpay) — W _ 05(%) (5.2)
and
/ € 2
Eltrw (4 (€)*(My))] - / (Fel)Pdlao Bpg,) ~ UNDD g (1

(5.3)
Moreover, following the proof of Lemma 5.6 in [31], one can show that Ay (1) =
0. Then, the function ¥n(€) =1 — fn(e) also satisfies

Bl (o ()] = [ i@l B ) - D 0. )
Moreover, since 1y (€) = —fn (€), it comes readily from (5.3) that
Bl (W (P (M) - [ Wl de Brua) - 2D 0,2
Now, since ¥ (€) = 0 on the support of p, B pa, , we deduce that
Eltry (4 (M) = Ocl ) (55)
and 1
Eltrn (9n (6)*(Mn))] = Ocl(553)- (5.6)

By Lemma 9.1 (sticking to the proof of Proposition 4.7 in [23]), we have

Vitry (¥ (€)(Mn))] < %E [trn { (W () (M)} -

Hence, using (5.6), one can deduce that

Vitew (¥ () (Mn))] = Oc(553)- (5.7)
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Set
Zn,e = trn(¥n(e)(Mn))
and )
QN,e = {ZN& > Nig}.

From (5.5) and (5.7), we deduce that

E{|Zx.e} = Ocl357).

Hence )
P(n.c) < NIE{|Zn. [} = Oc( 7).

By Borel-Cantelli lemma, we deduce that, almost surely for all large N, Zn . <

N5, Since ZNe 2 Ip\ Ky (2¢), it follows that, almost surely for all large N, the

number of eigenvalues of My which are in R\ Ky (2¢) is lower than N~% and

thus obviously has to be equal to zero. The proof of Theorem 5.1 is complete.O

6 Study of u, B pa,

The aim of this section is to show the following inclusion of the support of
to B pia, (see Theorem 6.1 below). To this aim, we will use the notations and
results of Section 2. We define

©={0;,1<j<J} and O,,=0nR\U,,). (6.1)
Furthermore, for all ; € ©,,,, we set
po, = Hou(0;) = 05 + %9,(0)) (6.2)
which is outside the support of p, B v according to (2.5), and we define
K, ,(61,...,05) :=supp(p, Br) U {po,, 0; € Osu}. (6.3)

Theorem 6.1. For any e > 0,
Supp(ﬂ’d H MAN) c KUJ/(GD ) 9]) + (_63 €>’
when N is large enough.

Let us decompose j14, as
HAy = [ig,N + flo,N,
1 N-—r 1 J
where fig v = ~ Z dg,(vy and flo.n = ~ Zk’jé@j.
j=1 j=1

In the following, we will denote by D(x, §) the open disk centered on x and with
radius 0. We begin with a trivial technical lemma we will need in the following.
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Lemma 6.1. Let KC be a compact set included in R\supp(v). Then g  (which
is well defined on K for large N ) converges to g., uniformly on K.

Proof of Lemma 6.1: We first prove that for all u € IC,

~ Gpon (W) = Z = N%w/m = —g,(u). (6.4)

Let € > 0 be such that dist(IC, supp(v)) > €. For all u € K, let h,, be a bounded
continuous function defined on R which coincides with f,(z) = 1/(u — )2

on supp(v) + [~5, 5]. As max;<j<ny_, dist(8;(N),supp(v)) tends to zero as
N — o0, one can find Ny such that, for all N > Ny, 3;(N) € supp(v) + [—5, §]

2732
for all 1 < 57 < N —r. Since the sequence of measures fig y weakly converges
to v, (6.4) follows, observing that —g  ( = [ hu(z)djip n(x) and —g,(u) =

[ ha(

The umform convergence follows from Montel’s theorem, since g# and g, are

analytic on D = {z € C,dist(z,supp(v)) > §} and uniformly bounded on D by
e% for N > Ny. O

We are now in position to give the proof of Theorem 6.1. We recall that, from
(2.5),

R\ supp(io B piay) = Hopayy, R\ Us s )- (6.5)

In the proofs, we will write for simplicity Uy, Hy and Fy instead of U, , Ay
Hy ., and Fy ), o respectively.

The main step of the proof consists in observing the following inclusion of the
open set Ug,pu,

Lemma 6.2. For any ¢ > 0,

U,

T A N

C {u, dist(u,U,,) < €} U {u, dist(u,0,,) < €}, (6.6)

for all large N (since the compact sets Uy, and O, are disjoint, the previous
union is disjoint once € is small enough).

Proof of Lemma 6.2: Define
Feor = {u, dist(u,Uy,,) > €'} N {u, dist(u, ©,,) > €'}.

We shall show that for all large N, Foo C R\ Uy.

Since maxi<j<n—r dist(5;(N),supp(r)) — 0 when N goes to infinity, there
exists Ny such that for all N > Ny, the 3;(N)’s are in supp(v) + (—€',€’). Since
supp(v) C Uy, it is clear that for all N > Ny, Fo is included in R\ SpectAy.
Moreover, one can readily observe that if u satisfies dist(u, supp(v)+ (—¢',€')) >
o and dist(u,©®) > o then, for all N > N, fgl’MN (u) < % This implies that,
for all N > Ny, the open set Uy is included in the compact set

Fl, = {u, dist(u,supp(v) + (=€, €')) < o} U {u, dist(u,0) < o}.
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Hence, it is sufficient to show that for N large enough, the compact set Ko :=
Fe N F., is contained in R\ Uy.

As v is compactly supported, the function u — —g/,(u) = [ dv(z)/(u— x)? is
continuous on R\ supp(v). Hence it reaches its bounds on the compact set ICos
(which is obviously included in R\ Uy, ) so that there exists o > 0 such that
—g,(u) < % — 20 for any u in K.

According to Lemma 6.1, there exists Ny such that for all N > Ny and for all
uin Ko,

0 (0) = gL ()] < 7 (6.7)

At last, one can notice that Ny may be chosen large enough so that
1< k; @
VN > N —q. = — — < 6.8
Z V0, g/L@,N(U) N ]; (’U, _ 93)2 =4 ( )

This is just because for all u € Fe, one has that: —g},_  (u) < §& which

converges uniformly on K/, to 0 as N goes to infinity.
Combining all the preceding gives that, on K., the function — QL an is bounded

from above by % — . This implies that K¢ is included in R\ Uy ,,, = which is
what we wanted to show. O

Now we shall establish the following inclusion.
Lemma 6.3. For all ¢ > 0, for all € > 0 small enough,

R\ (K, (01,...,05) + [—€,€]) C Hy ({u, dist(u, ©,, UU,,,) > e’}) ,  (6.9)
when N is large enough.

Combined with Lemma 6.2, this result leads to Theorem 6.1.
Proof of Lemma 6.3: According to (2.5), (2.7) and Remark 2.1, we have that

R\ supp(p, Br) =
2

]_OoyHa,u(sm)[ U ( U ]Ha,u(tl)yHa,u(slfl) |:) U]Ha,l/(tl)7+00[
l=m
supp(ia B ) = | [ o). Hoo 0] (6.10)

l=m

Note that there exists some finite integer ¢ such that, for ¢ small enough, R\
(Ks(01,...,07) + [—¢,¢€]) is the following disjoint union of intervals

]—OO,ho[ U ]ki’hi[u]kq+1v+oo[7

i=1,...,q
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where h; = H, ,,(Sp,)—€ and k; 41 = Hy,, (tp,)+e€ for some p; or h; = H, ,,(0;,)—€
and ki1 = H,,,(0j,) + € for some 6, in O,,,.

For such an ¢ > 0, since H,, coincides on R\ U,, with the homeomorphism
U, defined in Theorem 2.1, we can deduce in particular that H, , is right-
continuous (resp. left-continuous) at each #; (resp. s;) for 1 <! <m, and H,,
is continuous at each 6; in ©,,. Thus, there exists ¢ > 0 such that: for all
1< <m,

Hyoy(s1—€) > Hyp(s1) — % and H,,(t +€) < Hy\(t) + % (6.11)
and for all ; in O, ,,
Hyo(0; —€) > Hy o (0;) — % and  H,,(0; +€¢) < H,,(0;) + g (6.12)

Now Hy being increasing on R \ Uy, for N large enough, the image by Hy of
{u, d(u,0,,) > €} N {u, d(u,U,,) >} CR\ Un
is the following disjoint union of intervals

] =00, ho(N)[ | Tka(N), hi(N)[UJkg1 (N), +o0l,

i=1,...,q

where h;(N) = Hn(sp, —€') and k;41 (N) = Hy(tp, +€') or hi(N) = Hn (6, —€')
and k7.+1(N) = IT[N(Q]7 + 6/).
One can see that it only remains to state that for all large N: V1 <1 < m,

Hy(si—€)>Hy,(s1)—€¢ and Hn(t;+€) < H,,(t) +e. (6.13)

HN(Ql - 6/) 2 Ha‘ﬁy(ei) —¢€ and HN(Gl + 6/) S Hg’,,(gi) + €. (614)

Moreover, as p4, weakly converges to v, it is not hard to see that for all
1 <1< m,and all §; in O,,, Hy(s; — €), Hy(ti + €¢'), Hy(8; — €) and
Hn(0; + €') converge as N — oo to Hy(s; —€), Hy(t1 +€), Hy,(0; — €)
and H, ,(0; + ¢) respectively. So, there exists Ny such that for all N > Npy:
Hy(si—€) > Hy(si —€) — 5 and Hy(t; +€¢') < Hy o (t +€') + § as well as
Hy(0; —€') > Hy ,(0; —€) — § and Hy(0; +€') < Hy o (0; +€') + 5. We can
then deduce (6.13) and (6.14) from (6.11) and (6.12). O

7 Exact separation of eigenvalues
Before stating the fundamental exact separation phenomenon between the spec-
trum of My and the spectrum of Ay, we need a preliminary lemma (see Lemma

7.1 below).
From Section 2, we readily deduce the following
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Proposition 7.1.
R\ K, y(61,...,0;) ={z € R, F,,(z) € R\{U,, UO}}

and F,, is a homeomorphism from R\ K, ,(01,...,05) onto R \{Umy U @}
with inverse Hy .

Remark 7.1. : For all6 < o, R\ U,, C R\ U, so that it makes sense to
consider the following composition of homeomorphism

HsyoF,, : R\K,;,(01,...,05) = Hs ,(R\{U,, UO}) C R\K5,(01,...,0;),

which is stricly increasing on each connected component of R\ Ky, (01, ...,65).

Lemma 7.1. Let [a,b] be a compact set contained in R\ K, ,(01,...,05). Then,
(i) For all large N, [Fy ,(a), Fp,,(b)] C R\ Spect(An).

(b))] is contained

(i1) For all0 < 6 < o, the interval [Hs ,,(Fy(a)), Hs 1 (Fy
v(a)) >b—a.

in R\ K5 ,(61,...,05) and Hs ,(F5,, (b)) — Hs , (Fy,

Proof of Lemma 7.1: For simplicity, we define K ; = Ky (6h,...,07)+[—¢,€].
As [a, b] is a compact set, there exist € > 0 and « > 0 such that

[a—a,b+a]C R\ K;; and dist([a—a,b+a]; K] ;) > a.

As before, we let iy = pio Bpa, . According to Theorem 6.1, there exists some
Np such that for all N > Np, supp(fin) is contained in K¢ ;. Thus, using (2.5)
and since Fly is continuous strictly increasing on [a — «, b + o], we have

VN > Ny, [Fn(a—a),Fy(b+a)]C R\Uyx C R\ Spect(An). (7.1)

As F, , is strictly increasing on the compact set [a — o, b + o (supp(ue Bv) C
K ;), one can consider § > 0 such that

Foola—a)<F,,(a)—6 and F,,(b+a)>F,,(b)+4. (7.2)

Now, the weak convergence of the probability measures iy to p, B v will lead
to the result, recalling from the definition of the subordination functions that
forallz € [a—a,b+a: F,,(z) =2 —0g, m,(z) and Fy(z) =z — 02g;, (@)
(at least for all N > Np). Indeed, observing that for any = in [a — «, b+ o], the
map h:t+— ﬁ is bounded on K ;, one readily gets the simple convergence
of gix to g, m, as well as the one of the corresponding subordination functions,
by considering a bounded continuous function which coincides with h on K ;.
We then deduce that there exists Nj > Ny such that, for all N > N/,

Fna—a)<F,,(a—a)+¢ and Fy(b+a)>F,, (b+a)—05  (7.3)

Combining (7.1), (7.2) and (7.3) proves that the inclusion of point (i) holds true
for all N > Nj.
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The first part of (ii) is obvious from Remark 7.1. The second part mainly
follows from the fact that F, , is strictly increasing on R \ supp(u, B v). More
precisely, if we set ' = Hj ,(Fp,(a)) and b’ = Hs ,(F, (b)), then

V—d = Fyu(b) — Fyu(a) + &° (QV(FU,V(b)) - gV(Fgﬂ,(a)))
> Fa,u(b) - Fo,u(a') +0? (QV(FU,V(b)) - gV(Fgﬂ,(a)))
> HO',V(FO',V(b)) _HO',V(FO‘,V(G’)) =b—-a

since Fy ,(a) < F,,(b) and then ¢, (F, (b)) — 9. (Fy(a)) < 0. O

The exact separation result involving the subordination function related to
the free convolution of p, and v can now be stated. Let [a,b] be a compact
interval contained in R\ K, ,(01,...,05). By Theorems 5.1 and 6.1, almost
surely for all large N, [a,b] is outside the spectrum of My. Moreover, from
Lemma 7.1 (i), it corresponds an interval I = [a/,b'] outside the spectrum of
Ap for all large N i.e., with the convention that A\o(My) = Ao(An) = 400 and
AN+1(MN) = An41(An) = —o0, there is iy € {0,..., N} such that

Nin+1(AN) < Fyp(a) :=d and Ny (An) > F,,(b) =10, (7.4)
The numbers a and o’ (resp. b and b’) are linked as follows:
a=pa=H,,(d)=d +o%g,(d),

b=py:=Hy, () =V +0%g, ().

We claim that [a, b] splits the spectrum of My exactly as I splits the spectrum
of An. In other words,

Theorem 7.1. With iy satisfying (7.4), one has
PAiy+1(Mn) < a and X, (My) > b, for all large N] = 1. (7.5)

The proof closely follows the proof of Theorem 4.5 in [18] by introducing in
a fit way the subordination functions or their inverses. For the reader’s conve-
nience, we rewrite the whole proof. The key idea is to introduce a continuum
of matrices M](\;C) interpolating from My to Ay:

w.
MP =TEZN 44
N pu \/N + N>
where )
2 _ 2
Tk=C (l‘i’kcva,b)7

and C,; being a positive constant which has to be chosen small enough to

ensure that the matrices M ](\f ) and M J(f 1 are close enough to each other.
More precisely, C, 1, is chosen such that

—a
T

b
max (UQCa’b|gMUEE,,(a)|; UQCa,b|g#UEEl,(b)|; 300(171,) < (7.6)
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In particular, g = 0 and o — 0 when k goes to infinity.
We first prove that the intervals [Hy, . (F,.(a)), Hy, o (Fy(b))] split respec-
tively the spectrum of M J(\f ) in exactly the same way. Moreover, we also prove
that for k large enough, the interval [H,, ,(F, . (a)), Ho, »(Fy.(b))] splits the
spectrum of MJ(\;C) as [Fy(a), Fp(b)] splits the spectrum of Ay, this means
roughly that we extend the first statement to k = oo and the result follows.
As in [18], this proof is inspired by the work [5] and mainly relies on results
on eigenvalues of the rescaled Wigner matrix Xy combined with the following
classical result (due to Weyl).

Lemma 7.2. (¢f. Theorem 4.3.7 of [24]) Let B and C be two N x N Hermitian
matrices. For any pair of integers j, k such that 1 < j,k < N and j+k < N+1,
we have

Njk—1(B+C) < \j(B) + A (C).

For any pair of integers j, k such that 1 < j,k < N and j+k > N + 1, we have
Aj(B) +Xe(C) < Ajpp-n(B +C).
Proof of Theorem 7.1: Given k > 0, define
ar = Hy, o (Fo(a)) and by, = Hy, , (Fy 0 (D).

Remark 7.2. Note that in [18] where v = &y, we considered ay = 2y, (9o (a))
where g, denoted the Stieltjes transform of u, and z,, the inverse of g5, . Actu-
ally, when v = &y, then H,, ,(2) = z+03%/z = 25,(1/2) and F,,, = 1/g, so that
Zox(9o) = Hoy v (Fy). This very interpretation of the composition zs, © g, in
terms of subordination function allows us to extend the result of exact separation
to non-finite rank perturbations.

The last point of (4¢) in Lemma 7.1 yields by — ar > b — a. Moreover

ag+1 — A = (0'1%+1 - U%)Q;LUEV(CL)

0.2

= _CCL v k)
YA+ ECap)(L+ (k+ 1)Cay) e (a)

so that |ags1 — ak| < 02Caplgy, my(a)|. Similarly [byi1 —bi| < 02Cy |9, @ (b)]-

Hence, we deduce from (7.6) that

b—a
T

b—a
|ak+1 — ak| < T and ‘bk+1 — bk| < (77)
Now, we shall show by induction on & that, with probability 1, for large N,

the M ](f ) have respectively the same amount of eigenvalues to the left sides of
the interval [a, bg]. For all k > 0, set

)

Er = {no eigenvalues of M](\f in [ag, by], for all large N}.
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By Lemma 7.1 (i) and Theorems 5.1 and 6.1, we know that P(E;) = 1 for all
k. In particular, one has for all w € Ey and for all large NV,

Jjn(w) € {0,..., N} such that A, (y+1(Mn) <a and A; ) (My) > b.

(7.8)

Extending the random variable jy, by setting for instance jy := —1 on the
complementary of Ey, we want to show that for all k,

]P’[/\jNH(M](f)) < ay and )\jN(MJ(\f)) > by, for all large N|] = 1. (7.9)

We proceed by induction. By (7.8), this is true for k¥ = 0. Now, let us assume
that (7.9) holds true. Since

1 1
V14 (k+1)Cap - V1+ECay

M](\;CJrl):M](\;C)_'_( )XN7

we can deduce from Lemma 7.2 that
k k
A 1 (MDY < X1 (M) + (A0 (X)) Ca -

Since, for N large enough, 0 < —An(Xy) < 30 almost surely, it follows using
(7.6) that

b—a
v r (M) <y + ==

Similarly, one can show that

Ny (MEDy Sy 00 p
Inequalities (7.7) ensure that
lak, bi] C [ars1, bri]-
As P(Eg+1) = 1, we deduce that, with probability 1,
)\jNH(M](fH)) < agtr and Ajy (M](\;CH)) > b1, for all large N.

This completes the proof by induction of (7.9).
Now, we are going to show that there exists K large enough so that, for all

k > K, there is exact separation of the eigenvalues of the matrices Ay and Ml(f)
ie.

IP’[)\Z'NH(MJ(\;C)) < ap and )\iN(M](\f)) > by, forall large N| =1.  (7.10)

There exists @ > 0 such that [a—a;b+a] C R\ K, (01,...,60;). Thus according
to Lemma 7.1 (i) for all large N,

[Fru(a—a); Fyu(b+ a)] C R\ Spect(An).
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Now, there exists ¢ > 0 such that F, ,(a —a) < F, ,(a) — € and F, ,(b+ a) >
F,,(b) + €. It follows that, for all large N,

Ain+1(AN) < Fy(a) — € and Ny (An) > Fy(b) + €. (7.11)
Using Lemma 7.2, (7.11) and the fact that, almost surely, for all large N,
0 < max(—An(Xn), M1(Xn)) < 3o,

we get the following inequalities.
If iy < N, for all large N,

)\iN-&-l(M](\;C))

IN

o
Aiy+1(AN) + ;k)\l(XN)
< Fm,,(a)—e’—i—%)\l(XN)

2 Ok /
= ap — ngHUEE,,(a) + ;Al(XN> —€
< ak—0pgu,m(a) + 30, — €.

If iy > 0, for all large N,

)\iN<M](\5€)) > iy (An) + %)\N(XN)
> F,,(b)+¢ + %/\N(XN)
= b = 07g,m (D) + AN (Xy) + ¢
> b — U,%guggg,,(b) — 30, + €.
As o), — 0 when k — 400, there is K large enough such that for all k > K|
max(| — 07,8, (a) + 30k], | — 079, @, (0) — 30w|) < ¢

and then, almost surely, for all N large enough

Ain 1MW) <ap if iy <N, (7.12)
and Ay (MW) > b if iy > 0. (7.13)

Since )\NH(M](\;C)) = —)\O(M](\f)) = —o00, (7.12) (resp. (7.13)) is obviously sat-
isfied if iy = N (resp. iy = 0). Thus, we have established that for any
in € {0,..., N} satisfying (7.4), (7.10) holds for all ¥ > K when K is large
enough. Comparing this with (7.9), we deduce that jy = iy almot surely and

P[Aiy+1(My) < a and X; (My) >b, for all large N| = 1.

This ends the proof of Theorem 7.1. O

We readily deduce the following
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Corollary 7.1. Let € > 0. Let us fix u in ©,, U{t;,l =1,...,m} (resp. in
O,,U{s;,l =1,...,m}). Let us choose 0 > 0 small enough so that for large N,
[u+3d;u+26] (resp. [u—28;u—14]) is included in (R\U, )N (R\Spect(An)) and
forany0 < 6" <26, Hy ,(u+0")—Hy, (u) < € (resp. Hy,(u)—H, ,(u—0") <e€).
Let in = in(u) be such that

)\iNJrl(AN) <u+d6 and )\ZN(AN) >+ 260
(resp. Ain+1(AN) <u—26 and Ny (An) >u—0). Then
P[Niy+1(Mn) < Hgo(u) + € and Xy (My) > Hy o (u), for all large N| = 1.

(resp. P[Xiy+1(My) < Hyp(u) and X (My) > Hy,(u)—€ for all large N| =
1.)

8 Convergence of eigenvalues

In the non-spiked case ® = () i.e. r = 0, the results of Theorems 6.1 and 5.1
read as: Ve > 0,

P[Spect(My) C supp(ps Bv) + (—¢,¢€), for all N large] = 1. (8.1)
This readily leads to the following asymptotic result for the extremal eigenvalues.

Proposition 8.1. Assume that the deformed model My is without spike i.e.
r=0. Let k > 0 be a fized integer.

The first largest (resp. last smallest) eigenvalues A1, (My) (resp. An—k(My))
converge almost surely to the right (resp. left) endpoint of the support of u, Bv.

Proof of Proposition 8.1: We here only focus on the convergence of the first
largest eigenvalues since the other case is similar. Recalling that supp(u,Br) =
U, [How(s1), Ho ()], from (8.1), one has that, for all € > 0,

Pllimsup A\ (My) < Hy,(t1) + €] = 1.
N
But as H, ,(t1) is a boundary point of supp(us Bv), the number of eigenvalues

of My falling into [Hy,,(t1) — €, Hy,(t1) + €] tends almost surely to infinity as
N — oo. Thus, almost surely,

thlnf )\1+k(MN) Z Hmy(tl) — €.
The result then follows by letting e — 0. O
In the spiked case where r > 1 (© # 0), the spectral measure up, still
converges almost surely to u, B r. We shall study the impact of the spiked

eigenvalues 6;’s on the local behavior of some eigenvalues of My.
In particular, we shall prove that once the largest spike 60, is sufficiently big, the
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largest eigenvalue of My jumps almost surely above the right endpoint H, . (t1).
Once m > 2, that is when supp(u, Hv) has at least two connected components,
we prove that there may also exist some jumps into the gap(s) of this support.
This phenomenon holds for any 6; € O, .

For 0; & ©,,, that is if 8; € U, ,, two situations may occur. To explain this,
let us consider the connected component [slj , tlj] of m which contains 6;. If
supp(v) N [0;,t;,] = O (resp. supp(v) N [sy,,0;] = ) then the k; corresponding
eigenvalues of My converge almost surely to the corresponding boundary point
Hy . (ti;) (vesp. Hoy . (s;;)) of the support of p, B v. Otherwise, namely when
f; is between two connected components of supp(v) included in [s;,,#;,], the
convergence occurs towards a point inside the (interior) of supp(u, B v).

Here is the precise formulation of our result. This is the additive analogue of the
main result of [6] on the almost sure convergence of the eigenvalues generated
by the spikes in a generalized spiked population model.

Theorem 8.1. For each spiked eigenvalue 0;, we denote by nj_1+1,...,nj_1+
k; the descending ranks of 0; among the eigenvalues of A .

1) If 0; € R\ Uy, (i.e. € O,,), the kj eigenvalues (An;_,+i(My), 1 <
i < kj) converge almost surely outside the support of u, B v towards
pej = HU,I/(Hj)'

2) If 0; € Uy, then we let [s;,,t;;] (with 1 < 1; < m) be the connected
component of Uy, which contains 0;.

a) If ; is on the right (resp. on the left) of any connected compo-
nent of supp(v) which is included in [s;;,t;;] then the k; eigenvalues
(An;_1+i(Mn), 1 < i < kj) converge almost surely to Hy,,(11;) (resp.
Hy . (s1;)) which is a boundary point of the support of p, Bv.

b) If 0; is between two connected components of supp(v) which are in-
cluded in [sy;, ;] then the k; eigenvalues (An,_,+i(Mn), 1 < i < kj)
converge almost surely to the aj-th quantile of pe B v (that is to
o, defined by o; = (o Bv)(] — 00,qq,])) where o is such that
o =1 —limy Bzt = (] — 00, 6;]).

Proof of Theorem 8.1: 1) Choosing v = §; in Corollary 7.1 gives, for any
e>0,

Po; — €< Any_yk; (Mn) < o0 < Ay 11 (M) < pog; + ¢, for large N (8.2)
holds almost surely. Hence
VI<i<kj, An,_i4i(Mn) =2 po,.

2) a) We only focus on the case where 6; is on the right of any connected
component of supp(r) which is included in [s,, ;] since the other case may be
considered with similar arguments. Let us consider the set {6;, > ... > 0, }
of all the 6;’s being in [s;, #;,] and on the right of any connected component of
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supp(v) which is included in [s;,, #;,]. Note that we have for all large N, for any
0<h<p,
-1+ Kjy = 1,

and 0;, is the largest eigenvalue of Ay which is lower than #;,. Let ¢ > 0.
Applying Corollary 7.1 with u = #;,, we get that, almost surely,

Ay 1 41(MN) < Hp o () + € and Ay, (Mn) > Ho,,(t;) for all large N.

Now, almost surely, the number of eigenvalues of My being in |H,, (t;;) —
€, H, ., ()] should tend to infinity when N goes to infinity. Since almost surely
for all large N, A, (MN) > Hoyo(ti;) and Ay, 41 (MN) < Ho () + €, we
should have

Ha,u(tlj) —€e< )\njp,l—i-kjp (MN) <...< )\njo,l—i-l(MN) < Ho,y(tlj) + €.

a.s.

Hence, we deduce that: VO <[ < p and V1 <1 < k:jp, )\njp—1+i(MN) -
Hyg,(ti;). The result then follows since j € {jo,...,jp}-

b) Let oj = 1 — limy 2+ = v(] — 00, 6,]). Denote by Q (resp. Qn) the distri-
bution function of i, B v (resp. of the spectral measure of My). Since p, Bv
is absolutely continuous, ) is continuous on R and strictly increasing on each
interval Wy, (s1), Uy ()], 1 <1 <'m.

From Proposition 2.3 and the hypothesis on 0;, a; €]Q(V,,,(s1;)), QYo (t,))]
and there exists a unique ¢; €]W¥, ,(s1;), Vo, (t1;)[ such that Q(g;) = ;. More-
over, () is strictly increasing in a neighborhood of g;.

Let € > 0. From the almost sure convergence of uas, to p, Bv, we deduce

Qn(g; +e€) el Qg; +6€) > aj, as.

From the definition of «j, it follows that for large N, N,N —1,...,nj_1 +

kj,...,nj—1 + 1 belong to the set {k, A\x(M,) < ¢; + €} and thus,

limsup A, _,41(Mn) < g5 + e

N — oo

In the same way, since Qn(g; — €) —N—o00 Qg5 — €) < v,

liminf A\, 4k, (MNn) > qj — €
N — oo : ’

Thus, the kj; eigenvalues (A, ,44(My), 1 <4 < k;) converge almost surely to
qj- O

9 Appendix

We present in this appendix the different estimates on the variance used through-
out the paper. They rely on the Poincaré hypothesis on the distribution p of
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the entries of the Wigner matrix Wy. We assume that u satisfies a Poincaré in-
equality, that is there exists a positive constant C such that for any C*° function
f:R — C such that f and f’ are in L?(p),

wﬁSC/WWM
with V(f) = E(|f — E(f)[?).

We refer the reader to [16] for a characterization of such measures on R. This
inequality translates in the matricial case as follows:

For any matrix M, define || M|y = (Tr(M*M))? the Hilbert-Schmidt norm. Let
U (Mn(C)sq) — R™” be the canonical isomorphism which maps a Hermitian
matrix M to the real parts and the imaginary parts of its entries M;;,i < j.

Lemma 9.1. Let My be the complefﬂ2 Wigner Deformed matrix introduced in
Section 1. For any C* function f : RN" — C such that f and its gradient V(f)
are both polynomially bounded,

V{7 o ¥(My)] < SE(IV 7o ¥ (M) ) 91)

From this Lemma and the properties of the resolvent G (see Lemma 1.1),
we obtain:

o V((Gn(2)iy) < 5 P(1S27)
o V((Gn(2)F) < FP(IS27)

e Let H be a deterministic Hermitian matrix with norm || H]||, then,
C -
VI(HGN(2))i) < SIIHI?P(S2]71)

o V(trn(Gn(2) < = P(IS27)

where P is a polynomial. It follows that:
1
E[(U*GpUG)iGuiG] = E[(U*GpUG)4E[GHE[Gu)® + NP(|%Z|—1),

proving (3.11).
‘We now prove

Lemma 9.2. Let z € C\R. Then,

[E[Gprtrn (G)] — E[Gp]Eltrn (G)]] < %ﬂ_l)-

Proof: The cumulant expansion gives

L E[T(,5)) + Oji(%b

ZE(Gji) = 0‘2E(tIN(G)GjZ‘) + 6ij + E[(GAN)]Z] + N2
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where

T(Z,j) = ;{\/Z< gl 6117el276lz)+rG]l (flzaflz,flz))

1<i

\[Z ( (€, e, eqr) — \/leg'?)-(fil;fil,fil))

1>i
—i—G;—l -(EiiyEiiyEii)}~
Straightforward computations give that
T(i,j) = > GGy + 32, GiiGuGuGu
+3°,GuGiGLGu + Y, GjiGuGi — 2GEGys.

We now compute the sum Y UjUp; ... to obtain:

(2 — )E[Gpr] = UQE[tTN(G)épk] + Opi + oz B[A(p, k)]
— 20 USUpEIGEGH] + 32, Ui UpiOi(§z), (9:2)
where
Z L Up AL, )
and

A(i,j) = > GG+, GiGaGrGy
+3°,GuGiGLGy + Y, G GuGh.
Since §4 >, Ui UpGEGi = #4(UG(G™)3U*), this term is obviously a
O3k ~
Let us verify the following bound for A:
eI
N2 N

Such a bound for the first term in the decomposition of A can be readily deduced
from (1.2). We write the computation for the fourth term in the decomposition
of A, the other two terms are similar:

el ZUZ*;CU GGG

1,5,

Alp, k) < C

(9.3)

1
= ﬁ EZ:(UGG(d) VoG = O(55)-

We prove now that the last term in (9.2) is of order O(§=). This term is a
linear combination of terms of the form:

Z UP]]E (’Ula"'vv5)]7

1,5,0
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where v, = Epy, with (m,n) = (i,1) or (m,n) = (I,i). The fifth derivative is
a product of six G. If there are G?l or G;;Gy; in the product, we can conclude
thanks to Lemma 1.1. The only term without any Gj; is

G;iGuGuGuGyuGr
which gives the contribution
1 § 1
N3 Y (UGG D) UGy = O )-
1

. Hence

The term with one Gy (or Gy;) will also give a contribution in

(= = WIEIG] = o Eltrx (G)Gph] + 0k + g BIA(D, B + O505). (9.0

2N
We now apply (3.1) (or its extension (3.2)) to ®(Xn) = GjiGyq and H = Ej
and take the sum in [. We obtain
2
2E(GjiGyq) = 0°E(trn(G)GjiGaq) + LE[qu(GQ)J’q] + E[Ggq045]

_HE[(GAN)NGQQ] + 2H4 E[T(i,j)qu]
+33=E[B(i,4,9)] + 0j,i(52),

where B(i,7,q) stands for all the terms coming from the third derivative of
the product (G;;Gqq) except quGﬁ). Now, we consider %Zq of the above

equalities to obtain:
JB(Gitrn(G)) = 0?E(trn(G)?Gi) + = E[(G®)53] + Eltrn (G) 3]
TE[(GAN);itrn (G)] + FR=E[T (4, j)trn (G)]
+E N > E[B(i,4,9)] + 0j,i(5)-

We now compute the sum Y U} Up; ... and obtain

(2 — W)E(Gutrn(G) =  02E(trn(G)2Gpr) + SxE(UGRUY),
+E[trn (G)dpr] + 2’]‘\‘;21[2[14( k)try (G
NQNE E[ (p7k Q)]—i_o(#)v

]
)]

where R
Blp,k,q) =Y UjUp;B(i, j.q)

and the terms oz 2 U Up; B[(T'(4, 5) — A(4, j))trn (G)] and Y U Uy O;, Z(1\}2)
remain a O(xz) by the same arguments used to handle the analogous terms in
(9-2).

Now, consider the difference between the above equation and gy (z)x(9.2):
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(z = W)E[(Gpr (trn (G) — Eltrn (G)])] =

0.2

2 ElUGU") k] + o*Bltrn (G) (trn (G) — Eltrn (G)])Gixl

+%E[A(p, k) (trn (G) — Eftrn (G)))]

KR4 1 ~ 1
TSN N ;E[B(pa k,q)] + O(W)

and
(2 = — 029N (2))E[Gpi (trn (G) — Eftrn (G)])] =

o*El(try (G) — Eftrn (O))*Cpi] + 25E(UGU )l

+%E[A(p, k)(try (G) — Eftrn (G)])]

NQNZE Ol +0(5z )

We now prove that the right-hand side of the above equation is of order N2'
This is obvious for the second and first term (since V(try(Gn(2))) = O(5=)).
Now, we have seen that

By Cauchy-Schwarz inequality,

LA, B)(rn (6) — Eltn (G)])] = O35

It remains to study the last term

1 .
73 D2 EB(® k.q) st S UniE[B(i, j, q)]-
q

7,4

This term contains derivatives of Ggq of order a with a strictly positive (a =
1,2,3) applied to a 3-tuple (v1,v2,v3) where v, = E; or Ej; (with a product
of the derivative of order 3 — a of G;;). Thus, the index ¢ appears in B(p, k,q)
under the form of a product Gy, Gnq with m,n € {i,l}. Thus, the sum in ¢
will give G2,.. Moreover, the term in j in the derivative appears as G jm with
m € {i,1} and we can do the sum in j to obtain (UG)pm. Thus, 5 >, B(p, k, q)

can be written as % Zi,l of terms of the form
* 2
ik (G )i1j1 (UG)ij Gi3j3 Gi4j47

where i,, j, € {i,1} and j, =1 for a = 3 (no derivative in Gj;), j4 = for a < 3.
As in the previous computations, either the product G% (or G;;G;) appears and
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we can apply Lemma 1.1 (the others terms are bounded). In the other cases,
we can always perform one sum in i (or [) and obtain w5 21 or iy of bounded
terms. Let us just give an example of terms which can be obtained (for a = 1):

(GH(UG)puGuGy.

Then,

1 * 1 *
e > U (G)u(UG)uGiiGy = SNE] > U UGGDE?),Gi.

i, i
Therefore, % Zq E[B(p, k,q)] is of order ﬁ This proves Lemma 9.2 since

1 -1
|Z_7k_gng(z)\ < |27t O
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